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Abstract

This paper studies transition probabilities from a Borel subset of a Polish
space to a product of two Borel subsets of Polish spaces. For such tran-
sition probabilities it introduces and studies the property of semi-uniform
Feller continuity. This paper provides several equivalent definitions of semi-
uniform Feller continuity and establishes its preservation under integration.
The motivation for this study came from the theory of Markov decision pro-
cesses with incomplete information, and this paper provides fundamental re-
sults useful for this theory.
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1 Introduction

This paper studies continuity properties of stochastic kernels, also called transi-
tion probabilities, from a Borel subset of a Polish space to a product of two Borel
subsets of Polish spaces. The main property we introduce is semi-uniform Feller
continuity, which is a weaker property than continuity in total variation, sometimes
called uniform Feller continuity. This paper provides several equivalent definitions
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of semi-uniform Feller continuity. It also describes the preservation property of
semi-uniform Fellerness under integration.

Our main motivation for studying stochastic kernels from a measurable space
S5 to a measurable space S; x So, where S1, So, and S5 are Borel subsets of Polish
spaces, is the use of such kernels in mathematical models of decision making with
incomplete information. For a Markov decision process with incomplete informa-
tion, S is an unobservable (or hidden) state space, Ss is the set of observations, and
S3 can be either a product of these two spaces and the space of decisions or a subset
of the product of these three spaces. Such problems can be reduced to problems
with completely observable states by replacing the state space S; with the space
P(Sy) of probability measures on Sy, and the new states are called either posterior
probabilities or belief states. This reduction was introduced in [[1} 2 16}[30}131]], and
it holds under general measurability assumptions [23} [33]].

However this reduction does not say much about continuity properties of the
transition probability for a new model with the belief state space P(S;). Weak
continuity of this transition probability is essentially necessary for the existence
of optimal policies, validity of optimality equations, and convergence of value it-
erations for models with incomplete information [14, Theorem 3.1]. For models
with finite state, observation, and action sets, the required weak continuity of the
transition probability in the model with belief states takes place [32].

However, weak continuity of the original transition and observation probabil-
ities and even some their stronger properties do not imply weak continuity of the
transition probability in the model with belief states [14, Examples 4.1-4.3]. For
a partially observable Markov decision process called a POMDP5 in this paper
and in [15]], which is a popular particular model of Markov decision process with
incomplete information, it was shown in [[14, Theorem 3.6] that weak continuity of
transition probabilities and continuity in total of variation of observation probabili-
ties imply weak continuity of transition probabilities in the model with completely
observable belief states to which the original problem is reduced. Another proof of
this fact is provided in [[18]], where it is also shown that, if the observation probabil-
ities do not depend on controls, then continuity of transition probabilities in total
variation imply weak continuity of the transition probabilities in the reduced model
with completely observable belief states.

The remarkable feature of semi-uniform Feller transition kernels is that this
property holds in the reduced model with complete information if and only if it
holds for the original model, and this fact implies several new and known results
on weak continuity of transition probabilities in the model with completely observ-
able states including all the results described above; see Section d below and [13]]
for details. This paper provides fundamental results useful for the analysis and
optimization of Markov decision processes with complete and incomplete infor-



mation. They are used in [[15]] for studying Markov decision processes with incom-
plete information. Markov decision processes with semi-uniform Feller transition
probabilities are studied in [[15]] for problems with expected total costs and in [16]
for problems with average costs per unit time.

For a metric space S = (S, ps), where ps is a metric, let 7(S) be the topology of
S (the family of all open subsets of S), and let B(S) be its Borel o-field, that is, the
o-field generated by all open subsets of the metric space S. For s € Sand § > 0, we
denote by B(s;0) := {u € S: p(s,u) < 6} and B(s;0) = {u € S : p(s,u) < §}
respectively the open and closed balls in the metric space S of radius J with the
center s and by S(s;0) := {u € S : p(s,u) = 0} the sphere in S of radius § with
center s. For a subset S of S let S denote the closure of S, and S is the interior
of S. Then S is open, S is closed, and S° C S C S. Let &S := S\ S° denote the
boundary of S. We remark that 9B(s; ) C S(s;9).

We denote by P(S) the set of probability measures on (S, B(S)). A sequence
of probability measures {1 },,—1 o from P(S) converges weakly to j1 € P(S) if
for any bounded continuous function f on S

/f(S),u(")(ds) — /f(s),u(ds) as n — oo.
s S

If this convergence of integrals holds for every bounded Borel function f, then
the sequence {M(n)}n=1,27___ converges to p setwise. A sequence of probability
measures {,u(")}n:l,gw from P(S) converges in total variation to p € P(S) if

sup |p™(C) — u(C)| = 0 asn — oo; )
CeB(S)
see [12] 113} [19] for properties of these types of convergence of probability mea-
sures.

Note that P(S) is a separable metric space with respect to the topology of
weak convergence for probability measures when S is a separable metric space;
[21) Chapter II]. Moreover, according to Bogachev [3, Theorem 8.3.2], if the met-
ric space S is separable, then the topology of weak convergence of probability
measures on (S, B(S)) coincides with the topology generated by the Kantorovich-
Rubinshtein metric

Pr(S)\M, V

(
= {

w,v € P(S), where

Lipi(8) :={f : S =R, |f(s1) = f(s2) < ps(s1,52), Vs1,52 € S}

)
[ stutas) ~ [ rewias) | £ € Linu(e), suplren < 1p,
S S seS



For a Borel subset S of a metric space (S, ps), where ps is a metric, we al-
ways consider the metric space (.5, pg), where pg := pg‘ gxg- Asubset B of Sis
called open (closed) in S if B is open (closed) in (S, pg). Of course, if S = S,
we omit “in S”. Observe that, in general, an open (closed) set in .S may not be
open (closed). For S € B(S) we denote by B(S) the Borel o-field on (5, ps).
Observe that B(S) = {S N B : B € B(S)}. For metric spaces S; and Ss,
a (Borel-measurable) stochastic kernel W(dsy|s2) on Sy given So is a mapping
W(-|-) : B(S1) x Sy = [0,1] such that ¥(-|s2) is a probability measure on S;
for any so € So, and ¥(B)|-) is a Borel-measurable function on Sy for any Borel
set B € B(S1). Another name for a stochastic kernel is a transition probability. A
stochastic kernel W(ds|s2) on Sy given S defines a Borel measurable mapping
s9 > U(|sy) of Sy to the metric space P(S;) endowed with the topology of weak
convergence. A stochastic kernel W (dsi|s2) on Sy given S is called weakly con-
tinuous (setwise continuous, continuous in total variation), if ¥( - |s(™) converges
weakly (setwise, in total variation) to ¥( - |s) whenever s(™) converges to s in Ss.
For a singleton {s1} C S;, we sometimes write W(s;|s2) instead of U ({s;}|s2).
Sometimes a weakly continuous stochastic kernel is called Feller, and a stochastic
kernel continuous in total variation is called uniformly Feller [20].

