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A scenario of non-Hermitian bulk—boundary correspondence proposed for one-dimensional topological
insulators is adapted to a non-Hermitian Chern insulator to examine its applicability to two-dimensional
systems. This scenario employs bulk geometry under a modified periodic boundary condition and boundary
geometry under an open boundary condition. The bulk geometry is used to define a topological number,
whereas the boundary geometry is used to observe the presence or absence of a topological boundary state.
It is demonstrated that the bulk-boundary correspondence holds in a two-dimensional Chern insulator with
gain/loss-type non-Hermiticity; a nontrivial Chern number calculated in the bulk geometry is in one-to-one
correspondence with the presence of a topological boundary state in the boundary geometry. This approach
enables us to determine a phase diagram in the boundary geometry.

Bulk—boundary correspondence is a characteristic fea-
ture revealed in topological systems.'?) Its original
scenario proposed by Hatsugai and co-worker'’'?) em-
ploys bulk geometry under a periodic boundary condition
(pbe) and boundary geometry under an open boundary
condition (obc). The former is used to define a topologi-
cal number and the latter is used to observe the presence
or absence of a topological boundary state. A nontrivial
topological number is in one-to-one correspondence with
the presence of a topological boundary state.

Studies on topological systems are now extended to
the non-Hermitian regime,'3 %) covering a variety of
non-Hermitian topological systems.!6767) The idea of
bulk-boundary correspondence is also extended to non-
Hermitian topological systems. Previous studies showed
that this correspondence is broken in some cases.'”-20)
This should be closely related to a non-Hermitian skin
effect;?3) eigenfunctions in a non-Hermitian system un-
der the obc are localized near a boundary of the sys-
tem owing to non-Hermiticity. A possible explanation of
the breaking of bulk—boundary correspondence is as fol-
lows. In a non-Hermitian topological system under the
obc, eigenfunctions tend to localize near a boundary as
a result of the non-Hermitian skin effect. In contrast, all
eigenfunctions under the pbc extend over the entire sys-
tem. Therefore, a topological number defined in the bulk
geometry under the pbc never reflects the non-Hermitian
skin effect, and hence it fails to describe the topological
nature of the system under the obc.

To restore the bulk-boundary correspondence in non-
Hermitian topological systems, several scenarios have
been proposed.?2 23:31.43) However, none of these share
the original idea in the sense that they consider only the
boundary geometry. Recently, another scenario of bulk—
boundary correspondence has been proposed in Refs. 40
and 64. This scenario employs bulk and boundary ge-
ometries as in the original one. A crucial point is that a
modified periodic boundary condition (mpbc) is imposed
on the bulk geometry instead of the pbc. The mpbc for a
wavefunction ¢(n) in a one-dimensional lattice system of

length L is given by 1(L+n) = b")(n), where b is a posi-
tive real constant.*®) A wavefunction ¢ (n) = 3" satisfies
this boundary condition when 8 = be’*®, where a is the
lattice constant and k = 27l/L with 1 =0,1,2,...,L—1.
If b > 1 (b < 1), the mpbc selects wavefunctions
that exponentially increase (decrease) with increasing n.
This behavior of ¥ (n) is essentially equivalent to a non-
Hermitian skin effect. Therefore, by using the bulk geom-
etry under the mpbc, we can take the non-Hermitian skin
effect into account in calculating a topological number.
The scenario in Refs. 40 and 64 succeeds in describing the
bulk—boundary correspondence in one-dimensional non-
Hermitian topological insulators by treating b as an ad-
ditional parameter of the system. An advantage of this
approach is that, at the cost of introducing b, we can
demonstrate the bulk—boundary correspondence in non-
Hermitian systems in almost the same way as in Her-
mitian systems. However, its applicability has not been
examined in two- and three-dimensional systems.

In this Letter, we adapt the scenario in Refs. 40 and 64
to a Chern insulator with gain/loss-type non-Hermiticity
to examine its applicability to two-dimensional systems.
It is demonstrated that this scenario properly describes
the bulk—boundary correspondence in the non-Hermitian
Chern insulator and enables us to determine a phase di-
agram in the boundary geometry.

