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Abstract

The mechanism of charge carrier interaction in twisted bilayer graphene (TBG) remains an
unresolved problem, where some researchers proposed the dominance of the electron-phonon
interaction, while the others showed evidence for electron-electron or electron-magnon
interactions. Here we propose to resolve this problem by generalizing the Bloch-Griineisen
equation and using it for the analysis of the temperature dependent resistivity in TBG. Itis a
well-established theoretical result that the Bloch-Griineisen equation power-law exponent, n,
exhibits exact integer values for certain mechanisms. For instance, n=5 implies the electron-
phonon interaction, n=3 is associated with electron-magnon interaction and n=2 applies to the
electron-electron interaction. Here we interpret the linear temperature-dependent resistance,
widely observed in TBG, as n~1, which implies the quasielastic charge interaction with
acoustic phonons. Thus, we fitted TBG resistance curves to the Bloch-Griineisen equation,
where we propose that n is a free-fitting parameter. We found that TBGs have a smoothly
varied n-value (ranging from 1.4 to 4.4) depending on the Moiré superlattice constant, A, or
the charge carrier concentration. This implies that different mechanisms smoothly transition
from one to another. The proposed generalized Bloch-Griineisen equation is applicable to a

wide range of problems, including the Earth geology.



Quantifying the charge carrier interaction in metallic twisted graphene superlattices

Bilayer graphene with twisted atomic sheets represents a versatile two-dimensional
material where depends on the rotation angle and change carrier concentration a wide number
of physical effects can be emerged [1-11]. One of the most interesting subclass of twisted
bilayer graphene structures is the Moiré superlatices formed at so-called magic angles, 6, at
which two layers become more strongly coupled and the Dirac velocity crosses zero [12-14].
TBG hexagonal two-dimensional superstructures are characterised by the superlattice

constant, A [13]:
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where a = 0.246 nm is the lattice constant of the single layer graphene. It should be noted that
recently Park et al [15] reported that magic-angle trilayer graphene superlattices have
correlated electronic states similar to ones observed in its bilayer counterpart.

One of most interesting problem in understanding of TBG is the mechanism of the charge
carrier interaction, where some research groups proposed that there is a dominant role of the
electron-phonon interaction (which is also considered as the emerging mechanism for the
superconductivity in MATBG by some authors [16-21]), while the other groups showed
evidences for the dominance of the electron-electron interaction [1,8,15], and, recently, new
experiments demonstrated the dominance of the electon-magnon interaction [4,7,10]. Such a
variety of the proposed interaction mechanisms in TBG reflects a large variety of physical
effects which are simultaneously synergised to form the electronic state in these 2D materials.

In attempt to quantify these physical effects in metallic TBG superlattices here we
proposed to generalize the Bloch-Griineisen (BG) equation [22,23] which describes
temperature dependent resistance in metallic compounds and which in its classical form can

be written as:



To

n _6 n
R(T) = R, +A1-T+Zfl'3'5An-(l) . S— " )

To 0 (*—D-(1-e%)
where R, is the resistance at T = 0 K, To is the Debye temperature, A,, is weighting
parameters, and n is the power-law exponent for which has theoretical integer values for

certain single interaction mechanism [22-25]:

2 implies that the resistance is due to electron — electron interaction
n =14 3 implies that the resistance is due to electron — magnon interaction 3)
5 implies that the resistance is due to electron — phonon interaction

However, it should be noted that entire BG integral (Eg. 2) has a linear limit for n > 1:
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where B is a constant, and from mathematics, the linear term in Eq. 1 can be also represented
in for of integral part at n > 1 with some multiplicative weighting factor Az:
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It should be noted that Eq. 2 in its full form has been never applied for the analysis of
experimental R(T) data, because the sum of strongly non-linear integrals over-parametrizes
fitting procedure. Moreover, majority of all published works utilizes Eq. 1 where only
electron-phonon integrand, i.e. n =5, is included [26-28].

One of possible way to use an analytic power of Eq. 2 is to reduce the number of integrals
to one, but use the power-law exponent n as a free-fitting parameter:

~dx (6)
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If the fit of R(T) to Eq. 6 will converge, then deduced free-fitting parameter n should indicate
main charge carrier scattering mechanism in given materials.

