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Constructions in combinatorics via neural networks

Adam Zsolt Wagner*

Abstract

We demonstrate how by using a reinforcement learning algorithm, the deep cross-entropy method,
one can find explicit constructions and counterexamples to several open conjectures in extremal
combinatorics and graph theory. Amongst the conjectures we refute are a question of Brualdi and
Cao about maximizing permanents of pattern avoiding matrices, and several problems related to the
adjacency and distance eigenvalues of graphs.

1 Introduction

Computer-assisted proofs have a long history in mathematics, including breakthrough results such as
the proof of the four color theorem in 1976 by Appel and Haken [7], and the proof of the Kepler
conjecture in 1998 by Hales [29]. Recently, significant progress has been made in the area of machine
learning algorithms, and they have have quickly become some of the most exciting tools in a scientist’s
toolbox. In particular, recent advances in the field of reinforcement learning have led computers to
reach superhuman level play in Atari games [39] and Go [41], purely through self-play.

With these recent advances in mind, it is natural to wonder if there is any way reinforcement learning
algorithms could be used to find explicit counterexamples to conjectures in combinatorics and graph
theory, if we do not give the algorithm any prior knowledge about the problems. Our aim is to
demonstrate that this approach could potentially be fruitful: while we did not succeed in refuting any
of the most famous conjectures in the field, we will present counterexamples and constructions to a
wide variety of lesser known open problems.

In all applications, the agent starts the learning process with zero prior knowledge about the problem
itself. It generates a construction and receives a feedback from a scoring function on how well it did.
Repeating this process many times, the agent eventually learns how to get a better score in this ‘game’.
If this score is larger than the score of the conjectured best construction, then we have succeeded in
finding a counterexample to the conjecture. An advantage of using reinforcement learning algorithms
in this manner is that we can use what is essentially the same exact program to try and attack all
mathematical conjectures which might have a finite counterexample — the only thing we need to change
in the code is the function that calculates the score of a given construction.

There are several natural candidate reinforcement learning algorithms for this task. In this work we

are primarily focused on conjectures in graph theory, and as an n-vertex graph can be represented

by @ binary decisions, one for each edge, we will focus on algorithms that are well-suited for
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problems with small action spaces. One may initially assume that the most natural choice would be
to use Deep Q-Networks and their variants, such as Double Deep Q-Networks [49] and Dueling Deep
Q-Networks [53], which have found a lot of success in recent years. However, these methods take a
long time to train in our sparse reward setting, where we only give the agent feedback at the very end
of each session (so roughly at every %2 steps if we generate a graph edge-by-edge). While there are
several ways to potentially resolve this issue, such as giving some kind of artificial reward during the
sessions to guide the agent, doing so would introduce its own set of problems and would defeat our goal
of refuting conjectures without prior knowledge about the problem.

With our limited computing resources, we have found significantly more success with the algorithm
called the deep cross-entropy method. While this algorithm is not as famous than the above-mentioned
Deep Q-Networks, it has good convergence and appeared to be much less sensitive to choosing the right
hyperparameters. We will present some examples where this approach has resulted in counterexamples
and constructions that would have been difficult to find by hand or with other programming methods.
At the end of the paper we also present two counterexamples that we found by applying LP solvers to

conjectures that can be formulated as linear programs.

The paper is organized as follows.

e In Section 2 we present our results we obtained via the deep cross-entropy method.
— In §2.1 we give a short introduction to the cross-entropy method and describe how we will
use it to produce constructions to extremal combinatorics problems.

— In §2.2 we illustrate the method by finding counterexamples to a conjecture about the sum
of the largest eigenvalue and matching number of graphs, which was proposed in [4].

— In §2.3 we refute a similar conjecture of Aouchiche-Hansen [6] about the distance spectrum
and proximity of graphs.

— In §2.4 we refute an old conjecture of Collins [18] by showing that the peaks of the coefficient

sequences of the adjacency and distance polynomials of trees can be far apart.

— In §2.5 we show that transmission regularity of graphs is not preserved under cospectrality
of the distance Laplacian, answering a question of Hogben and Reinhart [31].

— In §2.6 we address a problem of Brualdi and Cao [15] about maximizing the permanent of
an n X n, 312-pattern avoiding binary matrix. Among others, we find that the best possible
answers for n < 8 are given by the rather remarkable sequence

1, 2, 4, 8 16, 32, 64, 120.

e In Section 3 we present two constructions obtained via LP solvers.
— In §3.1 we refute a conjecture of Aaronson—-Groenland—Grzesik—Kielak—Johnston [2] about a
problem of covering certain subsets of the hypercube with few hyperplanes.

— In §3.2 we answer a problem of Kirdly-Nagy—Palvolgyi—Visontai [32] about the maximum
size of weakly cross-intersecting set-pair systems.



2 Reinforcement learning and the cross-entropy method

Reinforcement learning methods have a long history of being used to tackle complex combinatorial
optimization problems. In recent years this area has seen a myriad of new developments and scientific
papers appearing. Often new results are concerned with the following question: how is it possible to
tackle NP-hard problems, such as the traveling salesman problem, in practical time? For a general
overview we refer the reader to the numerous surveys written in the past three years, such as [8, 27,

37, 50].

