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SOME VARIATIONAL PRINCIPLES FOR THE METRIC MEAN
DIMENSION OF A SEMIGROUP ACTION

FAGNER B. RODRIGUES*, THOMAS JACOBUS, AND MARCUS V. SILVA

ABSTRACT. In this manuscript we show that the metric mean dimension of
a free semigroup action satisfies three variational principles: (a) the first one
is based on a definition of Shapira’s entropy, introduced in [22] for a singles
dynamics and extended for a semigroup action in this note; (b) the second
one treats about a definition of Katok’s entropy for a free semigroup action
introduced in [8]; (c) lastly we consider the local entropy function for a free
semigroup action and show that the metric mean dimension satisfies a varia-
tional principle in terms of such function. Our results are inspired in the ones
obtained by [19], [28], [24] and [23].

1. INTRODUCTION

The aim of this note is to explore the notion of metric mean dimension for
a free semigroup action. The notion of metric mean dimension for a dynamical
system f : (X,d) — (X,d), denoted by mdimy, (X, ¢,d"), was introduced in [18]
and may be related to the problem of whether or not a given dynamical system
can be embedded in the shift space (([0,1]N)%, o). It refines the topological entropy
for systems with infinite entropy, which, in the case of a manifold of dimension
greater than one, form a residual subset of the set consisting of homeomorphisms
defined on the manifold (see [29]). In fact, every system with finite topological
entropy has metric mean dimension equals to zero. The metric mean dimension
depends on the metric d, therefore it is not a topological invariant. However, for a
metrizable topological space X, mdim (X, ¢) = infy mdimy, (X, ¢, d’) is invariant
under topological conjugacy, where the infimum is taken over all the metrics on X
which induce the topology on X. By the other hand, as showed in [19] and in [28],
the metric mean dimension is strongly related with the ergodic behaviour of the
system, since it satisfies a kind of variational principle.

In [8] the authors considered the compact metric space (YN, D) and (X,d),
where (Y, dy) is a compact metric space and D is the product metric induced by
dy . In this setting they introduced the notion of metric mean dimension for a free
semigroup action and proved that for certain classes of random walks; the ones
induced by homogeneous probability measures on Y, it is possible to obtain a kind
of Bufetov’s formula (see [4] for Bufetov’s formula for the topological entropy of a
free semigroup action).

Our main goal here is to consider a compactly generated free semigroup of con-
tinuous maps acting on a compact metric and prove that the metric mean dimension
satisfies several variational principles: (a) the first one is based on a definition of
Shapira’s entropy, introduced in [22] for a singles dynamics and extended for a semi-
group action in this note; (b) the second one treats about a definition of Katok’s
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entropy for a free semigroup action introduced in [8]; (c) lastly we consider the
local entropy function for a free semigroup action and show that the metric mean
dimension satisfies a variational principle in terms of such function. Our results are
inspired in the ones obtained by [19], [28], [24] and [23]. As a second objective, we
extend the definition of metric mean dimension when we have a compactly gener-
ated semigroup and the the topological entropy is the one defined in [14]. In this
context we obtain a partial variational principle for the metric mean dimension.

This paper is organized as follows. In Section 2 we present the main definitions
and the main results. In Section 3 we recall some results and definitions about box
dimension, homogeneous measures and G-homogeneous measures. In Section 4 we
prove the main theorems.

2. DEFINITIONS AND MAIN RESULTS

We start recalling the main concepts we use and describing the systems we will
work with.

2.1. Metric mean dimension of a map. Let (X, d) be a compact metric space.
Given a continuous map f: X — X and a non-negative integer n, define the dy-
namical metric d,,: X x X — [0,00) by

dn(@,2) = max {d(z,2), d(f(@), f(2)), ... d(f"(@), F"(2)) |

which generates the same topology as d. Having fixed € > 0, we say that a set
E C X is (n,e)-separated by f if d,,(z, z) > € for every x, z € E. In the particular
case of n = 1, we will call such a set e—separated. Denote by s(f,n,e) the maximal
cardinality of all (n, e)-separated subsets of X by f. Due to the compactness of X,
the number s(f,n,¢) is finite for every n € N and € > 0. We say that R C X is a
(n, e)-spanning set if for any = € X there exists z € R such that d,,(z, z) < e. When
n = 1, we say that the set is e—spanning. Let r(n,e) be the minimum cardinality
of the (n, e)-spanning subsets of X.

Definition 2.1. The lower metric mean dimension of f with respect to the fixed
metric d is given by

. e B E)
mdim ,, (X, 1 d) = 1;13102f Moge]

where

h(f,e) = limsup 1 log s(f,n,¢).
n

n — o0

Similarly, the upper metric mean dimension of f with respect to d is the limit

_ h
mdim (X, fs d) = lim sup (4, E).
c—o+ |logel

Clearly, mdim,, (X s d) = mdim, (X ], d) = 0 whenever the topological en-
tropy of f, given by hiop(f) = lim, _, o+ h(f,¢), is finite.

2.2. Compactly generated semigroup action of continuous maps. Let (X, d)
and (Y, dy) be compact metric spaces and (g, )y e y be a family of continuous maps
gy: X — X. Denote by G the free semigroup having the set G; = {g,: y € Y}
as generator, where the semigroup operation o is the composition of maps. Let S
be the induced free semigroup action

S: GxX — X
(9,) +— g(x)
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which is said to be compactly generated by Y, and denote by T the associated
skew product given by
Te: YNxX — YN x X
@a) = (o) g (@),
where w = (w1,ws,...) is an element of the full unilateral space of sequences Y

and o denotes the shift map acting on Y. It will be a standing assumption that
T¢ is a continuous map. If for every n € N and w = (w1, wa,...) € YN we write

(2.1)

f:} = 9w, -+ Guw,
then
T (w,z) = (J”(w), fj;(x)).

