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We show that a strong ‘spin’-orbit coupled one-dimensional (1D) hole gas is achievable via applying
a strong magnetic field to the original two-fold degenerate (spin degeneracy) hole gas confined in a
cylindrical Ge nanowire. Both strong longitudinal and strong transverse magnetic fields are feasible
to achieve this goal. Based on quasi-degenerate perturbation calculations, we show the induced low-
energy subband dispersion of the hole gas can be written as E = h%k2/(2m},) +ac’k. +grupBo” /2,
a form exactly the same as that of the electron gas in the conduction band. Here the Pauli matrices
o* represent a pseudo spin (or ‘spin’ ), because the real spin degree of freedom has been split off
from the subband dispersions by the strong magnetic field. Also, for a moderate nanowire radius
R = 10 nm, the induced effective hole mass mj, (0.065 ~ 0.08 m¢) and the ‘spin’-orbit coupling
a (0.35 ~ 0.8 eV A) have a small magnetic field dependence in the studied magnetic field interval
1 < B < 15 T, while the effective g-factor g;, of the hole ‘spin’ only has a small magnetic field

dependence in the large field region.

I. INTRODUCTION

There are well developed techniques for initialization,
manipulation, and readout of the electron spin states
in gate-defined semiconductor quantum dots [1, 2], such
that the quantum dot electron spin has been regarded
as one of the most promising qubit candidates for im-
plementing quantum computations [3]. Owing to a sup-
pressed interaction between the hole spin and the lattice
nuclear spins, quantum dot hole spin is also expected to
be an excellent qubit candidate as well as the electron
spin [4]. Meanwhile, the band dispersions near the top of
the valence band of semiconductors are described by the
Luttinger-Khon Hamiltonian [5, 6], where there is a large
intrinsic spin-orbit coupling [7, 8], such that the quantum
dot hole spin has the advantage of being manipulable by
an external oscillating electric field.

Planar (2D) [9, 10] or nanowire (1D) [11-15] hole quan-
tum dot can be fabricated experimentally via placing
proper metallic gates below a 2D or 1D hole gas. Note
that the physics of the hole spin qubit in a planar quan-
tum dot may be totally different from that in a nanowire
quantum dot. Take the recent extensively studied semi-
conductor Ge as an illustration [16-21], the lowest sub-
band dispersion of the 2D hole gas in a Ge quantum well
always has heavy hole character [22], and can be modeled
by a parabolic curve with band minimum at the center of
the k space [23]. While the low-energy subband disper-
sions of the 1D hole gas in a cylindrical Ge nanowire are
quite different [24]. The lowest two subband dispersions
of the 1D hole gas anticross with each other at the cen-
ter of the k. space [24, 25], and the shape of these two
dispersions is very similar to that of a strong spin-orbit
coupled 1D electron gas described by the Hamiltonian
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H.=p*/(2m?) + ao®p + geupBa® /2 [26, 27]. However,
there is an additional spin degeneracy in the hole sub-
band dispersions [25]. We note that the above strong
spin-orbit coupled electron gas model has many applica-
tions in the studies of the spin-orbit qubits [28-35], the
Bose-Einstein condensations [36-38], the Kondo physics
of a spin-orbit coupled quantum wire [39-42], and the
Majorana fermions [43-45].

In this paper, we are inspired to achieve a strong spin-
orbit coupled 1D hole gas in a cylindrical Ge nanowire,
which would share similar potential applications with
the electron gas. In order to achieve a pure (without
the hole spin degeneracy) ‘spin’-orbit coupled 1D hole
gas, we apply a strong magnetic field to split off the
unwanted spin degree of freedom from the hole sub-
band dispersions. Note that the ‘spin’ here is more
properly regarded as a pseudo spin, it is introduced to
describe the induced low-energy subband dispersion of
the hole gas in a strong magnetic field in comparison
with the conduction band electron case. Because both
the longitudinal and the transverse g-factors of the hole
gas at the band minimum are finite and are compara-
ble to each other [25], such that both strong longitu-
dinal and strong transverse magnetic fields are feasible
to achieve this splitting goal. The induced low-energy
hole subband dispersion is completely the same as that
of the electron gas in the conduction band, i.e., described
by E = h%*kZ/(2m}) + ac®k, + g;pupBo®/2. A large
‘spin’-orbit coupling o (~ 0.8 eV A) of the Rashba type
is achievable for a moderate nanowire radius R = 10
nm. Note that stronger Rashba spin-orbit coupling (~ 2
eV A) for electrons have been reported in Pb-atomic
wires [46] and Te-atomic chains [47]. The magnetic field
dependences of the hole effective mass mj, the strength
of ‘spin’-orbit coupling «, and the effective g-factor gy
(for the pseudo hole spin) are discussed in details.
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II. 1D HOLE GAS