In the present paper we take a different approach. We will use reinforcement learning methods to find
explicit counterexamples to some conjectures in combinatorics and graph theory. In this section we
will present five examples where this approach was successful. The common theme in these examples
that we chose to present is that the constructions found by the neural network are non-trivial, and it is
not clear how one could have found these by hand or by relying only on more traditional programming
methods.

There are a plethora of algorithms within reinforcement learning, here we will focus on the so-called
deep cross-entropy method, which we will use in all five applications to find the constructions. We will
use a deep neural network to approximate the policy, which determines what action we should take in
a given state. With the cross-entropy method, the neural network learns only to predict which move
is best in a given state, and does not explicitly learn a value function for the states or state-action
pairs. Given any state as an input to the neural net, the output is a probability distribution on all the
possible moves in that state, with higher probability assigned to the moves that the agent thinks are
best.

In this work we will only give a basic description of the cross-entropy method and focus on how we
applied this method in practice to find the constructions. For a basic introduction to neural networks,
and a thorough description of the theoretical background of the cross-entropy method and of various
practical considerations when applying it, we refer the reader to the recent book [35, Chapter 4].

2.1 Applying the cross-entropy method to problems in extremal combinatorics

Our very first step in attacking an extremal problem is to find a good way to encode constructions as
words. Given a combinatorial problem, we can often easily translate it to a problem about generating
a word of certain length from a finite alphabet. For example, if our task is to find a large antichain in
the Boolean lattice {0,1}" then the answer can be represented by a 0-1 string of length 2", where the
i-th bit is one precisely if the i-th element in some linear ordering of {0, 1}" is included in the antichain.

. . . . . . n(n—l) .
Similarly, generating n-vertex graphs is equivalent to generating 0-1 sequences of length ———; trees

on n vertices can be represented by their Priifer codes as words of length n — 2 on an alphabet of size

n, and so on.

We will generate constructions with the neural network as follows. We first ask it to predict what the
best first letter should be. The output is a probability distribution on the alphabet, from which we can
sample an element randomly and feed it back into the network to ask what the best second letter is.
In general, having generated the letters ay,ao,...,ar_1, we can feed this partial word on k — 1 letters
into the network to get a probability distribution on the best next letter to use, conditioned on our
previous k — 1 decisions, and sample from it randomly to obtain aj.
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p(take) = 0.7
p(reject) = 0.3

111001

Figure 1: We are generating a graph, and so far the network has included edges 1,2,3,6,
and rejected edges 4,5 (dotted), corresponding to the sequence 111001. We input this into
the neural network to get a probability distribution on whether to include or reject the
next edge.

Algorithm 1: The deep cross-entropy method

Initialize a neural network;

while the best construction found is not a countererample do

for i + 1 to N do

w <— empty string;

while not terminal do
Input w into the neural net to get a probability distribution F' on the next letter;
Sample next letter x according to F;
W 4 W+ T

end

end

Evaluate the score of each construction;

Sort the constructions according to their score;

Throw away all but the top y percentage of the constructions;
for all remaining constructions do

for all (observation, issued action) pairs in the construction do
Adjust the weights of the neural net slightly to minimize the cross-entropy loss

between issued action and the corresponding predicted action probability;
end
end

Keep the top = percentage of constructions for the next iteration, throw away the rest;

end

The network receives feedback only when a session finishes, i.e. when we have created the entire word.
The feedback is given by a reward function that the neural network has no knowledge about and treats
as a black box. This reward function is unique to every problem. When trying to create large antichains
the reward might be the number of elements in the family minus the number of comparable pairs in it;
when aiming to create a graph with a large third eigenvalue it might simply be the third eigenvalue,
etc. This reward at the end of each session is the only feedback the network receives: at no point does

it have any knowledge on what problem it is trying to solve and how the reward is calculated.

In every iteration we generate a large number of random sessions (constructions) following the above
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method. We calculate the reward for each, and throw away all but the top y percentile. Next we
let the neural network learn from the remaining sessions, meaning that we adjust the weights of the
neural network a little bit to make it more likely to output moves that were used in the best performing
sessions. The idea of this is to reinforce our neural network to carry out those actions that have led to
good rewards.

Note that in most implementations of the cross-entropy method found online, at the end of each iteration
either all sessions are discarded, or the top few sessions are kept alive for a few more iterations. In
some cases we had better success by letting the top few sessions survive indefinitely, until they are
outperformed by other sessions. This change was implicitly suggested in [46], where they recommend
a similar modification when the number of successful sessions is small.

