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ABSTRACT. In this note we consider the self-adjoint Schrodinger oper-
ator A, in L*(R%), d > 2, with a d-potential supported on a Lipschitz
hypersurface & C R of strength o € LP(X) + L*°(X). We show the
uniqueness of the ground state and, under some additional conditions
on the coefficient o and the hypersurface ¥, we determine the essential
spectrum of A,. In the special case that ¥ is a hyperplane we obtain a
Birman-Schwinger principle with a relativistic Schrodinger operator as
Birman-Schwinger operator. As an application we prove an optimization
result for the bottom of the spectrum of A,,.

1. Introduction

In this paper we are interested in spectral properties of a class of self-adjoint
operators A, with singular é-potentials in the Hilbert space L?(R%), d > 2, which
correspond to the formal differential expression

(1.1) —A—ad(z-1),

where ¥ C R? is the graph of a Lipschitz function ¢ : R¥™! - Rand a: & — R
is the strength of the d-potential; cf. [8] [I3], the monograph [22] and the refer-
ences therein. Note that the unbounded Lipschitz surface ¥ splits R? into two
unbounded disjoint parts and that the special choice £ = 0 corresponds to the sit-
uation where ¥ is the hyperplane in R?. Assuming o € LP(X) + L>(X) for some
l<p<oxind=2andford -1 < p < o ind > 3 dimensions we define A,
as the semibounded self-adjoint operator in L?*(R?) associated with the densely
defined, symmetric, semibounded, and closed form

Ao fu, v] = (Vu, V) r2(rd.cd 7/0[7’[)11,@(11‘,
(1.2) PRESED

doma, = H'(RY),

where 7 : H'(RY) — H'/2(X) is the Dirichlet trace operator. Let us denote the
bottom of the spectrum of A, by

(1.3) A1 (a) = inf o(A,).
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The first issue we discuss in this paper is the essential spectrum of the self-
adjoint operator A, . In the present situation one always has the inclusion [0, c0) C
Oess(Aq) and in Theorem2.3]we prove that if ¥ is a local deformation of the hyper-
plane R4~1 x {0} and « is close to a constant ag outside of sets of finite measure,
then

2
_ % i >
Uess(Aa) - { [ 4 ,OO), if ag 2 0,

[0, 00), if ap < 0;

see also [39] for related results. Next we investigate the uniqueness of the ground
state of A,, which is a typical property for Schrodinger operators —A + V' with
regular potentials. More precisely, if A;(«) in (L3) is a discrete eigenvalue then
it will be shown in Section 2.3 that A; («) is simple and the corresponding eigen-
function can be chosen strictly positive on R? \ ¥; this observation is based on a
standard argument using Harnack’s inequality.

In Section Bl we focus on the special case that ¥ is the hyperplane and we ob-
tain a Birman-Schwinger principle, where the Birman-Schwinger operator is a
relativistic Schrodinger operator in L?(R4~!). The operators appearing in this
context can also be viewed as (extensions of) the ~-field and Weyl function cor-
responding to a certain quasi boundary triple; cf. [9, Section 8] for more details.
Under the additional assumption that « is close to a constant outside of sets of
finite measure we then provide a more detailed analysis of the spectrum of the
Birman-Schwinger operator and link these spectral properties to those of A,. As
an interesting application we prove an optimization result for the bottom of the
spectrum of A, which is formulated in terms of the so-called symmetric decreasing
rearrangement: Consider again a real-valued a € L>(R?~1) + LP(R?~!) for some
l<p<oxind=2andford—1 < p < coind > 3 dimensions, and assume that
o is close to a constant oy € R outside of sets of finite measure. Furthermore, let
a1 = a — ag and (1) = max{ai, 0}, and let (o)} be the symmetric decreasing
rearrangement of («;)4 defined in (3:23). Then we have the inequality

(1.4) A(ao + (1)) < Arao + o).

Our proof of (T4) relies on the fact that the symmetric decreasing rearrangement
decreases the kinetic energy term corresponding to the relativistic Schrodinger
operator. This property of the kinetic energy can be viewed as an analogue of
the Polya-Szeg6 inequality. We note that a different argument for (L.4) based on
Steiner symmetrization was communicated to us; cf. Remark [3.11] for more de-
tails. We wish to mention that eigenvalue optimization is a trademark topic in
spectral theory; see the monographs [30} 31] and the references therein. In partic-
ular, optimization of eigenvalues induced by J-potentials supported on hypersur-
faces is a topic of growing interest [19] 20| 23] 36]. There are also closely related
works on eigenvalue optimization for é-potentials supported on sets of higher

co-dimension [7, 21]], for the Robin Laplacian [3} 12} [14] (16| 25| 26) 28] [33, [34], for

¢§’'-interactions [37] and for Dirac operators with surface interactions [2} 4].
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2. The Schrodinger operator with J-potential supported on a
Lipschitz graph

In this section let d > 2 and
(2.1 = {(x,é(x)) |z e R} C R
be the graph of a Lipschitz function ¢ : R4-1 s R. Furthermore, let
(2.2) a€ LP(X)+ L>(X)

be a real-valued function with 1 < p < wind = 2andd—-1 < p < xin
d > 3 dimensions. In this setting we will define the self-adjoint operator A,
associated to the form (L.2) and study its essential spectrum. In particular, under
some additional flatness assumptions on the support > and some decay at infinity
of the coefficient o we explicitly compute oess(An). Furthermore, we verify that
the ground state A\ («) (if it is a discrete eigenvalue) is simple.

2.1. The form a, and the operator A,. In this subsection we will prove that the
form (L.2), which models a é-potential of strength « supported on %, is well de-
fined and gives rise to a self-adjoint operator A, in L?(R%); cf. [13,24] and [10,
Proposition 3.8]. In the following the Dirichlet trace operator 7p in (L.2) is viewed
for 1 < s < 2 as a bounded operator

(2.3) ™ H(RY) = H* 3 (%);
cf. [38] Proof of Theorem 3.38].

Proposition 2.1. The form a,, in [L2) is densely defined, symmetric, semibounded, and
closed in L?(R4).

