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JOINT ERGODICITY OF FRACTIONAL POWERS OF PRIMES

NIKOS FRANTZIKINAKIS

ABSTRACT. We establish mean convergence for multiple ergodic averages with iterates
given by distinct fractional powers of primes and related multiple recurrence results. A
consequence of our main result is that every set of integers with positive upper density
contains patterns of the form {m, m-+[p%], m+[p5]}, where a, b are positive non-integers
and p, denotes the n-th prime, a property that fails if a or b is a natural number. Our
approach is based on a recent criterion for joint ergodicity of collections of sequences
and the bulk of the proof is devoted to obtaining good seminorm estimates for the
related multiple ergodic averages. The input needed from number theory are upper
bounds for the number of prime k-tuples that follow from elementary sieve theory
estimates and equidistribution results of fractional powers of primes in the circle.

1. INTRODUCTION AND MAIN RESULTS

1.1. Introduction. Given an ergodic measure preserving system (X, u,T") and functions
fyg € L*™(un), it was shown in [6] that for distinct a,b € R \ Z we have

N
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in L? (,u)El An immediate consequence of this limit formula is that for every (not neces-
sarily ergodic) measure preserving system and measurable set A, we have
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Examples of periodic systems show that (Il) and (2]) fail if either a or b is an integer
greater than 1. Using the Furstenberg correspondence principle [10, [IT], it is easy to
deduce from (2]) that every set of integers with positive upper density contains patterns
of the form

{m,m + [n%],m + [n°]}

for some m,n € N.

The main goal of this article is to establish similar convergence and multiple recurrence
results, and deduce related combinatorial consequences, when in the previous statements
we replace the variable n with the n-th prime number p,. For instance, we show in
Theorem [Tl that if a,b € Ry are distinct non-integers, then
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IThroughout, with (X, 1, T) we mean a probability space (X, X, 1) together with an invertible, mea-
surable, and measure-preserving 7: X — X. The system is ergodic if the only T-invariant sets in X
have measure 0 or 1. If f € L°°(u), with T™ f we denote the composition foT™, where T" :=To---0T.
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in L?(u). We also prove more general statements of this sort involving two or more
linearly independent polynomials with fractional exponents evaluated at primes (related
results for fractional powers of integers were previously established in [4] [6] 26]).

If a,b € N are natural numbers, then (3] fails because of obvious congruence obstruc-
tions. On the other hand, using the method in [9] it can be shown that if a,b € N are
distinct, then (B]) does hold under the additional assumption that the system is totally er-
godic, see also [19] 20] for related work regarding polynomials in R[¢] evaluated at primes.
The main idea in the proof of these results is to show that the difference of a modification
of the averages in (3) and the averages (I converges to 0 in L?(p). This comparison
method works well when a, b are positive integers, since in this case one can bound this
difference by the Gowers uniformity norm of the modified von Mangoldt function Ay
(see |9, Lemma 3.5] for the precise statement), which is known by [I4] to converge to 0 as
N — oo. Unfortunately, if a,b are not integers this comparison step breaks down, since
it requires a uniformity property for Ay in which some of the averaging parameters lie in
very short intervals, a property that is currently not known. An alternative approach for
establishing (3)) is given by the argument used in [6] to prove (). It uses the theory of
characteristic factors that originates from [16] and eventually reduces the problem to an
equidistribution result on nilmanifolds. This method is also blocked, since we are unable
to establish the needed equidistribution properties on general nilmanifolds

Our approach is quite different and is based on a recent result of the author from
[8] (see Theorem 2.1 below); it implies that in order to verify (3], it suffices to obtain
suitable seminorm estimates and equidistribution results on the circle (versus the general
nilmanifold that the method of characteristic factors requires). The needed equidistri-
bution property follows from [2] (see Theorem below) and the bulk of this article is
devoted to the rather tricky proof of the seminorm estimates (see Theorem [I.4] below).

1.2. Main results. To facilitate discussion we use the following definition from [§].

Definition. We say that the collection of sequences by, ...,bs: N = Z is jointly ergodic,
if for every ergodic system (X, u,T) and functions fi,..., fp € L*(u) we have

N
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in L2(p).

For instance, the identities (Il) and (B]) are equivalent to the joint ergodicity of the
pairs of sequences {[n?], [n%]} and {[p2], [p%]} when a,b € R, are distinct non-integers.

We are going to establish joint ergodicity properties involving the class of fractional
polynomials that we define next.

Definition. A polynomial with real exponents is a function a: Ry — R of the form
a(t) = Z;Zlajtdf, where oy € Rand dj e Ry, j=1,...,r. If dy,...,d, € R4\ Z, we
call it a fractional polynomial.

The following is the main result of this article:

Theorem 1.1. Let aq,...,ap be linearly mdependenE fractional polynomials. Then the
collection of sequences [a1(pn)], - - ., [ae(pn)] is jointly ergodic.

In particular, this applies to the collection of sequences [n°], ..., [n] where ¢y, ..., ¢/ €
R4 \Z are distinct. We remark also that the linear independence assumption is necessary
for joint ergodicity. Indeed, suppose that ai,...,as is a collection of linearly depended

2For polynomials with integer degrees the needed equidistribution property can be verified using a
comparison method that again breaks down when the degrees are fractional.
3Hencef0rth, when we say “linearly independent” we mean linearly independent over R.
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sequences. Then ciaq+---+cpap = 0 for some c1,...,cy € R not all of them 0. After mul-
tiplying by an appropriate constant we can assume that at least one of the ¢1, ..., ¢g is not
an integer and max;—; ¢ |¢;| < 1/(10¢). Then ¢;]a1(n)] + - - + ¢flae(n)] € [-1/10,1/10]
for all n € N, and this easily implies that the collection [a1(n)],...,[as(n)] is not good

for equidistribution (see definition in Section 2] and hence not jointly ergodic.
Using standard methods we immediately deduce from Theorem [Tl the following mul-
tiple recurrence result:

Corollary 1.2. Let aq,...,ay be linearly independent fractional polynomials. Then for
every system (X, p, T) and measurable set A we have
N
1
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Using the Furstenberg correspondence principle [10, [11], we deduce the following com-
binatorial consequence:

Corollary 1.3. Let aq,...,ay be linearly independent fractional polynomials. Then for
every subset A of N we hav

N
Lo d = ZOAYYAL
inint v 32340 A = anp)) 0 (4 = anp)]) = @A)
Hence, every set of integers with positive upper density contains patterns of the form
{m,m+ [a1(pn)], .., m+ [ae(pn)]} for some m,n € N.

An essential tool in the proof of our main result is the following statement that is of
independent interest since it covers a larger class of collections of fractional polynomials
(not necessarily linearly independent) evaluated at primes. See Section[2for the definition
of the seminorms || - [|s.

Theorem 1.4. Suppose that the fractional polynomials ay,...,ap and their pairwise dif-
ferences are non-zero. Then there exists s € N such that for every ergodic system (X, p,T')
and functions fi,..., fo € L(u) with || fi]ls =0 for some i € {1,...,¢}, we have

N

1
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n=1

in L2 (u).

Remark. It seems likely that with some additional effort the techniques of this article
can cover the more general case of Hardy field functions ay, ..., a, such that the functions
and their differences belong to the set {a: Ry — R: t*+¢ < a(t) < t*¥17¢ for some k €
Z4 and € > 0}. Using the equidistribution result in [3] and the argument in Section [2]
this would immediately give a corresponding strengthening of Theorem LTI We opted
not to deal with these more general statements because the added technical complexity
would obscure the main ideas of the proof of Theorem L4l

The proof of Theorem [[.4] crucially uses the fact that the iterates aq, ..., as have “frac-
tional power growth” and our argument fails for iterates with “integer power growth”.
Similar results that cover the case of polynomials with integer or real coefficients were
obtained in [9] 29] and [19] respectively, and depend on deep properties of the von Man-
goldt function from [13] and [I4], but these results and their proofs do not appear to
be useful for our purposes. Instead, we rely on some softer number theory input that
follows from standard sieve theory techniques (see Section [3.2]), and an argument that is
fine-tuned for the case of fractional polynomials (but fails for polynomials with integer

4For A C N we let d(A) := limsupy_, o M.
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exponents). This argument eventually enables us to bound the averages in ({]) with aver-
ages involving iterates given by multivariate polynomials with real coefficients evaluated
at the integers, a case that was essentially handled in [23].

1.3. Limitations of our techniques and open problems. We expect that the fol-
lowing generalisation of Theorem [[.1] holds:

Problem. Let ay,...,a; be functions from a Hardy field with polynomial growth such
that every non-trivial linear combination b of them satisfies |b(t) — p(t)|/logt — oo for
all p € Z[t]. Then the collection of sequences [a1(pn)],- - -, [ae(pn)] is jointly ergodic.

By Theorem 2.1] it suffices to show that the collection [a1(py)], - - -, [a¢(pn)] is good for
equidistribution and seminorm estimates. Although the needed equidistribution property
has been proved in [3, Theorem 3.1, the seminorm estimates that extend Theorem [[4]
seem hard to establish. Our argument breaks down when some of the functions, or
their differences, are close to integral powers of t, for example when they are t¥logt or
tk/loglogt for some k € N. In both cases the vdC-operation (see Section [5.2)) leads to
sequences of sublinear growth for which we can no longer establish Lemma [£]] in the
first case because the estimate (20)) fails and in the second case because in (22]) the length
of the interval in the average is too short for Corollary 3.4 to be applicable.

Finally, we remark that although the reduction offered by Theorem [2.1]is very helpful
when dealing with averages with independent iterates, as is the case in (@3], it does not
offer any help when the iterates are linearly dependent, which is the case for the averages

N
1 a a
(5) ~ § : TPilf . 72eil g,
n=1

where a € R, is not an integer. We do expect the L?(u)-limit of the averages (B
to be equal to the L?(yu)-limit of the averages % ZnN:1 T"f - T?"g, but this remains a
challenging open problemﬁ, see Problem 27 in [7].

