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On attractor’s dimensions of the
modified Leray-alpha equation

PHAM Truong Xuan! &NGUYEN Thi Van Anh?

Abstract

The primary objective of this paper is to investigate the modified Leray-alpha equa-
tion on the two-dimensional sphere S?, the square torus T? and the three-torus T3. In
the strategy, we prove the existence and the uniqueness of the weak solutions and also
the existence of the global attractor for the equation. Then we establish the upper and
lower bounds of the Hausdorff and fractal dimensions of the global attractor on both
S? and T?. Our method is based on the estimates for the vorticity scalar equations and
the stationary solutions around the invariant manifold that are constructed by using
the Kolmogorov flows. Finally, we will use the results on T? to study the lower bound
for attractor’s dimensions on the case of T3.

Keywords. Modified Leray-alpha equation, 2-dimensional sphere, square torus, three-
torus, global attractor, Hausdorff (fractal) dimension, Kolmogorov flows.

2010 Mathematics subject classification. Primary 35Q30, 76D03, 76F20; Secondary
58A14, 58D17, 58D25, 58D30.

Contents
1 Introduction 2
2 Geometrical and analytical setting 3
2.1  Geometric formula and functional spaces . . . . . . . . ... ... ... ... 3
2.2 The modified Leray-alpha equation on 2-D closed manifolds . . . . .. . .. 5t
3 Well-posedness and the existence of global attractor 6
4 Dimensions of global attractor on 2-D closed manifolds 7
4.1 Fundamental theorem on the attractor’s dimension . . . ... ... ... .. 7
4.2 Estimate of the attractor’s dimensions . . . . . . . .. ... ... .. .... 8
4.2.1 Upper bound . . .. ... . .. . ... 8
4.2.2 Lower bound . . . . .. ... 11

!Faculty of Information Technology, Department of Mathematics, Thuyloi university, Khoa Cong nghe
Thong tin, Bo mon Toan, Dai hoc Thuy loi, 175 Tay Son, Dong Da, Ha Noi, Viet Nam. Email: xu-
anpt@tlu.edu.vn or phamtruongxuan.k5Qgmail.com

2Faculty of Mathematics, Hanoi National University of Education, 136 Xuan Thuy, Cau Giay, Ha Noi,
Viet Nam.


http://arxiv.org/abs/2107.01593v1

5 The lower bound of global attractor on T? 15

5.1 The stationary solutions . . . . . . . . . ..o 16
5.2 Transform from T3 to T2 . . . . . . . . . . 18
5.3 Lower bound on T2 . . . . . . . . . 19

1 Introduction

The study about the solutions and their asymptotic behaviours of the models of turbu-
lence theory plays an important role to analyse the dynamics of the homogeneous imcom-
pressible fluid flows and many pratical applications. In particular, there is a lot of interest
on the three averaged turbulence equations: the Navier-Stokes-alpha, the modified Leray-
alpha and the Bardina equations which convergence to the Navier-Stokes equation when the
parameter « tends to zero. The existence and uniqueness of weak solutions were established
in [3, 8, 11, 19, 22|. The existence of the global attractor and the upper and lower of attrac-
tor’s Hausdorff and fractal dimensions were studied in [7, 6, 17, 18, 19]. The existence of
the inertial manifold for these equations were obtained recently in[9, 10, 12|. The algebraic
decays in time were given for the Navier-Stokes-alpha equation in [2].

Beside, there are some other works for the equations with damp coeficients such as 2-D
damped-driven Navier-Stokes equations and damped 2-D and 3-D Euler-Bardina equations
[17, 20, 21]. In these works, the authors established the well-posedness of the weak solutions
and derived the upper and lower bounds of the global attractor’s dimensions.

The premilinary method used to study the upper bound of the attractor’s dimension is to
combine the fundamental theorem about the relation between the Lyapunov exponents and
the Hausdorff (fractal) dimension of attractor (see [4, 5, 24]) and the Leib-Sobolev-Thirring
inequality. The lower bound of the dimensions of the global attractor has been studied by
using the Kolomogorov flow to construct the family of stationary solution that was given
initially for the Navier-Stokes equation in [13]. Then this method is developed for the other
turbulence equation in [17, 26| and the equations with damp coefficients in [20, 21].

Concerning the study of Navier-Stokes and averaged turbulence equations on the compact
manifolds, there are some works on the attractor’s dimensions of the Navier-Stokes and the
turbulence equations on the 2-D closed manifolds such as the sphere S? and the square torus
T?. The authors have treated the Navier-Stokes equation in [15, 16|, the Navier-Stokes-alpha
equation in [17] and the simplified Bardina equation in [26].

In the present paper we study the modified Leray-alpha equation on the 2-D closed
manifold M:

v —vAv+uv-Vu=—-Vp+ f,
V.-v=0, (1.1)

v =u— o?Au,

where v is viscous constant, the velocity v and the filtered function v are unknown which
are belong to TM, p is the pressure and f is external force.
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We recall that the 2-D modified Leray-alpha equation in R? with periodic boundary
condition was studied in [9] for the well-posedness and the existence of an inertial manifold.
The 3-D modified Leray-alpha equation in R? with periodic boundary condition was studied
in [19]. The authors established the well-posedness of the weak solution and derivered a
upper bound of the dimensions of the global attractor by using the Leib-Sobolev-Thirring
in R®. Recently, the existence of the inertial manifold for the 3-D equation has established
fully in [10, 12].

