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Enhanced diffusion in soft-walled channels with a periodically varying curvature
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In one-dimension, the diffusion of particles along a line is slowed by the addition of energy barriers.
The same is true in two-dimensions, provided that the confining channel in which the particles move
doesn’t change shape. However, if the shape changes then this is no longer necessarily true; adding
energy barriers can enhance the rate of diffusion, and even restore free diffusion. We explore these
effects for a channel with a sinusoidally varying curvature.

I. INTRODUCTION

Transport processes in channels of varying profile have
been studied for many years. With applications in dis-
parate fields such as zeolites and porous solids [I} 2], bi-
ological membranes [3H5], separating particles by their
size [6H8] and carbon nanotubes [9], the importance of
understanding these systems’ behaviour is clear.

A common starting point is the Fick-Jacobs equation,
an effective, one-dimensional equation for the evolution
of the concentration of a solute along the centre-line of
a multi-dimensional tube. Jacobs’ treatment [10], which
he attributed to Fick [I1], was refined by Zwanzig [12],
who produced a more general version. By assuming that
the system is fully equilibrated in the direction normal
to the length of the channel, Zwanzig reduced the multi-
dimensional Smoluchowski equation to a one-dimensional
form with a modified potential. The changing shape of
the channel produces a logarithmic contribution to this
potential, which leads to the description of the effect
upon the motion in terms of ‘entropic’ barriers [13].

However, it isn’t safe to assume that the system equi-
librates fully in the confining direction; a shape which
varies too rapidly, for instance, can prevent equilibrium
from being established [I4]. Zwanzig acknowledged the
limitations of this approach and suggested how small de-
viations from equilibrium might be accounted for. This
work, based around a spatially varying diffusion coeffi-
cient, has been built upon heavily [I5HIg].

Introducing a linear bias along a periodic channel leads
to motion described by a redefined effective diffusion co-
efficient and a non-linear mobility. The former peaks for
some value of the applied force, before falling to a con-
stant value; the latter increases monotonically towards a
constant value [T9-21].

Although channels which are symmetrical about their
axis feature prominently in this field, the more general
case of a curved midline and varying width has also at-
tracted attention. The motion can still be mapped onto
one dimension, albeit with a modified expression for the
spatially varying diffusion coefficient, which now reflects
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the variation in the midline of the channel [22H25]. Mo-
tion in serpentine channels, where the midline is curved
but the width is constant, has also been studied [26], 27].

Channels of curved midline and varying width can be
created by using the same function to describe both walls,
but then introducing a phase difference between the two.
The current can be affected by this phase shift and a
preferential direction of transport can emerge [28] 29].

Adding potential energy barriers to a channel of vary-
ing width can cause interesting effects because of the in-
teraction between the energetic and entropic contribu-
tions to the potential. For instance, introducing a linear
bias along the channel and tuning the phase difference be-
tween the periodic channel and the periodic barriers can
induce a resonance-like behaviour in the non-linear mo-
bility, and rectification can be observed [30]. Another ex-
ample involves a channel with cosine-shaped walls which
connects two reservoirs of particles at different concen-
trations over one period. By introducing a cosine energy
barrier along the channel, and tuning the phase relative
to the walls, it is possible to produce transport from low
to high concentration [31].

Here we study over-damped motion in a soft-walled
channel whose profile varies periodically. By introducing
a periodic potential along the channel it is possible to
increase the rate of diffusion above that observed without
the potential, in some cases up to free diffusion. The
energy barriers enhance the motion.

II. A ONE-DIMENSIONAL MODEL FOR THE
EFFECTIVE DIFFUSION COEFFICIENT

We will consider motion in a channel

where U, is the potential energy contribution along the
channel and U, describes how the profile of the channel
varies as a function of the displacement along it. If the
channel is periodic in z, then the long-time motion will
be diffusive, and so described by an effective diffusion
coeflicient Deg. We will use Zwanzig’s derivation of the
Fick-Jacobs equation to explore the system’s behaviour.

