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Abstract. In this paper, we compute exactly the average density of a harmonically
confined Riesz gas of N particles for large N in the presence of a hard wall. In this
Riesz gas, the particles repel each other via a pairwise interaction that behaves as
|x; — xj|’k for k > —2, with z; denoting the position of the i*? particle. This density
can be classified into three different regimes of k. For k& > 1, where the interactions
are effectively short-ranged, the appropriately scaled density has a finite support over
[~k (w), w] where w is the scaled position of the wall. While the density vanishes at
the left edge of the support, it approaches a nonzero constant at the right edge w. For
—1 < k < 1, where the interactions are weakly long-ranged, we find that the scaled
density is again supported over [—I;(w), w]. While it still vanishes at the left edge of the
support, it diverges at the right edge w algebraically with an exponent (k —1)/2. For
—2 < k < —1, the interactions are strongly long-ranged that leads to a rather exotic
density profile with an extended bulk part and a delta-peak at the wall, separated
by a hole in between. Exactly at & = —1 the hole disappears. For —2 < k < —1,
we find an interesting first-order phase transition when the scaled position of the wall
decreases through a critical value w = w*(k). For w < w*(k), the density is a pure
delta-peak located at the wall. The amplitude of the delta-peak plays the role of an
order parameter which jumps to the value 1 as w is decreased through w*(k). Our
analytical results are in very good agreement with our Monte-Carlo simulations.
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1. Introduction

Long-ranged interacting particle systems are ubiquitous in nature and have been a
subject of great interest in physics and mathematics. Especially systems with pairwise
repulsive interactions are important due to their appearances in many contexts such
as in the physics of cold atoms [l, 2, 3], random matrix theory (RMT) [4, 5],
integrable models [6, 7, 8] , gravitational systems [9, 10], hydrodynamics [11, 12, 13],
synchronisation [14] and plasma physics [15] to name a few. In particular, systems
confined in an external potential and with pairwise power law interactions have recently
drawn a lot of interest. Specific examples of such systems with long-range interactions
include, e.g., one-dimensional one-component plasma (1dOCP) [16, 17, 18, 19, 20],
Dyson’s log gas [4, 5, 21, 22, 23, 24, 25, 26], Calogero-Moser Systems [7, 27, 28], dipolar
Bose gas [29, 30], ionic systems [1, 3, 31], 3d Coulomb gas confined in one dimension
[32] and Yukawa gas [33]. These systems belong to a broad class of power law models
called Riesz gas composed of N particles described by the following energy function [34]

N 22 Jsgn(k) & e
Ey({z:}) :ZEJFTZ\%—%W : (1)
i i#]
where z;’s are the positions of the particles and the exponent k characterizes the range
of the interaction with sgn(k) ensuring the repulsive behaviour. The limit £ — 0 is
a bit singular, where upon setting J = 1/k the interaction term can be shown to be
proportional to —(1/2)In|z; — x|, which corresponds to Dyson’s log gas in RMT [4, 5].
In the rest of the paper, to keep the notations light, we will set J = 1, keeping in mind
that the k£ — 0 limit is special. Several properties of the Riesz gas for specific values of k
have been studied both in the physics and in the mathematics literature. For example, as
mentioned above, £ — 0 corresponds to the Dyson’s log gas appearing in random matrix
theory [4, 5, 23, 24], k = —1 corresponds to the one-dimensional one component plasma
(1dOCP) [5, 16, 17, 18, 19, 20] and k = 2 corresponds to the well known Calogero-Moser
model which is an interacting integrable system [7, 27, 28, 35]. Recently, for the Riesz
gas with a confining harmonic potential in Eq. (1), the average density in the thermal
equilibrium for large N has been computed exactly for all k > —2 [36]. This calculation
was extended recently to finite-range and other non-harmonic confining potentials [37].

Due to the long-ranged nature of the interaction, the equilibrium properties of
the Riesz gas provide an interesting example of the thermodynamics of non extensive
systems [38, 39]. In higher dimensions, the Riesz gas for large k is related to the
sphere packing problem which is a classic optimization problem [40]. For the Riesz
gas in thermal equilibrium at inverse temperature (3, the joint probability distribution
function of the positions of the particles is described by the Boltzmann distribution

1
P.({z;}) = 6—5Ek({$i}), 2
() =7 @)
where the partition function Zy(8) = [dzidrs...dzy e PPU@}) normalises this

probability distribution.
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One of the most natural and basic questions is: what is the average density of
the Riesz gas in thermal equilibrium, in the limit of large N7 This question has been
studied extensively in one dimension for & > —2 and is relevant in many different
contexts [36, 41, 42]. It turns out that for k& < —2, the system is unstable, in the sense
that even in the ground state the particles fly away to +=00. Recent exact results for large
N in Ref. [36] have shown that the shape and the scale of the average density profile
depend crucially on the value of k. For any k and g = O(1), the average density in the
large N limit has a finite support and is described by the following scaling form [36]

1, x
(o (@) = P (7o) 3)
where the scaling function pj . (y) is of the form

O ek
2% 0B (v, + 1,9 + 1)

lolt,uc(y) ) for — lzc < Yy < ll]glca (4)

with B(x,y) being the standard Beta function and
, for k>1

ﬂyk_{%l, for —2<k<1

Sl

The exponent oy in Eq. (3) is given by

k
= 1 fOI" kZ]. (6)
k:+r2’ for —2<k<1.

Thus the scaled density is supported over [—[}°, +1}°| where [}'° depends on the model
parameters and is given explicitly by [36]

2(k+1)C(k) ", fork>1

1 o )
i = 5 (ABOr + 1,y +1)) with Ay = 1 for k=1 (7)
52“1(”’“), for k<1.
Ty ||

Here ((k) = > 7, 1/nF is the Riemann Zeta function. In the above description, and in
the rest of the paper, the superscript “uc” refers to unconstrained Riesz gas. Similarly,
throughout the paper, we will reserve the superscript “x” to denote the saddle-point
solutions in the large N, as will become clearer later.

The average density profile in Eq. (4) is plotted for different values of k& in Fig. 1.
The behavior of the density profile can be classified into three different regimes of k
depending on the range of the pairwise interactions (see Fig. 2):

(i) Regime 1 (k > 1): short-ranged interactions. In this range the interaction falls off
rather rapidly, as a function of the separation between two particles. Consequently,
one can replace the pairwise long-ranged interaction by an effective short-ranged
one. In this regime, the average density is dome-shaped with a maximum at the
center and the density vanishes at the two edges of the support (see the third row
of Fig. 1).
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Figure 1. Scaled average density of the unconstrained gas pj; ,.(y) in Eq. (4) vs. y
for different values of k > —2. The three rows correspond respectively to (i) k > 1
(third row), (ii) —1 < k < 1 (second row) and (iii) —2 < k < —1 (first row). In (i) the
density has a dome shape, in (ii) also a dome shape and in (iii) it has a U-shape. At
k = —1 and k — +oo the density is flat. The blue dashed vertical lines indicate the
edges of the support of the density profile.

Regime 2 (—1 < k < 1): weakly long-ranged interactions. In this case, the long-
ranged interaction can not be replaced by an effective short-ranged one as in regime
1 above. Nevertheless, the average density still remains dome-shaped, as in regime
1 (see the second row of Fig. 1). Hence we call this regime as “weakly long-ranged”.
Regime 3 (=2 < k < —1): strongly long-ranged interactions. In this regime, the
repulsive force between two particles (i.e., the derivative of the pairwise interaction
potential) vanishes when they get closer to each other. However, at large distances,

the force increases with separation |r| as a power law ~ |r|/Fl=!

, making this a
“strongly long-ranged” system. This affects rather strongly the shape of the average
density profile. In fact the density profile is now ‘U-shaped’ where it diverges at
the two edges (but still integrable) and has a minimum at the center of the support

(see the first row of Fig. 1).