We will extend and apply the recent work for the simplified Bardina equation of one of
the authors [26] to consider the modified Leray-alpha equations on 2-D closed manifold M
detailized by the sphere S? and the square torus T2. We will establish the well-posedness of
the weak solution by the Galerkin approximation method (see Section 3). Then, we derive
a upper bound of the Hausdorff and fractal dimensions of the global attractor in both the
sphere S? and tourus T? by using the vorticity scalar form of the equation (1.1) and the
generalized theorem of the dimension of attractor on the uniform Lyapunov exponents (see
Section 4.2.1). The lower bound of the dimension in the case of the torus T? is obtained
by using the Kolomogorov flows to construct the stationary solutions around the invariant
manifold (see Section 4.2.1). In presicely, we will prove in this paper that the upper and
lower bounds of the attractor’s dimensions are coincided to the ones of the 2-D simplified
Bardina equation and they are improved in comparing with the case of 2-D Navier-Stokes
equation. Finally, we will extend and apply the recent work of Ilyin, Zelik and Kostiano [21]
to establish the upper bound of the attractor’s dimensions in the 3-D torus (see Section 5).
The method uses the Squire’s transformation to transform the 3-D equation to the 2-D case,
then apply the results of the lower bound obtained in 2-D case. Our results with the one
obtained in [19] complete the two-side estimates of the global attractor’s dimensions for the
modified Leray-alpha equation in 3-D case.

This paper is organized as follows: Section 2 gives some basic formulas and the setting of
the modified Leray-alpha equation, Section 3 discuss the well-posedness of the weak solutions
of the equation on the sphere and torus, Section 4 gives the upper and lower bounds of the
attractor’s dimensions on T? and Section 5 relies on the lower bound on T3.

2 Geometrical and analytical setting

2.1 Geometric formula and functional spaces

We recall some geometric formulas on the 2-dimensional closed manifold (M, g) embedded
in R? with trivial harnomic forms detailized by the two sphere S? and the square torus T?
(see for details [14, 15]). We denote by TM the set of tangent vector fields on M and by
(TM)* the set of normal vector fields. We have the definitions of the following operators

Curl, : TM — (TM)* and Curl : (TM)* — TM

in a neighbourhood of M in R? as follows:



Definition 2.1. Let u be a smooth vector field on M with values in TM, and let J be a
smooth vector field on M with values in (TM)1, i.e. 1) = i, where 7T is the outward unit

normal vector to M and 1 is a smooth scalar function. We then identify the vector field 1;
with the scalar function . Let @ and ¥ be smooth extensions of u and ¢ into a neighbourhood
of M in R3 such that i|p = u and Y|y = . For x € M and y € R3, we define

Curlyu() = (Curli(y) - 7(y))(y) -

Curly(z) = Curly(z) = Curlt)(y)]y—a,
where the operator Curl that appears on the right hand sides is the classical Curl operator in

R3.

The above definitions of Curl,u and Curly are independent of the choice of the neigh-
bourhood of M in R3. Moreover, the following formulas hold

Curl,u = —ndiv(7 X u), Curly = —1 x Vb, (2.1)
v-Vu+u-Vol =V(v-u) —ov x Curl,u, (2.2)
Au = Vdivu — CurlCurl,,u, (2.3)

where x is the outer vector product in R3, V1) is gradient of the scalar function, V,u is
covariant derivative along the vector field, A is Laplace-de Rham operator defined on the
vector fields (see the definition and formula of A in [14]) and (v-u”); := >; vj0iu; in a local
basic frame (2!, 22) of (M, g).

Let LP(M) and L?(TM) be the LP-spaces of the scalar functions and the tangent vector
fields on M respectively. Let H?(M) and H?(TM) be the corresponding Sobolev spaces of
scalar functions and vector fields. The inner product on L*(M) and L?*(TM) are given by

(u,v>L2(M) = / uvdVolyy, foru,v € L*(M),
M

(U, V) p2ran) = / u - vdVolyy, foru,v € L*(TM).
M
The following integration by parts formulas will be used frequently

(Vh, U>L2(TM) = —(h, diVU>L2(M) )

<Cur1@;, v>

By using Hodge decomposition we have

= <1/7, Curlnv>

L2(TM) L2M)

C®(TM) = {V¢ : ¢ € C®(M)} @ {Cutl) : ¢ € C%(M)}

Putting
—L*(TM

V={Culy : v € C*(M)} , H=YV

)y o P,
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with the norms on H and V are
||u||§{ = (u,u), ||u||%/ = (Au,u) = (Curl,u, Curl,u) .

Since divu = 0, we have the Poincaré inequality

—1/2 . —-1/2
lallr < AT (lully + Idivall ) = A7 [lully, (2.4)

where A; is the first eigenvalue of the Stokes operator A = CurlCurl,,. We know that
2 2 2
[ull g eoney = llwllz2een + [ldivel[zaqr + 1Curlyul 72 g - (2.5)

From the inequalities (2.4), (2.5) and since divu = 0 on V, the norms on H' and V are
equivalent for all v € V. In the rest of this paper, we denote ||.||;. :==|.|, ||.|;, :== ||| and

e = (1M1

2.2 The modified Leray-alpha equation on 2-D closed manifolds
The modified Leray-alpha equation on M have the following form

vy —vAv+v-Vu+ Vp=f,
V-ou=V-v=0, (2.6)
v=(I - a’A)u,

where v is the viscous coefficient, p is the pressure, f is the external force and the unknown
functions u, v € TM.
Using (2.3) we re-write Equation (2.6) as

v, + vCurlCurl,v + v - Vu + Vp = f,
Vou=V-u=0, 27)
v = ([ — 042A)u’

—L%(TM

By using Hodge projection P on the space H =V ) the first equation becomes

v+ vAv + B(v,u) = f,,
Vou=V-.v=0, (2.8)
v=(I+a*A)u,

where B(v,u) = P(v - Vu).

