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Abstract
For any given positive integer [, we prove that every plane deformation of a circle
which preserves the 1/2 and 1/(2[+1)-rational caustics is trivial i.e. the deformation
consists only of similarities (rescalings plus isometries).
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1 Notations

- Vf(t) = f(t) — f(t—27/3)
p = p(ﬂa p = p(ﬂa p = p(t7)> pi = p(t7)> p+ = p(tJr)a er = p(tJr)

« F1()(t) = X; fr. €™, the projection on the Fourier’s modes k in I € Z. If [ = nZ
for some n € Z, we write %, (f) = Znz(f).

« Denote by C7'(T, C), the set of analytic function on the strip
T, ={2eC : |Imz| < p}/21Z,

endowed with the sup-norm | f|, == supg, | f[.

*Vadim Kaloshin: University of Maryland, College Park, MD, USA & Institute of Science and Tech-
nology Austria, Am Campus 1, 3400 Klosterneuburg, Austria. vadim.kaloshin@gmail.com

fComlan Edmond Koudjinan: Institute of Science and Technology Austria (IST Austria), Am Cam-
pus 1, 3400 Klosterneuburg, Austria. edmond.koudjinan@ist.ac.at


http://arxiv.org/abs/2107.03499v1

2 Introduction

A billiard is a mathematical modeling of the dynamic of a confined massless particle
without friction and reflecting elastically on the boundary (without friction): the particle
moves along a straight line with constant speed till it hits the boundary, then reflects off
with reflection angle equals to the angle of incidence and follows the reflected straight
line. It was introduced by G.D. Birkhoff | | in 1920.

A key notion in billiard dynamic is that of caustic.

Definition 1 A caustic of the billiard dynamic in a domain € is a curve € with the
property that any billiard trajectory that is once tangent to € stays tangent to € after each
reflection on the boundary.

Mather [ | proves the non-existence of caustics if the curvature of the boundary
vanishes at one point. Thus, as far as caustics are concerned, we can focus on billiards in
strictly convex domains; such billiards with at least C3~boundary will be called Birkhoff
billiards." However, a caustic, if it exists, need neither be convex nor differentiable.
Nevertheless, according to KAM Theory | , |, a positive measure set of con-
vex differentiable caustics which accumulates on the boundary and on which the motion
is smoothly conjugate to a rigid rotation do exists for Birkhoff billiards provided the
boundary of the domain is sufficiently smooth. in general, the billiard dynamic induces
naturally an orientation preserving circle homeomorphism on each convex caustic, which
in particular admits a rotation number, also called rotation number of the caustic. In
particular, a caustic is called rational (resp. irrational) if its rotation number is rational
(resp. irrational). In this work, we are mainly concerned with rational caustics.

Definition 2 Given m,n € N with m > 2, we call a caustic n/m-rational if all the
corresponding tangential billiards trajectories are periodic with the rotation number n/m.
We denote by Iy (S2) the collection of all the n/m-rational caustics of §2.

unlike irrational caustics which tends to be robust under perturbation according to KAM
Theory, rational caustics tends to be quite rigid and, therefore, break up under perturba-
tion. All the rational caustics may be even destroyed as show by Pinto-de-Carvalho and

Ramirez-Ros | | who proved that can perturb an elliptic billiard and destroy all
its rational caustics.
In contrast, Kaloshin and Ke Zhang | | proved that can perturb a Birkhoff billiard

table and create a new 1/g-rational caustic for sufficiently larges ¢, provide the boundary

1Observe that if € is not convex, then the billiard map is not continuous; in this article we will be
interested only in strictly convex domains. Moreover, as pointed out by Halpern | ], if the boundary
is not at least C2, then the flow might not be complete.



of the table is C" with r > 4. However, nothing is known for smalls gq. Moreover, it is
not also known if one can always perturb a sufficiently smooth Birkhoff billiard table and
creates, simultaneously, many rational caustics.

On the other side, a natural question is:

Question 1 Can one perturb a sufficiently smooth Birkhoff billiard table and (co—)preserve
many of its rational caustics?

