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Abstract

The fluctuations of scalar fields, that are invariant under rotations of the worldvolume,
in Euclidian signature, can be described by a system of Langevin equations. These equa-
tions can be understood as defining a change of variables in the functional integral for the
noise, with which the physical degrees of freedom are in equilibrium. The absolute value
of the Jacobian of this change of variables therefore repackages the fluctuations. This
provides a new way of relating the number and properties of scalar fields with the consis-
tent and complete description of their fluctuations and is another way of understanding
the relevance of supersymmetry, which, in this way, determines the minimal number of
real scalar fields (e.g. two in two dimensions, four in three dimensions and eight in four
dimensions), in order for the system to be consistently closed.

The classical action of the scalar fields, obtained in this way, contains a surface term
and a remainder, in addition to the canonical kinetic and potential terms. The surface
term describes possible flux contributions in the presence of boundaries, while the re-
mainder describes additional interactions, that can’t be absorbed in a redefinition of the
canonical terms. It is, however, through its combination with the surface term that the
noise fields can be recovered, in all cases. However their identities can be subject to
anomalies.

What is of particular, practical, interest is the identification of the noise fields, as
functions of the scalars, whose correlation functions are Gaussian. This implies new
identities, between the scalars, that can be probed in real, or computer, experiments.
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1 Introduction

In ref. [1] Parisi and Sourlas studied the N = 2, D = 2 Wess–Zumino model in the following
way. Their starting point was the generalization of the Langevin equation

ηI(x) = σµIJ
∂φJ
∂xa

+
∂W

∂φI
(1)

where the σµ generate a Clifford algebra

{σµ, σν} = 2δµν (2)

(in Euclidian signature). They can, thus, be identified with the Pauli matrices, in D = 2 and a
convenient choice is σ1 = σx and σ2 = σz. What is important is that the σµ realize a Majorana
representation, i.e. have only real entries, since both sides of eq.(1) are real numbers.

The ηI(x) are Gaussian fields, with ultra–local 2–point function, i.e. 〈ηI(x)〉 = 0, 〈ηI(x)ηJ (x′)〉 =
δIJδ(x−x

′) with the multipoint correlation functions given by Wick’s theorem. These properties
can be expressed in equivalent form by the partition function

Z =

∫

[Dη(x)] e−
∫

d2x 1

2
ηI(x)ηJ (x)δ

IJ

≡ 1 (3)

by a suitable choice of units. Of course any noise distribution can be used, provided its partition
function exists and it can be reconstructed from its correlation functions. The reason it’s useful
to use a Gaussian distribution is to avoid higher derivative terms and the reason it’s useful to
focus on Gaussian distributions with ultra–local 2–point function is for the resulting action of
the scalars to be local (in applications to magnets these requirements can be modified).

Now the observation of Parisi and Sourlas is that eq. (1) can be understood as the injunction
to perform the indicated change of variables in eq. (3) and obtain the partition function for the
scalar fields φI(x) :

Z =

∫

[DφI ]

∣

∣

∣

∣

det
∂ηI
∂φJ

∣

∣

∣

∣

e
−

∫

d2x 1

2

(

σ
µ
IJ

∂φJ
∂xµ

+ ∂W
∂φI

)(

σνKL

∂φL
∂xν

+ ∂W
∂φK

)

δIK

= 1 (4)

The partition function remains equal to 1, since we have, simply, changed variables in the
partition function for the noise. The question of potential anomalies, due to regularization,
can be addressed by the study of the identities that the noise fields, expressed in terms of the
scalars, satisfy.

The absolute value of the Jacobian thus captures all of the fluctuations of the classical
action. An interesting question, that was, indeed, one of the tenets of ref. [1], is, whether the
fluctuations of the classical action, in turn, can produce the absolute value of the determinant,
that can, therefore, be identified as the Jacobian, that realizes the change of variables from the
scalar fields to the noise fields. If this is the case, this would mean that the canonical partition
function of the scalars, in fact, is the Witten index.
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This statement wasn’t expressed in these terms in ref. [1], though it’s clearly a logical
consequence of the paper, but in ref. [2, 3] for the case of the non-relativistic particle and in
ref. [4] for the D = 2,N = 2 Wess–Zumino model, on the basis of numerical simulations,
where the identities that the noise fields, ηI(x), expressed in terms of the scalars, by eq. (1),
are expected to satisfy. What these results, also, imply is that it isn’t necessary to deal with
the full action in eq. (4), that contains fermions–and the phase factor, eiθdet, that’s a non–local
function of the scalars–but it suffices to compute the correlation functions of ηI(x), expressed
in terms of the scalars, by eq. (1), sampled using the action of the scalars only. This map,
between the scalars and the noise fields, is known as the Nicolai map [5, 6]; however Nicolai
introduced it for supersymmetric theories. In fact it expresses the property that the physical
system, described by the RHS, is consistently “closed”, since its fluctuations can produce the
absolute value of the Jacobian to variables, for which the partition function is equal to 1.

