
Finite-bias transport through the interacting resonant level model coupled to a
phonon mode – a functional renormalization group study

M. Caltapanides,1 D. M. Kennes,1, 2 and V. Meden1

1Institut für Theorie der Statistischen Physik, RWTH Aachen University and
JARA—Fundamentals of Future Information Technology, 52056 Aachen, Germany

2Max Planck Institute for the Structure and Dynamics of Matter,
Center for Free Electron Laser Science, 22761 Hamburg, Germany

(Dated: January 6, 2022)

We study the nonlinear steady-state transport of spinless fermions through a quantum dot with a
local two-particle interaction. The dot degree of freedom is in addition coupled to a phonon mode.
This setup combines the nonequilibrium physics of the interacting resonant level model and that of
the Anderson-Holstein model. The fermion-fermion interaction defies a perturbative treatment. We
mainly focus on the antiadiabatic limit, with the phonon frequency being larger than the lead-dot
tunneling rate. In this regime also the fermion-boson coupling cannot be treated perturbatively.
Our goal is two-fold. We investigate the competing roles of the fermion-fermion and fermion-boson
interactions on the emergent low-energy scale TK and show how TK manifests in the transport
coefficients as well as the current-voltage characteristics. For small to intermediate interactions, the
latter is in addition directly affected by both interactions independently. With increasing fermion-
boson interaction the Franck-Condon blockade suppresses the current at small voltages and the
emission of phonons leads to shoulders or steps at multiples of the phonon frequency, while the local
fermion-fermion interaction implies a negative differential conductance at voltages larger than TK.
We, in addition, use the model to investigate the limitations of our low-order truncated functional
renormalization group approach on the Keldysh contour. In particular, we quantify the role of the
broken current conservation.

I. INTRODUCTION

Emergent many-body phenomena are a hallmark of
bulk correlated quantum materials [1]. However, one of
the most famous of such collective behavior, the Kondo
effect [2], occurs in systems with only a few interact-
ing degrees of freedom. Although the Kondo effect was
first observed in bulk materials contaminated by mag-
netic (quantum) impurities, later on mesoscopic systems
allowed for rather detailed studies [3, 4].

Mesoscopic devices coupled to leads provide a con-
trolled and tunable environment to investigate locally
correlated systems. One of the simplest examples of
this type is a quantum dot with spin-degenerate single-
particle levels and level spacings, which are the largest
energy scale of the problem. In such effective single-level
dots the screened, local Coulomb interaction cannot be
neglected, in particular, at low energies. If the dot en-
ergy is properly tuned such that a single electron occu-
pies the dot, the magnetic exchange interaction between
the dot’s spin-1/2 degree of freedom and the spins of
the lead electrons as well as the associated spin fluctua-
tions will lead to the Kondo effect. The realization of the
Kondo effect in mesoscopic transport geometries added
another twist to the problem, namely, the steady-state
nonequilibrium resulting out of a finite bias voltage ap-
plied across the dot. The Kondo effect under finite bias
poses a long-standing open problem with certain aspects
remaining unclear to this day (see, e.g., Ref. 5 and refer-
ences therein).

A less known but equally fascinating emergent many-
body phenomenon is found in a spinless (spin-polarized)

quantum dot setup. In its simplest version the fermion
occupying a single impurity level, is coupled via a re-
pulsive, screened, local Coulomb interaction U to the
fermions located at the boundaries of two reservoirs. The
impurity level is broadened by tunnel couplings ΓL/R to
the reservoirs. The level energy ε can be tuned by an ap-
plied gate voltage. The corresponding model is known as
the interacting resonant level model (IRLM) [6–10]. In
this setup correlated charge fluctuations prevail at low
temperatures. In analogy to the Kondo effect, they lead
to an emergent low energy scale which, in reminiscence
of the latter, is denoted as TK. As in Kondo systems, ob-
servables become universal functions of energy variables
rescaled by TK [10]. In the IRLM TK is a measure for
the lead-dot tunnel coupling Γ = ΓL + ΓR renormalized
by the two-particle interaction U . For an energy ε, such
that the dot is half filled (particle-hole symmetric point),
lowest-order perturbation theory in U reveals a correc-
tion to Γ of the form −U ln(Γ/D), where D is a measure
for the reservoir band width. This indicates that in the
limit of a well-defined dot Γ/D � 1 and for a repul-
sive two-particle interaction U > 0 the tunneling rate in-
creases. However, the logarithmic increase for Γ/D → 0
shows that perturbative (in either U or Γ) methods fail in
this so-called scaling limit. Several approaches to avoid
this, being either analytical [7–13] or numerical [11–15]
are available.

It is well established [7–13] that the above logarith-
mic term is the first of a series of leading logarithms of
the form Un lnn(Γ/D), n ∈ N. After resummation one
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obtains

TK

Γ
=

(
Γ

D

)−αΓ(U)

, (1)

with a U -dependent exponent αΓ. For small to interme-
diate positive values of U , αΓ > 0.

Several of the many-body methods referred to above
can also be used to tackle the IRLM in the bias-voltage
V or temperature gradient (TL 6= TR, with the reservoir
temperatures TL/R) driven nonequilibrium steady state
[11, 13, 16–23]. The physics of the IRLM is thus well
understood also in this regime, in particular, for the case
of a left-right symmetric setup (ΓL = ΓR, UL = UR) on
which we focus. Throughout this paper we assume that
the bias voltage is applied symmetrically to the leads,
V/2 on the left and −V/2 on the right with V ≥ 0. The
main effect of the interplay between the local correlations
and a finite bias is a negative differential conductance
for TK � V � D [equilibrium TK; see Eq. (1)] with the
(particle) current IN following the power law suppression

IN ∼ (V/TK)−αI(U) (2)

for increasing V [13, 16, 17, 20]. To leading order in U
one finds αΓ = αI . More involved behavior is found if
the left-right symmetry is broken [18, 20].

Another spinless locally correlated model of interest is
one in which the occupation of the dot level can lead
to the emission or absorption of single-mode phonons
with amplitude λ. If the dot is realized by a molecule
instead of, e.g., a seminconductor heterostructure, this
phonon mode represents the dominant vibrational degree
of freedom [24–26]. The model is known as the spin-
less Anderson-Holstein model (SAHM). Also this model
is well studied in equilibrium as well as in steady-state
nonequilibrium [27–33].

With the phonon frequency ω0 an additional energy
scale enters the problem. For phonons which are slow
compared to the fermion tunneling ω0 � Γ (adiabatic
regime), the physics is barely affected by the phonons
and the fermion-boson interaction can be treated in low-
order perturbation theory [24]. However, for phonons
sufficiently fast to react to the fermion tunneling Γ� ω0

(antiadiabatic regime), interesting many-body effects can
be found [27–33]. Therefore, we focus on this regime.

