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BIFURCATION LOCI OF FAMILIES OF FINITE TYPE MEROMORPHIC
MAPS

MATTHIEU ASTORG', ANNA MIRIAM BENINT*, AND NURIA FAGELLA?

ABsTRACT. We show that J— stability is open and dense in natural families of finite type
meromorphic maps, that is, meromorphic maps of one complex variable with a finite number
of singular values. This extends the results of Mané-Sad-Sullivan [MSS83] for rational maps
of the Riemann sphere and those of Eremenko and Lyubich for entire maps of finite
type of the complex plane. This result is obtained as a consequence of a detailed study of a
new type of bifurcation that arises with the presence poles in addition to essential singularities
(namely periodic orbits exiting the domain of definition of the map along a parameter curve),
and in particular its relation with the bifurcations in the dynamics of singular values. The
presence of these new bifurcation parameters require essentially different methods to those
used in previous work for rational or entire maps.

1. INTRODUCTION

Structural stability is a key concept in dynamical systems which is attributed to Andronov
and Pontryagin in 1937 and even further to Poincaré in the early 1880’s. Roughly speaking,
a dynamical system is structurally stable (also called robust) if its qualitative properties do
not change under small perturbations. Somewhat more precisely, a discrete dynamical system
f:X — X (in a certain class of regularity C) is structurally stable, if all maps ¢ sufficiently
close to f in C are topologically conjugate to f, that is, if there exist a homeomorphism
@ : X — X such that po f = g oy, and ¢ depends continuously on g.

The problem of density of structurally stable systems in the appropriate class is subtle and
has been around for a long time. While this property is generically true for C" maps, r > 1,
in real dimension one [KSvS07], works of Smale, Williams and Newhouse among others (see
e.g. [Sma66l, [CST0]) concluded that structurally stable systems are not dense in the space of
diffeomorphisms on manifolds of real dimension larger or equal than 2.

In the context of holomorphic dynamics, a more natural but closely related notion is J -
stability, which informally speaking means structural stability in restriction to the Julia set
(see Section [2.2for a precise definition). The seminal work of Mané, Sad and Sullivan [MSS83]
and Lyubich showed that J-stable systems form an open and dense set in the space of
holomorphic maps on the Riemann sphere (i.e. rational maps). Their results therefore solved
the problem of density of J —stability for holomorphic maps on compact Riemann surfaces.
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One of the key factors in the proof is the renowned A—lemma, tying J-stability to the
holomorphic movement of periodic orbits which, in a compact manifold, can only fail when
periodic orbits collide in a parabolic cycle. With this tool in hand, they provided a complete set
of equivalences between possible notions of stability in parameter space: J-stability, stability
of critical orbits and stability of periodic cycles. The subset of functions where these properties
fail to hold is called the bifurcation locus. The study of bifurcation loci is related to some of
the deepest questions in holomorphic dynamics: for instance, the bifurcation locus of the
quadratic family {z + 22 + A}aec is exactly the boundary of the famous Mandelbrot set,
whose fine description is the object of the principal conjecture in the field (MLC conjecture).

When trying to extend these results to maps on non-compact manifolds (like the complex
plane) one must deal with an additional possibility for the failure of periodic orbits being
analytically continued, namely the possibility of periodic orbits eziting the domain at a certain
parameter value. As an example, one can observe this new type of bifurcation occurring at
Ao = 0 for the family fi(z) = z 4+ A + €* , where the fixed points disappear to infinity (the
essential singularity) when considering curves of parameters converging to 0. Eremenko and
Lyubich [EL92] showed that this phenomenon does not occur for entire maps of the complex
plane with a finite number of singular values (points where some branch of the inverse fails to
be well-defined), known as finite type entire maps. Consequently, they were able to conclude
that J —stability is also dense in this class of functions.

In the presence of poles, that is, in the context of finite type meromorphic maps, simple
examples like Atan z for A\g = 7/2, show that this new type of bifurcations of cycles disap-
pearing to infinity do occur and hence obstruct most of the arguments used for the Stability
Theorem in [MSS83| Lyu84].

The goal of this paper is to prove that [J-stability is dense also in this setting, and we
accomplish it by performing a detailed analysis of the new type of bifurcation. In particular we
will see how these bifurcation parameters relate to the stability of singular orbits (Theorems A
and B) and to parabolic parameters (Theorem D), resulting in a Stability Theorem (Theorem
E), from which we conclude that the bifurcation locus has empty interior (corollary F).

One may wonder whether our results might extend beyond finite type meromorphic maps.A
simple example (see Section E[) shows that, in general, density of [J-stability fails for natural
families of entire maps which are not of finite type. Other results in [ER] (unpublished) provide
an example of a family of maps with an infinite (but bounded) set of singular values (hence not
of finite type) and infinitely many attractors, in the spirit of the Newhouse example [New74].
Nevertheless, results analogous to the ones presented here are likely to hold for general finite
type maps in the sense of Epstein (holomorphic finite type maps defined on open subsets of the
complex plane) and will be investigated in a subsequent paper. Finally, considering possible
generalizations to higher dimensions, structural stability (in the sense of Berteloot, Bianchi
and Dupont [BBDIS]) is known not to be dense in the family of endomorphisms of P* for any
k> 2 (see e.g. [Dujl7, [Taf21] Bie20]).

Statement of results. We start by giving some necessary definitions, starting by the
holomorphic families which are the object of our study.

Definition 1.1 (Natural family). Let M be a complex connected manifold. A natural family
of finite type meromorphic maps is a family {fx}xeas of the form fy = @y o fy, © 1/;;1, where
f = [, is a finite type meromorphic map, and ¢y, 1 are quasiconformal homeomorphisms
depending holomorphically on A € M, and such that 1 (c0) = oco.
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Under these conditions, one can check that f) depends holomorphically on A, (i.e. A — fi(z)
is holomorphic for every fixed z € C).

Let S(f) denote the set of singular values (critical or asymptotic, see Section of a
meromorphic map f. If f is of finite type, then it can be embedded in a finite dimensional
complex analytic manifold of dimension #S(f)+ 2 [EL92, [Eps93], obtained by allowing ¢ and
1 to be any pair of homeomorphisms that make ¢ o f o ¢~ holomorphic (or meromorphic)
and satisfy ¢ (oc0) = co. Hence natural families can be viewed as subfamilies in this natural
parameter space.

Many simple families are natural, like for example the exponential E)(z) = Ae?, the tangent
Ty(z) = Atan(z) or the quadratic family Qy(z) = 22 + X. In these three examples, the map
@y is conformal, and 1) = Id. Notice that the singular values of f\ are marked points that
can be followed holomorphically in A € M, hence their number and their nature (critical
or asymptotic) remain constant throughout the entire family. The same is true for their
preimages: both critical points and asymptotic tracts (logarithmic preimages of punctured
neighborhoods of the asymptotic values, (see Section can be followed holomorphically
in A and their multiplicity remains constant. One may naturally ask how restrictive is the
concept of a natural family. As we show in Theorem the answer is that the properties
described above are necessary and sufficient conditions for an arbitrary holomorphic family of
maps to be locally natural. Hence, since all of our main results are local in parameter space,
they still apply if we replace the assumption that {fy}rcas is natural by the assumption that
S(fx) and f5 '(S(fy)) both move holomorphically over M.

Next we define the concept of a cycle disappearing to infinity or exiting the domain (both
terms will be used indistinctively).

Definition 1.2 (Cycle disappearing to infinity). Let {f\}xeas be a holomorphic family of
meromorphic maps. We say that a cycle of period m > 1 disappears to infinity at A\g € M (or
exits de domain at \g) if there exist two continuous curves ¢ — A(t) and ¢t — z(t) such that:

(1) for all t > 0, A(t) € M and z(t) € C, with ff}t)(z(t)) = 2(t)
(2) limyyy00 A(t) = Xo € M and limy_, 4 2(t) = o0.

As mentioned above, Eremenko and Lyubich [EL92| showed that cycles cannot exit the
domain for holomorphic families of entire functions.

The phenomenon of cycles disappearing to infinity was previously observed in several par-
ticular slices of meromorphic functions starting with the early studies of the tangent family
T\(z) = Atan(z) by Devaney, Keen and Kotus [KK97, [DK89, [DKS8S], see also [KS02|, followed
by several other families with two asymptotic values [CK19| [CJK22] and generalized to some
dynamically defined one-dimensional families in [FK21]. Following the terminology in the
literature we define virtual cycles which, as we will see, describe limits of actual cycles after
they disappear at infinity.

Definition 1.3 (Virtual cycle). Let f : C — C be a meromorphic map. A wvirtual cycle of
length n is a finite, cyclically ordered set zg, 21, . . ., 2zn—1 such that for all ¢, either z; € C and
ziv1 = f(z), or z; = 0o and z;41 is an asymptotic value for f, and at least one of the z; is
equal to co. If z; = oo only for one value of ¢ then we say that the virtual cycle has minimal
length n.

If a virtual cycle remains after perturbation within the family, then it is called persistent.

Definition 1.4 (Persistent virtual cycle). Let {fa}xear be a holomorphic family of meromor-
phic maps, let A\g € M and assume that f), has a virtual cycle zp,...,2z,—1. If there exist
holomorphic germs A — z;(A) defined near A\g in M such that
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(1) zi(Ao) = 2

(2) zi(A) =00 if 2; =0

(3) and zo(A), ..., 2zn—1(A) is a virtual cycle for fy,
then we say that zg,..., 2,1 is a persistent virtual cycle.

In particular in a holomorphic family, if v(Ao) is an asymptotic value such that f} (v(Ao)) =
oo for some n > 0, then (v(Xo), fao(v(No)), ..., 00) is a virtual cycle of minimal length n + 1.
(The case n = 0 corresponds to the situation where oo itself is an asymptotic value). This
virtual cycle is persistent if and only if the singular relation f{'(v(\)) = oo is satisfied in all
of M. If this is not the case, i.e. if a virtual cycle for \g is non-persistent, we will say that A
is a virtual cycle parameter.

Our next and last definition concerns the concept of activity or passivity of a singular value
(see [Lev81], [McM94]).

Definition 1.5 (Passive (active) singular value). Let {f\}xear be a holomorphic family of
finite type rational, entire or meromorphic maps. Let v(\) be a singular value (or a critical
point) of fy depending holomorphically on A near some \g € M. We say that v(\) is passive
at Ag if there exists a neighborhood V' of Ag in M such that:

(1) either f{(v(X)) = oo for all A € V; or
(2) the family {A — f{(v(A\))}nen is well-defined and normal on V.

We say that v()) is active at \g if it is not passive.

We are now ready to state our first result, which connects the three concepts defined above:
cycles disappearing to infinity, virtual cycles and the activity of a singular value.

Theorem A (Activity Theorem). Let {fa}renm be a natural family of finite type meromorphic
maps, and assume that a cycle of period n disappears to infinity at A\g € M. Then, this cycle
converges to a virtual cycle for fy,, which contains (at least) either an active asymptotic value,
or an active critical point.

Note that by definition, activity means here that there exists parameters arbitrarily close
to Ag for which one of the critical points or asymptotic values in the virtual cycle does not
remain in the backward orbit of co.

Let us observe how Theorem A implies that cycles cannot disappear at infinity in the finite
type entire setting, hence recovering the main theorem [EL92, Theorem 2|. Indeed, because of
the lack of poles, it is easy to see that if a cycle of period n disappears at infinity, then every
point of the cycle must converge to infinity (and not just one). This means that the limit
virtual cycle is of the form oo, ...,00. In particular, it does not contain any critical points;
Theorem A then asserts that oo itself must be an active asymptotic value for fy,. But this
is impossible, since for families of finite type entire maps oo is always a passive asymptotic
value.

Finally, we remark that if the virtual cycle contains an active asymptotic value, then this
virtual cycle is non-persistent (as defined in Definition . It would be interesting to know
if there are examples of such limit virtual cycles in which all asymptotic values are passive.

We now state our second result, which in a sense is a converse to Theorem A.

Theorem B (Accessibility Theorem). Let {f\}aen be a natural family of finite type mero-
morphic maps, and Ao € M be such that fy, has a non-persistent virtual cycle of minimal
length n + 1

U()‘O)v f>\0 (’U(/\O))v s 7fn(v(>\0)) = Q.
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Then there is a cycle of period n + 1 exiting the domain at \g. Moreover, this cycle can be
chosen so that its multiplier goes to zero as it disappears to infinity.