From the best author’s knowledge, the approach to implement Eq. 6 has been reported

only by Jiang et al [25] for Sr2CrzAs;O2, where the dominant role of the electron-magnon



scattering (i.e. n = 3.34 [25]), with insignificant part of the electron-phonon interaction (n =
5) has been revealed.

It should be noted that a replacement full integrals in Eq. 2 or the integral in Eq. 6 by
power law terms, A,, - T™, which has been implemented in several reports [29-31], cannot be
accepted to be accurate approximation, as we show below herein.

It should be noted that linear dependence of R(T) (or n = 1 in terms of Eq. 6) in TBG has
been proposed to be related to quasielastic scattering on acoustic phonon in MATBG [19]
and, thus, deduced n-values in the range of 1 < n < 2 have a clear interpretation as a sum of
the electron-electron and elecrtron-quasielastic acoustic phonon interactions.

Here we implemented Eq. 6 to fit R(T) data in TBG superlattices. First of all, we test the
validity of Eq. 6 to be proper fitting tool for classical electron-phonon materials, including
electron-phonon mediated superconductors, from which we chose ReBe»z [26], as well as
normal metal copper, and ferromagnetic iron and cobalt (for all pure metals raw R(T) data
was taken from classical paper by White and Woods [32]), as well as for highly-compressed
e-phase of iron, which exhibits the superconducting state (for which raw R(T) data were
reported by Shimizu et al [33] and by Jaccard et al [29]. In Fig. 1 we show R(T) data and
data fits for these materials (it should be noted that fits for superconducting ReBe2. and &-Fe

iron was performed by recently proposed equation [34]:
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but where now we changed the n-value to be a free-fitting parameter, and where T2"5¢¢ is
free-fitting parameter of the onset of superconducting transition, Rnorm IS the sample
resistance at the onset of the transition, 6(x) is the Heaviside step function, lo(x) is the zero-
order modified Bessel function of the first kind and F is a free-fitting dimensionless
parameter.

It can be seen, that expected n =5 has been revealed for electron-phonon mediated
ReBe2,, and reasonable value of n = 4.3 + 0.3 was revealed for pure copper, where the
limiting number of raw experimental R(T) was the most likely a reason for slightly lower than
n =5 value. However, we keep the use of R(T) datasets reported by White and Woods [32],
because they reported R(T) data for y-Fe and Co measured by the same experimental routine
and because the majority of R(T) data reported for MATBG also contain limited (by
employing a wide temperature step for measurements) R(T) datasets.

Our analysis by Eq. 6 reveals that y-Fe, which should have n = 3 [24,25,32], exhibits n =
2.9 + 0.1 which is an excellent demonstration for the applicability of Eq. 6 to the analysis.
Ferromagnetic cobalt has n = 2.2 + 0.1, which reflects a well-established fact that electron-
electron interaction in this element plays significant role [32].

Another interesting result was obtained for hexagonal-close-packed highly-compressed
iron, e-Fe. This e-Fe phase plays crucial role in the Earth geology [31], because its electrical
conductivity, p, directly links with the heat transfer in the Earth crust due to the Wiedemann-

Franz law:

LT
p(T,P)

k(T,P) = (8)

where k is the thermal conductivity and L = 2.44 - 10~8 WQK? is the Lorenz number, and P

is the pressure (details can be found in Ref. 31).
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Figure 1. p(T) data and fits to generalized Bloch-Griineisen (BG) equation (Egs. 5,6) for
pure Cu (a), ReBe2 (b), pure ferromagnetic y-Fe (c), pure ferromagnetic Co (d), and pure
non-ferromagnetic highly-compressed ¢-Fe (e,f). Raw data reported in Refs. 26,29,32,33. Red
is the fitting curve, and 95% confidence bars are shown by a pink shaded area. Goofiness of
fit for all datasets are better than R = 0.9990.