Integrating out the phonons [34] leads to a model
with a retarded but purely local and attractive fermion-
fermion interaction of strength ∼ λ2 of the dot degree of
freedom; see, e.g., Ref. 35. This has to be contrasted to
the repulsive, instantaneous nearest-neighbor interaction
of the IRLM.

The fermion-phonon interaction leads to a renormal-
ization of the tunnel-coupling similar to that found in
the IRLM, however, in the opposite direction [29, 31].
While in the U > 0 IRLM TK > Γ for the SAHM one
finds TK < Γ. In the antiadiabatic limit the latter renor-
malization of the low-energy scale is again logarithmic

in the bare tunnel coupling Γ with a prefactor λ2. Us-
ing an RG method by which the leading logarithms are
resummed one obtains [31]

TK

Γ
= e
−
(
λ
ω0

)2
(

Γ

ω0

)− 4Γ
πω0

(
λ
ω0

)2

, (3)

which (only) holds for Γ/ω0 � 1 and λ/ω0 / 1 only.
This, however, is the regime of boson frequencies and
fermion-boson couplings of interest to us. For Γ/ω0 � 1
(antiadiabatic limit) but all λ an alternative expression
for TK can be derived by mapping the SAHM to the
IRLM and employing the result for TK for the latter.
For small λ, it agrees with Eq. (3) [29]. This mapping
should not be confused with the integrating out of the
phonons mentioned above, which can be employed for all
Γ/ω0 but does not lead to an effective IRLM. The first
factor of Eq. (3) is the exponential polaronic reduction of
the tunneling rate [36]. The second one is of IRLM-type.

Also the IN(V ) characteristics of the SAHM model is
well studied and understood in detail. Away from half
filling of the dot, the phonons lead to a Franck-Condon
blockade [25, 26]. For increasing λ the current at small
voltages decreases [27, 28, 33]. In addition, in the antiadi-
abatic regime the phonons induce shoulders in IN located
at voltages V ≈ 2ε + 2nω0, n ∈ N. These result from
phonon satellites in the single-particle spectral function
which enter the transport energy window when increas-
ing the voltage [33, 35]. For small to intermediate λ of
interest to us, only the first one or two of these shoulders
are visible. For large voltages the current approaches a
Γ/ω0-dependent constant value which is, however, inde-
pendent of λ. The power-law suppression of the current
(negative differential conductance), as discussed for the
IRLM, is not found.

The goal of the present work is two-fold. Using an ap-
proximate, truncated functional renormalization group
(RG) approach on the Keldysh contour, which proved its
power for both the IRLM and the SAHM separately, we
investigate the interplay of the local Coulomb interaction
and the local fermion-boson coupling. The correspond-
ing model we refer to as the combined model (CM). We
show how a low-energy scale TK obtained by combin-
ing Eqs. (1) and (3) manifests in the observables. The
current and the transport coefficients are computed and
show very rich behavior.

We furthermore use the present model to investigate
the limitations of truncated functional RG. We consider
the scheme in which one derives an infinite hierarchy of
coupled differential flow equations for the one-particle ir-
reducible vertex functions [37, 38]. In the standard trun-
cation procedure to order mc, one sets the vertex func-
tions of order m > mc to their initial values, the bare
m-particle interactions (being zero for m > 2 if bare
two-particle interactions are considered). This way one
obtains an approximation for the vertices which contain
all diagrams up to order mc. However, by the RG pro-
cedure, certain classes of higher order diagrams are cap-
tured as well. It was, for example, shown that using this
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procedure to order mc = 1 for the IRLM, the series of
leading logarithms for TK is fully captured, the power-
law suppression of the current at large voltages properly
described, and αΓ as well as αI obtained by this ap-
proximation are correct to leading order in U [13, 20].
The situation can be analyzed in even more detail for
the somewhat simpler, but related, x-ray edge singular-
ity problem [39]. An application of the functional RG
truncated at lowest order to the SAHM revealed all the
many-body features of this model mentioned above [31–
33].

There is, however, a drawback of the standard trunca-
tion procedure. It does not constitute a conserving ap-
proximation [40]. Fundamental conservation laws, such
as, e.g., particle conservation, and thus current conser-
vation, are only guaranteed to be fulfilled up to order
mc in the interaction. For models in which the (bare)
fermion-fermion interaction is frequency independent this
breaking of conservation laws does, however, not man-
ifest in the lowest-order approximation with mc = 1.
In this, all interaction effects are encoded in renormal-
ized single-particle parameters which become interaction,
temperature, and bias voltage dependent during the RG
flow [13, 37]. This results in an effective single-particle
picture. The self-energy is frequency independent and
basic conservation laws hold to all orders [41, 42]. For
higher-order truncation schemes of Keldysh functional
RG [35, 41, 43, 44] the breaking of conservation laws
might, however, have unwanted consequences even for
small interactions, despite spoiling the results only to or-
der mc + 1 in the interaction. In the worst case, the
results become useless. This depends on the details of
the model studied as well as the parameter regime of in-
terest and must be investigated on a case by case basis.
We emphasize that formally the error is controlled to or-
der mc in the interaction and can thus be made small
by reducing the strength of the two-particle interaction.
However, at the same time, the interaction effect one is
interested in might become unrecognizable. For recent
methodological progress towards conserving approxima-
tions, see Refs. [45–47] and references therein.

When it comes to models with a frequency dependent
(effective) two-particle interaction, such as the SAHM
after integrating out the phonons, the breaking of con-
servation laws to quadratic order in the interaction
might already be relevant in the lowest-order trunca-
tion. The inelastic processes (emission and absorption of
phonons) lead to a frequency dependent self-energy and
the effective single-particle picture does not apply any
longer. Therefore, the SAHM, possibly complemented
by a nearest-neighbor Coulomb repulsion of IRLM type,
i.e., the CM, constitutes a model in which the role of
the breaking of conservation laws can be investigated al-
ready in the lowest-order truncation. That is on a com-
paratively simple technical level and, thus, in a rather
transparent way. We aim at exactly such an analysis. Al-
though the lowest-order truncated functional RG scheme
was used to investigate the SAHM in and out of equilib-

rium [31–33], no such critical evaluation of its limitations
was given so far. The effects of the breaking of conser-
vation laws for other models in higher-order truncations
were discussed in Refs. 43 and 44.

Already at this stage, we would like to emphasize that
on general grounds it is certainly desirable to devise ap-
proximations which obey fundamental conservation laws
to all orders (conserving approximations). However, such
approximations should not be employed at any price. If
an approximation applied to, e.g., the IRLM does pre-
serve conservation laws to all orders but does not capture
the above mentioned power-laws with interaction depen-
dent exponents, it might not be the method of choice.