Zwanzig restricted his attention to the effect upon the
diffusion coefficient of changes in the shape of the channel
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[12]. Here we will retain the effect of energy barriers.
Our starting point is the two-dimensional Smoluchowski
equation for the probability density p (z,y, t)
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where D, and D, are the free diffusion coefficients in the
x and y directions, respectively. By inserting Eq. into
Eq. , integrating over the y-direction, and using the
fact that U, is confining, we obtain
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where p(x,t) = ffooo dyp(x,y,t) is the one-dimensional
probability density. Let us assume that the distribution
is always in equilibrium in the y-direction, i.e.
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Inserting Eq. into Eq. and carrying out the inte-
gration over y produces the following partial differential
equation for the one-dimensional density
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from which we can deduce the following expression for
the one-dimensional effective potential U*
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Before we restrict our attention to a particular chan-
nel it is worth remarking upon an implication of Eq. .
Variations in the shape of the channel impede motion,
a feature accounted for by the second term in the ex-
pression for the effective potential. However, Eq.
implies that this retarding effect can be eradicated by
introducing a potential in the x-direction: by setting
U, = %ln ffooo dy e BUs(@:9) the effective potential is zero
and free diffusion is predicted. This is a point to which
we will return.

We will now focus on the potential energy landscape

U, (z) = % {1 + cos (22 (x — Ax))] :
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where (Q > 0, and a9 > a1 to make the channel confining,
and study the effects of ) and Ax on the motion.
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With the expression for the one-dimensional effective
potential in Eq. , we can derive the effective diffu-
sion coeflicient by considering the mean first-passage time
from the potential energy maximum at x = Ax to either
of the maxima at x = Az + NL. This is given by
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where P, and Pg are the probabilities that the particle
exits the region [Ax— N L, Ax+ N L] to the left and right,
respectively [32]. The symmetry of the energy landscape
means that Pr, = Pr = 1/2, and Eq. @ simplifies to
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where we have used the periodicity of the potential to
recast each integral over one period.

After evaluating Eq. for the potential defined in
Eq. , inserting the result into Eq. , and changing
variables to 6 = 2wz /L, we find
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2m+¢
T, = / dg e* Feos(®=9) [ + i cos e}i% , (12)
¢

and ¢ = 2wAxz/L is the phase difference. Finally, we
obtain the effective diffusion coefficient
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The derivative of Deg with respect to Q) can be an
informative quantity. For a one-dimensional system it is
at most zero, and it is negative for Q) > 0; increasing
the height of the energy barriers reduces the size of the
effective diffusion coefficient. Our quasi-one-dimensional
system displays a more complicated behaviour:
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where Dy = Deg (8Q = 0), and C (ap, 1) is a positive

constant given by
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A central result of our work is that Eq. can be pos-
itive; adding energy barriers can enhance the rate of dif-
fusion along the channel.
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IIT. BROWNIAN DYNAMICS SIMULATIONS

We used numerical simulations to study the two as-
pects of this work: the effect of the phase difference ¢
upon the behaviour of the effective diffusion coefficient,
and the exact cancellation of energetic and entropic barri-
ers to motion. Unless stated otherwise, simulations were
performed with 10° particles, a time step §t = 10~ units,
and unit values of the thermal energy kgT" and damping
coefficients v, and ,.

Eq. predicts that the gradient of the effective dif-
fusion coefficient at SQ = 0 is proportional to cos¢. We
performed simulations for ¢ = 0 and ¢ = 7 to investi-
gate the extremal cases. We will start with the former,
because the behaviour is familiar.

We expect a negative gradient at 8@ = 0, and hence
a monotonically decreasing effective diffusion coefficient.
Fig. confirms these expectations and reveals good
agreement between theory and simulations over a range
of amplitudes. This is because the potential energy min-
ima — around which the particles spend the bulk of their
time — coincide with the points of minimum curvature.
The distribution can get closer to its equilibrium shape in
the regions of the channel where it would otherwise strug-
gle most to do so. Agreement improves with increasing
amplitude because more time is spent around the min-
ima. Finally, agreement is better for smaller values of ay
because the variations in curvature are smaller.
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FIG. 1. The effective diffusion coefficient D.g is plotted as
a function of the cosine barrier height for three values of «;.
The phase difference is ¢ = 0, and ap = 2. The lines repre-
sent the theory — Eq. (13) — whilst the symbols represent the
results of the numerical simulations. The contour plot is for
BQ = 1.25525, a1 = 1.8.