Let S1, S, and S3 be Borel subsets of Polish spaces (a Polish space is a com-
plete separable metric space), and W on S; X Sy given S3 be a stochastic kernel.
For A € B(S1), B € B(S2), and s3 € S3, let

\I/(A,B’S;),) = \I’(A X B’Sg). (3)

In particular, we consider marginal stochastic kernels WU(Sy, -|-) on S given S3
and ¥(-,Ss|-) on Sy given Ss.
Definition 1 A stochastic kernel W on S1 X Sy given Sg is semi-uniform Feller

if, for each sequence {sgn)}n:m,m C Sg3 that converges to sz in S3 and for each
bounded continuous function f on Sq,

lim sup
N0 BeB(Sz)

i F(s1)W(dsy, B|sS) — i F(s1)¥(ds1, Blss)| =0. (@)

Definition [Tl implies that for each sequence {S;(),n)}nzl,27___ C Sg that converges
to s3 in Sg, for each bounded continuous function f on Sy, and for each B € B(S»),

fim [ FCsn) W, Blsl) = [ 7o) (dsa, Bls),

n—oo Sl

and, in view of Schal [29, Theorem 3.7(iii,viii)], this property implies weak conti-
nuity of ¥ on S; X Sy given S3. Thus, a semi-uniform Feller stochastic kernel ¥
on S; X Sy given S3 is weakly continuous.
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The classic definition of weak continuity via convergence of integrals of bounded
continuous functions is also applicable to finite measures. It is obvious that a se-
quence of measures {,u(”) }n=1,2,... on a metric space S converges weakly to a fi-
nite measure z on S if and only if x(™(S) — u(S) and, if u(S) > 0, then the
sequence of probability measures {u(™ (ds)/u(™ (S)},=1.2,.. converges weakly
to the probability measure (ds)/u(S). In the previous sentence we mean that
1™ (ds) /™ (S) is an arbitrary probability measure on S if (™) (S) = 0.

We recall that the marginal measure W(ds1, B|s3), s3 € Ss, is defined in (3).
As follows from (@), if ¥ is a semi-uniform Feller stochastic kernel on S; x So
given Sg, then for each B € B(S;) the kernel ¥(dsy, B|s3) on S; given Sg is

weakly continuous, that is, if sé") — §3 as n — 00, where sé"), s3 € Sg forn =

1,2, ..., then sequence of substochastic measures { ¥ (ds1, B|s§"))};’f:1 converges
weakly to W(dsy, B|ss). The term “semi-uniform” is used in Definition [[] because
the convergence in (4) is uniform only with respect to the second coordinate, and
the function f does not depend on the second coordinate.

This paper describes useful properties of semi-uniform Feller kernels. Sec-
tion 2, whose main results are Theorem [I] and its Corollary I} examines the preser-
vation of lower semi-equicontinuity by integrals. Section [3| studies properties of
semi-uniform Feller kernelss. Theorem 3l provides several necessary and sufficient
conditions for a stochastic kernel ¥ to be semi-uniform Feller. Theorem H] es-
tablishes another necessary and sufficient condition for a stochastic kernel to be
semi-uniform Feller. This condition is Assumption [Tl whose stronger version was
introduced in [12, Theorem 4.4] as a sufficient condition for weak continuity of
transition probabilities for Markov decision processes with belief states. Theo-
rem L5 describes the preservation of semi-uniform Fellerness under the integration
operation. Section@lexplains the main motivation for this study. Section[3contains
proofs of Theorems Il Bl 4 and

2 Preservation of Lower Semi-Equicontinuity by Integrals

This section provides definitions of equicontinuity properties for families of func-
tions used in this paper and introduces Theorem [I] stating that integration of the
elements of a family of lower semi-equicontinuous functions of two variables in
one of these variables preserves lower semi-equicontinuity. Theorem [1lis used in
the proof of Theorem 3

Let us consider some basic definitions.

Definition 2 Let S be a metric space. A function f :' S — R is called

(i) lower semi-continuous (l.s.c.) at a point s € S if liminf f(s") > f(s);
s'—s
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(ii) upper semi-continuous at s € S if — f is lower semi-continuous at s;
(iii) continuous at s € S if f is both lower and upper semi-continuous at s;

(iv) lower / upper semi-continuous (continuous respectively) (on S) if f is lower
/ upper semi-continuous (continuous respectively) at each s € S.

For a metric space S, let F(S), L(S), and C(S) be the spaces of all real-valued func-
tions, all real-valued lower semi-continuous functions, and all real-valued continu-
ous functions respectively defined on the metric space S. The following definitions
are taken from [9].

Definition 3 A set F C F(S) of real-valued functions on a metric space S is called

(i) lower semi-equicontinuous at a point s € S if iminf ¢, 5 inf rep(f(s') —

f(s)) =2 0;

(ii) upper semi-equicontinuous at a point s € S if the set {—f : f € F} is lower
semi-equicontinuous at s € S;

(iii) equicontinuous at a point s € S, if F is both lower and upper semi-equiconti-
nuous at s € S, that is, lim sup |f(s") — f(s)| = 0;
s'—s feEF

(iv) lower / upper semi-equicontinuous (equicontinuous respectively) (on S) if
it is lower / upper semi-equicontinuous (equicontinuous respectively) at all
s ES;

(V) uniformly bounded (on S), if there exists a constant M < —+oo such that
|f(s)| < M forall s € S and forall f €F.

Obviously, if a set F C F(S) is lower semi-equicontinuous, then F C L(S).
Moreover, if a set F C F(S) is equicontinuous, then F C C(S). The following
theorem is the main result of this section.