Take as a general example the mean-field approxima-
tion (self-consistent Hartree-Fock) which is conserving.
In low-dimensional correlated systems (e.g. quantum
dots and one-dimensional chains), however, it is prone
to artificial spontaneous symmetry breakings. Applied
to the Kondo problem it, e.g., leads to spurious breaking
of the spin symmetry. For the problem at hand, it does
not lead to a resummation of the series of leading loga-
rithms. To reliably investigate many interesting issues of
the correlation physics of low-dimensional systems mean-
field theory should thus not be used.

For a given model and set of observables, it will be diffi-
cult to a priori estimate the consequences of the breaking
of conservation laws to order mc + 1 in the two-particle
interaction resulting out of the standard truncation of
functional RG. This shows the importance of studies of
the present type, in which we discuss how internal consis-
tency checks can be used to evaluate the reliability of the
results obtained by truncated functional RG. Our inves-
tigation might serve as a blueprint for the study of more
complex models and/or the application of higher order
truncations.

The rest of this paper is structured as follows. In
Sect. II we introduce our model, provide basic steps for
the solution, and give expressions for the transport prop-
erties of interest to us. We next present the truncated
RG flow equations in Sect. III. Details on the numeri-
cal solutions are given in the Appendix. In Sect. IV we
discuss our results for TK, IN(V ), and the transport co-
efficients of the CM. The issue of current conservation is
discussed in Sect. V. A summary is presented in Sect. VI.

II. MODEL AND OBSERVABLES

A. The Hamiltonian

Our setup is sketched in Fig. 1. We consider a cen-
tral localized (impurity) level of energy ε2 symmetrically
coupled to two noninteracting leads (L,R) at chemical
potentials µL/R and temperatures TL/R. The hopping
on and of the impurity with matrix element t is assumed
to be much smaller than the scale of the lead bandwidth
D. For computational reasons, we have to explicitly treat
two levels at the boundaries of the reservoirs. They have
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U, t
λ

ω0

µL, TL ε1

τ τ

level

U, t

µR, TRε2 ε1

dot

FIG. 1. Schematics of the model describing a quantum dot
with three energy levels of energy εj coupled to two reservoirs.
The outer two dot levels are only added for computational
reasons. Choosing τ � t and ε1 = 0 = ε3 these two lev-
els become part of the left and right reservoirs, respectively.
The reservoirs have chemical potential µL/R and temperature
TL/R. Fermions occupying the three dot levels interact via a
screened Coulomb interaction U > 0. The central energy level
is furthermore coupled by amplitude λ to a phonon mode of
frequency ω0.

energies ε1 = 0 = ε3 and, by choosing the hopping τ
to be of order D and much larger than t, are effectively
incorporated into the left and right reservoirs. We re-
fer to the three levels combined as the dot. A voltage
V ≥ 0 is applied symmetrically across the dot which is
included by setting µL = −µR = V/2. The leads are
taken in the thermodynamic limit. The fermions are as-
sumed to be spinless and we are interested in the effect of
two-particle interactions on the transport properties. We
consider a screened, local Coulomb interaction U ≥ 0 be-
tween fermions occupying the central impurity level and
fermions located a the boundaries of the leads, i.e., be-
tween levels 1 and 2 as well as 2 and 3. In addition, we
assume that with amplitude λ ≥ 0 the occupation of the
central level can lead to the emission or absorption of a
phonon with frequency ω0. The phonon bath will be held
at temperature TP. This model is, as mentioned above, a
combination of the IRLM for λ = 0 as well as the SAHM
for U = 0 and will be referred to as the CM.

The model Hamiltonian consists of three parts: the
dot, the leads, and the coupling between the two,

H = Hdot +Hres +Hcoup. (4)

The dot part is split into a free one Hdot,0, containing
only the three fermionic energy-levels and the tunneling
between them (as well as U - and λ-dependent shifts of
the zero of energy; see below), and the interacting part
Hdot,int, describing the vibrational degree of freedom as
well as the coupling to the central level and the Coulomb
interaction. It takes the form

Hdot,0 =

(
ε1 −

U

2

)
(d†1d1 + d†3d3) + (ε2 − U + Ep)d†2d2

+ t(d†1d2 + d†2d1 + d†2d3 + d†3d2)

Hdot,int =U(d†1d1d
†
2d2 + d†2d2d

†
3d3)

+ λ(b† + b)d†2d2 + ω0b
†b, (5)

with the polaronic shift Ep = λ2/ω0. Here dj and d†j
are the fermionic annihilation and creation operators of

the dot sites, and b und b† are the corresponding bosonic
ones of the phonon mode. By assuming the leads to be
particle-hole symmetric (PHS; see the next paragraph),
the zero of energy is set such that the PHS point is given
by (ε1, ε2, ε3)PHS = (0, 0, 0).

The left (s = L) and right (s = R) reservoirs are both
assumed to be non-interacting and given by

Hres =
∑
s=L,R

∑
ks

εksc
†
ks
cks , (6)

where c†ks and cks are the fermionic creation and anni-
hilation operators for the lead states, respectively. PHS
of the leads means that for each lead state with single-
particle quantum number ks there exists a k′s such that
εks = −εk′s , with the leads single-particle dispersion εks .

Finally, the dot couples symmetrically to the leads with
amplitude τ

Hcoup =
τ√
N

∑
kL,kR

[
d†1ckL + c†kLd1 + d†3ckR + c†kRd3

]
.

(7)
We assumed reservoirs of size N for the leads; in the
following we consider N →∞.

B. The reservoir self-energy

We are not interested in effects of the reservoir band
structure on the transport properties and thus take the
so-called wide-band limit; see, e.g., Ref. 13. In this the
reservoirs are assumed to be structureless, i.e., the den-
sity of states becomes energy independent ρres(ω) = ρres.
Next, we can define a constant hybridization as D =
πτ2ρres which is the measure of the reservoir band width
already considered above.

When being interested in spectral properties of the cen-
tral level or transport through the dot it is advantageous
to integrate out the reservoir degrees of freedom via stan-
dard projection techniques [48]. This leads to a reservoir
self-energy [41]. As we are aiming at finite bias proper-
ties we employ the formalism of Keldysh Green functions
[49]. We here closely follow the steps outlined in detail in
Refs. 13 and 33. For the retarded, advanced and Keldysh
components of the reservoir self-energy we obtain

ΣR/A
res (ω) = ±iD

1
0

1

 ,

ΣK
res(ω) = −2iD

1− 2fL(ω)
0

1− 2fR(ω)

 ,

(8)

where all matrix elements not written explicitly are zero.
Here fL/R(ω) denote the Fermi functions of the left and
right reservoir respectively. We used the matrix notation
in level-index space with [Σ]jj′ = Σjj′ for j, j′ ∈ {1, 2, 3}.
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The dots Green function is obtained by the Dyson equa-
tion as

G =
[
G−1

0 − Σres − Σ
]−1

, (9)

with the noninteracting dot Green function G0 and the
self-energy Σ due to the two-particle interactions.