The density is completely flat exactly at £ = —1. Furthermore, the system undergoes a

change of behaviour at k = 1. This is also manifest in the k-dependence of the exponents

ar and 75 in Egs. (6) and (5) where one sees a drastic change of behavior as k crosses

the value k = 1. Note that the classification of the three regimes above is based on the

shape of the density profile. This is somewhat different from the nomenclature (short-

ranged/weakly long-ranged and strongly long-ranged) typically used in the literature

on long-ranged interacting particle systems, where the classification is based on the

thermodynamic behavior of the free energy [39] .
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Figure 2. The exponent k characterizes the range of pairwise repulsive interactions
between particles. For k& > 1 the interaction is effectively short-ranged. For
—1 < k < 1, the interaction, though long-ranged, is effectively weak and does not
qualitatively change the shape of the density profile compared to the short-ranged
case. For —2 < k < —1, the particles are subjected to strong long-range interactions,
that change drastically the shape of the density profile.

The main goal of this paper is to study how the average density profile in
the unconstrained Riesz gas gets modified in the presence of a wall at position W,
such that the particles are constrained to stay to the left of the wall. This is a
naturally interesting question in any interacting particle system: how does the presence
of a hard wall affect the collective properties of the system, such as the average
density? Recent experimental progress have made ultra-cold gases an ideal platform
to explore such collective behaviour. In many experiments involving ultra cold gases,
appropriate barriers are introduced to create desired non-trivial density profiles in a
controllable/tunable manner [13, 43, 44, 45, 46]. It is also an important intermediate
step in the computations of extreme value statistics (EVS) in a strongly interacting
system [47]. In EVS, one is interested in the distribution of the position of the rightmost
particle, Zyax. Using the Bolzmann distribution in Eq. (2), the cumulative distribution
of Zyax, in thermal equilibrium at inverse temperature 3, is given by [26]

1 W W
PI‘Ob.(ZL’maX S W) = Z—(@/ dCL’l .. / d{L‘N G_BEk[{zi}] . (8)
N —00 —00

To evaluate this restricted partition function in the large N limit using the saddle-point
method, one needs to compute the density that optimises the multiple integral in Eq. (8).
This optimal density, in the large N limit, also coincides with the average density in
the presence of a wall. Hence, computing the average density in the presence of a wall
is the first step towards calculating the EVS in this strongly interacting system.

The average density profile of the constrained Riesz gas (i.e., in the presence of a
wall at W) has in fact been computed, for large N, for two special values of k: namely
k — 0 limit (Dyson’s log gas) and k = —1 (1dOCP). For the k — 0 case, it was shown
in Refs. [23, 24] that the constrained density profile satisfies the scaling form as given
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in Eq. (3) and the scaling function is given by

L (197 — 2, with — [ <y <[5 for w > I,

poly, w) =
= %_(yw)[w—klo(w)—Qy], with — lp(w) <y <w for w <[,

(9)
where w = W/V/N, 18 = /2 and lp(w) = @. For w > I}, the gas does not feel
the presence of the wall at w and the density is the same as that of the unconstrained
gas, i.e., the Wigner semi-circular form, as given in the first line of Eq. (9). In contrast,
when w < [§°, the gas gets pushed by the wall. This leads to a complete re-organization
of the charges and the density gets drastically modified from the Wigner semi-circular
law, as given in the second line of Eq. (9), where the density vanishes at the left edge

of the support ly(w), while it diverges as a square-root singularity ~ \/u}—_y at the right
edge of the support located at w. This integrable divergence indicates an accumulation
of charges at the wall when the gas is pushed [26].

However, the presence of the pushing wall affects the density for the 1dOCP
(k = —1) differently. It has been shown in Refs. [19, 20] that in this case the constrained
density profile is given by

ﬁ, with — "9 <y <% for w>1["
P (y,w) = ﬁ - %5@ —w), with—01"(w) <y <w for —1" <w <"
6(w —y), with y <w for  w < —1"9

(10)
where [" = 1. As in the log gas, for w > ("9, the gas does not feel the presence of
the wall and the average density has the same flat profile as in the unconstrained case.
When w < ["9, the particles feel the presence of the wall, leading to a re-organisation
of the particles, as in the log gas. However, how they get reorganised for £ = —1 is
drastically different from the £ — 0 case. For k = —1, the particles that get displaced
by the wall get fully absorbed inside the wall, leading to a delta-function peak at y = w,
that coexists with an undisturbed flat bulk to the left of w. This leads to the density
in the second line of Eq. (10). Finally, when w < —["9, all the particles get absorbed
in the wall, leading to a single delta-peak, as given in the third line of Eq. (10).

These two specifics cases of k suggest that the shape of the density profile gets
affected dramatically due to the presence of the wall. In this paper, we compute exactly,
for all £ > —2, the density profile of the constrained gas in the presence of a wall. In the
next section we summarise our main results. The derivations of our results are provided
in Section 3. Section 4 contains a summary and conclusions. Some details are relegated
to the Appendix.
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2. Summary of the results

Our main result in this paper is the exact computation of the average density of the
Riesz gas (characterised by the exponent k > —2) in thermal equilibrium in the presence
of a wall at position W. The effect of the wall is to constrain the particles to stay on
the semi-infinite line to the left of the wall. Consider first the unconstrained gas, i.e.,
without the wall. This is equivalent to placing the wall at W = +o00. The scaled density
of the unconstrained gas is supported over [—{}°, [}°] (see Fig. 1) where [} is given in
Eq. (7). Now imagine bringing the wall from infinity to a finite position . For all
k > —2, we find that the scaled density of the unconstrained gas remains unchanged as
long as the (scaled) position of the wall w = W/N* |[with oy given in Eq. (6)] is larger
than [;°. In this regime, the particles do not feel the presence of the wall. However,
when w < [}, the particles feel the presence of the wall and reorganise themselves. This
leads to a modification of the mean density and the nature of the modifications depends
on the exponent k characterising the range of the interactions. We again find three
principal regimes of k (see Fig. 2): 1) k > 1 (where the interaction is effectively short-
ranged), 2) —1 < k < 1 (weakly long-ranged interaction) and 3) —2 < k < —1 (strongly
long-ranged interaction). The exact form of the modified density in these three regimes
are summarised below (see also Fig. 3). We obtain these results by employing a saddle-
point method in the large-NV limit. Finding the analytical solution of this saddle-point
equation is the main technical achievement of this paper.

Regime 1 (k > 1): short-ranged interactions. In this regime the interaction is extremely
short-ranged and the effective field-theory becomes local and simple [36]. Solving
the associated saddle-point equation in the presence of a wall at the scaled position
w = W/N* with oy, = k/(k+2), we find that, for w < [}, the mean density, supported
over the finite interval [~ (w), w], is given by

pi(y,w) = Ap (Lk(w)> —y*)* , for—l(w) <y <w, w<e, (11)

where Ay, is given in Eq. (7) and the location —lx(w) of the left edge of the support
is determined from the normalisation condition ff)lk (w) pi(y,w)dy = 1. This analytical
result is verified through Monte-Carlo (MC) simulation in Fig. 4. The density vanishes
at the left edge —I(w) while it approaches a finite value at the right edge, i.e., at the
location of the wall (see Fig. 3). In addition, as w — —oo, the size of the support in
scaled units