Consider the set Gf = G1 \ {id} and, for each n € N, let G denote the space
of concatenations of n elements in G7. Similarly, define G = UneN0 G, where
Go = {id} and g € G, if and only if g = gu,, ... Gu, Gy, With g, € Gy (for
notational simplicity’s sake we will use g, g; instead of the composition g; o g;). In
what follows, we will assume that the generator set G; is minimal, meaning that
no function g, € G, for y € Y, can be expressed as a composition of the remaining
generators. To summon an element g of G}, we will write |g| = n instead of
g € G;,. Each element g of G,, may be seen as a word which originates from the
concatenation of n elements in Gy. Yet, different concatenations may generate the
same element in G. Nevertheless, in the computations to be done, we shall consider
different concatenations instead of the elements in G they create.

2.3. Random walks. A random walk P on YV is a Borel probability measure in
this space of sequences which is invariant by the shift map o. For instance, we may
consider a finite subset F' = {p1,...,pr} of Y, a probability vector (a1, - - , aj) (that
is, a selection of positive real numbers a; such that Zle a; = 1), the probability
measure v = Zle a; 8, on F and the Borel product measure P, = v on YN. Such
a P, will be called a Bernoulli measure, which is said to be symmetric if a; = % for
every i € {1,---,k}, in which case we denote it by Pj. If Y is a Lie group, a natural
symmetric random walk is given by v/ where v is the Haar measure. We denote by
2 (YY) the space of Borel probability measures on Y™ and by Z5(YY) its subset
of Bernoulli elements. It will be clear later on that the role of each random walk
is to point out a particular complex feature of the dynamics, here defined in terms
of either the topological entropy (definition in Subsection 2.4) or the metric mean
dimension (definition in Subsection 2.6).

2.4. Topological entropy of an action S. Givene > 0 and g := gu,, -+ - Guw, Gu; €
G, the nth-dynamical ball By, (z,g,¢) is the set

By (z,g,¢) := {z €X: d(gj(z),gj(ac)) <e, V0K < n}

where, for every 0 < j < n, the notation g i stands for the concatenation gu, - . . guw, guw,
in Gy, and g, 0= id. Observe that this is a classical ball with respect to the dynam-
ical metric d4 defined by

(2)). (2.2)

dg(z,z) = max d(g_(ac),g]

g 0<j<n =7
Notice also that both the dynamical ball and the dynamical metric depend on
the underlying concatenation of generators g, ...gw, and not on the semigroup
element g, since the latter may have distinct representations.
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Given g = gu, .- 9w, € Gn, we say that a set K C X is (g,n,e)-separated
if dy(z,z) > € for any two distinct elements =,z € K. The largest cardinality
of any (g,n,e)-separated subset on X is denoted by s(g,n,e) (or, equivalently,
$(Gu,, « -+ Gy, my€)). A set K C X is said to be (g,n,e)—spanning if for every z € X
there is k € K such that dy(x, k) < e. The smallest cardinality of any (g,m,e)-

spanning subset on X is denoted by b(g,n,€) (or b(guw, - - - Gy > 1, €)).

Definition 2.2. The topological entropy of the semigroup action S with respect to a
fixed set of generators G; and a random walk P in YV is given by

1
hiop(S,P) := lim limsup — log/ $(gw,, « -+ Gy, Ny €) dP(w)
n YN

e—=0t nooo

where w = wyws - wy, ---. The topological entropy of the semigroup action S is
then defined by

hiop(S) = s%p hiop (S, P).

We observe that the semigroup may have multiple generating sets, and the dy-
namical or ergodic properties (as the topological entropy) depend on the chosen
generator set. More information regarding these concepts in the case of finitely
generated free semigroup actions may be read in [5, 6, 7).

2.5. Entropy function. Let (X,d) be a compact metric space. For each ¢ > 0
and z € X, define

ha(z,e) = inf{B(K,S,¢) : K is compact neighbourhood of z},

where

n—oo T

1
B(K,S,e) =limsup — log </ (K, guw, - Guis€) dP(w)) ,
ot

p

and b(K, gw,, - - - Ju, , €) denotes the minimum cardinality of a (g, - . . gw, , €)-Spanning
set. As hg(z,e) increases as € decreases to zero, it is well defined the following

ha(xz) = lim hg(x,¢) (2.3)

e—0t
and it is less or equal to hiop(X,S). In fact, it depends only on the topology of X

and we can denote by hiop(x).

Definition 2.3. Let S : Gx X — X be a continuous finitely generated free semigroup
action. The function hiop : X — [0, hiop(X,S)],  — hiop(x) is called the entropy
function of S.

Since B(K,S,¢e) < S(K,S,¢) < B(K,S,e/2), we have

hiop(z) = Ehg(l) inf{S4(K,S,e) : K is compact neighbourhood of z}.

By [21, Theorem C] we have that
sup lim hq(z,€) = hiop(S, P).

reX e—0

2.6. Metric mean dimension of a semigroup action. Let (X, d) be a compact
metric space and S be the free semigroup action induced on (X, d) by a family of
continuous maps (g,: X — X),ey. The following definition for the semigroup
setting was introduced in [9].
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Definition 2.4. The upper and lower metric mean dimension of the free semigroup
action S on (X, d) with respect to a fixed set of generators G; and a random walk
P in YN are given respectively by

— hX,S,P
mdim (X,S,d, IP’) = limsup h(X,S,P,c)

c—»o+  —loge

X,S,P
mdim,, (X,S,d, P) — Jimint MESEE)

e—0+ —loge

where )
h(X,S,P,e) = limsup — log/ (G, - - - Gun My €) dP(w). (2.4)
n—oo N yN

Our first result shows that the metric mean dimension of a semigroup action
may be computed in terms of the entropy function.