Here we are interested in a 1D hole gas confined in
a cylindrical Ge nanowire of radius R in the absence of
the external magnetic field. The axis direction of the
nanowire is defined as the z-direction. For semiconduc-
tor Ge in the bulk, the band dispersions near the top
of the valence band are well described by the Luttinger-
Kohn Hamiltonian in the spherical approximation [6, 48].
Hence, using the language of the effective mass approx-
imation, we write the Hamiltonian of a hole confined in
this nanowire as [24, 49, 50]

1
Ho = g | (0 + 5o ) 92 - 200 22| 4 V0, (1)
where m, is the bare electron mass, v = 13.35 and s =
(272 + 3v3)/5 = 5.11 are Luttinger parameters [51] for
semiconductor Ge, p = —ihV is the momentum operator,
J = (Jz, Jy, J-) is a spin-3/2 vector operator, and V() is
the transverse (zy plane) confining potential of the hole
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with R being the radius of the Ge nanowire. It should be
noted that in our following calculations, we have chosen
a representative and experimentally achievable nanowire
radius R = 10 nm [11, 12].

The model (1) is exactly solvable, the detailed de-
scription of the solving method can be found else-
where [25, 52, 53]. The z-component of the total an-
gular momentum F, = —id,+ J. is a conserved quantity
[F., Ho] = 0, such that we can classify the eigenfunctions
of Hy using F, [25, 53]. Following the method intro-
duced in Refs. [52, 53], we obtain the low-energy sub-
band dispersions of the 1D hole gas which are explicitly
shown in Fig. 1. As one can see clearly from the figure,
the band minimum is not at the center of the k, space.
Instead, there are two symmetrical minimums approxi-
mately located at |k, R| ~ 0.517. Also, for wave vectors
in the interval |k, R| < 1, the lowest two subband disper-
sions, i.e., given by total angular momentum |F,| = 1/2
(see Fig. 1), are approximately separated from the other
higher subband dispersions.

The shape of the lowest two subband dispersions of
the hole gas shown in Fig. 1 is very similar to that of
a strong spin-orbit coupled 1D electron gas, e.g., de-
scribed by the Hamiltonian H. = p?/(2m}) + ac®p +
geltpBa® /2 [26, 27]. However, there is an additional spin
degeneracy in the hole subband dispersions [25], while
there is no degeneracy for the electron case. Note that
the spin degeneracy in the hole subband dispersions is a
direct consequence of the coexistence of the time-reversal
symmetry and the spin-rotation symmetry of the model
(1). Here, we are motivated to search the strong ‘spin’-
orbit coupled 1D hole gas via applying a strong magnetic
field to lift out the unwanted spin degeneracy in the hole

B o D ~
o o o o

E in unit of #%/(m.R?)

w
o

FIG. 1. The low-energy subband dispersions of the 1D hole
gas. For a cylindrical Ge nanowire with radius R = 10 nm,
the energy unit is 5% /(m.R?) ~ 0.763 meV. Note that there is
an energy gap (/= 0.774) at k. R = 0 between the first and the
second lowest subband dispersions. Also, each line is two-fold
degenerate, i.e., spin degeneracy.

subband dispersions (see Fig. 1). As we have demon-
strated in our previous paper [25], both the longitudinal
and the transverse g-factors of the hole gas at the band
minimum have finite values and are comparable to each
other, such that both longitudinal and transverse mag-
netic fields are feasible to achieve this goal.

For a given energy eigenvalue E,(k.) at a given wave
vector k., we can obtain the corresponding eigenfunc-
tion via fixing the total angular momentum F,, e.g.,
see Figs. 3-5 of Ref. [25]. Once one eigenfunction, e.g.
U, k. ¢ (n is the subband index), is obtained, the other
degenerate counterpart, i.e., ¥,, 1 1, can be obtained via
a combination of the time-reversal and the spin-rotation
transformations [25]. At a given wave vector k., we col-
lect the lowest four eigenfunctions with total angular mo-
mentum |Fz| = 1/2, i.e., \Ill,kz,ﬂ7 \Ill-,kz,lb \Ifgykz_’ﬂ, and
Wy k. i, which span the quasi-degenerate Hilbert sub-
space in our following perturbation calculations (see ap-
pendix A).