The implementation of the input is as follows. When generating n-vertex graphs the input is two vectors
of length w The first vector has a 1 in all positions that correspond to edges that the agent has
decided to take, and it has a 0 in all the places that the agent has rejected, or not considered yet. The
second vector has a 0 in every position, except for the one position that corresponds to the edge that
is currently being considered, where it has a 1. The purpose of the second vector is so that the agent
can figure out which edge it is currently making a verdict on. In all applications where we generate
a binary string, the neural network has three hidden layers with 128, 64 and 4 neurons respectively.
The learning rate is chosen experimentally to strike a balance between the speed of convergence and

avoiding getting stuck in suboptimal constructions.

This representation of the input as two one-dimensional vectors and the use of a sequential network of
dense layers makes this a simple, multi-purpose setup to use. For specific problems, for example when
the task is to construct graphs with certain properties, other input formats and networks architecture
such as graph neural networks could be considered. See [17] and the book [30] for an overview of the
recent applications of graph neural networks for combinatorial optimization problems. For the related
problem of having to generate a graph that looks similar to a fixed target collection of graphs, other
generative models are discussed in the survey [54]. In particular, Generative Adversarial Networks were
used in [10] where the graphs were constructed via random walks, and in [20] where the authors predict
the adjacency matrix at once, and utilize a permutation-invariant discriminator for the vertex set.

The full Python code used in Sections 2.2 and 2.3 is available here: [51].

2.2 Example: the sum of matching number and largest eigenvalue of graphs

We will use the following conjecture appearing in [4] to illustrate our method.

Conjecture 2.1 ([4]). Let G be a connected graph on n > 3 vertices, with largest eigenvalue A1 and
matching number p. Then

AM+u>vVn—1+1.

Conjecture 2.1 was originally obtained using AutoGraphiX [16], a software that can be used to find
conjectures about relations between various graph parameters in an automated way. After we have
found a counterexample with our method, we have learned that Conjecture 2.1 has already been dis-
proved by Stevanovié [44]. Nevertheless, we can use this conjecture to demonstrate how simple it can
be to find constructions with the cross-entropy method. The counterexample given in [44] has n = 600

vertices, but we can use our methods to find a smaller explicit counterexample.
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We used the cross-entropy method with n = 19, where the reward function we use is simply A + p,
which we will try to minimize. Figure 2 shows how the average reward of the top 10% of sessions of

each iteration evolves over time.

—— average reward in top 10% sessions
14 1 Conjectured best (V19 —1 + 1)
12 4
5
5 10 1
=
@
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6 -

T T T T T
0 1000 2000 3000 4000 5000
iterations

Figure 2: The average value of A\; 4+ u of the best 10% of the sessions in each iteration
decreases over time. After 5000 iterations it goes slightly below the conjectured threshold
of v/19 — 1 + 1, meaning we have found a counterexample to Conjecture 2.1.

What is remarkable about Conjecture 2.1 is that it appears to be true for n < 18 — the smallest
counterexample we could find is for n = 19, depicted in Figure 4. It has largest eigenvalue /10 and
matching number 2, so A\; + 4 ~ 5.16 < 5.24 ~ /19 — 1 + 1. Figure 3 shows how the best sessions
evolved as the number of iterations increased. While there is a significant run-to-run variation, it
typically takes a few hours on an average PC for the program to find the counterexample.

It is easy to see that trees are the best counterexample candidates for Conjecture 2.1. Indeed, given a
graph G with largest matching M, we can repeatedly delete edges from E(G)\ M without disconnecting
the graph. Doing so does not change p(G) but decreases the largest eigenvalue. Interestingly, as seen
in Figure 3, the network also quickly figures out that trees are best, after which it starts decreasing the
diameter and converges to the graph in Figure 4.

2.3 A conjecture about the proximity and distance eigenvalues of graphs

Let G be an n-vertex graph. Given an ordering of V(G) as {v1,ve,...,v,}, the distance matriz D(QG)
of G is the n x n matrix which has (4, j) entry equal to d(v;, v;), where d(v, w) denotes the length of the
shortest path between v and w in GG. The distance eigenvalues of G are the eigenvalues 9 > ... > 9,

of D(G).
The study of the spectral properties of the distance matrix has a long history, reaching back to at least
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Figure 3: The evolution of the best construction over time. The network quickly realizes

that sparse graphs are best, and eventually the “balanced double star” structure emerges.

the 70s. Graham and Pollack [26] studied the connections between the distance eigenvalues of graphs
and a problem in data communication systems and proved, among others, that the determinant of the
distance matrix of a tree only depends on the order of the tree.

Theorem 2.2 (Graham-Pollack [26]). If T is a tree on n vertices with distance matriz D(T'), then

det(D(T)) = (=1)"Y(n — 1)2" 2

We will talk more about the spectral properties of the distance matrix of trees in Section 2.4. Motivated
by our success in the previous subsection, we will try to disprove a conjecture that is of a very similar

Figure 4: A graph on 19 vertices satisfying A\ + u < vn —1+ 1.



flavor to Conjecture 2.1. Given a connected graph G with n vertices, define its prorimity m as

1
= . d
A, Z (v, w)

Note that 7 > 1. Merris [38] showed that for every connected graph with diameter D we have 8L D| > —1
2
and hence

W+@L%J > 0.