Proof. 1tis clear, that dom a, = H'(R?) is dense in L?(R?). Furthermore, we split
a, into

ag[u, v] = (Vu, Vo) 2 (ra,cay with domag := H'(RY),
a[u,v] = —/ aTpuTpu dz, with domaj = Hl(Rd).
b
Observe that ag is densely defined, nonnegative, and closed in L? (R%). Further-

more, since « is real-valued it is clear that a; is symmetric. The estimate (A.3)
shows that for every € > 0 there exists some ¢. > 0, such that

!al [u, u]| < €2||7'Du||2 + c§||TDu||2L2(E), u € Hl(Rd).

3 (%)
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Using the boundedness 2.3) of the trace operator, the absolute value of a; [u, u]
can further be estimated by
|1 u, u]| < 2dT|ullf gay + A |ulFegay, v H'(R?),

where d; and d, are the operator norms (2.3) with s = 1 and some fixed s € (%, 1),
respectively. Since s < 1, we can use [29, Theorem 3.30] to find a constant ¢, > 0
with

a1 [u, u]| < e2(d? + DJullF ey + Ellulliegay, v H(R?).
That is, the form a; is apg-bounded with form bound 0. The semiboundedness and

closedness of a, = ag + a; now follow from [32, Chapter VI, Theorem 1.33]. I

Proposition 2] combined with the First Representation Theorem [32, Chap-
ter VI, Theorem 2.1] implies that there is a unique self-adjoint operator A, in
L?(R%) representing the form a, in the sense that dom A, C doma, and

(24) (Aafag)LQ(Rd) = aoz[fv g]a f € domA,, g € dom a,.

2.2. Essential spectrum of A,. In this subsection we investigate the essential
spectrum of A,. The following preparatory lemma shows that in the present sit-
uation the essential spectrum of A, always covers the nonnegative real axis.

Lemma 2.2. For any « of the form @.2) we have
(2.5) [0,00) C Tess(An)-

Proof. In a similar way as in the proof of [17, Theorem 6.5] one constructs for
A € (0,00) an orthonormal sequence (¥,,),, € C°(R?) with support in R? \ . and

[(=A = N, 2re) =3 0.
From supp ¥,, € R?\ ¥ we have p¥,, = 0 and hence it follows from (L.2) that
AV, = —AV,,. This implies

[(Aq = N Wnl|p2ga) =50,
so that (¥,,), is a singular sequence and we conclude A € o¢ss(An). This proves

that (0,00) C 0ess(An) and since the essential spectrum is closed we obtain (2.5).
|

For a subclass of hypersurfaces ¥, which are local deformations of a hyper-
plane, and interaction strengths « having a certain decay at infinity, we are able
to determine the essential spectrum explicitly.

Theorem 2.3. If the function £ : RY™1 — R in @) is compactly supported and if for
some ag € R

(2.6) {z eX||af(x) — | > e} has finite measure for every e > 0,

then the essential spectrum of the corresponding Schridinger operator A, is given by

. _f F%0). ifag>0,
(2.7) ess(Aa) {[07;*0), Fao <0,
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Proof. Step 1. First, we consider the hyperplane ¥ = R%~! x {0} = R¢"! and the
constant potential a(z) = . We introduce two auxiliary closed forms

D[gb, 1/}] = (ng, V'I/J)L2(Rd—l;(cd—l), with dom?d := Hl(Rdil),

taolf, 91 = (f',9") 2wy — a0 f(0)g(0), with  domt,, == H'(R),

with the corresponding self-adjoint operators —A and T, in the Hilbert spaces
L?*(R%~1) and L?(R), respectively. The spectra of these operators are explicitly
given by

(—20}U[0,00), ifag >0,

g(—A) = [0, OO) and U(Tao) = { [0700)7 if ap <0,

where the proof of the latter one can be found in [1}, Theorem 3.1.4]. The Schrodinger
operator An, with J-potential supported on a hyperplane of constant strength a
can be decomposed as

Agy = (FA) @ Ig + lga—1 @ Ty,

with respect to L?(R?) = L?(R%~!) ® L?(R); here Iz and Igs—1 denote the identity
operators in L?(R) and L?(R9~1), respectively. Hence, it follows from [42] Eq.
(4.44)] that

(2.8) 0(Any) = [—20,00), ifag >0,
[05 OO), if (&%) < 0.

Step 2. Let A, be the Schrodinger operator with J-potential of constant strength
ap supported on the hypersurface 3. Since the Lipschitz mapping & is compactly
supported, the surface ¥ is a local deformation of the hyperplane R¢~! x {0} in
the sense that ¥ \ B = (R?"! x {0}) \ B for a ball B C R¢ of sufficiently large
radius. Hence it follows from (2.8) using [6, Theorem 4.7] that

(29) UESS(AGU) = Uess(zao) = [7T0’ OO), if @ =0,
[0, 00), if ag < 0.

Step 3. With o from the decay property (2.6) we define a; := a — «, such that
{z € ¥||aa(z)| > ¢} has finite measure for every ¢ > 0. The self-adjoint oper-
ators A,, and A, are both semibounded since they correspond to semibounded
forms. Hence, we can fix A < inf(c(As,) U o(Ay)) and consider the resolvent
difference

(2.10) W= (Agg — A) 7! = (Aq — X)L

Our aim is to show that W is a compact operator in L?(R?). For this let f,g €
L?(R9) and set

(2.11) wi=(An, — N 'f and wi= (A, —\)"'g.
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Using (2.17) and the definition of the operator W in (2.10) we obtain
(W, 9)zaze) = ((Amy = N7 £.8) oy = (Aa = N7 1) o
= (u,9)2 (Rd) — (fiv )Lz(Rd)
= (u, a U) L2(R) — ((Aao - )‘)U’U)LZ(RGZ)

= (u, Aa'U)LQ(Rd) — (Aaou, ’U)LQ(Rd).