IIT. 1D HOLE GAS IN A STRONG
LONGITUDINAL MAGNETIC FIELD

We now apply a strong longitudinal magnetic field
B = (0,0, B) to the 1D hole gas. In addition to adding
a bare Zeeman term 2xupBJ, to the hole Hamilto-
nian (1), we also need to make the following replace-
ment on the momentum operator p — p + eA. Here
Kk = 3.41 is the Luttinger magnetic constant for semi-
conductor Ge [51] and A = (—By/2, Bx/2,0) is the vec-
tor potential. We can rewrite the hole Hamiltonian as
H=Hy+H (p), where the zeroth order Hamiltonian Hy
is given by Eq. (1), and H® is the perturbation Hamil-
tonian consisting of both the bare Zeeman term and all
the orbital terms of the magnetic field (for details see
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FIG. 2. The lowest four subband dispersions of the 1D hole
gas under strong longitudinal magnetic fields. The results for
B=1T(a),B=2T (b),B=5T (c),and B=10T (d).
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FIG. 3. The magnetic field dependence of the hole effective
mass (a), the hole ‘spin’-orbit coupling (b), and the effective
g-factor (c) of the hole ‘spin’. The magnetic field is applied
along the nanowire.

appendix B).

The presence of the magnetic field B breaks the time-
reversal symmetry of the hole Hamiltonian, such that the
spin degeneracy in the hole subband dispersions (given
in Fig. 1) is expected to be lifted by this field. In most
cases, the hole property is determined by its low-energy

subband dispersion, such that here we only focus on the
Hilbert subspace spanned by the lowest four subband
wave-functions, i.e., \Pl,kz,ﬂ‘7 \Ill,kz,lb ‘Ifg)kzﬁﬂ, and \112,kz,l}-
We use quasi-degenerate perturbation theory, i.e., the
Hamiltonian H = Hy 4+ H® is written as a 4 X 4 matrix
in this Hilbert subspace (for details see appendix B), to
calculate the splittings in the lowest two subband disper-
sions.

The results under various strong longitudinal magnetic
fields are shown in Fig. 2. We also note that quasi-
degenerate perturbation calculations in a strong mag-
netic field do not change the hole g-factor at the site
k. = 0. If we label the four subband dispersions in Fig. 2
as F1 23.4(k,) in sequence from bottom to top, our calcu-
lations indicate that (E4(0) — E5(0))/(upB) = 3.13 (the
longitudinal g-factor of the second lowest subband [25]
in Fig. 1) and (E2(0) — E1(0))/(upB) = 0.14 (the longi-
tudinal g-factor of the lowest subband [24, 25] in Fig. 1)
are always satisfied in the magnetic field interval consid-
ered here. As we increase the magnetic field, there is an
eye visible splitting in the original two-fold degenerate
subband dispersions. Now, the low-energy physics of the
hole can be represented by the first and the third lowest
subband dispersions, i.e., the solid lines given in Fig. 2.
In particular, these two dispersions are well described by
the following functional relation

E 22

W :asz +b0’zsz+CU$+d, (3)
where a, b, ¢, and d are dimensionless parameters deter-
mined by a second order polynomial curve fitting to the
data shown in Fig. 2, and ¢%* are Pauli matrices. We
rewrite Eq. (3) in the more intuitional form

h%k2 rupB
E= = +ac’k, + InBD (o | const., (4)
2mj, 2

where m} = m./(2a) can be regarded as the effective hole
mass, a = bh?/(m.R) is the strength of the ‘spin’-orbit
coupling, and g; = 2ch?/(upBm.R?) is the effective g-
factor of the hole ‘spin’. Note that we have used a strong
magnetic field to split off the unwanted spin degree of
freedom from the original two-fold degenerate hole sub-
band dispersions, such that the operator ¢* here does not
represent the real hole spin. It is more proper to regard
o® as a pseudo spin, this is why we have added single
quotes to the word ‘spin’.

We show the magnetic field dependences of the effec-
tive mass mj, the ‘spin’-orbit coupling «, and the ef-
fective g-factor g; of the hole ‘spin’ in Fig. 3. Note
that the induced effective hole mass mj in the cylindrical
nanowire considered here has the same order of magni-
tude as that in the planar Ge quantum well [22, 51]. The
induced spin-orbit coupling given in Eq. (4) is of the lin-
ear Rashba type [54], and its magnitude is in the order
of several fractions of eV Afsee Fig. 3(b)]. In the mag-
netic field interval 1 T < B < 15 T considered here, both
mj and a decrease with the increase of the longitudinal



magnetic field. Of course, the variations of mj and « are
small in this interval. While for the effective g-factor g;,
it only has a small dependence on the magnetic field in
the large field region [see Fig. 3(c)].