We will use our methods to refute the following conjecture by Aouchiche and Hansen [6], that would
have been a strengthening of the above result:

Conjecture 2.3 (Auchiche-Hansen [6]). Let G be a connected graph on n > 4 vertices with diameter
D, proximity m and distance spectrum 01 > ... > On. Then

W+8LTDJ > 0.

Our strategy for refuting Conjecture 2.3 will be the exact same as with Conjecture 2.1. The only change

will be the reward function: we change \; + u to w+ 8[ 2. Running the algorithm with n = 30, after
3

a few days the neural network finds the graph depicted in Figure 5.

Figure 5: The graph on 30 vertices with smallest value of 7+ 0 2D found by the network.

It has ™ + 8L 2p | ~ 0.4 so it is not quite a counterexample to ConJecture 2.3, but it tells
3

us very clearly what counterexamples could look like.

The graph in Figure 5 is likely not optimal for n = 30: the best graph was still changing when we
aborted the algorithm. The reason we chose to terminate the learning process is because we noticed
that at this stage, every single graph in the top 10% of an iteration had essentially the same structure:
a long path with a star near its middle, whose neighborhood is partitioned into disjoint cliques. The
only thing that varied was the size of these cliques, and having cliques of sizes 2 and 3 for example was
ever so slightly better than having some cliques of size 1.

Hence, even though the graph in Figure 5 is not quite a counterexample to Conjecture 2.3, it gives us
a very clear indication on what the structure of graphs minimizing 7 + 6L2D ] potentially looks like.
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190 leaves

—_—

Figure 6: A counterexample to Conjecture 2.3.

Given this information, we can simply increase the number of vertices and vary the clique sizes in this

construction until we eventually find a counterexample, seen in Figure 6.

This counterexample is constructed by taking a path on 13 vertices, and attaching n pendant vertices
to a vertex adjacent to its midpoint. This graph has diameter 12, and it can be verified by a computer
that as soon as n > 190, this graph satisfies m + Js < 0. We note that this type of graph has already
appeared in [6] and [5], where they were called double-tailed comets, and were shown to minimize the
proximity over the class of trees with a given order and diameter, and used as examples to show that
T+ 8L% |41 need not always be positive. From our limited computer experiments it seems plausible

that our graph on 203 vertices is in fact (close to being) the smallest counterexample to Conjecture 2.3.

2.4 The peaks of distance and adjacency polynomials of trees can be far apart

Given a tree T on vertex set {1,2,...,n}, denote its adjacency matrix by A(T). Its distance matrix
D(T) has (i,7) entry equal to the graph-theoretic distance of vertices i and j. Consider CPD(T), the
characteristic polynomial of the distance matrix:

CPD(T) = det(D(T) — zI) = En: opa”.
k=0

In [1], the coefficients dj, = 23—52 |0k | are called the normalized coefficients of the characteristic polynomial
of the distance matrix of 7. Graham and Lovéasz [25] conjectured that for any tree T', the sequence of
normalized coefficients do(7T),...,d,—2(T) is unimodal and the peak (i.e. maximum) occurs precisely
at index |3 |.

The conjecture regarding the location of the peak was disproved by Collins [18] who showed that for
paths the peak is at index approximately (1 — %)n In [1] the authors confirmed the other part of the

Graham-Lovész conjecture by proving that the sequence of normalized coefficients do(T), . . ., dn—2(T) is
indeed always unimodal — in fact, they proved the stronger statement that this sequence is log-concave.

Collins [18] considered the characteristic polynomial CPA(T') of the adjacency matrix of trees. By
ignoring the terms with zero coefficients, CPA(T') can be written in the form CPA(T) = > " a;x™
where ap < a1 < ... < ap, and a; # 0 for all i. Collins observed that for the path, CPA(T) has
m = | 5]+ 1 non-zero coefficients whose absolute values form a unimodal sequence with peak at around



index i = ﬁn So the ratio of the position of the peak index to the number of terms in the sequence
is also 1/ \/5, just like for the distance matrix!

Given a tree T', denote by p4(T') the position of the peak index of the absolute values of the non-zero
coefficients of CPA(T), and denote by pp(T') the index of the peak of the normalized coefficients of
CPD(T). Let m(T) denote the number of non-zero coefficients of CPA(T') and n(7T') the number of
terms in CPD(T) (which is just the number of vertices of 7" plus one). What the above results say
precisely, is that for the path P, we have

iy PoPn) <1 B pT(Pn)) 1

n—oo n(P,)  n-oo m(Py) 5

V5
That is, the two peaks in the case of the path are in the “same” place (when counting the location

of the peak from opposite ends of the two sequences of coefficients). Motivated by this, and that this
equality holds for the star as well, Collins [18] made the following conjecture:

Conjecture 2.4 (Collins [18]). The sequence of absolute values of the non-zero coefficients of CPA(T)
form a unimodal sequence, and its peak is at the same place as the peak of the normalized coefficients
of CPD(T).

We shall only focus on the conjecture regarding the location of the peaks, and disprove it in a strong
sense. We represent trees using their Priifer codes as words of length n — 2 from an alphabet of size n.

