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We investigate relations between topology and the quantum metric of two-dimensional Chern
insulators. The quantum metric is the Riemannian metric defined on a parameter space induced
from quantum states. Similar to the Berry curvature, the quantum metric provides a geometrical
structure associated to quantum states. We consider the volume of the parameter space measured
with the quantum metric, which we call the quantum volume of the parameter space. We establish
an inequality between the quantum volume of the Brillouin zone and that of the twist-angle space.
Exploiting this inequality and the inequality between the Chern number and the quantum volume,
we investigate how the quantum volume can be used as a good measure to infer the Chern number.
The inequalities are found to be saturated for fermions filling Landau levels. Through various
concrete models, we elucidate conditions when the quantum volume gives a good estimate of the
topology of the system.

I. INTRODUCTION

Topological band structure and associated geometrical
properties of quantum and classical states have become
an important subject of study in a wide variety of dis-
ciplines in physics, ranging from solid-state electrons [1–
3], where the concept of topological insulator was first
invented [4–9], to atomic, molecular, and optical (AMO)
physics [10, 11], acoustics [12–14], active matter [15, 16],
and even in geophysics [17].

Topological properties, such as Chern numbers and
winding numbers, characterize the global nature of the
states defined in a suitable parameter space, such as mo-
mentum space. On the other hand, geometry charac-
terizes local properties at each point in the parameter
space. Topology and geometry are closely related to each
other; for example, the integral of the Berry curvature,
a geometrical quantity, over a two-dimensional compact
surface gives rise to the topological Chern number. Re-
cently, there is an increasing interest in the study of a ge-
ometrical property called the quantum metric [18]. The
quantum metric provides a positive semi-definite metric
on a parameter space, and is known to be relevant in
various phenomena such as the width of the maximally
localized Wannier function [19–21], responses in dissipa-
tive systems [22–25], response upon periodical modula-
tions [26–28], non-adiabatic responses [29], orbital mag-
netism [30–34], superfluid density [35–38], Lamb-shift-
like energy shift in excitons [39], Landau-level spreading
in flat band systems [40], and in the construction of frac-
tional Chern insulators [41, 42]. Very recently, experi-
mental measurements of the quantum metric have been
reported in various systems [43–48].

The aim of this paper is to study relations between
the topological properties of the system and the quan-
tum metric, focusing on two-dimensional Chern insula-

tors. Chern insulators are characterized by topology, in
particular, by the Chern numbers of families of quan-
tum states defined on the first Brillouin zone, which is
the compact momentum space obtained in the presence
of translation symmetry with respect to a lattice in real
space. When considering many-body systems, another
relevant parameter space is the twist-angle space; one
considers a periodic boundary condition with a phase
twist, and the many-body wave function is parametrized
by the phase [49]. When considering non-interacting
fermions filling a band, the geometrical properties of the
twist-angle space are given by an average of the corre-
sponding quantities in momentum space, and hence the
topological Chern numbers calculated in both spaces are
identical. Besides the Chern number, we can construct
a non-topological global quantity characterizing the geo-
metrical structure of the states from the quantum metric.
Since the quantum metric provides a Riemannian struc-
ture in the parameter space, we can consider the volume
of the parameter space measured using this metric; we
call it quantum volume of the parameter space. Inspired
by the known inequality between the Chern number and
the quantum volume, we investigate how and when the
quantum volume can act as a useful measure to infer the
topology of the system. Furthermore, we establish an
inequality between the quantum volume of momentum
space and the quantum volume of the twist-angle space.
We show that in the limit of bands approaching Landau
levels, we can obtain a very good estimate of the topology
(Chern number) just by studying the quantum volume.
The relations between topology and the quantum volume
have intricate mathematical structures as well, which are
analyzed in detail in the accompanying paper from the
view point of Kähler geometry [50].

The structure of the paper is as follows. In Sec. II,
we introduce the quantum metric, the Berry curvature,
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and the Chern number for a general parameter space.
In Sec. III, we introduce the momentum space and the
twist-angle space and discuss general relations between
the topology and the quantum volumes. In Sec. IV, we
then discuss specific models to see how the general rela-
tions can be applied to understand the topological fea-
tures of various cases. We first analyze Landau levels,
which are the energy levels of a two-dimensional system
in the presence of a uniform magnetic field. We then
discuss two-band models, taking the Haldane model [51]
and the two-band model introduced in Yang et al. [52]
as explicit examples. As we will see, two-band mod-
els have characteristic features which are not present
in models with more than two bands. We finally dis-
cuss multi-band models, taking the Harper-Hofstadter
model [53, 54] and the three-band models introduced in
Ref. 55 and Ref. 52 as examples. We finally give con-
clusions in Sec. V. Detailed derivations of some formulas
and relations are given in the Appendix.

II. DEFINITIONS AND PROPERTIES

A. Definitions

We first define the quantum metric and the Berry cur-
vature for a set of mutually orthogonal quantum states
|ψm(λ)〉, labeled by an integer m = 1, 2, · · · , which de-
pend on a set of parameters λ = (λ1, λ2, · · · ). In what
follows, λ will either be a quasimomentum k or the twist
angle (θx, θy, · · · ).

The geometrical structure of a set of quantum states
|ψm(λ)〉 with m = 1, 2, · · · , r, where r is the number of
occupied bands for band insulators, is characterized by
the quantum geometric tensor, whose real part gives the
quantum metric and the imaginary part gives the Berry
curvature [18]. The quantum geometric tensor for a set
of states |ψm(λ)〉 with 1 ≤ m ≤ r is defined by [24]

χij(λ) ≡
r∑

m=1

〈∂λiψm(λ)|(1− P (λ))|∂λjψm(λ)〉, (1)

where P (λ) ≡
∑r
m=1 |ψm(λ)〉〈ψm(λ)| is the projector

onto the set of states with m = 1, 2, · · · , r. The quan-
tum metric gij and the Berry curvature Ωij are defined
through the real and imaginary parts of the quantum
geometric tensor as

gij(λ) ≡ Re[χij(λ)]. (2)

Ωij(λ) ≡ −2 Im[χij(λ)]. (3)

It is straightforward to show gij = gji and Ωij = −Ωji
from the definition of the quantum geometric tensor.