From the best knowledge of the author’s, to date, experimental p(T, P) data was fitted
only to an approximant function of Eq. 6 which has a form of a power-law, where « and g are

free-fitting parameters:



p(T) =B -T". )

In result, reported o values are within an extremely wide range of n = 1.5 — 5.9, and,
moreover, we found herein that the approach to use Eq. 9 leads to wrong n-values. Truly, in
Fig. 1,e we show the fit to Eq. 6, which reveals n = 2.22 4+ 0.01 for which, by the employing
the same p(T') dataset, and the use of Eq. 9, Jaccard et al [29] reported n = 1.67. If our
value of n = 2.22 + 0.01 shows that electric charge carriers in g-Fe phase exhibits two
scattering mechanisms (i.e., mainly the electron-electron interaction (n = 2) with some
weighting part of the electron-magnon interaction (n = 3)), the interpretation for n = 1.67
reported by Jaccard et al [29] cannot be founded, because n—>1 case is only applicable for
MATBG superlattices [19], and n-value below 2 are simply prohibited for elemental metals,
because there is no physical interpretation for such values.

It is important to note, that there is a nice correlation between n-values and
superconducting transition temperatures, Tc, in e-Fe phase too. If for n = 2.55 + 0.05
(which implied a significant electron-magnon interaction) the full resistive transition does not
occurs (and where the only 10% drop in resistance observed, with the onset of transition
temperature, T2™5¢t~1 K), for e-Fe sample, for which n = 2.22 4+ 0.01 was revealed the full
resistive transition was observed with T.2™¢t = 2.37 + 0.01 K. This result has a clear
interpretation that the suppression of the electron-magnon interaction causes the formation of
more robust superconducting condensate.

Now, we turn to the analysis of TBG superlattices. First we analysed experimental R(T)
curves for Moiré superlattice in single layer graphene on hBN single crystal (SLG/hBN
superlattice) reported by Wallbank et al [8], where the Moiré superlattice constant, A, has
been changed in the range of A = 11.2 — 15.1. Fits to Eq. 6 are shown in Fig. 2 and
summarized results in Fig. 3. It can be seen that, in overall, our analysis confirms the result

reported by Wallbank et al [8], that the electron-electron interaction is dominant in these



Moiré 2D supelattices. However, our analysis shows a smooth and near-linear dependence of

n-value and the Debye temperature, Te, on the Moiré superlattice constant, A (Fig. 3).
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Figure 2. R(T) data for Moiré SLG/hBN superlattices (raw data reported by Wallbank et al
[23]) and fit to Eq. 6 for (a) A =11.2 nm; (b) A =12.7 nm; (¢) A = 13.6 nm, (d) and 15.1 nm.
Red are the fitting curves, 95% confidence bars are shown by a pink shaded area. Goofiness
of fit for all plots was better than R = 0.9997.



As we mentioned above, the power-law exponent n towards lower than 2 values in
graphene/hBN superlattices (Fig. 2(e)) has now clear interpretation that n < 2 values represent
the transition from pure electro-electron interaction (for which the characteristic value is n =
2) to some intermediate state exhibited a synergetic sum of the electron-electron (e-e) and the
electron-quasielastic acoustic phonon (e-gaph) interactions.
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Figure 3. Summarized results for Moiré SLG/hBN superlattices (raw data reported by
Wallbank et al [23]). a — deduced Debye temperature; b — deduced n-value in Eq. 5.
Characteristic values for the quasielastic electron-acoustic phonon interaction (Ne-gaph = 1), the
electron-electron interaction (ne- = 2), and the electron-magnon interaction (ne-m = 3) are
shown. Error bars for n-value are less than the balls size.



This mixed state characterized by 1 < n < 2 has been also revealed in the metallic twisted
bilayer graphene stabilized by WSe. (for which raw R(T) data was reported by Arora et al
[9]). In Fig. 3 we show R(T) data and fits for samples with twisted angles 8= 0.87° (filling
factor v=+1, deduced n = 1.52 + 0.05, Ty = 47 + 9 K) and 0.97° (filling v = -1, deduced

n=1.75+0.09, Ty = 13.0 + 0.8 K).
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Figure 4. R(T) data for metallic bilayer Moiré graphene superlattices (raw data reported by

Arora et al [9]) and fit to Eq. 5 for #=10.87° and 6= 0.97°. 95% confidence bars are shown
for both fitting curves. Goodness of fits for both plots was better than R = 0.998.