Li(w) = w+ lg(w) , (12)
decreases as Li(w) ~ |w|_kii2 for a fixed k > 1 (see Fig. 5).
Regime 2 (—1 < k < 1): weakly long-ranged interactions. In this regime the interaction

between two particles at small separation is weaker compared to the previous case
(k > 1), however it is relatively more long-ranged. As a result, the action in the large- N
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Figure 3. Scaled average density of the constrained gas pj;(y) vs. y for different
values of k& > —2. The three rows correspond respectively to (i) & > 1 (third row),
(ii) =1 < k < 1 (second row) and (iii) —2 < k < —1 (first row). The blue dashed
vertical lines indicate the edges of the support. In the second and in the third row,
the right edge of the support coincides with the scaled wall position w. In the third
row the density is a constant at the wall while it diverges in the second row. In both
the second and the third row, the density vanishes at the left edge (for £ = 10 in the
third row, the true density at the left edge vanishes, though it is not clearly visible due
to the compression of the scale). In the first row, the density has an extended bulk
part, sandwiched between the two vertical dashed lines and a delta peak at the wall
w (shown by a thick solid vertical line). In between, there is hole devoid of particles
(shaded cyan region) which disappears for kK = —1 (the third figure in the first row).

field theory becomes non-local. This modifies the density in a slightly different way
compared to the regime 1. We find that the density is still supported on a finite interval
[—li(w),w] and it vanishes at the left edge —I;(w). However, at the right edge, i.e., at
the wall, the density diverges, though it remains integrable. This is different from the
regime 1 where the density approaches a nonzero constant at the wall. We find that the
density profile in this regime is explicitly given by

Py, w) = Ay (i’f(w) _( y>(lk()7“f_)k+ y)% , for—L(w)<y<w , w<l® (13)
w—1y) 2
where Ty(w) = %((k + 1)l(w) + (1 — k)w) (14)

Here, Ay is given by Eq. (7) and I (w) is found from normalization of the density. A plot
of this expression of the profile is given in Fig. 6 where it is also compared with numerical
results. As in the case of regime 1, we have studied the support size Ly(w) = w + ¢ (w)
as a function of w, shown in Fig. 7. As w — —o0, the support size decays algebraically
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as Li(w) ~ |w|_k7i?.

Regime 3 (=2 < k < —1): strongly long-ranged interactions. In this regime, the force
between two particles vanishes when two particles get closer to each other. However,
at long separation, the repulsive force increases as a power law ~ ]r\|k|_1 of the inter-
particle distance |r|. As a consequence, the associated field-theory is strongly non-local.
In the presence of the wall, this leads to a rather exotic scaled density profile consisting
of two disjoint pieces separated by a hole: a bulk part, supported over [—I(w), [x(w)]
and a delta peak with weight D (w) located at w > I[,(w) (see the top row of Fig. 3).
Thus the hole extends over [[,(w), w] which is devoid of any particle. Moreover, unlike
in regimes 1 and 2, where the density vanishes at the left edge —Ix(w), in regime 3, the
density actually diverges in an integrable fashion. The presence of the wall is felt over
a much wider region in this case, due to the strong non-local nature of the interaction.
As the wall is pushed further to the left side, at some critical position w.(k) < [} the
support of the bulk part shrinks to zero and all the particles accumulate at the wall,
leading to a single delta function at the wall for w < w.(k). We find the following
explicit expression for the density profile

k43

(@) (Lw)—y) F

A s T-l(w) <y < (w)] +Di(w)d(w - ),
iy, w) = for w > w.(k) (15)
[ d(w—y), for w < we(k)

where I represents the indicator function, Ay is given by Eq. (7) and the other constants
are given by

- _ 2w+ (k+ 1)l(w)

lk(w) k+3 ’ (16)
‘ (s(w) = w) (w+ () 3 ( (k4 1) (w = l(w))\ >

Di(w) = . |k;|(k+3)k ( kr3 - ) ’ (17)
oty = 2 ]kkfftlﬂm. )

The value of I (w) is again determined from the normalisation condition. The analytical
expression in the first line of Eq. (15) is plotted in Fig. 8 where it is also compared to
MC simulations. In this regime 3 of k, the support length of the extended part decays
as the wall is pushed to the left and goes to zero at a critical wall position w = w.(k).
This can be seen from Fig. 9.

Furthermore, in this regime 3 of k, we find an interesting first-order phase transition
in the density profile as the scaled wall position decreases below a critical value
w*(k) > w.(k). We find that the actual density profile is a pure delta-function for
all w < w*(k). Thus the solution in the first line of Eq. (15) is actually metastable in
the intermediate region w.(k) < w < w*(k). This is discussed in Section 3.3.
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3. Derivation

For a given configuration of the positions (1, Zs, ..., xy) of the particles, we define the
empirical density as

NGRS WISOR (19)

We are interested to compute the thermal average of this empirical density for large NV
which we denote by py(z) = (pn(z)). To proceed, we first look at the partition function
of the Riesz gas in the presence of wall given by

w w

[e.9] —00

For large N the multiple integrals in the partition function can in principle be
done in two steps. First integrate over the microscopic configurations corresponding
to a given macroscopic density profile py(z) and in the second step perform a
functional integration over these macroscopic density profiles. After integrating over the
microscopic configurations, one obtains, for large N, the following functional integral [36]

W
Zu(B) ~ /D[pN]e—BSk[pN(w)]—Nfdm p (@) In(pn (7)) 5 (/ drpy(z) — 1) 7 (21)

—00

where the energy functional E[pn| can be computed from the energy Ei({z;}) given
in Eq. (1). The entropy term in the exponent counts the number of microscopic
configurations associated to a macroscopic density py(x). The delta function ensures
that the functional integrals are performed only over normalised density profiles. For
large N, it has been shown [36] that the energy functional &[py] takes the following
form, depending on the value of k

(C(k)NkH f_VZO dz [py ()], for k>1

N W
E lpn(z)] = 5/ dr 2*pn(x) + { N? lnNLV[:>o dz [pn(2)]?, for k=1

— 00

sgll(];)N2 f_VI;o dx/dJU% fOI‘-Q < k? < 1
(22)
To determine the scale Ly over which the density varies, we rescale the density

\

as pn(z) = Ly'pr, (zLy') and substitute this scaling form in Eq. (22). The first term
corresponding to the confining harmonic potential scales as N L%,. The scaling of the
interaction term depends on k. For k > 1, it scales as N**! L;,’“ , for kK = 1 it scales
like N2(InN)/Ly and for —2 < k < 1 it scales as N2Ly* . Matching the interaction
term and the confining term for each k, one finds that Ly ~ N% where a4 is given in
Eq. (6). In the marginal case k = 1, Ly = (N In N)'/3. Plugging this scaling ansatz for
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pn(x) in Eq. (22), one then gets [30]

. NZowtl for k # 1
— Ly h = 2
 [on(@)] = B [pulaLy)] . where By {N5/3(ln N2 for k=1 (23)
and the scaled energy functional &, [p(y)] takes the following forms
e C(k) [ dy pe(y)* k>1
Eln =5 [ dy i)+ [ dy o) k=1 ()
- o [l Sy M 2 <k <1,

with w = W/Ly. Substituting (23) in the expression (21) for the partition function,
one finds that the energy scale By is much bigger than the scale of the entropy, since
By > N for large N and fixed 5. Hence, neglecting the entropy term and using the
integral representation of the delta function §(z) = |, %e“x where I' runs along the
imaginary axis in the complex p-plane, we rewrite the partition function in Eq. (21) as

Zu(8) = / s / Dion] exp [~ BBy s [px(y), 1 + o(By)] (25)

where o(By) represents terms of order smaller that By (subdominant) and the action
Sk [or(y), p] is given by

Selotid = (&t = ([ antn ~1)) | (26)

with & [pr(y)] given in Eq. (24).

The integrals in Eq. (25) can be performed using saddle point method in which one
requires to minimise the action X [px(y), p] in Eq. (26) to find the saddle point density
pi(y, w) and the chemical potential uj. The saddle point equations read

0%k [k (v) , 1] —0 (27)
ook (¥) | pr(w)=st (ww)
p=py
0%k [k (v) , 1] —0 (28)
op P (y)=pj, (y;w)
H=Hy,

Note that the second equation above is equivalent to the normalization condition
[ dypr(y) = 1. In the limit N — oo, the saddle point density clearly coincides with the
average density.