%g)) - (1 —2 é’(%))‘ using the cross-entropy method, we

By optimizing the reward function f(7') =

find that the tree on 48 vertices in Figure 7 has Z 7’3((TT)) =1 and ZZ:(%) =

~=

Figure 7: The tree T on 48 vertices found by the network, where the two peaks of the

polynomials are furthest apart. It has 1;“:(%) =1 and Z Tf’(%) = . Observe that it has six
high degree vertices, and every edge in the tree is adjacent to at least one of these six

vertices.

Once we know what the extremal examples approximately look like, the following theorem is much
easier to prove. It refutes Collins’s conjecture in a strong sense.
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Theorem 2.5. There exists an infinite sequence of trees (Ty)ken satisfying
lim n(Ty) = lim m(T) = oo,
k—o0 k—o0

such that f(Ty) > 0.3 for all k € N.

Theorem 2.5 shows that even if we assume that the two sequences have lots of non-zero entries, the
two peaks can be very far apart. This avoids issues about when m(7) is small, and it is somewhat
ambiguous what one means with the ratio of the peak index. Note that for example when T is a star,
then CPA(T') only has two non-zero entries [18].

Let n,d > 3 be integers such that d|n. Let T}, 4 be obtained by first taking a path on d vertices, and
attaching "T_d leaves to each vertex. We show that if d is an arbitrary constant and n is sufficiently
large compared to d, then the non-zero coefficients of CPA(T,, 4) form a monotone sequence, so their
peak is as far from the halfway point as possible.

s 2 Pa(Thn,a) 1

Proposition 2.6. Ifn > d° then Ty = a1

Proof. Recall the fact (see e.g [19]) that we can describe the characteristic polynomial of the adjacency
matrix of a tree in terms of the number of different-sized matchings in the tree:

(=1)"FR/2. N1 (T) if k even,
an—k = 2
otherwise.

Here N;(T') denotes the number of matchings of size i in T'. Observe that the largest matching in T}, 4
has size d, and so CPA(T, q) has d + 1 non-zero coefficients, one of them corresponding to the empty
matching. For every 0 < k < d we have the following easy bounds on the coeflicients:

()(5) = ()54

The lower bound comes from only counting those k-matchings where every edge of the matching meets

the path we used when constructing 7}, 4 in precisely one of its d vertices. For the upper bound, observe
that every edge in the tree is adjacent to the path on d vertices used in the construction, and every
vertex on this path has at most "T*d + 2 edges.

It follows that if n > d? —d+1 then the sequence of absolute values of coefficients is strictly decreasing.

pA(Tn,d) o 1 D
m(de) - dJrl

Thus the peak is at very first index, i.e. a,_24, and we have

It remains to bound the peak of the distance coefficients. While the coefficients of the adjacency poly-
nomial only depend on the number of matchings of certain sizes in the tree, calculating the coefficients

of the distance polynomial is significantly more involved (see [25]). It seems that when n is large enough
po(Tha) _ [n/2]
n(Tn d) - n ~

will use a result from [1], which states that pp(T) < [2n(T)] for every tree T.

compared to d, we always have % We do not know how to prove this. Instead we

Proof of Theorem 2.5. Consider the sequence of trees T2 4 with d = 31,32, .... By Proposition 2.6, for

T T
each of these trees we have Z%;;j)) = ﬁ. By the sentence preceding this proof, we have pif(gpdi’i‘;)
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%—f—m. Asn(Tp 4) = d*+1 and as seen in the proof of Proposition 2.6 we also have m (T2 4) = d+1,

both n(Ty2 4) and m(Ty2 4) go to infinity as d increases, as required. The distance between the peaks
satisfies

for all d > 31. O

Note that it is not necessarily the case that the trees T}, ; maximize the distance of the peaks, for a given
number of vertices. One counterexample to this is at n = 30. The tree in Figure 8 has f(7') = %, which
is strictly larger than f(T304) for any d. The reason is that the tree on the left has more 5-matchings
(4705) than 4-matchings (4601), whereas this is not the case for e.g. T30 5 (where the corresponding
numbers are 3125 and 3625).

Figure 8: The tree T" on the left has f(T") = % For T30 5 on the right, we have f(T505) = %.

There are many things that are still not known about the location of the peaks of various tree polyno-
mials. We mention only one open conjecture in the area, attributed to Peter Shor. Note that the lower
bound corresponds to the star and the upper bound to the path.

Conjecture 2.7 (Shor [18]). For any tree on n vertices, the peak pp(T) satisfies

5] <poim) < {n(l = \}gﬂ

2.5 Transmission regularity and the distance Laplacian

We continue our study of the spectrum of various graph matrices associated to graphs. We will consider
the following question: what information about the graph can be recovered from the spectrum of such
a matrix? Here we will focus on the distance Laplacian of G, denoted by DX(G).