Let us discuss the effects of the nanowire radius R.
Before the discussion, we emphasize that the plot given
in Fig. 1 is independent of R [24, 25]. First, we con-
sider the impacts of the radius R in the absence of the
magnetic field. If we ignore temporarily the spin degen-
eracy in Fig. 1, and still model the lowest two subband
dispersions as Eqgs. (3) and (4). The spin-orbit coupling
a = bh?/(m.R) is inversely proportional to the nanowire
radius R, hence it is feasible to increase the absolute
strength of the spin-orbit coupling « via reducing R.
However, the Zeeman splitting gjugB = 2ch?/(m.R?)
also increases, it follows that the relative strength of the
spin-orbit coupling characterized by m}a?/(g;upBh?)
is independent of the nanowire radius R. Second, we
consider the lifting of the spin degeneracy in Fig. 1
via applying strong magnetic fields. Because we have
treated all the magnetic terms (see appendix B) as per-
turbations, and the energy unit in Fig. 1 is h%/(m.R?),
such that the perturbation parameter is proportional to
upB/(h?/(m.R?)). For smaller nanowire radius, e.g.,
R < 10 nm, if we want to achieve the same resolution
of the spin splittings as those shown in Fig. 2, we have
to use a series of much larger magnetic fields in order to
hold the same order of the perturbation parameter.

IV. 1D HOLE GAS IN A STRONG
TRANSVERSE MAGNETIC FIELD

A strong transverse magnetic field B = (B,0,0) is
certainly also feasible to split off the unwanted spin de-
generacy from the subband dispersions of the 1D hole
gas. Now the bare Zeeman term is written as 2kupB.J,,
and the vector potential can be conveniently chosen as
A = (0,0, By). By choosing this gauge, the operator p,
in the hole Hamiltonian H is still a conserved quantity,
and the subband dispersions can still be written E,, (k).
We rewrite the hole Hamiltonian in perturbative series
with respect to the magnetic field H = Hy+ H®) | where
H®) is the perturbation Hamiltonian consisting of the
bare Zeeman term plus all the orbital terms of the mag-
netic field (for details see appendix C). Note that the
total perturbation Hamiltonian in a transverse field is
completely different from that in a longitudinal field.

We use the quasi-degenerate perturbation theory to
calculate the lowest four subband dispersions of the 1D
hole gas in this strong transverse magnetic field. The
obtained results are explicitly shown in Fig. 4. Be-
cause of the large transverse effective hole g-factors at
k.R = 0 [24, 25], at the magnetic field B ~ 2 T,
the second and the third lowest subband dispersions al-
most touch with each other at the site k,R = 0 [see
Fig. 4(b)]. Also, at the site k, = 0, our calculations indi-
cate that (F4(0) — F2(0))/(ppB) = 5.10 (the transverse
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FIG. 4. The lowest four subband dispersions of the 1D hole
gas under strong transverse magnetic fields. The results for
B=1T (a), B=2T (b),B=5T (c),and B=10T (d).
The two arrows in (d) mark the two very small anticrossings
between the second and the third lowest subband dispersions.

g-factor of the second lowest subband [25] in Fig. 1) and
(E3(0) — E1(0))/(upB) = 5.82 (the transverse g-factor
of the lowest subband [24, 25] in Fig. 1) are always sat-
isfied for magnetic fields B > 2 T. While for magnetic
fields B < 2 T, we have (E4(0) — E3(0))/(upB) = 5.10
and (F2(0) — E1(0))/(upB) = 5.82 instead. The above
results indicate that there are two very small anticross-
ings between the second and the third lowest subband
dispersions when B > 2 T, where one anticrossing has
a very small negative k, R value and the other anticross-
ing has a very small positive k. R value [this can be seen
clearly when the magnetic field is large enough, e.g., see
Fig. 4(d)].