Theorem A. Let (X,d) be a compact metric space and S be the free semigroup
action induced on (X,d) by a family of continuous maps (gy: X — X)yecy. Then

sup hq(z, )

mdimpy (X,S, d, P) = lim sup L,
o T Tloge

for every P € M(Y™).

2.7. Katok’s entropy. In [7] the authors considered an extension of the Katok’s
entropy when the dynamical systems under consideration is a free semigroup action.

Definition 2.5. Given probability measure P on YN and a Borel probability measure
von X, € (0,1) and € > 0, define

n—oo N

1
hE(S,e,8) = limsup — log/ Su(Gwy, - - - Gy s My €, 0) dP(w) (2.5)
DA

where w =wywo - Wy -,

S e Gy, E,0) = inf S R T (o )

v(Geon - Gen )= mex W sy S g )
and s(gw,, - - - gw,, N, €, E) denotes the maximal cardinality of the (gu,, - - . guw,, 1, €)-
separated subsets of F.

The entropy of the semigroup action S with respect to v and P is defined by

1
RE(S,P) = lim lim limsup — log/ Su( Gy, « - - Gur s My €,0) dP(w) (2.6)
=0 =0 500 N E;r
Observe that the previous limit is well defined due to the monotonicity of the
function

n

1
(g,0) — — 1og/+ $u(Guy, « - - Gy s My €, 0) dP(w)
Zp

on the unknowns £ and §. Moreover, if the set of generators is G1 = {Id, [}, we
recover the notion proposed by Katok for a single dynamics f.

In [28] the authors proved that for a compact metric space (X, d) and a contin-
uous map f : X — X holds the following variational principle for the metric mean
dimension

sup  h (X, f,e,6)

mdim s (X, f,d, IP’) = lim lim sup vEMX)
60 .ot —loge

)

which, in the case where the dynamical systems is given by a free semigroup action,
may be extend as:
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Theorem B. Let (X,d) be a compact metric space and S be the free semigroup
action induced on (X,d) by a family of continuous maps (gy: X — X)yey. Then

sup hi(S,P,¢,0)

mdimpy (X,S,d, P) > lim lim sup veMX)
60 o, 0t —loge

3

for every P € M(YN). If P = AN, with v an homogeneous probability measure on
Y, then

sup By (S,P,e,6)

veEM
mdimpy (X, S, d, IP’) = lim lim sup MO
60 oo+ —loge

2.8. Entropy of an open cover for a free semigroup action. Consider P €
MYN). Let U = {Un,...,Ux} be a finite open cover of X. For each w € YN and
n € N define

Uw,n) ={Ui, N ()" U) N - 0 (fo ) U, Ui, €U}
Let N, (U, w,n) is the minimal cardinal of a subcover of U(w, n). Finally, define
1
hiop(U,S,P) = limsup — log NU,w,n) dP(w).
n—oo T YN

As a consequence of [27, Theorem 2.4] we have that

Biop(YN x XS, P) = sup heop(U, S, P),
u

where the open covers under consideration in the above supremum are those which
are finite and with finite topological entropy.

2.9. Shapira’s entropy of a semigroup action. For v € M(X), for 6 € (0,1)
let N, (U, w,n,d) the minimal cardinal of a subcover of U(w,n), up to a set of
v-measure less than ¢ > 0. Define

1
hS (U, S, P) = lim lim sup — log/ N,(U,w,n,d) dP(w). (2.7)
YN

0—=0 n 500 N

We call h, (U,S,P) the metric entropy of the cover U with respect to v. As
N,(U,w,n,8) < NU,w,n) for every 6 € (0,1),

we have that hS(U,S,P) < hiop(U,S,P). It is important to mention that when
G1 = {f}, our definition coincides with the classical one given in [22].

Before we state our theorem we need to introduce some notation. Associated to
an open cover U of X, let U = {[ijxV :i=1,...,pand V € U} and, for v € M(X),
denote II(c, V)erg the set of Tg-invariant measures so that the marginal in Z;‘ is
o-invariant and v is the marginal in X.

Theorem C. Let (X,d) be a compact metric space and S be the free semigroup
action induced on (X,d) by a finite family of continuous maps (g;: X — X)¥_,.
Under the above conditions we have that

(a) hiop(U, S, 772) = htop(U, Tc) — log p;

(b) hiopU,S, 772) = sup {hf(U,S, np) v € M(X) and (0, V) erg # @},

N
1 1
where 1, = (5,...,5) .

As a direct consequence of Theorem C and [7] we have the following.
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Corollary 1. Let (X,d) be a compact metric space and S be the free semigroup
action induced on (X,d) by a finite family of continuous maps (g;: X — X)¥_,.
Then

htop(S, np) = sup sup R (U, S, Mp))
U {veM(X) and II(o,V)erg#0}

= htop(FG) - 1ng7
N
where 1, = (%,...,%) .

In [23] it was proved that, for a compact metric space (X,d) and a continuous
map f: X — X,

sup inf  AS(U, f
veM(x)diam(U)<e ( )

mdim s (X, f, d) = lim sup
e 0t —loge
In the next theorem we extend such result to the semigroup setting.