In particular, by the definition of a virtual cycle, v(\g) is an asymptotic value (finite or infi-
nite) and hence A is a virtual cycle parameter. In the terminology of [FK21], the Accessibility
Theorem states that every virtual cycle parameter is also a virtual center (since the multiplier
of the disappearing cycle is tending to 0 at the limit parameter), and it is accessible from the
interior of a component in parameter space for which the analytic continuation of this cycle
remains attracting. This proves the main conjecture in [FK21] in much greater generality than
originally stated.

Putting together Theorems A and B, we obtain the following immediate corollary.

Corollary C. Let {fx}xem be a natural family of finite type meromorphic maps, and assume
that this family does not have any persistent virtual cycle. Let Ag € M. Then a cycle disappears
to infinity at Ao if and only if £} (v(Xo)) = oo for some asymptotic value v(Ao).

Up to this point we have described the new type of bifurcation that occurs in the presence
of poles and asymptotic values. Observe that this phenomenon is a priori unrelated to the
collision of periodic orbits forming parabolic cycles, in contrast to what occurs for rational or
entire maps for which this is the only possible obstruction for the holomorphic motion of the
Julia set. Our next result shows that, nevertheless, when an attracting cycle disappears at
some parameter value, this can be approximated by parabolic parameters.

Theorem D (Approximation by parabolic parameters). Let {f)}xen be a natural family of
finite type meromorphic maps, and assume that an attracting cycle of period n disappears to
infinity at \og € M. Then there exists a sequence A\, — Ao such that fy, has a non-persistent
parabolic cycle of period at most n.

In particular, by Theorem B, this happens at every virtual cycle parameter. Moreover, using
other approximation results in Section[5] it follows from Theorem D that parabolic parameters
are actually dense in the activity locus (Corollary [5.10]).

We now state our last main result, which is an extension of Mafe-Sad-Sullivan’s and Lyu-
bich’s bifurcation theory in the setting of finite type meromorphic maps. We stress here the
fact that the proof relies in a crucial way on both Theorems A and B.

Theorem E (Characterizations of J-stability). Let {f\}xenr be a natural family of finite type
meromorphic maps. Let U C M be a simply connected domain of parameters. The following
are equivalent:

(1) The Julia set moves holomorphically over U (i.e. fy is J-stable for all A\ € U)
(2) Ewvery singular value is passive on U.

(3) The mazimal period of attracting cycles is bounded on U.

(4) The number of attracting cycles is constant in U.

(5) For all A € U, fx has no non-persistent parabolic cycles.

In view of Theorem E it makes sense to define the bifurcation locus of the natural family as
Bif (M) = {\ € M | f is not J-stable},

or equivalently as the set of parameters for which some of the conditions in Theorem E is not
satisfied. Since J — stable parameters form an open set by definition, following the arguments
in [MSS83| we obtain the following statement, so well known for rational maps.
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FIGURE 1. Bifurcation locus of the natural family fy(z) = mtan?(z) + A. These
maps have only one critical value and one asymptotic value (A and A — respectively),
which are then both mapped to the same point. Centers of hyperbolic components
and Misiurewicz parameters are shown in black. Parameters for which there exist an
attracting cycle are shown in white. Virtual cycle parameters are at the center of the
red crosses.

Corollary F (7- stable parameters form an open and dense set in M). If {fa}renm is a
natural family of finite type meromorphic maps, then Bif (M) has no interior or, equivalently,
J —stable parameters are open and dense in M.

Our last Corollary gives meaning to the notion of hyperbolic components in our setting.

Corollary G. If {fa}aenm is a natural family of finite type meromorphic maps, and U is a
connected component of M \ Bif(M) containing a parameter Ao such that all singular values
of fx, are captured by attracting cycles, then the same holds for every A € U.

Structure of the paper. In Section [2] we introduce the concepts of tracts, holomorphic
and natural families, holomorphic motions and J-stability. We then show that holomorphic
motions of singular values and their preimages imply that a holomorphic family is (locally)
natural (Theorem [2.6)). We also prove a ’shooting lemma’ (Proposition which replaces
the use of Montel’s Theorem when activity of a singular value is due to truncation of its
orbits. Section [3] connects cycles disappearing to infinity to virtual cycles, and the latter to
active singular values, proving Theorem A. Section [4] shows that virtual cycles are the limits
of attracting cycles tending to infinity on which the multiplier tends to zero, making them
'virtual centers’ and proving Theorem B. Section [5| contains theorems about the density of
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several types of parameters in the bifurcation locus of natural families, including the proof of
Theorem D. Additionally, all the elements are assembled to prove Theorem E, the meromorphic
analogue of Mané-Sad-Sullivan and Lyubich results, and its corollaries. Finally, Section [6]gives
a simple example showing that, without the finite type assumption, the bifurcation locus may
be the entire complex plane.

Acknowledgements. We would like to thank Lasse Rempe for helpful discussions, and es-
pecially for pointing out to us the statement and proof of Lemma [I.]] We are also grateful to
Sarah Koch, Dylan Thurston and Lukas Geyer for interesting conversations and specially to
Curt McMullen for his thoughtful comments and suggestions. Finally we are grateful to Bob
Devaney, Linda Keen and Janina Kotus for motivating discussions and for their introduction
to this beautiful subject.

2. PRELIMINARIES

In this section we state some known results and prove several new tools that will be useful
in the proofs of the main theorems.

2.1. Dynamics, asymptotic values and logarithmic tracts.

Given a rational or entire function f, the Fatou set F(f) or stable set of f is defined as
the largest open set where the family of iterates {f"}, >0 is normal in the sense of Montel.
However, if f : C — C = C U {00} is a meromorphic (transcendental) map with at least one
non-omitted pole, we need to require additionally that the family of iterates {f"},>0 is first
well defined and then normal. In both cases, the Julia set is the complement of the Fatou
set and it is the closure of the repelling periodic points. If the backwards orbit of infinity
O~ (o0) is an infinite set, the Julia set also coincides with its closure, i.e. J(f) = O~ (c0),
or equivalently the closure of the set of prepoles of all orders. For background on iteration
theory of meromorphic maps we refer to the survey [Ber93| and references therein.

The dynamics of f are determined to a large extent by the dynamics of its singular values
or points v € C for which not all univalent branches of f~1 are locally well defined. If f
is rational, singular values are always critical values v = f(c), being ¢ a critical point (i.e.
f'(¢c) = 0). If f is transcendental we must also take asymptotic values into account, that is
values v = limy_, oo f(7(t)) where « is a curve such that y(t) — 0o as t — 0co. An example is
v = 0 for the exponential map.

We say that f is of finite type, if it has a finite number of singular values, forming the set
S(f) = {v e C|vis a critical or an asymptotic value of f}.

Maps of finite type possess specific dynamical properties which are not satisfied in the general
cases. For one, their Fatou set is made exclusively of preperiodic or periodic components, the
latter being basins of attraction of attracting or parabolic orbits, or rotation domains (Siegel
disks or Herman rings).

In the terminology of [BEO§|, asymptotic values always have transcendental singularities
lying over them. More precisely, we have the following definition.

Definition 2.1 (Tracts). Let f: C — C be a meromorphic map, let v € C be an asymptotic
value of f, and D be a punctured disk centered at v of radius » > 0. We say that a simply
connected unbounded set T is a logarithmic tract above v if f : T'— D is an infinite degree
unbranched covering.
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Notice that by decreasing the value of the radius r, we obtain a nested sequence of loga-
rithmic tracts shrinking to infinity. We say that two logarithmic tracts (or sequences thereof)
are different, if they are disjoint for sufficiently small values of r. The number of different
logarithmic tracts lying over an asymptotic value v is the multiplicity of v.

If v is an isolated asymptotic value one can see that there is always a logarithmic tract
above v (see e.g. [BEOS§|). In particular, if f is of finite type all of its asymptotic values have
logarithmic tracts lying over them. For this reason, in this paper we will call them simply
tracts.

2.2. Holomorphic families, holomorphic motions and J-stability. We give here the
precise definitions of what it means to follow the Julia sets holomorphically, given a family of
meromorphic maps.

Definition 2.2 (Holomorphic family). A holomorphic family { fx}xenm of meromorphic maps
over a complex connected manifold M is a holomorphic map F : M x C — C such that
F(\,-) =: fy is a non-constant meromorphic map for every A € M.

Definition 2.3 (Holomorphic motion). A holomorphic motion of a set X C C over a set
U C M with basepoint A\g € U isamap H : U x X — C given by (A, z) — H)(x) such that

(1) for each z € X , Hy(x) is holomorphic in A,
(2) for each A € U, Hx(z) is an injective function of x € X, and,
(3) at Ao, Hy, = Id.

A holomorphic motion of a set X respects the dynamics of the holomorphic family {fx}xenmr
if Hy o fy, = fx o Hy whenever both z and f),(x) belong to X.

Note that the continuity of H is not required in the definition. However this property follows
as a consequence, as shown in the A—Lemma proved in [MSS83].

Theorem 2.4 (The A—Lemma [MSSS83|). A holomorphic motion H of X as above has a
unique extension to a holomorphic motion of X. The extended map H : U x X — C is

continuous, and for each A € U, H) : X = C s quasiconformal. Moreover, if H respects the
dynamics, so does its extension to X.

For further results about holomorphic motion and the A—Lemma, see for instance [AMOI].

Definition 2.5 (J-stability). Consider as above a holomorphic family F' : M x C — C of
meromorphic maps. Given A\g € M, the map f), is J-stable if there exists a neighbourhood
U C M of Ay over which the Julia sets move holomorphically, i.e. there exits a holomorphic
motion H : U x Jy, — C such that Hy(J),) = Jx and furthermore it respects the dynamics.

By virtue of the A-Lemma and the density of periodic points in the Julia set, it is enough
to construct a holomorphic motion of the set of periodic points of every period, to obtain one
for the entire Julia set .

2.3. Natural families. The goal of this section is to prove Theorem [2.6] below. But let us
first begin by making a few important observations. Let f = f), for some Ao € M and let
{fax=¢rofo w;l}AeM be a natural family, as in Definition Then ¥, maps the critical
points of fy, to those of f\, and ¢, maps the critical values and asymptotic values of fy, to
those of f\. In particular, as observed in the Introduction, in a natural family, the critical
points and singular values always move holomorphically with the parameter and can never
collide, while the multiplicity of each singular value remains constant throughout the family.
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A converse of this statement, provided by the following theorem, is also true, though not
immediate.

Theorem 2.6 (Characterization of natural families). Let {fx}renm be a holomorphic family
of finite type meromorphic maps, on which S(fy) and f;l(S(f,\)) both move holomorphically.
Then for every X € M, there is a neighborhood V' of X such that { fx}rev is a natural family.

The proof of Theorem [2.6] requires the following lemma.

Lemma 2.7. Let X,Y be two connected and path connected topological spaces. Suppose that
{9t 1 Y — X}iepo), s @ homotopy such that gy is a covering for every t € [0,1]. Then, there
exists a homotopy {h, : Y — Y}, such that every hy is a homeomorphism satisfying

9t = 9o © hy.

Proof. By the homotopy lifting property, since the covering map gg can be lifted by the identity
map, there exists a unique homotopy {h; : ¥ — Y}te[O,l] that lifts g¢, hence satisfying the

following diagram
/ |
X.

Y—>

It remains to prove that h; is a homeomorphism for every ¢.

We first observe that h; is a local homeomorphism since g; is a local homeomorphism (and a
covering) for every ¢t and the diagram commutes. Next, since h; is a homotopy to the identity
map, we have that (hy)«(m1(Y,y0)) = (Id)«((71(Y,0))) = m1(Y, y0), from which it follows that
h; must also be a homeomorphism for every . ]

Proof of Theorem[2.6. Let \g € M, and f := fy,. We let Y := C\f1(S(f)) and X :=
C\S(f). Let B C M be a small ball centered at Ag. By Bers-Royden’s Harmonic A-lemma
IBR86], we can extend the holomorphic motion of S(f\) over B to a holomorphic motion
(A, 2) = @a(2z) of the whole Riemann sphere, over the ball V' of radius one third that of
B. Similarly, we extend the holomorphic motion of f," L(S(fx)) to a holomorphic motion
(A, 2) — xa(2). Notice that both maps are continuous as maps of V' x C — C, holomorphic
in A and quasiconformal in z.

Consider the family of maps gy := w;l o fxoxx (in particular, gy, = f). If we could prove
that g, = f, the proof would be complete, since f) would then be of the required form. This is
not quite true, but we will show that in fact gy = f o hy, for some family of homeomorphisms
hy, which will still be enough to conclude.

