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EQUILIBRIUM STATES FOR NON-TRANSITIVE RANDOM OPEN

AND CLOSED DYNAMICAL SYSTEMS

ABSTRACT. We prove a random Ruelle-Perron—Frobenius theorem and the existence of
relative equilibrium states for a class of random open and closed interval maps, without
imposing transitivity requirements, such as mixing and covering conditions, which are
prevalent in the literature. This theorem provides existence and uniqueness of random
conformal and invariant measures with exponential decay of correlations, and allows us to
expand the class of examples of (random) dynamical systems amenable to multiplicative
ergodic theory and the thermodynamic formalism. Applications include open and closed
non-transitive random maps, and a connection between Lyapunov exponents and escape
rates through random holes. We are also able to treat random intermittent maps with
geometric potentials.

CONTENTS

1. Introduction

2. Notation and setting

3. Basic estimates

3.1. Infimum estimates

3.2.  Variation estimates and Lasota—Yorke inequality

4. (Strictly) invariant cones and strongly contracting potentials

4.1. Contraction of projective metric

5. Construction of equivariant densities and conformal measures

5.1. Equivariant densities

5.2. Equivariant conformal measures

6. Main results

6.1. Equilibrium states and exponential decay of correlations

6.2. Multiplicative ergodic theory and random Ruelle-Perron—Frobenius
decomposition

7. Examples

7.1. Sufficient conditions for strongly contracting potentials

7.2. Non-transitive systems and a covering criterion

7.3. Random intermittent maps

7.4. Random open systems and escape rates

Acknowledgments

References

Date: January 21, 2022.

JASON ATNIP, GARY FROYLAND, CECILIA GONZALEZ-TOKMAN, AND SANDRO VAIENTI

O © 00 ~J O OO = I

10
12
12

15
17
17
18
19
20
21
21


http://arxiv.org/abs/2107.03776v2

2 JASON ATNIP, GARY FROYLAND, CECILIA GONZALEZ-TOKMAN, AND SANDRO VAIENTI

1. INTRODUCTION

Non-autonomous or random dynamical systems provide flexible mathematical models
to analyze a wide range of forced and noisy phenomena. They have been identified as an
important direction going forward in the study of chaotic systems [25]. One of the obstacles
in the investigation of the long-term properties of such systems stems from the difficulty in
identifying concrete examples for which the available theoretical results apply. This work
uncovers scenarios where ergodic-theoretical tools can be used to establish results related
to the thermodynamic formalism and decay of correlations for random dynamical systems,
without imposing requirements such as transitivity or covering, which are often difficult to
verify in this context.

For autonomous (time-homogeneous) finite-state Markov chains and systems whose dy-
namics can be encoded by them, such as shifts of finite type and systems with a Markov
partition, one can use normal forms for reducible matrices [12, Vol. 2| to analyze the
dynamics using irreducible components as building blocks. In sharp contrast, there is no
available decomposition of non-autonomous (random) systems into transitive or irreducible
components. For instance, Buzzi 6, §0.2| noted difficulties in decomposing one-dimensional
piecewise expanding random systems into pathwise irreducible components, and hence in
the search for decompositions that could play the role of normal forms in this setting. Ac-
cordingly, the study of decay of correlations and Ruelle-Perron—Frobenius type results in
the random setting has so far relied on stronger hypotheses, such as mixing and/or cover-
ing conditions [5, 4, 6, 15, 20, 19, 10, 3, 14, 2, 23, 1]. Similar assumptions appear in the
investigation of memory loss in time-dependent systems [21, 24, 13, 7|.

In this work, we exhibit new examples of random dynamical systems for which invariant
measures (relative equilibrium states) with exponential decay of correlations can be con-
structed. We do not impose transitivity assumptions — so neither topological mixing nor
covering conditions are assumed — but instead require that the random maps and random
potentials satisfy a contracting type condition, on average; see Definition 4.2 for details.
Naturally, when such results hold, one expects to obtain a one-dimensional top equivariant
direction for the (random) transfer operator. Indeed, under mild extra assumptions, we
also show that the multiplicative ergodic theorem of Froyland, Lloyd and Quas [11] ap-
plies in this setting and yields a unique random Ruelle-Perron—Frobenius decomposition
and further information. Our approach builds on the concept of a contracting potential,
introduced in the autonomous setting by Liverani, Saussol and Vaienti [17], but we work
with random cones of functions, conveniently defined in terms of (essential) infimum and
variation. This work may also be regarded as a generalisation, complementary to [1], of
the work of Liverani and Maume-Deschamps [16] to the random setting. Furthermore, our
approach allows us prove results for both open and closed settings simultaneously, in a
concise manner.