3.1. Regime 1 (k > 1): short-ranged interactions

In this regime the interaction energy falls so quickly with increasing separation that
it effectively acts as short-ranged and consequently the energy functional & [px(y)]
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becomes local in the leading order for large N (see Eq. (24)). The saddle point
equation (27) becomes

2

i = 5 4 (ke 1)G(R) [of (9,0 (29)

for k£ > 1 (the case k = 1 is treated separately below). This equation of course is
valid for y belonging to the support of the density. To determine the support, we solve
Eq. (29) explicitly, giving

where Ay is given in the first line of Eq. (7). This density is real and nonzero for
—\/21; <y < ++/2u;. Now there are two possible situations: (i) when w > /2 and
(ii) when w < /2p. Consider the situation (i) first. In this case, the density is given
by Eq. (30) and is supported over [—/2u5, ++/2u;]. The only unknown is pj which

V20

is fixed by the normalization condition f e pi(y,w)dy = 1. It is easy to show that

luc luc

it gives /2u; = [}° where [} is given in Eq. (7). In this case, the density in (30) is
precisely the unconstrained density given in Eq. (4). Thus we conclude that for w > [}
the unconstrained density is not affected by the presence of the wall.

We next consider the case (ii) above, i.e., when w < \/2_;5; In this case, the support
of the density in Eq. (30) is over [—/2u}, w]. Thus, unlike in case (i) above, the density

does not vanish at the upper edge w of the support (see Fig. 4) and it reads

Py w) = Ay (205 —2)* , —VAE<y<w. (31)

Setting \/2u; = li(w), the density is then supported over [—l;(w),w]. The only
unknown [ (w) is then fixed by the normalization condition fi”lk(w) pily,w)dy =
Substituting the density from Eq. (31), the normalization condition can be expressed

in terms of an auxiliary variable m; = wg}f’&%’)
B 1 1 ok
(2my — 1) ( (e + 1Ly +1) ) _w (32)
B(my; e+ 1,7 + 1) I
where B(my;a,b) = [ u* (1 —u)""* du is the incomplete Beta function and we recall

that v, = 1/k and oy = k/(k + 2). The variable my, lies in the range [0,1]. Solving
Eq. (32) gives my, which in turn fixes the unknown constant [;(w). Let us investigate
two limiting cases. First consider the limit w — [} from the left. In this case the right
hand side of Eq. (32) approaches 1 and therefore my — 1 in this limit, i.e., l(w) — [}
as expected. In the opposite limit where w — —Ip(w) (i.e., in the limit of vanishing
support size Li(w) = w + l(w) — 0, which happens when w — —o0), the variable
my — 0. Using the small my behavior of B(my;a,b) ~ m$ in Eq. (32), it is easy to
verify that the support length Lj(w) = w + I (w) ~ |w|~/*+) as w — —oo.

The density profile of the constrained gas in Eq. (31) is plotted (solid line) in
Fig. 4 where it is compared with numerical simulations (symbols) for different values
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Figure 4. Regime 1 (k > 1): Comparison between MC simulations (symbols) and the
theoretical expression given in Eq. (30) (solid line) of the scaled density profile of the
Riesz gas in the presence of the hard wall at w = 1.0 for k¥ = 1.5. The parameters used
in this plot are J =1 and T' = 1. The dashed vertical line on the left marks the left
edge —li(w) (shown by an arrow) of the density while the wall is located at w (shown
also by an arrow).

of N. We observe that for increasing N the numerical density profile converges to the
analytical expression. Clearly, the density is nonzero at the wall while it vanishes at
the left edge as ~ (lx(w) — |y|)"* with 7, = 1/k, as in the unconstrained case. As w
decreases below [}}°, the gas is pushed to the left and, as argued above, the support size
Li(w) = w + li(w) shrinks algebraically Ly (w) ~ |w|71%k as w — —oo. This result is
verified in simulations in Fig. 5 where we plot the support length L;(w) as a function of
w for given k. Following the same procedure for kK = 1, we find that the density profile
is given by the same form as for & > 1

pi(va) = Al (ll(w)2 - y2) ) for - ll(w> < Y < w, w < lilc ) (33)

with the prefactor A; = 1/4 [see the second line of Eq. (7)] and /1 (w) is determined for
the normalization condition.

3.2. Regime 2: Weakly long-ranged interactions (—1 < k < 1)

In this regime of k, the interaction forces decay slower with increasing inter-particle
separation compared to the previous short-ranged regime. The energy functional in this
regime is given by the third line in Eq. (24). Using this in the saddle point equation (27)
we get , /
w x w

= sen) [ ay SR (34)
To solve this equation, we note that the first term on the right hand side grows arbitrarily
for large negative y whereas the second term can at maximum grow as y* ¥ (for k < 0).
Since puj is a constant the Eq. (34) can be valid only for density profiles with finite
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Figure 5. Regime 1 (k > 1): Plot of the support size Li(w) = w + lx(w) = 22”’1’2:‘1*’1
as a function of w < [}}°, obtained by solving Eq. (32) for my. Ly(w) decreases
monotonically with decreasing w, shown for two different values of k. As w — —o0,
the support size decreases algebraically as Ly (w) ~ |w|~'/(**1) . The vertical dashed

lines indicate the positions of the unconstrained right edge {;}° for the two values of k.

support (—l(w),w). Taking a derivative with respect to y on both sides of Eq. (34) we
get

w * / _

ey -y [k
where P.V. represents the principal value. Note that this integral is interpreted in
principal value sense only for 0 < k < 1, but for —2 < k£ < 0 it is considered as normal
integral. We need to solve the integral equation (35) to obtain the desired density. We
can simplify the calculations by shifting the coordinates to the left edge and scaling
with the length of the support Ly(w) = w + l(w), i.e., by making the transformation

Y+ (w)

2= Since the density is normalised it is expected to take the scaling form

,W) = ,W |, 36
where ¢(z,w) is now supported over z € [0, 1] and satisfies the Sonin equation
L gy( sgn(z —a)
P.V. A dz' =hi(z) , 0<z<1, (37)

with hg(2) = Ak (2 — qe(w)), Ax = —% and qx(w) = é’;(( 7. The only unknown

so far is [y(w). Fortunately, the Sonin equation can be inverted for arbitrary source
function hx(z) and the general solution is given by [48]

k—1

dr(z,w) = Co(2(1—2)) * +u(z), with (38)

2ALk k-1 O r w1 O [1 k4l ko1
uk(z)ZB(#ui)z 2 %</ tH(t—2) 5/0 hy)y ™ (t—y) 3 dydt), (39)

27 2
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Figure 6. Regime 2 (—1 < k < 1): Comparison between MC simulations (symbols)
and the theoretical expression given in Eq. (44) (solid line) of the scaled density profile
of the Riesz gas in the presence of the hard wall at w = 1.0 for £ = 0.5. The parameters
used in this plot are J = 1 and T = 1. The dashed vertical line on the left marks

the left edge —l;(w) (shown by an arrow) of the density while the wall is located at w

(shown also by an arrow). The density diverges at the wall as ~ (w — y)*~1/2,

where Cj is an arbitrary constant and Ay, is given in Eq. (7). In Eq. (38), the first term
represents the general solution of the homogenous part of the equation (with hy(z) = 0),
while the second term ug(z), given explicitly in Eq. (39), represents a particular solution
of the full inhomogeneous equation (37). Inserting the explicit form of hy(z) [given after
Eq. (37)] in Eq. (39) and performing the integral (detailed in Appendix A.1), we obtain
the full general solution

or(z,w) = (z(l — z))%fl [C’o — Aglk|Ap(1 — z)(z — 7 (2 (w) — 1))] , (40)

where v, = (k 4+ 1)/2. The only unknown parameters so far are Cy and [y (w).