Observe that the maps gx : C\ f~1(S(f)) — C\ S(f) are covering maps, in general only
continuous (both in z and in A as well as jointly) and not holomorphic. Our first claim is that
there exists a continuous family of homeomorphisms {hy : C\ f~1(S(f)) = C\f~1(S(f)}renmr
such that

Ua =0 byt i C\FTHS(S) = C\FTH(S(f)
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depend holomorphically on A and the following diagram commutes:

C\f7HS(F)

hx

XA P

C\ S5 M(S(fr) — 22— T\ S(f)

To define hy, let us fix A € V' and consider a path A : [0,1] — V joining A9 and A. By
Lemma , there exists a homotopy {h; : C\ f~1(S(f)) — C\ f~1(S(f))}+ composed of
homeomorphisms such that

IO Joh.
We then define hy := hi. Since V is simply connected, the base points are irrelevant and
hence (A, z) = (A, ha(2)) is continuous.

Since both h)_\l and x) are homeomorphisms, we have proven that ¢, is a homemorphism
for every A € M. It is left to prove that for every for every z € C\ f=1(S(f)), A — ¥x(2) is
holomorphic in A.

To see this, observe that we have ¢y o f(z) = fy 0w (2), and that, fixing z € C\ f~1(S(f)),
the map F'(\,y) = ¢a o f(2) — fa(y) is holomorphic. Fix A\; € V and y; = 1y, (2). Then, by
construction f//\1 (y1) # 0 and hence, by the Implicit Function Theorem, there exists a map

A= y(A) = ¥a(2) such that y1 = y(A1) and F(A, y(N) = pa(f(2)) = fA(¥a(2)) = 0. It follows
that X\ — ) (z) is holomorphic locally near every A; € V', and so is holomorphic on M.

Finally, we have proved that

(1) for each A € V, by : Y — C\ f5 *(S(f))) is injective
(2) for every z € Y, A — 1»(#) is holomorphic on Y.

In other words, (A, z) — ¥\ () is a holomorphic motion of C\ fy 1(S(fy)). By applying again
Bers-Royden’s Harmonic A-lemma and replacing again V' by a ball of smaller radius, 1y
extends to a holomorphic motion of C (fixing 00), such that for every A € V| ¢, : C—Cisa
quasiconformal homeomorphism.

Since fy o1y = ¢ o f, this proves that {f)} ey is a natural family. O

Before we end this section, we record here a lemma which illustrates the convenience of
working with natural families.

Lemma 2.8. Let {fy}rem be a natural family of finite type meromorphic maps, such that
for all N € M, f\ has finitely many poles. Then the number of poles is independent of .
Moreover, for all A € M, oo is an asymptotic value for fy.

Proof. Let us write f = pyo fo w;l, with 1) (00) = oo and f = f), for some \g € M,
and @y, are both quasiconformal homeomorphisms. Then the set of poles of f) is the
image under ¢ of the set f~!({p}'(c0)}). In particular, this set f~'({¢)'(c0)}) is finite
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by assumption, so go;l(oo) is a Picard exceptional value for f. By Picard’s theorem and
connectivity of M, the continuous map A — ¢, ' (co) is constant: ¢} '(c0) =z € C.
Therefore the set of poles of fy is given by 1y (f_l({x})), which is a holomorphic motion
of f~'({z}). In particular, its cardinality is independent of .
For the second assertion, it suffices to observe that if f) has finitely many poles, then oo

is a Picard exceptional value, and therefore an asymptotic value [GO08, Chapter 5, Theorem
1.1]. 0

2.4. Quasiconformal distortion. We state here a well-known distortion estimate for qua-
siconformal homeomorphisms that we will need in the proof of the main theorems.

Lemma 2.9 (Distortion of small disks). Let {@x}ren be a holomorphic motion of the Riemann
sphere C, with oo = Id. Let t — A(t) be a continuous path in D with lim_ ;o0 A(£) = 0, and
t — 1 a continuous function with ry > 0 and limy_, oo ¢ = 0. Let t — 24 be a path in C and
Dy :=D(z,1¢). Let € > 0; then for all t large enough:

D(@xcr)(2e), 74 ) C oay(D(ze,7¢)) C D(oagey ()¢ )

Proof. By Theorem 12.6.3 p. 313 in [AIMOS], for all t > 0, # € R and and r < 1, we have :

5(Kxy—1 | .rl/K/\(t)’

[eae) (2t + 7€) — or ()| < e VLo (2) = xgo (2t + €”)

where K, > 1 is the dilatation of ¢y. Since ¢y — Id uniformly on C as t — 400, we have
that as t — +o0:

sup o) (2t) — oa (2 +€?)] = 1.
0€[0,2x]

Since (¢») is a holomorphic motion, K — 1 as A — 0 and so Ky — 1 as t — +o0o. The
inclusion o) (D(2¢,7¢)) C D(pre)(2t), 7+7¢) then follows.

The other inclusion is equivalent to go)_\(lt) (D(yz, 7)) € D(gog(lt) (Yt),mt), with yr := oy (21)-
Its proof is essentially the same and is left to the reader. O

We also record here the following well-known property of quasiconformal mappings, that we
will need in the proof of Theorem A.

Lemma 2.10 (See [EL92], Lemma 4). Let 1) : C — C be a K -quasiconformal homeomorphism
fizing 0,00. Let arg(z) — arg z be a uniform branch of the difference of arguments in C*.
Suppose

B™' < (=) < B, |argy(z) —argzo| < B,
for some zg € C and B > 0. Then for |z| > |z9| the following estimates hold:
(2.1) O < Julz)| < Ol
(2.2) |arg(z) —arg z| < Kiln|z| + C.

Here K1,C depend on K, zy, B but not on z,.

Finally, we close this preliminary subsection with the following lemma, which we will use
frequently:

Lemma 2.11. Let D x C : (A, 2) = ¥a(z) be a holomorphic motion of C over a domain

D C @, where the 1y : C — C are quasiconformal homeomorphisms. Let g : D — C be
a non-constant holomorphic function, and assume that there exists A9 € D such that for all

A€ D, Palg(Xo)) = g(No). Let G(N) := ¥y 0 g(N). Then there is a neighborhood V C D of
Ao such Gy : V — C is open and discrete.
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Proof. We first observe that G(A) =y <= ¥a(y) — g(A) = 0. Let F,(\) := ¢¥r(y) — g(N):
then F), is a holomorphic map, which depends continuously on y € C. Moreover, it follows
from the assumption on Ao that Fj, is non-constant, where yo := g(Ag). Therefore, there
is an open neighborhood W of g(X\g) such that for all y € W, F, is non-constant. We let
V := G~Y(W), which is open since G is continuous.

Let us first prove that G is open. Let Ay € V and y; := G(A1). Then by the previous
observation, Fy, (A1) = 0. Moreover, since y — F), is continuous, Hurwitz’s theorem implies
that all y close enough to y1, F}, has a zero A (close to A1); in other words, G(\) = y. Therefore
G is indeed open.

Moreover, G~1({y}) is the set of zeroes of F}, so it is discrete. O

Remark 2.12. By a result due to Stoilow [Sto32], Lemma implies that there exists
homeomorphisms h; and hs defined over respective neighborhoods of A\g and G(\g) such that
haoG o hfl()\) = A", for some m > 1. In other words, G is locally a finite degree (possibly)
branched cover. In particular, it is always possible to lift curves in a neighborhood of G/(\g),
although the lift is a priori not unique if m > 2.

Although we do not require it, it is possible to prove by standard arguments that the map
G is in fact quasiregular.

2.5. A shooting Lemma. In Section [5.1] we shall prove that certain sets of parameters are
dense in the bifurcation locus. To that end, we will need the fact that, if some singular
value v(Ag) is mapped to infinity in finitely many steps (i.e. f3 (v(Xo)) = oo for n > 0 and
¥ (v(X)) # oo on M), then we can find nearby parameters for which v(\) has some prescribed
dynamical behaviour. Similar results can be proven in the rational setting using Montel’s
Theorem together with the non-normality of the family of iterates of the active singular value.
In our setting in which f : C — C is a transcendental meromorphic map, and U C C is a
domain, the singular value vy could be active because its family of iterates { fx(vy)}nen is not
defined in a parameter neighborhood of Ay rather than not being normal. As a consequence,
one cannot always apply Montel’s Theorem as for entire maps or rational maps. Its role will be
played by the following statement, which holds for any natural family of meromorphic maps.
Notice that here we do not have assumptions on the set of singular values so that a priori
functions could be in the general class of meromorphic transcendental functions. Nevertheless,
observe that the Proposition is only meaningful when there exists at least one non-omitted
pole.

Proposition 2.13 (Shooting Lemma). Let { fy}aenm be a natural family of meromorphic maps.
Let \g € M be such that a singular value vy satisfies f)’fo(mo) = 00, but this relation s not
satisfied for all X € M. Let X — () be a holomorphic map such that v(Xo) ¢ S(fx,). Then
we can find N arbitrarily close to \g such that f (vy) = y(N).

Observe that the map -, which is a holomorphic map from a neighborhood of Ay in M to
@, is allowed to be constant. In particular, if oo is not a singular value of f),, by taking
v(A) = oo we obtain that the parameter Ao is a limit of parameters Ay for which v(\g) is a
prepole of order n + 1.

Remark. A weaker version of Proposition (allowing n + 2 instead of n + 1) could be
proven by showing that the map A — f{" (v())) has an essential singularity at Ao, and
applying the Great Picard’s Theorem. This was pointed out to us by R. Roeder.

The proof of Proposition [2.13] uses the following lemmas. The first one can be found in
[BEJK18, Lemma 13| (see also [BF15, Lemma 4.6] for a more general statement). In the
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following, let us denote by wind(o(t), P) the winding number of a curve o(t) with respect to
a point P.

Lemma 2.14 (Computing winding numbers). Let v,0 : [0,1] — C be two disjoint closed
curves and let Py, € v and P, € o be arbitrary points. Then

(2.3) wind(o(t) — v(t),0) = wind(y(¢), Py) + wind(o (t), Py).
As a consequence, we obtain the following.

Lemma 2.15 (Fixed point theorem). Let V' be a Jordan domain, and let f,g be holomorphic
functions in a neighborhood of V. Suppose that g(V) C f(V) and g(0V) N f(OV) = 0. Then
there exists X € V' such that f(X) = g(N).

Proof. Consider the map F'(\) = f(A) — g(A). Let A(t),t € [0,1] be a parametrization of 9V,
and notice that f(A(¢)) and g(A(t)) are two disjoint curves and hence F'(A(t)) # 0 for every
t € [0,1]. By the Argument Principle, if the winding number of F(A(t)) with respect to 0 is
positive, then F' has at least one zero in V.

Let Py = f(A(0)) and P, = g(A(0)). Applying Lemma we get
wind(F(A(£)),0) = wind(f(A(t)) — g(A(?)),0) = wind(g(A(t)), Py) + wind(f(A(?)), Fy)-

The hypothesis g(V') C f(V) implies that the curve g(A(¢)) lies inside a bounded connected
component of the complement of f(A(t)) from which we deduce that wind(g(A(t)), Pr) = 0.
The same hypothesis also implies that P, € f(V) which means, again by the Argument
Principle, that wind(f(A(¢)) — Py),0) = wind(f(A(t)), P;) > 1. Hence wind(F(A(t)),0) > 0
and the conclusion follows. t

We will also need the following well known fact.

Lemma 2.16 (Shrinking of holomorphic images). Let U C C be an open set and a,b € C.
Suppose {¢n, : U — C\ {a,b}}nen is a sequence of holomorphic maps such that pp(ug) — oo
for a certain ug € U. Then for every compact set K C U, the spherical diameter of o, (K)
tends to 0.

Proof. We claim that {¢p, }nen converges locally uniformly to co. By Montel’s Theorem, the
sequence {¢p neny admits converging subsequences. Let {¢y, }ren be any such subsequence,
and let ¢ : U — C be the limit function. Since by assumption for all k € N, co ¢ ¢, (U)
and ¢(ug) = oo, it follows from Hurwitz’s Theorem that ¢ = oco. Since this holds for any
converging subsequence, we have limy,_,~ ¢, = 00, and the lemma follows. ]

Observe that if the singular value vy, is a prepole of order n, then the map A — f{(vy) is
a well defined meromorphic map in a sufficiently small neighborhood of A\g, with an isolated
pole at A\y. Indeed, if a sequence of such parameters of order equal to n were to accumulate
at Ao, by the discreteness of zeros of holomorphic functions we would have that A — f)’f (vyx)
is identically equal to oo for some k < n, which contradicts the assumption that this is
not a persistent condition. Also impossible would be an approximating sequence of likewise
parameters of order strictly less than n since, by continuity, the order of Ag would also need
to be strictly less than n, also a contradiction. As a consequence of this fact, A — ff“(w\)
has an essential singularity at Ag.