Our main results may be summarized as follows. See §2 for the allowed class of random
open (and closed) maps, Definition 4.2 for the notion of strongly contracting potential and
§6.1 for precise statements and proofs. For the related random Ruelle-Perron—Frobenius
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type decomposition, see Theorem 6.6. Throughout this work, Einf(f) is the essential
infimum of f with respect to the Lebesgue measure.

Main Theorem. Let £, be the transfer operator associated to a random strongly contract-
ing potential for a random open (or closed) map of the interval {(T,,, H,) }wea (o7 {Tu}wea),
driven by an ergodic, invertible, probability preserving transformation o : (Q,m) — (2, m).
Then, there exist equivariant families, {q, }wea and {v,}ueq, of bounded variation functions
and probability measures, respectively, given by

o1 Einf (£."
G = lim ——=—s——  and Vo(-) = lim Einf(Lo_(-)) )( )),
n—oo Emf(LU ool n—oo Elnf(L 1)

such that £,q, = A, ow and Vy(-) = M (Lo (4)), with [log\fdm = [log A dm. The
multipliers' {\5},eq also satisfy (5.2) and (5.7). Define p, by [ fduy, = M. Then,

Vi (qw)
/fduaw /f o Ty,

and {1, Yweq yields the unique relative equilibrium state for the system. Furthermore, there
exist 0 < r < 1 and a measurable, tempered® C,, > 0 such that for every f € L'(v,),
f € LY(vony), and h € BV,

|to-nu(f 0 T 1) = po(Pto—w(R)| < Cull fllrwn IR pvr™,  and
| (F o TS - B) = prones(F)ptes(B)| < Coll Fll 1t iy 1PNl YT

In §7.2, we show that our results indeed apply to non-transitive, non-mixing and non-
covering maps; see Figure 1 and Example 7.5. This is not a trivial example because,
depending on the potential, the random invariant measures may or may not be supported
inside the invariant interval around 1/2. As a special case, we also show (Lemma 7.9) that
when the geometric potential —log|7!| is strongly contracting, the random map is in fact
covering. In particular, —log|7!| is not strongly contracting in Example 7.5. Our results
also apply to open and closed random intermittent maps (§7.3), and allow us to investigate
escape rates for random open systems (§7.4).

In contrast to previous works requiring the identification of a (random) conformal mea-
sure first, our approach decouples the construction of equivariant densities, q,,, and confor-
mal measures, v, and builds these dual objects in a symmetric fashion. In short, densities
depend on the past, while measures depend on the future. An extra element arising in the
random setting is that, unlike in the autonomous case, the forward and backward multi-
pliers A\X arising from these constructions are not necessarily equal, and so the densities
may not be normalized with respect to the conformal measures. Thus, to find a (random)

invariant measure i, one should normalize: i.e. y, = %.
w w

Tt will be shown that A\ = % see (6.4).

2A function a : Q — R is tempered if for m a.e. w € Q, limy |00 %log la(c™w)| = 0. Equivalently, for
every € > 0 there exists A, > 0 such that for every n € N, a(c"w) < A"l
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1

FIGURE 1. A non-transitive open map

This work complements previous works of the authors [2, 1|, where they have developed a
general thermodynamic formalism for random open and closed dynamical systems, without
the strongly contracting assumption of this work, but imposing covering type conditions.
The present approach also incorporates the use of a random family of cones, a strategy
previously used in [15], the references therein, and recently in [23].

2. NOTATION AND SETTING

The following notation will be used throughout the paper. Let I C R be a compact
interval. For Z C I, we denote by Einf z(f) the essential infimum of f on Z, with respect
to the Lebesgue measure. We also write Einf(f) instead of Einf;(f), and define Einfy(f) =
0. Similar conventions apply to the essential supremum Esup,(f). Let the variation of

f on Z be vary(f) = sup Zf;é |f(zjs1) — f(x;)], and var(f) := var;(f). Let

o< <Tp,T;€EL
BV C L*(Leb) be the set of (equivalence classes of) functions of bounded variation on I,
with norm ||f||pv := _ inf  var(f) + || f]lc, Where || f||oc := Esup(f). It follows from

= €eb a.e.