C. Integrating out the phonons

As noted before, the bosonic degrees of freedom of the
phonons can also be projected onto the dot, leading to
an effective local, but purely retarded two-particle inter-
action for the fermions. Within the Keldysh formalism
this interaction is of the form [35]

v̄
ν′
1,ν

′
2|ν1,ν2

j′1,j
′
2|j1,j2

(ω′1, ω
′
2|ω1, ω2) = δ(ω′1 + ω′2 − ω1 − ω2)

× λ2

2π

[
Dν′

1,ν
′
2(ω′1 − ω1)δν′

1ν1
δν′

2ν2

−Dν′
1,ν

′
2(ω′1 − ω2)δν′

1ν2
δν′

2ν1

]
× sgn(ν′1) sgn(ν′2)δj′1=j′2=j1=j2=2. (10)

Here ν = ± denotes the index of the Keldysh contour and
D(ω) is the frequency-dependent phonon propagator. By
assuming the steady state limit and utilizing particle-
conservation, the retarded, advanced, and Keldysh com-
ponent of the latter are given by

DR(ω) = DA(ω)∗ =
1

ω − ω0 + iη
− 1

ω + ω0 + iη

=
2ω0

(ω + iη)2 − ω2
0

, for η ↘ 0,

DK(ω) = −2i(1 + 2b(ω0))

×
[

η

(ω + ω0)2 + η2
+

η

(ω − ω0)2 + η2

]
η→0−−−→ −2πi [1 + 2b(ω0)] [δ(ω + ω0) + δ(ω − ω0)] ,

(11)
with the Bose-Einstein distribution b(ω) of the phonon
bath with temperature Tp. We take Tp = TL+TR

2 , which
appears to be reasonable on physical grounds and does
not further increase the number of parameters. The ef-
fective interaction is local in space, but not local in time.
It is attractive and of order λ2.

D. Transport properties

The particle current IN through the dot is defined as
the change of the number of particles in the leads. We
distinguish between the left current flowing from lead
s = L into level j = 1 and the right current from s = R
into j = 3. Exploiting the steady-state as well as the
wide-band limit, the current can be expressed in terms

of the dot Green function as [50]

IN
s =−D

∫ ∞
−∞

dωIm
[
GK
jj(ω)− 2(1− 2fs(ω))GR

jj(ω)
]

× (δs,Lδj,1 + δs,Rδj,3). (12)

In equilibrium V → 0 with fL(ω) = fR(ω) = f(ω), the
dissipation-fluctuation theorem

ImGK(ω) = 2 [1− 2f(ω)] ImGR(ω) (13)

holds and the integrand of Eq. (12) vanishes.
The Hamiltonian conserves the number of fermions

which implies IN
L = −IN

R . The (symmetrized) current
through the dot in the steady-state limit can thus also
be written as

IN =
IN
L − IN

R

2
. (14)

However, if the Green functions are determined by an
approximate scheme, e.g., a truncated functional RG ap-
proach, this conservation law can be violated. Therefore,
it is useful to define the sum

∆IN = |IN
L + IN

R |, (15)

which provides a measure of the violation. As discussed
before, the terms neglected by the first-order truncated
functional RG are at least quadratic in the interaction
strength. Thus ∆IN will be at least of second order in
the amplitudes of the two-particle interaction U and λ2,

i.e., of O
([
U, λ2

]2)
.

The particles also transport energy across the dot area.
The steady-state energy current is defined as the change
of energy in the reservoirs and given as (see, e.g., Ref. 21)

IE
s =−D

∫ ∞
−∞

dω ω Im
{
GK
jj(ω)− 2 [1− 2fs(ω)]GR

jj(ω)
}

× (δs,Lδj,1 + δs,Rδj,3). (16)

From this and the particle current, the heat current can
be computed as IQ

s = IE
s − µsIN

s .
For finite V and symmetrically applied temperature

gradient ∆T = TR − TL we define generalized transport
coefficients. This includes the conductance G, the See-
beck coefficient S, and the electron contribution to the
thermal conductance κe given by [51]

G = ∂V I
N
∣∣
∆T
, (17)

S = −
∂∆T I

N
∣∣
V

∂V IN
∣∣
∆T

, (18)

κe = ∂∆T I
Q
R

∣∣
V
− ∂∆T I

Q
R

∣∣
V

∂∆T I
N
∣∣
V

∂V IN
∣∣
∆T

. (19)

III. FUNCTIONAL RG FLOW EQUATIONS

To treat both the explicit fermion-fermion interaction
as well as the retarded effective interaction resulting from
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integrating out the phonons we use the one-particle ir-
reducible functional RG approach [37] on the Keldysh
contour [52] already introduced in Sec. I.

The low-energy properties are regularized by introduc-
ing an infrared cutoff parameter Λ into the noninteract-
ing dot propagator which during the RG flow is sent from
infinity down to zero. This way the RG idea of treating
energy scales successively is introduced. For Λ = 0 the
cutoff-free problem of interest is recovered.

Here the cutoff is realized by auxiliary leads tunnel-
coupled with an amplitude Λ to the three dot levels. At
the end of the flow, at Λ = 0, the auxiliary leads are
decoupled [41]. In equilibrium this cutoff procedure pre-
serves the dissipation-fluctuation theorem Eq. (13) [42].
Even after picking this cutoff, we are free to select the
auxiliary lead distribution functions. A proper selection
requires physical guidance. The auxiliary reservoirs cou-
pled to the first and third level are constructed to resem-
ble the (physical) left and right lead. We thus assume the
distribution function of these auxiliary leads to be fL(ω)
and fR(ω), respectively. This way the total reservoir-
level coupling to the dot levels 1 and 3 is given by the
sum of the physical coupling D and Λ. The total coupling
flows from∞ down to D at the end of the RG procedure.
The reservoir coupled to the central level is assumed to

have the symmetrized distribution function fL(ω)+fR(ω)
2

[53]. Taking the derivative of the generating functional
of one-particle irreducible vertex functions with respect
to Λ and expanding with respect to powers of the fields
one obtains an infinite hierarchy of coupled differential
(flow) equations for the vertex functions.