1.4. Notation. With N we denote the set of positive integers and with Z, the set of
non-negative integers. With PP we denote the set of prime numbers. With R, we denote

the set of non-negative real numbers. For ¢t € R we let e(t) := ¢*™. If ¥ € Ry, when
there is no danger for confusion, with [z] we denote both the integer part of x and the
set {1,...,[x]}. We denote with R(z) the real part of the complex number z.
Let a: N — C be a bounded sequence. If A is a non-empty finite subset of N we let
Encaa(n) = ﬁ Z a(n).
neA

If a,b: Ry — R are functions we write
e a(t) < b(t) if limy—, 1 o0 a(t)/b(t) = 0O;
o a(t) ~ b(t) if limy—, oo a(t)/b(t) exists and is non-zero;
o Aoy c,(t) Leyoep Bey,..c,(t) if there exist tg = to(c1,...,¢0) € Ry and C =
Cl(cr,...,¢¢) > 0 such that |Ae, ., (t)| < C|Be,,...,(t)| for all t > .
We use the same notation for sequences a,b: N — R.
Throughout, we let Ly := [eV8N] N e N.
We say that a sequence (cyp(n)) where h € [Ly]*, n € [N], N € N, is bounded, if
there exists C>0 such that |cx(n)| < C for all h € [Ly]¥, n € [N], N € N.

1.5. Acknowledgement. The author would like to thank the two anonymous referees
for their valuable comments.

5Al‘chough the method of Theorem [24] does give good seminorm bounds for the averages (), the
needed equidistribution properties on nilmanifolds present serious difficulties.
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2. PROOF STRATEGY

Our argument depends upon a convenient criterion for joint ergodicity that was es-
tablished recently in [§] (and was motivated by work in [24, 25]). In order to state it we
need to review the definition of the ergodic seminorms from [16].

Definition. For a given ergodic system (X, u,T) and function f € L*(u), we define

||| ’ |||s inductively as follows:
I =] [ 7 du

2s+1 1

N
I = Jim <> M -T"fI, seN.
n=1

It was shown in [16], via successive uses of the mean ergodic theorem, that for every

s € N the above limit exists and || - ||s defines an increasing sequence of seminorms on
L% ().

Definition. We say that the collection of sequences by,...,bs: N = Z is:

(i) good for seminorm estimates, if for every ergodic system (X, u,T') there exists
s € N such that if fi1,..., fr € L>®(n) and || fim]ls = 0 for some m € {1,...,¢},
then

(6) A}gnoo Enev A OF I L SO —

in L2() B
(ii) good for equidistribution, if for all t1,...,t, € [0,1), not all of them 0, we have

lim Ene[N] e(b1(n)t1 e bf(n)té) = 0.
N—o0

We remark that any collection of non-constant integer polynomial sequences with
pairwise non-constant differences is known to be good for seminorm estimates [23] and
examples of periodic systems show that no such collection is good for equidistribution
(unless £ = 1 and by (t) = +t+k). On the other hand, a collection of linearly independent
fractional polynomials is known to be good both for seminorm estimates [6, Theorem 2.9|
and equidistribution (follows from [22], Theorem 3.4] and [§, Lemma 6.2]).

A crucial ingredient used in the proof of our main result is the following result that
gives convenient necessary and sufficient conditions for joint ergodicity of a collection of
sequences (see also [5] for an extension of this result for sequences by, ..., by: NF — 7).

Theorem 2.1 ([8]). The sequences by, ..., by: N — Z are jointly ergodic if and only if
they are good for equidistribution and seminorm estimates.

Remark. The proof of this result uses “soft” tools from ergodic theory, and avoids deeper
tools like the Host-Kra theory of characteristic factors (see [17, Chapter 21| for a detailed
description) and equidistribution results on nilmanifolds.

In view of this result, in order to establish Theorem 1] it suffices to show that a
collection of linearly independent fractional polynomials evaluated at primes is good
for seminorm estimates and equidistribution. The good equidistribution property is a
consequence of the following result |2, Theorem 2.1J:

Theorem 2.2 ([2]). If a(t) is a non-zero fractional polynomial, then the sequence (a(py))
is equidistributed (mod 1).

Using the previous result and [§, Lemma 6.2] we immediately deduce the following:

6 practice, s can often be chosen independently of the system and (@) can be established with m = ¢
(note that Property (i) with m = £ in (6]) is a stronger property than Property (i) as stated).
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Corollary 2.3. If a1,...,ap are linearly independent fractional polynomials, then the
collection of sequences [a1(pp)], - - -, [ae(pn)] is good for equidistribution.

We let A’: N — R, be the following slight modification of the von Mangoldt function:
A (n) :=log(n) if n is a prime number and 0 otherwise. To establish that the collection
[a1(pn)]; -, [ae(pn)] is good for seminorm estimates it suffices to prove the following
result (the case wy(n) := A'(n), N,n € N, implies Theorem [[.4] in a standard way, see
for example [9, Lemma 2.1]):

Theorem 2.4. Suppose that the fractional polynomials ay,...,a; and their pairwise
differences are non-zero. Then there exists s € N such that the following holds: If
(X, 1, T) is an ergodic system and f1,...,fo € L*(u) are such that || fills = 0 for some
i€ {1,...,L}, then for every 1-bounded sequence (cn(n)) we have

(7) A}im Enepn wn (n) - Tl g ol —
—00

in L?(u), where wy(n) :== A'(n) - ex(n), n € [N], N € N,

Remarks. e The sequence (cy(n)) is not essential in order to deduce Theorem [l It
is used because it helps us absorb error term that often appear in our argument.

e Our proof shows that the place of the sequence (A’(n)) can take any non-negative
sequence (b(n)) that satisfies properties (i) and (i7) of Corollary B4] and the estimate
b(n) < nf for every € > 0.

In order to prove Theorem [2.4], we use an induction argument, similar to the polynomial
exhaustion technique (PET-induction) introduced in [I], which is based on variants of
the van der Corput inequality stated immediately after Lemma The fact that the
weight sequence (wpy(n)) is unbounded, forces us to apply Lemma in the form given
in (I8) with Ly € N that satisfy Ly = (log N)4 for every A > 0. On the other hand,
since we have to take care of some error terms that are of the order LY /N® for arbitrary
a,B > 0, we are also forced to take Ly < N for every a > 0 in order for these errors to
be negligible. These two estimates are satisfied for example when Ly = [eVI°¢ V] N € N,
which is the value of Ly that we use henceforth.

During the course of the PET-induction argument, we have to keep close track of
the additional parameters hq, ..., hy that arise after each application of Lemma [3.5] in
the form that is given in (IH). This is the reason why we prove a more general variant
of Theorem [2.4] that is stated in Theorem [B.I] and involves fractional polynomials with
coefficients depending on finitely many parameters. It turns out that the most laborious
part of its proof is the base case of the induction where all iterates have sublinear growth.
This case is dealt in three steps. First, in Lemma H.I] we use a change of variables
argument and the number theory input from Corollary B.4] in order to reduce matters
to the case where the weight sequence (wy(n)) is bounded. Next, in Lemma F.2] we use
another change of variables argument and Lemma in order to successively “eliminate”
the sequences aq,...,ay, and, after f-iterations, we get an upper bound that involves
iterates given by the integer parts of polynomials in several variables with real coefficients.
Lastly, in Lemma 3] we show that averages with such iterates obey good seminorm
bounds. This last step is carried out by adapting an argument from [23] to our setup;
this is done by another PET-induction, which this time uses Lemma in the form that
is given in ([I6)). In Sections [£]] and [B.1] the reader will find examples that explain how
these arguments work in some model cases that contain the essential ideas of the general
arguments.

To conclude this section, we remark that in order to prove Theorem [[.1] it suffices to
prove Theorem 2.4} the remaining sections are devoted to this task.
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3. SEMINORM ESTIMATES - SOME PREPARATION

3.1. A more general statement. In order to prove Theorem 2.4] it will be convenient
to establish a technically more complicated statement that is better suited for a PET-
induction argument. We state it in this subsection.

Throughout, the sequence L is chosen to satisfy (log N )A < Ly < N¢%forall A,a > 0;
so we can take for example

Ly :=[eVe"], NeN.
With R[ty, ..., tx] we denote the set of polynomials with real coefficients in k-variables.

Definition. We say that a: Z¥ x R, — R is a polynomial with real exponents and
k-parameters, if it has the form

a(h,t) =Y pj(h)t%,
j=0

for some r € N, 0 = dy < dy < --- < d, € Ry, and po,...,pr € Rlty,... tg]. If
di,...,dr € Ry \ Z, we call it a fractional polynomial with k-parameters. If p; is non-
zero for some j € {1,...,r}, we say that a(h,t) is non-constant. We define the fractional
degree of a(h,t), and denote it by f-deg(a), to be the maximum exponent d; for which the
polynomial p; is non-zero. We call the integer part of its fractional degree the (integral)
degree of a(h,t) and denote it by deg(a). We also let deg(0) := —1.

For example, the fractional polynomial with 1-parameter h%t%® + (h?y/2 + h)t*! has
fractional degree 0.5 and degree 0.

Definition. We say that a collection aq,...,ay of polynomials with real exponents and
k-parameters is nice if
(i) f-deg(a;) < f-deg(ay) for i =2,...,¢, and
(ii) the functions aq,...a, and the functions a; — ag, ..., a; — ay are non-constant in
the variable ¢ (and as a consequence they have positive fractional degree).

Given a sequence u: N — C, we let (Apu)(n) := u(n + h) - u(n), h,n € N, and
if h = (hi,...,hg), we let (Ap)(u(n)) = (Ap, -+ Ap,)(uw(n)), hi,...,hg,n € N. For
example, (A, ny))(u(n)) = u(n +hy + ha) -w(n + h1) -u(n + ha) - u(n), b1, he,n € N.