Rychlik [22] that BV is a Banach space, and that if f is a function of bounded variation,
then it is always possible to choose a representative of minimal variation. From now on,
we will work with such representatives, and will no longer distinguish between functions
of bounded variation and their equivalence classes in BV. Furthermore, we recall that two
functions of bounded variation f, f : I — R coincide Lebesgue almost everywhere if and
only if the values of f and f differ in an at most countable set. Thus, if two BV functions
coincide Lebesgue almost everywhere, then they are also equivalent with respect to any

other non-atomic measure.
Let

Tl,Tg,"'ZI—>I



EQUILIBRIUM STATES FOR NON-TRANSITIVE RANDOM DYNAMICAL SYSTEMS 5

be a countable collection of maps such that for each j € N there exists a finite partition of
I (mod Leb) such that 7} is monotonic and continuous on each atom. Let

Hy, Hy,--- C 1

be such that for each j € N, H; C I is a (possibly empty) finite union of intervals, called
holes. Assume’ that for every j € N there is at least one full branch of T completely
contained in X, := I\ H;. Consider weights of bounded variation

917927"':I_>]R+a j:1>2a-"a

with associated potentials ; := log g;.

Let (£2,m) be a complete probability space, and o : (2,m) — (£2,m) be an ergodic,
invertible, probability preserving transformation, called the driving system. Let @ = Uz2,€Q;
be an (at most) countable partition of 2 into measurable sets. For each w € €, let
1,=1;,H,=H;, X, = Xj,g, = gj. These assumptions ensure the quantities involved in
the definition of strongly contracting potential (Definition 4.2) are measurable. We refer
to {(T.,, H,)} as a random open map, and to {T,,} (or {(7.,,0)}) as a random closed map.

For each w € Q and n € N, let T := Tynoi, 0 0Ty 0 Ty, T = Id, and ¢{” :=
Gon—tn - - - Gowdo- Let 2 be the monotonicity partition of 7.7, and ZU” be the coarsest
partition of the survivor set X, := ﬂ;‘;ol(Tu(,j ))_I(X(,jw) into intervals, such that for each

Z € 25 there exists Z' € 20 such that Z C Z'. We split 27" into Zgl} and 20,
corresponding to the full and non-full (or partial) branches of T |x...- That is, Z € ZEJ"}
if and only if 75" (Z) = I. A collection of intervals Zi,..., 7, € 2 is said to be a
collection of contiguous non-full intervals for e (or, more precisely of (TS”, H, ), where
H,, =1\ X,,) if there is no element of ZEJ"} in between them*; that is, if the convex hull

of U¥_, Z; does not contain any element of ZEJ"} We denote by bi"} the cardinality of ZEJ"}

and by @(Jn) the largest number of contiguous non-full (or partial) intervals for e
The transfer operator for the random (open or closed) map {(7,,, H,) },eq with potential

{log g, }weq’, acting on f € BV is defined by:
Lw.f - Z :H‘Tw(Z) ((fgw) o Tw_,lZ) 5
zezD

where Tw_% : T,(Z) — Z is the inverse of T,,|z. Its n step iteration, qun)f i=Lyn-1,0---0
Lo, 0L, is given by
L= Z Lz ((fgi}")) OTJZ)’
zegm
where T, TS (Z) = Z is the inverse of TV .

3This assumption rules out the possibility of periodicity, and is used to control infima in our arguments.
4This condition has been considered in [16, §6].
°In the sequel, we will exclude the sub-index w € Q from the notation, and write e.g. {logg.,}.
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3. BASIC ESTIMATES
The estimates in this section generalize arguments developed in [16].

3.1. Infimum estimates. A direct estimate yields, for every w € ), f € BV, and n € N,

> Einfy [f] <0 (var(f) + Einf( f])).