On the other hand, if we put u = —Curly and take Curl,, the first equation in (2.6) then
we obtain the following vorticity scalar form

(A — ?A%Y;) — vA(AY — ®A%)) + J((I — a*A)p, Ay) = Curl, f. (2.9)

b}



Putting ¢ = A1) we get
(0 — @?Apy) — vA(p — a?Ap) + J((ATHI — a?A) g, p) = Curl, f. (2.10)
Therefore
o1 — VA + (I — ?A) T T(ATHI — ®A)p, ) = (I — o*A)~'Curl,, f. (2.11)

The properties of Jacobian operator J(a,b) = n x Va - Vb are given in the following
proposition:

Proposition 2.2. On the two-dimensional closed manifold M we have

J(a,b) = —J(b, a), /

J(a,b) dVoly = / J(a,b)bdVoly = 0
M

M

and

/J(a,b)cholM:/ J(b, c)a dVoly.
M

M

3 Well-posedness and the existence of global attractor

We consider the existence and uniqueness of the weak solution of the modified Leray-
alpha equation under the vectorial form (2.8). The basic method is Galerkin approximation
scheme and then passing to the limit using the appropriate Aubin compactness theorems.
Since the well-posedness of the 2-D equation in R? with periodic boundary condition was
established in [9] and of the 3-D equation in R? with periodic boundary conditon was treated
in [19]. Here, we can do by the same way as in [19, 9] by establish the H'- and H?-estimates
with noting that

(B(v,u),u) =0.

in H'-estimate and the term (B(v,u), Au) appeared in H?-estimate can be controled by
using Young’s inequality as

1/2
[(Blv,w), Au|pgay < ol [Jo]"* 1A% 2ul Ju]
< e+ a®) [ Au|' AP0 ||
4
Aul?>  3va?
< c()\l_1+oz2)4”u” | Aul ’/40‘ |A3/2u\2.

(va?)?

Therefore, we can get the H'- and H?-estimates as follows (in details see [19]):

[u()* + o u(®)|* < e (Ju(0)* + o® [lu(0)|*) + %(1 — e, (3.1)

1 2ck? K
t(lu(@®)]]* + o®|Au(t)?) < ;(tK1+k1)+t2K2+()\1_1+a2)4 i ( !

ad)ial \ 2 +tk;1). (3.2)

Therefore, we can derive the well-posedness of the weak solution of (2.8) as in the following
theorem.



Theorem 3.1. Let f € H, then for anyT > 0, Equation (2.8) with the initial data u(0) € V
has a unique reqular solution uw in [0,T). Furthermore, this solution depends continuously
on the initial data as a map from V' to C([0,T],V).

Proof. The proof is done by using H!-, H%-estimates and the Galerkin approximation scheme
in the same way of [19, Theorem 3. O

Since the well-posedness, we get a semigroup of solution operators, denoted as {S(t)},-,
which associates, with each uy = u(0) € V', the semi-flow for time ¢ > 0 : S(t)up = u(t) is
unique weak solution of (2.8).

Using the H'-estimate (3.1) we can prove the existence of a bounded absorbing ball
By (0) in V. The compactness of the semigroup {S(t)},., and the existence of bounded
absorbing ball By guarantee the existence of the nonempty compact global attractor A.

Theorem 3.2. There is a compact global attractor A C V' for Equation (2.8).

Proof. Following Rellich lemma S; : V. — D(A) € V, for t > 0, is a compact semigroup

1%
from V' into itself. Since S(t)By(0) C By (0), then the set C := U= S(t) By (0)  is nonempty
and compact in V. By the monotonic property of C; for s > 0 and by the finite intersection
property of compact sets, the set

.A = ﬂ5>008 C V

is a nonempty compact set, and also the unique global attractor in V. O

4 Dimensions of global attractor on 2-D closed manifolds

4.1 Fundamental theorem on the attractor’s dimension

Let H be a Hilbert space, X be a compact set in H and S; the nonlinear continuous
semigroup generated by the evolution equation

Oru = F(u), u(0) = uy,

and suppose that
StX:XfOI't>O

The Hausdorff and fractal dimensions of X are estimated by using the uniform Lyapunov
exponents (see [4, 5]).

Definition 4.1. The semigroup S; is uniformly quasi-differentiable on X for each t if for
all u, v € X there exists a linear operator DSy(u) such that

15¢(w) = Si(v) = DSi(u)(u = v)[| < h(r) [u = o],

where [|u —v|| <7, h(r) = 0 as 7 — 0 and sup,e(o, 1) SUPyex | DSt (W] g (pr ary < 00
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The following result is establised in [4, Theorem 2.1].