Theorem 3.1. For k € Z,,0 € N, let ay,...,ap: N¥* x N = R be a nice collec-
tion of fractional polynomials with k-parameters and (cy p(n)) be a 1-bounded sequence.
Then there exists s € N such that the following holds: If (X,u,T) is a system and
INR1s -y [Npe € L), h € [Ly]F,N € N, are 1-bounded functions with Inn1 = fi,
heNE N eN, and || fi|ls = 0, then

‘

Eneiny wnn(n) - H rlaiml gy,
i1

(8) hm EQG[LNVC

N—oo

L2(p)
where wy p(n) == (ApA)(n) - enp(n), b € [Ly]*,n € [N],N € N.
Remark. Our argument also works if A,A’(n) is replaced by other expressions involving

A, for example when k = 0 one can use the expression [[;", A'(n+¢;), where ci,...,¢n
are distinct integers.

If in Theorem Bl we take k = 0, then we get Theorem 2.4] using an argument that we
describe next.

Proof of Theorem [27] assuming Theorem [31l Let ay,...,a; and wy(n) be as in The-
orem 24l Since the assumptions of Theorem 24 are symmetric with respect to the



JOINT ERGODICITY OF FRACTIONAL POWERS OF PRIMES 8

sequences ay, ..., ap it suffices to show that there exists s € N such that if ||fi]ls = 0,
then (7)) holds.

If a; has maximal fractional degree within the family aq, ... ay, then if we take k =0
and all functions to be independent of N in Theorem B.I] we get that the conclusion of
Theorem 2.4 holds. Otherwise, we can assume that ay is the function with the highest
fractional degree and, as a consequence, f-deg(a;) < f-deg(ay). It suffices to show that

Jim Epepywy(n /fNO HT[‘“ N f;dp =0,

where
fN,O = Ene[N] wN HT [a: ()] fz, N eN.
i=1
Note that since fi,..., fr and ¢y are 1-bounded we have

limsup || fxolly, < lim E,cnA(n) =1,
N—oo

N—oo
(the last identity follows from the prime number theorem but we only need the much
simpler upper bound) hence, we can assume that fy is 1-bounded for every N € N.
After composing with 7% ysing the Cauchy-Schwarz inequality, and the identity

[z] — [y] =[x — y] + e for some e € {0, 1}, we are reduced to showing that

-1

]\;Enoo E, e wy(n) - HT[%‘(") ap(n)]+ei(n f . pl=ae(n)]+ee(n) fno =0,

=1 L2 ()
for some ej(n),...,e;—1(n) € {0,1}, n € N. Next, we would like to replace the error
sequences eq,...,ep_1 with constant sequences. To this end, we use Lemma for I a
singleton, J := [N], X := L*®(n), An(ni1,...,ng) := Hf;ll T fi - T ™ fNo, N1,..., g €
Z,and b; :=[a; —ag],i=1,...,0 —1, by := [—ay]. We get that it suffices to show that

¢
=1 L2(p)
where
ayi=a;—ap, i=1,....0—1, aj:=—ay.

for some 1-bounded sequence (zn(n)), where gn; = T f;, i = 1,...,0 — 1, gnyg =

T fno, N € N, for some constants €q,...,e € {0,1}. Note that the family af,...,a} is
nice, and gy = T fi, N € N, so Theorem Bl applies (for £ = 0 and all but one of the
functions independent of V) and gives that there exists s € N so that if || f1]|s = 0, then
@) holds. This completes the proof. O

We will prove Theorem [3.1]in Sections 4 and 5 using a PET-induction technique. The
first section covers the base case of the induction where all the iterates have sublinear
growth and the subsequent section contains the proof of the induction step. Before
moving into the details we gather some basic tools that will be used in the argument.

3.2. Feedback from number theory. The next statement is well known and can be
proved using elementary sieve theory methods (see for example [I5, Theorem 5.7] or [18]
Theorem 6.7]).

Theorem 3.2. Let P be the set of prime numbers. For all k € N there exist Cy, > 0 such
that for all distinct hy,...,hy € N and oll N € N we have

N

NJ: hi,... h Pl < hi,...,hy) ———
|{’I’L€[ ] n+nq, , M+ N € }|—Ck®k( 1 ) k) (logN)k’
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where

1\ -k hi,...,h
(10) Si(hi,. .., hy) ::H(1——) (1—M>

p p

peP
and vy(hi, ..., h;) denotes the number of congruence classes mod p that are occupied by
hi,..., he.
We remark that although &; = 1, the expression &g (hq,...,h;) is not bounded in

hi,...,hp if £ > 2, and this causes some problems for us. Asymptotics for averages
of powers of & (hy,...,h;) are given in [12] and [2I, Theorem 1.1] using elementary

but somewhat elaborate arguments. These results are not immediately applicable for
our purposes, since we need to understand the behavior of & on thin subsets of ZF,
for instance, when k = 4 we need to understand the averages of &4(0, hy,ha, hi + h2).
Luckily, we only need to get upper bounds for these averages and this can be done rather
easily as we will see shortly (a similar argument was used in [28] to handle averages over

r of & (0,7,2r,...,(k—1)r)).
Definition. Let ¢ € N and for h € N let Cube(h) € N2‘ be defined by
cube(h) := (€ h)eefo,1ye

where € - h is the inner product of ¢ and h.
If S is a subset of N¢, we define

S*:={h € S: cube(h) has distinct coordinates}.
For instance, when ¢ = 3 we have
CUbe(hly h?, h3) = (Oa hl, h?, h3, hl + h25 hl + h3a h2 + h3, hl + h2 + h3)

and ([N]?)* consists of all triples (h1,hs,h3) € [N]? with distinct coordinates that in
addition satisfy h; # h; + hy, for all distinct 4,5,k € {1,2,3}. Since the complement of
([N19)* in [N]¢ is contained on the zero set of finitely many (at most 3¢) linear forms, we
get that there exists Ky > 0 such that

(11) [N\ (V)| < K N*°

for every N € N.

Proposition 3.3. For every ¢ € N there exists Cy > 0 such that
Epernye (®2z(cube(ﬁ)))2 < Cy,

for all N € N, where &qc(cube(h)) is as in ([I0).

Remark. If we use k-th powers instead of squares we get similar upper bounds (which
also depend on k), but we will not need this.

Proof. In the following argument whenever we write p we assume that p is a prime

number.
Let h € [N]*. Note that if v,(cube(h)) = 2, then

1y 2"

(1 _ _) (1 B Vp(cube(h))) -1
p p

and if v,(cube(h)) < 2¢, then for ap := 27! — 2 we have

<1 — 1)—2[ <1 _ M) < <1 _ l)—(ﬂ_l) < K

p p
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where we used that 1= < €2* for z € [0, 3]. Note also that if v,(cube(h)) < 2, then

there exist distinct ¢, ¢/ € {0,1} such that p|(¢ — €) - h, in which case we have that
p € P(h) where

P(h) = U {peP:pl(e—¢)-h}, heN.
&€ €{0,1}4 ¢, 7€

We deduce from the above facts and (I0) that

(12) B (cube(h)) < ™ ZreP®) s,

By [27, Lemma E.1] we have for some by, ¢, > 0 that

(13) " Zrerms <p, > (ogp)™ _ be > < > 7(10‘%]))%).

perl) P cecfo ke plee)h T

Moreover, we get for some dy, ey > 0 that

(14) > Z logp )gdez(log]%)%%zgemf,

he[N]t  p|(e—€)

for all N € N, where to get the first estimate we used the fact that for some d; > 0 we

have
4

N
b€ [N]: pl(e—€) - Al < o=

for all N € N, and to get the second estimate we used that z bgip < 00.

If we take squares in (IZ) and sum over all b € [N]¢, then use (IE{I) and (I4)), we get
the asserted estimate. O

From this we deduce the following estimate that is a crucial ingredient used in the
proof of Theorem 2.4}

Corollary 3.4. Let { € N. Then for every A > 1 there exist Cy¢(h) >0, h € N¢, and
Daye >0, such that

(i) for all N € N, h = (hy,...,he) € (NO* c € N, such that c+hy +---+hy < N4,
we have

Enen) (ApA)(n 4 ¢) < Ca(h);
(i) EQG[H]Z(CA,E(E))Z < Dyy for every H € N.

Remark. We will use this result in the proof of Lemma 1] for values of ¢ that are larger
than N and smaller than N for some A > 0 (the choice of A depends on the situation).

Proof. Since A’ is supported on primes and ¢+ hy + - -+ + hy < N4, we have that
37 (ApA)(n+¢) < [{n € [N]: n+c+ cube(h) € P*}| - (log(N + N4)*
ne[N]

where n 4 c is a vector with 2¢ coordinates, all equal to n+c. Note that for h € (N%)* we
can apply Theorem and we get that there exists D4, > 0 such that for every N € N
the last expression is bounded by

Dy 0 ®ye(cube(h)) N

If we let Cay(h) := Day®y(cube(h)), h € N, and use Proposition B3, we get that
properties (¢) and (i) hold. O
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3.3. Two elementary lemmas. We will use the following inner product space variant
of a classical elementary estimate of van der Corput (see [22, Lemma 3.1]):

Lemma 3.5. Let N € N and (u(n)),e[n) be vectors in some inner product space. Then
for all H € [N] we have

N—
B ety ) < = B () I + 4 Enp (1~ 22 )R (- Z (n+ h),u(n))).

We will apply the previous lemma in the following two cases, depending on the range
of the shift parameter h (the first case will be used when the relevant sequences are not
necessarily bounded).

(i) If My =1+ max, [ lun(n)||?, N € N, and Ly are such that My < Ly <
MLN, then for H := Ly we have

(15) | Erern un(n)||” < 4Epeiny) | Enev(un(n + ), un(n))| + on(1),

where for every fixed N € N the sequence (uy(n)) is either defined on the larger
interval [NV + Ly] or it is extended to be zero outside the interval [N]. In all
the cases where we will apply this estimate we have My < (log N)4 for some
A > 0 and we take Ly = [eVIosN] N e N.