The question is still widely open, even in the simplest case of co—preservation of two ratio-
nal caustics. Actually, the following intriguing conjecture has been made by Tabachnikov
over ten years ago:

Conjecture 3 (S. Tabachnikov) In a sufficiently small C™ (r = 2,--- 00, w) neigh-
borhood of the circle there is no other billiard domain of constant width and preserving
1/3-caustics.

It has been proven by J. Zhang | | that in the class of Zy—symmetric analytic defor-
mation of the circle with certain Fourier decaying rate, any deformation of the circle that
co—preserves 1/2 and 1/3-rational caustics is necessarily an isometric transformation.

In the present paper, we settle the analytic deformative case of Conjecture 3. We prove
that, for any given positive integer [, if an analytic deformation of the circle co—preserves
1/2 and 1/(2] + 1)-rational caustics then this deformation is trivial i.e. consists only of
circles (see Theorem 9 below).

A bounded convex planar domain may be parametrized in various way, amongst which
we have the parametrization with support function.

3 Support function and some facts

Given a bounded convex planar domain € with C* boundary 9 such that the origin of
the cartesian coordinates is in the interior of €, we denote by pq: [0,27) — [0,0) the
support function of 0€2. Denoting by (x(t), y(t)) the cartesian coordinates of the point on
09 corresponding to (¢, po(t)), we have

(1)

z(t) = pa(t) cost — pq(t) sint
y(t) = pa(t)sint + po(t) cost,

where pg denotes the derivative of pgq.

2We refer the reader to | ] for more details.



Given a supporting function p, we associate the generating function, denoted by &, of
the billiard map in the corresponding domain and given by

5(tt) = VT TP G0 70D L (07 5 45" + (5 — 20" coslt — 1)
— 2ppTsin(t —t7) + 2pp* sin(t — t7) — 2pp™ cos(t — iEJr))l/2

(2)

We have the following nice characterization of convex domains with 1/2-rational caustics:

Lemma 4 A bounded convex domain Q with C° boundary posseses a 2-periodic caustic
iff its support function p is of constant width:

p(t) = Y Zp(k) eIkt teT,
2 keZ

where w is the average width of Q and {p* }1ez < C.

The following error—function is the basis of the Lagrangian alternative approach proposed
by Moser and Levi.

Definition 5 Given a bounded convex domain 2 with C* boundary and support function
p, u€ COT) and m € N, we set

E™(p,u) == 018,(u, ut) + 028, (u™, u), (3)
where u*(t) := u(t + 2X). For the sake of simplicity, we shall write E for E3.
Following Moser—Levi| |, we have the characterization:

Lemma 6 Given m € N\{1}, a bounded convex domain 2 € R? whose support function
p € CYT) admits a 1/m—periodic caustic iff there is a homeomorphism u: T — T such
that

E™(p,u) = 1E,(u,u™) + 0o, (u™,u) = 0. (4)

Let Qg = {(z,y) € R* : z? + y* < 1} be the unit disc and consider the one-parameter
family €). of deformation of €2y such that

pa.(t) =1+ ep(t) + 0(62), for some p; € Cl(T),

and let 2 = {Q.: ¢ > 0}.



Remark 7 For any A\ > 0, the generating function of the disc AQq of radius \ is &)(t,t1) =
A 4/2(1 = cos(t — t*)). Thus, for any m € N,

E™()\ id) =0,
i.e. \Q)o possesses a 1/m-rational caustic.

The following extends Lemma 4 to all natural numbers and is contained in Ramirez—
Ros| ]. We provide in §5 an alternative proof.

Theorem 8 Let m € N withm > 2 and e > 0. Assume €. admits a 1/m—rational caustic.
Then py gm = 0 for all k € Z\{0}.

Consequently, the set of Q € & having a 1/m—rational caustics is a submanifold of 9 of
infinite codimension.

4 Main result

Denote by & the set of deformations ). of the unit disc €. within the class of strictly
convex plane domains, whose support function p. € C3(T) and is of the form: p.(t) =
1 +ep; + O(e?) with p; € CY(T,R), for some p > 0. Then, the following holds.

