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Abstract

BELLE has recently reported the measurement of the branching fraction of the semileptonic

B− → π+π−ℓ−ν̄ℓ decay, where ℓ represents an electron or a muon. With the new information

on the ππ invariant mass spectrum, we extract |Vub| = (3.31 ± 0.61) × 10−3 in agreement with

those from the other exclusive B decays. In particular, we determine the non-resonant B → ππ

transition form factors, and predict the non-resonant branching fraction B(B− → π+π−ℓ−ν̄ℓ) =

(3.5 ± 1.4+4.3
−2.4)× 10−5, which is accessible to the BELLEII and LHCb experiments.
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I. INTRODUCTION

For the Cabibbo-Kobayashi-Maskawa (CKM) matrix element |Vub|, there have been the

long-standing inconsistent determinations from the inclusive and exclusive b-hadron de-

cays [1, 2], which might indicate the existence of new physics [3–11]. For a careful ex-

amination, the exclusive B− → π+π−ℓ−ν̄ℓ decay can provide another path to determining

|Vub|, where ℓ represents an electron or a muon. Nonetheless, although B− → π+π−ℓ−ν̄ℓ has

been observed many times [13–16], it is essentially B− → ρ0ℓ−ν̄ℓ along with ρ0 → π+π−,

instead of a genuine four-body decay.

Recently, BELLE has newly reported the measurement of the branching fractions of

B− → π+π−ℓ−ν̄ℓ with the full ππ invariant mass (Mππ) spectrum [17]. In addition to the

resonant processes of B− → Rℓ−ν̄ℓ, R → π+π− with R = ρ0 and f2 ≡ f2(1270), the non-

resonant contribution is also found. Explicitly, we present the branching fractions as [1, 17,

18]

BT(B
− → π+π−ℓ−ν̄ℓ) = (22.7+1.9

−1.6 ± 3.4)× 10−5 ,

Bρ(B
− → ρ0ℓ−ν̄ℓ, ρ

0 → π+π−) = (15.8± 1.1)× 10−5 ,

Bf2(B
− → f2ℓ

−ν̄ℓ, f2 → π+π−) = (1.8± 0.9+0.2
−0.1)× 10−5 ,

BN(B
− → π+π−ℓ−ν̄ℓ) = (5.1± 4.3)× 10−5 , (1)

where BT,N denote the total and non-resonant branching fractions, respectively, while Bρ ≃
B(B− → ρ0ℓ−ν̄ℓ)×B(ρ0 → π+π−) is from PDG [1]. By excluding Bρ,f2 from BT, we estimate

BN in Eq. (1).

As depicted in Fig. 1, B− → π+π−ℓ−ν̄ℓ proceeds through the resonant and non-resonant

B → ππ transitions, respectively, with the lepton-pair produced from the emitted W -boson.

One has been enabled to parameterize the resonant B → ρ(f2), ρ(f2) → ππ transition [19].

Despite the theoretical attempts [5, 12, 20–29], the non-resonant B → ππ transition is still

poorly understood. With the full ππ invariant mass spectrum provided for the first time, the

information on the non-resonant B → ππ transition form factors (Fππ) becomes available.

Hence, we propose to newly extract |Vub| and Fππ, by which we will be able to study BN.

We will also study the angular distribution and its asymmetry to be compared to the future

measurements.
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FIG. 1. B− → π+π−ℓ−ν̄ℓ with (a) non-resonant and (b) resonant contributions.

II. THEORETICAL FRAMEWORK

The semileptonic B− → π+π−ℓ−ν̄ℓ decay is observed with the full Mππ spectrum, which

indicates the existence of the non-resonant contribution [17]. Moreover, the simulation is

performed to seek the resonances that contribute to B− → π+π−ℓ−ν̄ℓ. It turns out that only

a dominant peak and a small bump are observed, which correspond to B− → ρ0ℓν̄, f2ℓν̄,

respectively, with ρ0, f2 → π+π−. Therefore, the total amplitude of B− → π+π−ℓ−ν̄ℓ can be

written as

MT = MN(B
− → π+π−ℓν̄ℓ) +Mρ(B

− → ρ0ℓ−ν̄ℓ, ρ
0 → π+π−)