If we ignore the potential consequences of these two
very small anticrossings between the second and the third
lowest subband dispersions, the first and the third lowest
subband dispersions, i.e., the solid lines shown in Fig. 4,
can still be approximately described by Eq. (4). Hence,
we still can achieve a strong spin-orbit coupled 1D hole
gas in a strong transverse magnetic field. We show the
magnetic field dependences of the effective mass mj, the
‘spin’-orbit coupling «, and the effective g-factor of the
hole ‘spin’ in Fig. 5. We note that, different from the
longitudinal magnetic field case, with the increase the of
the transverse magnetic field, the spin-orbit coupling «
increases instead [see Fig. 5(b)].

For magnetic fields B > 2 T, the presence of the two
small anticrossings indicates that there exists interplay
between the second and the third lowest subband disper-
sions. However, if the hole energies involved in a special
application are far away from these two anticrossings and
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FIG. 5. The magnetic field dependence of the hole effective
mass (a), the hole ‘spin’-orbit coupling (b), and the effective g-
factor (c) of the hole ‘spin’. The field is applied perpendicular
to the nanowire.

are close to bottom of the subband dispersions, i.e., close
to the minimums of the lowest subband dispersion, it is
expected to be a good approximation to neglect the in-
terplay between the second and the third lowest subband
dispersions.

Because of the existence of two very small anticross-
ings between the second and third lowest subband dis-
persions of the hole gas in a strong transverse magnetic
field, the longitudinal magnetic field may be more proper
for achieving the strong ‘spin’-orbit coupled 1D hole gas.

V. DISCUSSION AND SUMMARY

In our calculations, we first obtain the exact low-energy
subband wave-functions of the model (1), i.e., given by

Eq. (Al) in appendix A, for a series of wave vectors
|k.R| < 1. Then, for each k,R value in this interval,
we use quasi-degenerate perturbation theory (the mag-
netic field is treated perturbatively) to evaluate the spin
splittings in the degenerate subband dispersions. While
Ref. [24] obtained only the low-energy subband wave-
functions at the site k, R = 0, then the Hamiltonian (1)
was projected to the Hilbert subspace spanned by these
wave-functions at k, R = 0, in the meantime treating k.
in the Hamiltonian (1) as perturbation. Obviously, our
results are valid for large k., R’s, which may be beyond the
validity of Ref. [24]. Also, our results at the site k,R =0
for both the longitudinal and the transverse field cases
agree well with that given in Ref. [24].

In summary, in the absence of the magnetic field, the
Hamiltonian of the hole in a cylindrical nanowire has
both the time reversal symmetry and the spin-rotation
symmetry, such that there is a spin degeneracy in the
induced hole subband dispersions. In this paper, we un-
ambiguously show that a strong ‘spin’-orbit coupled 1D
hole gas is indeed realizable via applying a strong mag-
netic field to lift the spin degeneracy in the original two-
fold degenerate hole subbands. The induced subband
dispersion governing the low-energy physics of the hole
gas has a very simple form, which is exactly identical to
that of the well studied strong spin-orbit coupled 1D elec-
tron gas. We note that the ‘spin’-orbit coupling obtained
here is of the linear Rashba type. We also emphasize
that this ‘spin’-orbit coupling originates from the intrin-
sic spin-orbit coupling in the Luttinger-Kohn Hamilto-
nian. It is induced by the subband quantization of the
hole gas in a strong magnetic field in the special 1D case.
Our study indicates that the strong ‘spin’-orbit coupled
1D hole gas may have broad applications in comparison
with the well-studied 1D electron gas.

ACKNOWLEDGEMENTS

This work is supported by the National Natural Sci-
ence Foundation of China Grant No. 11404020, the
Project from the Department of Education of Hebei
Province Grant No. QN2019057, and the Starting
up Foundation from Yanshan University Grant No.
BL18043.

Appendix A: Basis states for quasi-degenerate perturbation calculations

For wave vectors in the interval |k, R| < 1, the lowest two subbands shown in Fig. 1 are approximately separated
from the other higher subbands. The basis states of the quasi-degenerate Hilbert subspace read [25]

W (r)e W 4 (r)e 2
Ura2(r) U7 a(r)e™"
1) = 20 2) = 3 ) 13
| > \111)3(76)61%/7 ) | > \IJI,Q(T) | >
\I/] 4(7‘)62“‘) \I/? 1 (,r)eup

‘I’?IA(T)E_?W
‘I’?m(?”)e*w
‘I’?I,Q(T)

‘I’?I,l(ﬂew

\111171 (T)eiup
Wrr2(r)
\111173(T)€w)
Wy a(r)e?