We adopt a tight-binding model for non-Hermitian
Chern insulators on a square lattice with lattice constant
a. The Hamiltonian is given by H = Hq+ H,+H,, with?¥

M 1+ 1
-1 Ly
HIZ|m+1,n>[ 2 }<m,n|+h.c., (2)
mon 2 2
—1y L,
HyZ|m,n+1>[ f, 4 ](m,n|+h.c., (3)
mon 2 2

where m and n respectively specifies the location of each
site in the 2- and y-directions and |m, n) consists of spin
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up and down components: [m,n) = {|m,n),|m,n),}.
The parameters are set in a symmetric manner with re-
spect to the x- and y-directions. The non-Hermiticity is
introduced by the terms with ~. For simplicity, we focus
on the case of M > 0 and v > 0 with v =t > 0. As
relevant parameters, we hereafter use

M==,  5=1 (4)

This model becomes topologically nontrivial when M <
2 in the Hermitian limit of 4 = 0.

Let us first consider the model in the bulk geometry
of L x L sites under an mpbc. In accordance with the
symmetric setting of the parameters, we are allowed to
impose the following mpbc on a wavefunction 1, (m, n):

VYo(m + L,n) = hg(m,n + L) = by, (m, n), (5)
where ¢ =7, |. A plane-wave-like solution compatible
with Eq. (5) is given by ¢, (m,n) = 8;"3, with

Bo = bettee, B, = beite, (6)
where k; = 2n;w/L and n; =0,1,2,...,L—1 (i = x,y).
With these basis functions, we can transform H as
_ UE Mo — i)y
H(ky,ky,b) =t . , 7
(Fa, ky, b) neting - (7)
with

Ny (kg, b) = by sin(kga) + @ [—b_ cos(kya) + 7],  (8)

my (kyb) = by sin(k,a) + i [—b_ cos(kya) + 3], (9)

N2 (kg ky, b) = M — by [cos(kga) + cos(kya)]

—ib_ [sin(kza) + sin(k,a)], (10)

where v = t is assumed and

(11)
The energy (normalized by t) of an eigenstate charac-
terized by k = (kg, k,) and b is given by E = £e with
€= /n2 +n2 +nZ, where Re{e} > 0.

Let (1F| and |1ff) respectively be the left and right

eigenstates of H with the eigenvalue of —e, satisfying
(YE|WE) = 1. They are expressed as

L Lt[ Nz —

1
by = 5(bilfl).

o] o=l ]
T VA nztiny |7
(12)
where A = 72 4+ 2 + (n. — €)>. When the two bands of
E = +e¢ are separated by a gap (i.e., Re{e} # 0 for an

arbitrary k), the Chern number N is defined as?*

L[ (Ol 0IYE) 0| Olvi)
N__/dk( ok, Ok, 0Ok, Ok, ) (13)

which is expressed as
d’k 1 on, On
N=[| ——= (2=
/ 47 €3 (77 Oky Ok, +

Here, the limit of L — oo is implicitly assumed. The
Chern number N takes an integer, which depends on

21

One 0N Oz Oy
Ok, "V Ok, Ok, Ok,
(14)

not only M and 5 but also b. In the Hermitian limit
of ¥ = 0, Eq. (13) at b = 1 becomes equivalent to an
ordinary expression of the Chern number."?)

The system under consideration takes three phases: a
topologically trivial phase of N = 0, a nontrivial phase
of N = 1, and a gapless phase, in which N cannot be
defined. Below, we consider N for a given M in a param-
eter space of 4 and b, where these phases are separated by
lines on which the gap closes. Let us find such gap clos-
ing lines. In this system, a gap closing takes place when
Re{e} = Im{e} = 0. The expression of €* = 2 + 17 + 1?2
indicates that Im{e*} = 0 for k = (0,0), (0, L), (£,0),
and (2, %), where k = (Z, Z) can be ignored because this
point has a gap in relevant situations. For k = (0,0), we
find that Re{e?} = 0 when (M —2b, )% —2(—b_+7)? = 0.
This equation yields four solutions of b:

, M-V (M- V25)? -2 ,
1 — 27\/5 ) (5)
bZ:M+\/5ﬁ+\/(M+\/5ﬁ)2—2 (16)

242 ’

b—M_\/%_V(M_\/EW_2 (17)

22 ’
(M +v27)? -2
242 '

If these solutions are positive real and satisfy by < bg <
ba < by, the system has a gap at k = (0,0) if b < by,
b3 < b < by, or by < b. For k = (0,7) and (%,0), we
find that Re{e?} = 0 when 20> — M? + 252 = 0. This
equation yields two solutions of b:

M?2 M?
b5\/772+1+\/7’727 (19)

M? M?
b6=\/7—&2+1—\/7—ﬁ2. (20)