We note that without truncation the final result for
the vertex functions would be exact and, in particular,
independent of the choice of the cutoff procedure. How-
ever, for practical computations truncations are required.
We follow the procedure described in the Introduction to
obtain a finite (closed) set of equations. After truncation
at order mc, the vertex functions might acquire a de-
pendence on the cutoff procedure to order mc + 1 in the
interaction [43]. In our concrete realizations this, e.g., im-
plies that the self-energy (single-particle vertex) obtained
for different choices of the auxiliary reservoir distribution
functions show differences to order mc + 1. It depends
on the details of the problem of interest and the observ-
ables computed if this spoils the results to an extent,
such that they become useless. In analogy to the role
of broken current conservation, investigating this cutoff
dependence would also require a case by case study. Ex-
perience shows that selecting the cutoff procedure in a
physically plausible way (for the present setup as, e.g.,
described above) can prevent severe artifacts. Any fur-
ther discussion of the cutoff dependence of the truncated
functional RG results is beyond the scope of the present
paper.

By setting the two-particle vertex containing both in-
teractions to its bare value, we truncate the hierarchy af-
ter first order, mc = 1. This leads to a set of differential
equations for the self-energy components (in level-index

and Keldysh-index space). Details on the derivation can
be found in Refs. 13 and 33. Using general symmetries
of the self-energies as well as those specific to the model
under consideration, the flow equations can be brought
into the form

Σ̇R,Λ
11 = Σ̇R,Λ

33 =− U

4π

∫
dω1 ImSK,Λ

22 (ω1),

Σ̇R,Λ
12 = Σ̇R,Λ

21 =
U

4π

∫
dω1 ImSK,Λ

12 (ω1),

Σ̇R,Λ
23 = Σ̇R,Λ

32 =
U

4π

∫
dω1 ImSK,Λ

23 (ω1),

Re Σ̇R,Λ
22 (ω) =− U

4π

∫
dω1 [ImSK,Λ

11 (ω1) + ImSK,Λ
33 (ω1)]

+
λ2

2πω0

∫
dω1 ImSK,Λ

22 (ω1)

− λ2

2

∑
s=±

{
(1 + 2b(ω0)) ReSR,Λ

22 (ω − sω0)

− 1

2π

∫
P dω1

[
s ImSK,Λ

22 (ω1)

ω1 − ω + sω0

]}
,

Im Σ̇R,Λ
22 (ω) =− λ2

2

∑
s=±

[
(1 + 2b(ω0)) ImSR,Λ

22 (ω − sω0)

+
s

2
ImSK,Λ

22 (ω − sω0)
]
,

Im Σ̇K,Λ
22 (ω) =− λ2

2

∑
s=±

[
2s ImSR,Λ

22 (ω − sω0)

− (1 + 2b(ω0)) ImSK,Λ
22 (ω − sω0)

]
,

(20)
with P indicating the Cauchy principal value and the
(single-scale) propagator is given by

SR(ω) =
[
SA(ω)

]†
= i
[
GR(ω)

]2
,

SK(ω) =iGR,Λ(ω)GK,Λ(ω)− iGK,Λ(ω)GA,Λ(ω)

+ 2iGR,Λ(ω) [1− 2Faux(ω)]GA,Λ(ω).

(21)

The matrix Faux(ω) contains the distribution functions
of the auxiliary reservoirs and is defined as

Faux =

fL(ω)
fL(ω)+fR(ω)

2
fR(ω)

 . (22)

The initial values of the components of the self-energy
are

lim
Λ→∞

ΣR,Λ
11 = lim

Λ→∞
ΣR,Λ

33 = 0,

lim
Λ→∞

ΣR,Λ
12 = lim

Λ→∞
ΣR,Λ

21 = t,

lim
Λ→∞

ΣR,Λ
23 = lim

Λ→∞
ΣR,Λ

32 = t,

lim
Λ→∞

Re ΣR,Λ
22 = ε2,

lim
Λ→∞

Im ΣR,Λ
22 = lim

Λ→∞
Im ΣK,Λ

22 = 0.

(23)
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All results obtained from integrating this set of coupled
differential equations from Λ = ∞ down to Λ = 0 are
exact (at least) up to O(U) and O(λ2). For general pa-
rameters, the system of equations is too complex for an
analytical solution. However, in the IRLM limit λ = 0,
analytical insights can be gained and were discussed in
Refs. 13, 18, and 20.

We emphasize that the explicit frequency dependence
of the retarded fermion-fermion interaction resulting
from integrating out the phonons leads to a frequency-
dependent self-energy even in the lowest-order trunca-
tion. The effective single-particle picture, which is very
useful in the λ = 0 IRLM limit is no longer applicable.
Conservation laws, such as, e.g., current conservation are
warranted to leading order only. Due to this frequency
dependence, even the numerical solution of the flow equa-
tions becomes a challenge. Details on this can be found
in the Appendix.

IV. RESULTS

A. The emergent low-energy energy scale

The energy scale characterizing the coupling between
the central dot level j = 2 and the rest of the system for
U = 0 = λ is

Γ =
2t2

D
. (24)

We are exclusively interested in the scaling limit with
Γ/D � 1. Including the interactions, the energy scale
Γ is renormalized and denoted as TK. This emergent
low-energy scale can be defined via the zero temperature
slope of the occupancy n2 of the central level with ε2 in
equilibrium [13]

TK =
1

πχ
, with χ = −dn2

dε2

∣∣∣∣
ε2=V=TL=TR=0

. (25)

Note the additional factor of 2 in the definition of TK

in, e.g., Ref. 13. Computing the derivative numerically
based on Keldysh functional RG data for n2 did turn out
not to be stable. Here we therefore use the alternative
definition of TK as the half width at half maximum of
the single-particle spectral function of the level j = 2
(which we obtain easily in Keldysh functional RG, see,
e.g., Ref. 33, as compared to Matsubara functional RG
[37]).

An analytical expression for TK of the SAHM obtained
within lowest-order truncated Matsubara functional RG
was presented in Ref. 31. The expression resulting in the
antiadiabatic limit of interest to us is given in Eq. (3).
The expression for TK of the IRLM derived by this ap-
proach is given in Eq. (1) with αΓ = 2U/(πD) [18].

It can be shown using Matsubara functional RG and
the same approximations employed in Ref. 31 to obtain

T SAHM
K , that, up to corrections of order O

([
U, λ2

]2)
, the

100 101 102 103

V/Γ

100

101

I
N
/Γ

IRLM

SAHM

CM

λ/ω0 = 0.0, U/D = 0.0

λ/ω0 = 0.0, U/D = 0.1

λ/ω0 = 0.5, U/D = 0.0

λ/ω0 = 0.5, U/D = 0.1

FIG. 2. The particle current IN as a function of the volt-
age V for different interaction strength λ and U on a log-
log scale. We consider the antiadiabatic limit ω0/Γ = 200,
particle-hole symmetry ε2 = 0, and vanishing temperature
TL = TR = Tp = 0. With Γ/D = 2 · 10−8 the scaling
limit is realized. The black vertical line indicates V = 2ω0

and the black, dotted curve, mostly hidden by the blue one,
shows the analytically calculated noninteracting current. The
vertical arrows indicate the three Kondo temperatures TCM

K ,
T IRLM
K , and T SAHM

K . At particle-hole symmetry the current is
conserved and ∆IN = 0.