, [4) = (A1)



In consistence with our preceding notations, here |1) = Uy i 4, [2) = U1 5. 4, [3) = Yo i, 4, and [4) = Vg g

Appendix B: Longitudinal magnetic field case
When the magnetic field is applied longitudinally, the hole Hamiltonian can be written in perturbation series
H=Hy+ H®) 4 g®2) 4 gws) 4 ppa) 4 fes) (B1)

where Hy is the zero-order Hamiltonian given by Eq. (1), and H®¢) (i = 1,--- ,5) are the perturbation Hamiltonians.
The explicit form of each perturbation term H (?*) will be given in the following corresponding subsection. We use quasi-
degenerate perturbation theory to calculate the splittings in the original two-fold degenerate subband dispersions.
Hence, the total Hamiltonian H is written as a 4 x 4 matrix in the Hilbert subspace spanned by the basis states given
in Eq. (Al). The zero-order Hamiltonian Hj is naturally diagonalized, and the matrix elements of each perturbation
term H®) are given in the following.

1. Perturbation term I: H®) = 2kupBJ
The matrix elements of the perturbation term H®1) read
(p1) f 3 2, 1 2 1 2 3 2
H = dmwppB | dre(5N00a ()P + 5191200 = 31012 = 5 1ra()),
0

Hl(:gl) =0,

R
Hl(igl) = 47TH#BBA dT’I’(E\If;l(T)\I/[Ll(T) =+ 5\11172(1")\1/[[72(7") — 5\11173(7”)\111173(7") — 5‘1’]14(7’)\1111_’4(7’)),

H1(Zl) =0,
) — -y,
o

iy = ()
(p1) f 3 2 1 2 1 2 3 2
Hgzy"' = dwkppB d”’(§|‘1/11,1(7’)| +§|\I/H,2(7’)| —§|‘1/11,3(7’)| —§|‘1/11,4(7’)| )7
0

Hiﬁ(’il) =0,
HY = —H). (B2)

2. Perturbation term II: H®2)

In this subsection, the perturbation term reads

Nn+v 0 0 0
(p2) _ _; 0 Y1 — Vs 0 0
H'"?) = —igBO, 0 0 - 0 (B3)

0 0 0 7+



The matrix elements of the perturbation term read

R
H{P) = 2mupB / drr (= (n + 7)WL + (1 = 9)|Wr(r) 2+ 207 +73) [ @14 ().
0
H1(1272) =0,

R
HE = 27WBB/O d?‘?“( — (M 7)Y ()Y (r) + (1= 7)Y () Wrr3(r) +2(n + 75)\11}4(0\1111,4(0),

Hl(:f) =0,
) = -y,
H2(:g2) =0,

H =~ (H)
(p2) "
H{) = 2mupB / drr (= (0 + ) [ Wrra () + (0 = 70) [ Wrra(r) | + 20m +70) [ Wrr,a(r)2),
0

H?ET) =0,
Hiiz) _ _H?Egz)_ (B4)

3. Perturbation term III: H (3

In this subsection, the perturbation term reads

0 —ik,re” " e 2P (—rd, +i0,) _ 0
(p3) — _ ikere'? 0 0 e~ 2 (—r0, +i0y)
H - \/g%uBB €2 (ro, + 10y) 0 0 tk,re "% (B5)

0 €2 (rd, +1id,) —ik,re'? 0



The matrix elements of the perturbation term read

Hl(f?’) = 277\/§”ys,uBB/OR dTT(’L’kZT\I/?J(T)\IJ]’Q(T) — ik, VT o (r) Wy 1(r) — ik V7 3(r)Wra(r)
Fikr W7 4(r) ¥ s(r) + W7 (r)(r0r + 1)W1 3(r) + Vra(r)(ror + 1)¥] 5(r)
FUG (1) (1D, + 2)W1a(r) + W1 a(r)(r, + )W} 4(r) ).

HEY =0,

R

Hl(gg) = 27T\/§75/LBB/O dTT(’L.sz\I]?yl(T')\I/[[)Q(T') — ikzr\I/?Q(r)\IfH,l(r) — ikzrklljg(r)\lln,zl(r)
ik, VT o (r) Wi a(r) + U7 1 (r)(r0r + 1)W1 3(r) + Vrra(r)(rd, + 1)¥7 5(r)

P o) 10y + 2 Wsra(r) + Wrra(r)(r0, +2) Wi (1) ).