We are now ready to prove Proposition |2.13
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Proof of Proposition|2.13 First, we pick an arbitrary one-dimensional slice containing Ag in
the parameter space M on which A — f{(v(\)) is not constant, and we identify M with
D(Xp, 1) C C in the rest of the proof.

By assumption fy, = ¢y o fo w;l and we may assume without loss of generality that
©x, = ¥, = Id and hence f = f),. Let D be a disk centered at 'y()\(ﬁ such that D is disjoint
2)

from S(fy,) and let § > 0 be such that v(ID(\g,0)) C D (see Figure

Decreasing d if necessary, the function G(\) := ¥y ' (f#(v))) satisfies the assumptions of
Lemma (and of Remark 2.12)) on D(Ag, d), with g(X) := f{(vx) and g(Ag) = oo. It follows
that G(D(Xo, d)) contains a disk of spherical radius say € > 0 centered at co.

Since there are no singular values in D and fy, has infinite degree, there are infinitely many
univalent preimages of D under f), which must accumulate at infinity. Observe that these
preimages must miss, for example, a given periodic orbit of period 3 which does not intersect
D. Hence, selecting a subset of those preimages if necessary, we may assume (see Lemma
that they are all bounded and that in fact their spherical diameter tends to 0. Let U be
one such preimage contained in Dg(oc0,€). Thus fy,(U) = D.

Since U belongs to the image of G, we let V denote a connected component of G~1(U)
inside D(Ag,d). If D (and therefore U) is small enough, then V is a Jordan domain as well.
Let us now define F(\) := f{*'(v)). Our goal is to show that v(V) C F(V) so that Lemma
applied to v and F gives the result.

In order to see this we write
T y) = a0 fag 0yt o F(VA) = a0 foy 0 G(N),

and therefore

E(V) = oa(fx(G(V))) = ox(f2(U)) = A(D).
Now since d can be taken arbitrarily small, the values of A can be arbitrarily close to A\g and
therefore ) is arbitrarily close to the identity. It follows that F/(V) = ¢\(D) ~ D, while

F(V) C v(D(Ng,d)) € D. Moreover, v(D(Ag, d)) separates the boundaries of these two sets,
so the hypotheses of Lemma [2.15]| can be applied and we are done.

G(A) =931 (fX ()

FIGURE 2. An illustration of the proof of Proposition [2.13] The final claim follows
by Lemma using the fact that v(V) C F(V) and v(0V) N F(OV) = 0.
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3. CYCLES EXITING THE DOMAIN. PROOF OF THEOREM A.

The goal in this section is to explore the chain of of implications between cycles disappear-
ing to infinity, the existence of virtual cycles (Lemma , and the activity of at least one
asymptotic value or critical point (Subsection , hence proving Theorem A.

In the process, we shall see that the only possible parameters for which some periodic orbits
cannot be followed holomorphically are either parabolic parameters, or those for which a cycle
disappears to infinity; or accumulations thereof (Proposition .

3.1. Cycles exiting the domain require asymptotic values.

In this section we show that cycles exiting the domain must create a virtual cycle for the
limiting parameter (see Lemma (3.4)).

It will be useful first to interpret the concept that x;(A\) — oo for A — A\g € M in the
following more abstract way (c.f.[MSS83, [EL92| and see Figure |3).

Observation 3.1 (The projection map and cycles exiting the domain). For n € N*, let
Pui={(\2) € M xC: fi(2) = 2},
and
T - Pn — M
be the projection onto the first coordinate. Then, a cycle of period n exits the domain at Ay
if and only if A\g is an asymptotic value of m : P, — M.

In other words, a cycle of period n exits the domain at Ag if and only if there exists a
continuous curve t — (A(t), z(t)) in P, such that lim; o A(t) = Ao and limy_, o 2(t) = oc.

The set P, is an analytic hypersurface of M x C, and by the Implicit Function Theorem it
is smooth except possibly at points (), z) where z is a periodic point of period dividing n with
(f)'(2) = 1. Moreover, if X € M is a critical value of m; : P, — M, then fy has a parabolic
cycle of period dividing n and multiplier 1.

FIGURE 3. An illustration of the set P,, the map w1, and its asymptotic and
critical values. Here A, is a critical value for 7, corresponding to the map f, having
a parabolic cycle, and )\, is an asymptotic value for 7y, corresponding to a cycle
exiting the domain at A,.

Definition 3.2 (Singular value set of ;). We let X, denote the singular value set of 1 : P,, —

M, which is the closure of the set of critical and asymptotic values of 7. Let X := (o2 | X,.
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The next proposition shows that the singular values of m; : P, — M are the only possible
obstructions for a holomorphic motion of Fix(f{) (the fixed points of f{') to exist, which
confirms that X is the appropriate set to study.

Proposition 3.3 (J moves holomorphically outside X). Let {fy}renr be a natural family of
meromorphic maps and U C M be a simply connected domain. Let X, X,, be as above. Then

(1) UnX, =0 <= the set Fix(f}) moves holomorphically over U for every n > 1.
(2) UNX =0 = the Julia set of fx moves holomorphically over U.

Proof. To see (1), suppose U N X,, = 0. Let A\g € U, and let (Ao, 2;)ien denote the preimages
71 (o). Then for all i € N, there exists a holomorphic branch ¢; : U — P, of n; " with
9i(Mo) = (Mo, 2;). In this setting A — 79 0 g;(\) gives the desired holomorphic motion, where
w9 is the projection onto the second coordinate.

For the reverse implication, suppose \g € U is a singular value. If \g is an asymptotic
value, there is a fixed point of f{' which escapes to infinity when A approaches A\g. Hence
any holomorphic motion of the set Fix,(fy,) over U could not be surjective. Otherwise, if
Ao is the image of a critical point (Ao, z;), every A in a neighborhood of Ay will have k > 1
distinct preimages in P, splitting off from z;, hence these periodic points cannot be followed
holomorphically either.

Statement (2) follows from (1), the A\-lemma and the fact that (repelling) periodic points
are dense in the Julia set. O

In fact, it will follow from our results in Section that the converse to item (2) also holds,
but for this we shall need the full power of Theorems A and B.

The next lemma shows that any cycle disappearing to infinity requires the help of an as-
ymptotic value which, in the limit, is eventually mapped to infinity, creating a virtual cycle.

Lemma 3.4 (Cycle exiting the domain implies virtual cycle for fy,). Let { fa}ren be a natural
family of meromorphic maps. Let t — (A\(t), z(t)) be a curve in P, with lim;_, o0 A(t) = Ao €
M and lim;_, 40 2(t) = 0o. Then there exists a cyclically ordered set oo = ag,...,an—1 € C
such that:

(1) for al0<m <n-—1, ap = limy_ 4 ffzt)(z(t));

(2) if am € C, then ams1 = fr,(am);

(3) if am = 00, then am+1 is an asymptotic value of fy, (possibly equal to co) and am—1
is either oo or a pole of f,.

In other words, the set ao, ..., a,—1 is a virtual cycle for f,. Notice that the lemma implies
that, as t — oo (and hence A(t) — Ag), either the whole cycle corresponding to z(t) tends to
infinity (in which case co must be an asymptotic value for fy,), or there exists at least one
finite asymptotic value and one pole in the virtual cycle (possibly more, if there is more than
one a; which equals infinity). Notice that for this lemma, the finite type assumption is not
needed.

Proof. To simplify notation, let us denote z,(t) := ff\’zt)(z(t)), and f = f),. By assumption
limy 4 o0 ff(;)m(xm(t)) = limy_, 1 2(t) = 00, so any finite accumulation point of the curve
t — x,(t) must be a pre-pole of f of order at most n — m. In particular, the set of finite
accumulation points of this curve is discrete, and so limy_, 4o oy, (t) exists (and is possibly
00). Let ap = limy_yo0 o (t) € C. Ttem (2) follows easily.
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Next, assume that a,, = oo for some 0 < m < n — 1. Since {f)}reas is a natural family, we
have

Tyt1(t) = f)\(t) (zm(t)) = PAt) © fo 7/’;(}5) (1)),

where f:= fy,, oa, Ux: C — C are quasiconformal homeomorphisms depending holomorphi-
cally on A, and ¢y, = ), = Id. Therefore, we have

fo ¢>Té) (zm(t)) = 90;(1,5) (Zm+1(1)),
-1

and lim; o w;(lt)(:vm(t)) = a,, = 00, whereas lim;_, 1 <p;(1t) (Tm+1(t)) = amy1 since 0
tends to the identity. Therefore a,,41 is indeed an asymptotic value of f.

Finally, still under the assumption that a,, = oo, it follows from item (2) that if a,,—1 is
finite then it is a pole. U

Observe that if the periodic point exiting the domain at Ay is actually a fixed point, then
the virtual cycle is just {oco} and hence oo is a non-persistent asymptotic value of fy, (since
it cannot be a critical point). This happens e.g. in families where f), is entire but f) is not,
for values of A near )\, for instance fy(z) = He% and \g = 0.

The rest of this section is dedicated to showing that either one of the asymptotic values in
the virtual cycle must be active, or a critical point is, concluding the proof of Theorem A.

3.2. Preliminary results. We first record here several lemmas essentially due to Eremenko
and Lyubich, some of them modified for our purposes.

Let H be the left half plane and T" a tract over the asymptotic value v (see Definition .
By uniqueness of the holomorphic universal covering up to biholomorphims, there exists a
Riemann map ¢ : H — T such that f o g(z) = re* + v for every z € H.

The following statement is proven in [EL92, Lemma 3| in the case where f is a finite type
entire map, but the same proof applies in greater generality, as stated in the following lemma.
For this lemma the asymptotic value under consideration is v = co.

Lemma 3.5 (JEL92|, Lemma 3). Let R > 0, and let T C C be a simply connected domain
whose boundary is a real-analytic simple curve with both endpoints converging to co. Let
f T — C\D(0,R) be a holomorphic universal cover, and let arg denote a branch of the
argument on T. Let t — ~(t) be a continuous curve such that lim~(t) = oo and y(t) € T
Then there exists t, — +00 and a constant C' independent of k, such that

arg?
) 0 (2 t)] +arg? 3 (10) = Chy(ae)exp S5 210,

It will be convenient to introduce the following notation, for curves that are not too far
apart from each other in log-coordinates, at any given ¢ > 0.

Definition 3.6 (Equivalence relation x<). Let 71,72 : Ry — C* be two continuous curves,
converging either both to 0 or both to co. We will write v; < 7o if there exists a constant
C > 1 such that

(32) S| < Infn(0)] < Cln o)
and
(3.3) larg y1(t) — argy2(t)] < C'[In[y1(2)]]

Note that this definition makes sense because the arguments arg~y; are well-defined up to a
multiple of 2iw. Also note that < is an equivalence relation.
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Remark 3.7. If 71,9 are two curves as above and d € Z*, then it is easy to see that v; =< v
if and only if 'y‘lj = 7‘21, simply because in log coordinates the map z — z¢ becomes w — dw.

The following lemma can be extracted from arguments present in [EL92]; we include details
for the convenience of the reader.

Lemma 3.8 (f~! preserves <). Let v1,72 : Ry — C* be two curves, and f be a bounded type
meromorphic map. Assume that v;(t) — 0o and fo~;(t) — oo, and that fo~y, < fo~s. Then
71 =72

Proof. Let A be a punctured disk around oo, and let G denote the union of the tracts T; such
that f:7T; — A is a universal cover. The set G is non-empty because under the assumptions

of the lemma, oo is an asymptotic value, and because f has a bounded set of singular values.
Let U := exp 1(G) and

Hp :=exp '(A) = {z € C: Re(z) > R}

for some R > 0 depending on the radius of A. Then there is a holomorphic map F' : U — Hpg
making the following diagram commute:

F
*)HR

U
exp i \L exp
A

G ——

f
Let 41, 02 be two respective lifts of 71, 2 by exp, chosen to be in the same connected component
Up of U: then §; = In|vy;| + iarg~y;, and F'(§;) =In|f o~y;| +iarg f o;, for j =1,2.

Let us denote by I; the Euclidean segment connecting F o d1(t) to F o da(t), by lgye the
Euclidean length, by m(t) = min(Re(F o 01(t)), Re(F o d2(t))) and by M (t) = max(Re(F o
d1(t)), Re(F 0 02(t))).