In this paper, we focus on two-dimensional systems:
λ = (λ1, λ2). Then, in matrix notation,

χ(λ) =

(
g11(λ) g12(λ)− iΩ12(λ)/2

g12(λ) + iΩ12(λ)/2 g22(λ)

)
.

(4)

B. Basic properties

The quantum metric gij(λ) provides a positive
semidefinite metric in the parameter space described by
λ = (λ1, λ2) satisfying det(g) = g11g22 − g2

12 ≥ 0. We
note that the quantum metric is not a positive definite
metric; there can be points in the parameter space where
det(g) = 0 holds. The Berry curvature Ωij(λ)dλi ∧ dλj
provides the curvature 2-form of a connection on a vector
bundle whose fiber at λ is spanned by the set of states
|ψm(λ)〉 with m = 1, 2, · · · , r.

Even though the quantum metric is a geometrical prop-
erty of the tangent bundle of the parameter space and the
Berry curvature is a property of the fiber bundle made
of the quantum states, there are relations between the
two; after all, they are both defined in terms of the same
family of quantum states. An important relation that
we want to explore in detail in this paper is the inequal-
ity that holds between the volume form and the Berry
curvature: √

det(g) ≥ |Ω12|
2

. (5)

This inequality is well known in the literature and is due
to the fact that the quantum geometric tensor χij is
a positive semi-definite matrix; the inequality was first
shown for the single-band case (r = 1) in Roy [56],
and then later generalized to include multi-band cases
by Peotta and Törmä [35]. For completeness, we give
a proof of this inequality in Appendix A using Cauchy-
Schwarz inequality, clarifying the condition under which
the equality holds. By integrating this inequality, we ob-
tain an important relation between the topological Chern
number and the quantum volume as we describe in the
following. The Chern number can be calculated by in-
tegrating the Berry curvature over the parameter space
(when the parameter space is compact, which will be the
case below):

C =
1

2π

∫
dλ1dλ2 Ω12(λ). (6)

The Chern number is guaranteed to be an integer and
reflects a topological property of the states. The quan-
tum volume volg is the volume of the parameter space
calculated using the quantum metric as the metric, and
it is defined by

volg ≡
∫
dλ1dλ2

√
det(g). (7)

Using the inequality Eq. (5), the following inequality
between the quantum volume and the Chern number
holds [35, 56]:

volg ≥
∫
dλ1dλ2

|Ω12|
2
≥
∣∣∣∣∫ dλ1dλ2

Ω12

2

∣∣∣∣ = π|C|. (8)

Thus, the Chern number multiplied by π is upper
bounded by the quantum volume of the parameter space.
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This relation has, for example, been applied to topo-
logical superconductors to find a relation between the
superfluid weight and the topological properties of the
system [35]. In this paper, we will investigate conse-
quences of this inequality applied to the quasimomentum
and twist-angle spaces as relevant parameter spaces. Be-
fore studying concrete parameter spaces, we briefly dis-
cuss how the quantum geometric tensor is related to the
Hamiltonian of the system.

C. Relation to the Hamiltonian

So far we have not introduced any Hamiltonian. Typ-
ically, quantum states |ψm(λ)〉 are defined as eigenstates
of a certain Hamiltonian H(λ), which depends smoothly
on the same parameter λ. We then define that |ψm(λ)〉
is an mth eigenstate of H(λ), where the corresponding
eigenvalue εm(λ) is the mth smallest of all the eigenval-
ues of H(λ). The eigenvalue equation is H(λ)|ψm(λ)〉 =
εm(λ)|ψm(λ)〉. Using the Hamiltonian, we can find an
expression for the quantum geometric tensor, which does
not involve the derivative of quantum states. From the
definition of the quantum geometric tensor, we see

χij(λ)

=

r∑
m=1

∑
m′>r

〈∂λ1
ψm(λ)|ψm′(λ)〉〈ψm′(λ)|∂λj

ψm(λ)〉.

(9)

Using the relation 〈ψm′(λ)| ∂H∂λi
|ψm(λ)〉 = (εm(λ) −

εm′(λ))〈ψm′(λ)|∂λi
ψm(λ)〉, we can rewrite the quantum

geometric tensor as

χij(λ)

=

r∑
m=1

∑
m′>r

〈ψm(λ)| ∂H∂λi
|ψm′(λ)〉〈ψm′(λ)| ∂H∂λj

|ψm(λ)〉
(εm′(λ)− εm(λ))2

.

(10)

This is an expression which does not involve any deriva-
tives of the quantum states themselves, and is useful
when numerically calculating the quantum geometric
tensor. We note that there is also a technique of calcu-
lating the quantum geometric tensor without computing
the eigenstates at all as discussed in Refs. [57, 58].

III. MOMENTUM SPACE AND TWIST-ANGLE
SPACE

Now we explicitly consider momentum space and twist-
angle space as parameter spaces which are relevant in
the study of two-dimensional Chern insulators. An n-
band model is characterized by an n-by-n Hamiltonian
H(kx, kx), which depends on quasi momenta (kx, ky)
defined in the first Brillouin zone, which is periodic

and is, topologically, a two-torus. The quantum state
|ψm(kx, ky)〉, often called the Bloch state, is the eigen-
vector of H(kx, ky) with the m-th smallest eigenvalue.
From the Bloch states with r smallest eigenvalues, we
construct the quantum metric and the Berry curvature,
which we write as gij(kx, ky) and Ωij(kx, ky). Topology
and geometry of the Bloch states are directly relevant in
the study of topological insulators; Chern insulators are
two-dimensional systems where the Chern number of the
Bloch states, associated with the filled bands, over mo-
mentum space is nonzero. An important physical conse-
quence of nonzero Chern number is the bulk-edge corre-
spondence; the number of edge modes of a given energy
gap is equal to the sum of the Chern numbers of energy
bands below the gap [59, 60].