H;Y =0,

H2(1273) = 27vV/3v,uBB /OR drr( — ik, U o(r)W7 1 (r) + ik, Uy 1 (r) W7 o(r) + ik, Wy 4(r)W7 5(7)
—ikrUr3(r)Wy 4(r) = Wra(r)(rdy + 1)V7 5(r) — W7 1 (r)(r0r + 1)W1 3(r)
=W a(r)(r0y +2)W7 4(r) — Vi o(r)(ror + 2)\11174(7")),

Hy) =0,

HP) = —27v/3y,upB /OR drr( — koW (r) Wi o(r) +ikor Wy o(r) Wy 1 (1) + ik r U 3(r) U7 4(r)

—ik W a(r) Wi 5(r) + T o(r)(r0r +2)W1 a(r) + Wiy 1 (r)(r0, + 1)¥r 3(r)
£ V1o () (10, + 2y 4(1) + U1 (1) (0, + D)W (1)),

Hélg?’) = 277\/§”yS,uBB/OR drr(isz\I/?Ll(r)\Ileg(r) — ikzr\IﬁIﬁ(r)\IllLl(r) - ikzr\IﬁIﬁ(r)\IJHA(r)
Fik W 4 (r)Wrr3(r) + Wi (r)(r0r + 1)W1 3(r) + Wi 1(r)(rd, + 1)W7; 5(r)
+U719(r)(r0r +2)¥ira(r) + Viro(r)(ro, + 2)‘1’?1,4(7")),

Hif? =0,

HiT) = 27r\/§75uBB/OR drr( — ik rWrro(r) Wi (1) +ikorWrr 1 (r) W7y o(r) + ik rVrra(r)Wir 5(r)
=ik Wy a(r) Vi a(r) = Wi (r)(ror + D)W 5(r) — Wi (r)(rdy + 1)Wrr,s(r)
~ W12 (r) (10, + 2)Wig 4(r) = Vi o(r)(rdr + W ira(r)). (B6)

4. Perturbation term IV: H®4)

In this subsection, the perturbation term reads

5 e2B2%r?
HPs) — She ) ———. B7
(71 + 27 ) Sm. (B7)



The matrix elements of the perturbation term read

5 62B2 R
B =2+ S S [ (a0 + 802 + 0100 + 240,
e Jo
H1(12)4) =0,
(p4) 5 62B2 " 3 * * * *
H13 =27 Y1 + 5’75 87 drr (\111)1(7”)\1’]]71(7‘) + \11172(7‘)\1111)2(7”) + \111)3(7“)\1’[]73(7') + \11174(7‘)\1111)4(7‘)),
e Jo
Hl(i4) =0,
g~
=
iy~ (1Y
(pa) _ 5 e?B? (" 3 2 2 2 2
Hys" =2m(mn + 57%) 4~ drr? (W rra(r)|* 4+ [Wrr2(r)* + [Wrra(r)]® + [$rra(r)?),
e Jo
HBET) =0,
HEY = HZY. (BS)

5. Perturbation term V: H®5)

In this subsection, the perturbation term reads

3 0 —BeZe
2R2,.2 7 V3 ,—2i
g - e B0 g 0 g (B9)
dme | =L 0 z 0
0 —@e%‘/’ 0 %

The matrix elements of the perturbation term read

; 2my,e2B% [ Y e YER YER
Hl(f‘) = _7/0 d””3( - 7‘1’1,1(7)‘1’1,3(7”) - 7‘1’1,3(7”)‘1’171(7”) - 7‘1’1,2(7”)‘1’174(7”) Y 1,4(T)‘I’172(T)

4me

3 7 7 3
21O () + () + () + L)),

H1(12)5) =0,
2my.e?B% (1 V3, V3., V3.,
1 = =2 [t (= 205 00rra) = L0110 () = )W)
me o 2 2 2
—7‘1’1,4(7")‘1’11,2(7") + 1‘1’1,1(7”)‘1’11,1(7”) + 1‘1’1,2(7”)‘1’11,2(7”) + 1‘1’1,3(7“)‘1111,3(7”) + 1‘1’1,4(7”)‘1’11,4(7”)),
Hl(:ZS) =0,
) —
H§§5) =0,
g = ()
2my.e?B% [T V3., V3., V3,
1 = =2 [t (= S0 (00rra) = S0V () = )W)
dm.  Jy 2 2 2
NE, 3 7 7 3
—7‘1’11,4(7")‘1’11,2(7") + 1|‘1’H,1(7“)|2 + 1|‘1’H,2(7‘)|2 + Z|‘IJH.,3(T)|2 + Z|‘I’H,4(T)|2),
H?E:ZS) =0,

HE — g, (B10)
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Appendix C: Transverse magnetic field case

When the magnetic field is applied transversely, the hole Hamiltonian can also be written in perturbation series

H=Hy+ H®) 4 g®2) 4 gps) 4 pplpa) (C1)

where Hy is the zero-order diagonal Hamiltonian, and H®:) (i =1,---,4) are the perturbation Hamiltonians. The
explicit form of each perturbation term H(®?) is given in the following corresponding subsection.