Theorem D. Let (X,d) be a compact metric space and S be the free semigroup
action induced on (X,d) by a family of continuous maps (gy: X — X)yey. If
P =~N and v € M(Y) is homogeneous, then

sup inf  h3(S,U)

- v T(0,1) erg diam(U)<e
mdimas (X,S,d, IP’) — limsup {veM(X):I(0,v) erg 20}
c— 0+ —loge

2.10. Ghys-Langevan-Walczack entropy. Ghys, Langevin and Walczak pro-
posed in [14] the following definition of topological entropy of a semigroup action
given by a finitely generated . A subset E of a compact metric space (X,dx) is
(n, e)-separated points by elements of S if for any x # y in F there exists 0 < j < n
and g € G; such that d(g(x), g(y)) > €. The topological entropy of the semigroup
action S, induced by a semigroup G generated by a finite set G of continuous maps,
is given by

1
herw(S) = lim limsup —logs(n,e) (2.8)

e—=0t n—os 400 N
where s(n, e) is the largest cardinality of (n,e)-separated points by elements of S.
Observe that, since X is compact, s(n,e) is finite for every n € N and € > 0.
Moreover, the map

1
e>0 +—  herw(S,e) =limsup — log s(n,¢)
n—+4oo N

is monotonic, so hgrw(S) is well defined (though it depends on the set Gy of
generators). This is a purely topological notion, independent of any previously
fixed random walk on the semigroup. Observe also that

sup  hiop(9) < harw(S)

geG1

but this inequality may be strict (cf. [14]).

2.10.1. Metric mean dimension in the GLW setting. As a natural extension of the
metric mean dimension for a single dynamics we can consider the upper GLW-
metric mean dimension as
——GLW . h S, e
mdim,, (X, S, d) = lim sup GLWi()
=0 —loge

As a direct consequence of the above definition we have that for any P € M(Y),

(2.9)

Tadim (X, S, P, d) < mdimyy " (X, S, d) :



8 F. RODRIGUES, T. JACOBUS, AND M. SILVA

and in the case where the generating setting consists of a single dynamics the two
definitions coincide with the classical one.

2.10.2. Local measure entropy and measure metric mean dimension. For n € N let
B (w,e) = {y € X : d(g(x),g(y)) <eforallge G;, 0<j<n}
the dynamical ball of center z, radius ¢ and depth n. For any v € M(X) the
quantity
G : G
=1
hG (@) = lim ¥ ()

where

1
hS (z,¢) = limsup —— log v(BS (z,€))
n

n—o0

is called the local upper v-measure entropy at the point x. If one takes lim inf with
respect to n in the above definition we the local lower v-measure entropy at the
point z, denoted by h, c(z). These quantities were defined and explored in [3],
where the author proved that in the case of v being a G-homogeneous measure
RS (z) = harw(S), for all x € X (see Section 3 for the definition of G-homogeneous
measure).

In order to have a concept related to the metric mean dimension we define the
local upper measure metric mean dimension as

G
mdim,, (X,S, d) = lim sup M (2.10)
cs0 —loge

If one takes liminf in € we have the lower local upper measure metric mean dimen-
sion, denoted by mdim,, (X .S, d).

If, instead of h$ (x,¢) we consider h,, ¢(,e) we have the upper local lower mea-
sure metric mean dimension and lower local lower measure metric mean dimension,

denoted by mdim:, (X .S, d) and mdim/, (X .S, d), respectively.
Remark 2.6. All the above definitions could be made in terms of dynamical balls.

In the case the where the ambient space X is an oriented manifold it admits
a volume form dV which induces a natural volume measure v, on the Borel sets

defined as
vy (A) = / dV.
A

The next gives a kind of partial variational principle for the metric mean dimension
of the group action in terms of the volume measure.

Theorem E. Let (G,G1) be a finitely generated group of homeomorphisms of a
compact closed and oriented manifold (M,d). Let s € (0,00) and v, the natural
volume on M. If

mdimy, (x,d) < s for all x € M then mdim]CCILW (X, S, d) <s.

Our last theorem shows that, in the case where the group action admits a strongly
G-homogeneous measure v we have an equality between the local measure metric
measure mean dimension of v and the metric mean dimension of the group action
(see Section 3 for the definition of strongly G-homogeneous measure).

Theorem F. Let (X,d) be a compact metric space and S be the semigroup action
induced on (X,d) by a finite family of continuous maps (g;: X — X)¥_,.
(a) If v € M(X) is strongly G-homogeneous then
- hG
mdimffw (X, S, d) = lim sup M
cs0 —loge
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(b) Let v be a Borel measure on X and s € (0,00). If

inﬁ( mdim; (x,d) > s then mdimffw (X,S,d) > s.
zTE

3. SOME FACTS ABOUT HOMOGENEOUS MEASURES AND (G-HOMOGENEOUS
MEASURES

In order to obtain a text as self-contained as possible, in this section we recall
the definitions of upper box dimension, homogeneous measure and G-homogeneous
measure.

3.1. Upper box dimension. Let (Y, dy) be a compact metric space.
Definition 3.1. The upper box dimension of (Y,dy) is given by

—— log N
T = limsup 28N E) (3.1)
eo+ |logel
where N(g) stands for the maximal cardinality of an e-separated set in (Y, dy ).
Consider now a Borel probability measure v on Y.

Definition 3.2. The upper box dimension of v is given by
dimgv = lim inf {EBZ: ZCY and v(Z)> 175}.
6 — 0t

It is worth mentioning that, although the upper box dimension of a set Z co-
incides with the upper box dimension of its closure, the upper box dimension of
a probability measure is intended to estimate the size of subsets rather than the
entire support of the measure (that is, the smallest closed subset with full measure).
Indeed, it may happen that dimp v < dimp (supp v) (cf. Example 7.1 in [26]). We
refer the reader to [11, 26] for excellent accounts on dimension theory.