Theorem 4.2. We assume that the mapping u — Syug is uniformly quasi-differentiable in
H and its quasi-differentiation is a linear operator L(t,ug) : ( € H — U(t) € H, where U(t)
is the solution of the first variation equation

AU = Z(t,uo)U, U(0) = (. (4.1)

We assume, in addition, that for a fized t the operator L(t,ug) = DS;(u) is compact and
norm-continuous with respect to u € X.
For N > 1, n € N, we define qn by

1 t
gy = limsup sup sup (;/ TrZ(1,up) o QN(T)dT> , (4.2)
N 0

t—oo  wpeX (;eH,||G|<1,i=1,...,
where Qn(7) is the orthogonal projection in H into Span {U"(7)..UN (1)}, and U'(t) is the
solution of (4.1) with U'(0) = ¢;.
Suppose qny < f(N), where f is concave. The Hausdorff and fractal dimensions of X

have the same upper bound
dhnf{}( <§dinur)(:§ A&,

where N, > 1 is such that f(N,) = 0.

The concave condition of f can be replaced by the condition that the quasi-differential
DS, (u) contracts N,-dimensional volumes uniformly for u € X (see |5, Theorem 2.1]).

4.2 Estimate of the attractor’s dimensions
4.2.1 Upper bound

As the previous sections we denote M for both S? and T?. The upper bound of the
Hausdorff and fractal dimensions of the global attractor of the 3-D modified Leray-alpha
equation with periodic boundary condition were establised in [19] by using the Leib-Sobolev-
Thirring inequality. However, we will derive the upper bound of the 2-D equation on M by
another method based on the vorticity scalar equation in this section.

We multiply (2.10) by ¢ in L?*(M) we obtain that

1d

57 Ul +1Vel%) +v([Vel® + a®|Apl’) = (Curl, f, ) = {f, Curlup) .

Therefore,
d f1?
L1l +a?1VeP) + 20l +a?lagl) < Ly v

Using the Poincaré and Gronwall inequalities and integrating with respect to t yield
lim sup |p(t)]* < i (4.3)
A1V2

t—o00




and

li 1 ' 2 < |f‘2
im sup — |Vo(r)|7dr < R (4.4)
0

t—o00

We consider the variational equation corresponding to (2.11):
Dy = AP — (I —?A) ' T(AHI — ?A)D, ) — (I — *A) ' T(ATHI — a?A)p, @), (4.5)
where ®(0) = (.

It is standard to show that this equation has a unique solution denoted by

L(t, (0))¢ := @(2).

Using the general theorems in [25] we can show that the semigroup S; is uniformly quasi-
differentiable on the attractor A of the modified Leray-alpha equation.

Now we establish the Hausdorff and fractal dimensions of the attractor using (4.5) in the
following theorem:

Theorem 4.3. The Hausdorff and fractal dimension of the attractor A of the modified
Leray-alpha equation on M are finite and satisfy

, , 4+ eg)? 1. L\
< < (23 ( G = - )
dimy A < dimp A <G <—3L(1 W (log G 5 log 5 )) , (4.6)

12 28 1 3v/2 e
dimy A < dimp A < G*3 [ log G + = + log ,
L(l +a2)\1) 2 L(l +a2)\1)

(4.7)

|2]1 is the Grashof number and e — 0, when G — oo. In particular, the
VoAL

constant L = 7 in the case of the sphere S?.

where G =

Proof. Let
H = L*(M)N {<p : / @odVoly = o} and H' = H*(M) N H.
M
Putting
<<[L’, y>> = <Zl§',y> - Oé2 <$7 Ay> :

In the space Qu(7)(H) we take an orthonormal basis {;}, ¢ H' with norm ((.,.)). Now
we have

Mz

Tr.Z(r, o) ZL(7,¢0)0:,0:))

=1

= v ((A0,0))



=D = A IAT ), 9) + (1= D) (AT 0?B),6),6.))

N N
= —v Z<|V€i|2 + | AG;]?) — Z (J(ATHI = a®A)b;, ) + J(ATHI — &N, 6;),0;)
i=1 i;l
= v ) (VO +[26:%) = > (J(AT'0 - a?6;,0),0;)
= 1 =1 N
< —yz VO, + |Ab,]?) — / > 0i(n x V(I — a®A)7'0;) - Vipdz
M —q
+« Z
N 1/2 N 1/2
< —I/Z(IW’Z-I2 + A6 +/ <Z 93) (Zlv#) [Veldx
i—1 M\ =1 i=1
—i—ozzz (J(p,0
i=1
N N 1/2
< = (VO + 146 + ol (Zw,ﬁ) V| (due to / J(p,6;)8;dVoly = 0)
i=1 i=1 M
N
< v Y (VO +186,) + [[pll L2 N2V, (4.8)
i=1
where
N n
p(s) = i) =) In x V(A =A%) 716,
=1 =1

The following estimate of the function p on the 2-D closed manifold M is valid (for details
see [26, Appendix]).