Theorem 1 Let Sy, So, and S be metric spaces, let A C L(S; x Sg) be a set
of functions which is lower semi-equicontinuous and uniformly bounded, and let a
stochastic kernel VU (dsg|s3) on So given S3 be weakly continuous. If Sy is separa-
ble, then the set of functions

AY = {(31,33) > /S f(s1,82)W(dsals3) : f € A} Q)

defined on Sy X Sg is lower semi-equicontinuous and uniformly bounded by the
same constant as the set A.



The proof of Theorem [Ilis provided in Section [3l

Since A C LL(S7 xS2) and A is uniformly bounded in Theorem[I] for each s; €
S; and f € A, the bounded function sy — f(s1,s2) is lower semi-continuous.
Therefore, it is Borel-measurable and bounded. Thus, the integrals in formula (3))
are well-defined.

Corollary 1 Ler Sy, Sy, and S3 be metric spaces, let A C C(S; x Sg) be a set
of functions which is equicontinuous and uniformly bounded, and let a stochastic
kernel W(dsa|ss) on So given S be weakly continuous. If Sy is separable, then
the set of functions AY on Sy x Ss defined in @) is equicontinuous and uniformly
bounded by the same constant as the set A.

Proof. Corollary [1] follows from Theorem [I] applied to the sets of functions .A and
{-f: feA} O

Remark 1 Corollary [1lis a particular case of [14, Theorem 5.1], where under the
same assumption a more general conclusion is stated, which is incorrect. The dif-
ference is that in [14, Theorem 5.1] the integration in (3) above is taken over an
arbitrary open subset O of Sy rather than over the set So. However, the proofs in
[14] apply [14, Theorem 5.1] only to the case O = So, which is stated in Corol-
lary 1l

Theorem [1| can be viewed as an extension from equicontinuity to lower semi-
equicontinuity of D in the following necessary and sufficient condition for weak
convergence of probability measures, whose sufficiency part is obvious by consid-
ering a singleton D.

Theorem 2 (Parthasarathy [21], Theorem I1.6.8]) Let S be a separable metric space
and (,u(") Jn=12,... be any sequence of probability measures on'S. Then {N(n))}nﬂ,lm
converges weakly to p € P(S) if and only if

lim sup =0

n—o0 fED

/S F(s)uds — /S F(s)u(ds)

for every set D C C(S), which is equicontinuous and uniformly bounded.

3 Properties of Semi-Uniform Feller Stochastic Kernels

This section studies the properties of semi-uniform Feller kernels. In particular,
Theorem [3| provides several necessary and sufficient conditions for semi-uniform
Fellerness. Theorem K] establishes another necessary and sufficient condition for



a stochastic kernel to be semi-uniform Feller. This condition is Assumption [I1
whose stronger version was introduced in [12, Theorem 4.4]. Theorem [3 describes
the preservation of semi-uniform Feller continuity under the integration operation.

Let S1, S, and S3 be Borel subsets of Polish spaces, and let ¥ on S; x Sy given
Ss be a stochastic kernel. For each set A € B(S;) consider the set of functions

FY = {s3+— U(A x Bls3) : B € B(S2)} (6)

mapping S3 into [0, 1]. Consider the following type of continuity for stochastic
kernels on S1 x So given Ss.

Definition 4 A stochastic kernel ¥ on Sy X Sy given Sg is called WTV-continuous,
if for each O € 7(S1) the set of functions F(‘g is lower semi-equicontinuous on Ss.

Definition Bli) directly implies that the stochastic kernel ¥ on S; x Sy given Sj is
WTV-continuous if and only if for each O € 7(S;)

. . (m)y >
hﬂlo%f BeB%ng)\{(i)} (\I/((’) X Blsy ') — ¥(O x B[s;;)) >0, (7)

whenever s:())n) converges to s3 in Sz. “WTV-continuity” in Definition 4 abbreviates
weak continuity of W in the first variable s; € S; and continuity in total variation
of W in the second variable so € So.

Since () € B(S2), (@) holds if and only if

. . (n)y _
Jim it (qf(o x B|s{) — 0(0 x B|33)) 0. )

Similarly to Parthasarathy [21, Theorem I1.6.1] and Schél [29, Theorem 3.7],
where necessary and sufficient conditions for weakly convergent probability mea-
sures were considered, the following theorem provides several useful equivalent
definitions of semi-uniform Feller stochastic kernels.

Theorem 3 For a stochastic kernel W on S1 XSo given Sg, the following conditions
are equivalent:

(a) the stochastic kernel ¥ on S1 X Sy given Sg is semi-uniform Feller;
(b) the stochastic kernel ¥ on S1 X Sq given Sg is WTV-continuous;

(©) if sgn) converges to sg in Ss, then for each closed set C' in Sy

lim sup <\I/(C' X B|s:())n)) —U(C x B|s3)) =0; )
"0 BEB(Sz)



(d) ifsgn) converges to s in Ss, then, for each A € B(S1) such that W(0A, Sa|s3) =
0,

lim sup |P(A x B|s§n)) — U(A x Bl|s3)| = 0; (10)
00 BeB(Sz)

(e) if sé") converges to ss in Sg, then, for each nonnegative bounded lower semi-
continuous function f on Sq,

liminf inf v(d B(">—/ U(ds1, Bls) ) = 0;
wmint int ([ e wasn B - [ feuian. Bl)) <o
(1D

and each of these conditions implies continuity in total variation of the marginal
kernel W(Sy, -|-) on S given Ss.

The proof of Theorem [3lis provided in Section [3
Note that, since ) € B(S3), () holds if and only if

limsup  sup <\I/(C' X B[sé")) —U(C x B[s;;)) <0, (12)
n—00  BeB(S2)\{0}

and similar remarks are applicable to (10) and (1)) with the inequality “>" taking
place in (1.

Let us consider the following assumption. According to Example [1l Assump-
tion[Tlis weaker than combined assumptions (i) and (ii) in [12, Theorem 4.4], where
the base 7,° (S1) is the same for all 53 € S3.

Assumption 1 Let for each s3 € Sg the topology on S1 have a countable base
7,2 (S1) such that

(i) Sl S T;S(Sl);

(ii) for each finite intersection O = N¥_,0;, k =1,2,..., of sets O; € 7.°(S1),
i = 1,2,....,k, the set of functions F%, defined in (@) with A = O, is
equicontinuous at ss.