3.2. Homogeneous measures. Let v be a Borel probability measure on the com-
pact metric space (Y, dy ). A balanced measure should give the same probability to
any two balls with the same radius, but this is in general a too strong demanding.
Instead, we weaken the request in the following way.

Definition 3.3. We say that v is homogeneous if there exists L > 0 such that
V(B(yl,Qs)) < LV(B(yQ,E)) Vi, y2 € supprv Ve > 0. (3.2)
For instance, the Lebesgue measure on [0, 1], atomic measures and probabil-
ity measures absolutely continuous with respect to the latter ones, with densities
bounded away from zero and infinity, are examples of homogeneous probability mea-
sures. We denote by Hy the set of such homogeneous Borel probability measures

onY.
By definition, every homogeneous measure satisfies

Z/(B(y, 2{—:)) < LZ/(B(y,E)) Vy € suppr Ve >0 (3.3)
and, as v(B(y1,¢)) < v(B(y1,2¢)),
I/(B(th)) < LV(B(yz,E)) Vyi,y2 € supp v Ve > 0. (3.4)

A measure v satisfying (3.3) is said to be a doubling measure. Although the two
concepts (3.3) and (3.4) are unrelated in general, if Y is a subset of an Euclidean
space R then any probability v satisfying (3.4) is a doubling measure. Indeed,
as there is a constant Cy such that Leb(B(y,r)) = Cir* for every y € Y and
every 7 > 0, any ball B(y,2¢) can be covered by at most 2¥ balls of radius ¢; we
now apply (3.2). For a discussion on conditions on Y which ensure the existence of
homogeneous measures and further relations between homogeneity and the doubling
property we refer the reader to [3, Section 4] and references therein.
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3.3. G-homogeneous measures. For a compactly generated semigroup by a con-
tinuous family (g,: X — X),ey acting on a metric space, we say that a Borel
measure v € M(X) is G-homogeneous if

(a) v(K) < oo, for any compact set K C X;
(b) there exists Ky C X such that v(Ky) > 0;
(¢c) for any € > 0 there exist () > 0 and ¢ > 0 such that

v(By (2,6(2))) < - v(By (y,¢))

holds for any n € N and all ,y € X. In the case where §(c) = O(e) we say
that v is strongly G-homogeneous.

As examples of spaces which admit a strongly G-homogeneous measure we have
the following:
1. The canonical volume form dV on a closed, compact and oriented Riemannian
manifold X determines a strongly G-homogeneous measure v if G is a finitely
generated group of isometries.
2. If X is alocally compact topological group, u is a right invariant measure and G
is a finitely generated group by Gy = {idx, Ty, T, , T2, T5 ', . . ., » T, '}, a finite
and symmetric set of homeomorphisms, then p is strongly G-homogeneous (see [3,
Proposition 4.6]).

4. PROOFS

In this section we prove our main results.

4.1. Proof of Theorem A. It is clear from the definition of the entropy function
that hg(z,e) < h(X,S,P,¢), for all z € X, and it implies that

sup hd(xv 5)
mdim s (X, S, d, ]P’) > lim sup S S
c—»o+  —loge

To prove the converse inequality we start noticing that, for a fixed ¢ > 0, if X =
Uk, F;, finite union of closed sets, then B(X,S,¢,P) < max; B(F;,S,¢,P). Then
cover X by closed balls of radius 1, say By = {B1},... ,B}l} such cover. Let le-l
be the closed ball in the given cover where the maximum occurs. Now cover B}l
by a finite family of closed balls of radius at most % denoted by {B%,... ,BZ}.
Again there exists BJQ-2 € By for which B(X,S,e,P) < B(B]2-2,S, e,P). Follwoing by
induction, for each k € N, there exists a closed ball of radius at most % so that
B(X,S,e,P) < B(Bfk,S, e,P). Moreover, by the previous construction we have a
sequence of nested closed balls {Bfk}keN whose diameter goes to zero. So, there
exists T = ﬂkeNBJkk_ and for any closed neighbourhood F' of Z we have B C F, for
k € N large enough. It gives
ha(z,€) > B(F,S,e,P) > B(B% |S,e,P) > B(X,S,¢,P).

Jk?
Hence

sup hd(za 5)

lim sup zeX > mdimpy (X,S,d, IP’)
cot  —loge

and it finishes the proof.
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4.2. Proof of Theorem B. First we notice that for any v € M(X) and § > 0,
v(X) > 1—6 and so, for every ¢ >0, n € Nand w € YN

$(Guon, « -+ Gy 15 €) = 8u(Guo, -+ - Gy s M5 €, 0).
It implies that, for any v € M(X)
h(X,S,P,e) > hE(X,S,P,¢,0).

Hence,

sup hE(S,P,e,0)

mdim s (X, S, d, ]P’) > lim lim sup veM(X)
60 o0t —loge

(4.1)
If P = 4" with v € Hy, by (4.3) we know that for v € M(X) and u € Tl(o,v) # 0,

RE(X,S,P,e,6) > sup hE(YNx X, Tq,e,8)—logNyz(e).
Y pell(o,v) a

It follows that

sup hE(S,P,e,6) sup hE(Tg,e,0)
rveM(X) HEMT, (YNXX)

lim lim sup > lim lim sup
6—0 o ot —loge 60 o0+ —loge

= mdim,y (YN x X,Tg, D x d) — dimp(supp(7))

— dimp(supp(7))

— mdim (X, S, d, IED).