Another natural parameter space to analyze Chern in-
sulators is the twist-angle space [49], which is more ab-
stract than momentum space but can be applied also to
disordered and interacting many-body systems. The ge-
ometrical structure in the twist-angle space is defined
by introducing a periodic boundary condition with a
twist phase θx and θy along x and y directions, respec-
tively, and defining quantum states in the parameter
space of (θx, θy). Twisted boundary conditions can be
gauged away by a suitable gauge transformation, but at
a cost of changing the Hamiltonian from H(kx, ky) to
H(kx + θx/Lx, ky + θy/Ly), where Lx and Ly are the
lengths of the system in x and y directions, respectively.
It then follows that ∂H

∂ki
= Li

∂H
∂θi

. Then, from the ex-
pression of the quantum geometric tensor in terms of
the derivative of the Hamiltonian, Eq. (10), we can see
that the quantum geometric tensor in twist-angle space
is 1/LiLj times the quantum geometric tensor defined in
momentum space. We are most interested in the sit-
uation where r bands labeled by m = 1, 2, · · · , r are
completely filled. We let χ̃ij(θx, θy) denote the quantum
geometric tensor in twist-angle space when r bands are
filled. Assuming non-interacting fermions, the quantum
geometric tensor for the entire band is a sum of the quan-
tum geometric tensor of each quasimomentum, namely

χ̃ij(θx, θy) =
1

LiLj

∑
k

χij(kx, ky)

=
1

(2π)2

∫
d2kχij(kx, ky), (11)

which shows that the quantum geometric tensor for a
set of bands in the twist-angle space is nothing but the
average of the quantum geometric tensor defined in mo-
mentum space. One can show that this integral is θx
and θy independent in the thermodynamic limit [61, 62].
Explicitly writing out each component of the quantum
geometric tensor, we obtain

g̃ij(θx, θy) =
1

(2π)2

∫
d2k gij(kx, ky), (12)

Ω̃xy(θx, θy) =
1

(2π)2

∫
d2k Ωxy(kx, ky) =

1

2π
C, (13)
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where g̃ij and Ω̃ij are the quantum metric and the Berry
curvature for the filled r bands defined in the twist-angle
space. We note again that these quantities do not depend
on the twist angles in the thermodynamic limit, or in
other words, these quantities are flat in the twist-angle
space. As it is clear from the relation Eq. (13), the Chern

number calculated from Ωxy(kx, ky) and Ω̃xy(θx, θy) are
the same:

C =
1

2π

∫
d2k Ωxy(kx, ky) =

1

2π

∫
d2θ Ω̃xy(θx, θy).

(14)

Therefore, for non-interacting fermions completely filling
a set of bands, the Chern number in twist-angle space
gives the same information as the Chern number in mo-
mentum space. On the other hand, the quantum volumes
of momentum space and the twist-angle space are gener-
ally different. We note that the quantum metric in twist-
angle space is proportional to the localization tensor of
the material [63], which is directly related to the longitu-
dinal response of the system upon periodic modulation
when a band is filled [27, 43]. The quantum volume of
twist-angle space has the interpretation of the geometric
mean of the eigenvalues of the localization tensor, giv-
ing an average notion of the spread of the many-particle
ground state in real space [64].

Since the Chern numbers for non-interacting fermions
are the same for momentum space and the twist-angle
space, the inequality Eq.(8) holds for both spaces with
the same Chern number:

π|C| ≤ volg ≡
∫
dkxdky

√
det[g(kx, ky)],

π|C| ≤ volg̃ ≡
∫
dθxdθy

√
det[]g̃(θx, θy)]. (15)

The quantum volumes volg and volg̃ are generally dif-
ferent, and in fact the inequality volg ≤ volg̃ holds; the
quantum volume of momentum space is always smaller
or equal to the quantum volume of the twist-angle space.
The proof of volg ≤ volg̃ is given in Appendix B. Com-
bining all the inequalities, we finally obtain

π|C| ≤ volg ≤ volg̃, (16)

which is the central relation between the topology and
the quantum metric whose consequence we will explore
in the paper. In the accompanying paper [50], this in-
equality is analyzed from the mathematical viewpoint of
Kähler geometry. In particular, it is discussed that the
first inequality is saturated, provided the quantum met-
ric on momentum-space is non-degenerate, when the pa-
rameter space equipped with the quantum metric and the
Berry curvature, playing the role of a symplectic form,
forms a Kähler manifold.

One immediate consequence of this inequality is that
if volg < π or volg̃ < π, then |C| = 0, i.e., a set of
bands is topologically trivial. For systems with volg ≥ π,

we cannot make a definite statement about their topol-
ogy. However, as we confirm below with several models,
volg/π often gives a very good estimate of the topology,
and we can also see that in a proper limit approaching
the situation similar to the filled Landau levels, volg/π
approaches the Chern number from above.

IV. MODELS

Now we explore how the topology and geometry are re-
lated through various examples and models. We first con-
sider the paradigmatic case of Landau levels associated to
the problem of two-dimensional electrons in the presence
of a uniform magnetic field. We then consider two-band
models, and then finally discuss multi-band models.

A. Landau levels

A charged particle in a uniform magnetic field is the
simplest example of a system with nontrivial Chern num-
ber. The Hamiltonian of a charged particle with mass M
in a uniform magnetic fields takes the following form:

H =
p̂2
x + (p̂y −Bx̂)2

2M
, (17)

where we assumed that the charge is unity, and we are
taking the Landau gauge for the magnetic vector poten-

tial ~A(r) = (0, Bx). The Hamiltonian does not have a
translational symmetry, but there is a magnetic trans-
lational symmetry, which is a symmetry of a discrete
translation followed by a phase twist. To understand
that there is a magnetic translational symmetry, we con-
sider a fictitious magnetic unit cell, which is a rectangle
with lengths ax and ay in x and y directions, respectively,
which satisfies |B|axay = 2π. Note that the choice of ax
and ay is not unique. Using the magnetic translational
symmetry, we can apply Bloch’s theorem and introduce
quasimomentum, which takes a value in the Brillouin
zone: −π/ax ≤ kx ≤ π/ax and −π/ay ≤ ky ≤ π/ay.

The quantum metric and the Berry curvature of each
Landau level have been evaluated in Ref. [35] by taking
an appropriate limit of the Harper-Hofstadter model. We
give an alternative derivation of the quantum geometric
tensor of the Landau levels in Appendix C directly using
the wave functions of the Landau levels, which allow us to
derive formulas for the quantum geometric tensor of mul-
tiple Landau levels. The quantum metric and the Berry
curvature for the collection of lowest r Landau levels is

g(kx, ky) =
r

2|B|

(
1 0
0 1

)
, Ω(kx, ky) = − r

B
. (18)

Thus, the quantum geometric tensor is completely flat
in the Brillouin zone. This flatness implies that the
quantum geometric tensor χij of the Brillouin zone and
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χ̃ij of the twist-angle space coincide. The Chern num-
ber and the quantum volumes are C = −r sign(B),
volg = volg̃ = rπ and thus, the equality

π|C| = rπ = volg = volg̃ (19)

holds for the collection of r lowest Landau levels. As
we see below for the case of the multi-band models, we
can heuristically say that, as the system approaches the
Landau levels, the equality is approached.