(ii) If the sequence (un(n)) is bounded, then we have

(16)  limsup ||E, ) un(n)||* < 4 limsup Epepay thUP Enenvy{un(n + h), un(n))|,

N—o0 H—o00
where for every fixed N € N the sequence (uy(n)) is either defined on the larger
interval [N + H] or it is extended to be zero outside the interval [N].

We will also make frequent use of the following simple lemma, or variants of it, to
replace error sequences that take finitely many integer values with constant sequences.

Lemma 3.6. For f,{ € N there exists Cyy > 0 such that the following holds: Let (X, ||-||)
be a normed space and F be a finite subset of Z with |F| = f, k € N, and I c NF,
J C N be finite. For h € I, consider sequences Ap: 7t - X, Iy bbbt J — Z,
wyp: J = C, and ey p,...,epp: J — F. Then there exist sequences wy: J — C, h € I,
with HwhHLOO(J < HwhHLoo ()’ and constants €1,...,¢e; € F, such that

ZHth ) - Ap(bip(n) + e p(n), ..., ben(n) +eon(n H<

hel neJ

cﬂzuzwh - Ap(bya(n )+61,...,bg,@(n)+ez)H.

hel neJd

Remark. Often, when this estimate is used, the sequence Ay, is defined only on a subset
of Z¢, and we assume that it is extended to be zero at the elements where it is not defined.

Proof. The expression on the left-hand side is bounded by

)

Z S| D2 wnn) - Anram) + exn) . benn) + ecn(n) - 15, ()

j=1hel neJ

where for t = f¢ the sets Eip,...,Eyp form a partition of N into sets (possibly empty)
on which all the sequences ey p,...,ep ) are constant (and the constants do not depend
on h). If the maximum of the summands over j occurs for some jy € [t], then there exist
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€1,...,€ € F such that for all n € Ej; , we have e; ,(n) = ¢;, i € [(], h € I. Hence, the
last sum is bounded by

tZHth Ah blh( )+61,...,bg,h(n)+€g)
where @p(n) := wi(n) - 1g; ,(n),n€J, hel O

hel neJ

We will use the previous lemma to handle some error sequences that occur when we use
the Taylor expansion in order to perform some approximations and when we replace the
sum (or the difference) of the integer parts of sequences with the corresponding integer
part of their sum (or the difference), and vice versa. For instance, if ej(n),...es(n) €
(—=1,1), n € [N], we have

[Enern w(n) - A(faz(n) + bi(n) + e1(n)],..., [ae(n) + be(n) + ee(n)])|| <

4" |Eneiny @(n) - A([ar(n)] + [br(n)] + €1, .., [ae(n)] + [be(n)] + e0)|

for some €1,...,¢, € {~1,0,1,2} and w: [N] = C with [0 pecpy] < |0l pecpny- Often
the constants €1, ..., e, make no difference for our argument and can be ignored.

4. SEMINORM ESTIMATES - SUBLINEAR CASE

The goal of this section is to establish Theorem [B.I]in the case where all the iterates
have fractional degree smaller than 1, see Proposition [£.4] below.

4.1. An example. We explain in some detail how the proof of Theorem B.Il works when
k=1,0=2, and ay(h,t) := pr(h)t% + q1(h)t°1, ag(h,t) := pa(h)t*® + qo(R)tO!, h € N,
t € Ry. We assume that p; # 0 and a1, a2,a; — as are non-zero.

We also assume that the sequence of weights (wy 5 (n)) is defined by

wyp(n) :=A(n)-N(n+h)-eyn(n), he[Ly],ne[N], NeN,

where (cyn(n)) is a 1-bounded sequence.
Our aim is to show that there exists s € N such that if || f1]|s = 0, then

=0.
L2 ()
Step 1. Our first goal is to use the number theory feedback of Section B.2] to reduce
matters to showing mean convergence to zero for some other averages with bounded
weights wy ,, (this step corresponds to Lemma .1l below). We let

p(h) == [max{|p1|(h), [p2(h), la1l(h), l2|(R)}") + 1, h €N.

Note that p is not a polynomial, but this will not bother us. After splitting the average
over [N] into subintervals, we see (this reduction will be explained in more detail in the
proof of Lemma [A.T]) that it suffices to show mean convergence to zero for

Epein) wnp(n Hsz(h %S tai(h)n®!] £
1=1

A Enelry)

2
Eneiry) | Enetyn Enies,, wnn(na) - ]| Tl ny > +ahni] g, :
i=1 L2()
where
n—1\2 n \2
IN,h = [NO'Sp(h)], Jn,h = [( p(h) ) , (m> >, n e IN,ha h e [LN], N € N.

For convenience, we write
Jn,h = (kn,hakn,h + ln,h]a ne IN,h7 h e [LN]a N e N,

for some k,, p,, 1, 5, € N.
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Note that for fixed n,h € N, when n; ranges in J,; the value of p;(h)nl-> ranges in

an interval of length at most 1 and the same property holds for the values of pa(h)n?-,

q1(h)n?t, ga(h)n{t. Hence, for ny € J, 5 we have

pi(h) 0.2 :
n+ q(h)(—) +ei(h,n,ny), i=1,2,
p(h) " " \p(h) Z

where ej(h,n,n1),ea2(h,n,ny) are bounded by 2 for all ny € J,p, n € Inp, h € [Ly],
N € N. Using Lemma [3.6] and since replacing f; with TN f;, i = 1,2, where € v, €2 N
take finitely many values for N € N, does not introduce changes to our argument, we
can ignore these error terms. We are thus left with showing convergence to zero for

n

pi(h)nt® + gi(h)ni! =

2
- pi(h) A(h
]EHEIN,h wN7h(n) . HT[ p(h )n+Q( )(p(h)) ]fl
1=1

Ehe[LN}

)

L2(p)

where for n € [In4], h € [Ln], N € N, we let
(17)
Wnp(n) = Enyer, , Wnnp(m) = Ep e, ) A (01 +knp) - A (na+ ko +h) - enn(na+ ko).

From the definition of k, p, I, n, L, we get that there exists Ny = No(p) € N such that
kngp+h <0y, foralne[N% N%p(h)], he[Ly], N> N.
Using Corollary B4l (with £ =1, A =3, ¢ = ky ,, N = l,, ,) we see that there exist D > 0
and C(h), h € N, such that for the above-mentioned values of n, h, N we can write
wn,h(n) = C(h) - z2nn(n),
where (zy(n)) is 1-bounded and
Enelry)(C(h)* < D

for every N € N.

We use this estimate, apply the Cauchy-Schwarz inequality, and keep in mind that the
part of the intervals Iy, that intersects the interval [N 04] is negligible for our averages.
We deduce that it suffices to show convergence to zero for
2

(h) h) (=L~ )0-2
EhG[LN} E"EINhZNh HT (M) (5ry) ]fi

)

L2(w)

where the sequence (zy (1)) is 1-bounded. We write n = n/p(h)+ s for some n’ € [N%9]
and s € [p(h)]. For convenience, we also rename n’ as n, and use Lemma 3.0 to treat finite
valued error sequences that are introduced when we approximate g;(h)(n+s/p(h))%? with
q;(h)n®2 i =1,2. We get that it suffices to show convergence to zero for

2 2

}Ene[NOﬁ} ZN,h,s(n) . H T[pi(h)nJrqi(h)n0‘2+e¢(h,s)}fi
i=1

EnelnnEsep(n)]

i

L2(w)

where (zy4,5(n)) is some other 1-bounded sequence and e;(h, s) := s& ((h))7

replacing the average E ¢ [p(n)) With maxge(p(n), we are left with dealing with the averages

2 2

(n) - H T[pz'(h)nﬂh(h)n0‘2+6i,N(h)}fl,

EhG[LN} Ene[NOf’] ZN,h\T

L2 ()
for some other 1-bounded sequence (zy(n)) and arbitrary sequences of real numbers

(e1,n(h)), (e2,n(h)) (which will be eliminated later, so their particular form is not im-
portant).

=1
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Step 2. Our next goal is to reduce matters to showing mean convergence to zero for
averages with iterates given by polynomials in several variables and real coefficients (this
step corresponds to Lemma below). After using (IX) for the average over n, we are
left with showing convergence to zero for

2
. n . n 0.2 e:
Ep ()| Eneios) e (1) - / [ T s b e (] 1
=1

2
H T[pi(h)nJrqz'(h)nO‘QﬂLei’N(h)]fi dul,
=1

where (¢y p.p, (1)) is a 1-bounded sequence. We compose with T~ P2(h)ntaa(R)n’2+ea n ()]
(and not with T~ Pr(Wntai()n®2+er v (W] hecause we want the highest fractional degree
iterate to be applied to the function fi), use that (n + h1)%? can for our purposes be
replaced with n%?2, ignore errors that take finitely many values using Lemma [3.6, and
use the Cauchy-Schwarz inequality. We are left with showing convergence to zero for

)

(n) - Tl(p1=p2)(W)n+(q1—g2) (h)n® > +es,n (h)] (TPl 71)‘

Eh,hle[LN} HEnE[NO‘ﬂ CN,h,hy L2(p)

where (¢n p,p, (1)) is some other 1-bounded sequence and the sequence (e3 n(h)) takes
arbitrary real values.

We consider two cases. Suppose first that p; = pa. Then by assumption ¢; — g2 # 0.
Repeating the argument used in Step 1 we are left with showing convergence to zero for

)

-plla=az)(hntesn (W} (pler(hal g, 71)‘

Ep hielnn] HEne[Nm} CN by (1) L2

for some other 1-bounded sequence of complex numbers (cy pp, () and (eq n(h)) ar-
bitrary sequence of real numbers. Using as above (I3 for the average over nm, com-
posing with T-l@1—a@)(Wntean ()] and then using the Cauchy-Schwarz inequality and
Lemma to treat errors, we are left with showing mean convergence to zero for

Eh b1 hoelLn] CNohhaho (1) - Tla=a)Whetpr(t)ha] g plla—a)(WhalF . plei)m]F

for some 1-bounded sequence of complex numbers (cn p hy hy(7))-

If py # p2, we apply (IZ) for the average over n, then compose with the transfor-
mation T-[(P1=p2)(W)n+(g1—a2)()n*+es n (W] and use the Cauchy-Schwarz inequality and
Lemma to treat errors. We are left with showing mean convergence to zero for

Eh hy hocL] CN bk ho () Tlp1=p2)(Whatpr()ha] ¢ plr=p2)(Mh2]TF - plpi()halF

for some other 1-bounded sequence of complex numbers (cy . hy ho(72))-

Step 3. In Step 2 we were led to show mean convergence to zero for averages with
iterates given by non-constant polynomials with real coefficients in several variables that
have pairwise non-constant differences. For such averages one can argue as in [23] in order
to show that there exists s € N such that if || f1]|s = 0, then we have mean convergence
to zero. For more details see the proof of Lemma B3] below. This achieves our goal.