Note that Assumption [I(ii) holds if and only if for each finite intersection O =
Nk, 0; of sets O; € 7.%(S1), i =1,2,...,k,

lim sup |¥P(O x B\sgn)) —U(O x B|s3)| =0 (13)
=0 BeB(Sz)
if sgn) converges to s3 in Ss.
The following example demonstrates that the version of Assumption [[lwith the
same base 73,(S1) for all s3 € S3 is stronger than Assumption



Example 1 Let S; = S3 := R, Sy be a singleton, and ¥(S|s3) := I{s3 € Si}
for all S; € B(S1) and s3 € Ss.

Let us prove that Assumption[Ilholds. Indeed, for a fixed s3 € R let us consider
the countable base 7;°(R) = {R} U {(a + vV2,b+ v2) : a,b € Q,a < b}
for s3 € Q, and 7,°(R) = {R} U {(a,b) : a,b € Q,a < b} for s3 ¢ Q,
where Q is the set of rational numbers. Note that this base satisfies the following
properties: (a) R € 773(R), (b) O = N¥_,0; € 7*(R) forany k = 1,2,... and
{0}, € 7*(R), and (c) s3 ¢ OO for all O € 7.*(R). Statement (a) implies
that Assumption [I(i) holds. Assumption [I(ii) holds because, according to (b) each
finite intersection O = N¥_, O; of sets O; € 7.2 (R), 7 = 1,2,...,k, belongs to
7,2 (R), and according to (c) the function s — I{s € O} is continuous at s3. Thus,
Assumption [T holds.

Assumption [I] does not hold with the same base 73,(S;) for all s3 € S3 be-
cause for any nonempty open set O € 7(S;) \ {S1} there exist s5 € JO and a

sequence {sgn)}n:172,,,, C O such that sé") — 83 in S3 as n — o0, and, therefore,
T(Osi) =1{s{) € O} =1 4 0 =1{s} € O} = T(O|s%) as n — oo, that is,
the set of functions F is not equicontinuous at s. g

Theorem 4] shows that Assumptions [1|is a necessary and sufficient condition
for semi-uniform Feller continuity.

Theorem 4 A stochastic kernel ¥ on S1 X Sg given S3 is semi-uniform Feller if
and only if it satisfies Assumption [I]

The proof of Theorem Mlis provided in Section [3l
Now let S4 be a Borel subset of a Polish space, and let = be a stochastic kernel

on Sy X S given Sg x S4. Consider the stochastic kernel = [ on S1 x S given
P(S3) x Sy defined by

E[(A x Blu, s4) == /S Z(A x Blss, sq4)u(dss), (14)
3

A€ B(Sl), B e B(Sg), " e ]P)(Sg), S4 € Sy4.

Note that = is the integrand for = I which justifies the notation = Ik The fol-
lowing theorem establishes the preservation of semi-uniform Fellerness under the
integration operation in (14)).

Theorem 5 A stochastic kernel = Jon S1 % Sg given P(S3) x Sy is semi-uniform
Feller if and only if = on Sy X So given Sg X Sy is semi-uniform Feller.

The proof of Theorem [3lis provided in Section [3
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4 Motivation for Studying Semi-Uniform Feller Continu-
ity: Control of Markov Processes with Incomplete In-
formation

Semi-uniform Feller continuity appears naturally in control of stochastic processes
with incomplete information, when a decision maker observes random variables
depending on the states of the process rather than the states themselves. The main
approach to analyzing such problems is to consider a stochastic process whose
states are posterior distributions of the states of the original process; see, e.g., [23|
33]. These posterior distributions are often called beliefs or belief states. The
Bayesian approach to the control of stochastic processes is based on substituting
states of the process with their beliefs.

Let X, Y, and A be Borel subsets of Polish spaces, where X is the set of hidden
states, Y is the set of observations, and A is the sets of controls. Let P be a stochas-
tic kernel on X x Y given X x Y x A. The dynamics of a Markov Decision Process
with Incomplete Information (MDPII) [7,[15] is defined by P(dx¢+1, dyst1|xe, ye, ar),
where x; is a hidden state, y; is an observation, and a; is a chosen control, ¢ =
0,1,....Itis possible to construct a completely observable Markov Decision Pro-
cess (MDP) whose dynamics is defined by a stochastic kernel ¢(dzy11, dyi+1|2¢, yt, at),
where 2; is a posterior probability distribution of the state x;, t = 0,1,..., and ¢q
can be constructed from P by using the Bayesian arguments [[7, (15} 23} 33]].

An important question is whether the transition kernel ¢ is weakly continuous,
and weak continuity of kernels is sometimes called Feller continuity. It is known
that weak continuity of P does not imply weak continuity of ¢ [14, Example 4.1],
and finding sufficient conditions for weak continuity of ¢ is an important question.
According to [15, Theorem 6.2], whose proof uses the results of this paper, ¢ is
semi-uniform Feller if and only if P is semi-uniform Feller. Thus, semi-uniform
Feller continuity of P is a natural sufficient condition for weak continuity of gq.

Weak continuity of the stochastic kernel g implies weak continuity of its marginal
kernel G(dzy1|2t, yt, ar):= q(dze41,Y|2¢, yi, ar). An important particular case of
a MDPII is a Partially Observable Markov Decision Process (POMDP). For a
POMDP the kernel P has a special structure, which is not important here, but
it is important that transition probabilities defined by kernels P do not depend on
observations. This means that the transition probabilities P and ¢q in the case of
an POMDP can be written as P(dx¢11, dyi+1|xe, ar), and §(dzy1]|z¢, ar). If cost
functions also do not depend on observations, then the information about observa-
tion is useless for the model with belief states constructed for the POMDP. In this
case, the central question is weak continuity of ¢(dzy+1|2¢, at).

In nonlinear filtering theory, weak continuity of G(dz;11]|2¢, a;) is called weak
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continuity of the filter [18]]. Sufficient conditions for continuity of nonlinear filters
and a slightly more general problem of weak continuity of the stochastic kernel
G(dz4+1|2t, ar) for POMDPs were studied recently in [[14} [15] [18]. Earlier results
can be found in [17] and [27]. All currently known sufficient conditions for weak
continuity of ¢ assume semi-uniform Feller continuity of the stochastic kernel P;
see [15, Corollaries 6.10 and 6.11] and [8]].