2.12)

We can express the above inner products via the corresponding forms (2.4) and
conclude that (Wf, g) 12(ra) reduces to the surface integral

(W, 9) 2 maey = —/ arpuTpvdr = (T1f, Tag)r2(x),
)
where Ty, T2 : L%(R?) — L?(X) are defined by
Ty = |a1|%7'D(ACYO —A)7! and Ty= —sgn(a1)|a1|%TD(Aa -

As (An, —A)~tand (A, — \)~! are bounded operators from L?(R?) into H*(R?), it
follows from (2.3) that mp(A,, — A\)~! and 7 (A, — A)~! are bounded from L%(R9)
into Hz (%). Consequently, both T, and T, are compact as operators from L2(R%)
into L?(X) by Proposition[A3l Thus the operator W = T3T; is compact as well
and the stability of the essential spectrum under compact perturbations in resol-
vent sense combined with (2.9) yields the claim. O

2.3. Uniqueness of the ground state. In this subsection we assume that the bot-
tom of the spectrum \;(«) in (L.3) is a discrete eigenvalue of A,. The aim is to
prove in Theorem 2.7 that this eigenvalue is simple and the corresponding eigen-
function can be chosen strictly positive on R? \ X.

Lemma 24. Let u € HY(R?) be a real-valued eigenfunction of A, corresponding to
M (). Then also |u| is an eigenfunction of A, corresponding to A («).

Proof. From the fact that |V|u|| = |Vul, cf. [35] Theorem 6.17], and m|u| = |mpul,

we obtain

llul]  __aalul

|||U|||L2(Rd) HUHiz(Rd)

Since A1 («) is the bottom of the spectrum it can be represented by the min-max
principle [40, Theorem XIII.2] as

an [V]

1(@) ozver &%) [[0]75 ga)

Since A («) is assumed to be a discrete eigenvalue, it follows from [15, Chap-
ter 10.2, Theorem 1] that |u| is indeed an eigenfunction of A, corresponding to
the eigenvalue A (). O

Lemma 2.5. Let Q C R be open and connected. Assume that u € HY(Q) and A\ € R

satisfy
(VU, V'U)L2(Q;(Cd) = )\(u, ’U)Lz(Q), RS H& (Q)

Then u € C>(Q) and if u > 0 and u(zo) = 0 for some xy € Q, then u = 0.
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Proof. The interior regularity u € €>°(Q) is well known; cf. [18} §6.3. Theorem 3].
Assume now u > 0 and u(xzg) = 0 for some zy € Q. Since Q2 is connected, for
every z € () there exists a path v connecting = and z,. Since {2 is also open, there
even exists some open and bounded U withy C U C U C Q. Then it follows from
Harnack’s inequality [27, Corollary 8.21], that

sup u(y) < C inf u(y),

yeU yelU
for some constant C' > 0. Since u(zg) = 0, the right and hence also the left hand
side of this inequality vanishes. Therefore, u|;y = 0 and in particular u(z) = 0.
Since x € (2 was arbitrary, we conclude u = 0. O

Lemma 2.6. Let u € H'(R?) be a real-valued eigenfunction of A, corresponding to
A1 (). Then u € € (R®\ ) is either strictly positive or strictly negative on R4\ .

Proof. From Lemma[2Z5lwe conclude u € €= (R?\ 3). In order to show that u has
no zeros in R?\ ¥, we assume the converse, i.e. that u(zg) = 0 for some zo € R\ .
It is clear that ¥ cuts the whole space R? into the two domains

Q= {(z,24) ER"' xR | 2qg > &(2) },
Q_: (x,x

)
d)GRd_1XR|xd<§(:E)}.

We will assume without loss of generality that 2y € Q.. Since, by Lemma 2.4 |u|
is also an eigenfunction corresponding to A;(«), we have

(VIul, Vo) 2o, coy = M(@)(|ul, v) 120y, v € Hy(Q4),

and Lemma 2.5]implies u|o, = 0. In particular, we have pu = 0 and the eigen-
value equation for « reduces to

(Vu, VU)LQ(Q,;(Cd) = )\1 (Oé)(U,U)LQ(Qi), RS Hl(Rd)

Since A1 («) is a discrete eigenvalue, it is negative by Lemma[.2] and consequently
choosing v = u, we conclude u|o_ = 0. But this is a contradiction to the fact that
u is a (nonzero) eigenfunction; hence u has no zeros in R \ .

Since we already know that u € C>(R% \ ¥) has no zeros in R? \ %, it has to be
either strictly positive or strictly negative on each of the domains €2,.. However,
a priori the signs of u may not coincide. If, e.g.

U|Q+ >0 and u|97 <0,
then mpu = 0 and the eigenvalue equation for u reduces to
(Vu, V’U)LZ(Rd;(Cd) =)\ (a) (u, ’U)L2(Rd), RS Hl(Rd).

Choosing v = u we again conclude v = 0 by the negativity of A\ («); a contradic-
tion as u is a (nonzero) eigenfunction. ]



8 J. BEHRNDT, V. LOTOREICHIK, AND P. SCHLOSSER

Theorem 2.7. If the bottom (L3) of the spectrum of A, is a discrete eigenvalue, then it
is simple and the corresponding eigenfunction can be chosen strictly positive on R \ .

Proof. Note that there exists a real-valued basis of the eigenspace corresponding
to A1 («) since for every eigenfunction the complex conjugate is also an eigen-
function. Now consider two orthogonal real-valued eigenfunctions u; and wus,.
According to Lemma 2.6 each eigenfunction is either strictly positive or strictly
negative on R? \ ¥. But this is a contradiction to the orthogonality condition

/ uy up dx = 0.
Rd

Hence, the eigenspace is one-dimensional and thus A; () is a simple eigenvalue.
O

3. The Birman-Schwinger principle and an optimization
result for /-potentials on a hyperplane

In this section we assume that the support of the J-potential is a hyperplane
and we shall therefore identify ¥ = R?~! x {0} = R4~ Moreover, as in (22),
everywhere in this section we consider a real-valued function o € LP(R4~1) +
L®(R4 N withl <p < cifd=2andd—1 < p < ooifd > 3. Later we shall also
assume that there exists some o« € R such that

(3.1) {z e R"" | |a(x) — ag| > £ } has finite measure for every > 0.