1/2
2/ L(1+ a2)) [Ipll % < (2log(k + 1) + 1)V2 + V2(k + 1)~ ( 1Z|ve|2>
N 1/2
< (2log(k+1) + D)Y2 +V2(k +1)7* (A;IZ(\VHZ-\2+@2\AHZ-\2)> , (4.9)
=1

where k is a positive integer and L is a positive constant (L = 7 in the case of S?).
Since on the S? the eigenvalues of A are A, = n(n+1) of multiplicity 2n+1 forn = 1,2, ...,

we have
N

N
A
. 2 2 2 1 A2
T(t, o) = > _(IVO:]* + a?|A6;]%) > ;A >SN

i=1
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Hence
N < 2((\)7')V2,

Equation (4.8) implies now,

TrZ (7, ¢0) 0 Qn(7) < —vA (A 'T)
YLV 4 a2),) V2 ((2 log(k + 1) + 1)Y? + V2(k + 1)‘1(A1‘1T>) ATV

Since we obtain the same bounded function of Tr.Z (7, pg) o Qn(7) such as the one of the
simplified Bardina equation, the rest of the proof can be done by the same way in |26,
Theorem 4.4] and we get the upper bounds (4.6) and (4.7) in our theorem. O

Remark 4.4. In the above theorem we prove that the upper bound of the Hausdorff and
fractal dimensions of the global attractor is coincided to the ones of the simplified Bardina
equation obtained in [26]. In particular, as o tends to zero we get the same upper bound of the
Haussdorff and fractal dimensions of the global attractor for the Navier-Stokes equation on
S? (see [15, 16]). Our theorem can be also extended to the two dimensional closed manifolds
which have the non trivial harmonic forms as well as [26, Theorem 4.6].

4.2.2 Lower bound

Since a global attractor is a maximal strictly invariant compact set, it follows that the
attractor contains the unstable manifolds of stationary points, that is the invariant manifolds
along which the solutions convergence exponentially to the stationary points as ¢ tends to
infinity. From this point we can establish the lower bound of the attractor’s dimension on
the square torus T? = [0; 27] x [0; 27] by constructing a family of stationary solutions arising
from the family of Kolmogorov flows. Recall that the scalar vorticity form of the equation is

(0 — a?Apy) — vA(p — a2 Ap) + J(ATHI — a?A)p, ) = Curl, f.
Putting ¢ = ¢ — a?Ayp, then
Y — vAY + J(A™ ', (I — a?A) M) = Curl, f. (4.10)
We consider the following family of forces depending on the integer parameter s:
Fof— { fi= ﬁyz)\ﬁ sin s,
f2=0,
where we choose the parameter A := A(s) later. Then, we have
|f| = 2As?, G = \s?

and

1
Curl, f, = Fy = ————1*\s® cos sxa, |Curl, f| = v2\s>. (4.11)
\/§7T
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Corresponding to the family (4.11) is the family of stationary solutions

1
1y = ————V S COS STo

V2

of Equation (4.10) due to 1 depends only on z5, the nonlinear term vanishes
J(A Mg, (I — a?A) 1p,) =0

and the equality —vAy, = F} is verified directly.
We linearize (4.10) about the stationary solution (4.11) and consider the eigenvalue prob-
lem

Lap: = JA N, (I —a?A)" 1)
+J (AN, (I — o*A) " M)y) — vVAY = —a1). (4.12)

We use the orthonormal basis of trigonometric functions, which are the eigenfunctions of the
Laplacian on the two-dimensional torus,

1 1
{E sin kx, E cos k:z} , kr = kx4 koo,

keZi ={keZiki >0,k >0} U{k €Zjlki > 1,k <0}

and we rewrite ¢ as a Fourier series

WY Z ay cos kx + by sin kzx.

1
\/éﬂ_kezi
Since J(a,b) = —J(b,a), we have

J(A™ cos sxg, (I — a*A) ' eoskz) + J(A™ coskx, (I — a®A) ™" cos sx)

VAS 1 1 1 1 ‘
- 2 (?1 + a2k k214 a2s2) J(cos sxq, apcoskx + by sin kx)
VAS k2 — g2

B V2 (82 4+ a2s%) (k2 + a2k4) J(cos sz, agcoskx + by sin kx).

Plugging this into (4.12) we obtain that

s k? — 52
——— | J(cos sxo, ay, cos kx + by sin kx )+
V27(s2 + a?st) k;zi (k2 + a2k4) ( 2Tk g )
+ Z (k* 4 6)(ag cos kx + by sin kx) = 0, (4.13)
keZ?

where 6 = o /v.
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We can calculate that

J(cos sy, cos(k1xy + kaxa)) = —kyssinsxysin(kixy + kaoxs)
k
= %S(cos(klxl + (ko + 8)x2)) — cos(kyz1 + (ko — s)x2)
and
J(cos sy, sin(ki1xy + kaoxs)) = kissinsxg cos(kixy + kaxs)

k
= %S(Sin(klxl + (ko + 8)xo)) — sin(kyzy + (k2 — s)2).

Substituting these equalities into (4.13) and regroup the terms with cos(kjz1 + kaoxs), we get
the following equation for the coefficients ay, ,

K+ (ks +5)° — 87
—A 1
(S)kl <k% + (k2 + 5)2 + 062(]{3% + (kj2 + 8)2)2) ki ko+s

k2 + (ky — 5)? — 82
TAk (k:% + (ko — 5)2 + a?(kf + (k2 — 5)?)