TCM
K of the combined model is just the product of that

of the IRLM and the SAHM

TCM
K

Γ
=
T IRLM

K

Γ

T SAHM
K

Γ
. (26)

Note that that while a U > 0 increases the level-lead
coupling, i.e., T IRLM

K > Γ, λ2 > 0 leads to a reduction
T IRLM

K < Γ. The two interactions compete in the CM

and
TCM

K

Γ can become larger or smaller than 1 depending
on which interaction prevails.

Next, we will investigate if the results for the finite
bias current and the transport coefficients of the CM can
also be understood as superpositions of the characteris-
tics found for the IRLM and the SAHM discussed in the
introduction.

B. The fermionic particle current

To study the interplay of the Coulomb and the fermion-
phonon interaction in observables, we first computed the
fermionic particle current through the interacting dot-
region. In Fig. 2, we show the V -dependence of IN for
a wide range of voltages at the particle-hole symmetric
point ε2 = 0 and deep in the antiadiabatic regime with
ω0/Γ = 200. Note the logarithmic scales of the x- and
y-axis. Different combinations of Coulomb- and fermion-
phonon interactions were considered. The black, dotted
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0 10 20 30 40 50

V/Γ

0

2

4

6

I
N
/Γ

λ/ω0 = 0.0, U/D = 0.1

λ/ω0 = 0.3, U/D = 0.1

λ/ω0 = 0.5, U/D = 0.1

10−1 101 103

10−1

100

101
0.0

0.3

0.5

FIG. 3. Main panel: The same as in Fig. 2, but away from
particle-hole symmetry, ε2/Γ = 5, for ω0/Γ = 10, and fixed
U . A linear x- and y-axis scale is chosen. The measure for
the broken current conservation ∆IN is indicated as the filled
area. The black vertical line indicates V = 2ω0. The inset
shows a larger voltage-range to outline the position of the
phononic step compared to the one of the power law decay.
Note the logarithmic axes of the inset. The vertical arrows
indicate TK for the different values of λ/ω0. For a discussion
on this, see Sect. V.

line, which is mostly hidden by the blue one, shows the
analytically determined interaction-free result

IN

Γ
= tan−1

[
ε2 + V/2

Γ

]
− tan−1

[
ε2 − V/2

Γ

]
(27)

for reference. The main feature of these current-voltage
characteristics for λ > 0 is a phonon step at voltage
V = 2ω0. At this voltage phonon satellites in the single-
particle spectral function enter the transport window
[33]. The step is robust against the inclusion of the
Coulomb interaction. For U > 0 we find the power-law
suppression Eq. (2) for TK � V � D; straight line on
the log-log scale of Fig. 2. The three Kondo temperatures
TCM

K , T IRLM
K , and T SAHM

K are indicated by vertical ar-
rows. This suppression is also found if in addition λ > 0.
As ω0 > TCM

K the suppression already sets in before the
phonon step leads to a parallel shift of the current. We
note that only after including the phonon satellite into
the transport window the current of the CM reaches the
same value as that of the corresponding IRLM (λ = 0).
For the parameters of Fig. 2 the characteristics of the
Coulomb interaction and the fermion-phonon interaction
occur on different scales and are thus superimposed in a
straightforward way.

To further investigate this, in Fig. 3 we show (in the
main panel on linear x- and y-axis scales) the current-
voltage characteristics away from particle-hole symmetry
and for parameters in which TCM

K and ω0 are less well sep-
arated; ω0/Γ = 10. For increasing λ the current at small

10−1 100 101

T/Γ

0.00

0.25

0.50

0.75

1.00

κ
e/

Γ

10−1 100 101

T/TK

0.0

0.2

0.4

κ
e/
T
K

λ/ω0 = 0.0, U/D = 0.00
λ/ω0 = 0.0, U/D = 0.05
λ/ω0 = 0.5, U/D = 0.00
λ/ω0 = 0.5, U/D = 0.05

FIG. 4. The temperature dependence of the electron contri-
bution to the linear thermal conductance κe in equilibrium
V/Γ = 0. The upper panel shows κe as well as T on the scale
of the bare hybridisation Γ. ε2/Γ = −1 and ω0/Γ = 5 are also
given in units of Γ. The dotted line shows the analytically cal-
culated free case. In the lower panel T and κe are given in
units of TCM

K . The phonon frequency and the level position
were changed such that ε2/T

CM
K = −1 and ω0/T

CM
K = 5. The

curves for different U collapse.

voltages is suppressed. This is the Frank-Condon block-
ade. For the present parameters the phonon step is more
shoulder-like and for λ = 0.3 only barely visible. The
inset shows the same data on a log-log-scale. The onset
of the IRLM-like power-law suppression is rather close to
the position of the phonon shoulder at V ≈ 2ω0 but the
interplay of both interaction effects does still not lead to
any additional features. In the main panel, the measure
for the broken current conservation ∆IN is indicated as
the filled area. For a discussion on this, see Sect. V.

C. Transport coefficients

1. Linear transport

We will next focus on the linear transport coefficients,
with V → 0 und TL → TR = T . It turns out that
the effects of the two interactions on these observables in
the combined model can be understood as the superpo-
sition of the renormalization of the level-lead tunneling
and the U = 0 phonon features of the SAHM emerging
due to inelastic scattering processes. As the electron con-
tribution to the thermal conductance κe Eq. (19) shows
the most interesting behavior in the SAHM limit [32],
we here focus on this. In contrast to the other trans-
port coefficients, it furthermore contains information on
the particle and heat current as well as on the changes
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10−1 100 101

T/Γ

0.0

0.2

0.4

0.6

κ
e/

Γ

10−1 100 101

T/TK

0.0

0.2

0.4

κ
e/
T
K

λ/ω0 = 0.0, U/D = 0.00
λ/ω0 = 0.0, U/D = 0.05
λ/ω0 = 0.5, U/D = 0.00
λ/ω0 = 0.5, U/D = 0.05

FIG. 5. The temperature dependence of the electron contri-
bution to the thermal conductance κe away from equilibrium.
The upper plot shows κe as well as T as a function of the bare
hybridisation Γ. ε2/Γ = −1, ω0/Γ = 5 and V/Γ = 2 are also
scaled with Γ. The lower plot renormalises the small energy
scales with TK = TK(ω0/Γ = 5) instead, so that ε2/TK = −1,
ω0/TK = 5 and V/TK = 2.

with voltage and temperature difference of the leads. We
already now note that this superposition also holds for
the other coefficients Eqs. (17) and (18), i.e., the linear
conductance and the Seebeck coefficient.