+ Mf2(B
− → f2ℓ

−ν̄ℓ, f2 → π+π−) ,

MN(R) =
GFVub√

2
〈π+π−|ūγµ(1− γ5)b|B−〉N(R) ūℓγ

µ(1− γ5)vν , (2)

with R = (ρ, f2). The matrix elements of the (non-)resonant B meson to ππ transitions can

be parameterized as [12, 30]

〈π+(pa)π
−(pb)|ūγµ(1− γ5)b|B−〉N

= hǫµναβp
ν
Bp

α(pb − pa)
β + irqµ + iw+pµ + iw−(pb − pa) ,

〈π+(pa)π
−(pb)|ūγµ(1− γ5)b|B−〉ρ(f2)

= 〈π+π−|ρ(f2)〉
i

(t−m2
ρ(f2)

) + imρ(f2)Γρ(f2)

〈ρ(f2)|ūγµ(1− γ5)b|B−〉 , (3)

with p = pb+pa, q = pB−p = pℓ+pν , (s, t) ≡ (q2, p2), and the form factors Fππ = (h, r, w±).

The matrix elements of B → ρ(f2) transition are written as [33–35]

3



〈ρ(f2)|ūγµb|B〉 = ǫµναβǫ
(′)νpαBp

β
ρ(f2)

2V
(′)
1

mB +mρ(f2)

,

〈ρ(f2)|ūγµγ5b|B〉 = i
[

ǫ(′)µ − ǫ(′) · pB
s

qµ

]

(mB +mρ(f2))A
(′)
1 + i

ǫ(′) · pB
s

qµ(2mρ(f2))A
(′)
0

− i
[

(pB + pρ(f2))µ −
m2

B −m2
ρ(f2)

s
qµ

]

(ǫ(′) · pB)
A

(′)
2

mB +mρ(f2)

, (4)

with ǫ′µ ≡ ǫµνpBν/mB and the form factors Fρ(f2) = (V
(′)
1 , A

(′)
0,1,2), where ǫν and ǫµν are

the polarization vector and tensor, respectively. To describe the ρ0, f2 → π+π− decays,

〈ππ|ρ, f2〉 in Eq. (2) are given by [9, 19, 36]

〈ππ|ρ〉 = g1ǫ · (pb − pa) ,

〈ππ|f2〉 = g2ǫ
µνpaµpbν , (5)

where g1,2 are strong coupling constants. To sum over the vector and tensor spins for ρ and

f2, respectively, as the intermediate states in the resonant B → ππ transitions, we use the

following identities [33–35],

Σǫµǫ
∗
µ′ = Mµµ′ ,

Σǫµνǫ
∗
µ′ν′ =

1

2
Mµµ′Mνν′ +

1

2
Mµν′Mνµ′ − 1

3
MµνMµ′ν′ , (6)

with Mµµ′ = −gµµ′ + pµpµ′/p2. The form factors in Eqs. (3, 4) are momentum-dependent,

modelled in the single-pole or double-pole forms [33–35]:

Fρ(s) =
Fρ(0)

1− s/m2
V

,

Ff2(s) =
Ff2(0)

(1− s/m2
B)

2
,

Fππ(t) =
Fππ(0)

1− a (t/m2
B) + b (t/m2

B)
2
, (7)

where Fρ,f2(s) have been studied in QCD models, whereas (a, b, Fππ(0)) need to be extracted

in the global fit.

For the four-body decay channel B−(pB) → π+(pa)π
−(pb)ℓ

−(pℓ)ν̄ℓ(pν), one has to inte-

grate over the kinematic variables (s, t, θM , θL, φ) in the phase space. See Fig. 2, θM(L) is

the angle between π+ and π− (ℓ− and ν̄ℓ) moving directions in the π+π− (ℓ−ν̄ℓ) rest frame.

In addition, the angle φ is between the π+π− and ℓ−ν̄ℓ planes, defined by ~pa,b and ~pℓ,ν̄ℓ,
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FIG. 2. The angular variables (θM , θL, φ) in the four-body B− → π+π−ℓ−ν̄ℓ decay.