By [[EL92], Lemma 1], we have |F'(z)| > ;= (Re F(z) — R) and F : Uy — Hp, is a conformal
isomorphism, hence it has a well defined inverse branch Fy; 1. Hgr — U. Therefore

[61(t) = 2(8)] < Lrua(Fy ' (Ir)) < sup [(F7 1) (w)pua (It) <

wely
< m(;W_RyFoél(t) _ Fod(t))
< o (M) + g fon(®) —are S 02 (8)
CM(t)
“mp-r- W

where we used fovy; < fo~s in the last inequality. Finally, note that 6; —d2 = logvy; —logye =
O(1) implies 1 < 72 (it is in fact much stronger). O

Lemma 3.9. Let f be a meromorphic function of bounded type. Consider a curvey : Ry — C*
with y(t) — 0o as t — 400 and assume that f o~y(t) — oo ast — +oo. Let {hy : t > 0} be
a continuous family of K-qc homeomorphisms satisfying the hypothesis of Lemma[2.10, Then
hi o~y =<7.

Proof. The proof follows directly from Lemma [2.10 0
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We observe here a technical point which plays an important role in the proof of Theorem
A: In Lemma it is crucial that h¢(co) = oo for all ¢ > 0, instead of merely having
limy o0 Ay (00) = o0.

The lemma below is a slightly weaker version of Lemma 5 from [EL92], that will be sufficient
for our purposes. We include the proof for the convenience of the reader, since it is very short
using Lemmas [3.8] and

Lemma 3.10 (Compare [EL92|, Lemma 5). Let f be a meromorphic function with bounded set
of singular values. Consider a curve vy : Ry — C* with y(t) — oo ast — +oo and assume that
for(t) = oo ast — +o00. Let {hy :t > 0} be a continuous family of K-qc homeomorphisms
satisfying the hypothesis of Lemma[2.10, Then there exists a curve ¥ =< =, such that

(3-4) for(t) =hio for(h).

Proof. Since f o~y (t) — oo, we know that oo is an asymptotic value. Hence the existence of a
curve ¥(t) — oo satisfying fo4 = hyo f oy follows from the observation that hyo fo~y(t) — oo,
and that f is a covering over a punctured neighborhood of co.

Then, by Lemma [3.9] we have hyo f oy < f o+, so by definition of 4, we have fo¥ =< fo~.
Finally, by Lemma [3.§ we have 5 < ~. O

3.3. Proof of Theorem A. From now on, we assume that our maps are of finite type.

By assumption, there is a curve ¢ — A(t) in parameter space with A(t) — Ao, and a cycle of
period n exiting the domain along this curve. For simplicity, we will write f, ¢, 1 instead
of fw)saw), ¥aw) and f instead of f, or fy. Analogously, if v is a singular value for f we
define v(t) = ¢¢(v) to be the corresponding value for f;. The assumptions that the singular
set is finite is necessary in order to ensure that any asymptotic value v given by Lemma [3.4]
is isolated, and hence that the maps g; := m are of bounded type, property which is
needed in the proof of Lemma [3.13]

Let us introduce some further notations. We denote by x1(t), ..., z,(t) the points of the cycle
of period n for f; which exits the domain, and assume without loss of generality that z,(t) — oo
as t — oo (i.e. A(t) — Ao). Recall that by Lemma the points a; = lims oo xi(t),
i=1,...,n (with indices taken modulo n), form a virtual cycle, hence at least one of them is
an asymptotic value.

Therefore, in order to prove Theorem A, we must prove that if the virtual cycle does not
contain any active critical point, then at least one asymptotic value in that virtual cycle is
active. We assume for a contradiction that all asymptotic relations associated to the limit
virtual cycle are preserved (that is, every singular value obtained as a limit of one of the x;(t)
remains in the backward orbit of co for A in a neighborhood of Ag, and therefore throughout
M), and the same for critical points belonging to the virtual cycle.

In other words, we assume that for all 1 <4 < n such that a; € S(f), we have i *(¢4(a;)) =
oo for all £ > 0. (Recall that if a; is a singular value of f, then ¢:(a;) is a singular value of
the same nature for f;).

We define a new family of curves yi(t),...,yn(t), which record the orbits of all asymptotic
values involved in the limit cycle (see Figure . More precisely, define

o if z;(t) — oo, then y;(t) := oo

o if z;_1(t) = oo, then z;(t) — v;, where v; is some asymptotic value of f; then we set
yi(t) := ¢(vi) — v;, which is an asymptotic value for f;.

o if y;_1(t) € C, then y;(t) := fi(yi—1(t)).
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y1(t) = pe(v1)

71

;cl(t

Tn—1

FIGURE 4. An illustration of the proof of Theorem A in a simple case in which there
is only one pole P and one asymptotic value v; involved. Here a,, = 00, a; = v1, and

an—1 = P. Under the contradiction assumption that the singular relation involving v;
is persistent we have that f;(y,,_1(t)) = fI" *(¢¢(v1)) = co. This allows to construct

the curves 7; as pullbacks of the curve =, obtaining 7o such that f™(yo) = v, := z,
yet o X Yn-

The assumption that all singular relations associated to the limit virtual cycle are preserved
implies that this definition is coherent, and that y; (t), ..., y,(t) also forms a virtual cycle under
ft for every t. In particular, if x;_1(t) — oo and z;(t) — a; = oo, this means that oo is an
asymptotic value of f , and the assumption forces it to be persistent, i.e. p;(00) = 0o = y;(t).
Note that we also have lim;—,  y;(t) = a;.

The idea of the proof is as follows. Each point on the curve x,(t) is mapped to itself by
fi*. But since f; is asymptotically close to f when ¢ — oo, one could think that these points
are mapped “very close to themselves” under f™ when t is large enough, in contradiction with
Lemma To formalize this idea we consider a third set of curves v, (t) := zp(t), Yn—1(t) =
Y an(t), .., 70(t) = f7(xn(t)), the pull backs of x,,(t) under f (for appropriate branches
of the inverse) close to the virtual cycle. We shall show that the n—th pullback ~q is very close
to v, = @y, (more precisely vy =< 7y,) while f™(v9) = 7 = x, which will give a contradiction
through Lemma |3.5

We summarize our goal in the following Lemma.
Lemma 3.11 (Key lemma). There ezist two curves g, v, with

" (0(t) = 7 (1), Jim Yo(t) = Jim Y(t) =00, and o =X Yn.

Proof of Theorem A assuming Lemma[3.11. The map f" is of finite type and since o and its
image 7, both tend to oo, it follows that co is an asymptotic value of f™. Hence there exists
a simply connected tract T" which maps to a punctured neighborhood of co as a universal
covering, and contains the curve ~o(t) for ¢ large enough.

By Lemma applied to f™ and 7y(t), we have for all ¢ large enough:

arg2 70(7519)
(35) i )] + a3 (11) = Coxp (1 ro(e)] (14 0 [ro(t)| )
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for some sequence t;, — co.

On the other hand, by the assumption that ~, =< 7, we have:

(3.6) In [y (t)] = In|y(t)| + O(1)
(3.7) arg o (t) = argyo(t) + O(In |yo(t)|)
which leads to a contradiction. OJ

The proof of Lemma is done by induction. We start with the curve v, := x, — a, = .
Then, given a curve v;(t) — a; with ¢ = n...1 we will find a curve ~;_1(¢t) — a;—1 which is
an appropriate pullback of v; under f. This step is divided into two main cases: the case in
which a;—1 € C (Lemma and the case in which a;_1 = 00 (Lemma.

Lemma 3.12. Let v; be a curve such that v;(t) — a; with v;(t) # a; for allt > 0, and assume
that a;—1 € C and that either v;(t) — a; < z;(t) —y;(t) (if a; € C) or v;(t) < x;(t) (if a; = ).
Then there exists a curve v;—1 such that

(1) fovi-1(t) =7(t) and vi—1(t) # ai—1 for allt >0

(2) 7i-1(t) = ai—1

(3) Yi-1(t) — ai—1 X xi—1(t) — yi-1(1).

Proof. First, we choose 7;—1 to be a lift of 7; by f, such that ~;_1(¢) — a;—1. Note that
if d; := deg(f,ai—1) > 1, then there are exactly d; possible choices (since ~;(t) # a; by
assumption). This gives (1) and (2).
Next, we claim that (7;_1(t) — a;_1)% =< 7;(t) — a; if a; € C, and that (v;_1(t) — a;_1)~% =
~i(t) if a; = oc.
This can be seen easily from the series expansions
f(2) —ai=c-(z—ai-1)% +o((z — a;_1)%), if a; € C, or
f2)=c-(z—ai_1)™% +o((z — ai_1)~%), if a; = oo,
with ¢ # 0 (compare Remark [3.7).

Since critical relations are assumed to be persistent along the virtual cycle a1, ..., a,, we
have deg(ft,yi—1(t)) = d; = deg(f, a;—1). Therefore we also have series expansions of the form

fol2) = 4it) = e(t) - (z = yimr ()" + 0((z = yir (1)) ™), if @i € C, or
fiz) = c(t) - (z = g1 (£) ™% + o((z — i1 (£))™%), if a; = o0,
where c(t) — ¢ # 0. Since x;41(t) = fi(2:(t)), it follows that (z;_1(t)—yi_1(t))% =< 2;(t)—y;(t)
if a; € C, and (z;1(t) — yi—1(t))% = x;(t) if a; = oo.
Therefore:

(1) If a; = oo, then by assumption we have 7; < z;, and we have proved that (y;,—1 —
a;—1)% < v; and (z;_1 —a;_1)% =< x;; therefore (v;_1 —a;_1)% =< (z;_1 —a;_1)%, which
in turn implies v;_1 — a;—1 < x;—1 — a;—1 (see again Remark .

(2) If a; € C, then similarly: by assumption, we have ; —a; < z; —y;, and we have proved
that (yi_1 —a;—1)% < v —a; and (x;_1 —y;_1)% =< 2; — y;. Therefore we again have
(Vie1 — ai—1)% < (zim1 — ai—1)% and finally v,—1 — a;—1 < zi—1 — a;_1.

O
We now turn to the other case, a;—1 = co. Before proving the analogue of Lemma

namely Lemma [3.14] we will require the followmg modification of Lemma[3.10] adapted to the
case of a finite asymptotic value:
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Lemma 3.13. Let y(t) — oo be a curve such that fi(vy(t)) — v € C. Then, there exists a
curve v'(t) — oo such that v'<v and f(7'(t)) — v = fi(y(t)) — v(t), where v(t) = @¢(v).

Proof. Let gi(z) := m, and g(z) = W Let My(z) = %v(t) Then observe that
g= Myo f, and
(3.8) gtthOftz(MtosotoMgl)oyozb{l

This shows that g; is a natural family of bounded type meromorphic maps of the form g, =
progo, L with @y := My o0 My L Moreover, @, is a quasiconformal homeomorphism of
C, and @ (00) = oo (since Myt (00) = v and My o ¢4(v) = 00).

Since we have g;((t)) — oo, we may apply Lemmato g+, which gives a curve +/(t) — oo
such that ' ~ v, and g(v(t)) = g(v'(?)).

It remains to check that f(7/(t)) — v = fi(y(¢t)) — v(t). But

ge(v(1)) = 9(+' (1))

1 B 1

f(v(@®) —v(t) — F('(#) —v
@) = v = fi(v(t)) —v(t)

and the lemma is proved. ]

Lemma 3.14. Let ; — a; be a curve such that either a; € C and v;(t) — a; < z;(t) — yi(t),
or a; = 0o and v;(t) < z;(t). Assume further that a;—1 = co. Then there exists a curve ;_1
such that

(1) fovi-1(t) =i(t) and vi—1(t) # oo for allt >0
(2) vi—1(t) = o0
(8) Yi-1(t) < i1 (t).

Proof. We will distinguish two cases: a; = oo or a; € C.

First, assume that a; = co. In that case, co is an asymptotic value for f and by assumption
it remains an asymptotic value for f;, so that ¢;(c0) = oco. Moreover, note that x;(t) =
_1(t), and that +; '(x;_1(t)) is a curve that tends to co. Therefore

fr(zi—1(t)) = @roforhy oxi
we can apply Lemma with h; := ¢ (since, again, ¢y (c0) = oo) and (t) == ;7 (21 (1))
We obtain in this way a curve 4 such that 5(¢) — oo, pro fo 1,/1; (xi—1(t)) = xi(t) = fF(3(2)),
and J(t) < @b;loxi,l(t). By Lemmawe have x;_1(t) < 1, (acl 1(t)) (since 1/);1(00) = 00).
So ’3/(75) = 331',1(25).
Moreover, we have f(¥) = x; < «; by assumption. Let v;,_; be a lift of 7; by f: then
fovim1 =7y x<Xzi= fo,
so that by Lemma we have 4 < ~;_1. Finally, we have:
Yie1 XY X Ti—1,

and we are done in this case.