Results for κe at different interaction strength as a
function of the temperature T are shown in Fig. 4. The
other parameters are ε2/Γ = −1 and ω0/Γ = 5. For
reference, we show the noninteracting result, which can
analytically be expressed in terms of polygamma func-
tions [54], as a black dotted line. It is mostly hidden by
the blue line. For λ = 0, we observe a maximum whose
position we found to scale with ε2 and which thus, orig-
inates from resonant tunneling. A second peak emerges
when introducing a finite λ. It scales with ω0 and is
therefore linked to phononic resonances. In the upper
panel, T and κe are both depicted in units of Γ. We next
computed TCM

K for the respective interaction strengths.
We then used this as our unit of energy instead of Γ, i.e.,
we recomputed κe for ε2/T

CM
K = −1 and ω0/T

CM
K = 5.

If T and κe are in addition rescaled by TCM
K this leads

to the collapse of all curves for a fixed λ but with differ-
ent U , including U = 0, onto a single curve as shown in
the lower panel of Fig. 4. In that sense TCM

K acts as a
universal low-energy scale. The effect of the Coulomb in-
teraction on κe of the combined model can, in particular,
be fully incorporated into the renormalization of TCM

K .
The same type of collapse can be reached for the other
transport coefficients. We note that the Kondo scale of
the combined model depends on ω0. Completely follow-
ing the above logic of finding the right parameters for a

0 2 4 6

V/Γ

0

1

2

3

I
N
/Γ

ω0/Γ = 1.0, λ/ω0 = 0.0

ω0/Γ = 1.0, λ/ω0 = 1.0

ω0/Γ = 10.0, λ/ω0 = 1.0

FIG. 6. The particle current IN as a function of the voltage
V . The SAHM limit U = 0 for different λ and ω0 is shown.
The filled area indicates the violation of current conservation
∆IN. The temperature is TL = TR = Tp = 0.01ω0 and the
on-site energy ε2/ω0 = 0.01.

collapse of the curves for different U would thus require
an iterative process. However, the corrections would be
of higher order in the interaction and can be neglected.

2. Nonlinear transport

We now show that the collapse of the transport coef-
ficients for different U on a λ-dependent curve can be
achieved also beyond the linear response regime [21]. In
Fig. 5 the same as in Fig. 4 is shown, but for V/Γ = 2
(upper panel) and V/TCM

K = 2 (lower panel). Comparing
to Fig. 4 shows that the finite bias voltage modifies the
resonant tunneling peak but only has a weak effect on the
phonon resonance. Regardless of this, the collapse works
equally well as compared to the linear response regime
(see the lower panel). Again the same holds for the other
transport coefficients.

V. CURRENT CONSERVATION

Even though the Hamiltonian Eq. (4) is particle con-
serving, the truncation of the flow equations can lead to
a violation of this conservation and thus to ∆IN > 0.
In Sect. IV, we have focused on parts of the parameter
space in which this effect is negligible. In particular, at
PHS, i.e. for ε2 = 0, ∆IN = 0 holds regardless of the
other parameters. But even away from PHS, we identi-
fied parameter regimes with interesting nonequilibrium
many-body physics in which ∆IN can be neglected. This
can, e.g., be seen from the filled area in the main panel
of Fig. 3 which indicates ∆IN.

However, by increasing the fermion-boson interaction
strength λ and by going deeper into the antiadiabatic
regime ∆IN becomes sizable. This is exemplified in
Fig. 6. In particular, for voltages around the phonon
step, ∆IN becomes prominent. For λ/ω0 = 1 and
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FIG. 7. Relative violation of the current conservation ∆IN/IN

as a function of the interaction strength (λ/ω0)2 for U = 0
in the anti-adiabatic limit ω0/Γ = 10 and away from particle-
hole-symmetry ε2/Γ = 5. The temperature is TL = TR = Γ
is assumed and various bias-voltage V are considered. The
dotted lines indicate the expected power laws ∼ (λ/ω0)4 for
comparison. Upper panel: bare data on a log-log scale. Lower
panel: logarithmic derivative (apparent exponent).

ω0/Γ = 10, ∆IN becomes so large that it even masks
this step and the lowest order truncated functional RG
results of IN become useless for 2 < V/Γ < 4.

In the lowest-order truncation not all terms of order
U2, λ4, and Uλ2 are kept. Thus ∆IN must be of these
orders. To investigate this, we first consider the SAHM
limit U = 0. In the upper panel of Fig. 7 we show
∆IN/IN (relative violation of the current conservation)
as a function of (λ/ω0)2 for different voltages in the anti-
adiabatic limit ω0/Γ = 10. Note the log-log scale. For
small (λ/ω0)2 all curves follow a straight line of similar
slope. This indicates power-law behavior in this regime.
The dotted lines indicate power laws with exponent 2.
To further investigate this in the lower panel the loga-
rithmic derivative of the data (apparent exponent; for
a definition, see the y-axis label) is shown. If this be-
comes constant the bare data follow a power law with
the constant being the exponent. For λ → 0 all data
sets approach the constant 2, as expected. Importantly,
evaluating ∆IN provides a consistency check within the
approximation scheme which indicates the reliability of
the results.

This analysis also indicates that our numerical solution
of the RG flow equations is very accurate. In the logarith-
mic derivative any small numerical error in IN

L/R would

lead to a very large variation. Showing the consistency
of the order of the breaking of conservation laws can thus
also serve as a very useful tool to benchmark both the nu-
merical implementation of the (nontrivial) RG flow equa-
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U/D = 0.03
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FIG. 8. Relative violation of the current conservation ∆IN/IN

as a function of the interaction strength (λ/ω0)2 for V/Γ = 10
and different U . The other parameters are as in Fig. 7. The
dotted lines indicate power laws ∼ (λ/ω0)4 for comparison,
the dashed ones power laws ∼ (λ/ω0)2. Upper panel: bare
data on a log-log scale. Lower panel: logarithmic derivative
(apparent exponent).

tions as well as the numerical accuracy. This might be-
come even more important in more complex models and
for higher order truncation schemes, both leading to even
more involved numerics [43].

We emphasize that by choosing the two-particle inter-
action sufficiently small the error due to the breaking of
conservation laws can be made arbitrarily small. E.g.,
for the smallest λ considered in Fig. 7 the relative error
is less than 0.1%. However, in this limit also the interac-
tion effects of interest might vanish. Compare, e.g., the
phonon shoulders of Figs. 3 and 6.

As an additional consistency check we show results
for the relative breaking of current conservation as a
function of (λ/ω0)2 for different U > 0 in Fig. 8. The
other parameters are as in Fig. 7. For very small U/D
the term O([λ/ω0]4) dominates at small λ/ω. However,
for larger U/D we observe the expected crossover to a
∆IN/IN ∼ (U/D)(λ/ω0)2 behavior.