respectively, in the B-meson rest frame. Then, the partial decay width reads [37, 38]

dΓ =
|M|2

4(4π)6m3
B

XαMαL ds dt dcos θM dcos θL dφ , (8)

where X , αM and αL are defined by

X =
[

1

4
(m2

B − s− t)2 − st
]1/2

,

αM =
1

t
λ1/2(t,m2

π, m
2
π) ,

αL =
1

s
λ1/2(s,m2

ℓ , m
2
ν̄) , (9)

with λ(a, b, c) = a2+ b2+ c2− 2ab− 2bc− 2ca. The allowed ranges for (s, t) and the angular

variables (θM , θL, φ) are given by

(mℓ +mν̄ℓ)
2 ≤ s ≤ (mB −

√
t)2 ,

4m2
π ≤ t ≤ (mB −mℓ −mν̄ℓ)

2 ,

0 ≤ θM,L ≤ π ,

0 ≤ φ ≤ 2π , (10)

with mℓ +mν̄ℓ ≃ 0. From Eq. (8), we define the angular distribution asymmetry as

AθM ≡
∫+1
0

dΓ
d cos θM

d cos θM − ∫ 0
−1

dΓ
d cos θM

d cos θM
∫+1
0

dΓ
d cos θM

d cos θM +
∫ 0
−1

dΓ
d cos θM

d cos θM
, (11)

where dΓ/d cos θM is the angular distribution.
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TABLE I. The B to (ρ, f2) transition form factors with MV = 7.0 GeV in Eq. (7) [32, 34]. Here,

we present
√
2Fρ0 = Fρ for the B to ρ0 transition.

V
(′)
1 A

(′)
1 A

(′)
2

√
2Fρ0(0) 0.35+0.06

−0.05 0.27+0.05
−0.04 0.26+0.05

−0.03

Ff2(0) (0.18 ± 0.02) (0.13 ± 0.02) (0.12 ± 0.02)

III. NUMERICAL ANALYSIS

In the numerical analysis, we perform the minimum χ2-fit, in order to extract |Vub|, Fππ

and δ1,2 as the free parameters, where δ1(2) is the relative phase for Aρ(f2). The equation of

the χ2-fit is given by

χ2 =
(Bρ th − Bρ ex

σρ ex

)2

+
(Bf2 th − Bf2 ex

σf2 ex

)2

+
∑

i

(

dBi

th

dMππ
− dBi

ex

dMππ

σi
ex

)2

+
∑

j

(F j
ρ(f2)

− F j
th ρ(f2)

δF j
th ρ(f2)

)2

, (12)

where dB/dMππ denotes the partial branching ratio, and σex (δFth) the uncertainty from

the observation (form factor). Bρ(f2) th and dBth/dMππ are the theoretical inputs from the

amplitudes in Eq. (2), and the experimental inputs are given in Eq. (1) and Fig. 3. We

take Fρ and Ff2 in Table I as the initial values in Eq. (12), together with |g1| = 5.98 and

|g2| = 18.56 GeV−1 [36, 39].

Subsequently, we extract that

|Vub| = (3.31± 0.61)× 10−3 ,

a = (0.96± 0.93)×m2
B, b = (1.84± 0.87)×m4

B,

h(0) = 1.90± 0.43 , w+(0) = 6.16± 3.41 , w−(0) = 3.67± 1.79 ,

(δ1, δ2) = (−111.6± 29.3, 0.0± 1.4)◦

χ2/n.d.f = 1.1 , (13)

with n.d.f = 7 the number of degrees of freedom. The form factors V
(′)
1 and A

(′)
1,2 are fitted

to slightly deviate from their initial inputs in Table I, given by

(V1(0), A1(0), A2(0)) = (0.35± 0.06, 0.29± 0.04, 0.28± 0.04) ,

(V ′
1(0), A

′
1(0), A

′
2(0)) = (0.18± 0.02, 0.11± 0.02, 0.14± 0.02) . (14)
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Nonetheless, r and A
(′)
0 in Eqs. (3, 4) are not involved in the global fit, since they have

been vanishing with qµūℓγ
µ(1− γ5)vν = 0 in the amplitudes, where the lepton pair is nearly

massless.