4.2. Reduction to averages with bounded weights and change of variables. Our
first goal is to prove the following result that allows us to restrict to the case where the
weights wy , are 1-bounded and also allows us to perform the substitution n nt/d,

Lemma 4.1. For k € Zy,0 € N, let ay,...,ag be a nice collection of fractional poly-
nomials with k-parameters and suppose that d := f-deg(ai) € (0,1). Then the following
holds: If (X, u,T) is a system, fnp1s---5 [Npe € L(1), h € N N €N, are 1-bounded
functions, a > 0, and

wyp(n) == (ApA)(n) - enp(n) or wyp(n) = cyp(n), he[Ly)", ne[N, NeN,
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where (cn p(n)) is a 1-bounded sequence, then there exist a 1-bounded sequence (zy p(n))

and sequences of real numbers (e n(h)), ..., (e,n(h)), such that
4
(18) Eperrye ||Bnevey wnn(n) - [Tl Lhyar,oar
=1 L2()
¢
Epeirngt |Bnepvea zvn®) - ] Tlesnt rein @] py +on(1),
=1 L2(p)

where on(1) is a quantity that converges to 0 when N — oo and all other parameters
remain fized.

Remark. It is important that the function a; has sublinear growth; our argument would
not work if a1 had linear or larger than linear growth.

Proof. We cover the case where wy j(n) = (ApA’)(n)-cy p(n), the case where wy p(n) =
cn,p(n) is similar (in fact easier).

By assumption, we have that a;(h,t) := Z;ZOpi,j(h)tdﬂ', 1=1,...,¢ where 0 = dy <
di <...<dr=d<1andp;; € Rty,...,1t;] with p;, #0. We let

p(b) = [max{lpi | (W} 7] +1, he N

For h € [Ly]¥, after partitioning [N?] into sub-intervals, we deduce that it suffices to
get an upper bound for the averages

¢

* 7 h7
EnGIN,Q EmeJnﬂ wN,ﬁ(nl) : H T[a (& nl)]fN,ﬁ,i
i=1

)

L2 (p)

EQE[LNVC

where

I = V). o= (o)) (p”))é), ne vy he L], N eN,

’ p(h) (h
and for D: N — C and fixed N e N,n € Iy, h € [Ly]F, we let
1
19 f D)= D(ny).
1) enaPm) = ey 2 Dlm)

Note that an application of the mean value theorem gives

1 (N%dp(p))a~! 1 No
(20) ‘Jn,ﬁ’ < _( p( )l)d =" y TLGIN,Q,QG [LN]k,NENE
d  p(h)a d |yl

For convenience, we write
Jnn = npsknn +1lonl, n€Inn h€[Ly]®, NeEN,
for some kyp,l,, € N. Note that for i« = 1,...,¢, j = 1,...,r, and fixed n,h, when

ny ranges on Jy, ; the values of pm(ﬁ)ncfj belong to an interval of length 1. Hence, for
i=1,...,¢ we can write

ai(h,n1) = a;(h, (n/p(R)"?) + €;(h, n, n1),
where €;(h,n,n1) is bounded by r for all ny € J, p, n € Inp, b € [Ly]*, N € N.

"We crucially used here that fractional polynomials do not grow too slowly. The estimate would fail
if, for example, for £ = 1 we started with a1(t) := log t.
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The terms €;(h,n,n;) can be easily taken care by using Lemma and appropriately
modifying (¢y p(n)) to another bounded sequence of weights. We deduce that it suffices
to get an upper bound for the averages

¢
- ) 1/d )
Enery Ly, (n) i a(n) - [[ T @0 Dhcin
i=1

(21) Epe(ryr :
L2(w)
where I}, = [N%d,N“dp(ﬁ)], N € N (the indicator introduces a negligible on (1) term),
€1.N,- .-, €N take finitely many values for N € N, and for n € [Iy ], h € [Ly]*¥, N € N,
we let

(22) wnn(n) =By e, , wNp(n1).

We used that Ly, A’/(N) < N¢ for all € > 0 in order to justify that inserting the indicator
1y, . only introduces an ox(1) term, which is fine for our purposes.

ffsing that (cyp(n)) is 1-bounded, ((ApA’)(n)) is non-negative, and (I9), 20), we
deduce that
(23) [y ()| <d ™" Bnyed, , (DpA)(n1) = d™" - Epyep, ) (ApA) (01 + kpp).
From the definition of /,, ;, and the mean value theorem we have that

1
na~!

nh 2> T
d(p(h))<
Since Ly < N¢ for every € > 0 and k, j, < nt/? it follows that if A > 1Tld7 for example

if A:= 1T1d + 1, then there exists Ny = Ny(d,p) € N such that for all N > Ny and all
n € Iy, h € [Ln]¥, we have

n € N.

kn,@ S léﬂﬁ
Hence, there exists Ny = Ny(d, k,p) € N such that for all N > N; we have for all n € IJ’V@
and b = (hi,...,ht) € [Ly]* that
b+l o+ by ST
We will combine this with the identity
(ApN)n) = [ N+e-h),
e€{0,1}F

the estimate (23)), and Corollary B4l (with £ :=k, ¢ :== kyp, N :=lpp, A = 1Tld +1).
We deduce that there exist C' = C(d,k) > 0 and Cyy(h) > 0, h € N, such that for all

large enough N (depending only on d, k,p), for every n € Iny, h € ([Ln]¥)*, we can
write

(24) wnp(n) = Car(h) - 2n p(n),
where (zyp(n)) is 1-bounded and
(25) Epeiryp (Can(h))? < C

for every N € N.
Note that since Ly = (log N)¥ for every K > 0 and A’(n) < logn, for every n € N we
have that maxyc(z 1k ne[n] (wy p(n))* < Ly. Using this and since by (1)) we have that

ﬁHLN]k \ ([La]*)*] <& ﬁ, we deduce that we can redefine C'(h) on the complement
of ([Ly]¥)* so that for all large enough N (depending on d, k,p) equation (24)) holds for
all n € Inp, h € [Ln]*, and (28] also holds (for some larger constant C’ in place of C).

8In the process of deriving this estimate we crucially used that sublinear fractional polynomials are not
too close to linear ones. The estimate would fail if, for example, for £ = 1 we started with a1(¢) := ¢/log t.
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We now use ([24), 25), and the Cauchy-Schwarz inequality, in order to bound the
averages in (ZI). We can also remove the indicator 1y, (n) since it has a negligible

effect on our averages. We deduce that it suffices to get an ‘upper bound for the averages

) 2

a; n / €;
EHEIN@ ZN,@(TL) . HT[ i (hy( /p(ﬁ))l d)]+ Z’NfN,ﬁ;i
i=1

EQE[LNVC

L2(p)
Note that since the weights and the functions are bounded, it suffices to get an upper
bound for the previous expression ignoring the square. For h € [Ly]* we can express

n € Inp as n = n'p(h) + s for some n’ € [N%] or n’ =0 and s € [p(h)]. After renaming
n/ as n for convenience, we are led to upper-bounding the averages

Ene[naa) 2Nh,s(n HT[‘“ (nts/p(h) Y )] +ei, N fypa
=1

(26)  EperryprEsepm)]

L2 ()

for some 1-bounded sequence (zxp,s(n)). Note that if w € (0,1) and ¢ € Rty,..., ],
then an application of the mean value theorem shows that for every £ > 0 we have

lim sup lg(h)((n+¢)* —n")| = 0.
N—=00 cc(0,1],h€[Ly]k n>Ne

It follows that in (26) when computing a;(h, (n + s/p(h))"/%) we can replace n + s/p(h)
with n in the non-linear monomials; this will lead to some error sequences that are
1-bounded for large enough N and can be handled by appealing to Lemma [B.6] (and
redefining the sequence zyp(n)). With this in mind, it follows that in ([26) we can
replace a;(h, (n+ s/p(h))"/?) with a;(h, n'/%) 4 B E(])l)s Hence, it suffices to get an upper
bound for the averages

a; nl/d & S
Bpelry-Bsep@) ||Enenad ZNn(n HT[ il ) tenn (b, )]me

=1 L2()
where e; n(h,s) = p;)”(",%)s +en, @ =1,...,¢ and € N,...,€e N take finitely many
values for N € N. After replacing the average Esepp(n)) with max,eppn)) we are led to the
asserted upper bound in (I8]). O

4.3. Reduction to averages with polynomial iterates. For the purposes of the
next lemma it will be convenient to slightly enlarge the class of polynomials with real
exponents that we work with to include those with fractional degree equal to 1.

Lemma 4.2. Let k € Z,,0 € N and ay,...,a;: N¥ x N = R be a nice collection of
polynomials with real exponents and k-parameters of fractional degree at most 1. Then
there exist I, € N and non-constant polynomials P, ..., P. € R[ty,...,tx1], with pair-
wise non-constant differences, such that the following holds: If (X,u,T) is a system
and fNp1s--- fNpe € L), h € NF N € N, are 1-bounded functions, then for ev-
ery a > 0, sequences of real numbers (eq n(h)), ..., (e,n(h)), and 1-bounded sequence of
complex numbers (cy p(n)), we have

(27)  Epepry)t || Bneve) ena(n HT[’“ hm)rein gy, .