5 (n)
72

By comparing the infimum over Z € Z&"}) with the infimum over its closest full-branch
neighbor, one gets

(3.1) Y Einfy[f| <2607 [ var(f) + ) Einfy|f]
zez{") zex")
Furthermore, if f > 0,
(3.2)
Einf(£ > 3" Einfy(g"f) > Einfx, ,(97) > Einfz f >0} Einfx, ,(9%") Einf(f).
7€% 220

3.2. Variation estimates and Lasota—Yorke inequality. For every w € ), f € BV,
and n € N, we have

var(Lg‘)f) < Z var( (2) ((fgw )oTw_Z)) )
zegm
For each Z € Z{" we have
var ( 70 (2) ((fgiM)o Tw_g)) < varz(fg{") +2Esupy | fg{"|
< 3varz(fgl") + 2 Einf ‘fgc(un)‘
(3.3) <3 Hgf,")HoovarZ(f) +3Esup, | flvarz(g\Y) + 2 ch(un)Hoo Einf [f].

An inductive argument starting from the bound var(fh) < var(f)||h||o + var(h)|| f|leo, and

n)

considering that 7™ is monotonic on 7, yields

" var(gyig)
varz(g5") < [lgw|| % 27

2 Mgl

where [|gul|%) = 107 l1gosulloc- Let Siulg) == Y20 %) Therefore, (3.3) yields

J=0 g j,llec

var (Lo ((F05) 0 T23) ) < (8 4+ 3800(9)) lgull ) vars ()

+ (24 35.0(9)) 9% Einf 4 | £].
Thus,

var(£( £) < (34 35,0(9)) 9w ™ var(f)
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+(2435.0(0) ol | D Einfz|f|+ > Binfz|f]
zez ) zez)
Grouping as in (3.1), one gets
Var(£0 ) < (3 + 350u(9)) (1 + 260) g | var( )

+ (24 3500(9)) (1 + 2607 lgulI%) >~ Einfz|f].

Z eZL’f}

Furthermore, if f > 0, (3.2) implies

: (n)
(34)  var(Ll’f) < (3+35,u(9) (1 +2607) [l (Var<f> + M) |

Einfy, (95"
4. (STRICTLY) INVARIANT CONES AND STRONGLY CONTRACTING POTENTIALS

Given a > 0, we consider the cones
Co={feBV:f>0var(f) <aEinf(f)} C BV.

This is a positive, convex cone with non-empty interior. Also, €, U {0} is closed. Let =<,
be the partial order induced by C,. That is, f <, g iff f —g € €, U{0}. Then, (BV, =<,)
is integrally closed®. In addition, every f € BV may be written as f = f; — fo such that
f1, f2 € @, for instance, by choosing f; = f + ¢, fo = ¢ for sufficiently large ¢ > 0.

The inequalities (3.2) and (3.4) yield the following.

Lemma 4.1. If f € €, andn € N, then LI f € Cu, with

(n)
& ng a
4.1 a = (34 35,.,(9))(1 4 26W 9.l + 1] = cona + dgn.
( ) ( ) ( ))( )Einfxw,n(gu(fl)) bc(un} ) )

The next definition will be key for our arguments, as it allows for the construction of an
invariant family of random cones, using ideas going back to Kifer [15]; see also [23].

Definition 4.2. We say {log g.,} is a (random) strongly contracting potential for the ran-
dom (open or closed) map {(T%, H,)} if log #Zw,, 108 ||gw|s0, log Binf(g,), Y29 e L1 (m)

7 lgwlloo

and there exists n, > 0 such that f log ¢ n.dm < 0, where ¢, is defined in (4.1).

Remark 4.3. This condition is related to, but more restrictive than, the definitions of
contracting potential in [17] (autonomous setting) and |2, Definition 2.15], [1, (Q1)] (random
setting). On the other hand, [17, 2, 1] also require a covering condition, which is not required
in this work. In [23], the authors investigate random (closed) non-uniformly expanding
C' maps with C! potentials satisfying a contracting-like condition. In Remark 7.4, we

6(V, <) is integrally closed if for every a,, = @ € R, f,g € V such that 0 < f,g and a,, f < g, af <X g.
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show that, in the one-dimensional setting, this condition is more restrictive than that of
Definition 4.2.

Lemma 4.4. Assume {logg,} is a random strongly contracting potential for the random
(open or closed) map {(T,,, H,)}. Then, there exists n, € N, 0 < v < 1 and a family of
cones (Cq, )weq which is invariant under ij‘*) and satisfies L&"*)Gaw C Crayn,,,- Further-

more a, may be chosen as in (4.2), and therefore it may be assumed to be tempered.

