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Abstract

We consider the discrete defocusing nonlinear Schrédinger equation in its integrable version,
which is called defocusing Ablowitz-Ladik lattice. We consider periodic boundary conditions with
period N and initial data sample according to the Generalized Gibbs ensemble. In this setting, the
Lax matrix of the Ablowitz-Ladik lattice is a random CMV-periodic matrix and it is related to the
Killip-Nenciu Circular $-ensemble at high-temperature. We obtain the generalized free energy of
the Ablowitz-Ladik lattice and the density of states of the random Lax matrix by establishing a
mapping to the one-dimensional log-gas. For the Gibbs measure related to the Hamiltonian of the
Ablowitz-Ladik flow, we obtain the density of states via a particular solution of the double-confluent
Heun equation.

1 Introduction

The defocusing Ablowitz-Ladik (AL) lattice for the complex functions «;(t), j € Z and t € R, is the
system of nonlinear equations

idj = —(Ozj+1 + a1 — 2aj) + |Ozj‘2(04j71 + aj+1), (1.1)

dovs
where &; = aa We assume N-periodic boundary conditions o4 n = o, for all j € Z. The AL lattice

was introduced by Ablowitz and Ladik as the spatial integrable discretization of the defocusing
cubic nonlinear Schrédinger Equation (NLS) for the complex function v (x,t), z € S! and t € R:

iaﬂ/’(%t) = 7692511)(1'775) + 2|1/J($7t)\21/)(517,t)-

The cubic NLS equation was proved to be integrable by Zakharov and Shabat .
It is straightforward to verify that the quantity

N

K(O) = n (]. — |O[j|2) s

j=1

d
is a constant of motion for the AL lattice, namely %K(O) = 0. This implies that if |a;(0)] < 1 for all

j € Z, then |a;(t)| < 1 for all t > 0. We chose the N-dimensional disc DV as the phase space of the AL
lattice, here D = {z € C||z| < 1}. On DV we introduce the symplectic form

N
1
w=1iY —da; Ada;, p;=4/1-]o5 (1.2)
j=1 Pj
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The corresponding Poisson bracket is defined for functions f,g € C*(DV) as

.N af dg af dg
figy=1i) f( )
{f.9 @jzlp

05]- 00@- ('}aj 6@-

The phase shift a;(t) — e~ %" q;(t) transforms the AL lattice into the equation

id; = —pj(ajer + ajo1), pj =/1— oy, (1.3)

which we call the reduced AL equation. We remark that the quantity —2 In(K (0)) is the generator of the

shift a;(t) — e~ a;(t), while H; = KM + K1) with
N

K(l) = - Z ajajﬂ,
j=1

generates the flow (1.3)). The AL equations (1.1]) have the Hamiltonian structure
dj ={Oéj,HAL}, HAL(aj,&j) =—21n(K(0))+K(1)+K(1). (14)

Integrability. As we have already said, the AL lattice was discovered by Ablowitz and Ladik by
discretizing the 2 x 2 Zakharov-Shabat Lax pair [1] of the cubic nonlinear Schrédinger equation. For a
comprehensive review see [3]. The integrability of the Ablowitz—Ladik system has also been proved by
constructing a bi-Hamiltonian structure [9,23]. A techniques to calculate the 7-function correlators has
been introduced in [15].

Using the connection between orthogonal polynomials on the unit circle and the AL lattice, Nenciu
and Simon [54,59] constructed a new Lax pair for the AL lattice that sometimes is referred to as
the big Lax pair and which put the AL equation on the same foot as the Toda lattice. The link
between orthogonal and biorthogonal polynomials on the unit circle and the Ablowitz—Ladik hierarchy
(see also |4], [43]) is the analogue of the celebrated link between the Toda hierarchy and orthogonal
polynomials on the real line (see e.g. [19]). This link was also generalized to the non-commutative
case [14] (see also |16]). Generalization of this construction to other integrable equations has been
considered in [55].

To construct the big Lax pair, we follow [54}59] and we double the size of the chain according to the
periodic boundary conditions, thus we consider a chain of 2V particles o, ..., asn such that a; = a4 n
for j =1,...,N. Define the 2 x 2 unitary matrix =;

9 < j j> ) J ) ) )
and the 2N x 2N matrices

—QoN P2N

(1]
(1]

[1]
[1]

—_
—

Hon—2 Ean—1
P2N Q2N

Now let us define the unitary Lax matrix

E=LM, (1.5)
that has the structure of a 5-band diagonal matrix

*
*

* % ¥ 0¥
L
*

* %k % ¥
* %K ¥ ¥
* X ¥ ¥
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The matrix £ is a periodic CMV matrix (after Cantero Morales and Velsquez [17]). The N-periodic
reduced AL equation (|1.3)) is equivalent to the following Lax equation for the matrix &:

E=il&, T+ (N, (1.6)
where T stands for hermitian conjugate and

34 J=Fk

=19 &k k=j+1mod2Nork=j+2mod2N
0 otherwise.

We observe that (£7)T + (£7)* = €T and [€,ET] = 0 because € is unitary. Therefore, one can write the
equation (1.6]) in the equivalent form

E=ilg, et —(ENT].
The formulation (1.6 implies that the quantities

Tr (EZ)

KO =
2 )

(=1,...,N—1, (1.7)

are constants of motion for the defocusing AL system. For example

KU Z Q1 K® = 2 (@) — 204jaj+2p?+1]'
Jj=1 Jj=1
Furthermore, KO KM K®N-1 are functionally independent and in involution, showing that the

N-periodic AL system is integrable [1}3},/54].

Remark 1.1. The quantity 2R(K (1)) generates the reduces AL equation (1.3)), while the quantity —23(K M)
generates the flow

dj = (1= lag|*)(aj41 — ay),
which is called Schur flow. The Schur flow emerges in [2] as a spatial discretization of the defocusing
modified Korteweg—de Vries equation

Oif —6f0.f +02f=0.

For the integration of the Schur flow and its relation to orthogonal polynomial on the unit circle see
132,60

Generalized Gibbs Ensemble for the Ablowitz Ladik Lattice. The symplectic form w in (|1.2)

induces on DV the volume form dvol = Wd a, with d?a = H;yzl(idaj A da; ). We observe that
Sﬁw dvol = o, however, we can define the Gibbs measure with respect to the Hamiltonian H 47, in (1.4):

N
I sy I srx® -
de 244Ldyol = 7 PR )j|:|1(1 —|a;} P, B >0, (1.8)

where Zg = {5~ eBRIED) Hy:1(1_|aj |2)#~1d?a < o is the normalizing constant. The above probability
measure is clearly invariant under the Hamiltonian flow «;(0) — «;(t) associated to the Ablowitz-Ladik

equation (1.1J).
Since the Ablowitz—Ladik lattice posses several conserved quantities ([1.7]), one can introduce a Gen-
eralized Gibbs Ensemble on the phase space DV in the following way. Fix N3 x < N — 1 and let us

define ;
= 2 nm%('zm) ) (19)
m=1

where 7,, € R are called chemical potentials. Then

)= ) (K + KO,

m=1
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where K™ are the AL conserved quantities (1.7). The finite volume Generalized Gibbs measure can be
written as:

N
dPaL(aq, ..., an) = TV Vﬂ H (1= Ja; ) exp (—=Tx (V (£))) da, (1.10)

where Z{%(V, 8) is the partition function of the system:

Lw,p) = J ]‘[ 1—a; )" exp (—=Tr (V (£))) d®ax. (1.11)

Choosing the initial data of the Ablow1thLad1k lattice according to the Generalized Gibbs measure
(L.10), the Lax matrix € turns into a random matrix. In [51] Mendl and Sphon study the dynamic of the
Ablowitz—Ladik lattice at non-zero temperature. They study numerically correlation functions and in
particular, introducing the density ¢; = R(a;+1@;), they study the density-density correlation function

E[3;(t)0:(0)] = E[6;(1)] E[6:(0)] ,

where E[-] is the expectation with respect to Gibbs measure . They showed numerically that
density-density time correlations in thermal equilibrium have symmetrically located peaks, which travel
in opposite directions at constant speed, broaden ballistically and decay as 1/t” when t — oo, where the
scaling exponent v is approximately equal to one. This behaviour is believed to be typical of integrable
nonlinear systems.

More quantitative results have been obtained for linear (integrable) systems and for the Toda lattice.
It was shown in [34] that the fastest peaks of the correlation functions of harmonic oscillators with short
range interactions have a Airy type scaling. Regarding nonlinear integrable systems in [61] Spohn was
able to connect the Gibbs ensemble of the Toda lattice to the Dumitriu-Edelman S-ensemble [21]. In this
way, the generalized Gibbs free energy of the Toda chain turns out to be related to the S-ensembles of
random matrix theory in the mean-field regime [7,22]. The behaviour of the correlation functions of the
Toda chains has been derived by applying the theory of generalized hydrodynamic [20162]. We mention
also the recent work [36], where the authors derive a large deviation principle for the mean density of
states for the Generalized Gibbs measure of the Toda lattice.

2 Statement of the results

In this manuscript we derive the mean density of states uﬁ ;, of the random Lax matrix £ sampled
according to generalized Gibbs measure (|1.10) and we determine the free energy of the AL generalized
Gibbs ensemble

. 1
Far(V,8) = lim < log ZG"(V, ).

This is achieved by connecting the generalized Gibbs ensemble of the Ablowitz—Ladik lattice to the Killip-
Nenciu [42] matrix Circular S-ensemble at high-temperature investigated by Hardy and Lambert [37].
Further connections between discrete integrable systems with Gibbs measure initial data and classes
of random matrices has been explored in [33]. For connections between integrable PDEs and random
objects see [6].