By (4.1) we have the desired equality and conclude the proof.
4.3. Proof of Theorem C. Take ig,...,in—1 € {1,...,p}, Ujy,...,Uj, , €U and
consider

([io] x Uso) N (TG ([i] x Upy) 0 --- N TG ([in—1) x Uy, )

= [iO cee infl] X (Ujo n---N (fﬁil)il(anfl)) )
where w belongs to the cylinder set [ig...in—1]. If we denote by U(w,n) = {Vj, N
ce N (7YY, ) 2V, € U} the open cover of X induced by w, we have that
N(U,w,n) coincides with the minimum number of open sets of U necessary to
cover [ig...in—1] X X. So,

1 1
htop(U, S, 1) +logp = lim —log o EZG NU,g,n) | +logp
9 n

1 -
= lim —log N(U,Tc,n)

n—oo 1
= hiopU, Tc).

It proves item (i).
For the second item take § € (0,1) and v € M(X) so that II(c,)ery # 0. For
w € Il(0,V)erg we have that

Z NV(U,QJ%(;) - N#(Z/[,TG,TL,(S)-
geGn

The equality comes from the fact that if

> NMU,g.n,8) > NuU,Ta,n,9),
geGn
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there exists a cylinder [ig...4i,—1] so that [ig...7,—1] X X is covered by at most
N,(U,g,n,d) — 1 open sets, where w = ig...in—1. As (7x).«(p) = v, it contradicts
the minimality of N, (U, g,n,?). So,

sup hy (U,S)
{reM(X) and II(o,V)erg#0}
1 1
= sup lim —log [ — Z N,(U,g,n)
{veM(X) and T(o,0)crg#0} V7 T p 9€Gn -

1 ~
= sup lim —log N, (U,Tq,n) —logp
pEETG (SHxX) TN

= htop(l;{,Tg) —logp
- htop(uaSang)a

which concludes the proof of the second item.

4.4. Proof of Theorem D. Before we start the proof we observe that Definition
2.5 could be made in terms of spanning sets. More precisely, given ¢ > 0, a
positive integer n and g = g, ... Gu,, We say that a subset A of E C X is a
(o ...gwl,n,s,E)fspa_nning set if for any x € FE there exists y € A so that
Dy(x,y) < e. By the compactness of X, given ¢, n and g as before, there exists a
finite (g,n, €, E)—spanning set.
We denote by b(g,, - - - u, s, €, E) the minimum cardinality of a (9., - - - Gw,, 7, &, E)-

spanning. For § > 0 we set

by (G, -+« - Guoy s My E,0) = b(Gu,, - Guys My &, ).

inf
{(ECX: 151(E) >1-6}

It is not difficult to see that

. . . 1
RE(S,P) = 6113% il_}n% hin_>s<>1ip - log /z; by (G, -+ - Gy s My €, 0) dP(w).

Let us proceed to the proof of the theorem. Fix ¢ > 0 and consider a positive
integer k = k(e) > 1sothat )., %i(y) < 5. For v € Hy, take Z = supp(7y) and
choose a maximal £-separated set I/ C Z, whose cardinality is denoted by Nz(¢).

By the definition of upper box dimension,

N,
lim sup ﬂ

=di Z).
e—0 _IOgE ZmB( )

For each n € N and each point (py,...,pnex) € E™F, consider the cylinder
Ciy.ctgn = {wEYN:wi GB(pi,Z), for i = 1,...,n+k}.

Note that the collection of cylinders defined above covers ZN and has diameter less
than e.
Now, for the fixed € let Uy be an open cover of X with diam(iy) < ¢ and

Leb(Uy) > e. If U is an open cover of X with diameter less or equal to %, wevYh,

as Leb(Up) > diam(U), U(w,n) refines Uy(w,n). It implies that, for § € (0,1),
No(S,U, g, - - - Guy s 1y 0) > N (S,Up, oy, - - - Guoy 1, 6). Thus, once

NV(Sauago.Jn, "'gwnna(s) Z SV(Sagwn "'gohanagaé) Z bV(Sagwn "'gUJUnaEaé)a

for all w € YN and n € N, we have that
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N,(S,U, gw,, - - G,y 0) dP(w) > N,(S,Uo, Gus,, -+ - Guoy s 1 0) dP
YN YN

> bu (S, gu, - - - Gy, 5 €, 6) dP (4.2)

Vv
b<
Z

Z min_ b,(S, gw, - - - Gu,, N, €,0) x minP(C; N Z).

wGCiﬂZN

i=(i1. 0 in k)

Now we notice that the image of b,(S,-,n,e,d) : C; — Z4 has a minimum in Z4
and such minimum is attained by some w® C;. So, This together with (4.2), the
fact that P is a product measure and the homogeneity assumption on v imply that

NV(S?u)gwn ° 'gwl’n’ 6) d]P)(w) (43)

YN

> / by (G, - - Guor s My €, 0) dP(w)
YN

> [ | Z | wenc}*ifrlwzl\’ bl,(gwn...gm,n,e,é)} X mz_in]P’(CgﬂZN)
12(11712,...7Zn,+K -
n+K—1 £
> Z by(gw(i)an5€’6) X mz_in H 'Y(B(pijaz)ﬂz)
i -
1 n+K 1 n+K
> bu(TG |ZN><X7n’€’5) (ﬁ) <W>
) nt+K 1 n+K
> Nu(Te |z1xx: Vo, n.0) (L_) (FU)
where by g, we mean 9, -9, if w@|[1,n] = wgi) . 'WT(‘D and pu € Il{o,v), Vo

is an open cover with Leb(Vy) < e and L > 0 is specified by the homogeneity of
and does not depend on neither ¢ nor n. Notice that the inequality