Proof. The hypotheses ensure there exists n, € N such that [logc,,,.dm < 0, where ¢, is
defined in (4.1). Thus, one can find 0 < v < 1 such that [logc,,.dm =:logy < log~y < 0.
Then, it follows that the twisted cohomological equation yasn., = Cyn.@w + dypn, has a
measurable, m-almost surely finite solution given by

00 J
_iq
(42) Qy, = g 4 J da*jflw,n* H Co—kw,ny
=0 k=1

where, for convenience, we let IIY_ ¢ —x, . = 1.

The fact that a, is m-almost surely finite and tempered is a consequence of the inte-
grability assumptions in Definition 4.2, combined with sub-multiplicativity of 1/ Einf (g&")).
Indeed, notice that bﬁf},f&") < H;:OI #igjw. Hence, d,, ,, is log-integrable, where d,, ,,, is
defined in (4.1). Hence, there exists ¢ > 0 satisfying ¢**5 < ay for 0 < o < 1 and a tem-
pered measurable function D, such that d,-i-1,,, < D,e¥. Similarly, there is a tempered
measurable function C,, such that [[}_, Cotwm < Cue’®37. Therefore, substituting into
(4.2), we get a, < C,D,,/(y—€*7) < CuD.,/(7(1 —a)) is tempered. It is straightforward
to verify that L)@, C €.q. O

Tk *

4.1. Contraction of projective metric. In the setting of Lemma 4.4, let <, be the
partial order induced by €, . That is, f <, g iff f — g € C,, U{0}. Let O, be the Hilbert
(projective) pseudo metric on €, , given by

o pulfih)
O.(f,h) = log AL

where f,g € Cu., Tw(f,h) :=sup{A > 0: Af =<, h} and p,(f, h) :=inf{u>0:puf =, h};
the distance is infinite if the numerator is oo or the denominator is 0.

Lemma 4.5. Assume 0 <y <1 and f € Cy,, . Then,

1+v(a, + 1)
1_

(4.3) O.,(f,1) <log =:A,/2.

Thus, the diameter of C.q, as a subset of C,, s at most A, < oo.

Proof. Let f € C,q,. First, A <, f if and only if A < Einf(f) and var(f) = var(f —
A) < ay, Einf(f — X\). This happens if A < (1 — ) Einf f. Also, f =<, p if and only if
| flloe < pand var(f) = var(p — f) < a, Einf(u — f). Since var(f) < ~a, Einf(f) and
| flloe < (1 + ~vay,) Einf(f), this happens if 1 > (v + 1 + va,,) Einf(f). Thus, we conclude

that ©,(f,1) < log %ﬁyﬂ), as claimed. O
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Lemma 4.6. Under the hypotheses of Lemma 4.4, there exists 0 < v < 1 such that for
every k > 0, and m a.e. w € (),
(4.4) O (L™ LMD h) < Opetne(f, L5

g—nxly h>19l’
for every sufficiently large | (depending on w ), every f € C,

and every h € C

7k:n*w

o—lnxy A —ny(l+k),,

Proof. Lemma 4.4 implies £

,n*lweaﬁ*lwﬂ*zw C G’maw*(H)w and Lemma 4.5 implies
diam (L( e

iy, < A,-n.a-1,, where A, is as in (4.3). Let ¢ > 0 and D € R be
such that m({w € Q : A, < D}) > 1 — ¢/n,. Recall the projective metric is weakly

contracted by £ for m ae. w e ), and, once the diameter of the image is finite, it is
strictly contracted by a factor of tanh(%) whenever A, < D. Hence, by ergodicity of o,
(4.4) holds for sufficiently large I, provided ¥ > (tanh(%))'~=. O

ao'*n*lw

Remark 4.7. For simplicity and clarity of presentation, we assume from now on that
n, = 1.
[2, 1] address the possibility of n, > 1 in a related setting.

5. CONSTRUCTION OF EQUIVARIANT DENSITIES AND CONFORMAL MEASURES

In this section, we construct equivariant densities and conformal measures for the random
map {(7,, H,)} with strongly contracting potential {logg,}. We point out that these
constructions are completely decoupled, in contrast to the standard approach of establishing
the existence of conformal measures first, and using them to build the densities. (See
Remark 5.3 for further details on this comparison.)