The majority of experimental studies in TBG superlattices have been performed for the
R(T) dependences on the charge carrier density. In this work, we performed the analysis for
the metallic states of TBG system which exhibits the twisted angle of 8= 2.02° (for which
the raw experimental R(T) was reported by Polshyn et al [6]). Data was analysed in full range
of the charge carrier density of p < +]6.71| - 102 cm™2. We presented herein results for

R(T) data fits which was undertaken at T < 192.5 K. Representative fittings where n-value is
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reaching the characteristic values of n = 2, n = 3, as well as a low value of n = 1.4 and the
highest value of n = 4.7 are shown in Figs. 5,6. We do not perform fit to Eq. 6 for R(T) curves
measured at very low charge carrier density, where low-temperature upturn in the R(T) curve

was observed.
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Figure 5. R(T) data and data fit to Eq. 5 for metallic TBG superlattice on hole side with 6=
2.02° (raw R(T) data was reported by Polshyn et al [6]). Red are the fitting curves, 95%
confidence bars are shown by a pink shaded area. Goofiness of fit for both plots was better
than R = 0.9990.
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Figure 6. R(T) data and data fit to Eq. 6 for metallic TBG superlattice on electron side with 0
=2.02° (raw R(T) data was reported by Polshyn et al [6]). Red are the fitting curves, 95%
confidence bars are shown by a pink shaded area. Goofiness of fit for both plots was better
than R = 0.9990.

Summarized result for the Debye temperature, Teo(p), and the power-law exponent, n(p),
vs the charge carrier density are shown in Fig. 7. There are several important findings:

1. Classical electron-phonon interaction (with n > 3.5) can be observed at lowest charge

carrier concentration in a very narrow concentration range, —0.39 - 1012 cm™2 <
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p < —0.39 - 1012 cm™2. In this concentration range we where we skipped from the
analysis several R(T) curves measured at very low p, which exhibit upturn in R(T) at T
<20 K.
2. The dominant role of the electron-magnon interaction (2.5 < n < 3.5) has been
revealed at low charge carrier concentration, [0.4| - 102 cm™2 < p < |1.0] -
1012 em™2,
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Figure 7. Summarized results for MATBG superlattice with = 2.02°. a — deduced Debye
temperature; b — deduced n-value. Characteristic values for the quasielastic electron-acoustic
phonon interaction (ne-qaph = 1), the electron-electron interaction (nee = 2), and the electron-
magnon interaction (ne-m = 3), and the electron-phonon interaction (ne-ph = 5) are shown. Raw
R(T) data was reported by Polshyn et al [6].
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3. Inawide range of doping, |1.0] - 10'? < p < |6] - 1012 cm™2, the interaction is
belonging a sum of the electron-electron and the electron-quasielastic acoustic phonon
interactions.

4. And only at high charge carrier density, p > |5.5| - 1012 cm™~2, the electron-electron
interaction overcomes the others interaction mechanisms, and power-law exponent

towards n = 2, while the doping is increasing.

In summary, in this paper we aim to propose an approach to quantify the charge carrier
integration in metallic materials by generalizing Bloch-Griineisen equation, where power-law
exponent is a free-fitting parameter. In particular case of twisted bilayer graphene
superlattices we show that the interaction mechanism can be smoothly transformed from one
to another by a variation of either the Moiré superlattice constant, A, or the charge carrier
concentration. We also show that generalized Bloch-Griineisen equation can be an instructive

tool to study different topics in natural science, including the Earth geology.

Acknowledgement

The author thanks Dr. Gregory Polshyn and Prof. Andrea F. Young (University of
California at Santa Barbara) for kind provide an extended experimental dataset for TBG
superlattices analysed in this work. The author thanks financial support provided by the
Ministry of Science and Higher Education of Russia (theme “Pressure” No. AAAA-A18-
118020190104-3) and by Act 211 Government of the Russian Federation, contract No.

02.A03.21.0006.

14



References

[1] Y. Cao, V. Fatemi, S. Fang, K. Watanabe, T. Taniguchi, E. Kaxiras, and P. Jarillo-
Herrero. Unconventional superconductivity in magic-angle graphene superlattices. Nature
556, 43-50 (2018).