Using the fit results in Eqs. (13,14), we obtain

BT(B
− → π+π−ℓ−ν̄ℓ) = (19.6± 7.9+7.5+0.7

−5.4−0.1)× 10−5 ,

Bρ(B
− → ρ0ℓ−ν̄ℓ, ρ

0 → π+π−) = (15.8± 6.4+7.1
−5.7)× 10−5 ,

Bf2(B
− → f2ℓ

−ν̄ℓ, f2 → π+π−) = (2.6± 1.1+1.2
−0.9)× 10−5 ,

BN(B
− → π+π−ℓ−ν̄ℓ) = (3.5± 1.4+4.3

−2.4)× 10−5 , (15)

where the first errors are from |Vub|, the second ones from the form factors, and the third

error for BT from the relative phase δ1. Moreover, we draw the partial branching fractions

as the functions of Mππ and cos θM in Fig. 3 and Fig. 4, respectively. We also calculate the

angular distribution asymmetries, given by

AθM ,T(B
− → π+π−ℓ−ν̄ℓ) = (1.3± 8.9+0.8

−2.5)% ,

AθM ,ρ(B
− → ρ0ℓ−ν̄ℓ, ρ

0 → π+π−) = (0.20± 0.04)% ,

AθM ,f2(B
− → f2ℓ

−ν̄ℓ, f2 → π+π−) = (0.31± 0.08)% ,

AθM ,N(B
− → π+π−ℓ−ν̄ℓ) = (−43.0± 22.3)% , (16)

where the first errors come from the uncertainties of the form factors, and the second error

for AθM ,T is from the relative phase δ1.

IV. DISCUSSIONS AND CONCLUSIONS

We study B− → π+π−ℓν̄, in order to explain the ππ invariant mass spectrum observed

by BELLE [17]. In Fig. 3, the curves for B− → (ρ0, f2)ℓν̄, (ρ
0, f2) → π+π− are shown

to barely fit the first three data points in the spectrum. Nonetheless, the non-resonant

B− → π+π−ℓν̄ raises the contribution as the dot-dashed curve describes. As a result, the

solid curve that takes into account the resonant and non-resonant contributions is able to

explain the data, with χ2/d.o.f = 1.1 that presents a reasonable fit. The relative phase

δ1 = −111.6◦ causes a destructive interference between the non-resonant B− → π+π−ℓν̄ and

B− → ρ0ℓν̄, ρ0 → π+π−. As a demonstration, we turn off δ1 and obtain BT = 22.2 × 10−5.

By contrast, δ2 is fitted to be zero, in accordance with the fact that the non-resonant

7
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FIG. 3. The ππ invariant mass spectrum, where the solid curve that takes into account the all

contributions explains the data points from BELLE [17]. On the other hand, the dashed (dotted)

and dot-dashed curves depict the contributions from B− → ρ(f2)ℓν̄, ρ(f2) → π+π−, and non-

resonant B− → π+π−ℓ−ν̄ℓ, respectively.
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FIG. 4. Angular distributions of B− → π+π−ℓ−ν̄ℓ, where the solid, dashed, dotted and dot-dashed

curves represent the same contributions as those in Fig. 3.

contribution is tiny in the range of Mππ > 1 GeV, barely having the interference with

B− → f2ℓν̄, f2 → π+π−.

It turns out that BN = (3.5± 1.4+4.3
−2.4)× 10−5 is given for the first time. Also importantly,

we determine |Vub| = (3.31±0.61)×10−3 from the first genuine four-body semileptonic B →

8



ππℓν̄ decay, instead of B− → ρ0ℓν̄, ρ0 → π+π−. For the angular distribution asymmetries,

we obtain AθM ,ρ(f2) = 0, showing the symmetric distributions as the curves in Fig. 4. By

contrast, |AθM ,N| is as large as 40%. This is due to the main contributions from the form

factors w+(pb + pa)µ and w−(pb − pa). With pb + pa = (2Eb,~0) and pb − pa = (0, 2~pb) in the

π+(pa)π
−(pb) rest frame (see Fig. 2), the projection of w∓(pb∓pa) onto the four-momentum

of the lepton pair system causes a cos θM -(in)dependent term, such that their interference

leads to the large angular distribution asymmetry.

In summary, we have studied the semileptonic B− → π+π−ℓν̄ decay. With the full ππ

invariant mass spectrum observed by BELLE, we have determined |Vub| = (3.31±0.61)×10−3

agreeing with the other exclusive determinations. Besides, we have extracted the non-

resonant B → ππ transition form factors, by which we have predicted the non-resonant

branching fraction BN(B
− → π+π−ℓ−ν̄ℓ) = (3.5±1.4+4.3

−2.4)×10−5. We have also predicted the

non-resonant angular distribution asymmetry AθM ,N(B
− → π+π−ℓ−ν̄ℓ) = (−43.0 ± 22.3)%

to be checked by the future measurements.
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