5 Proofs of Theorems 1}, 3, 4, and

Before proving Theorem [Il we provide additional definitions and establish addi-
tional properties of functions from LL(S; x S3). For a bounded function g de-
fined on a metric space S, let us consider its Pasch-Hausdorff envelope defined
form=12,...,

7“(m') (s) := inf [g(s") + mps(s,s’)], s€S; (15)
9(+) s'eS

see Bertsekas and Shreve [4) p. 125], Rockafellar and Wets [24], and Feinberg et
al [10] for properties of functions defined in (I3). Formula (16) below defines
a parameterized version of the Pasch-Hausdorff envelope defined for a bounded
function f on S; X Sy, where the variable s; plays the role of a parameter, and the
variable sy plays the role of the variable s in (I3). For each m = 1,2,..., and
$1 € S, we set

7’}7”8)1 ')(32) = inf [f(s1,85) +mps,(s2,85)], s2€Ss. (16)
) 55€S2

Let the set of functions A from Theorem [I] be uniformly bounded by a constant
M. According to Bertsekas and Shreve [4] p. 125], for each f € A, mq,ms =

1,2,...,my < msy, s1 €Sy, and s5 € Sy, the following inequalities hold,
= M <) (s9) <01 (s9) < Fls1,8). a7
Foreachm = 1,2, ... we set

C(A,m) = {sy > 1) [(s2) 1 f€A 51 €81} CR(Sy).  (18)
The following lemma establishes basic properties of the sets C(A, m), m = 1,2,... .
It is used in the proofs of Theorems [[land Bl It describes uniform approximations
of functions in families of lower semi-continuous functions by globally Lipschitz
functions.
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Lemma 1 Ler A C L(S; X Sy), where Sy and S are metric spaces. The following
statements hold:

() if the set A is uniformly bounded by a constant M > 0, then for each m =
1,2,... the set C(A,m) defined in (I8) is uniformly bounded by the same
constant M

(ii) foreachm = 1,2,... the set C(A, m) is equicontinuous;

(iii) if A is lower semi-equicontinuous and uniformly bounded, then, for each

sequence {sgn)}n:1,27,,, C Sy that converges to s1 € Sy and for each so €
827
liminf liminf inf [r"™) (sa) — f(s1,59)] > 0. (19)

m—oo n—oo feAd f(s;’,-)

Lemma [Iliii) is relevant to Bertsekas and Shreve [4, Lemma 7.14(a)] stating
how a lower semi-continuous function can be approximated from below by con-
tinuous functions. If A consists of one function f € L(Sz), which does not de-

pend on s1, then Lemma [I(iii) implies that T(m)(Sg) T f(s2) as m — oo for
each sy € Sy because T;ml)(SQ) < r;mz)(@) < f(s2), for each so € S and
for all mq1,mo = 1,2,... such that m; < ms. Therefore, (I9) transforms to
0 < f(s2) — T}m)(SQ) 1 0 as m — oo, which is equivalent to the conclusion
of [4, Lemma 7.14(a)] stating that r}m)(SQ) 1 f(s2) as m — oo for each so € Ss.

Proof of Lemmal[ll (i) According to (I7), the set C(A,m), m = 1,2,..., is
uniformly bounded by M whenever the set A is uniformly bounded by M.

(ii) According to Bertsekas and Shreve [4] pp. 125, 126], foreachm = 1,2,...,

feA s €8q,and sél),sg) € S,

m 1 m 2 1 2
P (s =l (S < mpsy (s, 58). (20)
Therefore, for each m = 1,2, ... the set C(.A, m) is equicontinuous.

(iii) Since A is uniformly bounded by a constant M > 0,

sup  sup | f(ur,un)| < M. 1)
fGAulegl,UQESQ

Letm = 1,2,..., s € §; fort = 1,2, and let us fix an arbitrary sequence

{sgn)}n:m,m C S converging to s;. Inequalities and imply that

—o0< —2M < T‘](:(n)(n) )(82) — f(s1,82) <2M < o0 (22)
517,

for each f € A and for an arbitrary integer n > m. Let us take the infimum in
n > mand in f € A of the central expression in (22). Since the infimum in two

13



parameters is equal to the double infimum, the definition of an infimum implies the
existence of an integer n(m) > m and a function f(™ € A such that

i ; (m)
ot nf ) (s2) = fs1,2)]

(m) 1 (23)
> Tf:nm)(sgnw))’,)(sz) — f™ (s, 59) — e
Note that
s&"(m)) — 51 as m — oo. (24)
Statement (i) and formula @) imply that, for all g € Aand u € Sy,
) (s2)] < M. (25)

(m)

f(m) (Sgn(m)) - )
sém) € Sg such that

Therefore, r (s2) is bounded by M, and, in virtue of (I6), there exists

m m n(m m m 1
T( )(n('m)) (s2) > f( )(Sg ( ))735 )) + mps, (s2, Sé )) - . (26)
f(sq ) m

Inequalities (26), (21) and 23) imply ps, (s2, ng)) < % + # Therefore,

sgm) — 89 as m — oo. 27)

Inequalities (23) and 26]) imply

n:ml,%fﬂ,...}?i [r (Sgn)“)(w) — f(s1,52)] o8
n(m m m m 2
> F (", 5™ = FO (1, 52) + mpsy (2, 85™) - =

Since m = 1,2, ... is arbitrary,

lim inf liminf inf [, (s2) = f(s1,5)

>lmint il e, (08) ~ Flonsa)

> liminf [f0) (s 50y £ (51 s))]

m—ro0

> liminf inf [g(s\"™), s0™) = g(s1,50)] > 0,

m—oo geA

where the first inequality holds because the lower limit of a sequence is greater than
or equal to its infimum; the second inequality follows from (28)); the third inequality

14



holds because { f (m) }m=1,2,... C A; and the last inequality holds because the set A
is lower semi-equicontinuous and because of and 27). O
Proof of Theorem[Il Since W(dsz|s3) is a stochastic kernel, and since the set
of functions A C LL(S; x Sp) is uniformly bounded, the set of functions AY is
uniformly bounded by the same constant as A.
Let us prove that the set of functions A" is lower semi-equicontinuous. Fix an

arbitrary sequence {s&"), sgn)}n:m,,,, C S; XSg, that converges to some (s1, s3) €
S1 X Sg, and fix an arbitrary m = 1,2, ... . Let us define

(M) . _jiae s (m) (n) (m)
L '_h,?l)l&f }1613 </§2 Tf(sgn)7_)(82)\1’(d32|83 ) — /S2 Tf(sgn)’,)(82)‘lf(d82|83)> )

" = lim inf }1613/82 [r;z)gn)7.)(82) — [(s1,52)]¥(dsa|s3).