If these solutions are real, the system has a gap at k =
(0,%) and (Z,0) if bg < b < bs. Each b; (1 = 1,...,6) is
irrelevant if it becomes a complex number. In addition
to b; (i =1,...,6), we need to consider by given below.
When (M — /2%)% < 2, by and bz become the complex
numbers by = bge’0?® and by = boe 0%, where by =
1+ /2 and ko is defined by
2 — (M —/27)?
M — V25
We can show that Re{e?’} = Im{e?} = 0 at b = by if
k = +(ko, ko). Therefore, by represents a gap closing line.
The phase diagrams in the bulk geometry for M = 0.5,
1.2, 2.2, 2.5, and 3.5 are shown in Figs. 1(a)-1(e) in the
Ab-plane. In each panel of Fig. 1, topologically trivial and
nontrivial regions are respectively designated as N = 0
and V = 1, and the outside of these regions is a gapless

region, in which N cannot be defined.
By using the phase diagrams shown in Fig. 1, let us

M + V25 —

by = (18)

tan (koa) = (21)
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Fig. 1.
M = (a) 0.5, (b) 1.2, (c) 2.2, (d) 2.5, and (e) 3.5. In each panel,
the thick solid line represents the trajectory of b(¥).

Phase diagrams in the bulk geometry in the 4b-plane for

consider which of the three phases appears in the bound-
ary geometry under the obc: ¢,(0,n) = ¥, (L + 1,n) =
Ye(m,0) = ¢y(m,L + 1) = 0. In the Hermitian limit
of ¥ = 0, a phase realized in the boundary geometry is
governed by N at b = 1, which corresponds to the pbc. If
N =1 (N =0) at b= 1, the nontrivial (trivial) phase is
realized in the boundary geometry. To extend this bulk—
boundary correspondence to the non-Hermitian regime
of ¥ > 0, we need to determine b as a function of ¥
such that N(#%,b) is in one-to-one correspondence with
a phase realized in the boundary geometry. A recipe in
Ref. 64 tells us that b(%) should obey the following three
requirements. Firstly, b(0) = 1 at the Hermitian limit of
4 = 0. Secondly, b(%) is allowed to cross gap closing lines
b; (i =0,1,...,6) only at a crossing point between the
two. Thirdly, except at a crossing point, b(%) is arbitrary
in a region between two neighboring gap closing lines in
which the two bands are gapped and therefore N(7,b)
does not depend on b = b(¥).

The second requirement is intuitively understood as
follows. If b(¥) is on b;, a zero-energy solution appears,
giving rise to a gapless spectrum in the bulk geometry.
Consequently, to verify the bulk—boundary correspon-
dence, the corresponding spectrum in the boundary ge-
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Fig. 2. Phase diagram in the boundary geometry, where the re-
gions designated by N = 0 and N = 1 respectively correspond
to the topologically trivial and nontrivial phases, and outside of
them is the gapless phase. The dotted part of the boundary is not
confirmed by spectra in the boundary geometry (see text).

ometry must also be gapless. A single solution would
be insufficient to construct a general solution compati-
ble with the obc.?3:31) A crossing point between two b;
yields two zero-energy solutions, constituting a general
solution that has degrees of freedom greater than that
in the case of a single solution. Such a general solution
should be compatible with the obc, resulting in a gap-
less spectrum in the boundary geometry. We expect that
b(#%) is allowed to cross b; only at such a crossing point
without breaking the bulk—boundary correspondence.

Possible trajectories of b(%) satisfying the three re-
quirements are shown in Figs. 1(a)-1(e), where each one
starts from b(0) = 1 and ends at an entrance to the
gapless region. Except at the initial point and crossing
points, b(%) is not uniquely determined in accordance
with the third requirement. This does not cause diffi-
culty in the bulk—boundary correspondence because N
is uniquely determined as a function of 4. For a given 7,
N at b(¥) governs a phase realized in the boundary ge-
ometry. For example, Fig. 1(c) indicates that the phase
realized in the boundary geometry at M = 2.2 starts
from the trivial phase (N = 0) at 4 = 0, changes to the
nontrivial phase (N = 1) with increasing ¥, and finally
enters the gapless phase. From Figs. 1(a)-1(e), we can de-
termine three phase boundaries. The first one is between
the nontrivial region (N = 1) and the gapless region, the
second one is between the trivial region (N = 0) and the
gapless region, and the third one is between the trivial
region (N = 0) and the nontrivial region (N = 1). Our
approach enables us to determine the three boundaries
in a unified manner, whereas a previous approach?® was
applicable to only the third boundary.