As in the regime 1, there are two possible scenarios, depending on the value of
w compared to the unconstrained right edge ;. If w > [}°, it turns out that the
constant Cy = 0 and the density is the same as the unconstrained density supported
over [—[}°, 4+0}] and is given in Eq. (4). The situation however is drastically different
for w < [}}°. In this case, it turns out that the constant Cj is nonzero and is determined
as follows. To fix Cj in this case, we need to use some informations about the density
profile from numerical simulations (see Fig. 6). From the simulations, we see that the
density vanishes at the left edge (corresponding to z = 0 in the shifted coordinate), while
it diverges at the right edge at w (corresponding to z = 1 in the shifted coordinate).
From Eq. (40), since 7, —1 = (k—1)/2 < 0 here for k& < 1, it follows that if the density
has to vanish at z = 0, the term in the square bracket must vanish at z = 0. This fixes
the constant Cy = —Ag|k| Ak (7 — 1)(2gx(w) — 1). Hence ¢y (z, w) becomes

iz, w) = Aplk|Apz™ (1 — 2)" (gp(w) — 2)I[0 < 2 < 1] (41)
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Figure 7. Regime 2 (—1 < k < 1): Plot of the support size Li(w) = w + li(w) =
% as a function of w < [}}°, obtained by solving Eq. (45) for gi(w). Li(w)
decreases monotonically with decreasing w, shown for two different values of k. As

w — —oo, the support size decreases algebraically as Ly(w) ~ |w|~%/*+1). The
vertical dashed lines indicate the positions of the unconstrained right edge [}}° for the
two values of k.

where

(k+3)p(w) + (1 — k)w
2(w + U (w)) ’

and we used gqr(w) = l(w)/(w + lg(w)). Note that gp(w) in Eq. (42) can also be

expressed in terms of the support length Ly (w) = w + I (w) as

_k+3 (k+Dw

gr(w) = v 2g(w) — 1)+ 1 =

(42)

= 4
Thus, finally, the density in terms of the original coordinate y reads
Ay, w) = Aulle(w) +9) T (w = )T (R(w) —y), for —l(w)Sy<w, w<i
(44)

where [ (w) = S((k + 1)li(w) + (1 — k)w) as given in Eq. (14). The only remaining
unknown [, (w) is then determined from the normalization condition | iulk(w) Py, w)dy =

1. The normalization condition can be conveniently expressed in terms of gx(w) defined
in Eq. (42) as

(vk + 17—k gk(w)) (gk(w) (2+ %) _ (1 n %))ak - % , (45)

where we recall that oy, = 1/(k +2) and v, = (k + 1)/2. This equation is the analogue
of Eq. (32) in the regime 1. For a given w and k, we solve this equation numerically

to get gp(w) which, via Eq. (42), in turn fixes the only remaining unknown constant
l(w). Once lx(w) is fixed, Eq. (44) then provides the exact density profile of the
constrained gas. We verify that in the limit & — 0 our results recover the known
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results for the Dyson’s log gas in the presence of a wall [23, 24]. The numerical results
from MC simulation for the density profile are in perfect agreement with our analytical
predictions, as shown in Fig. 6 for a representative value k = —0.5 in this regime.

Omne can show that the solution for gi(w) in Eq. (45) lies in the range [1,+00). It
is easy to see that when w approaches [}°, the right hand side of Eq. (45) approaches 1
and consequently g(w) — 1. From Eq. (42), we see that ;(w) — w and since w — [}
it follows that [(w) — [}, i.e., to the right edge of the unconstrained gas. In contrast,
when w — —o0, it is easy to check from Eq. (45) that gx(w) diverges as gg(w) ~ |w|ll§7ﬁ
Substituting this behavior in Eq. (43), we see that Ly(w) ~ |w|7k%r1 as w — —oo. In
Fig. 7, we plot the support size Ly(w) as a function of w for k = —0.5 and k£ = 0.9.

We see from Eq. (44) that the density at the wall diverges as pi(y,w) ~
(w — y)*=1/2 (since k < 1). Thus the divergence becomes stronger as k decreases
and at k£ = —1 it becomes non-integrable, signalling a breakdown of the validity of the
solution in Eq. (44). This calls for a different analysis for —2 < k < —1, which we carry
out in the next subsection.

3.3. Regime 3: Strongly long-ranged interactions (—2 < k < —1)

In this regime not only the interaction energy but also the interaction force is zero
at vanishingly small separation. As a consequence of this the density in this regime,
in the presence of a wall, displays interesting features as seen in Fig. 8 where we
plot constrained density profile pi(y,w) as a function of y obtained from numerical
simulations. Interestingly, in this case, for & < —1, the average density profile, supported
over a finite range, consists of two disjoint parts with a region devoid of the particles
(hole) in between them. One part corresponds to a very high density (a delta peak) at
the position of the wall (see the inset in Fig. 8). The other part has an extended profile
which vanishes at the right edge bordering the hole and has an integrable divergence at
the left edge (see Fig. 8). Strictly for £ = —1 (1dOCP) the hole disappears and the
extended bulk merges with the delta-peak [20]. These observations suggest an ansatz
for the scaled density profile of the form

pr(y, w) = py(y, w) [l (w) <y < (w)] + Dp(w)d(w —y) | (46)

where —I(w) < [(w) < w. The extended part of the density p,(y,w) (where the
subscript b refers to the bulk density) is assumed to be supported over (—lx(w), lx(w)).
Here [ (w) denotes the right edge of the extended density profile, or equivalently the
left edge of the hole. Hence the hole is over the region 3 € (Ix(w),w). The amplitude
Dy (w) of the delta-function just denotes the fraction of particles in the delta-peak. In
fact, with this ansatz (46) the normalisation condition reads

I (w)
|ty + D) =1 (47)

=l (w)
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The next step is to substitute this ansatz (46) in the expression for the scaled energy
function in the third line of Eq. (24). It reads

~ 1 l_k( lk(w p y7 IO y/’w
=g [ dyinto -3 [ / wy Pl )

Iy (w) () ly" — yl*

+ Du(w) [“’— -/ ) poly, w) dy] | (48)

2 Cle(w) W =y

The first two terms represent the energy of the particles in the extended part with
density py(y,w). The third term represents the energy of the particles localised in the
delta-function — it has two parts: the first part Dy(w)w?/2 represents the potential
energy of these particles while the second part represents the long-ranged interaction
energy between these particles and the extended bulk with density p,(y, w), separated
by the hole. Note that the interaction energy between the particles localised at w does
not contribute as it vanishes identically for k£ < 0, which is the case in this regime 3.
The goal is now to minimise this scaled energy functional in (48) by varying
py(y, w). Note that the amplitude of the delta-peak Dy(w) is automatically fixed by
the normalization condition (47). Hence the optimisation will be only with respect to
pu(y, w), and not Dy(w) independently. Taking a functional derivative with respect to
(Y, w) subject to the constraint (47) enforced by a Lagrange multiplier u, we get

2 (W) (1
=L [ By D) — )t (19)
~l(w) [y = ¥/
where the subscript ‘*’ indicates the optimal value of the parameters and the density.
The optimal density pj(y,w) has thus two unknown parameters —I;(w) and l;(w) and
we recall that the constant Dy (w) is fixed from the normalization condition (47).
To proceed further we take a derivative of Eq. (49) with respect to y and get

Ie(w) (1 /

Py (Y, w)sgn(y’ —y) Y . _

/ ’ kA dy' = T D (w)(w — y)~*+Y. (50)
Ly (w) ly — |

This can be simplified after a change of variable z = £ ) ) where Li(w) = lp(w) 4+l (w)

L, (w

is the size of the support. In this shifted and scaled coordlnate the density takes the
scaling form

oyw) = = qbk( IO (51)