Theorem 9 Letl € N and ). € € be a deformation of the unit disc. Assume, there exists
g0 > 0 such that for any € € [0, &), 2. possesses a 1/2-rational and a 1/(21 + 1)-rational
caustic. Then, the deformation Q. is trivial: . is a disc for any ¢ € [0, &g).

5 Proof of Theorem 8

The proof of Theorem 8 will be deduce from the following Lemma.

Lemma 10 Let m > 2, p} = >, ,pi ™ € C¥(T) and uf = Y, ui,e* e L*(T).
Then,
E™(1 + epf,id + euf) = O(e?), (5)

iff for any k € Z\mZ,

uik = Qmk pik and ry.mZ\{O} (pik) = 07 (6)

k k
ke =1 <k: cot? (W—> — cot (1) cot <7T—)) .
m m m

where



Proof By Lemma A.1 (see §A.1), E™(1 + ep¥, id + euf) = O(£?) iff
sin (%) (pf + D7 +2p1 +uf +uy —2uy) + (py — py) cos <%> =0

i.e. for any k € Z,

k k 2wk
—2¢sin (£> sin? (W—) Uy g = (21{: sin (1> cos? (W—> — COos (1> sin (L)> Dik s
m m m m m m
which, in turn, is equivalent to (6) as, for all k € mZ\{0},
i (Y cos? (T8 = cos () sin () = 2ksin (T) =
2k sin (m) cos (m) cos (m) sm( - ) = 2k sin (m) =0. 1
6 Proof of Theorems 9

We start setting up some notation. We shall denote

where py = 1 and ug = id.

o ™ PNuUN Z ENkE

where
1 dN +k

(N + k)l deN+

For m = 3, here and henceforth, we will drop the superscript m and write £ for E3.
The following Lemma will be needed.

E™ (Pn,Uy)

e=0

moo.__
E‘]\/v’]f =

Lemma 11 Let f e CJ(T,C), for some p > 0. If

D fifimn =0, for all ne Z\{0}, (7)

keZ

then f = fy.



Proof Set ¢g(z) := f(2)f(z) and consider the usual scalar product on L?(T):

{u,vy = f uv.
T
Fix 0 < p' < p. Then, for all k € Z,

[ful < £l e, (8)
so that,
: i .
sup 3 [ e < 3 1fel M <], ) e < oo, (9)
2€T,r ez, keZ keZ
Thus, |
f(z) = Z fre™, on T, (10)
keZ
and, therefore, '
g(z) = Z gr e, on T,. (11)
keZ
Moreover, for any n € Z\{0},
Gn = <g’ eint>
— J (Z fk 6ikt)(2 Tm e—imt) 6—int dt
T kez meZ
= Z .fk fk—n
keZ
Do,

11
Consequently, ¢ ) 0on T, ie. |f|2|T = ¢o, and this holds for all 0 < p/ < p. Thus,
o
|f|> = go on T,. Then, the open mapping theorem yields f = f;. 1§

Proof of Theorem 9

e Case n = 1: We argue by contradiction. Let Q2 € %3 with support function p(t) =
1+ epy +&°p2 + O(e%), where p; € C¥(T,R), p, € C*(T), for some p > 0 and for & close
to 0. Without loss of generality, we can assume that

p1—1=p11 =0, and p1 #0. (12)
Then, by Lemma 6, there exists u(t) =t + >, £"u,(t), with {u, }n>1 S C°(T) such that

E(p,u) = 0. (13)



Also, observe that, by Lemma 4, we have®
ﬁgz(pn) = 0, Vn=>1. (14)

We have 0 = FE(p,u) = E(1+epy,id +cuy) + O(g?), so that E(1 +epy, id +euy) = O(e?).
Thus, by Lemma 10, we have, for any k € Z\3Z,

Uy = agppre  and  Fapqoy(p1) = 0. (15)
Therefore, Lemma A.1 yields
E(1 +epy,id +euy) = By 6% + O(e%). (16)