=1

Lk, a1,..a
L2 (p)

T
EEIE[LN]’“,QQG[LNV ‘/HT[Pi(ﬁ17ﬁ2)}+€i,NFN7hl7i du| + on(1),
i=0
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where Py = 0, Fyp,q € {fN,hl,h?N,hl,l} fori = 0,...,r, by € [Ly]*,N € N,
€ON,-- -, €N take finitely many values for N € N, and on(1) is a quantity that con-
verges to 0 when N — oo and all other parameters remain fized.

Proof. We first reduce to the case where e; y(h) = 0 for i = 1,...,¢. To do this, we
replace [a;(h,n)+e; ny(h)] with [a;(h,n)]+ [e; n(R)], this introduces some error sequences
on the exponents that take finitely many values. To treat the error sequences we use
Lemma [3.6] redefine the weight (cy p(n)), and introduce some sequences € n,. .., €N
that take finitely many values for N € N. Next, we compose with T-leLy@®l—e1n and
we are left with upper-bounding the expression

l

Enerrnlt ||Bneve) enp(n) - H rlobml(plein®l-lenny@lten=cun g, )
=1 L2 ()
If we rename for i = 2,...,¢ the functions T[ei’N(@}_[elvN(b)Hei’N_el’NfN,ﬁ,i as fn i, We

are reduced to bounding (27)) when e; y(h) =0 fori=1,...,¢.

We will prove the statement by induction on ¢ € N. For £ = 1 the argument is similar
to the one used in the inductive step, so we only summarise it briefly (for more details
see Steps 1-3 below). We first use Lemma [£]] and we are led to upper-bounding the
averages

E, ey cnp(n) - TP EBF0 (hm)]fN,ﬁ,l‘

Enelryk L2(n)’

where p; # 0 and ¢; is a polynomial with real exponents and f-deg(q;) < 1. We then
apply (3] for the average over n, compose with T-P1@ntai(kn)] yge that ¢ (h,n +
hi+1) — q1(h,n) is negligible for the range of parameters we are interested in, and use
Lemma to treat the finite valued error sequences that arise. We get an upper bound
by the averages

Eheln hesrelLnl| / T @Rl - T di,

where ey takes finitely many values for N € N. This proves 27) (with { =7 =1).

Suppose that £ > 2 and the statement holds for all nice collections of £ — 1 polynomials
with real exponents and finitely many parameters.

We have that a;(h,t) := Z;lem(@tdﬂ', i1=1,....fwhere0<d1 <---<d,=d<1
and p; j € R[t1,...,t;]. Furthermore, we can assume that the polynomial p; , is non-zero,
and hence the fractional degree of a; is d.

Step 1 (Linearising the highest-order term). If the fractional degree of a; is 1, then
we proceed to Step 2. If not, then Lemma AT (for wy p := cnp) applies and we get an
estimate of the form (I8]). Hence, in order to get an estimate of the form (27)), it suffices
to get a similar estimate for the averages

‘
Eneirnt |Bneivaa enp(n) - [ [ TE@m el py, 7
=1 L2 (1)
where (cyp(n)) is another 1-bounded sequence, (e1 n(h)), ..., (es,n(h)) are sequences of

real numbers, and

r—1 d.
(28)  Gih,t) = pir(h)t + qi(h,t), where qi(ht) ==Y pigb)td, i=1,...,L
j=1

After composing with 7-¢.8 (") and redefining the functions I @ =2,...,0, we are
reduced to the case where e; y(h) = 0 for i« = 1,...,¢. So we only treat this case
henceforth. We also remark that since the collection aq,...,as is nice, and a;(h,t) =

ai(h,t'/%), i =1,...,£, the collection @y, ...,a is also nice.
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Step 2 (Reduction of ¢ via vdC). Applying (IH]) for the average over n, we get that it
suffices to obtain an upper bound for the following averages

l )4
/ [ ottt gy T 70 Fy - dyl.
=1 =1

E(b,hkﬂ)e [Ly]k+e Epne [Vad]

We compose with 7-101(E0] and for 4 = 1,...,¢ we replace the differences [@;(h,n +
b)) — [ar (ko) [@i(hm)] — (a1 (b, m)] with [ai(h,n + i) — @ (Bo)], [ai(h,n) —
a1 (h,n)], respectively. To do so, we have to introduce some error sequences that take
values on a finite subset of N. We use Lemma to treat the errors that arise and we
are left with upper-bounding averages of the form

V4
/H Tl (h,n‘f'hk-ﬁ—l)_&l(ﬁvn)]‘f'ei,NfN i
=1

E(ﬁvhk-kl)e [Ly]k+t Ene [Nad]

4
HT[ai(b,n)—&l(ﬁv"”“@NTN,@,z’ dp),

i=1
where €; N, €, v, i =1,...,¢, take finitely many values for N € N. Note that the fractional
degree of gi,...,qe is strictly smaller than 1. It follows from this and the mean value
theorem that
(29) lim max lgi(h,t + hg11) — qi(h, t)| = 0.

N—00 (h,hy)€[Ln]FH1ie{l,...0}

Using (28) and (29), and then Lemma 3.0 we get that it suffices to get an upper bound
for the averages

r(h)h € n
E b )elLy i1 Enevad) N i (7) - / (Tl r@hicnltan fy ) 0 Fapa)-
¢
H T[bi(ﬁvn)]+€i,NfN7b7hk+17i du,
i=2
where €1, ..., €, n take finitely many values for N € N,

bz(ﬁ,t) = (pi,r - pl,r)(h) t+ (QZ - %)(ﬁ, t)a 1= 2’ e ,f,

fN7b7hk+1,i € L>(u), i = 2,...,£, are 1-bounded functions, and (cyppn,,,(n)) is a 1-
bounded sequence. Without loss of generality we can assume that by has maximal frac-
tional degree within the collection bs, ..., by (note that some of the polynomials p; , —p1 »
may vanish). We compose with T~ e and apply Lemma to treat finite-valued
error sequences that we get when we replace differences of integer parts with the inte-
ger part of the corresponding differences. After using the Cauchy-Schwarz inequality we
deduce that it suffices to get an upper bound for the following averages

L2 ()

-1
b (hn)]+€, ~ F
Epenad) N phpey () [T ® N fpngy
i=1

(30) By 1elLy] (EEE[LN}’“

where €] y,...,€,_; 5 take finitely many values for N € N,

bl(h7 t) = (pi,T‘ - p@,r)(h) t+ (ql - qé)(h7 t)7 1= 17 cee 76 - 17

and

(31) fN?ﬁvh‘k-ﬁ-l?l = T[plm(h)hk+1]+€1’NfN7b71 ’ 7N7ﬁ71’
where €; y takes finitely many values for NV € N.

Note that our assumptions imply that by,...,bs,_1, thought of as a collection of poly-
nomials with real exponents and (k + 1)-parameters, is nice.
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Step 3 (Applying the induction hypothesis). Using the induction hypothesis for the
expression in (B0 that is inside the parentheses, and the fact that by,...,by_1 do not
depend on the parameter hj 1, we get that there exist I, € N and non-constant poly-

nomials P, ..., P, € R[ty,...,txy] with pairwise non-constant differences, such that the
averages in (BDI) are bounded by an on(1) term plus a constant Cj 4, . 4, (nOte that
bl, .. bg 1 are determined by ay,...,ay) times the expression

P;(hq,hs)]+
E(hy hpy ) €lLalF 1 hyelL]! HT[ BN F i i),

where Py := 0, Fypn i € {fN,ﬁ,th,hfN,@,th,l} fori=0,...,r, hy € [Ln]*, hiy1 €
[Ln], N €N, and € ..., € y take finitely many values for N € N.

Using (B1) and Lemma B.6] we can bound this expression by a constant C,. times the
following average

[p1,r(hy)hpyr]+en v F
E(h17hk+1)€[LN]k+17h2€[LN]l /vahhl'T TR O’NfN,bhl‘

T

H (T[Pi(ﬁ1vﬁ2)+p1,r(ﬁ1)hk+ﬂ+€/i,1vGN b . T[P (hyshy)]+e]
1

r+i, NGN hl,hk-o—lﬂ"'H d,u‘

PG hk+17i
i=1
where for i = 1,...,2r we have Gy p, by 1, € {fN,ﬁl,h?N@l,l}, hy € [Ln)*, hpyr € [Ln],
N eN,and €, 5,i=0,...,2r, take finitely many values for N € N. Since the polynomial
p1,r is non-zero and the polynomials Pi,. .., P. with k+1 variables are non-constant and

have non-constant pairwise differences, the same holds for the 2r + 1 polynomials with
k41 + 1 variables p1,(hy)hii1, Pi(hy,hy) + prp(h)hiir, Pilhyyhy), i = 1., 7. This
completes the proof. O

4.4. Averages with polynomial iterates. Lemma ]| and Lemma show that in
the case of iterates with sublinear growth, to get good seminorm estimates for the aver-
ages in Theorem [B.1] it suffices to study averages with iterates given by polynomials in
R[t1,...,tx] for some k € N. This is the context of the next result.

Lemma 4.3. Let k,r € N and Py,...,P. € R[ty,...,t;] be non-constant polynomials
with pairwise non-constant differences. Then there exists s € N such that the following
holds: If (X, p,T) is an ergodic system and fi,..., fr € L>(u) are such that || fif|ls = 0
for some i € {1,...,r}, then for every 1-bounded sequence (cy(h)), we have

]\}lm EhE [Nk CN H T[P (h

in L2 (u).

Proof. The argument is similar to the one used to prove [23] Theorem 1| where the case
of polynomials with integer coefficients and cy(h) := 1 is covered, so we only sketch
the points in the argument where one has to deviate slightly because of minor technical
complications. The proof proceeds by induction on a certain vector, called the weight,
that is associated to each polynomial family Py, ..., P, in R[t1,...,tx].