Let M(T) be the space of probability measures on the torus T = [—m, 7] and for u € M(T) let us
consider the functional

FVB) () = 2JV(9) 0)do — Bfflnsm( |) 11(6)u(¢)dbded

TxT

(2.1)
+ fln (1(0)) p1(0)dé + In(27) .
T
Remark 2.1. Here and below, we make an abuse of notation by denoting the potential V(z) = V(e')
simply by V(6).

For sufficiently regular potential V' (6), the functional (2.1) has a unique minimizer ugT(dG) =
ugT(H)dH, [58], that describes the density of states of the Circular S-ensemble at high-temperature [37].
For finite S and smooth potentials V(6), it has been shown by Hardy and Lambert in [37] that the
minimizer pgT(dO) has a smooth density and its support is the whole torus T.
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Theorem 2.2 (First Main theorem). Consider 8 > 0 and a smooth potential V as in (1.9) on the unit

circle T. The mean density of states uﬁL(dﬁ) = ,uiL (0)dO of the Ablowitz—Ladik Lax matrixz € in ([1.5))
endowed with the probability (1.10) is absolutely continuous with respect to the Lebesque measure and
takes the form

,uﬁL(O) = 0p (BM%T(Q)) a.e.,
where ,u%T is the unique minimizer of the functional (2.1)).

To prove the above theorem we derive a relation (see Proposition |4.2]) between the free energy of the
[B-ensembles at high-temperature, namely the minimum value of the minimizer (2.1)

Fur(V,8) == FVO (1),

and the free energy Far(V, ) of the AL lattice:

Far(V,B) = 0g (BFur(V,B)) + In(2).

Such relation is obtained via transfer operator techniques.

The particular case V(0) = 2ncosf corresponds to the free energy associated to the AL equation
, and we show that the minimizer of the functional is obtained via a particular solution of the
Double Confluent Heun (DCH) equation.

Theorem 2.3 (Second main theorem). Fiz 5 > 0 and let V(0) = ncos@, where n is a real parameter.
There exists € > 0 such that for all n € (—e,¢), the minimizer ,u%T(dH) = ,u%T(H)dH of the functional
(2.1) takes the form

3 11 (20 (2)
i (0) = 5+ wé}e( o) )|Z=ew : (2.2)

where v(2) is the unique solution (up to a multiplicative non-zero constant) of the Double Confluent Heun
(DCH) equation

220"(z) + (= + 2(B+1) +n2*) V' (2) + 9Bz + ANv(2) =0 (2.3)
analytic for |z| < r with r = 1. Such solution is differentiable in the parameter n and §. The parameter

A=A, B) in (2.3) is determined for n € (—e,&) by the solution of the equation

A(Ry)11 + T (R1)21 = 0,

B+1

with the condition \(n = 0, 3) = 0. In the above expression (R1);i is the jk entry of the matriz Ry which
is defined by the infinite product

14 2Bn 1’
Ry =M1M2...Mk..., M, = kl(k+ﬁ) k(k+d(3+1) .

We remark that the solution of the double confluent Heun equation has generically an essential
singularity at z = 0 and z = o0, and one needs to tune the accessory parameter A to obtain an analytic
solution, for a review see [57]. In our derivation of the parameter A coincides with the first moment
of the measure (), namely A = (. 11(6)e?df. It is a transcendental function of 8 and 7 and it is related
to the Painleveé III equation [24,/47].

Remark 2.4. Under the change of variable

v(2) = exp (;’ <z + i)) (),

the DCH equation (2.3) takes the form of a Schridinger equation
f'(z) + a(2)f(2) =0,

with potential q(2) singular at the origin

q(z)—zlz<77ﬂ_1 (z-l—l) —fw—i(ﬁ2+4ﬁ+3)+nﬁ)\>.

2 z 22
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Remark 2.5. For the case V = 0 it was shown in [37] that the minimizer of the functional (3.12)) is the
uniform measure on the circle, while for the case V(0) = BV (0) and g — oo the minimizer was
considered in [49]. The particular case V(0) — Bncosf and B — o has first been considered by Gross—
Witten [35] and Baik-Deift-Johansson [11]. The measure in Theorem generalizes the result of
Gross and Witten [35] and Baik-Deift-Johansson [11] to the high-temperature regime (see Remark[5.6).

This manuscript is organized as follows. In section [3] we introduce the Circular S ensemble and its
high-temperature limit. Then we review results in the literature on Circular 5 ensemble and we derive
some technical results needed to prove our main theorems. In section [d we prove our first main theorem,
namely Theorem [2.2] and in section [5] we prove Theorem [2.3] Finally, the most technical parts of our
arguments are deferred to the appendices.

3 Circular g Ensemble at high-temperature

The Circular Ensemble at temperature Bfl is a system of NV identical particles on the one-dimensional
torus T = [—7, w] with distribution
1

dP;(61,...,0n) = T [ [le —e®|Pd0, d6 =do;...doy, (3.1)
N

<t

where Zﬁﬁ E'> 0 is the norming constant, or partition function of the system. For B = 1,2,4 Dyson
observed that the above measure corresponds to the eigenvalue distribution of circular orthogonal ensem-
ble (COE), circular unitary ensemble (CUE) and circular symplectic ensemble (CSE) of random matrix
ensembles (see e.g. [25,[50]). For general 5 > 0, Killip and Nenciu proved that the Circular 8 Ensemble
can be associated to the eigenvalue distribution of a random sparse matrix, the so-called CMV matrix,
after Cantero, Moral, Velazquez [17]. To state their result, we need the following definition.

Definition 3.1. A complex random variable X with values on the unit disk D is ©,,-distributed (v > 1)

if
v

E[f(X)] =

5 | e

for any measurable function f : D — C. When v = 1, ©1 is the uniform distribution on the unit circle
St

We recall that for N 3 v > 2, such measure has the following geometrical interpretation: if u =
(u1,usa,...,u, 1) is chosen at random according to the surface measure on the unit sphere S¥ in R¥*1,
then uq + dug is ©, —distributed. We can now state the result of Killip-Nenciu.

Theorem 3.2 (cf. [42] Theorem 1). Consider the block diagonal N x N matrices
M = diag(El,Eg,E5...,) and L= diag(Eo,E2,E4,...) s

where the block Z;, j =1,...,N — 1, takes the form

= — @ pj = a1 = ]2
j (Pj —Ocj)’ Pj =1/ ]2,

while 29 = (1) and 2y = (an) are 1 x 1 matrices. Define the N x N sparse matriz
E=LM, (3.2)

and suppose that the entries a; are independent complex random variables with o; ~ @B(N—j)+1 for

1 <j < N -1 and ay is uniformly distributed on the unit circle. Then the eigenvalues of E are
distributed according to the Circular Ensemble (3.1) at temperature 31.

We observe that each of the matrices =; is unitary, and so are the matrices L and M. As a result,
the eigenvalues of E clearly lie on the unit circle. The matrix E is a 5-diagonal unitary matrix that takes
the form
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ay  p1Q2 pP1pP2
p1 —a1he —Q1p2
p20i3 —aiali3 P3y P3pP4
p2p3  —Qip3s  —a30y  —Q3p4
E =
PN-3QN_2 —QN-30N_2 PN-—20N-_1 PN—2PN-1
PN—-3PN—-2 —QN-30N-2 —QN-_20N-1 —QN-_-20N-1
QANPN-1 —QN-_1QN

We are interested in the probability distribution (3.1)) when
e we add an external field, namely df; — e=2V(%)d@; with V : T — R a smooth potential;

e we consider the limit E — 0 and N — o0 in such a way that BN = 20, > 0. Since E is interpreted
as the inverse of the temperature, such limit is called high-temperature regime.

With the above changes, we arrive to the probability distribution of the Circular ensemble at high-
temperature, and with an external potential:

dPY (01,...,0n) = [T1e — %% e 2% Vg, (3.3)

j<IZ

zHT (V.5)

where Z{T(V, B) is the partition function of the system. Also in this case, we can associate to the above
probability distribution a random CMYV matrix. The lemma below has probably already appeared in the
literature, but for completeness we provide the proof.

Lemma 3.3. Let E be the CMV matriz (3.2]). Consider the block 2N x 2N matriz

E = diag(E, E), (3.4)

whose entries are distributed according to

1_%)_1 6_ TT(V(E ]VH dOlN (3 5)
i Tian '

N—
dP(vy, ..., ay) = ZHTVB 1_[ (1—]oy?)

Then the eigenvalues ofE are all double, they lie on the unit circle and are distributed according to (3.3)).
Moreover

HT _ 17NF(%) HT
ZRTW.B) = 2N 2NV, (3.6)

where ZHT(V, B) is the morming constant of the probability distribution (3.3) and ZIT(V,B) is the
norming constant of the probability distribution (3.5)).