Now, using Lemma A.2, we have

A8 ~ 16 ~
E(Py,Uy) =" B(PLUY) + Baoe® + O(%) =) (Buy + Ero)e? +O(€%),  (17)
where 3 V3
~ 1 B 3. - ) 3 _
Eao=7(=ps +py) + (03 + Py +2P2) + = (ug + uy = 2us). (18)
Hence,
1 N
0= E(u,p) = E(P,,Uy) + O(”) o (B1q + Eag)e® + O(e%), (19)
which implies N
By + By = 0. (20)
o o (18),(14) C o .
Thus, Fs(F11) = —%6(E2p) = 0. Then, specializing (A.2) to m = 1, we obtain, for
all n € Z\{0},
Z k(k — n)p1ek+1 P16(m—k)—1 = 0. (21)

keZ

Now, consider the auxiliary function f(z) = 3., fr e with fx == kpierr1. Then f €
C9(T,R), where p := p/2. Moreover, as fiy_pn = (k—n) Prot—m+1 = (K—n) p1sn—r)-1, the
last relation in (21) then reads: Y}, , fi fi—n = 0, for all n € Z\{0}. Therefore, Lemma 11

yields f = fo = 0 i.e. prps1 = 0 for all k£ € Z\{0}. But then, as p; 1 = p1 (1=2) 0, we

would get p; = 0, which contradicts (12).

3By making the normalization .%y(p,) = 0, n > 1.



e General case n € N : The proof in the general case is completely identical, up to two
minor adjustments. The first one is the Cohomological equation (21) which, according to
(A.2), is in general:

dm+1

1
16 Z Z 32;”(”, k) P12(2m+1)k+r P1,22m+1)(n—k)—r = 0, Vne Z\{O}- (22)
keZ r—=1
But, each of the polynomials #2™(n, k) splits:
‘@;n(lnﬁ k) = —16¢ (Cjn,r>2(k - Cj:,r)(n —k+ C:::,r%

where

- T cot( T )tan( 7”’)—7"
* _ 2 1 3 o t2 d FE L 2m+1 2m+1 )
Cmir \/( m +1)°sin <2m+1>co <2m+1> e Cmr dm + 2

Hence, the auxiliary function f(z) = Y., fr €"* should be defined by:* f == ¢, (k —
Zm,r) P1,6k+r- I

Appendix
A Reccurent formula for p, and u,, and Taylor’s series
expansion of E"(Py,Uy)

A.1 Expansion of E" (P, U;)

Let p1 = Y, ,pixe™ € C*T) and u; = Y, ,urre™ € COT). Set P, == 1 + epy,
Uy == id + eu; and U (t) == Uy (t + 2.

Lemma A.1 Given any integer m = 2, we have
E™(1+epy,id + euy) = Efye + Ef €% + O(£®), (A1)

with

4This is the second adjustment.



m .
ETo:

m .
ETY =

3 3
uipy + 2sin ( W) ufpf + 10sin < >p1p1 + 2sin <_7T) Pipt+
m m
: . (37 3T\ ..
pﬁﬁ—Qﬁn( >mp1+MM% )pml 4%8(E)mm—
m m
m ™ 3m
_5 (_) —\2 <_) )2 o +y2 4
> cos | — > (py)° — cos - (uy")” + cos - (u])
(uy)? — cos 57 (uy)? + cos (£> (p1)? — cos 57 (p)?—
1 - 1 m) P m 1
(p7)? + cos 57 (py)* + 2 cos (l)u uf — 2cos 37 uyuy —
Dy m ) P m) it m )t
_ 3m _ ™ L
uju; +2cos | — | wju; — 2cos < ) uipr + 2cos uy p1+
m m m
_. 3m\ _. T 3 -
u;p1 —2cos | — | uypr + 2cos (—) upy — 2 cos upy +
m m m
3 3
Py — 2cos (—W> ufpT — 2cos < >p1p1 + 2 cos ( 7T> ppy +
m m

(o)) o(3) o)