B. Two-band models

There are two special properties that only hold for two-
band models, where the quantum states are just |ψ1(λ)〉
and |ψ2(λ)〉, and we consider geometrical properties of
one of the two states. The first property is:

When the parameter space is a two-torus,
there must be some points in the parameter
space where det(g) = |Ω12| = 0.

This property and its proof are presented in the accompa-
nying paper [50] as Theorem 3, exploiting the difference
in the fundamental groups of the two-torus and a com-
plex projective space, which, in this case, is just a two-
sphere. A consequence of this property is that, for two-
band Chern insulators with a nontrivial Chern number,
one cannot achieve a situation where either the quan-
tum metric or the Berry curvature becomes flat in the
parameter space, which has also been noted in Ref. [42].
This implies that it is not possible to achieve the limit
of lowest Landau levels with two-band models. On the
other hand, there is a second property which holds only
for two-band models, which is:

The equality
√

det(g) =
|Ω12|

2
always holds.

This relation has been noticed by several earlier
works [37, 65, 66]. One can see this property by con-
firming that the condition for the saturation of the in-
equality Eq. (16) always holds for two-band models as
noticed in Ref. [66] and also detailed in Appendix A,
or also by calculating directly the volume form and the
Berry curvature for two-band models, as in Refs. [37, 65].
A simple consequence of the second property is that, if
Ω12 is everywhere non-negative in the parameter space,
volg = πC, and if Ω12 is everywhere nonpositive in the
parameter space, volg = −πC. This implies that the
quantum volume directly tells us about the topology of
the quantum states if there is no change of sign of the
Berry curvature over the parameter space. We will see
shortly that it is often the case that the Berry curvature
does not change its sign in the Brillouin zone, and thus
the quantum volume coincides with π|C|.

1. Haldane model

As an explicit example of a two-band model, we first
analyze the Haldane model [51]. The Haldane model is a
tight-binding model on a honeycomb lattice with complex
next-nearest-neighbor hopping amplitudes. The Haldane
model has various topological phases as one varies φ
and M/(3

√
3t2), where φ is the phase of next-nearest-

neighbor hopping, and t2 is its magnitude. M is the on-
site energy difference between the two sublattices within
a unit cell. The Hamiltonian is

H(k) =(
2t2
∑
j cos(φ− k ·R′j) +M t1

∑
j e
−ik·Rj

t1
∑
j e
ik·Rj 2t2

∑
j cos(φ+ k ·R′j)−M

)
,

(20)

where t1 is the nearest-neighbor hopping, Rj and R′j
with j = 1, 2, and 3 are the vectors connecting nearest-
and next-nearest-neighbor sites in the honeycomb lattice.
In Fig. 1, we plot |C|, volg/π, and volg̃/π as a function

of M/(3
√

3t2) for a fixed value of φ = π/2. There is a

topological phase transition at M/(3
√

3t2) = 1.
The figure shows that, in the topologically nontrivial

regime, |C| = volg/π = 1 holds, which is a consequence

of a fact that
√

det(g) = |Ω12|/2 strictly holds in the
case of two-band models, together with the fact that the
Berry curvature does not change sign within the Bril-
louin zone for the Haldane model. In the topologically
trivial regime, we see volg/π < 1, which implies the cor-
rect relation |C| = 0. Therefore, the quantum volume in
momentum space precisely captures the topology of the
model.

FIG. 1. The Haldane model: The Chern number and the
quantum volumes as a function of a parameter M in the
model. The solid line corresponds to the Chern number, and
the circles and triangles are volg/π and volg̃/π, respectively.
There is a topological phase transition at M/(3

√
3t2) = 1.

We also note that the quantum volume of the twist-
angle space, volg̃/π, is not equal to the Chern number
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in the topological regime. This is because the relation√
det(g) = |Ω12|/2 holds if the Hilbert space of quan-

tum states for a particular value of a parameter is two-
dimensional, but in the twist-angle space, the relevant
Hilbert space is a many-body Fock space; the Hilbert
space is much larger than two even for two-band models.

2. Square lattice model with higher Chern numbers

Next, as an example of a topological two-band model
with the Chern number greater than one, we consider
the square lattice model introduced in Yang et al. [52],
which has two orbital degrees of freedom per site. The
Hamiltonian is

H(k) =

(
2t3(cos(2kx) + cos(2ky))− 4t2 sin(kx) sin(ky) +M 2t1(eiπ/4 cos(kx) + e−iπ/4 cos(ky))

2t1(e−iπ/4 cos(kx) + eiπ/4 cos(ky)) 2t3(cos(2kx) + cos(2ky)) + 4t2 sin(kx) sin(ky)−M

)
(21)

The orbital-dependent energy M is not in the original
paper of Yang et al. [52]; we add this factor to induce a
topological phase transition. For other parameters, we
take t1 = 1, t2 = 1/(2 +

√
2), and t3 = 1/(2 + 2

√
2) as in

Ref. [52]. When M = 0, the lower (upper) band has the
Chern number of −2(+2). As one increases M , the bands
go through a topological phase transition and become
topologically trivial. As a function of M , we plot the
Chern number and the quantum volumes in Fig. 2. We
see that the equality |C| = volg/π = 2 is again achieved
in the topological region.

Although achieving |C| = volg/π requires that the
Berry curvature does not change its sign over the Bril-
louin zone, we have confirmed through these examples
that this equality is often realized in topological two-band
models.

FIG. 2. The square-lattice two-band model with higher Chern
numbers from Yang et al. [52]: The Chern number and the
quantum volumes as a function of a parameter M in the
model. The solid line corresponds to the Chern number, and
the circles and triangles are volg/π and volg̃/π, respectively.
There is a topological phase transition around M ≈ 1.3.