Z bV(gw(i)vnaEaé) > b#(TG |ZN><Xan7€75)

is a consequence of the fact that, if {J:gi), s Tb(g o)} 18 a (9,0, n,€)-spanning
set for a subset Z C Z, satisfying v(Z) > 1 — §, with smallest cardinality, then

U {(w@, xgi)), ceey (w@’ zl(:%)gwu) 7"15)) }

is a (Tg,n,e)-spanning set for YN x Z and pu(YN x Z) = v(Z) > 1 — 6. Besides,
the inequality

e E 1 . 1\ K 1 n+K
min H ’Y(B(pijv Z)) > (ﬁ) <m>
il

is due to the homogeneity of v, which implies that, for every ¢ € supp v, any p;;
and all 1,

V(B(pij,é‘)) > %7(3(%6)) Ve>0
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and the fact that, as (J, . p Ble, ) = Z,

1=V(U B(e@) < (B ) < N2e) Ly (B 7))

eckE

thus L1
5
>
V(B(q’ 4)) = I Nz

Then we notice that, by (4.3)

sup hi(S,e,B) > sup hi(Te, Vo) —log Ny (e)

{veMIL(0,)erg#0} ne€(Te)

- htop(TGa VO) - 10g NZ(E)
> h(Tg,3e) —log Nz ().

Therefore,
hS(S, e, P) log N
lim sup i > mdimy, (2% x X, Tg, D x d) — lim sup log Nz (c) (4.4)
es0 —loge e o+ —loge

s (ZY x X Tg,Dxd) — TmpZ

(

(

= M(suppy xX,Tg,Dxd)—di—mB(Supp V)
= mdim, (X S,d IP’)

For the converse inequality we observe that

N, (S,Uo, G, - - Guy s, 0) dP(w) < / su(S, Leb(Up), G,y -+ - Guy s, 0) dP
YN

YN

< Z [ max_ $,(S, Leb(Up), gu,, - - - Gur, N, ) X P(C;)

o “ weC;NZN
i=(i1. intk)

Now we notice that the image of s,(S,-,n, Leb(Uy)) : C; — Z+ is contained in
[0,s(Tg,n, Leb(Up)). So, it has a maximum in Z; and such maximum is attained
by some w® e C;. So, using the fact that

Nu(SaUOa Gu,, -+ - Gurs 1 6) S SV(Sa Gwp -+ - Guiy Ty Leb(uo)a 6)

and

Z Su (Sv 9w, + - Guwp s T, Leb(uo)v 5) S Su (TG7 n, Leb(uo))
=11 At )

and that v is homegeneous we obtain

N.(S,Up, G,y - - - Gy, 1, 0) dP(w)
YN

< / $u(S, Gun, - - - Gur» 1y Leb(Up), 6) dP
YN

< Z [SV(S,gwn e Guwrs, Leb(Up), 6) x - max  P(C})

. . 3 wGCiﬂZN
=01 4 k)

1 n+K
< su(Te,n, Leb(Uyp)) (m)

1 n+K
Nu(Tg,Vo,n) (W) ’
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where V) is a finite collectmn of open sets which covers YN x X up to a set of
p-measure less than 4, < Leb(Up) = diam(Vy) < e and Leb(Vy) > %
R (S,e,P) = sup inf  AS(S,U,P)
{veM(X):TI(0,v)org #0} diam(U)<e
< sup hf (Sa I/{Oa P)
{veM(X):Il(o,v)erg #0}

_ sup lim sup — log/ N, (S,Up, G,y - - - Guoy s 1, 0) dP(w)
{ueM(X) H(0,0)erg#AD} n—roo T

< sup sup hmsup log N, (T, Vo, n,6) — log Nz (Leb(Uy))
{veM(X):II(0,0)erg 70} p€ll(o,w) n—oo T

= htop(TGa Vo) —log Nz (Z)

< hmsup 1og s(Te,n, Leb(Vy)) —log N (Z)

n— o0

< limsup — logs (Tg, ,;) —log Nz (i) .

n—oo
Hence,
s P h(Te, £ log Nz (£
limsupM < limsup (To, 8) _ ez (5) (4.5)
cs0  —loge €0 —loge —loge

= mdimyy (YY % X, Te, D % d) ~ dmp(2)
— mdimay (X, S, d, ]P’).
By (4.4) and (4.5) we obtain the result.

4.5. Proof of Theorem E. let v, be the natural volume measure on X and assume
that mdim, (x,d) > s, for all z € X. Fix n > 0 and let

lim SUPp, 00 _% lOg Z/(B,r?(l', 5))

Xk{zGX: >(s§/2)f0rall€€(0,%)}.

By hypotheses, X = |J;cy Xi. For € € (0, %] and @ € X, there exists n(z) € N
so that for any N > n(x) we have

vo(BS (z,€)) > em (TN —loae,

—loge

Since X is a compact Riemannian manifold it has bounded geometry (see [10] for
more details on manifolds of bounded geometry). It implies that each function
fm : X — R given by f,,(x) := v,(B& (x,¢)) is continuous and so
No :=sup{n(z) : z € X}} < .

By Vitali Covering Lemma, for any N > Nj it is possible to choose from the
cover By = {Bg(x,s) c 2 € Xk} of Xi asubset Fy C X}, and a family Dy :=
{BS(w,e) : x € Fy} of disjoint balls for which we have

X, C Xi C U B (x,5¢) C U BS (z,6¢)

zeFn reFN

and

vo(B$ (,€)) > e (5TON-—loge for al] 2 € Fy.
So, as the family Dy is given by disjoint balls,

f(Fy) e CFONTlons — §7 NSlons < S (BG(r2)) < 1

rzeFN zeFN
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As
1
harw (Xk, S, 6e) < limsup — log #(F)
we have
- h X, S,6
sup mdimIC:ILW (Xk,S,d) = limsup harw (X, S, 62) <s—90

keN £—0 —loge
since X, C Xy for all k € Nand X = | J,cy X& we have

mdim]CCILW (X,S,d) <s—0d.