We now treat the case when a; € C. In that case, we apply Lemma [3.13| with y := z;_; and
get a curve 4 such that ¥ < a; 1 and foy —a; = froxi_1 —y;i = i — v;.

Let v;—1 be a lift by f of 7;, such that v;_1(¢) — oo. It remains to argue as above that
7 < v;—1. But this follows precisely from the same Lemma applied to g := ﬁ instead of
f, since by assumption v; — a; < x; — y; and therefore

foy—ai=wzi—yi = foryi1—as
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Then finally we also have
(3.9) Ti—1 XY X Vi1,

and the lemma is proved. O

We are now finally ready to prove the key Lemma [3.11] which will conclude the proof of
Theorem A.

Proof of Lemma[3.11. We define v, (t) := x,(t), and then proceed by induction to construct
curves 7; such that v;(t) — a;, f" 7" (7i(t)) = v (t), and:
e if a; # oo, then v; — a; X x; — y;
e if a; = 0o, then v; < x;.
Assume +; is constructed. We then have two cases: either a;_1 = oo or not. If a;_1 # oo,

then we apply Lemma Otherwise, we apply Lemma [3.14] In either case, the induction
is proved. ]

4. EXISTENCE OF ATTRACTING CYCLE EXITING THE DOMAIN AT VIRTUAL CYCLE
PARAMETERS. PROOF OF THEOREM B.

The goal in this section is to prove Theorem B, the Accessibility Theorem. We start with a
lemma which was kindly pointed out to us by Lasse Rempe.

Lemma 4.1. Let T be a simply connected hyperbolic domain, pr be the hyperbolic density in

T, and let z,w € T. Then

, 1|, dist(w,0T)
4.1 > —|ln———=|.
(4.1) distr(z,w) 2 2 ’ " dist(z, 0T) ’

Proof. Let T be the collection of all curves v : [0,¢,] — T, parametrized in arclength, for
which v(0) = z and ~(ty) = w. Notice that by the triangular inequality, given such a curve «y
parametrized by a parameter ¢, for any point y(¢) € v we have

(4.2) dist(~(t),0T) < dist(z,0T) +¢ and in particular

(4.3) dist(w, 0T') < dist(z,0T) + t5.

For a curve vy € T" denote by ¢7(7) its hyperbolic length in 7. Then distr (2, w) = inf er €7 (7).
On the other hand, consider any such . Using standard estimates for the hyperbolic metric

(see [BMO7]) as well as (4.2)and (4.3])) we obtain

ty ty 1
14 = / t))dt > / ——dt >
7(7) ; pr(v(t)) . 2dist(v(1),0T)
t . .
/ JE— dt = L BHEID) by 1y dist(w, OT)
o 2dist(z,0T) +t 2 dist(z, 9T 2 dist(z,07)
This proves the claim. ]

Using Lemma [£.I] and standard hyperbolic estimates, one can show that the Riemann map
from the left half plane to a tract, restricted to the negative real axis, cannot contract too much
when approaching infinity, no matter what the geometry of the tracts is. In other words, the
central curve inside a tract parametrized by the negative half line cannot converge to infinity
too slowly.
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Lemma 4.2 (Asymptotic derivative of the Riemann map). Let H be the left half plane, T' be
a simply connected hyperbolic domain, g : H — T be a Riemann map. Then for every a > 0,

(4.4) lim |g/(—t)]e* = oo.

t—+o00

Proof. Let C = distr(g(—1),0T). Then (4.1) gives

1 C
4. Int = di —1,—-t) =di —1),9(-t)) > = |lIn———)|.
(15) It =dist(-1, 1) = distr(9(-1).g(~1) 2 3 |ln e o)
By definition of hyperbolic density,
1 1
pr(9(—t) = ——~pu(=t) =
lg'(=1)] tlg'(—1)|

and by the standard estimates on the hyperbolic density on simply connected sets (see e.g.
[BMOT]),
1 2

4.6 —t)) = <
o T = g ()] = dist(o(—0). 07)
Suppose first that for a given ¢, C' < dist(g(—t),0T); then using (4.6, for every 5 > 0 and
whenever ¢ is sufficiently large (depending only on C') we obtain that
|gl(_t)| > dlSt(g(_t)7aT) > g > G_Bt.
2t 2t

Otherwise, for any ¢ such that C > dist(g(—t),0T) we can remove the modulus in the right
hand side of (4.5)) to obtain

C
2Int >1
N2 st (g (=0, OT)

2 > ¢ > ¢
~ dist(g(—1),0T) ~ 2t|g'(—t)|

Hence for every 8 > 0 and every t sufficiently large depending only on C
C
/ —pBt
lg' (=) = 23 >e 7
O

Proof of Theorem B. To simplify the notations, set f := f\,. Let v = vy, be an asymptotic
value such that f"(v) = co. Recall that f\ = pyo fo w;l. Let V := D*(v,r) be a punctured
disk centered at v disjoint from S(f), and T a tract, so that f : T — V is a universal cover.
Let ® : T — H be a conformal isomorphism, where H is the left half plane. In particular,
f(z) = v +7e®? for all z € T. See Figure

Let V) := @A (V) and T) := ¥ (T), so that fy : T — V) is also an infinite degree universal
cover, and let ®) := ® o w;l : Ty — H. Then cpil o fy: Ty — V is a universal cover, and so
for all z € T),

(4.7) a(z) = oa (v + req’*(z))

Now, we wish to find a curve ¢ — A(t) in parameter space such that

(4.8) Q) © f;f(t)(vx\(t)) = —t.
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We use the same notations as in the proof of Proposition we let G(A) := 1/1;1 o fi(vy)
and recall that G(\g) = co. Given the definition of ®,, Equation (4.8) is equivalent to

(4.9) o 1/};(15) o f/T\L(t) (UA(t)) = —t,
(4.10) G(\(t)) = & 1(—1).

Note that ¢ + ®~!(—t) is a curve such that lim; ,, . ®~!(—t) = co. By Remark the
map G is locally a branched cover over a neighborhood of co, and so we can find the desired
curve t — A(t) (defined for ¢ large enough, and possibly not unique). See Figure

F1GURE 5. Setup of the Proof of Theorem B.

Now let D; := q);é)(ID)(ft,ﬂ')) C Ty and let U; denote the connected component of

f/\*(?) (D¢) containing vyyy. We will prove that for all ¢ large enough, fy) (D) € Uy, or
equivalently, ;‘J)l(Ut) € Uy; this implies the existence of an attracting fixed point for ff( "

First, let us show that for r small and ¢ large, f) (Dy) is contained in a small disk centered
at vy, or more precisely,

(4.11) fawy(Dy) CD (v)\(t)7 6%(176))) :
By (4.7) we have that for all z € H.
fro @;1(2:) = pa(v+re?).
Since D(—t,7) C {z € C: Rz < —t + 7} we have that
Hw(Dr) C ory(D(v, re” 7))
Let € > 0. By Lemma [2.9] we have for all ¢ large enough:
(4.12) fawy(De) CD (7})\(15)7 (7“6”)1766%(176))) ,

which for r small implies (4.11)). See Figure @

Now we show that U; contains a disk centered at vy(t) whose radius, for ¢ large, is much

larger than e*(1-¢).
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Let us first estimate dist(f;\“(t) (va@t)), 0Dy). To lighten the notations, let g := ®~1: then g
is univalent on H and D; = 1) o g(D(—¢,7)). By Koebe’s theorem, g(ID(—¢, 7)) contains a
disk

D(g(-1), Clg'(=t)])-
Then, by Lemma and (4.9)
Dy = thagey 0 9(B(=t,m)) D Dltbagey 0 g(—1), CHIg/ (—)[1) = B(fFyp (030> CH ¥l (—H)] ).

Now note that as t — +oo, Dy is arbitrarily close to co. In particular, we may assume that
for all ¢ large enough D, N S( ff(t)) = (); hence since Dy is simply connected, we can define an

inverse branch h; : D; — Uy of f)\_(?’) In fact, h; can be extended to some simply connected
neighborhood of oo independent from ¢, and as t — 400 it converges on that domain to

an inverse branch of f~"~!: in particular, its spherical derivative hfﬁ (/X (vr@r))) is bounded
independently from ¢.

Again, Koebe’s theorem applied to hy : D (f;}(t)(vk(t)), Cl+€\g’(—t)|1+€) — U; implies that

there exists a constant C’ > 0 such that

(4.13) D(va(ry C'lg' (=1)['7) C Ur.

See Figure @ Finally, from equations (4.11)) and (4.13)), it is enough to prove that
e—t(l—e)

) T (D

—0 ast— +oo,

which follows from Lemma This proves that ff(t)(Ut) € Uy, and the theorem then follows
from Schwartz’s lemma. Note that (4.14]) also implies that the multiplier goes to zero as
t — +00, since the modulus of U; \ 7" (U;) tends to infinity. O

FiGURE 6. Construction of an attracting cycle in the Proof of Theorem B,
with Ry 1= e 1179 < "¢/ (—t)|' =: Ry.
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5. BIFURCATION LOCUS

In this section we concern ourselves with the set of J-unstable parameters, the bifurcation
locus. Our goal is to show different characterizations of this set in the spirit of the Mané-Sad-
Sullivan Theorem, leading to the proof that its complement, the set of J-stable parameters,
is open and dense in the parameter space.

To that end, we first show several approximation and density results which will be useful
and are interesting on their own. Since we have not yet formally linked [J-stability to activity
of singular values (Theorem E), we will first show density of specific types of parameters in
the activity locus, as defined below.

Definition 5.1 (Activity locus). Given a holomorphic family { f}rens we define the activity
locus A as the set of parameters in M for which some singular value is active (see Defini-
tion [L.5). The activity locus A(vy) of a singular value v, is the set of parameters in M for
which the singular value v} is active.

The following Lemma shows that the activity locus of a natural family is a relatively large
set in parameter space, a fact which will be useful in the density proofs.

Lemma 5.2. Let {fy}aenm be a natural family of finite type meromorphic maps, and let A(vy)
be the activity locus of a marked singular value vy. Then A(vy) is nowhere locally contained
in a proper analytic subset of M. More precisely, if A\g € A(vy\)NH, where H C M is a proper
analytic subset, then for every neighborhood U of Ao in M, U N (A(vx) \ H) # 0.

Proof. Let \g € A(vy), H an analytic hypersurface of M containing Ao, and U be a small
polydisk centered at A\g in M. Assume for a contradiction that A(vy) NU C HNU. Let
hn(X) := f(vy), wherever this expression is well-defined. Let z), be a repelling periodic
point of period at least 3 for fy, such that z), ¢ S(fy,), and let z) be the corresponding
repelling periodic point for fy given by the Implicit Function Theorem. Up to reducing U, we
may assume that A — z) is defined over U.

Since A(vy) # 0, there is no N € N such that hy = oo on U; it follows from the definition
of the activity locus and our assumptions that if A € U and n € N are such that h,(\) = oo,
then A € H.

We now distinguish two cases:

(1) either there exists ng € N and A\; € U such that h,, (A1) = oo;
(2) or for every n € N, h,, is well-defined over U and h,,(U) C C.

Let us first treat case (1). Let D be a holomorphic disk passing through A; and not contained
in H. Then by the choice of A\; and our previous observation, (A1) = 0o and hy, () # oo
for every A € D\ {\1}. By the Shooting Lemma (Proposition applied with y(X) := zy,
we find some Ao € D\ {A\1} such that h,,+1(A2) = z),, in other words, vy, is Misiurewicz.
Therefore Ay € A(vy,), but Ay ¢ H, a contradiction.

Case 2 follows from a similar but more classical application of Montel’s theorem. O

5.1. Proof of Theorem D and other density theorems. For the purpose of this section
it is convenient to introduce some additional notation.

Definition 5.3 (Truncated parameter). We will say that a parameter Ao € M is a truncated
parameter if there exists a singular value v(Ao) such that f3 (v(Ao)) = oo for some n > 0, but
this relation does not hold for all A in a neighborhood of A\g. The number n is called the order
of the truncated parameter.
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If v(Ao) is an asymptotic value, then Ay was already named a virtual cycle parameter. If v(\g)
is a critical value, then this means that some critical point for f), is eventually mapped to a
pole; we will say in this case that \g is a critical prepole parameter. In particular, truncated
parameters are virtual cycle parameters, critical prepole parameters, or both.