Given a connected graph G with vertex set V(G) = {v1,..., v}, we denote by t(v;) = 3_, cy () d(vi, u)
the transmission of vertex v;, i.e. the sum of distances from v; to all other vertices in G. We say that
G is transmission regular if t(v;) = t(v;) for all 4,j. Let T(G) be the diagonal matrix with entries
{t(vi) : i € [n]}, and let D(G) be the distance matrix of G with i, j-entry equal to d(v;,v;). The
distance Laplacian is then defined as D(G) = T(G) — D(G). Denote the spectrum of DX(G), i.e. the
multiset of its eigenvalues, by specpr (G).
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Given a graph property P , we say P is preserved by DY-cospectrality if specpz (G) = specpr (H) implies
P(G) =P(H). A natural question to ask is which graph properties are preserved by DE-cospectrality?

This question has a long history, for an overview on the extensive research on this topic we refer the
reader to the recent survey [31] and the references therein, in particular [14]. Hogben—Reinhart [31]
put a lot of emphasis on the spectral properties of transmission regular graphs — indeed, as shown in
Table 7.2 in their survey, it is the last of the natural graph properties considered in [31] for which is
not known whether it is preserved by DE-cospectrality.

Our main result in this section is to fill in this gap, by showing that transmission regularity is not
preserved by DF-cospectrality. That is, there exist graphs G, H such that G is transmission regular,
H is not transmission regular, and specpr (G) = specpr (H). Such two graphs can be seen in Figure 9.
The characteristic polynomials of their distance Laplacians are the same, they are given by z!? —
2162 + 21188210 — 1245904z + 487974402° — 133665254427 + 261291214722% — 3645168834562° +

3556516628224 — 2311312955904022 4 900458062848002% — 159318669312000z.

Figure 9: The graph on the left is transmission regular, whereas the graph on the right is
not. The characteristic polynomials of their distance Laplacians are the same, so they are
DL-cospectral.

The construction is not unique. There are many different ways one can design a reward function to use
with the cross-entropy method in order to try to produce a cospectral pair of graphs as in Figure 9.
None of the reward functions we tried performed particularly well, in the end it seemed more of a
coincidence that some of the runs of the algorithm stumbled upon a construction. It is likely that other
algorithms are much better suited for this problem.

2.6 The permanent of 312-pattern avoiding 0-1 matrices

Pattern avoidance, and permutation avoidance in particular, is a central topic in combinatorics. In
recent decades the study of permutation patterns has become a discipline in its own right, with hundreds
of published papers. For an overview, we refer the reader to the books [12, 33], surveys [42, 43], and
the many applications in Tenner’s database [45].

Given a positive integer n, denote by S, the set of permutations of [n] = {1,2,...,n}. Let o € S,, and
T € Sk for some integers k < n. We say the permutation o contains the pattern 7 if there exist integers
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1 <2 <9< ... <z < nsuch that for 1 <4,5 <k we have
o(z;) < o(z;) if and only if 7(i) < 7(j);

otherwise, we say o avoids 7. Denote by S, (7) the set of o € S, that avoid 7.

The above definition can be extended to 0-1 matrices as well. Let A and P be 0-1 matrices. We say
that A contains the k x £ matrix P = (p;;) if there exists a k x £ submatrix D = (d;;) of A with d;; > p;;
for all 7, j; otherwise we say that A avoids P.

To any permutation o € S, we can associate a permutation matrix, which is the n x n 0-1 matrix
with ones precisely in positions (i,0(i)) for i = 1,2,...,n. We say a matrix A avoids o if A avoids the
permutation matrix associated with o.

Figure 10: The pattern 312

For a 0-1 matrix P let f(n, P) be the maximum number of 1-entries in an n x n 0-1 matrix avoiding P.
Fiiredi and Hajnal conjectured [24] that for all permutation matrices P we have f(n,P) = O(n).
A cornerstone result of Marcus and Tardos [36] is that the Fiiredi-Hajnal conjecture is true. By a
result of Klazar [34], this also implied the celebrated Stanley-Wilf conjecture, which states that for all
permutations 7 there exists a constant ¢, such that |S,(7)] < ¢?. A breakthrough result by Fox [22]
shows that ¢, = 2k*™ for almost all T € Sk.

The permanent of an n X n matrix A is defined as
n
per(A4) = Z Hai,a(z’)-
c€Sn i=1

Observe that if J,, is the n x n matrix with all 1 entries and we restrict the sum to S, (7) then the
resulting permanent is equal to |S,,(7)|. Perhaps motivated by this observation, Brualdi and Cao asked
the following beautiful question. Let M, (o) denote the set of n x n 0-1 matrices that avoid o.

Question 2.8 (Brualdi-Cao [15]). Given an integer n and a permutation o, what is the value of

fo(n) = max{per(A) : A € M,(o)}?

Brualdi and Cao observed that this question is already interesting when o € S3 is a permutation on 3
elements. They guessed that the answer to Question 2.8 when ¢ = 312 is given by the following matrix,
illustrated here for n = 5:

1 1 1 0 0]
11110
1 0111
1 0011
1 0 0 0 1




For n = 5 this matrix has permanent 12, and in general the permanent is given by the (n + 2)-th
Fibonacci number minus one.