Proof. First, we notice that the eigenvalues of E are all double, since it is a block diagonal matrix with
two identical blocks.
We consider the change of variables ay — €', thus (3.5) becomes:

B(1—L)—-1 _ ~ _
15 (1 oy ) 207371 =TV ) [TV a2 d¢
ZHT(V, ) '

dP(ala"'aaNfl,So) = (37)

Now, let €1, ..., eV be the eigenvalues of the CMV matrix E endowed with probability (3.5), and
let qi1,...,qn be the entries of the first row of the unitary matrix @ such that QT©Q = E where

O = Diag(e™, ..., e"~) and Zgil |gi|> = 1. We introduce the variable v; = |g;| for j = 1,..., N, then
from [42| (Lemma 4.1, and relation (4.14) in Proposition 4.2) we have

2(6,v)

N—1
) (N—j)
9 |2n7] _ 1_[ |04j|2) J ’ (38)
Jj=1
N-—1 2
0(ar,...,an—_1,¥) N1 (1—|a-| )
‘ 1 e = AR (3.9)

Hj:l Vi
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here v = (71,...,7n_1), and A(e) = [L<e (e — et). Applying the previous equalities to ([3.7) we
derive

—Tr(V(E)) N-1 )1
dP(ov, ..., an—1,¢)) = 7TV D) H 1— o, 2)" %) 4o da;
: 1 gl-~ =1 i
= H (1- |Ozj|2)B(1 ) 2L V) ggdy

ZﬁT(V) /8) H;V:1 'yj J_

&
Q0|

) 1 1N | A (e10) X125, V()
—2 Ale N ded~ .
AT R ﬂ K J K

Thus, we deduce the relation
N,
ZHT(v,8) = 2N ZHT(V, ) L [1oF an .. dyws,
j=1

here A is the simplex Z _17; = 1. The above integral is a well-known Dirichlet integral that can be
computed explicitly (see |42 Lemma 4.4])

N F(ﬁ)
B _q B N
JAJ[[IWN d’71'~d'7N71*7(ﬁ )

proving (3.6)). O

Let €1, ... €~ be the double eigenvalues of the CMV Matrix E in (3.4), whose entries are dis-
tributed according to (3.7). The empirical measure is the random probability measure

1 N
=¥ Zl(sewj, (3.10)
iz

The mean density of state 115 is defined as the non-random probability measure such that

[ 1@ irtaoy = pim | [ o). (3.11)

for all continuous function f on the torus T, and the expected value is taken with respect to (3.5). In
order to discuss the large N limit of py we have to introduce several quantities. Let M(T) be the set
of probability measures on the one-dimensional torus T and for u € M(T) we consider the logarithmic

energy [58|
= f J In |sin (M>
TxT
dé

We define the relative entropy K (u|uo) of p with respect to ug(df) = — as

2
K(ulp) = [ 108 (L) utao)

when g is absolutely continuous with respect to pg and otherwise K (u|ug) := +00. The relevant func-
tional is

—1

n(d0)u(de) .

FVD (1) o= BE(u) + K (plo) +2j V(0)(d6).

When F (Vﬁ)(,u) is finite, it follows that p is absolutely continuous with respect to the Lebesgue measure
wo and we can write p(df) = u(6)dd. We denote by C™1(T) with n = 0,1,2,... the space of n-times
differentiable functions whose n-derivative is also Lipschitz continuous.

The following result describes the limiting measure M?—IT in for the circular S-ensembles at high
temperature.
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Theorem 3.4. (c¢f. [37, Proposition 2.1 and 2.5]) Let M(T) be the set of probability measures on the
one-dimensional torus and V : T — R be a measurable and bounded function. For any 8 > 0 consider
the functional FV#) : M(T) — [0, 0]

FVO0 =2 |

i V(0)u(0)dl + BE(p) + Lln (11(0)) u(0)do + In(27) . (3.12)

Then
(a) the functional FVP) (1) has a unique minimizer ,u%T(dH) = ,ugT(G)dH in M(T);

(b) NZT is absolutely continuous with respect to the Lebesque measure and there is 0 < § < 1 such that

B
0 < M <6l ae
27
(c) if V=0, then ,ugT(dG) = +db;
(d) if V.e C™(T), then i, € C™1(T);

(d) the empirical measure py in (3.10) converges weakly and almost surely to the measure ﬂé{T as
N — 0.

From the above theorem when the potential V is at least C?1(T) the minimizer of the functional
FWV:B) is characterized by the Euler-Lagrange equations

5]:(V75)
op

oV (0) - Qﬂf Insin ( . ¢|> 1(@)d + Inp(0) + 1 = C(V, B) (3.13)

where C(V, 3) is a constant in 6. Below we derive further properties of the minimizer u%T following |36].
Lemma 3.5. For any V(z) as in , any B > 0 the following holds

a) The map B — inf (}'(V’B)(,u)) is Lipschitz;

b) The maps t — inf (FVHREB (1)) | ¢ — inf (FVHSEB) (1)) are Lipschitz;

¢) Let D be the distance on M(T) given by

D) = (- [ [m

s (52| = 10000 - 00 "

(3.14)
O
k=1 k
where iy, = §p €% 1u(d), and we recall that IOEEH) = Dles1 k71 in distributional sense.
Then for any € > 0 there exists a finite constant C. such that for all 8,8 > ¢
D(/“LHTHLLHT <C.|B-p]. (3.15)

Remark 3.6. For a real valued function f € L*(T) with derivative in L*(T) we define ||f||% =
st k\fk|2 < . So, for any measure v with zero mass we deduce that
k#0

U £(0)v(dd)
< 4f113 D(v.0)?

where in the first inequality we use Cauchy-Schwartz inequality and in the second one we plug in (3.14)).
Combining (3.15)) and (3.16) we conclude that for any real valued function [ with finite \|f||% norm,

the map B — ST fdu%T(dH) is Lipschitz for 5 > 0. As a consequence, the moments of UZT are almost
surely differentiable with respect to (.

kal/k Z\ﬁf}c

k#0

<3 [kl il

k#0

|02
2, ||

k#0

|| (3.16)
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Proof of Lemma([3.5 The proof follows the lines of the corresponding one in [36]. To prove points a)
and b) we exploit the same ideas, thus we restrict to point a).
For all 8 > ' > 0 we have

FV.B) ( ) <}'(Vf3)( ) = }'(Vﬁ)( )+ (B-8)E (/iHT)

and
FOD i) < FUOP ) = FYD (i) + (8 = B) B i)
so that ) ) )
(B = BVE i) < FOP (i) = FY (i) < (8= B)E () -
Since E(/J?{T)v and E(ugT) are finite we obtain the claim.
We now move to the proof of point ¢). Setting Ay = /AEIT — u'gT we deduce that
0> FEV i) = FOV) ()
= QJ V(0)Au(do) — 25 In
T

TxT
6 —
-3 In |sin <2¢>‘ +f In (e, (0)) 1, (d0)
TXT T

- f (o (6)) s (06)

B
_ 0 Werr(0) 8 ’_ n
- (MiJT(a))”HT(dQM(ﬁ QI

in (92¢) ‘ Ap(d)Au(dg)

sin (9 5 )‘,uHT (dO)Ap(de)

sin (eg‘b) \ W (A0) Apu(dg)

-3 In

TxT

where in the second identity we used (| - Since ST In <” g’,TE ;) I HT(d@) 0 by Jensen’s inequality,
we deduce that

sin (52w @0)Autae).

s 8\ /
BD (MHTaMHT> <2(B-p )f In
TxT
Following [36], we introduce a new probability measure v € M(T) in the previous expression, so that

BD (NgTa NgT> <2(8 - 5/)L Tln sin ( >‘ IU’HT -V (de)AM(d¢)

6 —
2(8 -4 .[[r § In |sin <2¢>

We chose v in such a way that the function g,,( = {;In|sin (0 ¢) ’ v(d0) is in L?(T) with derivative in
L?(T). With this choice of v and applying (3 we conclude that there exists a constant ¢ such that

ﬁwln s (9_2¢> (d@A“(dﬂ’))‘ D(tfrrs Hirr) - (3.18)

Next, taking the Fourier transform and apply again the Cauchy-Schwartz inequality as in (3.16) we

obtain
J In
TxT

since D(,ugT, v) is bounded. Combining (3.17)), (3.18) and (3.19) we conclude that there exists a constant
cp such that

(3.17)
v(d6) Api(dg) .

5 ¢ (=) B

k=1

< Dy, V) D (s iigr)

s (52)| (s ) (@0)8utao) -

(3.19)

D(MHTaMHT) BO(/B B,
from which (3.15]) follows.
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For convenience, we define Fyr(V, 8) as the value of the functional at the minimizer, namely

Fyr(V,B) := FVA) (M%T)-

The quantity Fgr(V, ) is referred to as free energy of the Circular 5 ensemble at high-temperature. It
is a standard result that (see e.g. [29)])

. 1
Fyr(V,8) = — lim —log ZX7 (V. 8), (3.20)

where the partition function Z&7(V,3) of the Circular 3 ensemble at high-temperature is defined in
B3).

Remark 3.7. We notice that from (3.6) and (3.20) we can also obtain the free energy Fur(V, ) from
the partition function Z&T(V, ) of the CMV matriz ensemble (3.5), namely:

In(Z§"(V.8))
N* —1n(2).

The literature related to the high-temperature regime of the classical S-ensembles is quite broad.
For completeness, we mention some of the results in the field. In [7,/8,/22}27,/37,/65./66] the authors
explicitly computed the mean density of states for the classical Gaussian, Laguerre, Jacobi, and Circular
B ensemble at high-temperature. In [7,[8/27,[37] the densities of states are computed as a solution of
some particular ordinary differential equations. On the other hand, in [22}[65,/66] the density of states is
constructing from the moment generating functions. Several authors [12,45,[52L|53}/67] investigated the
local fluctuations of the eigenvalues, and they observed that in this regime they are described by a Poisson
process. In particular, in [45] Lambert studied the local fluctuations for general Gibbs ensembles on N-
dimensional manifolds, moreover he also studied the asymptotic behaviour of the maximum eigenvalue for
the classical 3 ensembles at high-temperature. In [26]27] the loop equations for the classical S-ensembles
at high-temperature are studied, in particular in [26] a duality between high and low temperature is
uncovered. There are also results for a Coulomb gas at high temperature in two dimensions [5]. It is
worth mentioning also the work [48], where some new tridiagonal random matrix ensembles related to
the classical § one at high-temperature are defined.