We first discuss the Birman-Schwinger principle for the operator A,, in this special
situation, by means of which the spectral problem can be reduced to the spectral
analysis of a relativistic Schrodinger operator in L?(R%~1). As an application and
illustration we prove an optimization result for the bottom of the spectrum of A,
in Theorem

3.1. The Birman-Schwinger principle for j-potentials supported on a hyper-
plane. For every A < 0 we consider the form

aa,k[¢a 1/1] = 2((_A - )‘)i¢a (_A - )\)%w)y(wq) - / O‘¢Ed$a

Rd—1

(3.2)
domdg,, \ = H:? (R4,

It follows from Lemmal[A.T] that for every ¢ > 0 there exists a c. > 0 such that

33 llal? 6]} g, < 2l612

2(1¢ll7 1 md—1
H7Z (Rd—1) + CEH¢||L2(Rd—1), o€ H? (R )

Using this inequality it follows (see the proof of Proposition 2.T) that 2, is a
densely defined, symmetric, semibounded and closed form in L?(R?~!). We de-
note the corresponding self-adjoint operator in L?(R%~!) by D, . It turns out in
Proposition B.2]below that the eigenvalue 0 of this relativistic Schridinger operator
is linked to the eigenvalue A of the Schrédinger operator A,,.
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We first formulate and prove a preparatory lemma; here we shall denote the ex-
tension of the L2(R?~!) scalar product onto the dual pair H~2 (R%~1) x H2 (R?~1)
by (-, - >H’%(Rd*1)xH%(Rd*1)‘

Lemma 3.1. For every A\ < 0 there exists a unique bounded linear operator y(\) :
H~2(R*1) — HY(R?) such that the identity

(34) (V,Y()\)(b) V'U) LQ(Rd;Cd) - >\ (7(>\)¢7 U) LQ(Rd) = <¢5 TD’U>H*% (Rdil)XH% (Rdil)

holds for all ¢ € H=2(R1) and v € H'(R?). Moreover, the trace of y()\) is given by

(-A-)77,

(R?
1
(35) (N = 5

and acts as a bounded linear operator from H~2 (R4~1) to Hz (R41),

Proof. Let F; and F,;_1 be the unitary Fourier transforms in L?(R?) and L?(R%1),
respectively, and consider Schwartz functions ¢ € S(RY~1). We first define the

operator «(\) in Fourier space as

(6 (TN = % F= (k. ky) € RO xR,

As )\ <0and F,;_1¢ € $(RI"1), this is a well defined function in L?(R?). The fact,
that v()\) is bounded from H~2 (R%!) to H*(R?) follows from the estimate

IVl = 5= [ 0+ IR >%dg

2
- / / IR E RS 5 6) (k) 2k
277' Rd—1

(K2 + k3 — A)2
2kZ+1 =X
il (||7<|?|2+7)3|( a-1) (k)P
c(\)
< =90y sy

/
where ¢()\) denotes the maximum of the function &k — (2[k)* J{‘i‘{\)f\‘)@ /;“1)1 ° Since

S(R¥1) is dense in H~ = (R%"1!) the operator ()\) can be extended by continuity
onto H~= (R41),

In order to prove the identity (34) for Schwartz functions ¢ € §(R%"!) and
v € 8(R?), we use the Fourier representation

(3.7) (FaVv)(k) = ik(Tqv)(k), ke RY

of the gradient. For z € R~ the trace can be written as

1 1 ik, (x INAL
(rp0) () = (F7 Fgv)(,0) = TE /R R0 (50) ()
_ 1 ei(k,z) v
(3.8) - oo /R /R (Fa0) (k. ka)dkadk

= \/%_ﬂ:r;jl { /R (Fav)(-, kd)dk:d] ()
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and hence

(3.9) (Fa—1m0) (k) = /(?dv)(k:, kq)dkq, k€ RZ-L,

1
Vor Jr
The definition (3.6) of (), together with (3.7) and (3.9) leads to

(v'y()‘)(bvvv)Lz(Rd;Cd)_ ( ( )¢a )LZ(Rd
= [ GRE =0 @ (N6 ) o) ()

\/%/Rd EFd 1¢) )(S"dv)(k,kd)dkddk

_ /R  (Fae19) k) Tamrroo) () dk

= (¢, TDV) L2 (Ra-1)

= (¢, DY)

1 1
H™2(RI-1)x HZ (Ri-1)’

and hence (34) holds for ¢ € §(R4"1) and v € §(RY). By density and continuity
this identity extends to all ¢ € H~2(R%!) and v € H'(R?). Also note, that the
identity (3.4) uniquely defines the operator ().

For the proof of (3.0) note first that the identity (3.9) and its derivation (3.8)
remain valid for v € H'(RY) N C(RY) with Fyo € LY(RY). In particular, for
¢ € §(RI71) it is not difficult to see that F4y(\)¢ € L'(R?) by its definition (3.6)
and hence also that y(\)¢ = F;'F4y(\)¢ is continuous as the inverse Fourier
transform of an L!-function. This means that from (3.9) we get

(Facrmor(NB)() = %_ / (Far(N)6) (k, k)

(Fa— 105 / ~ (Fa—19)(k)
|/’€|2 2(|k[2 = A)%’

which is exactly equation (3.5) in Fourier space. Again, by continuity this identity
also holds for every ¢ € H~ 2 (R4 1), O

With this lemma we now find a connection between the eigenvalue 0 of the
relativistic Schrodinger operator D, and the eigenvalue A of the Schrodinger
operator A,.

Proposition 3.2. For every A < 0 the restriction of the Dirichlet trace operator
(3.10) T : ker(Ay — A) — ker Dy, »
is bijective and, in particular, dim ker(A, — A) = dimker Dy .

Proof. In order to see that the restriction of 7 onto ker(A, — A\) maps into ker D, »
consider some u € ker(A, — \). By (I2) we have u € H'(R?) and

(B11)  (Vu, Vv)p2gacay — AU, v) 2 (re) = (sgm(a)|a|%7'pu7 |a|%TD’U)L2(Rd*1)
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for all v € H'(R?). Since pu € H= (R4 1), we get |a|2mpu € L*(R41) from (B.3)
and hence there exist ¢, € Hz (R%~1) such that

(3.12) sgn(a)|e|2Tpu = lim ¢, in LR,

Again, by (33), we have |a|2¢,, € L2(R%"!) and inserting these into (3.4) leads to
(VAN 260, V0) 1 a,cay = Al 20,0) o oy = (s 112 700) o gy
for all v € H*(R?). Combining this with (3.I1) and (8.12) implies the convergence
y(N)al? ¢, —u  weakly in H'(R?).