By using the cross-entropy method together with some ad hoc methods we managed to find better
constructions giving improved lower bounds for f3i2(n), disproving the above guess of Brualdi-Cao.
These constructions can be seen in Figure 11. We believe these are optimal up to at least n = 10,
but we only have a computer-assisted proof showing their optimality for n < 8. This proves that the
sequence f3j2(n) has the unexpected initial segment

1, 2, 4, 8 16, 32, 64, 120.

These constructions are, for most values of n, not unique. The neural network-based approach per-
formed well by itself for about n < 10, but for larger n the numerous calculations of matrix permanents
inherent to the cross-entropy method proved too expensive. For n = 11,12 we used ad hoc methods to
improve the constructions given by the algorithm. The construction for n = 13 was found under the
very strong assumption that it should look similar to the previous matrices, and it is likely not optimal.
It is generally believed that the permanent cannot be computed in polynomial time, as a seminal result
of Valiant [48] shows that computing the permanent of 0-1 matrices is #P-complete. We do not know if
there is a fast algorithm for computing the permanent if the 0-1 matrix is assumed to be 312-avoiding.

per(Ayg) = 424 per(A) =795 per(Ajz) = 1484 per(A;3) = 2809

Figure 11: The best constructions we found for Question 2.8, with ¢ = 312. Dark squares
denote ones and light squares denote zeros.

It is clear that the matrices in Figure 11 have some kind of pattern — a large main branch going
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diagonally with some smaller branches coming out of it in the other direction — but it is not at all clear
what this pattern exactly is and what the limiting shape is as n grows to infinity.

Given two 0-1 square matrices A and B, we define A x B and A o B to be the the matrices obtained
from the direct sum of A and B, by turning four zeros into ones as in Figure 12. It is easy to verify
that if A and B are 312-avoiding, then so are A * B and A o B. Note that it is not the case that every
matrix in Figure 11 can be obtained by starting from the 1 x 1 identity matrix, and applying these two
operations repeatedly in some order; the first instance of this is at n = 10, where the largest permanent
one can obtain this way has value 394. We can use these operations (or in fact just the matrix direct

sum operation) to give a simple lower bound on f312(n):

AxB=MN AoB=

Figure 12: The definition of A % B and A o B. They are both formed from the direct sum
of A and B, by turning the four zeros indicated by the dark squares into ones.

Proposition 2.9.
90-89n < f312(n) < 2477,/4 ~ 9l-15n

Proof. For the upper bound we can use the Bréegman—Minc theorem [13], which states that the per-
manent of an n x n 0-1 matrix A = (a;;) with row sums r; = a;1 + ...+ a;, for ¢ = 1,...,n can be
estimated by

per(4) < [J(r:)"/".
i=1

An n x n binary matrix without a 312 pattern can have at most 4n — 4 ones, see e.g. [15]. The above
formula is maximized when all r;-s are as equal as possible, this yields the bound in the proposition as
4! = 24.

For the lower bound, observe that for Ag as in Figure 11, we have per(A;3) = 2809 > 208813 Ag
per(A x B) > per(A) - per(B) for any A, B, this implies that f3j2(n +m) > fs12(n) - f312(m) for any
integers m,n > 1. Hence g(n) := logy(f312(n)) is a superadditive sequence. By Fekete’s lemma [21] the
limit lim,,—yeo @ exists and is equal to sup @ which is at least @ > (0.88. The better bound of
0.89 comes from the calculation per(Aj3 0 A11) = 5113196 > 20-89-25, O

It would be interesting to determine the constant ¢ such that fzio(n) = ¢*+°() and the shape of the
optimal constructions as n — oc.
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3 Finding constructions with LP solvers

Many problems in extremal combinatorics can be phrased as linear programs. When this is the case, LP
solvers can outperform more general machine learning algorithms, hence LP solvers can be extremely
useful for quickly checking conjectures for the existence of small counterexamples. In this section we
will present two counterexamples we have obtained this way. The first one is an interesting covering
problem in the hypercube, where the authors made the very natural conjecture that embedding the
problem in more dimensions cannot make it easier. The second one concerns a conjecture that is closely
related to the classical set-pair system inequality of Bollobds.

Throughout this section we will use the methods of [52] to set up the problems as linear programs, and
the LP solver Gurobi [28].

3.1 An exact covering problem in the hypercube

A vector a € R" and a scalar b € R determine the hyperplane
{r e R": {(a,z) = a1x1 + ...+ apz, = b}.

A classical result of Alon and Firedi [3] states that the number of hyperplanes required to cover
precisely 2™ — 1 vertices of the hypercube {0, 1}", without covering the last vertex, is n. This is tight:
we can cover {0, 1}"\ 0, where 0 denotes the all zero vector, with the n hyperplanes {z : x; = 1}, where
i€{1,2,...,n}. Several variations of this result have been studied in the literature, see e.g. the three
papers [2, 9, 40] from this year.