FHT(‘/a 6) = — lim

N—w0

4 Proof of Theorem 2.2

The probability distribution of generalized Gibbs ensemble of the Ablowitz—Ladik lattice is very
close to the probability distribution of the Circular 8 ensemble at high-temperature with an external
source. Indeed, the only difference between the two ensembles is the exponent of the terms (1 — |o;) in
the probability distributions and and the fact that the random matrix of the Ablowitz—Ladik
lattice is a rank 2 perturbation of the random matrix of the circular S-ensemble. Our first main result
contained in Theorem [2:2]relates the mean density of states of the random Lax matrix £ of the Ablowitz—
Ladik lattice to the mean density of states of the random matrix F from the Circular S ensemble at
high-temperature.
To prove the result, we use the moment matching technique and the following lemma.

Lemma 4.1. ( (10, Lemma B.1 - B.2]) Let do,do’ be two measures defined on T, with the same moment
sequence {u'9}y=q. If
w203
lim inf 27 <o,
{—0 E

then do = do’.

Next we define the free energy of the generalized Gibbs ensemble of the Ablowitz—Ladik lattice at
temperature 37! and in an external field V as:

Par(V.f) = — lim —InZ{H(V. ). (41)
where the partition function Z{%(V, 3) is defined in . The next proposition shows that the free
energy Fur(V, ) of the Generalized Gibbs ensemble of the Ablowitz—Ladik lattice and the free energy
Fur(V,8) in of the Circular 8 ensemble at high-temperature are related. This fact allows us to
calculate the moments of the mean density of states of the CMV matrix E in and of the Lax matrix

Ein.
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Proposition 4.2. The free energy Far(V,B) in (4.1) of the AL lattice and the free energy Fur(V, ) in
(3.20) of the Circular B ensemble at high-temperature are analytic with respect to 5 > 0, and are related
by

0 (BFur(V,B)) + In(2) = Far(V,B). (4.2)

The moments of the density of states ,uiL of the Lax matriz £ in (L1.5)) endowed with the probability
measure (1.10) and the moments of the density of states pyr of the Circular 3 ensemble in the high-
temperature regime (3.5)) are related to the free energies Far(V,8) and Fur(V, ) by

éRJ zém dg = 0:Fay, <V + ;%(zm)’ﬂ) 5
t le=0 (4.3)

§RJ\ ezemu%T(de) = atFHT (V + 2%(2"")76) P
T [t=0

and analogously for the imaginary part of the moments taking care of using the potential V + %%(zm)

Since the proof of this proposition is rather technical, we postpone it to Appendix [A] We are now
ready to prove the first main Theorem [2:2]

Proof of Theorem 2.3 First we define ¢, (8) := § e f, (46),
= (eifn;? . Since the elgenvalues of £ lie on the unit circle, we deduce the following chain
pgr(d
of 1nequahtles
o [E[Te(E)]] E[|Tr(E")]
= — < — <
len(B)] = Jm = N TN L

where the expectation in made according to the Gibbs measure. Thus, from Lemma we obtain that
the measure ,uﬁ 1.(d0) is uniquely characterized by its moments.
Next, from Proposition [£:2] and Remark [3.6] we obtain the relation

cn(B) = 05 (Bdn(B)) a-e (4.4)

between the moments of the measures 11, (6) and u%,.(6) respectively.
This, together with (4.4)) and Remark implies

#0(0) = 2 (B1ir(9)) ace..
L]

Our next main result provides an explicit expression of the mean density of states pgr(6) for the
potential V(z) = n¥(z). This generalizes the result by Gross and Witten [35] and Baik-Deift-Johansson
[11] obtained for finite temperature to the high-temperature regime.

5 Proof of Theorem 2.3

The proof of Theorem [2.3] consists of mainly two parts: we first derive from the variational equations
with respect to the functional F(V2#)  the double confluent Heun equation . Then we show that
such equation admits an analytic solution in any compact sets of the complex plane containing the
origin. From Theorem we know that the density M%T is characterized as the unique minimizer of
the functional (3.12). We follow the ideas developed in [7}/8l[18,27] to find this minimizer explicitly. We
consider the Euler-Lagrange equation of the functional , namely

) ]:(Vﬁ)
o

= 2v(0) - 25 [ msin (52 (oo + muto) = v, (5.1)

where the equation holds almost everywhere, C(V, 3) is a constant depending on the potential and /3,
but not on the variable 6. Differentiating the Euler-Lagrange equation (5.1)) at the minimizer M%T(G)
with respect to 6 we obtain the following integral equation (see [37, Proposition 2.5]):

ot (0) + 1y (0)[20(V () + BHuG1(8)] =0, (5.2)
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where H is the Hilbert transform defined on L*(T) as

0 —
cot (152 (000

and p.v. is the Cauchy principal value, that is the limit as € — 0 of the integral on the torus T restricted
to the domain |¢? — ¢®| > ¢. We notice that the Hilbert transform # is diagonal on the bases of
exponential {¢™?}, 7, meaning that

Ml (6) = —p.v. L

He™ = 2misgn(n)e™?

where sgn(-) is the sign function with the convention that sgn(0) = 0.
Zt+w

Setting e? = z and e’ = w, we recognize the RieszHerglotz kernel expressed as

z+w ) (O—QS)
= —gcot [ —— | .
zZ—w 2

L cot (H) w(d)de =i + 2J M’

2 St zZ—w

zZ—w

Therefore

where S! is the anticlockwise oriented circle, and we used the normalization condition ST w(g)de = 1. In
the following, in order to simplify the notation, we indicate p(¢)|cis—_,, just as p(w). We can recast (5.2
in the form

20,u(2) + u(z) [ZZﬁzV(z) - B+ Qiﬂp.v.f w(w) dw ] =0. (5.3)

S1 zZ—w

For z € C\S? let us define

6= [ ntw) 2= L= 5 [ oot (257 uteao.

and for z € S1 let G4 (z) = lims_,, G(2) for 7 inside and outside the unit circle respectively. Then by

(5.3)

Gi(z) = tmip(z) + p.v. fSI w(w) wdiuz
L i 2020,V (z)  iz0yu(z)
= +mip(z) + 5~ 23 " S8

This implies that for z € S* one has

2620,V (2)  i20.p(2)

B Bu(z)
Gi(2) — G_(z) =2miu(z).

Gi(2) +G_(2) =1

Multiplying the two previous expressions, one obtains:

220,V (2) zi@zu(2)>

6 Bu(z)

In order to proceed we have to specify the potential V' (z), in our case we will consider

V(z)=g<z+i>.

Applying the Sokhtoski-Plemelj formula [28] to the above boundary value problem, one obtains

Gy(2)? — G_(2)? = 2mip(2) (z

G%(2) = ifs pw) dw — o (w =) pw) dw ! W p(w) dw. (5.4)

LW — 2 B8 Js1 w—z ] 1 W—2Z
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The second term in the r.h.s. of the above expression gives

.[sl - EM(w)dw - L Li—zu(w)dw i ELI ulw) <_ : " 1) e

w—z LW — 2 z w—2z w
- (zG(z) cin- 8@ ’) :
z z

where we have defined

A= fif wlw)dw, AeR. (5.5)

Sl
The third term in the r.h.s. of (5.4) gives
Ow Ow
J wdw — O pi(w)dw + ZJ M(w)dw
St w—z St St w—=z

= ZJ M(iw)de = 20,G(2),
st (

w — 2)

where in these last relations we use the results of Theorem [3.4] about the regularity of u. Now we can

rewrite (5.4) as
. G , 120G
G2(2) = iG(2) — % <ZG(Z) A — iz) + i) - ”B(Z). (5.6)
Remark 5.1. In the above ODE, the parameter A = X(n, 3) depends via (5.5)) implicitly on the function
G(2). Our strategy to solve the above equation is to consider \ as a free parameter that is uniquely fized
by the analytic properties of the function G(z).

We can now turn the non-linear first order ODE ([5.6) into a linear second order ODE through the
substitution
izv'(2)

")

G(z) = (5.7)
getting:

220" (2) + (—n + 2(B+ 1) + n22) V'(2) + nB(2 + Nv(z) = 0, (5.8)
which is the DCH equation in (2.3)). The solutions to this equation have generically essential singularities

at z = 0 and z = o0 and the local description near the singularities depends on the parameter n and .
Indeed we have that the two fundamental solutions near z = 0 have the following asymptotic behaviour

3 3
v§0) (2) = e"(”%)zl_’g,‘ﬁ(17,ﬁ,)\;z)7 —g < arg(nz) < ?ﬂ-, (5.9)
™ 5m
0§ (2) = Ka(n, B, ), 2), —5 <arg(nz) < o, (5.10)

where r;(n, 8,A;2), j = 1,2, are asymptotic series in a neighbourhood of z = 0. The quantity A is
usually referred to as accessory parameter. Since G(z) is analytic in the unit disk, continuous up to the
boundary, and G(0) = ¢, we deduce that

v(z) = voexp [—i fz ﬁG(s)_idS] , wvg # 0,
0

S

has to be analytic in the unit disk. For this reason we seek for a solution v(z) of the DCH equation that
is analytic in the unit disk and such that v(2) 0 Vo where vg is a nonzero constant.

z—

Construction of the analytic solution of equation . Of the fundamental solutions and
of equation only the solution has a chance of being analytic near z = 0. This occurs
if we are able to make the asymptotic series defined by k2(n, 5, A, z), into a convergent series. We look
for a solution of in the form of a convergent power series

v(z) = Z apz", (5.11)
k=0
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where aj, = ap(n, 8, A). This implies the following recurrence relations for the coefficients {ay}ren

N(agA\8 —ay1) =0, (5.12)
ap(K* + kB +23n) +n(k — 1+ Bag_1 —n(k + Dags1 =0, k>0, (5.13)
where we have the freedom to chose A and ag. Generically, the above recurrence relation for the co-
efficients {ax}ren gives a divergent series in (5.11). To obtain a convergent series, we follow the ideas
in [13.[64].
We start by considering the 2 x 2 matrices R,(:) defined as

(s) 1+ Abu n”
R = MyMyyy... M, s>k, M, = kl(k+za> k(k+0ﬂ+1) : (5.14)

which satisfy the recurrence relation R,(f) = R,(Cs_l)Ms. The next lemma shows that the limit of R,(cs) as

s — 00 exists.