The inductive step is carried out by using a variant of Lemma in the form used
in (I6) that concerns averages over [N]* (see [23, Lemma 4| for the precise statement).
The argument applies verbatim in our case, the only change is that we need at various
instances to replace the differences of the integer part of polynomials with the integer part
of their differences; we do this with the help of Lemma and the use of the constants
(en(h)) facilitates this task.

The base case of the induction is the case where all the polynomials are linear with
respect to all variables involved. This case is covered using another induction, this time
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on the number r of linear functions. The inductive step is proved using [23, Lemma 4].
The only difference in our case, versus the argument used in |23, Proposition 5|, appears
in the proof of the estimate

25+1

(32) fim sup £y e vy elg - TEWIFIE < ColFIE

for some Cr, > 0, where f,g € L*>(u) and L(h) = Zle ajhj, for some k € N and
ai,...,ar € R. To obtain this bound, we first use Lemma to show that it suffices to
replace [Zle ajh;| with Zle[ajhj], and we remark that the set

{([eaha];- .., [axhe]): (hi,..., hi) € NF}

has bounded multiplicity and positive density (as a subset of N¥). It follows that there
exists Cf, > 0 such that

. k . s . k . s
lim sup Bpe vy llg - T2=11"1 £ < € limsup Bye yiellg - T2 £
N—oo N—o0

By [23] Lemma 8|, the last expression is bounded by a constant multiple of | f H\gfll
Combining the above we get that (32]) holds. Finally, the base case of the induction (of
the linear case) is when » = 1 and P, = L is linear. To cover this case, we again use [23]

Lemma 4| and reduce matters to the task of obtaining an upper bound for the expression
lim sup Ej ¢ yx

/7 TL(b)f d,u‘-
N—oo

By the s = 1 case of (32) (recall that ||f|l; = | | f du|) we get an upper bound by CL ]| f||3
for some Cy, > 0. This completes the proof. O

4.5. Proof of Theorem [3.7] in the sublinear case. We are now ready to combine
the ingredients of the previous subsections to complete the goal of this section, which is
to prove the following result:

Proposition 4.4. Theorem [3]] holds in the case where all aq,...,ay have fractional
degree smaller than one.

Proof. Combining Lemma Tl and Lemma (for fyp1:= fi, N € N,h € N¥) we get
that there exist k,r € N and non-constant polynomials P,..., P. € R[tq,...,tx], with
pairwise non-constant differences, such that the averages () are bounded by an on(1)
term plus a constant multiple of

T
Epefsy: / [t
=0
where Py := 0, Fop,...,F.p € {fi,f1}, h € NF, and the sequences €0,N,---,€r,N take
values on a finite subset S of Z for NV € N. Since the limsup as N — oo of the previous
average is bounded by

Z lim sup Ehe (Ln]* /HT Wl+e gy d,uD
— N—oo
€0,..,€r€S, Fo,....Fre{f1,f1}

it suffices to show that for all fixed €, ..., e, € Z and Fy, ..., F. € {f1, f1}, we have

lim Eper, HTP(h B dp| = 0.

N—oo

The last average is equal to

Enelr )t cn(h) - /HT[Pi(h)Jrq]Fi du
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for some 1-bounded sequence (cy(h)). The result now follows from Lemma [£.3] O

5. SEMINORM ESTIMATES - INDUCTION STEP

The goal of this section is to finish the proof of Theorem B.I] using a PET-induction ar-
gument. The basis of the induction was covered in the previous section and the induction
step will be carried out in this section.

5.1. An example. To better illustrate our method, we first explain the details in a
simple case. We take £ = 2 and ay(t) := t'5, as(t) = t'® + t!1, t € R,. Then {a,as} is
a nice family and our aim is to show that if || fi||s = 0 for some s € N, then

lim Ene[N} wy(n) - T[an]fl ‘T[n1A5+n1A1}f2 0,
N—o0

where wy (n) = A'(n) - ex(n) for some 1-bounded sequence (cy(n)).

We start by using (IH), compose with T*["1‘5+”1‘1], use Lemma [3.6] to dispose the error
sequence that arises when we replace the difference of integer parts with the integer part
of the difference, and use the Cauchy-Schwarz inequality. We deduce that it suffices to
prove convergence to zero of the averages

Ehle[LN} ‘ ‘EHE[N] wN,hl (n) . T[(n+h1)1'5_n1.5_n1.1]fl.

T[(nJrhl)Ler(nJrhl)Ll7n1A57n1A1]f2 ) T[inll]fl‘

L2(p)’

where wy p, (n) == (Ap,A')(n) - cn b, (n) for some 1-bounded sequence (cn p, (n)). Using
the mean value theorem and Lemma [3.6] we get that for the range of k1, n we are working
with, we can replace (n+h1)*® —n!® with 1.5 hyn®5 and (n+hq)'t —nt! with 1.1 hyn®t,
which for notational simplicity we replace with h1n®® and hin®! respectively. We thus
arrive to the problem of proving convergence to zero of the averages

,n1A1+h1n0A5}f1 ) T[hlnoA5+hmoA1}f2 ) T[fnm}?l‘

.l
EhlE[LN} HEnE[N} wNJM(”) T L2(p)

[h1n0'5+h1n0‘1}

Performing one more time the previous operation (we compose with 7'~ after

applying (I3])) we arrive in a similar fashion at the following averages

EnE[N} WN . hy ho (n) . T[_nld_hznol]fl ) T[_nl'l—h1n0'5—(h1+h2)n0'1}71.

Eny haelLn] ‘

T[inlAlihanAl]Tl ) T[*nl‘lfhlno‘sfhlno‘l]fl‘

L2(w)’

where Wx py hy (1) = (Apy hoA')(1)-CN hy 1y (1) for some 1-bounded sequence (¢ by hy (1))
After one more iteration of the previous operation (this time we compose with the trans-
formation T +hin®*+hin®1] after applying (I5) we arrive at the averages

_ _ 0.1 0.5 _ 0.11—
Ehl,h27h3€[LN]HE"€[N} WN hy hy,hs (1) pl(ha=he=hsn® -t han }fl‘T[ (haha)n ]fl'

T[_h3n0A1+hmoA5}?1 ) T[_hSnOJ}fl ) T[(hl_hQ)nOAl—i_hanﬁ]fl ) T[_hQnoAl}fl ) T[hm(m]fl‘

L2(p)’

where Wy hohs (M) = (ApyhohsN) (1) © CN by ho,hs (1) for some 1-bounded sequence
(CN,hy ho,hs (1)) We have now reduced to the case of fractional polynomials with 3-
parameters and fractional degree smaller than 1. This case was dealt in the previous
section, where we showed in Proposition L. 4lthat there exists s € N such that if || f1||s = 0,
then the last averages converge to zero as N — oo.
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5.2. The van der Corput operation and reduction of type. In this subsection
we define the type of a family of polynomials with real exponents and finitely many
parameters and the van der Corput operation that reduces the type.

Definition. We say that two polynomials a,b with real exponents and finitely many
parameters are equivalent, and write a = b, if the (integral) degree of a — b is strictly
smaller than the degree of a and bl

We define the type of a family aq, . .., ag of polynomials with real exponents and finitely
many parameters to be the vector that consists of the maximal degree d of the family
(in the first coordinate) and the number of non-equivalent classes of degree d, d —1,.. .,
0 in the other coordinates (we ignore polynomials that are identically 0).

We order the set of all possible types lexicographically; meaning, (d,kq,...,ko) >
(d' K, ... kp) if and only if in the first instance where the two vectors disagree the
coordinate of the first vector is larger than the coordinate of the second vector.

We caution the reader that 25 2 ¢25 + %! (but #>5 = ¢2:5 4 ¢I-1). Also if ay(h,t) =
ht?5 + 231 ag(h,t) = ht?, a3(h,t) = ht?>?+h2t21 4 ht!d, a4(h,t) =05 then a; % ao,
as # as, a1 = az and the family aq, as, as, a4 has type (2,2,0,1).

Recall that Ly = [e\/@], N € N. We introduce a class of sequences that often occur
as errors that can be eliminated using Lemma

Definition. We say that e: N¥ x R, — R is negligible if
lim max le(h,t)] = 0.
Nﬁooﬁe[LN]k,te[\/ﬁ,N]

If a(t) is a fractional polynomial, then a(t + ¢) is also a fractional polynomial modulo
negligible terms. This is the context of the next lemma, which is proved in a more general
form that is better suited for our purposes.

Lemma 5.1. Let a(h,t) be a polynomial with real exponents and k-parameters and degree
d. Then modulo negligible terms, a(h,t + hiy1) is a polynomial with real exponents and
(k + 1)-parameters. In fact, we have

(33) a(h,t + hiy1) = a(h, by, t) + e(h, hiya, t),

where (below a9 denotes the j-th derivative of a with respect to the variable t)
d ]

(34) d(ﬁ, hk+17 Z ? = (] )

and e: NFT1 x R — R is negligible.

Proof. Using the Taylor expansion of a(h,t) we get that (33]) holds with
d+1

h
e(ﬁa hk‘-i—la t) = ﬁ a(d+1) (ﬁ, £ﬁ7hk+17t)

for some &gy, ¢ € [t,t+hgy1]. Since the fractional degree of a is d+c for some c € (0,1),
we have

LA
max le(h, hyyr, t)] < —2,
(hhxt1)E[LN]FHLEE[VN,N] Nz

for some A > 0 that depends on d and the maximum degree of the coefficient polynomials
of a(h,t). Since Ly < N°¢ for every € > 0, it follows that

lim max e(h, hit1,t)] =0,
N_)OO(h’h’“ﬂ)e[LNV““,te[\/ﬁ,N}’ (B, 41, 2)]

9We do not choose to identify functions with the same fractional degree because if we did so, then
the vdC operation that will be described shortly would not necessarily lead to families with smaller type
(see the example given after the relevant definition).
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completing the proof. O

For example, if a(h,t) = ht® for some a € (2, 3), then modulo negligible terms (in the
sense defined above) we have that a(h,t+hy) is equal to ht® +ahyht* 1 + @h%ht“*?
Next we define an operation that we later show preserves nice families of polynomials

and reduces their type.