Applying the bounded operator (—A — A)irp : H'(R?Y) — L2(R?"!) and using
B3 gives

(=2 =X H ol = (A = Nimy(Wal g, = (~A = N)imu

DN | =

weakly in L2(R?~1). Hence, for every ¢ € H= (R%"1) we get

n—r oo

%,A[TDUW] = lim ((_A - )\)_%|0¢|%¢m (_A - )‘)%w)L%Rdfl) - /d aTDUEdw
Rd—1

. 1 —
= lim (Vn, IaIW)LZ(Rdfl) —/ atmputpdr =0,

Rd—1
where (3.12) was used in the last step. Thus, we conclude Tpu € ker D, 5.

Next we show that (3.I0) is injective. In fact, assume that Tpu = 0 for some
u € ker(A, — A). Then ([L.2) leads to

(Vu, V'U)LZ(R(!;(Cd) = )\(U,’U)Lz(Rdfg, [ORS Hl(Rd).

Since \ < 0 we can choose v = v and conclude u = 0.

For the surjectivity of (3.10) let ¢ € kerD, . By (B2) we have ¢ € Hz (R?1)
and

(3:13) 2((=A = N7 (A = N)TY) 1 pa) = /R a¢Pdr, e HE(RIT).

Now define uy = 27(\)(=A — A)2¢. Then mpuy = ¢ by B5) and using (34) with
¢ replaced by 2(—A — \)3 ¢, gives for any v € H'(R?)

1
(Vug, VU)LZ(Rd;Cd) —A (ud”v)L?(Rd) =2A((-A =), TDU>H’%(R"”1)><H%(R¢*1)
= / a¢pTudr
Rd—l
= / aTpugy T d,
Rd—l

where in the second step we used (3.13) with vy = mpv. Summing up, for ¢ €
ker D, » we found u, € ker(A, — A) such that puy, = ¢, that is, the mapping
(3.10) is surjective. O
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Next we analyse how the bottom of the spectrum o (D, ) behaves as a function
of A < 0.

Lemma 3.3. For A < 0 the mapping
Da,)\ [(;5]

(3.14) A= pia(A) =info(Dg \) = inf e
(\) (Dax) 02oeH/3®1) [Pl agar)

is nonincreasing, continuous and admits the limit

(3.15) Hm o (A) = 0.

A——00

Proof. With the help of the Fourier transform in L?(R?~1) we see that the form

04, admits the representation
(3.16)

sl =2 [ (K= NHGars) 0Pk - [

alpldz, ¢ e Hz (R,
Rd— 1

which shows that 9, [¢] is nonincreasing in A. Hence the same is true for y, in
(BI19).

For the continuity of ;.. consider A\; < Ay < 0. Then for every ¢ € H 3 (Rdil)
we can estimate the difference

Dan [0] = Vaa[0] = 2 / (& = A1)% = (JKI* = A2)®) [(Fao10) (k) Pdk

Rd—1

<2V N = V) 1612 g,

and via (3.14) we also conclude

tta(A1) — pta(X2) < 2(vV/ =M1 — vV =X2),

which proves the continuity of A — (1, (A).

It remains to verify (3.15). For this we use the estimate

1 _
| [ alobda] <ol )+ lolagany, 6 HARSY,

from (3.3). Plugging this in (3.16) gives

20aldl > [ (RO = = (14 )]s ) 1) el = Ol
> (e3) — D0l

where ¢()\) € R is the minimum of k ~— 2(|k|2 — \)2 — (1 + |k[?)2. From (.14) we
then conclude
pa(N) > c(\) — ¢ A2 . O

Next, we compute the essential spectrum of D,  under the additional assump-
tion that « satisfies the decay condition (3.I).
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Proposition 3.4. Assume that « satisfies (8.1) with some cvy € R. Then for every A < 0
the essential spectrum of D, » is given by

(3.17) Tess(Dax) = [2V=X = ag, 00).
Furthermore, the mapping X — pq (X) from 3.14) is strictly decreasing on (—oc,0).

Proof. 1tis clear that for the special case of a constant a(z) = g € R the relativistic
Schrédinger operator is given by Dy, x = 2(—A — \)Z — ag with dom Dy, » =
H!(R?-1). Hence we have

(318) U(Dao,k) = Uess( g, )\) [2\/_ Qp, 0 )

For nonconstant a we define a; (z) := a(x) — ag. Then {z € R ||ay (x)| > €}
has finite measure for every ¢ > 0 by the decay property (3.J). To prove 3.17) we
proceed in the same way as in Step 3 of the proof of Theorem [3.4]and check that
for some p < inf(o(Day,2) U (Dg,y)) the resolvent difference

W = (Dag,n — 1)~ = (Do — 1)~
is a compact operator in L?(R?~1). For this let ¢, ¢ € L?(R~1) and set
¢H = (Dao,)\ - ,U/)_1¢ and wu = (Da,)\ - ,U/)_lw'

In the same way as in (2.12) one verifies
(W¢7 w)LQ(Rdfl) = ((bua Da,)\wu)LZ(Rd—l) - (Daoy)\gb,uv w“)L%Rd*l)

= —/ oy d)uzb_#dz
Rd—1
= (T1¢, Tov) L2(ra-1),

where

Ty = |a1|%(DaW\ —u)7' and Ty = —sgn(a1)|a1|%(Da7>\ — )~ L
As (Dog,x — p)~ ! and (Dg,n — p)~ ! are bounded operators from L?(R?~1) into
H=(R41) it follows from Proposition [AJ] that both T; and T, are compact op-
erators in L?(R%~1). Thus the resolvent difference W = T3T; is compact as well,
which implies oess(Dag, 1) = Tess(Da,x) and (B.17) follows from (3.18).