Lemma 5.2. Let R,(CS) be the matrix defined in (5.14). Then the limit of R,(:) as s — 0 exists and

Ry, := lim R\, (5.15)

§—00

The matrices Ry, k = 1 satisfy the descending recurrence relation:
Ry = MpRx+1 k>=1. (5.16)

Furthermore each entry of the matriz Ry = Rp(8,n,\) is differentiable with respect to the parameters
B, n, and \.

Since the proof of this lemma is rather technical, we defer it to appendix [B] Further, let us define the
following function:

)= (0 ) R (o). (5.17)

We are now ready to prove the following result that will give us a necessary condition to fix the value of

A
Proposition 5.3. For the values of A such that

£(n,B,A) =0, (5.18)

where £(n, B, \) is defined in (5.17)), the Double Confluent Heun equation (5.8) admits a non-zero solution
v = v(z,n,B) defined by the series (5.11)) that is uniformly convergent in |z| < r with r = 1. The
corresponding coefficients {ag}ren of the Taylor expansion (5.11)) are given by the relation

ag = % (1 0) R1 <é> , (519)
k
ar = (—1)’“@ (0 1) Ry <(1)) , k=1, (5.20)

where the matrices Ry, are defined in (5.15). For each X\ satisfying (5.18)), the solution v(z) of the DCH
equation (5.8), analytic at zero is unique up to a multiplicative factor.

Proof. First, we show that choosing aj according to (5.19)-(5.20) we obtain a solution of the recurrence
(5.13). We notice that due to the recurrence relation for the matrices Ry, (5.16)), we have that:

(0 1) R (3) “ (1 0) Ress (é)

Thus, applying the previous equation and (5.19)-(5.20)), we can recast (5.13) as:

k
[ i o mr g MDA gy

k+2

(=m)* 2 1
-5 -0 )R+ (14 22 st ) Bt () =0
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where in the last equality we have enforced (5.16). Next we can rewrite (5.12)) in terms of the matrix Ry
exploiting ([5.19)-(5.20]), namely

0= (0 )R () = €0,

which is exactly . Since the entries of the matrices Ry, are uniformly bounded, the solution v(z) =
Dk=0 apz® with aj as in , defines a uniformly convergent Taylor series in |z| < r for any r > 0 and
in particular for any r > 1.

To show that the solution analytic at z = 0 is unique up to a constant, we consider the Wronkstian
W (v,9)(z) of two independent solution v and ¥ of the Double Confluent Heun equation (5.8)), namely

W(v,0)(2) = e "2 =BT (0 (2)5(2) — v(2) (2)).

Since W'(v,v)(z) = 0, it follows that W (v,?)(z) = C a constant. If by contradiction we suppose that
there are two analytic solutions at z = 0, then from the above relation we obtain

e (V' (2)0(2) — v(2)V'(2)) = Ce? 2P*1,

When 7n # 0 the left-hand side of the above equation is analytic and the right-hand side is not, that is
clearly a contradiction. When 1 = 0 then (5.8) becomes:

220"(2) + 2(B + 1)v'(2) = 0.

The above equation has two independent solutions, one is the constant solution, which is analytic, the
other one is v(z) = Cz~# which is not analytic since 3 > 0.
O

Remark 5.4. We observe that the equation (5.18) does not uniquely determine \. Indeed, as it is shown
in Figure ]| the function &(n, B, \) may have several zeros for given n and S.

n=125, B=5.00 n=1.50, B=5.00
04 — En,BN 04 — En.BN

0.2 / 0.2
o - |
/ /
-0.4 / -0.4

-1.0 -0.8 -0.6 -0.4 -0.2 0.0 -1.0 -0.8 -0.6 -0.4 -0.2 0.0
) 2
n=175, B=5.00 n=2.00, =5.00
T T T T TT T
0.4 — &n.B.A) 0.4 —— &(n,B.A)

/ |
,o:z / Ao:z

Figure 1: Plots of {(n, 8, A) for various values of 7, 8

Choice of the parameter A\. We will now prove that the parameter \ is uniquely determined in
a neighbourhood of n = 0 by requiring that the solution v = v(z,7, ) depends continuously on the
parameter 7).

Lemma 5.5. There exists an € > 0 such that for alln € (—e,e) and 8 > 0 there is a unique A = \(n, 3)
such that £(n, B, \(n, B)) = 0.
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Proof. When n = 0 the matrix R; = 1 8 so that the only solution of the equation (5.18) £(n =

0,8,A) =0is A = 0. To show the existence of the solution (5.18) for A = A(n, ) near n = 0, we use the
implicit function theorem. We have to show that 0x&(n, 8, A) # 0. For this purpose, we need to
evaluate

[(0,8.0)

0 0
Ox (Mk)(n=0,,\=o) - (0 0) )

where M, is defined in ([5.15)). This equation implies that

NEM, B0y = (1 0) (} 3) (;) 1

Thus we can apply the implicit function theorem, and we obtain the claim. O

We conclude the proof of Theorem [2.3] When 7 = 0 the only analytic solution of DCH equation
is v(z) = ¢, ¢ € C\{0}. In this case, in principle A is undetermined. However, from Theorem the
minimizer u%T of (3.12) is the uniform measure on the circle and therefore from equation one has
A = 0. From Lemma[5.5| when 7 € (—¢, €), there exists a unique \(n, 8) that satisfies equation ([5.18)) and
such that A(n = 0, 8) = 0 and therefore by Proposition we obtain for ) € (—¢, ¢), the unique solution
v(z,n, B) of the DCH equation analytic in any compact set |z| < r, with » > 0 and in particular when
r = 1. Because of lemmathe solution v(z,n, B) is differentiable with respect to the parameters n and
B.

We remark that v(z) # 0 on the unit disc D because of the relation between the analytic function
G(z) and v(z) and the uniqueness of the minimizer M?{T and of the analytic solution v(z) of (5.8).

To complete our proof of Theorem we recover the explicit expression of u%T(O) from G(z) and

v(z) using the Poisson representation formula (see for example |59, Chapter 1]):

5 (0) = 1 REG(?) 1 1 2 20/ (2)
Par\Y) = =5~ B C2r 7P 0(2) |_pe)
O
n=125=5.00,A=-0216 ~ n=1.50, =500,A= —0.231
0.35 0.35
0.30 0.30
0.25 0.25
llll-in 0.20 “ﬁT 0.20
0.15 0.15
0.10 0.10
0.05 0.05
- —1/2 +11/2 +r?'°0 -n —1/2 0 +11/2 +r?‘00
6 6

Figure 2: The mean density of states M?{T for different parameters.

In Figure 2] we plotted the density of states of the Circular 8 ensemble in the high-temperature regime
with potential V' (z) = nR(z). To produce this picture and Figure |1} we used extensively the NumPy [38],
and matplotlib [39] libraries.

Remark 5.6. The Gross-Witten [35] and Baik-Deift-Johannson [11|] solution is obtained by making the
substitution n — Bn and B — oo in equation (3.12) which gives the functional

FO () :=J J In sin <92¢)
TxT

The minimizer is u(0) = 5= (1 — 2ncos ) with 0 < 2n < 1. In this case the first moment A = —1.

-1

p(A0)udo) + 21 | cos(O)u(ds).
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Appendices

A Proof of Proposition

First, we prove the relation between the free energies (4.2)) namely:

05(BFur(V,B)) +In(2) = Far (V. B), (A1)

and we show that Fgr(V, ) is analytic with respect to 8 > 0.
From Remark [3.7] the above expression is equivalent to:

HT AL
o0 (5 BETOEDY _ o, EGHE)

To prove this relation, we will use the so-called transfer operator technique [41}/441/56]. We are considering
a potential of the form Tr(V(£)) as in which is of finite range K, meaning that it can be expressed
as a sum of local quantities, i.e. depending on a finite number 2K of variables, with K independent of
N [54]. For example, if V(z) = R(z), then Tr(E) = —2 Z;\Ll R(a;@;11) and in this case the range is
K =1. Le¢t N = KM+ L with M,L € Nand L < K. We split the coordinates (a1,...,ay) into M
blocks of length K and a reminder of length L, and we define the vector &; of length K as

O = (AR (G-1)+1> O (j—1)425 - - - s VK )-
In this notation,
KM L
—

(Oél,...,OzN) = (al,...,aM,aKMH,...,aN),
M— L K—-L
Z Otg,(lg_;,.l +W(aM,aKM+1,...,aKM+L,a1,...,aK_L)

L
- ~
+Wi(akxrmit, - axmiL, O1),

where W EK X EK — R and W, : EL X EK — R are continuous functions. The last two terms
in the above expression are different from the others since we may have an off-set of length L, due to
periodicity. In the case V(z) = R(2), then W (a1, as) = —2R(a; @), there is no off-set and Wy = 0.