C. Multi-band models

For multi-band systems, we do not have an equality√
det(g) = |Ω12|/2 in general. On the other hand, we do

not have the constraint that
√

det(g) and |Ω12| vanish
somewhere in the Brillouin zone. The latter property
implies that we can consider the limit where the quantum
metric and the Berry curvature become flat (constant)
over the Brillouin zone, which is similar to the situation
of the Landau levels. For examples of multi-band models,
we consider the Harper-Hofstadter model [53, 54], the
three-band model with a unit Chern number introduced
in Sun et al. [55], and the three-band model with a higher
Chern number introduced in Yang et al. [52].

1. Harper-Hofstadter model

The Harper-Hofstadter model is a square-lattice tight-
binding model with a magnetic flux φ. When φ = 2πp/q
with mutually prime integers p and q, the model has q
bands. We consider the lowest one and two bands of
the Harper-Hofstadter model for p = 1 to show that, in
the large q limit, the model approaches the limit of the
Landau levels and the inequality Eq. (16) is saturated.

First, we consider the lowest band of φ = 2π/q. It is
known in this case that the lowest band has the Chern
number of −1. We calculate the Chern number and the
quantum volume of the lowest band for various values of
q. The results are plotted in Fig. 3. We see that the
inequality Eq. (16) becomes saturated as one increases q.
In the Harper-Hofstadter model, the large q limit corre-
sponds to the Landau level limit [67], and thus the lowest
band should approach the lowest Landau level. The sat-
uration of the inequality is consistent with the property
of the lowest Landau level that the equality is achieved.

Next we consider the lowest two bands of φ = 2π/q.
When q ≥ 5, lowest two bands both have the Chern num-
ber of −1, and thus the Chern number of the two bands
combined is −2. In Fig. 3 we also plot the Chern number
and the quantum volume of the lowest two bands. The
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FIG. 3. The Harper-Hofstadter model: The Chern number and quantum volumes as a function of q, where 2π/q is the
magnitude of the magnetic flux through a plaquette. The left figure is for the lowest band, and the right figure is for the lowest
two bands. The solid line corresponds to the Chern number, and the circles and triangles are volg/π and volg̃/π, respectively.

inequality Eq. (16) is saturated again in the large q limit,
confirming that the limit of Landau levels is achieved also
when more than one band are considered.

2. Three-band model with unit Chern number

Next, we consider the three-band model introduced in
Sun et al. Ref. [55]. In this model, one can make a
band very flat by properly choosing the parameters. We
investigate the relation between the band flatness and the
saturation of the inequality Eq. (16). The momentum-
space Hamiltonian of the model is

H(k) =

−2tdd(cos kx + cos ky) + δ 2itpd sin kx 2itpd sin ky
−2itpd sin kx 2tpp cos kx − 2t′pp cos ky i∆
−2itpd sin ky −i∆ 2tpp cos ky − 2t′pp cos kx

 . (22)

We focus on the lowest band. A topological phase tran-
sition can be induced by changing ∆. We use a set of
parameters discussed in Ref. [55], which are tdd = tpd =
tpp = 1 and δ = −4tdd+2tpp+∆−2tpp∆/(4tpp+∆) and
t′pp = tpp∆/(4tpp+∆). The Chern number and the quan-
tum volumes are plotted in Fig. 4. There is a topological
phase transition at ∆ = 4. We also plot the band flatness
in the inset of Fig. 4. The band flatness is evaluated by
the ratio between the band width and the band gap; the
smaller value of this ratio implies that the band is flatter.
In the topologically trivial regime, the quantum volume
in momentum space predicts the Chern number being
zero correctly apart from region in the vicinity of the
topological phase transition. In the topologically non-
trivial regime, the agreement between the Chern number
and the quantum volume becomes better as the band be-
comes flatter. We expect this tendency that flattening of
a band makes the inequality Eq. (16) saturated to hold
in general from an analogy with the Landau levels, which
are flat and topological.

3. Three-band model with higher Chern numbers

The tendency that flatter bands lead to |C| ≈ volg
also holds when we have a band with the Chern number
greater than one. To see this property, we consider an-
other three band model proposed in Yang et al. [52]. The
lowest band of the model has the Chern number of three,
and depending on parameters, the band can become very
flat. The Hamiltonian is

H(k) =

Fk(φ)/2 G2,k(5φ) G1,k(6φ)
G1,k(2φ) Fk(3φ)/2 G2,k(7φ)
G2,k(3φ) G1,k(4φ) Fk(5φ)/2

+ H.c., (23)

where

Fk(Φ) ≡ 2t2 cos(kx + ky − Φ) (24)

G1,k(Φ) ≡ t1eikx + t1e
−iky+iΦ (25)

G2,k(Φ) ≡ t2eikx−iky+iΦ. (26)
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FIG. 4. Three band model from Sun et al. [55]: The Chern
number and quantum volumes as a function of a parameter
∆. The solid line corresponds to the Chern number, and the
circles and triangles are volg/π and volg̃/π, respectively. The
inset shows the band flatness, which is defined by the ratio
between the bandwidth and the band gap.

As in Ref. [52], we take t1 = 1 and φ = π/3. We take

t2 = −∆/
√

3, and vary ∆ to tune the band flatness of
the lowest band. In Fig. 5, we plot the Chern number
and quantum volumes as a function of the tuning pa-
rameter ∆, as well as the band flatness. The band be-
comes most flat when ∆ = 1, and indeed the equality
|C| ≈ volg/π ≈ volg̃/π almost holds around the region
where the band is flat. As the band flatness is reduced,
the discrepancy among |C|, volg/π, and volg̃/π becomes
larger. With these examples, we can heuristically say
that the inequality Eq. (16) approaches equality when
the band becomes flatter.

V. CONCLUSION

Although Chern number and the quantum metric are
both derived from the same map from the parameter
space to the space of quantum states, their physical man-
ifestations are quite different. As a bulk response, the
former is related to an anti-symmetric responses such as
the Hall conductivity and anomalous velocity, whereas
the latter is more related to the localization properties
of the system. Despite the difference, we have seen that
because of the inequality

π|C| ≤ volg ≤ volg̃ (27)

we can infer topological properties just by looking at the
quantum metric and vice versa. Because of the inequal-
ity, the quantum volume of momentum space, volg, is
always closer to π|C| than the quantum volume of the
twist-angle space, volg̃. On the other hand, we note that

FIG. 5. Three-band model from Yang et al. [52]: The Chern
number and quantum volumes as a function of a parameter
∆. The solid line corresponds to the Chern number, and the
circles and triangles are volg/π and volg̃/π, respectively. The
inset shows the band flatness, which is defined by the ratio
between the bandwidth and the bandgap.

when one has a fermionic band insulator, what is ex-
perimentally relevant is often the quantum metric in the
twist-angle space, volg̃, as manifested in the experiment
Ref. [43]. Since each term of the inequality Eq. (27) is re-
lated to observables in different experimental setups, the
inequality provides us the possibility of studying topol-
ogy and geometry from multiple perspectives.