=¥

S|a 3| —~

N——

— 2cos

+ 2 cos

+ 2 cos U

/N 7 N
3|3 3a 3=
N——— N

—

2
— 2sin ( ) ( 4y sin (1> + 2u; sin® (1> — cos (—W) uf 4+ uf +
m m m
2 . . 2
+2 cos >p1+6p1—cos(£>pf+pf—cos( 7T>pl +p1>

3 o T\ _._ 3
uip; + 2cos u1p; — 2 cos (—) uyp; +2cos| —
m m m

NI

~2cos ()
(=)

— 12sin

m

3m\ . ._ (TN 4 .
+2cos | — ) p1p; —2cos | — p1p1—12sm<—>u1p1—|—4sm —
m m m

m
. AL 3m .
uy p1 — 24sin >p1p1 + 8sin <E) D11 —

(i
T\ .. (3TN ._..
(—) Py P1 + 4sin (—) PPt

m

_ . ™ .92 ™ — .9 ™ 27T 27T .
+ 4p] sin (—) 2uq sin (—) — 2uy sin (—) + cos p1 + 3p1 — cos P+
m m m m m

10

Py + 4sin pp1 — 12sin

. . (3#)
uypr +4sin | —
m
3T\ .
m



2 3
+p; — 2sin <—7T) 1'51) — 12sin <£> ufp + 4sin <—7T) uf pf — 12sin (1) uy P+
m m m m

(3TN .
+4 sin (—) U,y pl) .
m

In particular, if Fominz oy (P1) = 0 and ui g = Gomy1.k D1k, for all k € Z\(2m+1)Z, then

dm+1

§2(2m+1)(EfTH) = Znem(m“)ntz Z c@:n(n, 747)p1,2(2m+1)k+rp1,2(2m+1)(n—k)—r-
neZ keZ r=1
(A.2)
P (n, k) ( 1+ *) T ’<1+ ) i T ) (k(dm +2) + 1)
= T — m+ — m+
- (12, Cm), e Ccos D—— ) e Sin D— m r

<<1+622ﬂi—ﬂ+r1) sin (2m7r+1) ((4m+2)(n—k)—r)—i<—1+e%)cos <2mﬂ+1>) ,
—4(2m + 1) esc (527)

2m+1
Cony =
m,r 2imr \ 2
(—1 + em)

Proof For the sake of simplicity, we shall give the proof for m = 1; the general case
follows word—by—word the same lines.

() Indeed,
&g (U, Uf) = 2(1 — cos 2_7r) + 2e| (1 — cos 2—7T)(p +p7) — sinQ—W(u —uf)—
p\Y1, V1 m m 1 1 m 1 1
. 2m . .
— sin R(pl — pf)) +0(e?), (A.3)
Thus,
. A3) (. 2\ _2m\ 7 2
& (UL U) 7= (2 sin E) —€ (2 sin E) (1 — cos E)(pl +pi)—
. 2T . 2T . .
— sin E(QM —uf) —sin E(pl — pf)) +0(?), (A.4)

and, substituting ¢ by ¢t — 27/m in (A.4), we obtain

o\ o\ ~° 2
éa];ll(Ul_,Ul)=<2sin—7r) —5(2sin—ﬂ> ((1—008%)(}9; +p1)—

m m

_ sin %(uf _ uy) — sin %(p; _ pg) LO(). (AS5)

11



Moreover,

2 .. 2 2
28p, (U, U)o Ep (U, U ) = —2 sin - 4 2¢ (p — p{ cos il (ug —uy) cos T~
m m m

2
— (pi +p1 + Pr)sin %) +0(%)  (A6)

and

_ _ .27 ) - 2m _ 2w
28p, (U, Uy)028p, (U, Uy) = QSIHH + 2¢ <p1 ~ Py cos — — (u; — uq) cos E+

2
+ (p1 +p1+ p1)sin %) +0(e%). (A7)

Therefore, writing E™(Py,Uy) = &, (U, Uy )Ep, (Ur, U )01Ep, (Ur, U )+

+&p (U, Uy)é&p, (Ur,Ur)026p, (Ur, Uy) and using (A.4)—(A.7), we obtain the formula of
the first order term 7 in (A.1).