For convenience, we define

ap+1 = (CVKM+17 e ORM AL, Oy - aaKfL)~

We can now rewrite Zg*(V, 3) in as

N -1
- T’

(A.2)

M
~ 2
X exp ( 2 (Cee, o) WI(OZKM+17~~~»04KM+L»0¢1)) "o

We are now in position to apply the transfer operator technique to compute this partition function. On
L?(DX) we introduce the scalar product
- | s
DK

where z = (21,...,2x). This scalar product induces a norm on L?(D) and also a norm on bounded
operators 7' : L*(D¥) — L?(DX) as

Tl = sup [[Tf]l2,
falfll2=t1

where || f||2 is the standard L? norm.
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Let ¢ = (Ciy.-+y...Cox) with (x4; = ¢ > 0 for j = 1,..., K. We define the continuous family of
transfer operators T¢ : L2(DX) — L2(DX) as
2K gj—l
(Tef) (o) = H (1= lay?) 7 exp (=W (au, &2)) d*a . (A.3)

]DK
-t
We observe that 7T¢ is an integral operator whose kernel Hffl (1—oy]?) 2 exp (=W (c, &) belongs
to L2(DX x DX), and therefore 7¢ is an Hilbert-Schimdt operator. We conclude that there exists a
complete set of normalized eigenfunctions {1;};>1 with eigenvalues {);};>1 numbered so that {|\;|};>1
is a non-increasing sequence such that:

(Te) (2, V. ¢) = X (V.Q)(2, V. C), (A4)
2 (2, V, Q0 (2,V,€) = 6,(2)) (A.5)

where d,(-) is the Dirac delta function at z € D¥.
For clearness, we collect a series of properties that the operator 7¢ fulfils:

a) Zj.ozl IN;(V,¢)|? < o0 and T¢ is compact, since it is Hilbert-Schimdt (see [40, Chapter V.2.4]);

b) The eigenvalue A1 (¢, V) is simple, positive and A1 (¢, V) > [A.(¢, V)| for all n = 2 (see [69, Theorem
137.4]);

¢) The eigenvalue A1 (¢, V) and its eigenfunction ¢;(z, ¢, V) are analytic functions of the parameters
¢, and for any real polynomial P there exists an ¢ > 0 such that the maps ¢t — A\ ({,V + tP),
t — ¥1(z,¢,V + tP) are analytic for |t| < e (see [40, Chapter VII, Theorem 1.8]).

We artificially rewrite Z3%(V, 8) in as

K s N 4
4LV, B) = f T = hel?) (= lae)] ™ T (= lacl?)

DN+E =1 =K+1

M—1

X €Xp ( Z W(a, 1) — W(Qn, QM s1s - AN,V - - - a7K—L)>

£=1
N

x exp (=Wi(axm+1s- -, Ok M+1:Y)) H dzajdz’)’ )

where v = (v1,...,vx) and v € DX.
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2K

. - n . . .
We can use (A.5)) with ¢ = 3 = (8,...,05) to rewrite the previous equation as:

[e¢]
NHVB) = D 6n (1, V. B)n (@1, V, B)
pNtx =1
K s N -
H (=) =)= T] @=leul?)
=1 (=K +1
XeXp( ag,&“l)—W(&M,aKMH,...,aN,fyl,...,ny_L)>
=1
x exp (— W1(04KM+1a~~~7C¥KM+L7'Y))d20‘d2’Y
o 2K 50 N 51
ZJ Cu(v, Vi B) (Tatn) (@) [ (L—leel) = ] (1—leef)
—1 /DN (=K +1 =2K+1
M—1
X exp( DT W (8, Gpgr) — W(&MaaKM+la~~7OZN7"/17~~'7'7KL))
£=2

K N

—1
x exp (—Wi(agmsty- o OKM+L,Y H (1 = |yl ) H d*ay
=1 =K1
o0 2K s—1
- S wsf B0,V Bn(@2,V,8) [ (1—lael?)
n=1 (=K+1
N - M-
[T (—lal) "exp ( Z (Ce, Aoy >
=2K+1 =2
X exp (*W(&M;QKM-&-I, ey OON Y1y e e ey YK — L))
K
xexp (—Wi(axm+1,- - axM+L, Y H (1= [l?) H d®ay.
=1 (=K1

In the above integral, from the first to the second relation we identify the integral operator 7g where
2K
/—M\

B=(5,...,5). Werepeatedly apply 73 and (A.4) another M — 2 times to the above integral, to obtain:

o0
ZFEV.B) = D (V. B)M T Ry, (A.6)
n=1
K —1
Ro= [ B VB @ Vo) [Tt 1 2) (A7)
D2K+L =1
MK s N 51
[T (=)= ] (1=l
L=(M—-1)K+1 (=MK+1
X exp (—W(&M,OZKM+17. s ONG, YLy e 77K—L))
N

x exp (=Wi(agmst, .- KM+ L, Y)) n day.
(=(M—-1)K+1

The modulus of the reminder |R,| in (A.7) can be easily bounded from above and below by two
constants C1,Cy > 0 independent of N, therefore we conclude from (A.6) that

Far(V,8) = — lim <o (Z§H(V, 9) =~ (A (V,8)) (A8)

Since A1 (V, 3) is analytic for 5 > 0, see |40, Chapter VII, Theorem 1.8], and strictly positive, see |69}
Theorem 137.4], we conclude that Far(V, () is analytic with respect to S.
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We can apply the same procedure to the partition function Z{7(V, ) in . Also in this case the
potential Tr(V (E)) with V as in and the matrix E as in is of finite range K, meaning that it
can be expressed as a sum of local quantities [54]. More precisely, assuming N = KM + L with L < K
and M, N, L € N we have

M-—1
Te(V(E) = Y W&, duesr) + W(0,...,0,~1,&1)
= (A.9)
+ W(&M,CYKM+1, c.. ,OLN,&. .. ,_9) .
L K—L

For example for V(z) = 22 + 22 one has K = 2 and N = 2M + L where L = 0,1, depending on the
parity of N. The vector &, takes the form &y = (agp—1, ) for £ = 1,..., M. In this notation, we can
rewrite the potential as

M-
2, o~ 2
2 (Qg, &py1) + W(anr, z,1an,0) + 2R(a) + 200p7) ,
— %—/
=t —W(0,~1,01,02)
where in this case
1 1
— 2 — 2
W(a, apyr) = Z (Qr2p—145Q2045)" — 4R Z 0201450201 145P304

s=0

and dz, 1 is equal to zero for L # 1.
Using (A.9) the partition function can be written in the form

N
B(1—L&)-1
ZH(V,8) = 10 T 2, (1 o 2) 0 %)
DN-1xS1 V=1
Mo KL
xexp [ = Y W(&, &u1) = W(@nr, axarsr, - oan, 0, 0) (A.10)

=1
K-1
—

x exp | =W(0,...,0,—1, &)

We want to apply the same technique as in the previous case, but we have to pay attention to one
important detail: in this situation, the eigenvalues and the eigenfunctions of the transfer operators will
be dependent on the block number. Indeed, in this case, the exponents of (1 — |o;|?) are not identical,
but they depend on the index j as in .

For this reason, we define

2K
1 2 K 1 2 K
Wopgll—=1—= . 1——= 1= 1—= ... 1-=
Cﬂ(N’N’N’N’N”N’

and S

C(J):C(l)fﬁj]\[ K? j:17"'aM717
where the vector K has entries K; = K for j = 1,...,2K. For K integer and K < N we introduce the
multiplication operator Mg : L?(D¥) — L?(DX) defined as

K KB
(M f)(ex H (1= Jay|?) 2 f().

Remark A.1. We notice that, for € R, K € N and N € N big enough, the function HJKZ ( o] ) 2

L?(DX). Since we are considering the limit N — o, and 3, K independent from N, we always assume
that this condition holds.
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We observe that M_g = (Mg)~" and the operators T;) : L*(DF) — L*(DX) defined in (A.3)
satisfy the relation
Tewrn = MgTeow Mk, j=1,....M—1. (A11)

We recall that the operators 7'C<j) are compact, furthermore, we notice that M K’TC(J-) is also compact
since it is Hilbert—Schmidt [40].

Let us define the K (M — 1)-dimensional vector ¢, = (C(M_l), .. .,C(l)) and the operator 7-M7CM :
L?(DX) — L*(DK) as

%M,gM = MK'TC(M—QMK'TC(M—mMK cee MK7-C(1) , (A.12)

we notice that it is a compact operator, since all M KTC(J') are Hilbert—Schmidt.
We will now prove the following technical result:

Proposition A.2. Let 7~—M>CM as in (A12) and ZIET as in (A10) then:

1 ZHT
lim —In|[ —— | =0, (A.13)
N—0 N TT(TM7CA{)

here by Tr(7N'M,<M) we indicate the standard trace on L*.

Proof. We will estimate both ZHT and Tr(7~'M,C ,,) from above and below, then combining these estimates
we will obtain (A.13)). We start with ZI7T.