If similar inequalities hold for higher-dimensional
Chern insulators and/or symmetry-protected topological
phases is left for future studies. Furthermore, as dis-
cussed in more detail in the accompanying paper [50],
the saturation of the inequality is related to holomor-
phic structure of the map from the parameter space to
the space of the quantum states. Studying consequences
of the inequality both from physical and mathematical
points of view will open a new avenue towards a unified
understanding of the two apparently different concepts
of topology and localization.
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Appendix A: Proof of
√

det(g) ≥ |Ω12|/2

In this appendix, we give a proof of the inequality
Eq.(5), i.e.,

√
det(g(λ)) ≥ |Ω12(λ)|/2 identifying the

condition under which the inequality is saturated. Let
us consider two sets of vectors

|α〉 =


|α1〉
|α2〉

...
|αr〉

 , |β〉 =


|β1〉
|β2〉

...
|βr〉

 , (A1)

where each |αm〉 and |βm〉 is an element of the Hilbert
space spanned by the quantum states for a given value
of λ. As in the main text, r denotes the number of occu-
pied bands. Let us define a complex inner product 〈α|β〉
between two sets of vectors by

〈α|β〉 ≡
r∑

m=1

〈αm|βm〉. (A2)

It is straightforward to show that this definition ful-
fills the condition of inner product. Then, the following
Cauchy-Schwarz inequality holds [68]:

〈α|α〉〈β|β〉 ≥ |〈α|β〉|2, (A3)

and the equality holds if either |α〉 or |β〉 is zero, or if
there exists a complex number c, which satisfies |α〉 =
c|β〉. We now take

|αm〉 = (1− P )|∂iψm(λ)〉, (A4)

|βm〉 = (1− P )|∂jψm(λ)〉, (A5)

where P is, as in the main text, the projector P =∑r
m=1 |ψm(λ)〉〈ψm(λ)|. Using the property (1 − P )2 =

(1− P ), one can see that

〈α|α〉 = χii(λ), 〈β|β〉 = χjj(λ), 〈α|β〉 = χij(λ).
(A6)

The Cauchy-Schwarz inequality Eq. (A3) then gives us

χii(λ)χjj(λ) ≥ |χij(λ)|2. (A7)

Note that, for two-dimensional parameter spaces, this
relation is nothing but the positive semi-definiteness of
the quantum geometric tensor det(χ) ≥ 0 [35]. Since
χii = gii and |χij(λ)|2 = (Re[χij ])

2 + (Im[χij ])
2 = g2

ij +

Ω2
ij/4, we obtain

giigjj − g2
ij ≥ Ω2

ij/4 (A8)

Now, considering a two-dimensional parameter space and
taking i = 1 and j = 2, we obtain

det(g) ≥ |Ω12|2/4. (A9)

Taking the square root of both sides, we obtain the de-
sired inequality. The condition for the inequality to be
saturated is either χ11 = χ12 = χ22 = 0 or ∃ c ∈ C
such that ∀m, (1 − P )|∂1ψm(λ)〉 = c(1 − P )|∂2ψm(λ)〉.
One can see that, for two-band models, the inequality
is always saturated because 1 − P projects to a one-
dimensional subspace, and thus the condition ∃ c ∈ C
such that (1 − P )|∂1ψ1(λ)〉 = c(1 − P )|∂2ψ1(λ)〉 always
holds regardless of the details of |ψ1(λ)〉.

We also note that, since the two eigenvalues of the ma-
trix g are nonnegative, tr(g) ≥ 2

√
det(g) holds in gen-

eral. This implies tr(g) ≥ 2
√

det(g) ≥ |Ω12|, which was
also first noted by Roy [56].

Appendix B: Proof of volg ≤ volg̃

We now prove volg ≤ volg̃, which states that the quan-
tum volume of momentum space is smaller or equal to
the quantum volume of the twist-angle space. Since the
quantum metric in the twist-angle space, g̃ij(θx, θy), is
flat, we have volg̃ = (2π)2 det(g̃ij). Then, explicitly writ-
ing out the expressions for the determinant, the state-
ment we want to prove can be rewritten in the following
form:

volg =

∫
d2k
√
gxxgyy − g2

xy

≤

√∫
d2kgxx

∫
d2kgyy −

(∫
d2kgxy

)2

= volg̃. (B1)

To prove this relation, we use the Cauchy-Schwarz in-
equality again, which, in a formulation relevant to the
current case, states that for any square-integrable real
nonnegative functions φ(k) and ψ(k),∫

d2k φ(k)ψ(k) ≤

√∫
d2k[φ(k)]2 ·

∫
d2k[ψ(k)]2.

(B2)

To use the Cauchy-Schwarz inequality, we write

volg =

∫
d2k
√√

gxxgyy − gxy ·
√√

gxxgyy + gxy. (B3)

Using the Cauchy-Schwarz inequality, we obtain

volg ≤

√∫
d2k

(√
gxxgyy − gxy

)
·
∫
d2k

(√
gxxgyy + gxy

)
=

√(∫
d2k
√
gxxgyy

)2

−
(∫

d2kgxy

)2

. (B4)

Using again the Cauchy-Schwarz inequality to the first
term inside the square root, we obtain the desired rela-
tion:

volg ≤

√∫
d2kgxx

∫
d2kgyy −

(∫
d2kgxy

)2

= volg̃.