The phase diagram in the boundary geometry (see
Fig. 2) is determined as follows. Let us focus on the
phase boundary between the trivial phase and the non-
trivial phase, which is at M = 2 in the Hermitian limit
of ¥ = 0. In the non-Hermitian regime of ¥ > 0, this is
determined by the condition of bo = b3, as can be seen
from Figs. 1(c) and 1(d). By solving by = bg near M = 2
in a perturbative manner with respect to ¥, we find

~ 1 1

M=2+7 -3+ 255 4...

1 3 (22)
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Fig. 3. Spectra in the boundary geometry of 80 X 80 sites at
M = 0.5 with 4 = (a) 0.34 and (b) 0.36, where the phase boundary
is at Jc =~ 0.354.

This is more accurate than the result reported in Ref. 24.
We next consider the phase boundary between the trivial
and gapless phases. As can be seen from Fig. 1(e), this
is determined by the condition of b; = bs, resulting in
M = \/5(’V+ 1) when 22 < M. We finally consider
the phase boundary between the nontrivial and gapless
phases. In the range of M < 1, this is determined by
the condition of bs = bg, as can be seen from Fig. 1(a).
The resulting boundary is given by M = v/25. The phase
boundary in the range of 1 < M < % 2 is determined by
the condition of by = bs, as can be seen from Figs. 1(b)
and 1(c), while that in the range of %\/5 < M < 22
is determined by the condition of by = by, as can be
seen from Fig. 1(d). The resulting boundaries cannot be
expressed in a simple form.

The phase boundaries shown in Fig. 2 can be examined
by computing spectra in the boundary geometry under
the obc. The spectra in the case of M = 0.5 are shown in
Fig. 3, where the boundary between the nontrivial and
gapless phases is at 7. &~ 0.354. The spectrum at 7 =
0.34 is shown in panel (a), where two series of dots near
Im{E} = £0.2 represent chiral edge states connecting
two bulk bands. The spectrum at ¥ = 0.36 is shown in
panel (b). The two bulk bands are separated by a small
gap in panel (a), whereas they are not separated in panel
(b), implying that the system changes from the nontrivial
phase to the gapless phase at ¥ = 7. Spectra in the case
of M = 2.5 are shown in Figs. 4(a) and 4(b), where the
boundary between the trivial and nontrivial phases is at
e = 0.750. The spectrum at v = 0.74 is shown in panel
(a), where two bulk bands are separated by a small gap.
The spectrum at 4 = 0.76 is shown in panel (b), where
several dots representing chiral edge states appear in a
small gap. These results imply that the system changes
from the trivial phase to the nontrivial phase at ¥ = A..
Spectra in the case of M = 3.5 are shown in Figs. 4(c)
and 4(d), where the boundary between the trivial and
gapless phases is at 7. =~ 1.475. The spectrum at 7 =
1.47 is shown in panel (c), where two bulk bands are
separated by a small gap. The spectrum at v = 1.48 is
shown in panel (d), where a gap closes and several states
appear on the line of Re{E} = 0. These results imply
that the system changes from the trivial phase to the
gapless phase at ¥ = ..

A part of the boundary represented by the dotted line

M =25,y=0.74

. : -0.1 :
-0.5 0 Re{f} 05 -0.5 0 Re{f} 05
M =35,y=1.47 M =35,y=1.48
‘ Y 0.1 ; y
Im{ E} :
.0 [hemmmen——— ] U S ——-
C d)
-0.1 © -0.1 @ |
-0.5 0 Re{E} 05 -0.5 0 Re{E} 05

Fig. 4. Spectra in the boundary geometry of 160 x 160 sites at
M = 2.5 with 7 = (a) 0.74 and (b) 0.76, where the phase boundary
is at 7. = 0.750, and those at M = 3.5 with 4 = (c) 1.47 and (d)
1.48, where the phase boundary is at 4. ~ 1.475.

in Fig. 2 is not confirmed by corresponding spectra in
the boundary geometry. Indeed, a gap between two bulk
bands does not close near this part of the boundary in the
cases of L = 80 and 160 (data not shown). The reason
for this is unclear and is left as an open problem.

In summary, we demonstrated that a scenario of non-
Hermitian bulk-boundary correspondence®? %4 is prop-
erly applied to the model of a non-Hermitian Chern
insulator in Ref. 24. In this model, the phase bound-
ary between trivial and nontrivial phases has been ap-
proximately determined in a rather ad hoc manner.?%
By applying the scenario, we accurately determined this
phase boundary as well as two other boundaries that
were not revealed previously. Two problems remain to
be addressed: rigorous verification of the second require-
ment for b(%) and confirmation of a missing part of the
phase boundary.
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