5 | Qkiky—s + (k2 + 0)akk, =0,

where 2 \
s
A = A S) = = . 414
(5) 2¢/27(s2 + a2st)  2¢/27(1 + a?s?) (4.14)
Similarly the equation for by, j, has also this form.
We put
]{32 _ 82
and

]{71 = t, ]{32 =sn+r, and Ctsn+r = €n,
t=1,2,..,7 €Z, Tiyin <7 < Tmax,

where the numbers r,;, and 7., satisfy that 7. — rmin < s and will be specified below we
obtain for each ¢ and r the following three term recurrence relation:

dpen+en1—€ny1=0,n=0,+1,£2, .., (4.15)
where
(t + (sn+7r)2+ (> + (sn+7)*)*)(t* + (sn+71)* 4 6)
At(t2 4 (sn+71)% — s2) ’
We look for non-trivial decaying solutions {e, } of (4.15) and (4.16). Each nontrivial decaying

solution with Re(d) > 0 produces an unstable eigenfunction 1) of the eigenvalue problem
(4.12).

d, = (4.16)
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Theorem 4.5. Given an integer s > 0 let a pair of integers t, r belong to a bounded region
A(6) given by
rr? <23, 04+ (—s+1r)? > P (s+1r)* > 8t > s,
Tmin < 7 < Tmax, "min = _5/67 Tmax = 3/67 0<d< 1/\/§ (417)

For any A = > ( there exists a unique real eigenvalue 6 = 6(\), which increases

A
2v27(14+a2s2)
monotonically as A — oo and satisfies the following inequality

ala,t,r,s)A <o <o, t,r, s)A. (4.18)

The unique Ny = Ao(s) solving the equation

d(Ag) =0
satisfes the two-sided estimates
1 55v/5 (1 + a?s?)
—0%s(1+as?) < A < or a >0,
7 ( ) 63w/_ R
—525 <A< ——= fora=0. (4.19)

V2 e

In the term of X\ these inequalities are

110v/57 s(1 + a?s?)?

2m6%s(1 + a?s?)? < A < for a > 0,

63 02
o175 < A < 20T =
mo“s < <—\/_ﬁfo7“a—0.
Proof. The proof is done similarly [26, Theorem 4.8| and we obmit. O

In the rest we give the lower bound of the attractor’s dimension by using the above
theorem. Since

A
©2v21(1 4 a2s?)’
we rewrite (4.19) in the term of A(s) to see that for

\ 110»/fn
@20 = 763

2(1+ %),

Aa=0 = —55_27

each point in (¢, r)-plane satisfying (4.17) produces an unstable (positive) eigenvalue ¢ > 0
of multiplicity two (the equation for the coefficients by is the same). Denoting by d(s) the
number of points of the integer lattice inside the region A(d) we obviously have

s):=t{(t,r) € D(s) =Z> N A(6)} ~ a(0)s” as s — oo, (4.20)

14



where a(d)s* = |A(§)| is the area of the region A(d). Therefore the dimension of the unstable
manifold around the stationary solution 1), is at least 2a(d)s* and we obtain that

dim A > 2d(s) ~ 2a(6)s>. (4.21)

It is reasonable to consider two case:
The case a = 0.
We have

G = \yos® = 20—7T535_2
3v6

and writing the estimate (4.21) in terms of the Grashof number G' we obtain

2/3
dimA > 2a(8)s* ~ 2 (3—¢6) a(6) PG

3\/6)2/3

v 4/3\(12/3 _ 2/3
50 max _a(0)d**)G 0,006G*"7,

dimA > 2 (
0<8<1/v/3

where max,_s_y,,/3 a(§)6*3 = 0,012. This is exact the same lower bound obtained for the
global attractor’s dimensions of the Navier-Stokes equation (see [13, 18]).
The case 0 < a < 1.

Here we can obtain the following lower bound for G ~ (1/a)?. Let 0 < s < 1/a. Then
1+ a?s? <2 and

a< 4406\f7r83 5-2

and by the same way as above we obtain that

2/3
dimA > 2 <£) ( max a(8)0*)G*3 =0,0018G*3.
44051 0<6<1/v/3

In particular, setting s ~ 1/« we can obtain in term of 7 that

1 1 1\?

o? o

5 The lower bound of global attractor on T*

In this section we will develop the method of Ilyin, Zelik and Kostiano in a recent work
[21] to give the lower bound of the global attractor for the modified Leray-alpha equation on
T? = [0, 27]%. The method uses the Squire’s transformation to transform the 3-D instability
analysis to the instability analysis of the transformed 2-D problem which has obtained in
the previous section. To avoid the confusion we denote the unknowns by , the components
by w and the covariant derivative by V,.

15



5.1 The stationary solutions

Now we consider the modified Leray-alpha equation (2.6) on T? with the right hand sides
are given by

fi = &-v*As? sin s,
F=fo={ =0 (5:1)
.f3 = 07

where A\ = A(s) is chosen latter. Then, we have
If| = *)s%, G = \s®

and

Curl, f, = Fy = ————1*\s® cos sz3, |Curl, f| = v2 s>

1
\/7
The family of stationary solutions of(2.6) corresponding to (5.1) are

vo(x3) = ﬁu)\ sin s,
170(1’3) = O, (52)
0

Moreover, @ = (I — a?A,) 10 = (up,0,0)T depends only on z3 hence @y - Vi = 0.
We derive the linearized equation of (2.6) on the stationary solutions (5.2) as follows