’ Li(w) "\ Ly(w)
where ¢ (z,w) satisfies the following equation
1 /
sgn(z' — z)

with hg(2) = Ar(z — qi) + Be(gr — 2)"*+1). The constants are

[Zw)] ™ w+ b(w) lw)
Ay, = —T ) gk(w) = T ) C]k( ) Lk(w)

y By = —Dy(w),  (53)
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Figure 8. Regime 3 (—2 < k < —1): Scaled density profile for w = 1 and k = —1.5:
comparison between MC simulations (symbols) and the theoretical expression given in
Eq. (46) with pp(y, w) = pj(y,w) in Eq. (62) and Dy(w) = Dj(w) in Eq. (60) (solid
line). The parameters used in this plot are J =1 and T' = 1. The dashed vertical line
on the left (right) marks the left (right) edge —I(w) (I(w)) shown by an arrow. The
cyan shaded area is the hole region and the thick black line at y = w = 1.0 is the delta
function.

where we recall that Ly(w) = Iy (w) + l(w). This equation (52) looks similar to (37) in
regime 2. However, there is no principal value (P.V.) in Eq. (52). This is due to the
fact that for £ < —1 the integrand is not singular inside the support.

The integral equation (52) can be solved exactly using Sonin inversion formula given
in Eq. (38). After a long calculation presented in Appendix A.2, we find

dr(z,w) = (2(1 = 2)) 71| Co — Aplk|(1 — 2) Ak (1 (1 = 2gx(w)) + 2)
(54)

B l—=z 27kgk(w)
Ak =P gt (e (w) — DY |

where Cj is an arbitrary constant and v, = (k + 1)/2. Thus so far, we have three
unknown constants characterising the optimal density: Ix(w), lx(w) and Cy. To fix
these three unknowns we proceed as follows.

We start by fixing Cy. As z — 1in Eq. (54), the density ¢y (2, w) ~ Co(1—2)*=D/2,
Since k < —1 we see that the density has a non-integrable divergence at z = 1 unless
Cp = 0. Since the density is normalizable, Cy = 0 is the only possible choice. Setting
Co=01in Eq. (54), we get
2T (1 — 2)7k

gr(w) — 2

or(z,w) = —Aglk| Ay

By, 279,91 (w)

X (%(1 — qu(w)) + Z) (ge(w) — 2) + A_k (gr(w)(gr(w) — 1))

, (55)
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Figure 9. Regime 3 (—2 < k < —1): Plot of the support size Lj(w) = I (w) + lx(w)
in Eq. (65) (with gi(w) determined from Eq. (63)). Lg(w) decreases monotonically
with decreasing w and vanishes at w = w.(k) given in Eq. (67) and marked by the
two vertical dashed lines on the left for K = —1.5 and kK = —1.1. The unconstrained
right edge [}, for these two values of £, are also marked by two vertical dashed lines
on the right.

where we recall again that v, = (k + 1)/2 < 0 in this regime 3. Let us first look at
the edge at z = 1. The term (1 — 2)™ clearly diverges at the right edge, where z — 1.
On the other hand, from MC simulations, we see the density always vanishes at this
edge. This means that the term inside the square bracket in the second line of Eq. (55)
must vanish as z — 1. Secondly, investigating the z — 0 limit in Eq. (55), we see that

k=1/2 which leads to a non-integrable divergence. Hence

the amplitude diverges as z(
the term inside the square bracket in the second line of Eq. (55) must also vanish as
z — 0. Note that the square bracket on the second line of Eq. (55) is a polynomial in
z of degree 2, and hence it must of the form z(1 — z) in order to satisfy the behavior at
both edges z = 0 and z = 1. This implies

By, 299k (w)

| (1= 2a(w) + 2) (9(w) = 2) + S sy =) — 212 (50

Matching the powers of z on both sides gives two relations

e + 1 — gi(w)
() = 250 57
and
By Di(w) _ gr(w)™(ge(w) — 1)7*!
A A 11+ K| ’
where we used By = —Dj(w) from Eq. (53). Solving these Egs. (57) and (58) one can
get D and [y (w) in terms of I (w)

(58)

I (w) 2w + (:j_—;)lk(w)

, (59)
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Figure 10. Regime 3: Simultaneous plots (i) of the amplitude Dj(w) of the delta
function, associated with the density p!(y,w) in Eq. (68) (dashed red line) and (ii) of
the order parameter My (w) defined in Eq. (73) (solid green line), as a function of w for
fixed k = —1.5. We see that Dj(w) increases with decreasing w and approaches to 1
as w — wq(k), while the order parameter My (w) coincides with Dj (w) for w > w* (k)
but jumps to 1 at w = w*(k). This jump in M(w) at w = w*(k) demonstrates a
first-order phase transition.

() = w) (w + l(w)) "+ ((k +1) (w = () ) = o)

k| (k+3) k+3 ' (
The only remaining constant [p(w) is finally determined from the normalization
condition Eq. (47). The scaled bulk density is then given by

Dy (w) =

2 (1 — 2)" !

= —Ailk 61
Pz, w) | k[ A w@) —2 (61)
which in terms of the original coordinates reads
. L(w) = y) ettt k+1
Py (y, w) = Ag (ly(w) +y)™ ( k((ll —yy)) where 7 =——, (62)

and the constant Ay is given in Eq. (7). Inserting this density (62) in the normalization
condition Eq. (47) and using the expression for Dj(w) in (60) we find that I (w) satisfies

the equation

ge(w)(2y, +1) — (v + 1) ( dk(w)>_a’“ w
1 w), Ve, Ve + 1) + = —, 63
%B(%+ L+ 1)_% (gk( ) Vi Vk ) A, Z}QC ( )

where we recall that gp(w) = Ly(w)/Li(w) with Li(w) = w + ly(w) and Ly(w) =
l;(w) + lx(w). Here

ge(w) ™ (gr(w) = ™
k(k+ 1)

Lame(1 — z)mtt
I(gr(w), vi, 7 + 1 :/ ———————dz and di(w) =
(gr(w), ve, 11 + 1) o) -2 K(w)

(64)
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For a given w and k, we solve this equation numerically to get gi(w). Using gi(w) =
(w + lp(w))/Li(w) where
~ - Q’ka
Liy(w) =l (w) + I (w) = ,
{0 =) = o S gt — ()
we then finally fix the only unknown I (w). We then have the full analytical expression

of the bulk density p;(y,w) in Eq. (62) and the weight of the delta function Dj(w) in
Eq. (60). The numerical results from MC simulation for the density shown in Fig. 8

(65)

are in good agreement with these analytical predictions. A slight complication arises in
the MC simulation as it turns out that the particles have extremely small fluctuations
and hence are confined to a small region around there mean position. So to get a better
thermal average of density we need to go to larger N which is computationally costly.
We bypassed this issue by considering comparatively high temperature 7" = 1000 but
still satisfying the constraint BN2?* > 1. At such high temperature particles fluctuate
more leading to a smoother density profile for the chosen values of N. We notice that
the numerical densities match better with the expression Eq. (62) for larger values of N.

Let us first analyse the limit w — [})° from the left. In this limit, the right hand
side of Eq. (63) approaches to 1. Consequently, one can show, by analysing the left
hand side of Eq. (63) that gi(w) = Ly(w)/Li(w) — 1 in that limit. Consequently,
Li(w) = w4+l (w) approaches Ly (w) = ly(w) +I(w). Hence, ly(w) — w indicating that
the hole disappears in this limit. In addition, from Eq. (65), it follows that [(w) — w
and the support length Ek(w) — 2[p°. In addition, the weight of the delta-peak in
Eq. (60) vanishes in this limit. We thus fully recover the 'U-shaped’ unconstrained
density, as in the first row of Fig. 1.