As 0 > 0 may be considered arbitrary small we have

mdim]CCILW (X,S,d) <s

and it finishes the proof.
4.6. Proof of Theorem F. The following lemma is an important tool in the proof.

Lemma 4.1. Let v € M(X) be a G-homogeneous probability measure. Then
mdim, (z,d) = mdim,, (y,d), for all z,y € X.
Proof. For e > 0, by G-homogeneity, there exists §() > 0 and ¢ > 0 so that
V(B (2,0(e))) < ¢~ v(Bi (y,¢)),
and it implies
1 1
hy (2, 6(¢)) = limsup —~log v(By (2, 8(¢))) < limsup —~log v(Bf (y,)) = hy (y,¢),
n— o0 n Nn—00 n
and so G o
h ) h
oy PE@EE) G ye)
o —logd(e) cs0 —loge
which gives mdim, (z,d) < mdim, (y,d). By switching the roles of x and y in

the previous computations one obtains the converse inequality and finishes the
proof. O

, forall z,y € X,

As a consequence of Lemma 4.1 we obtain that makes sense to define the measure
metric mean dimension of a semigroup action with to respect of a G-homogeneous
measure as the following:

- G
mdim, (S, d) = limsup hy(w.€)
cs0 —loge

since the limsup considered is constant in X.

, forany x € X

Proposition 4.1. Let G be a compactly generated semigroup and v be a strongly
G-homogeneous probability measure on a compact metric space (X,d). Then

mdim, (X,S,d) = mdimey " (X,S,d).

Proof. Fix € > 0 and take E a maximal (n,e)-separated set in X. Then, by the
maximality property of E, BY(x,c/2) N BS(y,e/2) for any x,y € E. In particular,
for a fixed x € E
v(X) > Z v (Bg(y,g/Q)) > s(n,e) - v(BS (x,¢/2)).
yeE
By the G-homogeneity there exist 0 < §(¢) < ¢ and ¢ > 0 so that v(BS (y,d(¢))) <
c-v(BS(z,e/2)), for all x,y € X. It follows that

1 1
lim sup — log s(n, €) < limsup —— log v(BS (y, 6(¢))).
n

n—oo N n—00
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Now, by the strongly G-homogeneity

GLW
(

- h S
mdim,, (X,S,d) = limsup herw(S.¢)

£0 —loge
G
< limsup hy (6(¢)) logd(e)
e—0 —logd(e) loge
= mdim, (X, S, d).

and then mdimffw (X,S,d) < mdim, (S, d).
For the opposite inequality, fix § > 0 and notice that that if F' is a (n, €)-spanning
set of minimal cardinality b(n,¢), then X C |, _» BS(z,26). Given € > 0 there

exist 0 < 0(g) < € and ¢ > 0 for which
v (BS (,20())) < c-v (BS(y,e)) forallz,y € X and n € N.

It guarantees that

zeF

c-b(n,o(e)) v (Bg(y,s)) >v(X)>0

and so, by the strong G-homogeneity, we have

—GLw : harw (S, 6(e))
mdim X,S,d) = limsup ————=
o (X8 d) = lmenp =00 50
GLW 1
> lim sup 2 (0(c)) loge
N —loge logd(e)
= mdim, (X,S,d),
and it ends the proof. O

Let us proceed to the proof of Theorem F. For the first we notice that it is a
consequence of Proposition 4.1. For part (b) let v be a Borel measure on X so that
mdim,, (z,d) > s, for all z € X. Fix > 0 and let

lim SUPp, 00 _% lOg Z/(B,r?(l', 5))

Xk{zGX: >(s§/2)f0rall€€(0,%)}.

—loge
By hypotheses, X = [J,cn X&. It follows that 0 < v(X) < >, v(X}), which
guarantees the existence of some kg € N for which we have v(Xj,) > 0. Again, we
can wright Xy, = Uycy Xko, v where
—logv(BS (z,¢))
—nloge

Xko,N:{-TeXkoi >(s—6/2)foralln2N}.

In such case, there exists Ny € N for which v(Xy, n,) > 0. In particular,
; 1
v(BS (z,¢)) < e ™57 (=1089) for all & € Xy, Ny, € € (0, E) and n > Ny.

Now, for each integer N > Ny consider the open cover of Xy, n, given by By =
{B$(x,¢) : ¢ € Xy, Ny}~ In such case we have that for a subcover C of By

Hclf .ﬁ(c)efN(sfzi)(flogs) — Hclf Z e*N(S*(S)'(*lOgE) > V(Xko,No)-
B (z,e)eC
As cov(X, N, e) > cov(Xk,, Ny, N, €), for all N and & > 0, we have
cov(X, N, E)e_N(S_‘S)'(_IOgE) > ( Xk, No),s

and it implies that

1 ,
lim sup — log cov(X, N, s)e_N(‘s_‘s)'(_Ing) >0
N—o00 N
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and so,

how(X,8,¢) > (s — 8) - (~ loge).
Hence

———GLW
mdim X,S,d) =limsu
v ( ) Y p “loge

hGLW(XaSaE) >s5—6

As the inequality was obtained for an arbitrary ¢ we conclude that

- h X, S
mdimys " (X,S,d) = limsup herw(X.S €) > s,
€0 —loge
as part (b) states.
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