O + o + W35ier — Agw + Vg = 0
(5.3)
divw = 0,
where e; = (1,0,0)7 and @ = (I — a?A,) " 'w with the assumption
/ w(x,t)dx = 0.
T3
We consider the solution of (5.3) in the following form
w(w,t) = (wi(ws), wa(ws), ws(wg)) e TN and g(t) = g(wg)e!“rHbroct), (5.4)
where a,b € Z satisfied that w and ¢ are 2m-periodic in each x;.
If there exist a solution (5.4) of Equation (5.3), then at t = 0 we have that
M(IL’, 0) = ((A)l (1’3), W2 (Ig), W3($3))T€i(axl+bm2)
is a vector-valued eigenfunction of the stationary operator
0w 0
Lg(’Uo)u) = an—; + Wga—zzel Axw + qu (55)
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and iac is the corresponding eigenvalue. If R(iac) < 0, then the corresponding mode is

unstable.
Plugging (5.4) into (5.3) we obtaint that

Aywy — ia(upw, — cwy) = iaq + wsuyg,
Ax(UQ — ia(anJQ — ng) = ’qu,
Aﬂdg — ia(qug — ng) = q,,

iawy + ibwy + wh = 0,

where we denote ' := 0/0x3.

(5.6)

Lemma 5.1. There are no unstable solutions of equation (5.3) which can be written by (5.4)

at a = 0.

Proof. The proof is a slightly modification of [21, Lemma 5.1| for replacing —v by A. Let

a = 0 we have that

w(x, t) = (wi(w3), wa(ws), ws(w3)) e and q(t) = g(3)e™"

is solution of (5.3). Moreover, Equation (5.6) becomes
A wy + iacw; = iaq + Wy,
AL ws + iacwy = 1bgq,

A,ws + iacws = ¢/,

ib(UQ + wg = 0,

/!
The final equation leads to ws = —u,)—g. Plugging this into the second equation we get
i

n . /12
wy +itacwy = b7q.

Differentiating the third with respect to x3 we obtain
n

- !/ 1/
w3 +1acws = q" .

Therefore, we have that ¢ = b%q, hence ¢ = 0 due to ¢ is periodic.

Since we considering for unstable solutions, it follows that R(ic) < 0. This leads to

Kery2(A +ic) = {0}. This gives that wy = w3 = 0, and, finally, w; = 0.

If a =0 =0, then w} = 0, then wy = 0 by periodicity and zero mean condition.

shows that ¢ = 0 and w; = wy = 0. Our proof is completed.
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5.2 Transform from T? to T2

Now we use the Squire’s transformation to transform the eigenfunctions of Lj(tj) on T?
to the ones of Ly(j) on the 2-D torus. The idea and detailized techniques are given in [21].

Since Lemma (5.1), we assume that a # 0 in (5.6). Multiplying the first equation in (5.6)
by a and the second by b a adding up the obtained results we get

Agwi — id(uoly — ) = iaq + Wsul,
Ayws — id(uois — 3) = ¢, (5.7)

i@, + @ = 0,

where
. ~ bwa .
Al =a*+ b, o = w, W3 = Ws,
a
A= EA, ?j:qg,fzc. (5.8)
a a
The solutions of the problem (5.7) on the 2-D torus

A~

T? = {(21,23) € [0,27/[a]] x [0, 27]}
have the following form
By, w3,t) = (D1(w3), Da(ws)) €170 Gy, 25, 1) = q(g)e’ @170, (5.9)
Observe that if Equation (5.7) has the solutions (5.9), then the vector function
&1, 23,0) = (@ (x3), Dy(x5)) @ (5.10)
is a vector-valued eigenfunction with eigenvalue iac of the stationary operator
O~ Oug

LQ(UO)@ = —3@ + UOS—; + wga—x?)el + VxZ]\, divio = 0 (511)

on T2, where uo = (I — a2A,) 'vy. The stationary solution and the generating right-hand
side are

=L J\si
Go(as) = {;0@3) v (5.12)
and
~ ~ _ _a 222 si
fs(xs) = Agvg(as) = {gl(zg) avar AP ST (5.13)

We suppose that @ > 0. The result on the Squire’s reduction of the 3-D instability analysis
to the 2-D case is given in the following lemma.
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Lemma 5.2. Let @ in (5.10) be an unstable eigenfunction of the operator (5.11) on the 2-D
torus T2 = (0,27 /a] x [0,2x]. Then for any pair of integers a,b € Z with

a’ 4+ b =a?
there exist an unstable solution of system (5.6) on three-torus T3 = [0, 27]3.

Proof. By using the relations (5.8) we can find ¢, ws, ¢. Observe that the second equation
in (5.6) is
(A, +iac)wy — iaug(l — a®A) wy = ibg.

This is equivalent to
— (A, +iac — iaug(I — a*A) " Hwy = —ibg. (5.14)
Considering the following sesquilinear form A on H} ([0, 27, M) x H; ([0, 27], M):
Alx,y) = —[A, +iac — iaug(I — o*A) 'z, y].

Clearly, |A(z,y)| is bounded by ||:L'||H3 ||y||H3 Moreover, we have that

|A(wz, wo)| = [[Vawall72 — Rliac) [|we |7 -

Since @ is unstable, we have R(iac) < 0. Therefore, the linear operator A is coercive. By
using Lax-Milgram theorem (in complex) (see [1, Theorem 7|), there exists a bounded and

inverted operator A : H2([0,2x], M) — H~([0,2x], M) such that
A(z,y) = <ka,y>-

Therefore, Equation (5.14) becomes Awsy = —ibg and it has a unique solution wy = A‘l(—ibq) €
H{([0,27], M). Finally, we obtain that
5@1 — bCUQ

w1 =
a

5.3 Lower bound on T?

In this section we apply the lower bound of the global attractor obtained on 2-D torus
T? to establish the one on T3. We denote the second coordinate by w3, so that x;, x5 are
the coordinates on T2. The linearized stationary operator is (5.11) with the family of the
forcing terms are (5.13), and the corresponding stationary solutions are (5.12).