[2] Y. Cao, V. Fatemi, A. Demir, S. Fang, S. L. Tomarken, J. Y. Luo, J. D. Sanchez-
Yamagishi, K. Watanabe, T. Taniguchi, E. Kaxiras, R. C. Ashoori and P. Jarillo-Herrero,
Correlated insulator behaviour at half-filling in magic-angle graphene superlattices. Nature
556, 80-84 (2018).

[3] M. Yankowitz, M. et al. Tuning superconductivity in twisted bilayer graphene. Science
363, 1059-1064 (2019).

[4] A. L. Sharpe, E. J. Fox, A. W. Barnard, J. Finney, K. Watanabe, T. Taniguchi, M. A.
Kastner, D. Goldhaber-Gordon. Emergent ferromagnetism near three-quarters filling in
twisted bilayer graphene. Science 365, 605-608 (2019).

[5] K. Kim, K. Kim, A. DaSilva, S. Huang, B. Fallahazad, S. Larentis, T. Taniguchi, K.
Watanabe, B. J. LeRoy, A. H. MacDonald, and E. Tutuc. Tunable moiré bands and strong
correlations in small-twist-angle bilayer graphene. Proc. Natl Acad. Sci. USA 114, 3364—
3369 (2017).

[6] H. Polshyn, M. Yankowitz, S. Chen, Y. Zhang, K. Watanabe, T. Taniguchi, C. R. Dean
and A. F. Young. Large linear-in-temperature resistivity in twisted bilayer graphene. Nature
Physics 15, 1011 (2019).

[7] X. Lu, P. Stepanov, W. Yang, M. Xie, M. A. Aamir, I. Das, C. Urgell, K. Watanabe, T.
Taniguchi, G. Zhang, A. Bachtold, A. H. MacDonald and D. K. Efetov. Superconductors,
orbital magnets and correlated states in magic-angle bilayer graphene. Nature 574, 653-657
(2019).

[8] J. R. Wallbank, R. Krishna Kumar, M. Holwill, Z. Wang, G. H. Auton, J. Birkbeck, A.
Mishchenko, L. A. Ponomarenko, K. Watanabe, T. Taniguchi, K. S. Novoselov, I. L. Aleiner,
A. K. Geim, and V. 1. Fal’ko. Excess resistivity in graphene superlattices caused by umklapp
electron—electron scattering. Nature Physics 15, 32-36 (2019).

[9] H. S. Arora, R. Polski, Y. Zhang, A. Thomson, Y. Choi, H. Kim, Z. Lin, I. Z. Wilson, X.
Xu, J.-H. Chu, K. Watanabe, T. Taniguchi, J. Alicea, and S. Nadj-Perge. Superconductivity
in metallic twisted bilayer graphene stabilized by WSe,. Nature 583, 379-384 (2020).

[10] I. Das, X. Lu, J. Herzog-Arbeitman, Z.-D. Song, K. Watanabe, T. Taniguchi, B. A.
Bernevig, D. K. Efetov. Symmetry broken Chern insulators and magic series of Rashba-like
Landau level crossings in magic angle bilayer graphene. arXiv:2007.13390

[11] M. He, Y. Li, J. Cai, Y. Liu, K. Watanabe, T. Taniguchi, X. Xu, and M. Yankowitz.
Symmetry breaking in twisted double bilayer graphene. Nature Physics 17, 26-30 (2021).
[12]. J. M. B. Lopes dos Santos, N. M. R. Peres, and A. H. Castro Neto, Graphene bilayer
with a twist: Electronic structure. Phys. Rev. Lett. 99 256802 (2007).

[13] R. Bistritzer and A. H. MacDonald, Moiré bands in twisted double-layer graphene.
PNAS 108, 12233-12237 (2011)

[14] P. Lucignano, D. Alfe, V. Cataudella, D. Ninno, and G. Cantele. The crucial role of
atomic corrugation on the flat bands and energy gaps of twisted bilayer graphene at the
“magic angle” 6~1.08°. Phys. Rev. B 99, 195419 (2019).

[15] J. M. Park, Y. Cao, K. Watanabe, T. Taniguchi and P. Jarillo-Herrero. Tunable strongly
coupled superconductivity in magic-angle twisted trilayer graphene. Nature 590, 249-255
(2021).

[16] F. Wu, A. H. MacDonald, and I. Martin. Theory of phonon-mediated superconductivity
in twisted bilayer graphene. Phys. Rev. Lett. 121, 257001 (2018).