Now consider pushing the position of the wall w further to the left. As w decreases,
more and more particles get transferred from the extended bulk to the delta-peak. As
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Figure 12. The optimal density is one of two different types pi(y, w) and pil(y,w)
defined respectively in Eqs. (68) and (69). For w > w*(k), pk(y,w) is the optimal
density. For w.(k) < w < w*(k), the density pi(y,w) becomes metastable, while
pH (y,w) represents the true minimum. Finally, for w < w,(k), the solutions pi(y,w)
and pi!(y,w) merge with each other.

a result, the support of the bulk density I:k(w) reduces monotonically with decreasing
w (see Fig. 9) and the weight of the delta-peak Dj(w) increases monotonically with
decreasing w (see Fig. 10). It turns out that there is a critical value w.(k) at which
Di(w) hits 1 and simultaneously Lj(w) hits 0. At w = w,(k), there are no particles
left in the extended bulk and the wall absorbs all the particles. If w is decreased below
w,(k), all the particles are still at the wall and the density remains a delta-function at
the wall, i.e.,
prly,w) = 0(w —y) for w < we(k). (66)
To determine the critical value w.(k), we first note that the support length
Li(w) = lp(w) + l(w) = 0 at w = w.(k). Using l(w,) = —Ilp(w,) in Eq. (59) gives
l(w.) = —w./(k + 2). Substituting this value in the expression of Dj(w) in Eq. (60)
and setting Dj(w.) = 1 gives

(k +2) [k(k + 1)|F7=
k+1

we(k) = (67)
Since —2 < k < —1, w.(k) < 0. Note that in the limit k¥ — —1, w.(k) — —1, which is
indeed the left edge of the unconstrained scaled density [19, 20].

Metastability and first-order phase transition. So far, we have assumed that the optimal
density profile for —2 < k < —1 is given by the ansatz in Eq. (46) which consists of a
disjoint bulk part and a delta-peak at the wall, separated by a hole in between. We will
denote this solution by the superscript I and it reads

Py, w) = py(y, W)I[~lk(w) < y < le(w)] + Di(w)d(w —y) . (68)

We have seen that for w < w.(k) this density becomes a pure delta-peak located
at w, with w.(k) given in Eq. (67). This suggests that there could be a candidate
configuration for a minimum energy, denoted by a superscript /I, which consists of a
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pure delta-function at w for any w, and not just for w < w.(k). It reads

pi (v, w) =0y —w) . (69)
These two candidate configurations pl(y, w) and pl(y,w) merge for w < w.(k). Hence
for w > w,.(k), one naturally wonders which one of these two configurations pi(y, w) and
pH (y,w) has the lower energy. To answer this question, we need to evaluate the energy
in Eq. (24) associated to these two density profiles and compare them for w > w.(k).
Let us denote the two energies by &/ (w) and / (w) respectively. The energy £ (w) is
very simple and is given by just £’ (w) = w?/2. In contrast, the energy £ (w) has to be
evaluated from Eq. (48) with the substitution p,(y, w) = p;(y, w) as given explicitly in
Eq. (62) and Dy(w) = Dj(w) as given in Eq. (60). It is a bit hard to obtain an explicit
formula for SN,g (w) but it can be evaluated numerically very accurately. The results are
shown in Fig. 11 for two different values of k. Surprisingly, it turns out that there is
yet another critical value w*(k) > w.(k) such that

w?
2
w?

El(w) > & (w) = - when  w.(k) <w <w*(k) . (71)

El(w) < & (w) = when w > w*(k) (70)

Thus for w > w*(k), the density pl(y,w) is the true optimal solution, while in the
intermediate range w,.(k) < w < w*(k) the solution pi!(y,w) (pure delta peak) turns out
to be the true minimum. Thus for w.(k) < w < w*(k) the solution p (y, w) corresponds
to a “metastable” minimum. Numerically we find that, in this intermediate region, the
two energies £/ (w) and &/ (w) are very close to each other (see Fig. 11). Hence to
summarise, the true optimal density profile is given by

oy w) for w> wr(k),
Py, w) = (72)
pH(y,w) for w < w*(k).

These behaviours are summarised in Fig. 12. Thus we see that the system undergoes
a first-order phase transition at w = w*(k) where the true minimum density changes
abruptly from p! to p!! as w crosses w*(k) from above. A manifestation of this first-
order phase transition can be observed in the order parameter defined as the amplitude
of the delta peak in the true optimal solution pj (y, w)

Di(w) , w>w*(k)

1 ;o w<w*(k) . 73)

My (w) = {
For w > w*(k) it is given by Dj(w) in Eq. (60) associated with the density p!. When
w goes below w*(k) this amplitude undergoes a jump to 1 corresponding to the full
delta function p’ in Eq. (69). In Fig. 10 we have plotted both Dj(w) associated with
the density p! and the true order parameter My(w) given in Eq. (73). Thus My(w)
undergoes a jump at w = w*(k), demonstrating a first-order phase transition.
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Figure 13. Plot of the critical wall positions w.(k) and w*(k) as functions of k in
regime 3 —2 < k < —1. w,(k) (black solid line) is given by Eq. (67) and w*(k) (blue
dots) is found numerically from the crossover location between the energies ff,g (w) and
&M (w) as shown in Fig 11. We find that w.(k) < w*(k) for all =2 < k < —1 with
we(k) = w*(k) only for k = —1.

In order to check this scenario numerically, we have performed MC simulations.
We have first determined w*(k) numerically by evaluating the energy of the solutions
p! and p'’. In Fig. 13 we plot w*(k) (numerical) and w,.(k) (analytical from Eq. (67))
as a function of k for —2 < k < —1. We observe that the difference between the two
is rather small but clearly w.(k) < w*(k). In fact the difference between them vanishes
as k — —1 (see Fig. 13). This is expected because we know from the exact solution of
the case k = —1 (1dOCP) that pi(y,w) is the exact optimal solution for all w [19, 20].
To test the metastability in the intermediate regime w.(k) < w < w*(k), we consider
three different wall positions (a) w < w.(k), (b) w.(k) < w < w*(k) and (c) w > w*(k)
for k = —1.5. For each wall position we study two distinct initial conditions: (i) delta
function and (ii) a uniform density profile and observe the steady state profiles. In
Fig. 14, we find that for cases (a) and (c) the steady state profile is independent of the
initial conditions and converges respectively to plf(y,w) and pl(y,w). On the other
hand in case (b) the late time profile (within the time scale of the simulation) depends
on the initial conditions — a typical hallmark of metastability. More precisely, if one
starts with a delta function profile, the late time configuration remains a delta function
whereas if the initial profile is uniform then the late time profile seems to stay closer to
pl(y,w), within the time scale of the simulation. This picture is thus fully consistent
with our discussion that for w,.(k) < w < w*(k) the density profile p(y,w) is metastable
and the true minimum is given by pl!(y, w).