In a similar vein, if fy, has a cycle of multiplier that is a root of unity we will refer to
Ao as a parabolic parameter; if the multiplier does not remain a root of unity under suitable
perturbation of A\, then we call it nonpersistent.

The density of Misiurewicz parameters in the boundary of the Mandelbrot set, or the density
of other dynamically (and algebraically) defined parameters are well known consequences
of Montel’s theorem, as is the accumulation of centers of hyperbolic components on every
boundary point. In our setting of natural families of meromorphic maps, we will show that
similar results still hold, although the arguments are more involved and require the use of
Theorems A and B. As an example, density of parabolic parameters (Corollary [5.10)) is not
immediate, but rather follows from density of truncated parameters (Propositi and
approximation of such parameters by parabolic parameters (Theorem D) and by parameters
with superattracting cycles (Proposition [5.7)).

Before we can prove the useful Proposition[5.5] we first need to deal with the exceptional case
of maps without non-omitted poles. The following proposition shows that when the family
has no non-omitted poles then everything works as in the rational or entire case.

Proposition 5.4. Let {fy}xen be a natural family of finite type meromorphic maps.

(a) If for all \ € M, f\ does not have any non-omitted pole, then cycles never disappear
to 0o in the family {fx}xenm-

(b) If there exists Ao € M such that fx, has at least one non-omitted pole, then for all
A € M outside some proper analytic subset of M, fx has at least one non-omitted pole.

Proof. To prove (a), observe first that the assumption implies that for all A € M, f) has at
most one pole, which (if it exists) is also an omitted value, hence an asymptotic value. By
Lemma [2.8] either all the maps f) are entire, or they all have exactly one pole, which is also
an asymptotic value. By [EL92], in the first case cycles never disappear to infinity and we are
done. Let us therefore we are in the second case and denote by vy this pole/asymptotic value.

Assume for a contradiction that a cycle disappears at oo at some A9 € M. By Theorem
A, the map fy, has a virtual cycle which contains either an active asymptotic value or an
active critical point. Since vy is the only pole of f), that virtual cycle must be either of the
form oo, ..., 00, or of the form oo, vy, 00,...,vy. It is clear that vy is always passive, and by
Lemma oo is always an asymptotic value, so it is also always passive. Therefore, the only
remaining possibility is that a critical point collides (non-persistently) with vy at A = Ag.

But by the proof of Lemma we have vy = 1) (vy,), and critical points of fy are of the
form 1) (c), where ¢ are critical points of fy,. Therefore, if vy, is a critical point, then so is
vy, for every A € M, and so it is a passive critical point, contradicting Theorem A.

To show part (b), recall that fy = pyo fo 1/1;1, where f := fy, and ¢y, = ¥, = Id. The
set of poles of f) is the set 1)y (f_l({gof\l(oo)})) Let us denote by E the set (possibly empty)
of (Picard) exceptional values of f.

We will distinguish two cases: either A — 4,0;1(00) is constant or it is not. Assume first that
it is: go;l(oo) = 0o € C on M (since @y (00) = o0). Then the poles of fy are the ¥y (a;),
a; € f~1({oo}), and they move holomorphically over M. Let p be the non-omitted pole of
ros and py = ¥x(p). Observe that exceptional values of fy (if they exist) are of the form
©x(v), where v € E. In particular, if py # px(v) for every v € E, then f) has a non-omitted
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pole. Since py, # @i, (v) for every such v, the set (J,cp{A € M : py = pr(v)} is either empty
or an analytic hypersurface of M.

Let us now assume that ¢, ' (00) is non-constant. Then for every A € M such that ¢, ' (c0) ¢
E, f) has infinitely many poles, and in particular it has non-omitted poles. Therefore, outside
of the proper analytic set (J,cp{A € M : px(v) = oo}, f has infinitely many poles and in
particular some non-omitted poles. [l

In view of this result, we will focus in what follows on the case of natural families in which
there is at least one A, such that fy, has at least one non-omitted pole. Indeed, otherwise, it
follows from Proposition [5.4] that everything works exactly as for the classical case of rational
maps.

Proposition 5.5 (Truncated parameters are dense in the activity locus). Let {f\}cenm be a
natural family of finite type meromorphic maps, and assume that there exists A\, € M such
that fx, has at least one non-omitted pole. Assume that an asymptotic (resp. critical) value
is active at some N\g € M. Then Xy can be approzimated by virtual cycle parameters (resp.
centers) of arbitrarily large order.

Proof. By Lemma and Proposition [5.4] we can perturb Ag if necessary to find some \;
that is still in the activity locus, but for which every fy for A in a neighborhood of A\; has a
non-omitted pole. In the rest of the proof, we still denote it by Ap.

Then, either there is no neighborhood U of g for which {f{(vx)}n is defined for all n and
all A € U; or for every neighborhood U of Ay where the family {f{(vy)}, is well defined, it is
not normal.

In the first case, Ag can be approximated by truncated parameters by definition of those.
Moreover these truncated parameters must have unbounded orders or otherwise, there exists
N > 0 and a sequence of A\, — ¢ such that f/\Nk (vx,) = 00. By continuity, fi\of (v),) = 00 and
by the identity theorem f{(v)) = oo for all A € U (and in fact for all A € M), which means
that vy is passive at g, a contradiction.

In the second case, let p;(\) and p2(\) be two distinct prepoles varying analytically with A
in U. It follows that the family of maps g,(\) = %
must take the value 0, —1 or oo for infinitely many different values of n. Since it cannot take
the value infinity because the poles are distinct, it follows that it attains 0 or 1 infinitely many
times, which correspond to truncated parameters A € U of order n + 1 tending to infinity.

is not normal as well, hence it

To prove the density of truncated parameters in A it only remains to see that they themselves
belong to the activity locus. But this is straightforward from the definition because if \g is a
truncated parameter for vy, it means that f)]\\; (vy,) = 00 for some N > 0, and the relation is
non-persistent. Therefore the family {f{(vx)}n cannot be well defined in any neighborhood
of )\0. ]

As a corollary of Proposition and Proposition m (the Shooting Lemma) we obtain
the density of other dynamically meaningful parameters, namely Misiurewicz and escaping
parameters.

Corollary 5.6 (Density of Misiurewicz and escaping parameters). Under the assumptions of
Proposition

(1) The set of Misiurewicz parameters (for which a singular value is eventually and non-
persistently mapped to a repelling periodic point) is dense in A.
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(2) If there exists an escaping point which depends holomorphically on A, the set of pa-
rameters for which there is a singular value with orbit converging to infinity is dense
(escaping parameters).

Last before the proof of Theorem D, we see two more approximation results, this time
from the stable locus. On the one hand Proposition will show centers (i.e. parameters for
which a critical point is periodic) accumulate onto (a subset of) the activity locus (Proposition
. On the other hand, as long as at least one map in the family has non omitted poles,
every active parameter is accumulated by parameters for which there is an attracting cycle, of
periods increasing to infinity. This last statement is Corollary[5.9] which follows from Theorem
B and Proposition

Proposition 5.7 (Critical prepole parameters are accumulated by centers). Let (fx)aen be
a natural family of meromorphic maps of finite type. Let Ao be a critical prepole parameter
of order n > 0 for the critical value vy, that is f}, (va,) = 00. Assume further that vy, has
a critical preimage cy, which is not a Picard exceptional value for fy,. Then there exists a
sequence of parameters A\, — Ao as k — 0o, such that each f\, has a superattracting cycle of
period n + 3.

Proof. Since fy is a natural family, critical points can be followed holomorphically with .
Hence, let c¢(\) := 9a(cy,), so that ¢(X) is a critical point of fy and c¢(Ag) = ¢y, -

Up to restricting to a suitable disk in parameter space, we may assume without loss of
generality that M =1 and A\g = 0. We let f := fo = f),. We distinguish two cases: either
there is at least one preimage a of ¢y which is neither critical nor singular; or there is none.

(1) Let us first assume that there is a preimage a of ¢g which is neither critical nor singular.
By the Implicit Function Theorem, there exists a holomorphic map a()) defined near
A = 0 such that fy(a()\)) = ¢(\), where ¢(\) = ¥x(cy,). By Proposition there
exists a sequence A\ — 0 such that ff:l(v,\k) = ;‘:2(0()\;@)) = a(Ag). Then c(\g) is
a superattracting periodic point of period n + 3, and we are done with this case.

(2) Otherwise : since ¢ is non-exceptional and there are only finitely many singular values,
there are infinitely many critical preimages of ¢y which are not singular values, and
they must all be critical. Let us pick 3 of them and let us call them a4, as,a3. The
Implicit Function Theorem cannot be applied in this case, but if we let a;(A) := ¥y (a;),
then the a;(\) are critical points of fy, and fy(a;(N\)) = @a(cy,) = w(A) is a critical
value. Let us emphasize here that although w(0) = ¢(0) = c¢,, w(A) # ¢(\) in general
when A # 0. In particular, w(\) is a critical value for fy but is not necessarily a critical
point. By assumption, f"*1(w()\g)) = co. Let

G(\) = [ (w(N)
and
G()\) — a1 ()\) ag()\) — CLQ()\)
G(\) —az(N) ag(\) —ar1(\)’
The map G has an isolated singularity at A = 0, which is an essential singularity by
the Shooting Lemma (Proposition ; therefore the same holds for H. By Picard’s
theorem, H cannot omit 0,1, 00 in any neighborhood of 0; therefore, we can find a

sequence A\, — 0 such that G(A\r) = a;, (M), for 1 < 4 < 3. This means that the
critical point a;, (A) is periodic of period n + 3, and we are done in this case as well.

0

H()\) =
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Remark 5.8. The assumption that c), is non-exceptional is necessary, as shown by the family
fa(z) = tan(GAz(z — 24)). Maps in this family have a unique critical point at ¢ = 4, which is
omitted and hence exceptional. The family is natural since it satisfies trivially the conditions
of Theorem [2.6] (the critical value is A). Hence the parameter Ao = 7/2 is a critical prepole
parameter since fr/o(i) = 7/2 which is a pole. On the other hand no such map can have a
superattracting cycle since the only critical point is omitted.

Corollary 5.9 (Active parameters are accumulated by parameters with attracting cycles).
Let { fa}aenm be a natural family of finite type meromorphic maps, and assume that there exists
A« € M such that fy, has at least one non-omitted pole. Assume that a singular value v(\g)
s active at some A\g € M. Then Ay can be approzimated by parameters A such that fy has
attracting cycles of arbitrarily large periods.

Proof. If there exist n € N and v;(\) € S(fy) such that f{(v;(A)) = oo let
No :=max{n € N: f{'(vi(A)) = 00, vi(A) € S(f2)}-

Otherwise, Ng = 0. Let U be a neighborhood of Ag in M, and let N > Ny. We will prove that
there exists A € U such that f) has an attracting cycle of period at least N. By Proposition
there exists A\; € U such that f{ (v(A1)) = oo for some n > N, and f}(v())) # oo on M.

By Theorem B and Proposition there is only one remaining case to consider: the case
where v(A1) is a critical value, with v(A;) = fi,(c(A1)) and ¢(A1) is a critical point which is
an exceptional value for fy,.

Let w(A) := @a(c(A1)). Since ¢(A1) is an exceptional value, it is also an asymptotic value;
therefore w(\) is an asymptotic value for fy (see Section [2.3). By our choice of N, we have
i (w(Ay)) = oo but ff\‘H(w()\)) # 00. We can then apply Theorem B, to find A2 € U such

A1
that fy, has an attracting cycle of period n + 2. This concludes the proof.

0

We are now ready to prove Theorem D. Since in the assumptions there is a cycle disappearing
at infinity, in view of Theorem A there is at least one function in the family which has at least
one non omitted pole.

Proof of Theorem D. We argue by contradiction, and so we assume that there is a neigh-
borhood V of Ay in parameter space such that for all A € V', f) has no non-persistent parabolic
cycles of period up to n. Recall the notations of Section3} P, := {(\,z) € MxC: z = f(2)},
and 71 : P, — M is the projection on the first coordinate. The idea of the proof is the fol-
lowing: first we reduce to the case when V is a one-dimensional disk centered at A\g. Then,
we prove that m : P, — V restricts to a finite degree branched cover. This allows us (up
to passing to a finite branched cover) to construct a single-valued parametrization of the dis-
appearing periodic point, with only a pole at Ag. Using this parametrization, we show that
cycles disappear at infinity from any directions in dynamical space, which finally leads to a
contradiction.