Stated more explicitly: The fundamental insight of [1]–mentioned, however, in passing in
that paper–is that there is an equivalence between the property that the partition function,
defined by eq. (4) is, in fact, the Witten index and the property that the RHS of the Langevin
equation (1) (i.e. the Nicolai map), defines a Gaussian field, with ultra–local 2–point function,
when sampled using the action of the scalars; this is the meaning of the statement that the
superpartners, along with the appropriate phase of the determinant, are generated by the fluc-
tuations in such a way as to define a closed system. This represents, of course, a considerable
simplification for performing calculations on the lattice, since it’s much easier to perform nu-
merical simulations of scalar theories than of theories that explicitly include fermions. So it is
necessary to check that this does occur. First tests were, indeed, consistent with this hypothesis
for one and two–dimensional worldvolumes [2, 4].

However, when writing the “bosonic” part of the classical action of the Wess–Zumino model,
with extended supersymmetry, it is interesting to note that it isn’t identical to the corresponding
expression obtained upon realizing the change of variables defined by the Nicolai map; in the
latter case, additional terms appear. These terms could be shown to be surface terms in D = 2,
but not for the more interesting cases of D = 3 and D = 4. This has been interpreted [1, 7, 8] as
an obstruction to understanding supersymmetry as describing the fluctuations of the bosonic
part.

In this note we wish to argue that the obstruction arises because of the assumption that
the “usual terms” exhausted the possibilities of realizing supersymmetry. What the Nicolai
map really implies is that the additional terms do not, in fact, provide an obstruction, but new
ways for probing the relevance of supersymmetry in theories, where scalar fields can describe
interesting phenomena. In particular, these indicate that one scalar field is a semi–classical
approximation and target space Lorentz invariance (which in Euclidian signature is rotation
invariance) implies the existence of additional scalar fields; and even more, when a Majorana
representation isn’t possible (i.e. when D ≡/ 2mod 8). Indeed, the exact number is the same as
in supersymmetric extensions of the Standard Model, just how it is obtained is different from
the usual approach.

This is illustrated in the case of the N = 2, D = 2 Wess–Zumino model, upon expanding
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out the classical action for the scalars:

S[φI ] =

∫

d2x

{

∂µφI∂νφJδµνδIJ +
1

2

∂W

∂φI

∂W

∂φJ
δIJ + σµIJ∂µφJ

∂W

∂φI

}

(5)

We recognize the canonical kinetic term and the canonical scalar potential for the scalars, in
the form expected from supersymmetry; but we, also, find an additional term, the “cross term”.
This term may be a total derivative in the continuum (and an infinite series of total derivatives
and irrelevant terms (proportional to positive powers of the lattice spacing)–on the lattice).

But it may, also, apparently, contribute to the equations of motion directly.
To this end, it’s useful to write it in the following way:

σµIJ∂µφJ
∂W

∂φI
= ∂µ

{

σµIJφJ
∂W

∂φI

}

− φJσ
µ
IJ∂µ

∂W

∂φI
= ∂µ

{

σµIJφJ
∂W

∂φI

}

− φJ∂µφKσ
µ
IJ

∂2W

∂φI∂φK
(6)

The first term is a total derivative in the continuum and, thus, doesn’t contribute to the
equations of motion, upon imposing periodic boundary conditions. It can contribute, in the
presence of boundaries, of course. (This is the flux term, mentioned in the title.)

Let us focus on the second term. It has the form that suggests it can be written as

Tr [J · A]

where
[Jµ]JK = φJ∂µφK

[Aµ]JK = σµIJ
∂2W

∂φI∂φK

(7)

Since it isn’t a total derivative, by construction, if it doesn’t vanish, it will contribute to the
equations of motion. This is what was noticed in refs. [7, 8]. While [Jµ]JK does have the form
of the current that can be constructed from D scalar fields, whether [Aµ]JK can, indeed, be
identified as a gauge field in its own right is, of course, more questionable, since just what the
corresponding “gauge transformations” might correspond to, isn’t clear.