For the proof of the strict monotonicity of A — p (), let A1 < A2 < 0. Then
(3.19) ta(Aj) < 24/=A; — ao, Ji=12

by BID). If pa(A1) = 2¢/—A1 — ap we conclude from p,(X2) < 2¢/=X2 — ap that
ta(N2) < pta(M1). If o (A1) < 2¢/=X1 — ap we know from (B.I7) that . ()\1) is
a discrete eigenvalue of D, », and hence there is a corresponding eigenfunction
¢ € domDy \, C H 3 (R4=1). Since, in particular, ¢ # 0 we conclude from (3.16)
that A — 0,,1[¢] is strictly decreasing, and hence

Oa,) [Qﬂ > [y [¢]

M) =
Hel) = g o ey

> fia(A2). O
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Lemma 3.5. Assume that « satisfies B.I) with some oy € R. For the lowest spectral
point A\ (a) of A, in [L3) and the lowest spectral point jio(A\) of Do,y in (B.I4) the
following are equivalent:

(0 Ai(a) € 0a(Aa)

2
_ % / >
(i) po admits a zero strictly below 47 zfao =0
0, lfOéO < 0.

In this situation the zero of i, coincides with A1 ().

Proof. For an easier notation we write \; := A;(«). For the implication (i) = (ii)
let A1 € 04(An) and note that due to the explicit form of the essential spectrum

2D we have

L0y s
(3.20) Mo<d a0 Hfao =0

0, if ap < 0.
It follows from Proposition that zero is an eigenvalue of D, »,. Assume now
Moz()‘l) 7é 0.

e The case (o (A1) = inf o(Dgy,x, ) > 0is a contradiction to the fact that zero
is an eigenvalue of D, », .

o If 14 (N1) < 0, then ua(S\) = 0 for some \ < \; by Lemma[3.3] Also note,
that
infaess(Da’;\) =2V —5\ —ag > 2/ - —ag >0

by Proposition B4 and the estimate (3.20). But then the bottom of the
spectrum

0= pia(A) =info(D,, 5)

is a point in the discrete spectrum and hence an eigenvalue of D_, 5. Con-
sequently, Proposition B2 implies that A\ < \; is an eigenvalue of A,; a
contradiction as A; is the smallest spectral point of A,.

Hence our assumption is wrong and we conclude i, (A1) = 0. Due to the strict
monotonicity in Proposition [3.4] this is also the only zero of 4.
For the implication (ii) = (i) assume that 1, admits a zero

o? .
(3.21) i<l T ez
0, if (&%) S 0,

thatis, 0 = y1(\) = inf o(D,, 5). Since 2V —\—ap > 0 by 321) we conclude from
(317) that zero belongs to the discrete spectrum of D, 5,and hence Proposition3.2]
implies that ) is an eigenvalue of A,,. Hence, also the bottom of the spectrum

2
« .
7T05 lfOéOZOa

A =info(Al) <A< :
0, if ap < 0,

belongs to the discrete spectrum of A, by 2.7). O
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3.2. Optimization of \;(«) and the symmetric decreasing rearrangement. In
this subsection we prove an optimization result for the bottom of the spectrum
of A,, which will be formulated in terms of the so-called symmetric decreas-
ing rearrangement of the positive part of the function «o;(z) == a(x) — ag, with
ap € R from BI). We first briefly recall the definition and some basic proper-
ties of the symmetric decreasing rearrangement and formulate our main result in
Theorem [3.71below. Further details on symmetric decreasing rearrangements can
be found in the monographs [5, 35].

Let A C R91, d > 2, be a measurable set of finite volume. Then its symmetric
rearrangement A* is defined as the open ball centered at the origin and having
the same volume. Let u: R¢~! — R be a nonnegative measurable function, that
vanishes at infinity in the sense that

(3.22) {z e R | u(z) >t} has finite measure for every ¢ > 0.

We define the symmetric decreasing rearrangement u* of u by symmetrizing its level
sets as

(3.23) w(z) = /O Xfusty- () dt.

Here y4: R! — R denotes the characteristic function. The rearrangement u*
has a number of straightforward properties, which will be needed below in the
proofs of Theorem [3.7land Lemma B.9} cf. [35, Section 3.3 (iv) and Theorem 3.4].

Lemma 3.6. Let u,v: R¥~! — R be nonnegative measurable functions satisfying (3.22).
Then the following holds:

(i) uw* is nonnegative;
(i) w* is radially symmetric and nonincreasing;
(iif) wand u* are equi-measurable, i.e.,
|{J;€Rd_1|u(a;)>t}|:|{xeRd_1|u*(1;)>t}|, t>0;
(iv) (u")? = (u?)".
) lullprra-1) = [|u*||p(ra-1), p>1 (Conservation of LP-norm);
(Vi) [pas wvde < [p, , w*v*de  (Hardy-Littlewood inequality).

Next we formulate our optimization result for the bottom of the spectrum of
A..

Theorem 3.7. Assume that « satisfies B.1) with some o € R and let a; (x) == a(x) —
a. Then we have the inequality

Ar(ao + (@1)}) < Mo + ),

where (o)’ is the symmetric decreasing rearrangement of the positive part (o)4 =

max{aq, 0} defined in (3.23).
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Corollary 3.8. Let w C R~ be a set of finite measure and w* C R4~ be a ball with
the same volume as w, and let x., and x.- be the characteristic functions of w and w*,
respectively. Then for > 0 we have the inequality

>\1 (ﬂXw*) S )\1 (ﬂXw)'

The proof of Theorem [3.7]relies on the Birman-Schwinger principle for the op-
erator A,, by means of which the problem is reduced to an eigenvalue inequality
for the relativistic Schrodinger operator in L?(R?~!). The latter is proven with
the help of the fact that the symmetric decreasing rearrangement decreases the
kinetic energy term corresponding to the relativistic Schrodinger operator; cf.
Lemma This property of the kinetic energy can be viewed as an analogue
of the Polya-Szeg6 inequality.

Lemma 3.9. For every A\ < 0 and nonnegative ¢ € H?z(RI~1) the rearrangements
Y 8 8

()%, ¢* in 3.23) and the form (B.2) satisfy
(3.24) Dao+(a1)1,/\[¢*] < Vag+ar A[9)-

Proof. First, in view of Lemma[3.6](iv), (v) and (vi) we have

(325 [ (ao+ai)d’de < /

Rd—1 Rd—1

(a0t (a1)+)Fdz < / (co+(a1)})(6")?da.