1. Perturbation term I: H®) = 2rkupBJy

The matrix elements of the perturbation term read

Hl(zln) =0,
R

B = dmiunB [ dre (VBVG ()W (1) + 05,0007,

0
Hl(gl) =0,
Hl(il) = 47T"WBB/O dTT(T‘I’m(T)‘I’U,s(T) + 7‘1’1,3(7)‘1’11,1(7) +‘I’1,2(7°)‘I’11,2(7°))7
H2(Z2)1) =0,
Hig) = (H)
H2(Zl) =0,
HBEZSH) =0,

R
1 = dmn B [ e (VB (0031400 + W10 Wi1000)).

=P =0 (C2)

2. Perturbation term II: H®2)

In this subsection, the perturbation term reads

0 e " sin @ (irdy + 0p) + 4 0 0
o )
(p2) — e sinp(irdr — 0p) — 5 0 0 | 0
HP2) = 21/3y,upB 0 0 0 e~ singp(—ird, — d,) —

0 0 e’ sin p(—irdy + 0y) + % 0
(C3)
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The matrix elements of the perturbation term read

Hl(lljz) =0,

(+) "
A = 4mBrnB [ dre (W34() 00, + DV a(0) + 300, +2)¥7,40) = ¥, 0) ¥
H1(§2) =0,

(+2) "
HE = 20BrnB [ der (W3 ()00, + )W) + g, ()00, + D7 (0) + 3 5(r)00, + 2V 40)

0

FUT (1) (10 4+ 2)WT 4(r) — V7 1 (r) W7 5(r) — ¥4 (r) ?,3(7))7

Hy =0,
) = (m)
H =0,
HE =0,

R
A = amVBrnB [ dre (Wiga(r) (00, + 1)Vipa(r) + Vigar) o0, + DWi1,0) = ¥ira (1) 314(0)).

aE) =0 (C4)

3. Perturbation term III: H(3)

In this subsection, the perturbation term reads

Y1 — 27s 0 0 0
Hs) — c®B2r®sin” ¢ 0 7 +27 0 0 (C5)
2me 0 0 v+ 275 0
O O O ")/1 — 2’}/S

The matrix elements of the perturbation term read

7T€2B2 R
HE = S /0 drr? ((71 = 29)[ W1 (r)]* + (n + 299) [P r2(r)]? + (11 4+ 299) [0 r3(r)* + (1 — 27s)|‘1’1,4(7”)|2)7
Hl(ZQ)S) =0,
ne?B? [ N
H = == / drr? (1 = 29007, () Wrra (1) + (0 + 2007 (1) Urr.2(r)
1+ 200 5 () 113() + (1 = 29) 014N P 11 (1)),
Hl(ZS) =0,
ng — iy
B 0
g = ()
(ps) _ TE*B? f 3 2 2
Hgs" = —— /0 drr ((71 = 29) Wi ()7 + (71 + 276) [ rr,2(7)]|
+n 4 299)[Wrr () + (1 — 2%)|‘1’H,4(7‘)|2)7
HBET) =0,

H = 1. (<o)
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4. Perturbation term IV: H®4)

In this subsection, the perturbation term reads

M= 27 0 0 0
(pa) — : 0 m+2v 0 0
H = 2upBk,rsin ¢ 0 0 — 0 (Cn)
0 0 0 7 —27
The matrix elements of the perturbation term read

H1(11)4) =0,

(po) "
H = ~dimpup Bk / arr® (o + 29) W5 o(r) W5 5(1) + (31 = 29) 07, (NFF.4(r) )
H1(§4) =0,

(vs) "
B = ~2imunBh. [ drr? (0 = 2000500074 (0) + (1 + 29)W7 ) W (0)

0
(1 + 20) W5 5 (M)W ir () + (1 = 299) W14 (W14 (1),

H2(I2)4) =0,
HE = (Hf)
H2(Z4) =0,
H?EZSM) =0,

o "
H{ = ~dimpus Bk / arr? (. + 29 Wi (7 Wi a(r) + (1 = 29) Wip (W57 4(r) )
HEY = 0. (C8)
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