We would like to find the conditions that make it vanish in various dimensions. If this
is possible, we recover a conventional supersymmetric theory, once we have introduced the
Jacobian in the action, using anticommuting fields,

Z =
∫

[DφI ] [DψI ] [DχI ] e
iθdet e

−
∫

d2x
{

∂µφI∂νφJδµνδIJ+
1

2

∂W
∂φI

∂W
∂φJ

δIJ−ψI

(

σ
µ
IJ∂µ+

∂2W
∂φI∂φJ

)

χJ

}

= 1 (8)

However another possibility is that it doesn’t vanish, but becomes a total derivative itself. The
reason can be understood in the simplest case, D = 1 :

φ̇W ′(φ) = dW
dτ

= d
dτ

(φW ′)− φ d
dτ
W ′ = d

dτ
(φW ′)− φφ̇W ′′ =

d
dτ

(φW ′)− d
dτ

(

φ2

2

)

W ′′ (9)
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Here we notice that the remainder (the second term of the last line) doesn’t vanish, while the
cross term is, in fact, a total derivative; but we shall show that it can become a total derivative:

d
dτ

(

φ2

2

)

W ′′ = d
dτ

(

φ2

2
W ′′

)

− φ2

2
φ̇W ′′′ = d

dτ

(

φ2

2
W ′′

)

− d
dτ

(

φ3

3!

)

W ′′′ =

d
dτ

(

φ2

2
W ′′ − φ3

3!
W ′′′

)

+ φ3φ̇

3!
W (4)

By induction we may readily prove that

d

dτ

(

φ2

2

)

W ′′ =
d

dτ

{

∞
∑

n=2

(−)n
φn

n!
W (n)(φ)

}

(10)

For a polynomial superpotential the series, of course, terminates.
We remark that a property that played a crucial role in making the remainder a total

derivative was that

φnφ̇ =
d

dτ

(

φn+1

(n+ 1)

)

This property doesn’t hold for more than one fields. So in D = 2 another way of “eliminating”
the cross term is used, namely by imposing that the superpotential be a holomorphic function
of the fields. While this property is, indeed, very useful for performing calculations analytically,
it’s not that crucial for numerical work. It does provide motivation for trying to understand
how holomorphicity of the superpotential can emerge in the “classical” limit.

In the next section we shall, therefore, recall what happens to the cross term in D = 2;
then we shall discuss another way of understanding why there appears to be an obstruction in
generalizing the construction for D > 2 and how the obstruction can be evaded. The payoff
will be new identities between correlation functions, that can be probed in real and computer
experiments.

2 The cross term in D = 2

The reason the presence of the “cross term” is a source of concern is that, while the action for the
noise is invariant under global SO(2) transformations, δηI = θεIJηJ , (that correspond to Lorentz
boosts upon Wick rotations), it doesn’t seem obvious that the Nicolai map(s) (1) respect this
symmetry–i.e. that they imply that δφI = f(θ)εIJφJ .While the canonical kinetic and potential
terms are, manifestly, invariant under such transformations, the cross term requires more work.

Indeed, we notice that the SO(2) transformations act on the indices I, J of the fields–
and that σµIJ carries such indices, also. Therefore the cross term is invariant, provided the
SO(2) transformations mix non–trivially with transformations of the Pauli matrices and the
worldvolume coordinates. This mixing is, of course, allowed and is, indeed, required. This
lays to rest any concerns that Lorentz invariance might be explicitly broken and, thus, doesn’t
single out holomorphic superpotentials as the only allowed by rotation invariance. But it does
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indicate that more care is needed in monitoring the identities the correlation functions of the
scalars should satisfy. The results of the numerical simulations, that extend the work reported
in ref. [4], will be reported in future publications.

Therefore the cross term doesn’t signal the explicit breaking of supersymmetry, but its
possible spontaneous breaking, that can be probed by computing the 1–point functions of the
noise fields,

〈ηI〉 =

〈

σIJ
∂φJ
∂xµ

+
∂W

∂φI

〉

?
= 0 (11)

The breaking can be anomalous if the 2–point functions of the noise fields, expressed in terms
of the scalars, aren’t δ−functions of the worldvolume arguments:

〈(ηI(x)− 〈ηI(x)〉) (ηJ(x
′)− 〈ηJ(x

′)〉)〉
?
= const× δIJδ(x− x

′) (12)

The simulations in ref. [4] show that, while the error bars are quite large, it is possible to get
reasonable results that suggest that supersymmetry isn’t broken, although lattice artifacts can
be seen.

Of course the higher order connected correlation functions must vanish to numerical preci-
sion; and the challenge here is storing the datasets that are needed for the analysis.

3 The obstruction for D > 2 and how it can be evaded

If we try to study the case of a worldvolume of more than two dimensions in the same way, we
come across a problem, that makes focusing on the remainder term, in the context presented
previously, simply, wrong.

In the literature the problem was presented in different guises:
Parisi and Sourlas, in ref. [1] tried to generalize the approach to D > 2, as did Cecotti and

Girardello in ref. [7, 8]. The argument that defined an obstruction, for Parisi and Sourlas, was
that, in D > 2, it didn’t seem possible to define holomorphicity of the superpotential–that was
the property that implied that the cross term is a surface term–in a unique way.