Let us make this idea precise. By assumption, there exists a curve 4 C P, such that
limy_ o0 () = 00 and limy_, 1 oo 1 05 (t) = Ao, and moreover, if 5(t) =: (A(t), z(t)), then z(t)
is an attracting periodic point for fy(), of period dividing n. Let S denote the irreducible
component of P, N (V x C) containing 4. We will start by showing that up to restricting V,
we can assume that 7, ' ({\o}) NS = 0.

First, observe that by our assumption on the lack of parabolic cycles, for every (A, z) € S,

the point z is an attracting periodic point for f). Indeed, by assumption, the multiplier map
p: (N z) = (f)(2) satisfies p(S) € C\ S, and p(S)ND = . Since S is a connected Riemann
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surface, we therefore have p(S) C D. But since the maps fy are of finite type, there are only
finitely many such points; in other words, m; : S — V has finite degree. Let zg,..., 2, denote
the elements of 1 =1 ({\g}) NS, if it is not empty. Let € > 0 be small enough that zp, . . ., 2, all
move holomorphically over B(Ag, €). Then the points (Mg, z;) (0 <4 < m) are not in the same
connected component of P, N (B(Ag, €) x C) as the curve 4. This means that up to replacing
V by B(Xo, €), we can indeed assume that 7, ' ({X\o}) NS = 0, which we do from now on.

In particular, for every curve 4(t) = (A(t), 2(t)) C S such that w1 o ¥(t) = A(t) — Ao, we
must have z(t) — oo, since any finite accumulation point would otherwise be an element of
1 ({Mo}) N'S. Let D be an embedded holomorphic disk passing through g in V' C M, and
such that for all A € D* := D\ {\o}, f\ has no non-persistent singular relation of the form
fE(w(N) = oo, for 0 < k < n and v(\) a singular value, which exists since such parameters
form a discrete set. By Theorem A, it follows that no cycle of period up to n can exit the
domain at any A € D*. Therefore, by our assumption on the lack of parabolic cycles, the
map 7 : So — D* is a covering map, where Sy is any irreducible component of S N (D* x C).
Moreover, we have already proved that 7w : Sg — D* has finite degree, so there exists a
conformal isomorphism ® = (®1,®Py) : D* — Sy, such that &1 = 71 0P : D* — D* is a
finite degree cover. Therefore, ®; extends holomorphically to a finite degree branched cover
®; : D — D, with ®1(0) = Ag. This ends the first part of the proof of reducing to a one
dimensional setting.

Now chose any curve ¢ — u(t) in D* such that u(t) — 0, so that ®;(u(t)) — Ag. Then by a
previous observation, ®a(u(t)) — oo, since ®(u(t)) € Sp and w1 0P (u(t)) — Ao. (In particular,
this means that ®5 has a pole at u = 0).

In order to lighten the notations, let z; := ®a(u(t)), fi = fo,(u@) Pt = Po, () and
Ur 1= Y, (u(r)), Where fr =y o fopy .

Since fi(z¢) = pro fo () v e C (the next point in the virtual cycle), we have

Fou (=) =i (v +0(1)) =v+o(1),

using the fact that ¢y = Id. Therefore 1; *(2)) € T, where T is a tract of f above the
asymptotic value v. Let G(u) := w;ll(u)(z(@l(u))) : D — C. Then G is open by Lemma [2.11
and G(D) is a neighborhood of co. But we also proved that G(D) is contained in T" a tract of
f since u(t) was arbitrary, which is absurd.

0

Theorem D together with Propositions [5.5] and implies density of parabolic parameters.
Notice that for this corollary it is not necessary to assume the existence of a function in the
family which has non omitted poles.

Corollary 5.10. Let {fa}aem be a natural family of finite type meromorphic maps. Then
parabolic parameters are dense in the activity locus.

Proof. Let Ay belong to the activity locus and let V' be an arbitrary small neighborhood of
Ap- Our goal is to produce at least one parabolic cycle in V.

By Lemma for every k € N* large enough, we can find A\, € V such that f), has an
attracting cycle of period at least k. Each of these attracting cycles must capture at least
one singular value. But the number of singular values is finite and constant throughout V.
Therefore, only finitely many of these attracting cycles can be followed holomorphically over
V' and remain persistently attracting on V.
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This implies either the existence of parabolic parameters or the existence of a parameter A
at which an attracting cycle disappears to infinity. In the first case we are done, and in the
second as well by Theorem D.

0

5.2. J—stable parameters: proof of Theorem E, Corollary F and Corollary G. From
our results above we can now prove Theorem E.

Proof of Theorem E. If for all A € M, f) never has any non-omitted pole, then the result is
trivial by the classical theory and Proposition We therefore assume that the assumptions
of Proposition [5.5] are satisfied.

We will prove that (1) < (2), (1) = (3) = (2) & (5) = (4) = (3).

e (1) = (2): This implication mostly follows the arguments in [MSS83|. If the Julia
set moves holomorphically over U, there is A\g € U and a holomorphic motion H :
U x Jy, = C preserving the dynamics. Hence H)(Jy,) = Jy for all A € U and

H(fx0(2)) = fA(Hx(2))

for all z € Jy,. This means that H) maps critical points (resp. values) of fy, in Jy,
to critical points (resp. values) of fy in Jy (see e.g. [McMS8| for details). Likewise H
maps asymptotic values of fy, in Jy, to asymptotic values of fy in Jy, since the latter
are locally omitted values.

Hence singular values and their full orbits in the Julia set can be followed by the
conjugacy H)y. Since fy, has finitely many singular values, the union of their (forward)
orbits is a countable set; but the Julia set is perfect and uncountable, hence we can
consider three points 21, 22 and 23 in Jy, which are disjoint from the forward orbits of
the singular values of f),. Consequently, by the injectivity of the holomorphic motion,
for all A\ € U, Hx(z), i = 1,2,3, is disjoint from the forward orbits of the singular
values of of f). By Montel’s Theorem it follows that the forward orbits of the singular
values form normal families, and hence every singular value is passive in U. On the
other hand, if a singular orbit lies in the Fatou set of f), then it must remain in the
Fatou set of f) for every A € U. The orbit then misses all points in the Julia set and
the same argument applies.

e (2) = (1): Assume that the Julia set does not move holomorphically over U. Then
by Proposition [3.3] either two periodic points in the Julia set collide, or one periodic
cycle in the Julia set exits the domain. In the first case, this means that there exists
Ao € U with a non-persistent parabolic periodic point: there exists z), € C such that
e (2a0) = 2005 (£3,) (220) = 1, and A = (f}))'(2),) is non-constant on U. Then its
parabolic basin must contain at least one singular value v),, and therefore be active.
In the second case, a cycle exits the domain at A\g € U, and by Theorem A, f), has
either an active critical value or an active asymptotic value.

e (1) = (3): Assume that the Julia set moves holomorphically over U, and let Hy be the
conjugating holomorphic motion as above. Then H), maps repelling periodic points
of fy, to repelling periodic points of fy in J(fy) of the same period. Let N be the
maximal period of non-repelling cycles for fy, (which is finite by Fatou-Shishikura’s
inequality [EL92]); then for all A € U, cycles of period more than N must be repelling,
which implies that attracting cycles have period at most N.

e (3) = (2): This follows directly from Lemma [5.9]

e (5) = (4): If there are no non-persistent parabolic parameters in U, there cannot be
any A € U such that f, has a non-persistent virtual cycle, and hence no cycle can
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exit the domain for a parameter in U by Theorem A. Hence no attracting cycle can
disappear to infinity nor change into a repelling cycle, which implies that all attracting
cycles remain attracting throughout U.

e (4) = (3) This implication is obvious.

O

We can therefore define the bifurcation locus of the family M, Bif(M), as the set of A € M
for which the above conditions are not satisfied in any neighborhood of A\. With this notation,
Corollary F states:

Corollary F. Let {fa}rem be a natural family of finite type meromorphic maps. Then

o

Bif (M) = 0.

Proof. By Theorem E, parabolic parameters are dense in the bifurcation locus. Hence when-
ever a singular value is active at say A\g, one may perturb \g to make it into a non-persistent
parabolic parameter A\; whose parabolic basin attracts one of the singular values, say ’U}\. The
parameter A; can be perturbed to A} for which v}\ is attracted to an attracting cycle, persis-
tent in a neighborhood of A|. If this parameter is not in the bifurcation locus, we are done;
otherwise, there is another singular value which is active, and we can perturb it to a new
parabolic parameter Ao while keeping v}\ to be attracted to its attracting cycle, and repeat the
reasoning. Since there are only finitely many singular values, this proves that arbitrarily close
to any Ao € Bif(M) we may find A, such that all singular values of f), are passive (because
each is attracted to an attracting cycle), and therefore A, ¢ Bif(M). O

Finally, we prove Corollary G.

Proof of Corollary G. Let v(\o) be a singular value of fy,, and let m be the period of the
attracting cycle it converges to. Let h, () := f{(v(A)): then Ay, (o) converges (as k — +o0)
to an attracting periodic point, which we denote by h(Xg). Moreover, this remains true for
all A in a suitably small neighborhood of Ag: the sequence hg,, converges to h near Ay, where
h(A) is an attracting periodic point of period m.

By Theorem E, all singular values are passive on U, therefore the sequence hy,, admits
subsequences that converge locally uniformly on U; and any such limit must coincide with h
on a neighborhood of A\g. Therefore, the sequence hy,, in fact converges on U to a map which
we still denote by h. Since f{"(h(\)) — h(A) = 0 on a neighborhood of A\, we have that h(\)
is a periodic point of period (dividing) m for all A € U. Moreover, it is clear that this periodic
point cannot be repelling: so the multiplier map p(\) := (f*)'(h()\)) takes values in D. By
the openness theorem, either p is non-constant and open, or p is constant equal to p(Ag) € D.
In either case, p(A) € D for every A € U, which proves that v(\) remains captured by an
attracting cycle for all A € U.

Since this holds for any singular value, Corollary G is proved. g

6. A SIMPLE EXAMPLE WITH A DENSE BIFURCATION LOCUS

In this section we construct a natural family of transcendental entire maps of the form
fr=[f+Xwith A € C, and f chosen so that f,, has a non-persistent parabolic point for all
A in a countable dense subset of C. It will follow that the bifurcation locus for this family
has nonempty interior. With this construction we have no control on the set of singular values
for f, and consequently, for f.
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Proposition 6.1 (Bifurcation locus with nonempty interior). There exists an entire map f
such that the natural family {f\ = f + A}ec is not J-stable on any open subset of C.

Proof. Let {\, : n € N} be a countable dense subset of the complex plane. By classical results
(see e.g. Theorem |[Rud87, Theorem 15.13]), there exists en entire map f such that for all
n € N,

(1) f(n) =n—X,

(2) f'(n) =—1

3) f(n) =1.
It follows that for all n € N, fy (n) =n, f} (n) = —1, and f} (n) = 1. In other words, each
fx, has a parabolic fixed point of multiplier —1 at the positive integer n. We now show that
such fixed points are not persistently parabolic by studying their multiplier map.

By the Implicit Function Theorem, for each n € N there exists a holomorphic map A — 2z, ()
defined in a neighborhood U, of A, such that f)(z,(A)) = z,(A) and z,(A,) = n.

Differentiating the relation

f)x(zn(A)) - zn()‘) =0 on Una

we find %P\:)\nzn()\) = %

We now consider the multiplier map defined as p,(\) := f} (2n(\)). We want to show that
it is not constant on U,,. We have

d _ g a a

Therefore, the map p,, is non-constant, and so the fixed point z,(\) is non-persistently neutral
for fx. We now show that this implies that the family {fx}rec cannot be J-stable in any
neighborhood of A,,.

Indeed, assume for a contradiction that {f)}iec is J-stable on some disk D centered at
An, and let hy denote the corresponding holomorphic motion of J(f)), which must respect
the dynamics. Since z,(\,) = n is a parabolic fixed point for A, it lies in J(fy, ). Then the
motion hy(n) must coincide with z,(A\) for A € D N U,, by unicity in the Implicit Function
Theorem. In particular, z,(A) = hy(n) must be in J(fy) for all A € U, N D. On the other
hand, since p,, is non-constant, there exists A, arbitrarily close to A, such that p,(\.) € Dy
hence z(\.) is attracting and must belong to the Fatou set of fy,, a contradiction. We are
done since {\,, : n € N} is dense in C. O

) =13 +1=3 £0.
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