Rd—1

Moreover, it is proven in [35, Section 7.11 (5), Section 7.17 (2) and the remark
afterwards] that

L2 1
(326) H(fA - )‘)4 (b HLZ(Rd*l) < H(fA - )\)4¢{|L2(Rd—1)'
Combining (3:25) and (3.26) then proves the stated inequality (3.24). O

Proof of Theorem[3.7] Observe that by Theorem [2.3land Lemma[B.6l(v) the essential
spectra of the Schrédinger operators A, 1, and Ay, (a,)+ are given by

2
[—%,OO), ifa0207

Oess (Aag+an) = JESS(AQO+(Q1)1) - { [0,00) if ap <0.

We assume that o is such that

2
« .
7707 1f04020a

A=A +a1) <
1= Ao + o) {0, if ap < 0,

as otherwise the statement of the theorem is clear. Then A\; € 0q(Aqy+a,) and
by Theorem [2.7] there exists a nonnegative eigenfunction u; € ker(Aagt+a, — A1)
By Proposition we then have ¢1 = Tpui € kerDyyta,,1, for the trace of
the eigenfunction, and also ¢; > 0 follows from u; > 0. Lemma (v) and
Lemma[3.9give the estimate

Dau-l-oq,kl[(bl] Dao-’-(al)i,kl[(bﬂ

0_

B Zlu’a or)* )\ .
H¢1||%2(Rd—1) 0+( 1)+( 1)

1612
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Since fia,+(a,)+ is nonincreasing by Lemma[3.3it admits a zero

_ _% e >
A< A < 47 %fao_O,
O, 1fa0§0.

Hence \; € ad(AaoJr(al)i) and we have A\;(ag + (a1)%) < A1 < A\, which proves
the theorem. O

Remark 3.10. We mention that the above results remain valid for Robin Laplacians on
the upper half-space RL. More precisely, if B, denotes the self-adjoint operator in L*(R% )
associated with the densely defined, symmetric, semibounded, and closed form

bolu,v] = (VU,V'U)LZ(Ri’(Cd) —/ aTpuTHU dz,
Rd*l

domb,, := H'(R%),

and we replace \1(«) = inf o(A,) by the bottom of the spectrum M\ («) == inf 0(B,),
then Theorem[3.Zland Corollary 3.8 hold.

Remark 3.11. Theorem 3.7 can be proved differently using Steiner symmetrization; the
following elegant arqument was communicated to us recently. Consider a nonnegative
function u: R® — R such that R9™' > 2/ — u(a/,z4) is vanishing at infinity for
all x4 € R. Following the lines of [5, Chapter 6] we recall that the (d — 1, d)-Steiner
symmetrization u* of the function u is defined as

ut(a’, xa) = (u* (-, 2a)) (@, ),

where the symmetric decreasing rearrangement in the right hand side is taken for each
xq € R with respect to first d — 1 variables. Let the nonnegative function u; € H'(R?)
be the normalized ground state of the operator Ay, +q,. It is not difficult to check that
wy is vanishing at infinity slice-wise in the above sense; cf. [5, §6.8]. According to [5]
Theorem 6.8] we have

(3.27) HUQHLQ(RUZ) = |lu1|l p2(ray = 1.
In view of [5, Theorem 6.19] we get u} € H'(R?) and
(3.28) IVui | p2eacey < IVl agagcay.

Lemma(3.6l(iv), (v) and (vi) yield

(3.29) / (oo + (al)i)|TDu§|2dx > / (oo + a1)|TDu1|2dx.
Rd—l

Rd—1

Finally, combining (3.27), 3.28), and (3.29) we obtain by the min-max principle that

Mo + (@1)3) < Gagpany; [uh] = [VdllF 2 gaca) — /Rdil(ao + (en)})|mpud | *de

< Qagtan [U1] = A1 (a0 + ay).



18 J. BEHRNDT, V. LOTOREICHIK, AND P. SCHLOSSER
Appendix A.

In this appendix let again ¥ be a Lipschitz hypersurface as in (2.I) and assume
that « € LP(X) + L>°(X) forsome 1 < p < ooind =2andford —1 < p < o0
in d > 3 dimensions, as in 2.2). In this setting we consider the multiplication
operator

(A1) My: H?(X) = LA(Y) with Mo :=|al2¢, ¢ HZ (%),

which plays a crucial role in the well definedness of the form a,, in PropositionIﬂ]
and in the derivation of the essential spectrum in Theorem If, in addition,
(2.8) holds, then it turns out that the operator M, is compact; for the convenience
of the reader we will provide a complete proof below. The preparatory estimate
in Lemma [AT] is also used to conclude the semiboundedness of the form a, in
Proposition 2]

We also want to mention that we consider Sobolev and Lebesgue spaces on the
surface ¥ in the sense that for every s > 0 and ¢ € [1, 0]

(A2)
¢ € H*(Y)ifand only if g o = € H*(R*™") and ||¢| sz (x) = || © E| o (1),
¢ € LU(Y)ifand only if ¢ 0 = € LYR* ") and ||¢|| pa(x) = ||¢ © Z| La(a-1),

where Z(x) = (z,&(2)) is a bijective map from R?~! onto ¥.
Lemma A.1. For every e > 0 there exists some c. > 0, depending on «, such that

(A3) IMadlliz(s) < 2917

2 2 1
ahoy T clolizs), ¢€H2(E).

Proof. We decompose a € L?(X) 4+ L*°(X) into
a=pB+y BeL(X),veLl>().

Fix e > 0. Then the integrability condition 5 € LP(X) ensures the existence of
some C; > 0 such that § = 1 + £2, where

[0 pwisc N
e {mx), By >c., 4 )

and

(A4) [B1lle(z) < €2

We now split o = 51 + (B2 + ) into a bounded part 5> + v and an unbounded re-
mainder 8; and estimate both parts separately. For 51 we use Holder’s inequality
and the estimate (A.4) to get

L2 2 2 2 2 2 2
A9 (13130l amy < B0l oy <2 2, < ehlol?y
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where in the last inequality we additionally used the Sobolev embedding on the

surface || - || _2» <cgl-| which follows from the classical Sobolev em-

HLE(Z) - HE (%)
bedding theorem [11} Theorem 8.12.6] on R?~! and the definition of the Sobolev
and Lebesgue norms in (A.2).