(B5)
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The condition for the Cauchy-Schwarz inequality to hold
as an equality, when both functions φ and ψ are not
identically zero, is that the two functions are linearly
dependent, namely, one is a scalar multiple of the other.
Upon deriving volg ≤ volg̃, we used the Cauchy-Schwarz
inequality twice. For the equality to hold in both steps,
we need that gxy and gyy are both scalar multiples of gxx.
This is equivalent to saying that the quantum metric in
momentum space takes the following form:

g(kx, ky) = f(kx, ky)

(
cxx cxy
cxy cyy

)
, (B6)

where cxx, cxy, and cyy are k-independent real numbers
and f(kx, ky) is a nonnegative function.

Appendix C: Geometry and topology of Landau
levels

Here we briefly summarize the derivation of the geo-
metrical properties and the first Chern number of Landau
levels. For single Landau levels, the similar quantities
have also been evaluated in Ref. [35] by taking appro-
priate limits of the Harper-Hofstadter model. In the al-
ternative derivation given here, we work directly on the
Landau level wave functions, and provide the quantum
geometric tensor of a collection of r Landau levels. The
Hamiltonian of a charged particle in a uniform magnetic
field B in a two-dimensional space is given by

H =
(p̂x − Âx)2 + (p̂y − Ây)2

2M
, (C1)

with a magnetic vector potential A = (Âx, Ây) satisfy-

ing B = ∂xÂy − ∂yÂx. Later we take the Landau gauge
A = (0, Bx̂). We take the charge to be unity. This
Hamiltonian has a translational symmetry only in y di-
rection, and the momentum along x direction is not a
good quantum number. We can, however, consider a
magnetic translational symmetry, which is a translation
followed by a phase shift. Using the magnetic transla-
tional symmetry, we can label eigenstates using quasimo-
menta along both x and y directions, and the geometrical
and topological properties can be defined as in Sec. II.

To introduce the magnetic translational symmetry, we
consider a fictitious magnetic unit cell, which is a rect-
angle of length ax in x direction and ay in y direction
satisfying

|B|axay = 2π. (C2)

Note that the choice of ax and ay satisfying the relation
Eq. (C2) is not unique, and the result below does not
depend on the choice.

A lattice vector R is any linear combination of ax ≡
(ax, 0) and ay ≡ (0, ay) with integer coefficients. Now,
we define a usual translation operator by

T (R) ≡ eiR·p̂ = eR·∇, (C3)

which satisfies

T (R)f(r) = f(r + R), (C4)

when acted to a smooth function f(r). The translational
operator T (R) does not commute with the Hamiltonian.
However, by introducing a function ξR(r), which satisfies

A(r + R) = A(r) +∇ξR(r), (C5)

we can define a magnetic translation operator:

M(R) ≡ e−iξR(r)T (R). (C6)

The magnetic translation operatorsM(R) commute with
themselves and also with the Hamiltonian. In addition,
one can show M(R1)M(R2) = M(R1 + R2). With
these properties, we can prove the Bloch theorem for the
magnetic translation operators.

The Bloch theorem now states that the Hamiltonian
and the magnetic translation operators can be simulta-
neously diagonalized. An eigenstate ψm,k(r) is charac-
terized by a band index m and a quasimomentum k and
satisfies

M(R)ψm,k(r) = eik·Rψm,k(r). (C7)

On the other hand, using (C6), one obtains

M(R)ψm,k(r) = e−iξR(r)T (R)ψm,k(r)

= e−iξR(r)ψm,k(r + R). (C8)

This means

ψm,k(r + R) = eik·R+iξR(r)ψm,k(r). (C9)

The Bloch wave function um,k(r) is defined by

ψm,k(r) = eik·rum,k(r). (C10)

From (C9) and (C10), one obtains the twisted boundary
condition for the Bloch wave functions upon translation
by a lattice vector:

um,k(r + R) = eiξR(r)um,k(r). (C11)

In the absence of the magnetic field, the Bloch wave func-
tion satisfies um,k(r + R) = um,k(r). So, the additional

factor of eiξR(r) is the peculiarity of having nonzero mag-
netic field. We note that the condition Eq. (C11) defines
the sections of a non-trivial line bundle over the unit mag-
netic cell in real space, which topologically is a torus. The
quantities {eiξR}, where R ranges over the lattice, form
what is known in the mathematics literature as a system
of multipliers for the line bundle.

Now, let us explicitly take the Landau gauge A(r) =
(0, Bx). Then we can take ξax(r) = Baxy and ξay (r) = 0.
The boundary condition for the Bloch wave function for
the Landau gauge is then

um,k(x+ ax, y) = eiBaxyum,k(x, y),

um,k(x, y + ay) = um,k(x, y). (C12)
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We now want to find eigenstates of H, which satisfy

Heik·rum,k(r) = Em,ke
ik·rum,k(r) (C13)

and the boundary conditions (C12). Once we find the
Bloch wave functions um,k(r), it is straightforward to cal-
culate the Berry curvature and the Chern number from
their definitions.

Under the Landau gauge, the momentum along y di-
rection is a good quantum number. Writing an eigenstate
as eikyyψ(x, t), the Schrödinger equation becomes

i
∂

∂t
eikyyψ(x, t) =

p̂2
x + (ky −Bx̂)2

2M
eikyyψ(x, t), (C14)

This equation can be rewritten to become

i
∂

∂t
ψ(x, t) =

[
p̂2
x

2M
+
B2

2M

(
x̂− ky

B

)2
]
ψ(x, t). (C15)

This is the Schrödinger equation of a particle in a one-
dimensional harmonic oscillator with the frequency ω =
|B|/M and the origin shifted at x0 = ky/B. This means
that, for a given value of ky, the energy level is ω(m+1/2)
with an integer m ≥ 0. We note that the lowest Landau
level is given by m = 0. The (unnormalized) eigenstate
is

hm(x− ky/B) = e−(x−ky/B)2/2l2BHm((x− ky/B)/lB),
(C16)

where lB ≡ 1/
√
|B| is the magnetic length and Hm is

the Hermite polynomial with degree m. This eigenstate
does not obey the periodicity of the Bloch wave func-
tion Eq. (C12). To obtain the Bloch wave function, we
consider the following linear combination of states where
values of ky are separated by 2π/ay times an integer:

ψm,k(r)

≡
∞∑

l=−∞

eikxaxlei(ky+2πl/ay)yhm(x− (ky + 2πl/ay)/B)

=

∞∑
l=−∞

eikxaxlei(ky+2πl/ay)yhm(x− axl − ky/B)

(C17)

Each term in the sum is an eingenstate of the original
Hamiltonian with the eigenvalue ω(m+1/2), so the linear
combiation ψm,k(r) is still an eigenstate of the original
Hamiltonian with the same eigenvalue:

Hψm,k(r) = ω

(
m+

1

2

)
ψm,k(r). (C18)

We now define

um,k(r) ≡ e−ik·rψm,k(r) (C19)

=

∞∑
l=−∞

e−ikx(x−axl)+i2πly/ayhm(x− axl − ky/B).