Then

n—oo feAd

liminf inf < f(sgn),SQ)\I/(dsﬂsg"))—/ f(31,32)\11(d32]33)>
Sz SQ

e m n 29
> liminf inf, < /Szr;(sgl),_)(sﬁwdsﬂsé ) - SZf(sl,@)\v(dsﬂsg)) @

2 [1771) + [27”)7

where the first inequality follows from the last inequality in (I7)), and the second
inequality follows from the semiadditive properties of infimums and lower limits.

Theorem 2] applied to S := Sy, D™ = {r?(n) ) s feAn=12,..1},

o

1M (dsg) = \I/(dsﬂsgn)), n=1,2,...,and p(dsg) := ¥(dss|ss), implies
™ >0 (30)

because, according to Lemmal[Ili,ii), the set of functions NS C(Sy) is equicon-
tinuous and uniformly bounded.
Since the sets of functions D™ C C(Sy) and A C L(S; x Sy) are uniformly

bounded, the function sy +— fin& [rjz(n)(n) )(32) — f(s1, s2)] is bounded, and it is
S S1 Tt
upper semi-continuous as an infimum of upper semi-continuous functions. Thus,

this function is Borel-measurable. Therefore,

" > liminf /S 2 inf [7";2)@,-)(32) = f(51,52)]¥(dsals3)

> [ tmint nf () = Fon s dsal),

15



where the first inequality is obvious, and the second one follows from Fatou’s

lemma because, according to Lemmal[I(i), the set of functions
(m)

e .)(32) — f(s1,52)]}n,m=1,2,.. is uniformly bounded. Further-
1

S9 — inf[r
{52 in A[
more,

lim inf I ém)
m—ro0

= /S2 lim inf Tim inf }25[7";2)@7.)(32) — f(s1,52)] ¥ (dsals3) = 0,
(€29)

where the first inequality follows from Fatou’s lemma because the functions to
which Fatou’s lemma is applied are uniformly bounded in view of Lemma [I{i),
and the second inequality follows from Lemma [I[iii). Inequalities (29)), (30), and

(31D imply

liminf inf ( £, 59) W (dsy|sS) — / f(81,32)\1/(d32|83)>
Sz SQ

n—oo feA

> lim inf (1™ + ™) > lim inf ™ >,

m—0oQ
that is, the set of functions A" is lower semi-equicontinuous. U
Proof of Theorem 3l Under each of conditions (a)—(e) the marginal kernel

U(Sy, -|) on Sy given S3 is continuous in total variation. In particular, under
condition (a) this follows from () with f = 1. Under condition (b), continuity in
total variation of the marginal kernel ¥ (S, - |- ) follows from

lim sup |U(S; x B\sgn)) —U(Sy x B[s;;)‘

N0 Be(S,)

— lim  sup (\11(81 x B|s) — W(S; x 3133)) —0,

N0 Be(S,)

where the second equality follows from equality (8) with O := S; and from ¥ (S; x
Sa|-) = 1. Conditions (c) and (d) with C' = S; and A = S; respectively imply
continuity in total variation of this marginal kernel. In addition, condition (e) with
f(s1) =I{s; € O}, where O are open subsets of Sy, implies condition (b).

The equivalence of conditions (a)—(e) follows the following implications: (a) =
() = (b) & () = (d) = (a).

(a) = (e). Let s:())n) converge to s3 in S3, and let f be a nonnegative bounded
lower semi-continuous function on S;. We shall prove (L1)). Indeed, for an arbitrary
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fixedm = 1,2,..., in view of (I3) and the last inequality in (I7),

liminf inf v(d B(")—/ U(ds1, B
mint int ([ genwian. 55 = [ e wtas, Bls)

> liminf  inf (™) ()W (dsy, B|s
> It plB,) </g i) (s1)¥(ds1, Blsy™) G2

- f(sl)\I/(dsl,B\s;),)) > 1™ 4 1™,
S
where

I™ .~ liminf inf / (m) (¢ )W (dsy, B|s™
I B€1;31(52)< 5, FO Y Bles)

(33)
_/S T;T(f?;(sl)\lf(da,BISs,)) =0,

~ BeB(S)
_ (my .\ it S
/81 <Tf(-)(81) f(81)> (ds1,Sa|s3)

We note that the last equality in (33) follows from statement (a) because, according

(m)

to Lemma [1ii,ii), the function s; — r fT) (s1) is continuous and bounded on Sy,

™= inf (/ r}’g?;(sl)q/(dsl,3133)—/ f(sl)\y(dsl,BySg,))
S S (34)

and the last equality in (34) follows from the inequality T}T)) (s1) < f(s1) for each
s1 € Sy. Finally, (32)—(34) imply that for each m = 1,2,...

liminf inf S‘I’ds,Bs(")—/ s \de$733>
n—o00 BEB(SQ)(Slf( 1) ( 1 ’3) Slf( 1) ( 1 ’3)

= /S (T;T))(Sl) - f(sl)) U(dsy,Sz|s3) =0, m — oo,
1

where the convergence to zero directly follows from Lebesgue’s dominated conver-
gence theorem because, according to Lemmal[l] the sequence {r(n"_b)( )=f( ) m=12,...
is uniformly bounded and converges pointwise to zero. Thus, holds.

(e) = (b). Let sgn) converge to s3 in Sg, and O € 7(S;). For a nonnegative
bounded lower semi-continuous function f(s1) := I{s; € O}, s1 € Sy, (M)
directly implies (8)) and therefore (7).
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(b) & (c). Let sé") converges to s3 in Sz. Note that for each S € B(S;)

limsup  sup <\I/(S X B\sg")) —U(S x B\33)>
n—00  BeB(S2)\{0}

=limsup  sup <\P(Sl X B|s§n)) — U(S; x Blss)
n—00  BeB(S2)\{0}

~W((S1\8) x Bls§”) + W(S1\ $) x Blsy))

<limsup  sup (@(Shzﬂsg”)-@(shzﬂ83ﬂ
n—oo  BeB(S2)\{0}

R TI . (n)y
llyrlli)loréf Begégj’)\{@} (Q/((Sl \S) x Blsy ') —W¥((S1\S5) x B[s;;))

T . (n)
= —IITILILIOIéf Begégj’)\{@} (Q/((Sl \S) x Blsy ) —¥((S1\S) x B[s;;)) ,
where the first equality holds because {S,S; \ S} is a partition of Sy, the inequality
follows from the sub-additive properties of upper limits and supremums, and the
last equality holds because the marginal kernel ¥ (S, - |- ) on Sy given S is con-
tinuous in total variation. So, inequality (7) for arbitrary open set O C S; follows
from inequality (12)) for a closed set C' = S; \ O. Vice versa, inequality (I12) for
arbitrary closed set O C S; follows from inequality (7)) for an open set O = S;\ C.
That is, (b) < (¢).