On the other hand, 5> + v can simply be estimated by

12

(A6) 182+ 1156|2215y < (Ce + Il e 16132 sy-

Now the estimate (A.3) follows from (A%) and (A.6). O
The next lemma treats the transition from weak H 2-convergence on ¥ to strong

L?-convergence on subsets of finite measure of ¥; this observation is preparatory
for the compactness result in Proposition[A3]

Lemma A.2. For every ¢, (¢n)n € H?(X), the convergence
(A7) ¢Gn — G0 weakly in H? (X)),
implies for any Borel set A C ¥ with finite measure, the convergence
(A.8) ¢n — ¢o  strongly in L*(A).
Proof. In Step 1 we consider the hyperplane case ¥ = R4~ x {0} = R4~!. For
every t > 0, we define the mollifier
(A9) or(z) = %67%2, r e RIL
(4mt) =
Then by the weak convergence (A7), we conclude the pointwise convergence of

the convolution

(A10) nh_?;o(% * On)(7) = nh_{go <<Pt(x - ¢n>H7%(Rd*1)xH%(Rd*1)
.10
= (pe(z = ), b0 B b @i 1)ynh gaor) = (Pt % $0)(@).

g1y S M

for some M > 0, we also conclude the uniform boundedness of the convolution

Since the weakly convergent sequence (¢, )., is bounded, i.e. ||¢,||

(A11) (e % dn) ()] < NlpellL2@e—1) [ fnllL2@e-1) < Ml L2@e-1y,

for every € R4~1, n € N. Since A is a set of finite measure, (AI0) & (ATI) are
sufficient to apply the dominated convergence theorem, which leads to the norm
convergence

(A12) Tim [l (én — o)l 24y = 0.

For the Fourier transform of the mollifier (A.9) we have

1 —ikx 1 —tkx _l=i?
(Fepe) (k) = 701;1/ e Moy (z)dr = T/ ek dy
(2m) = Jra (87w2t) 2z Jra—1
= 1 _ o tIkI? / - (e t2itk)? o — ld,l eft‘k‘z, ke RO
(8m2t) = Rd—1 (2m) "
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and we use the estimate

d—1

11— 2m)F (Feu) (k)] =1 — e < c(tlk?)d <eti(1+ k)i, keR¥,

where ¢ = sup, (1 —e¥)y i. Since the Fourier transform of the convolution

can be written as the product F(¢; * ¢,,) = (277)% (For)(Fpn), we can estimate
the L?>-norm

||¢n — Ptk Qﬁn”L?(Rd*l) = H (1 - (QW)%?(Pt)H:QﬁnHL%Rdfl)
(A.13) < Cti ||(1 + | : |2)%gj¢n||L2(Rd—l)
=t 6nll 3 a1

The inequality (A13) of course also holds with ¢,, replaced by ¢,, which leads to
the estimate

1 1
|6n — dollL2cay < ctt M+ ||@r * (dn — do) | L2(a) + ctt H¢0|\H%(Rd,1)7

for every n € Nand ¢ > 0. The first and third term can be made arbitrary small
by the choice of ¢ > 0 and the second term converges by (A.12). This proves the
statement of the lemma for ¥ = R?~! x {0}.

In Step 2 we consider the general case of a Lipschitz graph ¥. By the definition
of the boundary spaces (A.2), it follows immediately from the weak convergence

(A, that also

¢noZ — ¢poZ weakly in H?(R1).
Since A has finite measure, the preimage =7 1(A4) = {z € R 1|Z(x) € A} has
finite measure as well, and we conclude from the first step

$n0Z = ¢go = strongly in L*(E71(A)).
By the definition of the boundary spaces (A.2) this implies (A8). O

Next we prove the compactness of the multiplication operator M, under the
decay property (A4) of the function a. Note that, although stated for a, this
decay property only affects the L°°-part of a. Any function in LP(R?~1) satisfies

(AT4) automatically.

Proposition A.3. Assume that the function o satisfies
(A.14) {z eX||afx)| > e} has finite measure for every ¢ > 0.
Then the multiplication operator M, in (AJ)) is compact.

Proof. From Lemma [AJlwe conclude that M, in (AJ) is an everywhere defined
and bounded operator. In order to prove that ), is compact, we verify that for
any sequence ¢, — ¢o weakly in H 3 (%), the sequence M, ¢, — My o converges
strongly in L?(X). As in the proof of Lemma [A] let ¢ > 0 and decompose the
potential into

a=p1+ b2+
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Next, we define the set
(A.15) Ac={zeX||f@) > }u{zeX| ) >e}.

The integrability condition 3, € LP(X) implies that the set {|32| > 2} has finite
measure. Furthermore, since {|y| > 2} C {|38] > %} U {la| > %} it follows
from the integrability condition 5 € L?(X) and the decay property (A.14) that
{]v| > €2} also has finite measure. Then Lemma[A2]shows

lim ¢ — ¢oll22(a.) = 0.
n—oo

This convergence in particular gives an index N, € N, such that

62

Ce + NllL=(z)’

with C. the cut-off from (A4). Then the equations (AD) & (A.I6), as well as the
fact that |82 + 7| < C: + ||7][z(x) on X and [B2 + 7| < 2¢® on ¥\ A, we can
estimate

(A.16) [ pn — ¢0||%2(AE) < n > N,

e (@n — G035y < 118115 (60— 00)[3aqsy + 182 712 (60 = 00)][}a
+ [|182 + 912 (¢ — ¢0)H12(2\A5)
< ecplgn — ol 4 o, 8+ 2670 — dollLa(m .

H2 (%)
< ((ch+26n — ol +1) m 2N
Since [|¢n — ¢oll ;3 () On the right hand side is bounded as a consequence of the

weak Hz-convergence, this inequality implies the norm convergence

. 1
nh—>H;oH|a|2( ¢O)HL2(E 05
and hence the compactness of the operator M,,. O
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