4. Conclusions

In this paper, we have studied the average density of a harmonically confined Riesz gas
of N particles for large N in the presence of a hard wall located at W. In this Riesz
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Figure 14. In this figure we study the metastability of the extended profile in
region w.(k) < w < w*(k) for k = —1.5. For this value of k, w.(k) = —0.563
and w*(k) = —0.441. The figure is divided into three columns corresponding to
the three regimes (a) w = —0.6 < wc(k), (b) we(k) < w = —0.5 < w*(k) and (c)
w = —0.2 > w*(k). For each column, the insets of the top row and the bottom row
indicate two different initial conditions (a delta peak and a flat density) while the main
figures show the final configuration after a large number of MC steps. In columns (a)
and (c) we see see that the final configurations in the top row and in the bottom row are
qualitatively similar, indicating the irrelevance of the initial conditions. In contrast, in
column (b) the final configurations in the top and in the bottom row corresponding to
two different initial conditions seem to lead to different final configurations, within the
time scale of the simulation. This dependence on the initial condition is a signature of
metastability in region (b).

gas, the particles repel each other via a pairwise interaction that behaves as |x; — z;| 7%
for k > —2, with x; denoting the position of the i*® particle. Our goal was to study how
the equilibrium density of the gas, in the large N limit, gets modified in the presence
of the wall. We have computed exactly this average density in the limit of large N.
This density can be classified into three different regimes of k, as depicted in Figs. 2
and 3. For & > 1, where the interactions are effectively short-ranged, the appropriately
scaled density has a finite support over [—I(w), w] where w is the scaled position of the
wall. While the density vanishes at the left edge of the support, it approaches a nonzero
constant at the right edge w. For —1 < k < 1, where the interactions are weakly long-
ranged, we find that the scaled density is again supported over [—I;(w),w]. While it
vanishes at the left edge of the support, it diverges at the right edge w algebraically with
an exponent (k—1)/2. For —2 < k < —1, the interactions are strongly long-ranged that
leads to a rather exotic density profile: here the density has an extended bulk part and a
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delta-peak at the wall and they are separated by a hole for —2 < k < —1. Interestingly,
we find that there is a first-order phase transition at a critical value w = w*(k) such that
for w < w*(k) the optimal solution changes its nature. It consists only of a delta peak
at the wall, i.e., the wall essentially absorbs all the particles and there is no extended
part. The amplitude of the delta-peak My (w) plays the role of an order parameter which
undergoes a jump to a value 1 as w is decreased through w*(k).

As mentioned in the introduction, the cumulative distribution of the position of
the right-most particle x,,. is closely related to this density in the presence of a wall in
the large N limit [see Eq. (8)]. Therefore the results obtained here will be an essential
ingredient to compute the probability of large deviations of x . for any £ > —2. Indeed,
this large deviation behavior of x,,, has so far been computed only for two specific values
of k, namely k£ — 0 limit [23, 24] and k£ = —1 [19, 20]. In the former case, this is also
the large deviation of the top eigenvalue of a Gaussian random matrix. In that context,
it is known that when the wall hits the right edge of the unconstrained density, it is
accompanied by a third-order phase transition, where the third derivative of the large
deviation function has a discontinuity [26]. Interestingly, a similar third-order phase
transition occurs also for k = —1 [19, 20]. It will be interesting to investigate whether
this transition remains third-order for other values of k [49]. Furthermore, in the regime
—2 < k < —1 we have seen that there is a first-order transition in the density of the
Riesz gas at a critical value w = w*(k). It will be interesting to study the implications
of this first-order transition for the large deviation behavior of ., in this strongly
long-ranged regime.
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Appendix A.

In this Appendix, we detail our derivation of the constrained scaled density for
—1 <k < 1in Eq. (40), and for and for —2 < k < —1 in Eq. (54).
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Appendiz A.1. Regime 2: -1 < k <1

We start with the solution of the Sonin equation (37), as given in Eqs. (38) and (39).
For convenience we rewrite here the particular solution uy(z) in Eq. (39)

2A k:z% 0 ! _ w1 O [1 kt1 k-1
uk(z):%& (/z R —2)F a/oh(y)y;(t—y) 2 dydt>7 (A1)

where hi(z) = Ag(z — gx(w)). This Eq. (A.1) can be written as

where . 5
Iz, k) = / dtt="(t — z)%ah(t, k) (A.3)
t
Bk = [yl -5 (A4)
0
The integral I (¢, k) in Eq. (A.4) can be computed explicitly and we get
At tF E+1 k+1 k+3
_ AL, ) A5
Lt k) Bl =) Uy ) — W) (A.5)

Taking a derivative of the Eq. (A.5) with respect to ¢, we get

%Il(t, k) =B (% %) (Aktk“ (k Z 3) - “4’“‘-”““”2)(’“ i Ut'“). (A.6)

Substituting this result in Eq. (A.3), the integral I(z, k) reads

1
nek) =8 (S ( [l A,

1 (A7)
_/ dt(t_z)k;lAkun))(ml))

2

Now taking a derivative with respect to z gives

9 k) = B (E E) A1 — ) (‘Jk(w)(k th_ (tk+ 22)) . (A8)

0z 2 2 2 4

We then finally get from Eq. (A.2)

() = Aulk] 2T (1 - 2)F A, (qk<w><k +1) -

1+ k422
5 .

In terms of v, = k—‘gl it reads

up(z) = — Aglk| Az (1 = 2)™ (2 — i (2q(w) — 1)) . (A.10)
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Substituting this in Eq. (38) gives
(=1 »%4<Qrw%MMM1—@(z—%@%@@—1»>, (A.11)

Or(z,w) =

which is indeed Eq. (40) in the main text

Appendiz A.2. Regime 3: -2 < k < —1

Equation (52) in the main text reads explicitly
)y~(k+D) (A.12)

/0 dz/wqﬁk(z', w) = Ax(z — qr(w)) + Br(gr(w) —

2/ — 2|FH
where A, = — ~'“(T',i)|k+2, gr(w) = Z“UH[”, qp(w) = é’;(zfv) and Bj, = —Dj(w). The solution
of the Sonin equation (A.12) is given by

k—1
or(z,w) = Co(2(1—2)) = + w(2) (A.13)

with the particular solution ug(2) given by

2A, k|2 T O 1 en [ . -

R ICat
z)~(*1) This can be written as

where hi(z) = Ag(z — qr(w)) + Bi(gr(w) —
Ak -1 O
uk(z) = 5=, %)z 2 512(2, k) (A.15)
where )
(z2,k) = (/ dtt="(t — z) 3 gll(t k)) (A.16)
t
Rk = [ dymo)y ™ @) (A17)
0
The integral [;(¢, k) in Eq. (A.17) becomes
AT (k41 k41 k+3
Lt k) = —5 B( " >G(k%2>_%mo As)
k1 18
+Bk/ d’f’r - (1 .
0 (gk w) )k+1

The integral in the second term in Eq (A.18) can be done by a change of variable
(A.19)

T(ngw) _ 1)

S =
gr(w) ’
P r
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where we have assumed that gkiw) > 1 (which can be verified a posteriori). The integral

in Eq (A.18) then becomes

k+3

(2led — et 2\ ge(w)

Taking a derivative of Eq. (A.18) with respect to t, we get

O = (HEL LY (e (27) Aot
k4 1) . ey (A21)
Bi(k +1 t t o\
" g (w) (gk<w>) (1‘ gk<w>) )
Substituting this in Eq. (A.16) we get
5@,@:3(%,%)/ dt(t—z)kz“wt
_B (%%) /1 dt (t—z)’“élA’“q’“WQ)(“l) (A.22)
k+1 k+1 ko1 Bi(k + 1) o\
(SR [ae—2 T (o)
This finally gives, from Eq. (A.15)
O (LR (=) [k Dge(w) — 2)as(w)
9" B( 2 7 2 >Agk(w)—z<( : (A.23)
- ((1+k+22)(gw —2) Bgi(w)(k + 1) )) '
4 2Ak(gi(w) (g (w) — 1))+

This finally gives

w(s) = Ay _LAk((qk(w)(kH)—#) (gu(w) — 2)

w(w)
(A.24)
B g(w)(k+1) )
A (ge(w)(ge(w) = 1))F
In terms of v, = ﬂ it reads
() =~ U= ((w—zqk( )+ 2)(g(w) — )+
(A.25)

By 27991 (w)
Ak (gr(w)(ge(w) — 1)) |
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Substituting this in Eq. (A.13) gives

dr(z,w) = (2(1 = 2))" 71 Cp = Ak (1 = 2) A (3 (1 — 2g1(w)) + 2)

(A.26)
l—= B 27k9k<w)
(w) — = k(gk(w)(gk(w) — 1)) |’

— Ay k|
gk

which is indeed Eq. (54) in the main text.
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