Applying Curl to (5.11) we obtain the equivalent scalar operator in terms of the vorticity
in the previous Section 4.2.2 on T?:

Lw: = JA w,, (I—a*A) " w)
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+J(A 7w, (I — ?A) w,) — vAw = —ow. (5.15)

where

. 1 ~
ws = Curl, vy = ——2V)\s cos sx3 and w = .
T

In Section 4.2.2 we have also proved that the eigenfunctions of L, are

Wz, z3) = Z At sntr COS(tx1 + (SN +7)T3)

Wiz, 13) = Z At sntr SID(txy + (s 4+ 7)23). (5.16)
Hence,

o
1 -2 _ itx i(sn+r)x
w(zy, x3) + 1w (21, 23) = ™ E At sn41€ (sntr)ws

n=—oo

We can find an unstable vector valued eigenfunction of the operator Lq () in the form (5.10)
by applying the operator Curl,A;! to the above equation and get that

w(zy, 13) = (wi(3), ws(z3)) e,

For the 3-D instability analysis we need to repeat the construction of an unstable eigen-
mode on the torus T? = [0, 27/|al] x [0, 27]. For this purpose we apply Theorem 4.5 on T?
to obtain that

Proposition 5.3. Let r and t' := t|a| belong to region A(J):
2 4r? <23, 12+ (—s+1)2 >3 1?4 (s+1)? > st > 6s. (5.17)

Taking fs and vy in two dimension context as

a
a\/2m

Then there exists an unstable solution

v A\s?sinsxs, 0)7, 0(xs) = ( vAsinsas, 0)7.

~ 1

s\T3) = (—

ot = ( —
w(zy, 23) = (wi(23), ws(ws)) ™™ where x € @i (5.18)

under the form (5.10) of the operator (5.11) on @z

Proof. The proof is a consequence of Theorem 4.5 by substituting ¢’ := |alt. O

It is convenient to single out a small rectangle D in the (¢, r)-plane inside the region
given by (5.17):
Ir| < g8, 0 <38 <t < ys. (5.19)

Here 6 = 6* € (0,1/4/3) is fixed, and all the constants ¢; are absolute constants, whose
explicit values can be specified.
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Theorem 5.4. We consider the linearized equation (5.3) on the 3-torus T3 = [0, 27]* with
right-hand side f; and stationary solution vy given by (5.1) and (5.2), where

A= A3(s) = V2Xa(s) = V2¢15(1 + a?s?)2. (5.20)
(where As(s) is given in Theorem 4.5). Then for each triple of integers a, b, r satisfying
c3s<a=va?+ b < s, |r] < s, |b] < (5.21)

there exists an unstable solution of the linearized operator (5.5). The number of integers
(a,b,r) satisfied (5.21) is of order c5s®, where

c5 = i?TCg(CZ —c3).
Proof. The proof is a slightly modification of [21, Theorem 5.5 for replacing v by A. We
fix a,b and r satisfy (5.21). Since the first two inequalities in (5.21), we have the pair
(t',r) € D C A(J), where t' = @.1 (therefore, we set here ¢ = 1). Applying Squire’s
transformation we obtain a 2-D linearized problem on the torus T2 of the form (5.11) with

A=2A Using the third inequality in (5.21) we have
a

~

A= V2o(s, A) = ﬂzgw > No(s,A).
a

Since Proposition 5.3, we have that the 2-D linearized problem (5.11) has an unstable eigen-
value. By using Lemma 5.2 this deduces that the 3-D linearized problem (5.5) has also
unstable eigenvalue on the standard torus T? = [0, 27]3. Our proof is completed. O

Now we give the lower bound of the attractor’s dimensions of the modified Leray-alpha
equation (2.6) on the 3-D torus T* = [0, 27]* in the following theorem.

Theorem 5.5. Let the right-hand side in (2.6) be (5.1). The dimension of the corresponding
attractor A = Ag of (2.6) satisfies the lower bound

G

Q3=

dlmFA 2 Cg

where G = |f|/v? is Grashof number and 0 < a < 1, 0 < v < 1.

Proof. We consider only the case 0 < o < 1. Since s is at our disposal we take s = 1/a.
Therefore, we obtain for A in (5.20), hence f, that

4

2 174
102 = 2.

Finally, we have

dlmFA CGS = Ceg——%-
«
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Putting G = | f|/v* = a™3, we establish that

. G”

0

Remark 5.6. By combining with the upper bound of the attractor’s dimension for 3-D
modified Leray-alpha equation obtained in [19, Theorem 6]:

N\ 3/2
dlmF.A < Cr (g) 5

«

where G' = G/)\‘I’/4 ~ G. We obtain the two-side estimate of the attractor’s dimension

o 3/2

C [
° a3(1—’7

3
Therefore, the sharp upper bound of dimp A must equivalent to G* with the power 1 < k < 7"
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