For Cecotti and Girardello,the observation was that, for D > 2 the remainder does con-
tribute to the equations of motion, in the continuum; in addition, its presence in the lattice was
shown to be inconsistent with the symmetries of the lattice action, especially when fermions
were explicitly taken into account.

However the statement about an obstruction does deserve further analysis. One reason is
that the property that the remainder doesn’t vanish, in any event, doesn’t preclude ηI(x) from
being Gaussian fields, with ultra–local 2–point function, once the boundary term is taken into
account.

But this remark misses the more severe problem, namely, that the real reason for the
difficulty in D > 2, is the absence of a Majorana representation for the Clifford algebra, when
D 6= 2mod 8. This is the real problem, whose solution requires a doubling of the degrees
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of freedom–and, therefore, precludes a consistent closure only using the “original” degrees of
freedom.

So let us discuss why doubling is necessary and what it entails.
It’s necessary, since the RHS of the equations (1) isn’t real, if the σµIJ don’t all have real en-

tries, even if they’re Hermitian. Therefore the complex conjugate quantities are, also, required,
viz.

η†I(x) = σµJI
∂φ†

J

∂xµ
+

(

∂W

∂φI

)†

(13)

(since [σµIJ ]
† = σµJI) The reason is that, if the σµ have imaginary entries, then eq. (1) doesn’t

define a useful change of variables in the partition function of the noise, since the ηI don’t take,
only, real values. Also, that, if the RHS of eq. (1) doesn’t take real values, the action isn’t
positive definite (it’s not even real).

In order for the change of variables to make sense at all, it’s necessary to take into account the
additional degrees of freedom, by considering the corresponding generalization of the partition
function of the noise, viz.

Z =

∫

[Dη][Dη†] e−
∫

dDx η
†
I (x)ηI (x) = 1 (14)

and to perform the change of variables, from the ηI , η
†
I to the φI , φ

†
I as imposed by eqs. (1)

and (13) 2

In this way, also, the action will be real–valued and bounded from below.
So we have to deal with Gaussian distributions of complex numbers, rather than real

numbers–this means, in particular, that the argument of the complex numbers doesn’t de-
couple from their modulus (this was stressed by Cecotti and Girardello [7, 8]).

In D = 3, where all three–hermitian–Pauli matrices are needed, the consistent description
requires, therefore two complex scalars, i.e. four real scalars. It will be interesting to study the
new conformal theories that can be defined in this way.

Similarly, in D = 4, that’s more relevant for particle physics, upon choosing all γ−matrices
to be hermitian, {γµ, γν} = 2δµν in Euclidian signature, the impossibility of defining a Majorana
representation implies that not all matrices can have real entries. Therefore it’s necessary to
double the degrees of freedom and the consistent description requires four complex scalars,
i.e. eight real scalars. It’s interesting to remark that this is the number of scalars required by
the minimal supersymmetric extension of the Standard Model–but found by a quite different
approach.

What this construction implies, is new relations between the correlation functions of the
scalars, expressing the property that the ηI and η†I define Gaussian fields with ultra–local 2–
point function.

This is the most “visible” novelty of this approach, for making contact with experiment,
real or on the computer.

2It is interesting that it is this approach that was used in ref. [1] to deduce that holomorphicity of the
superpotential implied that the cross term was a surface term.
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4 Conclusions

The discovery of the Higgs boson at the LHC has made the consistent theoretical understand-
ing of the fluctuations of scalar fields of topical interest. While supersymmetry was always
understood as describing the degrees of freedom that represent the fluctuations, including them
explicitly, beyond perturbation theory, has been a non–trivial task. The stochastic approach [1]
not only shows that the terms, that are the most difficult to handle in numerical simulations,
don’t need to be taken into account directly, but can be probed, indirectly, more efficiently than
might seem obvious, but, also, implies that the Nicolai map isn’t relevant only for manifestly
supersymmetric theories, but for any theory and, indeed, it is supersymmetry that expresses
how a physical system, in equilibrium with its fluctuations, can be described as consistently
closed. In this way of thinking, the breaking of supersymmetry implies that the system, in fact,
is open. Indeed, the way scalar fields appear in the Standard Model is coupled to gauge fields;
and the construction of the Nicolai map for gauge fields is, still, work in progress [9, 10, 11].

Monitoring the identities of the noise fields can, also, provide insight in how anomalies may
appear, that have been the subject of recent investigations [12, 13].

Finally, another domain, where scalar fields and their fluctuations appear is in cosmology
and it will be of interest to see how the stochastic approach might be of relevance for describing
the fluctuations of the inflaton 3
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