HT day = 2 2\8(1-%)-1
ZN = d aj (1 — |aj| )
j=1

iOLN
DN-1xS1
K—-L
M—1 o N —_—
X exp | — Z W(ag,ag+1)_W(aM,OéKM+1,...,OZN,O,...,O)
(=1
K-1

xexp [ —W(0,...,0,—1,&1)

We can bound the first and the last three terms in the above exponential with two positive constants
C(V,B) and ¢(V, ), independent of N, such that

K—L
—
c(V,B) <exp | =W(ay,02) — W(any—1,000) — W(an, axrv+1,---,an,0,...,0)

K-1
—

xexp | =W(0,...,0,-1,a7) | < C(V, )

where in the exponents each «o; € D. From the previous inequalities, we deduce that the integral

day [¥1 S(1-%)-1 M—2
| l day (1 — Jay[2) ]exp (— 3 W(ae,am))
DN—-1x g1 N j=1 =2

is bounded from above by ZIT /c(V, 3) and from below by Z&T /C(V, ). We can explicitly integrate in
ajforj=1,...,Kand j=(M—1)K +1,..., N using the formula

f (1- \z|2)t_1 d*z =7t (A.14)
D

obtaining that there are two constants C1(V, 8) and ¢;1(V, 8) depending on V, 3, K and L but not on N,
such that
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(M—
2§ < O\(V, pNK a; (1= Jay?) 0%

HK
d2
DM—2)K j=K+1

(A.15)
M—2
X exp <— Z W(&g,&g+1)) ,

and

(M~
ZRT = o (V, B)NE+EL aj (1—ay]?) pl=%)

DK

d?
par2x [ IZRE (A.16)
M—2
X exp ( > Wiay, &“1)) :

(=2
We can proceed analogously to estimate the trace of Tar Curt
K

~ ﬁ ,j _1 i
TP I N YO Rt | (R

D(M—-1)K J=1

m\m

(1- M=nEs)

1
2

Jj=1
(M-1)K ,
% H (1 _ |aj|2)f6(1_%)_1
j=K+1
M—-2 (M-1)K
X exp <— Z W(&j7&j+1) - W(&M17&1)> X n d2aj .
Jj=1 j=

As before, we notice that there exist two positive constants C (V,B), and ¢&(V, ), independent of N, such

that ~
eV, B) < exp (—W(ai,q2) — W(an-1,00)) < C(V, )

when a1, a0, a1 € DX. From these inequalities, we deduce that the integral

K _1
H(1—|aj| 21_[ 1_|0‘J|
D(M—1)K Jj=1 Jj=1
(M-1)K

S(1-4)-1 M—2 (M—1)K
< | (=ley)™ ¥ exp (— > W(ajaa‘jﬂ)) [ dq
j=K+1 Jj=1

Jj=2

w\m

(1- M=DRry 1

is bounded from above by TT(%M,CM)/E(V, B) and from below by Tr(7~'M,CM)/C~'(V, B). Using (A.14) we

can now explicitly integrate in a; for j = 1,..., K the above integral obtaining the following inequalities

R N (M—1)K
Te(Fare,,) < Ca(V, B) f [T da;(1—|ay2)" %)

D(M-2)K J=K+1

(A.17)
M—2
X €Xp <— 2 W(&zvaul)) )

(=2

~ (M-1)K )
T 2 a0 [ | T] da (-l )7

DMk | =K+

(A.18)
M-—2
X exp ( > W(&g,agﬂ)) :

(=2

where C1(V, ), and ¢ (V, 8) are positive constants depending on V, 8, K and L but not on N. Combining
(A.15)-(A.16)-(A.17)-(A.18) we deduce (A.13).

O
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Applying the previous proposition, we can express the Free energy of the Circular 3 ensemble in the
high-temperature regime in terms of Tr(7y):

Fur(V,8) = — lim —ln (ZHT)

N-ow N

(N
Now N <1n (Tr(%M,cM)> + (TI(TM’CM))> (A1)

In(Tr(Tare,,))
N—>o0 N ’

I
|
3
|

where in the last equality we used Proposition [A22]
As a final step, we have to understand the behaviour of Tr(’TM ¢, )> and for this purpose we need to
carefully analyse the compact operators 7).

Let {1, (2, V,¢9)} =1 be the eigenfunctions of T¢ with corresponding eigenvalues {\,(V, ¢ D) st

and A (V,¢9)] = [A(V,¢9)| > .... From a generalized version of Jentzsch’s Theorem (see |69,
Theorem 137.4]), we deduce that |\, (V, )| < A (V,¢9) for all n > 2.

We are now in the position to prove the following proposition.
Proposition A.3. Let {1,(z,V, C(j)) _; be the eigenfunctions of the operator Teq) in with corre-

sponding eigenvalues {\,(V, C(])) »_1- Consider the operator TM,CM mn -, then there are constants
d,aj,¢ci, 3 =1,...,M — 1 uniformly bounded in N, and so in M, such that :

M—1
<1/J1(Z7V7C(1)),7~'M,4M1/J1(Z7V,C(l))) = n A (V¢ (1 + ?\J[ +0 (]&2)) ; (A.20)
j=1

Z (¢Z(Za‘/aC(l))v%M,CMwK(Z7‘/7C 1) )

=2

<dn)\1 <<J>< N+o<1\}2)> (A.21)

Proof. To simplify the notation, we will drop the V' dependence of the eigenvalues A, (V, ¢ (G )), and of
the eigenfunctions v, (z, V, ¢)).

We will prove (A.20) by induction on M. For M = 2, we have that Ta¢,, = MkT:q), so we have
to compute:

<1/)1(ZaC(l))7MK7Z(1>1/11(ZaC(1))) =M (¢™) <¢1(Z7C(1))7MK1/11(Z’C(l)))

K
= A (¢M) ( (2, ¢, [ [ -1z é‘;@wl(z’cm))
j=1

nc®) (016 c). (14 27 40 (35 ) ) iaec)

AL (¢D) (1 v L+ 0 (;2»

where the function a;(z) is the first term of the expansion of Hjil(l — |zj|2)*% in powers of 1/N and

the constant a; = <¢1 (z, c“)),al (2)11 (2, C(l))> is uniformly bounded in N. So the first inductive step

is proved.
For general M, we define the vector ¢,, ; = (M1, ... ¢@) so that

TMvCM = TM—LCM—lMK,]Z(U'

Using the above relation we obtain

(1/11 (z, C(l)), %M,CMwl (z, C(l))) = (1/11 (z, C(l)), 7N'M71,¢M71MK7—<(1>1/11(Z, C(l)))

~ (A.22)
= M) (912, ¢D), Tar1.c,, Mrctn(2,¢1)) -
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Thanks to [40, Chapter VII, Theorem 1.8], we know that the eigenfunctions ¢ (z, ¢ ( )) and the eigenvalues

Al(C(j)) are analytic functions of the parameter ¢ (j), so, for N big enough, there exists a function
¢1(z) € L?(DX) independent of N such that:

U1 (z,¢W) = ¢1(2,¢?) <1 + &T(z) +0 (zv12>) (A.23)

and a constant c; such that

M (YY) —Al(C(j))< 2 +O<A}2>> (A.24)

Using (A.23]) and the expansion of the function defining the operator Mg we can expand (A.22) as:

(%(Z, ¢y, 7~—M71,CM71MK7-§(1)1/11(Z7 C(l)))
= 2™ (41(2.¢P), Tarorg,, 1(2,6?)

(1) N
)q(JC\'[ )<¢1(Z,C(2)),TM—1,4M1¢1( ¢ )( 1(z) + &1(2) + 0(;))) (A.25)

» 2D <wl @) (6@ +0 () ) Freuinta c<2>>> -

To bound the last two terms in the above relation, we use (A.11)) and (A.24]) so that

+

M Tew || = [|Tewsn MEH| < A(¢9H)) = A (¢Y) (1 < N 10 (;2)> (A.26)

for j = 2,...,M — 1, here in the first inequality we use the fact that [|[M'|| = 1.
Using (A.26) we can bound the second term in the r.h.s of (A.25) by

’(7/11(Z7 C(Z)),MK,TC(M*UMK Ce MK,TC(ZWZ}l(Za C(Q)) (al(z) + fl(Z) +0 <]i/'>>)‘

< H%(Z,C(z))HQ ’ 1 (z,¢?) (&1(z) +&i(z) + O (;))
X ||MK7—C(1W—1)MK...MK7—C(2)H

2 (A.27)

M-—1 M— c 1
<c [] MxTeo| < CHAI ﬂ <1+];+0(N2>),
j=2 j=2

for some constant ¢ uniformly bounded in N. An analogous inequality can be obtained for the second
term in (A.25). Thus, applying the induction to the first term in the r.h.s. of (A.25)), we deduce (A.20).

We move to the proof of (A.21). Applying (A.20), we can estimate (A.21) as
2 (wm, ¢, Tare,, (2, c“”)‘

£=2

= |20 (e €O, Tagy vl ¢0)) (w1<z,<<”>,%M,<Mw1<z,c“)))‘

=2

AIL[ 1(¢9) (1+ 3 +O< )) +[Tr(Tarc,, )|

Regarding the second term in the r.h.s of the above expression we claim that there exists a constant c

such that
M—1 1
ITe(Tare,,)] cﬂAl (¢ < +0(N2)>.
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To derive the above inequality first, we consider the operator 721 = Mk Te2 MkTeq), it is a compact
operator and it is trace class since it is the composition of two different Hilbert—Schmidt operators. Let
{An}n=1 be its eigenvalues numbered in such a way that {|\,|},>1 is a non increasing sequence and let
{pn(z)}n=1 be the corresponding eigenfunctions. Then

T (Tar e, )| = D (pns MK T . Mk Te T2,10m)

n=1

< Z Xl | (o, M Ten .. Mk Tew en)|

n=1

< HMK’]’C(M—I)MK...MKE(:&)H Z |Xn|

n=1

Since Tz,1 is trace class, it is a classical result that [31]

Z |Xn| < Z Sp = ||7-2,1|‘Tracev

n=1 n=>=1

where {s,,},>1 are the singular values of the operator 75 1. Furthermore, since 73 is the composition of
two Hilbert—Schmidt operators, we have the following inequality

where || - ||ug is the Hilbert—Schmidt norm and ¢ is a positive constant uniformly bounded in N. Thus,
applying the previous chain of inequalities and the same argument as in (A.27]), we deduce that

M 1
| Tr( TJVICM n A (¢ ( N+O(N2)> ,

so we conclude our proof.