(¢) = (d). Let sé") converge to s3 in Sz, and let A € B(S;) be such that
W(DA,Sy|s3) = 0. We shall prove (I0). Indeed, since W((A \ A°) x Sp|s3) =
W(DA x Syls3) = 0, we have that U(A° x B|s3) = ¥(A x B|s3) = ¥(A x B|s3)
for each B € B(Sz). Moreover, since A° C A C A and (b) < (c), then inequality
applied to O = A° and inequality (I2) applied to C' = A imply

. . . o (77/) o
< _
0< llTILIi)loI'éf BGB%ggf)\{@} <\IJ(A X Blsy ') — W(A° x B\33))

< liminf  inf U(A x Bls™) — (A x B
< limin BGB&)\{@}(( X Blsy") — (A X \83))

<limsup  sup <\IJ(A X B\sg")) —U(Ax B[s;;))
n—00  BEB(S2)\{0}

<limsup  sup (\I’(A X B|s:())n)) — V(A x B|83)> <0,
n—oo  BeB(S2)\{0}

that is, (I0) holds because (S x (|s) = 0 for each S € B(S;) and s € S;.

(d) = (a). Let (d) hold. Let sé") converge to s3 in S3, and let f be a bounded
continuous function on S;. We shall prove (). Indeed, similarly to Parthasarathy [21),
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pp. 41-42], let us set
\I’f(S, 82‘33) = \I/({Sl c Sl : f(Sl) c S},Sg’Sg), S e B(R)

Since f is a bounded function, there exists a bounded interval (a,b) such that a <
f(s1) < bforeach s; € Sy, and W (-, Sy|s3) is concentrated on (a, b). Moreover,
the set {s € R : W;({s},Sz|s3) > 0} is countable or finite. Therefore, for a fixed
€ > 0 there exist N, = 1,2,... andtf;o) =a < tf:l) < tg) <...< téNs) =b
such that t&) — ¢~ < ¢ and Ue{s1 €S1: f(s1) = tg)},82|33) = 0 for each
i=1,2,... N..

Consider the family of disjoint sets {A(®) := {s; € S; : 871 < f(s1) <
t?)}}f.\’;l. Note that S; = UNe, A®). Moreover, since A C {s; € Sy : f(s1) =
tg_l)} U{s1 € S1 : f(s1) = tg)}, we have that U(QA®) S,|s3) = 0, and
therefore (I0) holds with A = A® for each i = 1,2,..., N.. Consequently, for
fe(s1) == vajl ti1I{sy € A(i)}, s1 € Sq,and foreachn =1,2,...,

sup | [ f(s1)0(ds1, Blsy”) — | f(s1)¥(ds1, Blss)
BeB(S2) /81 S1
§I£n’€) _'_Ién,s) +13(n’€) (35)
Ne
<2e+ 3 [tV sup [9(AD x B|sy”) — ¥(AD x Bs3)|,
i=1 BeB(S2)
where
1" = sup [ [f(s1) = fo(s1)| W(ds1, Blsy),
BeB(S2) /S
1) = sup | [f(s1) = f-(s1)|(ds1, Blss)
BeB(S2) J$1
I = sup fa(Sl)‘I’(dShB’S;(»,n))—/ fe(s1)¥(ds1, Blss)|,
BeB(S2) |/s: S1

and the second inequality in (33) holds because |f(s1) — f-(s1)| < ¢ for each
s1 € Sy. Letting n — oo,

limsup sup
n—00  BEB(Se)

< 2e

F(s1)U(ds, Bls{”) - /S f(51)¥(dsy, Blss)

S1

because (I0) holds with A = A® 4§ = 1,2, ... N.. Since ¢ > 0 is an arbitrary,
@) holds. O
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Before the proof of Theorem 4] we provide an auxiliary lemma. This lemma is
a version of Lemma 5.2 from Feinberg et al. [[14]] for the class of stochastic kernels
satisfying Assumption Il

Lemma 2 Let Assumption [l hold, and let an arbitrary s3 € Sg be fixed. Then for
each O € 1,°(S1) and for each finite union O = UF_O05 k = 1,2,..., of sets

O; € 7;%(S1),1=1,2,..., k, the set of functions F(\Iﬁl\o is equicontinuous at ss.
Proof. Let A* := {nk 10, :1<j1<jo<...<jpr<k},k=1,2,... bethe
finite set of all possible intersections of the elements of the tuple {01, Os, ..., Ok},

and let AF .= AF U {S1} be the finite set obtained by adding the single element S;
to A®. Assumption [I{ii) imply that the sets of functions Fg\ o is equicontinuous at

s3 because

sup [U((O\ O) x Bls) — ¥((O\ O) x Bls)]
BeB(S2)
< sup |¥(O x Blsh) — ¥(O x Blss3)|
BeB(S2)

+ sup |[¥((ONO)x Blsy) —¥(ONO) x Bls3)|
BeB(S2)

<Y sup [¥(OND)xBlsh)—U(OND)x Blsg)| =0,

DGAk BEB(SQ)

as s — s3, where the first inequality holds because O = (O \ O) U (O N O) and
(O\O)N(ONO) =0, and the second inequality follows from the principle of
inclusion-exclusion applied to the set O. (]

Proof of Theorem[dl In view of Theorem [3(a,b), it is sufficient to prove that
Assumption [I] holds if and only if the stochastic kernel ¥ on S; x Sg given S3 is
WTV-continuous.