One can confirm that this function um,k(r) is the desired
Bloch wave function, which obeys the boundary condi-
tion Eq. (C12).

Using the Bloch wave function (C19), we can now cal-
culate the quantum geometric tensor and the Chern num-
ber. We note that the Bloch wave function (C19) is not
normalized. We introduce an unnormalized Bloch wave
function in a “ket” form |ũm,k〉 which satisfies, in posi-
tion representation, 〈r|ũm,k〉 = um,k(r). Its inner product
with itself satisfies

〈ũm,k|ũm,k〉 =

∫ ax

0

dx

∫ ay

0

dy|um,k(x, y)|2. (C20)

In terms of the unnormalized Bloch wave function, one
can show that the quantum geometric tensor when the
lowest r bands are occupied takes the following form:

χij(k) =

r−1∑
m=0

〈∂ki ũm,k|(1− P (k))|∂kj ũm,k〉
〈ũm,k|ũm,k〉

. (C21)

where

P (k) =

r−1∑
m=0

|ũm,k〉〈ũm,k|
〈ũm,k|ũm,k〉

. (C22)

The denominators take care of the normalization of the
wave function.

The matrix elements can be calculated using standard
properties of Hermite polynomials. For example,

〈ũm,k|ũm,k〉 =

∫ ax

0

dx

∫ ay

0

dy|um,k(x, y)|2

= ay

∫ ax

0

dx

∞∑
l=−∞

hm(x− axl − ky/B)2

= ay

∫ ∞
−∞

hm(x− ky/B)2 = ay

∫ ∞
−∞

hm(x)2

= aylB

∫ ∞
−∞

dXd−X
2

Hn(X)2

= aylB
√
π2nn!. (C23)

Also,

〈∂kx ũm,k|∂kx ũm,k〉

=

∫ ax

0

dx

∫ ay

0

dy∂kxu
∗
m,k(x, y)∂kxum,k(x, y)

= ay

∫ ax

0

dx

∞∑
l=−∞

(x− axl)2hm(x− axl − ky/B)2

= ay

∫ ∞
−∞

dx(x+ ky/B)2hm(x)2

= ay

∫ ∞
−∞

dx(x2 + k2
y/B

2)hm(x)2, (C24)

where in the final step we used that hm(x)2 is an even
function of x. Using the recurrence relations of the Her-
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mite polynomial, one can show

x2hm(x) (C25)

= l2B

[
1

4
hm+2(x) +

(
m+

1

2

)
hm(x) +m(m− 1)hm−2(x)

]
.

Then, using the orthogonality of the Hermite polynomi-
als, we obtain

〈∂kx ũm,k|∂kx ũm,k〉
〈ũm,k|ũm,k〉

=
1

|B|

(
m+

1

2

)
+
k2
y

B2
. (C26)

Similarly, one can show

〈∂ky ũm,k|∂ky ũm,k〉
〈ũm,k|ũm,k〉

=
1

|B|

(
m+

1

2

)
(C27)

〈∂kx ũm,k|∂ky ũm,k〉
〈ũm,k|ũm,k〉

=
i

2B
. (C28)

Furthermore, the inter-band matrix elements are

〈ũm′,k|∂kx ũm,k〉
〈ũm,k|ũm,k〉

= −i (lB(m+ 1)δm+1,m′ + (lB/2)δm−1,m′ + (ky/B)δm,m′)
(C29)

〈ũm′,k|∂ky ũm,k〉
〈ũm,k|ũm,k〉

= − 1

lBB
(−(m+ 1)δm+1,m′ + (1/2)δm−1,m′) . (C30)

From these relations, we can compute the full quantum
geometric tensor. Below we first consider the quantum
geometric tensor or each band, and then consider the
quantum geometric tensor of multiple bands combined.

1. Single band

We first derive the quantum geometric tensor when
only single m-th band is in consideration. The quantum
metric of m-th band is

gm,xx(k) = gm,yy(k) =
1

|B|

(
m+

1

2

)
, (C31)

gm,xy(k) = 0, (C32)

which has been obtained in Ref. [35]. The quantum vol-
ume for each band is then

volg =

∫ π/ax

−π/ax
dkx

∫ π/ay

−π/ay
dky
√

det(g)

=

∫ π/ax

−π/ax
dkx

∫ π/ay

−π/ay
dky

1

|B|

(
m+

1

2

)
=

2π

ax

2π

ay

1

|B|

(
m+

1

2

)
= 2π

(
m+

1

2

)
. (C33)

Note that since the quantum metric is flat in momentum
space, the quantum volume of the twist-angle space takes
the same value: volg = volg̃.

For the Berry curvature,

Ωxy(kx, ky) = − 1

B
. (C34)

The Chern number is then

C =
1

2π

∫ π/ax

−π/ax
dkx

∫ π/ay

−π/ay
dkyΩz(kx, ky)

=
1

2π

2π

ax

2π

ay

−1

B
= −sign(B). (C35)

Therefore, the Berry curvature of Landau levels is a con-
stant −1/B irrespective of the band index m, and the
absolute value of the Chern number is always one.

2. Multiple bands

We finally consider the situation where the lowest r
bands are all occupied, and thus the quantum geomet-
ric tensor is given by the expression Eq. (C21). From a
straightforward calculation, one obtains

gxx(k) = gyy(k) =
r

2|B|
, gxy(k) = 0, Ωxy = − r

B
.

(C36)

Therefore, the quantum volume and the Chern number
are

volg = volg̃ = rπ, C = −r sign(B). (C37)

We see that the equality volg = volg̃ = π|C| holds for the
collection of the lowest r Landau levels. The fact that
the equality volg = volg̃ = π|C| holds even though each
single Landau level does not satisfy the equality apart
form the lowest Landau level reflects the property that
the quantum metric and quantum volume of combined
bands is not just a sum of each band [35].
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