O
Applying Proposition (A.3) to (A.19) we obtain that:
FHT(‘/,B) :_]\}gnooﬁln (Tr(ﬂngu)> -
1 ~
_ — 1) (1)
J\}l—r>nao ¥ In (;1 (1/}n(z, V,¢Y), Tar e, ¥n(2, V. ¢ )))
| (o | (A.28)
— 1 - (4 i
=~ lim_ [Nln (]1:[1 M (V, ¢ (1 + 140 (N2>>>
s (Ve(z V.CD), Tare, w2, V¢ D))
+—=In[1+ T ) - 1 ,
N [z M(Vig9) (1+ % + 0 (52))

applying the inequality (A.21) of Proposition (A.3]), we deduce that the last term in the above relation
goes to zero as N — oo and we obtain that

1 M—1 _
Frr(V,B) = —J\}i_rgo N In <]1_[1 /\I(V?C(J))> .

Since A1 (V¢ (G )) is positive and an analytic function of the parameter ¢ (G ), we approximate the vector ¢ )
2K

. ——
with the vector (1 — ) (3,4,...8) = (1 — WK)B and deduce that A;(V,¢9)) = A (v 8 ( JK>) +
O(N~1). Therefore, we can rewrite (A.28) a;
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This, combined with , leads to . Moreover, as a consequence of the last relation, we deduce
that Fgr(V,B) is analytic in 8 for 8 > 0.

We notice that the proof of Proposition [£.2]is heavily based on the assumption that the potential V'
that we are considering is of finite range, otherwise our approach would not work.

We now prove the moments relations . For this purpose we have to prove the relations

J COS(Gm)M%T(dG) = 0:Fyr (V + %?R(zm), 6) , (A.29)

T [t=0

chwmm@@wzaﬂu(v+;wfmﬁ> . (A.30)
T [t=0

Analogous relation can be written for the imaginary part of the moments. We focus on (A.29). From
Remark we know that Fyr(V, ) = F(Vif) (M%T(H)), where the functional F(V+#) is defined in ([3.12)
and u%T(H) is the density of states of the Circular S ensemble at high-temperature. We write the
Euler-Lagrange equation for this functional, getting that M%T(G) satisfies:

2v(0) 25 [ 1w (sin (U520 ) wr s + il (0 + V) 0. (A31)

where C(V, 8) is a constant not depending on 6.
Now let us consider the functional corresponding to the potential V() = V(0) + 5 cos(mb):

FOOrt s )~ [ VO)(0)d0 + ¢ [ costmb)u(b)ds
T T

+ | u(0)) m(e)a0
7 JLmymm<92”>uwmwqu+m@m.

Also this functional has a unique minimizer that we denote by u(*)(9), with 1?0 () = 4%,..(6). Evaluating
the above functional at u(t)(0), and computing its derivative at ¢ = 0, we deduce the following relation:

at]_-(v(e)+gcos(m9),6) (N(t))\t:o — QJ V(t‘))@tu(t)((?)h:od@ +J cos(m&)u%T(G)da
T T

(10—
—28 JJ- In sin ('27|) /L%T(v)atu(t)(ﬁ)h:od@dv (A.32)
TxT

+ Lln (“%T(a)) atﬂ(t)(ﬁ)hzodg.

Testing (A-31)) against d,u*) (0)),_, we obtain

2f V()2 (9)),_,d0 — 23 JJ Insin ('6 ; 7|> werr (1) 2t (), _,dfdy
T TxT
+ | 1 (e ®) 20(6),..,d8 = 0,
T
where we have used {. ;4(¥)(0)d# = 0. Thus, we can simplify (A-32) as :

at}—(V(GH%COs(mG)ﬁ) (W),_y = J cos(m@),u%T(ﬂ)dG,
T



A  PROOF OF PROPOSITION 28

which is equivalent to (A.29).
To complete the proof of Proposition we have to show that (A.30]) holds. From the definition of

mean density of states (3.11)) we obtain that:

N—w 2N
2, (Z](VAL) (V n %éﬁ(zm)”@)) (A.33)

lt=0

f Cos(mH)uAL(dH) = hm E [R(Tx(E™))]
T

= — lim
Noow NZJ(\?L)(V, B)

where the expected value is taken with respect to the generalized Gibbs ensemble of the Ablowitz—Ladik
lattice. A similar equation holds for the imaginary part of the moment.

Let’s focus on the numerator, first we notice that we can assume that ®(z™) and V' to have the same
range K. The more general case can be treated in the same way. Differentiating the partition function
we obtain

N
at(z“‘“ <v+ “R(z )ﬂ)) :% R(Tr(E™)) 1‘[ 1 Ja;2)7
[t=0 =1

DN

X exp (- DI W (B, Bepr)-Wi(agarsas - - ,aKM+L,5¢1)> da.
(=1

Due to the structure of the measure and of the Lax matrix £, we deduce that there exist two smooth
—L —K
functions g : DX x DX - Randg; : D' xD — R such that

N
t
& (zﬁ“ <v+2m(zm),5)> :f Ca @ —|ay) "
[t=0 DN j=1
lz (Ceo, Opy1) +gl(aKM+17---7aKM+L7a1>1 (A.34)

M
~ 2
X exp ( Z (Cee, Qups1) Wl(aKM+1>~-wO<KM+L7al)> d*a.

Proceeding as in the proof of Proposition defining the operator 7';) as
7-ﬁ(t) _ 7['66139(0(]»{—17&]%) ,

for N big enough, (A.34) is asymptotic to

at< J(AL) <v+ SR(2™), B>>|t U ~ MTr (at(T o TA 2) .

Following the same reasoning as in the previous proof, in view of the analyticity of A1(V,3), we deduce
that the previous equation is asymptotic to

. (zﬁ*” (v + L), ﬁ)) ~ MMV, B) 200 (V + 1/2R(="), B),._, (A.35)
[t=0

Exploiting (A.6)-(A.8) and (A.35]), we can rewrite (A.33)) as:
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2, (Z}VAL) (V + LR(z™), 5))

lt=0

W NZG (V. B)
. MAl(Vv ﬁ)MﬁQat/\l (V + %%(Zm)vﬁ)‘t70
= lim T =
N—w NY i A (VB)
Cah (V4 BRG).8),
- KM(V.B)

— _4, <FAL (V + ;%(Zm)’ﬂ)>to '

Thus, we have completed the proof of Proposition O

B Proof of lemma [5.5]

We prove (5.15) for k¥ = 1 and the cases k > 1 easily follow. For convenience we consider the more
general case of (A\,n,5) € C x C x {z e C|Rz> 0}.

Let us define Rgs) = (fs s where s > 1. If follows from ([5.14) that

s (s

2
<fs hs) _ <f51 h81> L+ e(s+6) T |, s> 1.
Ps gs Ps—1  (gs—1 0

Note that in the case n = 0 the lemma is trivially satisfied. We will show that all the sequences

— . . 2
{fss s Dsy Qs }s>1 converge as s — 00, moreover hy, qs ——> 0. First of all, we notice that h, = égf%
2
and g5 = ﬂﬁ’ thus the convergence to zero of these two sequences follows from the convergence of

ps and fs as s — 0. Moreover, the terms of the sequences {fs, ps}s>1 obey to the 3-terms recurrence:
ABn n?

ﬂ=@+)ﬁ1+ﬂ2, B.1

s+ B) CEIEE (B0

and the same holds for p, in place of fs. Thus, we have just to prove that the sequence {fs}s>1 converges.
We assume that (A, n, 8) € 2 where Q@ ¢ Cx C x {z € C|Rz > 0} is a compact set. With this assumption
we can give a bound to |fs| from above as:

2n° + |ABn|
e (125

Inductively, we deduce that there exists a constant C' = C(£2) such that:

Ifs] < CH <1 Nl W”') c]‘[ (1 s ZJA;)"') . (B.2)

>max<fs_1|, faal)

Furthermore, the infinite product on the right-hand side of (B.2)) is convergent by a classical result, see
for example |46, Chapter XIII, Lemma 1|, this implies that the sequence {fs}s>1 is uniformly bounded.
Moreover, we have that:

| fsABn| 72| fo-l ~ 0+ (A8
|fs+1_f$|<(s+1)(s+l+ﬁ) s(s—1+6)<cs(s—1+6)’

for some constant C' > 0 that depends on the compact set . This last equation implies that the sequence
{fs}s=1 is a Cauchy sequence, thus it is convergent. So we get the claim ([5.14]). The claim (5.16) easily

follows from ({5.14]).
Regarding the differentiability in the parameters A, n and g, it follows from (B.1)) that fs = fs(A\,n, 8)

is analytic in . Since fs(\,n,8) — f(\,n,8) as s — o0 uniformly, then by Weierstrasse convergence
theorem, f(\,n, ) is analytic in Q.
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