Similarly, expanding (A.3)—(A.7) up to the second order, one gets the formula of the
second order term EY" in (A.1). Then, simple computations yields the formula (A.2). i

A.2 Recurrent formula for £ (Py,Uy) for N > 2

We adopt the same notations as in §6

Lemma A.2 Letm >2, N >1,py, - ,pny1 € CAHT), and uy, -+ ,uyiq1 € L*(T). Then,
we have N
E™(Pyi1,Uny1) = E™(Pn,Un) + Ef 0™+ 0(NH?), (A.8)

with

~ 1/ . T . . . _
ENi10= B <Sm (E) (pj\_f-i-l + Pyir + 2DN11 F U T U — 2uN+1) +
(A.9)

™

seos (Z) (o~ phr) )

Proof For the sake of simplicity, we shall give the proof for m = 3; the general case
follows word—by—word the same lines.

12



We have on one hand,
éalgNH(UNHa UJJ\FT+1) = P]%+1(UN+1) + P]%+1(UN+1) + P]%+1(UJJ\FT+1) + p]%f+1(UJJ\rf+1)_
- Q(PN+1(UN+1)PN+1(U;§+1) + PN+1(UN+1)PN+1(U;§+1)) cos(Un — Uy)+
2 (PNH(UMQPNH(U;H) . PNH<UNH>PNH(U;H>) sin(Uy — U3) =
= <¢@1.27N(UN7 Uﬁ) + eV <3(pN+1 + pJJ\r/H) - \/g(UNH - UJJ\FZH) - \/g(pNH _pJJ\r/H)) +
+ O(eNT2). (A.10)

Therefore,

1 __
gj;zxrlﬂ (UN+17 UJJ\;Jrl) = gj;]\rl(UNv U]t) - ig)PJ\?(UJ\U U]t)‘gNJrl <3(pN+1 + p]J\r/Jrl)_
Bl — ) — Ve — mm) O

_ V3 . .
= ng\KUNv th) — —eN*! (3(pN+1 +pJJ\r7+1) - \/g(uNH - UJJ\FIH) - \/g(pNH - pJJ\r/H) +

18
+ O(6N+2)
and, replacing t by ¢ — 27/3 in the above formula, we get

- ~ e V3
Enl (Uynir, Uni1) = Ep Uy, Un) — §5N+1

Pn1 N

(3<prv+1 + pavar) — VB — tuner)—
VB, - pm) L0,
Furthermore,

26py 1 (Uni1, U 1) 016y, (Uns1, Uiy) = (Pyaa(Uns1) + pN+1(UN+1)) X

X <2PN+1(UN+1> — 2PN+1(U1J\7+1) cos(Uny1 — Ugsy) + 2Pny1 (U ,q) sin(Uns1 — U;GH))
= &py (Un, U )018py (Un, Upy) + N1 <2PN+1 + Prir — \/g(pN+1 + Prpr + D)+

+ u]J\r,Jrl — uN+1) + O(8N+2) , (All)

13



and

26py 1 (Uny1, Uni1) 026y (Uy 1, Unst) = (Pyaa(Unsr) + pN+1(UN+1)) X

X <2PN+1(UN+1) — 2PN+1(U]§+1> COS(UJ:;_H — UN+1) — 2PN+1(U§+1) SiIl(UJ:;_i_l — UN+1))

= Epy Uy, Un)02Ep (U, Un) + N <2PN+1 + Pyar — V3( = Prs1 + Dysy — Pne1)+

+ u]_VH — UN+1) + O(EN+2). (A12)

Thus, writing

E(Pni1,Uny1) = éap_A}H(UN+1a USi1)  Epyis (Uns1, Ui 1)01Epy  (Unsr, Ugq) +

+ éaP_NlH(UJ:Ml’ UN+1) : éaPN+1(UJ:7+1> UN+1)62£PN+1(U]§+1> UN+1>a

one gets the (A.8).
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