For a set B C {0,1}" denote by ec(B) the exact cover number of B, i.e. the minimum number of
hyperplanes whose union intersects {0, 1}" in precisely B. Note that the result of Alon and Fiiredi says
that ec({0,1}"\ 0) = n.

Aaronson, Groenland, Grzesik, Kielak, and Johnston [2] raised the following question. Given a set
B C {0,1}* and integer n > k, observe that we have the inequality

ec({0,1}"\ (B x {0}" %)) <n —k +ec({0,1}*\ B).

Indeed, we can cover {0,1}"\ (B x {0}"~F) by using the hyperplanes used to cover {0,1}*\ B, together
with the n — k hyperplanes {z : ; = 1}, where i = k+ 1, ..., n. Intuitively, it seems plausible that this
inequality is in fact always sharp: it is not clear how it could help to place the ‘same subset’ in a space
with more dimensions.

Conjecture 3.1 (Aaronson-Groenland-Grzesik-Kielak-Johnston [2]). For any B C {0,1}* andn € N
with n > k, we have
ec({0,1}"\ (B x {0}"™%)) = n — k + ec({0, 1}*\ B).

Once we have fixed a set B and integers n and k, finding the relevant exact cover numbers can be
phrased as an integer program, with indicator variables for all possible intersections of {0,1}" with a
hyperplane. By sampling the set B according to some ad hoc heuristics and solving the resulting linear
programs, we were eventually able to find the following counterexample to Conjecture 3.1.
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Let n =6,k =4, and B = {1000, 1111, 1001, 1011,0110,0001,0010,0111}. It is straightforward to check
via a case analysis that {0,1}*\ B cannot be covered with two hyperplanes, so that ec({0,1}*\ B) > 3.
On the other hand, surprisingly we can cover {0,1}5\ (B x {0}?) with four hyperplanes:

—I9 +x5+x6 =1
o — I3 "‘336:1
1+ X2 — T4+ x5 +7T6 =2

201 —x0 — 223+ 224+ x5 — 26 =0

See Figure 13 for an illustration of this example.
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Figure 13: Covering {0,1}%\ (B x {0}?) with four hyperplanes. The circles represent
the points of {0,1}5. Black disks are elements of B, otherwise the numbers in a circle
represent which of the four hyperplanes contain that point.
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3.2 Weakly cross-intersecting (a, b)-set systems

Let F be a family of pairs subsets (Ai, B1), (A2, B2), ... of N. We say that F is an (a, b)-set system if
for every set-pair (A;, B;) in F, we have that |A;| = a, |B;| = b, and 4; N B; = @. We say that F has
the cross-intersecting property if for any two pairs (A;, B;) and (A, B;) in F with i # j, we have that
A;NBj # @ and A;N B; # &. A classical result of Bollobés [11] states that if F is an (a, b)-set system
with the cross-intersecting property, then |F| < (azrb), independently of the size of the ground set. As
shown by Frankl [23], the same conclusion also holds if we relax the cross-intersecting property, and
only require that A; N Bj # @ when i < j.

Kiraly, Nagy, Palvolgyi and Visontai [32] considered what happens when we further relax the cross-
intersecting condition. They called an (a,b)-set system weakly cross-intersecting if for any ¢ # j, we
have that at most one of the two sets A; N B; and A; N B; is empty. They denoted by g(a,b) the
maximum size of a weakly cross-intersecting (a, b)-set system. They showed that if a+b — oo, we have
g(a,b) > (2 — o(l))(azrb). Among others, they raised the following problem:

Problem 3.2 (Kirdly-Nagy-Pélvolgyi-Visontai [32]). Is g(a,b) < 2(“?’) ?

We have found a (4, 4)-set system of size 146 > 140 = 2- (i), which shows that the answer to Problem 3.2
is in general “no”. It is given in the appendix. It would be interesting to see how one can generalize
this construction, and what the right order of magnitude of g(a,b) is. A result of Tuza [47] implies
g(a,a) < 22% but even the answer to the following problem is not known.

Problem 3.3 (Kirdly-Nagy-Palvolgyi-Visontai [32]). Is g(a,a) = o(2*) ?

4 Concluding remarks

The main contribution of the present work is that we have demonstrated some success with applying
reinforcement learning methods to find explicit constructions and counterexamples to problems in
combinatorics. All examples presented in Section 2 used the cross-entropy method. According to [35],
the main advantages of the cross-entropy method are that it is a very simple algorithm that has good
convergence and works well in simple environments that do not require us to learn complex, multistep

policies. This makes it an ideal baseline method to try.

While the cross-entropy method works well in general, there exist a plethora of more sophisticated
reinforcement learning algorithms that could potentially perform much better for some problems. It
would be extremely interesting to see some success with refuting conjectures in combinatorics, graph
theory, or other areas of mathematics, by finding explicit counterexamples using other reinforcement
learning algorithms.

Problem 4.1. Use a different reinforcement learning algorithm to find an explicit counterexample to
an open conjecture in mathematics.

Acknowledgment: The author is very grateful to Balint Varga for help with various programming-
related questions.
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