15



[17] B. Lian, Z. Wang, and B. A. Bernevig. Twisted bilayer graphene: a phonon driven
superconductor. Phys. Rev. Lett. 122, 257002 (2019).

[18] Y. W. Choi and H. J. Choi. Strong electron—phonon coupling, electron—hole asymmetry,
and nonadiabaticity in magic-angle twisted bilayer graphene. Phys. Rev. B 98, 241412
(2018).

[19] F. Wu, E. Hwang, and S. Das Sarma. Phonon-induced giant linear-in-resistivity in
magic angle twisted bilayer graphene: ordinary strangeness and exotic superconductivity.
Phys. Rev. B 99, 165112 (2019).

[20] M. Alidoust, M. Willatzen, and A.-P. Jauho. Symmetry of superconducting correlations
in displaced bilayers of graphene. Phys. Rev. B 99, 155413 (2019).

[21] E. F. Talantsev, R. C. Mataira, W. P. Crump. Classifying superconductivity in Moiré
graphene superlattices. Scientific Reports 10, 212 (2020).

[22] F. Bloch, Zum elektrischen Widerstandsgesetz bei tiefen Temperaturen Z. Phys. 59,
208-214 (1930)

[23] E. Grineisen, Die abhangigkeit des elektrischen widerstandes reiner metalle von der
temperatur. Ann. Phys. 408, 530-540 (1933).

[24] D. B. Poker and C. E. Klabunde, Temperature dependence of electrical resistivity of
vanadium, platinum, and copper. Phys. Rev. B 26, 7012 (1982).

[25] H.Jiang, J.-K. Bao, H.-F. Zhai, Z.-T. Tang, Y.-L. Sun, Y. Liu, Z.-C. Wang. H. Bali, Z.-
A. Xu, and G.-H. Cao. Physical properties and electronic structure of SroCrzAs,O, containing
CrO2 and Cr2As; square-planar lattices. Phys. Rev. B 92, 205107 (2015).

[26] T. Shang, A. Amon, D. Kasinathan, W. Xie, M. Bobnar, Y. Chen, A. Wang, M. Shi, M.
Medarde, H. Q. Yuan, and T. Shiroka. Enhanced T, and multiband superconductivity in the
fully-gapped ReBe2. superconductor. New J. Phys. 21, 073034 (2019).

[27] J. A. T. Barker, B. D. Breen, R. Hanson, A. D. Hillier, M. R. Lees, G. Balakrishnan, D.
M. Paul and R. P. Singh. Superconducting and normal-state properties of the
noncentrosymmetric superconductor ResTa. Phys. Rev. B 98, 104506 (2018).

[28] R. Matsumoto, P. Song, S. Adachi, Y. Saito, H. Hara, A. Yamashita, K. Nakamura, S.
Yamamoto, H. Tanaka, T. Irifune, H. Takeya, and Y. Takano. Pressure-induced
superconductivity in tin sulphide. Phys. Rev. B 99, 184502 (2019).

[29] D.Jaccard, A.T. Holmes, G. Behr, Y. Inada, Y. Onuki. Superconductivity of &-Fe:
complete resistive transition. Physics Letters A 299, 282-286 (2002).

[30] A. Nigro, P. Marra, C. Autieri, W. Wu, J. Cheng, J. Luo, and C. Noce. Resistivity
measurements unveil microscopic properties of CrAs. EPL 125, 57002 (2019).

[31] K. Ohta, Y. Kuwayama, K. Hirose, K. Shimizu and Y. Ohishi. Experimental
determination of the electrical resistivity of iron at Earth’s core conditions. Nature 534, 95-98
(2016).

[32] G. K. White and S. B. Woods. Electrical and thermal resistivity of the transition
elements at low temperatures. Phil. Trans. R. Soc. Lond. A 251, 273-302 (1959).

[33] K. Shimizu, T. Kimura, S. Furomoto, K. Takeda, K. Kontani, Y. Onuki and K. Amaya.
Superconductivity in the nonmagnetic state of iron under pressure. Nature 412, 316-318
(2001).

[34] E.F. Talantsev and K. Stolze. Resistive transition in hydrogen-rich superconductors.
arXiv:2102.00946.

16