Let us now turn to the case ¢ = 7. Eq. predicts
that the effective diffusion coefficient initially grows with
the amplitude of the potential energy barriers. Fig.
confirms this and reveals qualitative agreement between
theory and simulations. However, quantitative agree-
ment is not as good as in the previous case. This is
because the points of minimum curvature coincide with
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FIG. 2. The effective diffusion coefficient D.g is plotted as
a function of the cosine barrier height for two values of ai,
and two values of 7, in each case. The phase difference is
¢ = 7, and ap = 2. The lines represent the theory — Eq.
— whilst the symbols represent the results of the numerical
simulations. The contour plot is for SQ = 1.25525, a1 = 1.8.

the potential energy maxima. These are unstable points
and particles pass through them quickly, leaving little
chance for the ensemble to equilibrate. When a; = 1
we see good quantitative agreement with the theory for
values of Q) > 2. In contrast, for «; = 1.8 there is a
lack of good agreement even for 5@ = 4. This is because
the size of the entropic barriers to motion increases with
the variation in the curvature of the channel, which is
controlled by «a;. For smaller values of «;, the rate of
diffusion along the channel becomes determined by the
height of the potential energy barriers at smaller values
of the barrier height. Once in this regime, equilibration
is less important for close agreement with the theory.
As expected, decreasing v, improves agreement with the
theory.
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FIG. 3. The effective potential — Eq. — is plotted for the
landscape described in Eq. for a series of values of the
cosine barrier height for two values of the phase ¢ in each
case. a1 = 1.8, ap = 2.



Fig. (3) provides insight into the origin of the be-
haviour of the effective diffusion coefficient: increasing
the amplitude of the cosine potential does not necessar-
ily increase the barrier to motion in the effective poten-
tial. The energetic and entropic contributions can inter-
act with one another so as to decrease the barrier to mo-
tion, as can be seen by comparing the panels for SQ = 0
and fQ = 1.25525, chosen because it is a good approxi-
mation to the amplitude which minimises the barrier.

The contour plots in Fig. and Fig. further our
understanding of this effect. Fig. (1) reveals that in-
troducing the cosine potential creates near-flat regions
which extend away from the centre of the channel. By
contrast, the near-flat regions in Fig. (2) extend much
further along the line of the channel than away from it.
The former will inhibit motion along the channel by en-
abling particles to move significant distances in unpro-
ductive directions. The latter comes close to providing a
continuous near-flat region along the line of the channel,
which is combined with steeper barriers to motion away
from it. The region either side of the centre-line is flatter
in Fig. than in Fig. (1)), and the saddle points are
broader, which is beneficial for transport; it is easier for
particles to move from a tighter minimum into a broader
saddle than vice versa.

Let us conclude this section by returning to a point
made after the introduction of the effective potential in
Eq. . The potential energy landscape

U(z,y) = —%ln (ﬁ;(:@) + %a (z)y? (16)

has been constructed by adding to the U, term describing
the shape of the channel a series of potential energy bar-
riers in the z-direction such that the effective potential
is exactly zero. This predicts free diffusion.

Motion was simulated for a range of values of a; for
o9 = 2. In each case, the effect of decreasing v, from
one to 1072 upon the effective diffusion coefficient was
studied. Motion was also simulated in the absence of the
energy barriers. The results are shown in Fig. .

For all values of o the effective diffusion coefficient is
larger in the presence of energy barriers than in their ab-
sence. Again, as expected, decreasing v, improves agree-
ment with the theory.

IV. CONCLUSIONS

We used the Fick-Jacobs equation to study the be-
haviour of particles diffusing along channels with a pe-
riodically varying profile and potential energy barri-
ers along their length. Treating the variations in the
shape of the channel as entropic barriers to motion re-
duces the problem to diffusion in an (approximate) one-
dimensional potential.

For the cosine-based potential studied here, the posi-
tion of the potential energy minima relative to the points
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FIG. 4. The effective diffusion coefficient D.g for motion in
the potential described in Eq. is plotted as a function of
a1/ap for a series of values of v, (g = 2 throughout). The
effective diffusion coefficient in the absence of energy barriers
is also plotted (U, = 0). The contour plot (a1 = 1.5, 0 = 2)
reveals that the channel has a near-flat central section along
x.

of minimum curvature determines how the effective dif-
fusion coefficient responds to increasing the height of
the energy barriers. If the two coincide, then a mono-
tonic decrease is observed, and there is good quanti-
tative agreement with the theory. If the two are per-
fectly out-of-phase, so that the energy minima coincide
with the regions of maximum curvature, then the effec-
tive diffusion coefficient initially increases above its zero-
amplitude value, resulting in enhanced diffusion. Good
quantitative agreement is observed only when the energy
barriers dwarf the entropic barriers. Before this point,
lack of equilibration in the confining direction precludes
good agreement.

For a given channel it is possible to construct a series
of energy barriers which cancel out the entropic barriers;
free diffusion is then predicted. Numerical simulations
confirm that adding these barriers increases the rate of
diffusion, and decreasing the damping coefficient in the
confining direction leads ever-closer to free diffusion.
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