To obtain a better understanding of the dependencies
of the particle current and of the relative breaking of
current conservation on the parameters, in Fig. 9 we show
both as a function of the on-site energy ε2 and the voltage
V for U = 0. As described in Sect. IV, the IN(V ) curve
saturates for V > ε2 and shoulder-like features due to
the phonon emission and absorption appear for V/2 ∈
[ε2 + nω0, ε2 + (n + 1)ω0], n ∈ N. Unfortunately, this is
also the regime, where the largest violation of the particle
conservation can be observed. A sizeable ∆IN/IN is only
found for V > ω0. Remind that ∆IN = 0 for ε2 =
0. Whereas the magnitude of the violation of current
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FIG. 9. The particle current IN (upper panel) and the relative
violation of the current conservation ∆IN/IN (lower panel) as
functions of the on-site energy ε2/Γ and voltage V/Γ in the
anti-adiabatic limit ω0/Γ = 10. The temperature is TL =
TR = Tp = 0. We consider the SAHM limit U = 0 for λ/ω0 =
0.5

conservation increases gradually with increasing ε2, ∆IN

seems to exhibit a step-like increase when V passes the
phonon frequency.

VI. SUMMARY

We applied the functional RG on the Keldysh con-
tour in a first order truncation to analyze a combina-
tion of the interacting resonant level model and the spin-
less Anderson-Holstein model, including both, a local
(screened) Coulomb as well as a local fermion-phonon
interaction in a single-level quantum dot region. Our fo-
cus was on the antiadiabatic regime as well as weak to
intermediate interactions.

The emergent low energy scale TK, characterizing the
lead-dot tunneling is affected by both interaction terms.
The coupling to the phonon mode leads to a reduction
of this scale while the Coulomb interaction increases it.
This manifests in the nonequilibrium steady-state parti-
cle current IN through the quantum dot region, which
we computed. The current-voltage characteristics show
very rich behavior. It features a phononic step/shoulder
as well as the power-law decay for large voltages earlier
found for the IRLM. The characteristics of the two mod-
els superimpose in a straightforward way. We analyzed
transport coefficients, in particular the electron contri-
bution to the thermal conductance κe. In both linear re-
sponse as well as for finite bias voltages the effect of the
Coulomb interaction can be fully included by expressing
all energy variables in terms of TK instead of Γ. An ap-

propriate rescaling leads to a collapse of all curves for the
same λ but with different U onto a single curve.

We, finally, analyzed the violation of current conser-
vation within first-order truncated functional RG. De-
pending on the model and physics to be investigated the
nonconserving nature of the functional RG in its stan-
dard truncation can become one of the major obstacles
in applying this approximation scheme. Our model and
truncation order is ideally suited for such a case study as
the inelastic fermion-phonon scattering leads to a broken
current conservation while the numerics remains moder-
ate and allows for a comprehensive investigation. The
sum ∆IN, of the left and right current can be used as a
measure for the breaking of current conservation. It man-
ifests to order mc + 1 in the interactions U and λ2, with
mc being the truncation order (mc = 1 in the present
case). We showed that ∆IN indeed scales as the interac-
tions squared. It thereby provides an internal consistency
check for the reliability of the calculations in truncated
functional RG. Generally, we were able to confirm the ex-
istence of parameter regimes, where ∆IN is negligible but
interesting nonequilibrium many-body physics is still ob-
servable, thus, consolidating the functional RG method
as a useful tool. We, in particular, established that the
violation of current conservation vanishes at particle-hole
symmetry.
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Appendix: Numerical solution of the flow equations

In the flow equations (20) every self-energy component
of the dot for a certain ω couples via the Greens func-
tion with a self-energy with other frequencies. Therefore,
one obtains a set of coupled differential equations of first
order. With this premise, the flow equations have to be
solved on a finite and discrete frequency grid.

Because the grid needs to span a large frequency range
compared to the energy-scale ω0, but also has to account
for a strong frequency dependence close to ε2, a logarith-
mic grid symmetric around ε2 is used. During the flow,
the center is shifted towards the renormalized static on-
site energy Re ΣR

22(ω = 0) successively.



12

In particular, for small T , where the steps introduced
by the Fermi-functions become very sharp, the grid has
to be sufficiently fine and the ω points have to be dis-
tributed as evenly as possible around this areas. Those
are in general areas with a distance of order O(ω0) away
from ε2. To this end, we use even more points in the in-
terval ω ∈ [−4ω0, 4ω0]. This basic grid is then overlayed
with further smaller logarithmic grids, which are sym-
metric around points showing characteristic and sharp
features emerging at nω0 ± V/2 with n ∈ N. Such a log-
arithmic grid with (N + 1) points ωk ∈ [−ωmax, ωmax] is
constructed via

ωk = ωmax
2k −N
N

exp

[ |N − 2k| −N
S

]
, k = 0, 1, .., N.

(A.1)

In our calculations, N is chosen to be odd, and there-
fore ωk = 0 is excluded. Those grids are then shifted
to be symmetric around the high resolution points. The
parameter S is the resolution and is chosen in the follow-
ing calculations such that min |ωk| = 10−3Γ. Different
N and ωmax were tested for various parameter combina-
tions. For the basic grid, ωmax = 105Γ and N = 6000
was observed to result in converged results for the con-
sidered observables. For the finer grids ωmax = Γ and
N = 200 seems to be sufficient. In general, this results
in grids of the size N = 7000 to N = 11000 points. The
convergence of the calculations concerning this grid has

been verified.

A further difficulty arises as Σx22(ω − sω0), x has to
be evaluated for arbitrary frequencies along the flow. To
evaluate the self-energy at frequencies between the grid-
points, linear interpolation is used. All frequency inte-
grals are evaluated with the simple Riemann sum

∫
dωF (ω)→

∑
k

F (ωk+1) + F (ωk)

2
(ωk+1 − ωk) ,

(A.2)

with ωk being the grid points. This minimizes calcula-
tion time, in contrast, to, e.g., adaptive integration meth-
ods and was tested to give the same results for the used
grid. When calculating the Cauchy principle integral in
Eq. (20), the grid has to be temporarily symmetrized
around the pole of the integrand, where it is important
not to incorporate the exact point of singularity. Because
the numerator does not contain any singularities, we only
have to consider the simple pole of the denominator. Due
to those integrals, the self-energies are evaluated for ev-
ery ωk on the grid at every point of the flow. Therefore,
the results at the end of the flow are very sensitive to
the form of the grid, making the construction a highly
non-trivial task. The values of the self-energies for this
temporary grid are also calculated via linear interpola-
tion.
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