Necessity. Fix an arbitrary s3 € S3. For the topology on Sy, let us construct its
countable base 7,°(S;) satisfying conditions (i) and (ii) from Assumption Il For
this purpose we firstly note that every open ball B(o;d), where 6 > 0 and 0 € Sy,
contains open balls B(0; A(4)), 0 < A3(i) < 6,i=1,2,...,such that

AS(i)1 0 as i— oo, (36)
and
U((B(o; 25(i)) \ B(o; A)(i))) x Salss) = ¥(S(0; A)(i)) x Salsz) =0, (37)

that is, B(o; A%(4)) is a continuity set for the probability measure W( - |s3) for each
i1 =1,2,...; Parthasarathy [21} p. 50].
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Secondly, we set O := ﬂleB(oj;Ag?. (i;)) and O := ﬂ?le(oj;Agi. (i)

for a some natural number k£ = 1,2,..., for a finite sequence of natural numbers
i1,1492,...,1 for a finite sequence of points 01, 09, ..., 0 from Sy, and for a finite
sequence of positive constants 01, da, . . . , . We observe that 900 = O\ O. Let us

prove that the set of functions Fg, defined in (€) with A = O, is equicontinuous
at s3. Indeed, since the stochastic kernel ¥ on S; x Sy given S3 is uniform semi-
Feller, equality follows from Theorem [3(a,d) because

0<U((O\0O) x Bls3) <T((O\O) x Syls3) =0

for each B € B(S;), where the second inequality holds because (O \ O) x B
(O\ O) x S, for each B € B(Sy), and the equality holds because (O \ O)
So C (UF_1S(0j; A% (i) x Sz and W(S(0j; A% (i) x Salsz) = 0 for all j
1,2,... k.

Finally, according to Rudin [26, Exercise 2.11], since the metric space S is
separable, there exists a sequence {s)},_1 2 C O such that the set { B(s1); ) :
d € Q=0, 7 = 1,2,...} is a countable base of the topology on S;, where Q~ is
the set of positive rational numbers. The set 77%(S;) := {B(s\); Aggg) NS
Qs0, 1,7 = 1,2,...} U {S;1} is a countable base of the topology on S; because,
according to (36), B(sV);8) = Y B(sW; A%, (i) for each j = 1,2,...

X N

s
and & € Qsg. Moreover, for each finite intersection O = N¥_, O; of sets O; €

7,2(S1),1=1,2,...,k, the set of functions F(‘Ié is equicontinuous at s3, where set

of functions F§l1 is equicontinuous at s3 because the marginal kernel ¥(Sy, - |-) on
So given S3 is continuous in total variation, that is, Assumption [Tl holds.

Sufficiency. Assumption [Ilimplies that the marginal kernel ¥(Sy, -|-) on S
given S is continuous in total variation because, by the definition, equicontinuity
of the set Fg’l at a point s3 € Sj is equivalent to the continuity in total variation of
the marginal kernel ¥(Sy, - |-) on Sy given Sj at the point s.

Let us prove the WT V-continuity of the stochastic kernel ¥ on S; xSg given S3.
For this purpose we fix an arbitrary element s3 € S3 and a sequence {sé") tn=12.. C

Ss such that sgn) — s3 as n — oo. Let us prove that (8) holds for an arbi-
trary fixed O € 7(S;). Indeed, Assumption [I(ii) implies the existence of a tu-
ple {O01,0,,...} C 7;°(S1) such that O = U2, 0;. Setting Ay, := u;?:loj,

k=1,2,...,and Ag := (), we note that Lemma [2limplies that the set of functions
F% is equicontinuous at s3 foreach k = 1,2, ... . Thus,
k\Ak—1 ’

h,?i)lo%f Belg(ng) (\P(O X Blsy ') — ¥(O x B[s;;))

e o (n)
=timint inf (WU (A A) x BsEY)
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—P((U5z 1(Ak\Ak 1)) X Bls3))

n—oo BeB SQ

)
= liminf inf (\I/ (Ap \ Ag—1) X B[sé")) —U((Ag \ Ag_1) X B]33)>
£ (WA Akr) x BIsE) = W (AR \ Ak) x Blsg))

£ inf  (W((AR\ Ap_1) x Bls$?) = U((Ag \ A1) x Blsy)) =
> limin Bégg2)( (A \ Agr) x BIs§™) = (A \ Axoa) x Blss) ) =0,

where first two equalities hold because O = U32,0; = U2, (Ay \ Ax-1) and
(A; \ A1) N (A; \ Ai—1) = 0 for each i # j, the first inequality follows from
the basic property of infimums, the second inequality follows from Fatou’s lemma
because each summand is bounded below by —1 since foreach k = 1,2, ...
inf inf(W((AR\ Axo1) % BIs§Y) = (A \ Agr) X Blss) )
L. ((Ax \ Ap—1) x Blsg™") = W((Ag \ Ap—1) x Bls3)
> —U((Ag \ Ap-1) X Sgls3),

and Y27 W((Ax\ Ag—1) X S2|s3) = 1, and the last equality holds because the set
of functions Fik\Ak,l = ng\Ak,l is equicontinuous at s foreach k = 1,2,... .
Therefore, inequality (8) holds for each O € 7(S;), that is, the stochastic kernel ¥
on Sy X Sy given S3 is WTV-continuous. O

Proof of Theorem 3l Sufficiency. Let (sgn),sfln)) — (s3,84) in S3 X Sy as
n — oo. Consider the sequence of probability measures {,u("), f}n=12,.. such
that p(™(C) = I{sé") € C}and p(C) = I{sg € C} for each C € B(S3) and
n=1,2,....Since (,u("))n:m’m converges weakly to y, and the stochastic kernel
= [on S1 % Sg given P(S3) x Sy is WTV-continuous, we obtain that

nh_)rrgo Beig(fgg) (E(O X B[sé"),sfl")) —Z(0 x B]33,34)> =0
for each O € 7(S;), that is, the stochastic kernel = on S1 x Sg given Sg x Sy is
WTV-continuous.

Necessity. Semi-uniform Fellerness of the stochastic kernel = on S x So given
Ss x Sy implies that for each O € 7(S;) the set of functions F5 = {(s4, s3) —
(O x Blss,s4) : B € B(Sq)} is lower semi-equicontinuous. Theorem [Ilapplied
to S := Sy, So 1= S3, 53 := P(S3), A := F(EQ, and (- |p) := u(-) for p € Ss,
implies that the set of functions {(y, s4) — E(O x Blu,s4) : B € B(S2)}
is lower semi-equicontinuous because the stochastic kernel 1) on So given Ss is
weakly continuous. Since O € 7(S;) is an arbitrary, the stochastic kernel = [ on
S1 x Sg given P(S3) x Sy is semi-uniform Feller. O
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