Definition. Let A = {aq,...,a;} be a family of polynomials with real exponents and
k-parameters and a € A. We define a new family of polynomials with real exponents
and (k + 1)-parameters vdC(A, a) as follows: We start with the family

{dl(ha hk-i—lat) - a(ﬁ,t), ai(ﬁa t) - a(h,t)’ 1= 1’ cee ’E}a

where for ¢ = 1,...,¢ the polynomial with real exponents and (k + 1)-parameters a; is
as in ([B4)) (so it is equal to a;(h,t + hg+1) modulo negligible terms), and we remove all
functions that are constant in the variable t.

Suppose for example that we start with the nice family
A= {$15 15 gl 415 | g1y
The type of this family is (1,3,0) and the family vdC(A, t'® + t12) is
{12 + 1.5h%5, —¢12 4¢3 4 150690 150895 4 1.20202, —¢12) 412 - 411}

(note that the first and fourth functions can be identified and the same holds for the
second and the fifth) which is also nice and has smaller type, namely (1,2,1). We
remark that if we had chosen to identify functions that have the same fractional degree,
then the original family would have type (1,1,0) and the family vdC(A, ' +#12) would
have larger type, namely (1,2, 1).

Lemma 5.2. Let A = {aq,...,as} be a nice family of polynomials with real exponents
and k-parameters such that f-deg(ai) > 1. Then there exists a € A such that the family
vdC(A,a), ordered so that the first function is a3 — a, is nice and has smaller type.
Furthermore, if A consists of fractional polynomials with k-parameters, then vdC(A,a)
consists of fractional polynomials with (k + 1)-parameters.

Proof. We first remark that if A consists of fractional polynomials with k-parameters
and a is any fractional polynomial with k-parameters, then (34]) implies that vdC(A, a)
consists of fractional polynomials with (k + 1)-parameters.

For i =1,...,¢, let a; be the polynomial with real exponents and (k 4 1)-parameters

given by ([34]). We choose a € A as follows:

(i) If a1,...,ap do not have the same fractional degree, we let a;, be a function
in the family {ag,...,as} that has minimal (positive) fractional degree, and set
a = Q-

(ii) If a1,...,a; have the same fractional degree, we let ig € {1,...,¢} be so that
a1 —a;, has maximal degree within the family a; —aq,...,a; —a; and set a = a;,,.

Claim 1. The family vdC(A,a) is nice.

By construction, all functions in vdC(A, a) are non-constant (we have removed con-
stant functions). We first show that independently of the choice of a, the difference of
a1 — a with a function in vdC(A,a) is always non-constant (in the variable ¢); in the
process we also show that f-deg(a; —a) > 0. Suppose that such a difference has the form
a; — a; for some i € {1,...,¢}. It follows from Lemma [5.] that a; contains the term
hi1a)(t), which depends non-trivially on the parameter hyyq (note also that aq, ..., ay
do not depend on this parameter). It follows from this and our assumption f-deg(a;) > 1
that

f-deg(ay — a;) > f-deg(a)) = f-deg(ay) —1 >0, i=1,... ¢
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It remains to cover the case where the difference of a; — a with a function in vdC(A, a)
has the form a; — a; for some i € {2,...,¢}. Then using Lemma [5.1] and our assumption
that A is nice, we get

f—deg(&l - ELZ) > f—deg(a1 - CLZ') >0, i=2,...,¢L

Next we show that @; — a has maximal fractional degree within the family vdC(A, a).
Suppose first that we are in Case (7). Since f-deg(a;,) < f-deg(a1), we have that a; — a;,
has the same fractional degree as a1, which by assumption has maximal fractional degree
within the family {a1,...,as}. We deduce that a; — a;, has maximal fractional degree
within the family vdC(A, a). Suppose now that we are in Case (i) and let i € {1,...,¢}.
Since a; — a;, = (a; — a1) + (a1 — a;,) and by the choice of iy we have f-deg(a; — a;,) >
f-deg(a; — a;), we deduce that

(35) f-deg(a; — a;,) > f-deg(a; —a;,), 1=1,...,L.
Moreover, note that a; — a;, = (@; — a;) + (a; — a;,) and
(36) f-deg(ar — ajy) > f-deg(ar — a1) = f-deg(ar) — 1 > f-deg(a;) — 1 = f-deg(a; — ),

where the two identities follow from Lemma [B.1] and the first estimate follows from the
choice of iy and the second since the family A is nice. We deduce from (B3]) and (36])
that

(37) f—deg(&l — CLZ'O) > f—deg(di — CLZ'O), 1= 1, . ,E.

Combining ([B8) and (B7) we get that a; — a;, has maximal fractional degree within the
family vdC(A, a).

Claim 2. The family vdC(A,a) has smaller type.

Using Lemma [B5.1] and the definition of the degree, it is easy to verify that if for some
i€ {1,...,0} we have a; % a;,, then deg(a; —a;,) = deg(a; —a;,) = deg(a;) and a; —a;, =
a; — aj,, while if a; = a;,, then deg(a; —a;,) < deg(a;) and deg(a; —a;,) < deg(a;). Using
these facts we easily get the following:

If we are in Case (i), we have that the type of A has the form (d, kg, ..., k;,0,...,0),
where | = deg(a;,), k; > 1, and d > 1. Then the type of vdC(A,a) is (d, kg, ...,k — 1)
if 1 =0, and (d,kq,..., ki —1,ki_1,...,ko) for some ko,... ki1 € Z4 if Il > 1.

If we are in Case (ii), we have that the type of A has the form (d, k4,0, ...,0), where
d > 1 and kg > 1. Then for every a € A the type of vdC(A,a) is (d, kg — 1, kg1 ..., ko)
for some ko, ..., kq_1 € Z+.

In both cases the type of the family vdC(A, a) is smaller than the type of the family
A, completing the proof of Claim 2. O

5.3. Proof of Theorem B.Jl We will now use a PET-induction technique to prove
Theorem 3.1 The base case of the induction was covered in the previous section and the
inductive step will be proved using (I5]) and Lemma

Proof of Theorem [31. Our goal is to show that there exists s € N such that if fy 1 = f1,

h € [Lyk,N € N, and ||f1]ls = 0, and all other functions below are assumed to be 1-
bounded, then

14

Eein) wn,n(n) - H pletml gy
=1

L2 ()
where wy p(n) = (ApA)(n) - enn(n), b € [Ly]¥,n € [N],N € N, and the sequence
(en,p(n)) is 1-bounded.

We prove this using induction on the type of the nice family of fractional polynomials
A :={a,...,a;} with finitely many parameters. If f-deg(ai) < 1 (then also f-deg(a;) < 1
for j =2,...,¢), then the result follows from Proposition .4

lim E
Nl—r>noo he[LN}k
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Suppose that the family A := {ay,...,ar} has type (d, kq, ..., ko), whered > 1, kg > 1,
kq_1,-..,ko € Z+, and the statement holds for all families of fractional polynomials with
finitely many parameters and type strictly smaller than (d, kg, ..., ko). Since deg(aj) > 1
and a; is a fractional polynomial we have that f-deg(a;) > 1.

By Lemma [5.2] there exists a € A such that the family vdC(A, a), ordered so that the
first function is a3 — a (where a; is as in (B4])), consists of fractional polynomials with
finitely many parameters and satisfies the following

(38) vdC(A,a) is nice and has type strictly smaller than (d, kg, . .., ko).

We use (3] for the average E,e[n], compose with T~ 1am)] and then use the Cauchy-
Schwarz inequality. We get that it suffices to show the following (recall that (Apu)(n) =

u(n + h) - u(n))

]\}iinoo E(bvhml)e[LN]k“

¢
Enein] (Anyy wnp)(n) - [ [Tl ®rthee)l=lonl gy ) oo
=1

J4
[[ rlesemi=latmly
=1

L2 () -

We replace the differences of integer parts on the iterates with the integer part of their
differences and also replace a;(h,n + hj1) with @;(h, hg41,n), where @; is associated to
a; by (34) of Lemmal[5.Il To make these substitutions we introduce some error sequences
that take finitely many values; as usual, these sequences can be handled after we apply
Lemma (which applies without a problem since the values of n that are smaller than
VN contribute negligibly in the average). After completing these maneuvers we see that
it suffices to show the following

20
. bi(h,hi41, € =
]\}gnoo B hysr)elnnii+t | Enen WN kg1 (M) - H bt NN By =0,

i=1 L2(p)

where €1, ..., €y n take finitely many values for N € N,

WN (ﬁ, hk:-f—l, TL) = (A(ﬁ,hk+1)A/)(n) ' CNyﬁyhk-Q—l (’I’L),
for some 1-bounded sequence (cy p,n, (1)), and
bz(ﬁa hk+17 t) = dl(h7 t+ hk+1) - a(h7 t)7 1= 17 cee 767
b5+i(ﬁ7 hk+17t) = al(h7t) _a(ﬁat)a 1= 17"'767
and g phy,, i are 1-bounded functions in L*>°(u) such that 9Nyl = f1 for all

(h,hiy1) € [Ly]FT!, N € N. We compose with 7€~ inside the L?(y)-norm and set
hN,ﬁvhk-H,i = TEi,N—El,NgN@’hk_’_hi’ i=1,...,2¢ (then hN7b,hk+171 = fl) We get that it
suffices to show that

(39)
2¢
ngl’loo E(ﬁyhk+1)€[LN]k+l EnG[N] wN@,th(”) . H T[bi(h’hk+l7n)]hN,ﬁ,hk+1,i — 0
i=1 L2 ()

Finally, we can remove all functions associated with iterates that do not depend on
the variable n (note that by Lemma the function b; is not one of them), and thus
we arrive at an average with iterates given by the family vdC(A,a), ordered so that the
first function is a3 — a. By the choice of a we have that (B8] holds. Hence, the induction
hypothesis applies for this family and gives that there exists s € N such that if || f1||s = 0,
then (B9) holds. This completes the induction step and the proof. O
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