Note that the norm || f||o is compatible with <. That is, for all f,h € BV if —f <,
h =<, f then [|Al|cc < [|f]lc- Also, the function Elnf Ca, — R4 is homogeneous and =,

preserving. Hence, asin [17, Lemma 2.2|, for every f, h € Gaw such that Einf f = Einf A > 0,
we have

(5.1) 1f = hlloo < (%Y — 1) min(]| f][c, [|A]]o)-
5.1. Equivariant densities. In this section, we show the following.

Lemma 5.1. Assume {logg.,} is a strongly contracting potential for the random (open or
closed) map {(T,,, H,)}, and a, is as in (4.2). Then,

L(”)
(i) For each f € C; the sequence W:‘Lfff) is Cauchy with respect to || - ||oo. Hence,
- £
the following limit exists: qf = llmn%mw’flfff). Furthermore, Einf(q)) =

1 and var(q?) < vay. In addition, £,q! = )\quw, with N = Einf(L,q)).

(ii) The functions g/, and multipliers N/ are independent of f. Call them q, and \J,
respectively. Then, L£,q, = N\, Gow,

" o1 Einf(£" 1

(5.2) qw = lim ——>F—~=—— A, = lim L

, - = Einf(L,q,)-
n=o Binf(£M, 1) n= Einf (L™, 1)
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Proof. To show (i), first note that (4.2) implies a,, > 1. Thus, €; C €, for m a.e. w € .

(n)
Let f, = Ei(g%f Using (5.1), we have, for m > n > 1,

(5.3) 1fa = Finlloo < €%V ) — 1) ol o

Since f, € €4, and Einf f,, = 1, then || f,||cc <1+ 7va,. On the other hand, by (4.4), for
sufficiently large n, O, (fn, fin) < Ay-n+1,9", where A, is as in (4.3) and ¥ < 1 is as in
Lemma 4.6. Since a,, is tempered, so is A, and (5.3) tends to 0 exponentially as n — oo.
Hence, the following limit exists in L°°:

(n)
¢/ = lim ——o7wl nw)f .
n—o0 Emf(L o)

Also, Einf(¢/) = 1 and var(¢/) < limsup var(f,) < va,,. In addition,

n+1 (n+1)
T Einf(£"",
(54) quw lim O’ wf 11 ( o wf> — qf

Einf(£"") f)
o M ———————————
n=oe Binf (LY £) Einf (£, f) n=ee Binf(£™, )

o "w

= ¢l

w

The normalization of ¢/, implies that A/ = Einf(L,q/).
To show (ii), we show there exists q, € BV such that q, = ¢/ for every f € C;. Indeed,
for f,h € C; we have, for every n € N,

w(adat 0™, ol £t g
(55) gl = qtllee < (2@ — 1))l [l < (2 ntoneEom e n) — 1) g |

By (4.4), O, (ﬁ(",nw q’ nw,Lg@ang‘,nw) < Aynt1, 07! for sufficiently large n, and ||/ <
1 + 7a,. Using once again that A, is tempered, we conclude that the RHS of (5.5) tends
exponentially fast to 0 as n — oo. Thus, ¢/ = ¢" =: q,. Hence, (5.4) implies that \/ is

also independent of f, call it A. Thus, (5.2) holds. O

5.2. Equivariant conformal measures. In this section, we show the following.

Lemma 5.2. Assume {logg,} is a strongly contracting potential for the random (open or

closed) map {(T,,H,)}. Then, for each f € Cy, the sequence % is Cauchy. Its

limit,

Einf(£{"
(5.6) vo(f) := lim L()f),
n—00 Finf(L,"1)
defines a positive linear functional which can be extended by linearity to BV, and to a
non-atomic probability measure with support contained in X,. Furthermore, v, satisfies

Vo (Lwf) = N vo(f), where

Einf(£01
(5.7) AL = lim M

= V(L 1).
n—oo Einf(ng )



EQUILIBRIUM STATES FOR NON-TRANSITIVE RANDOM DYNAMICAL SYSTEMS 11

Proof. To show the sequence is Cauchy, it suffices to show that there exists C,, > 0 such
that for every f € €y,

Einf (£ f)
Einf (£ f)
where Ay'™ = AoA A1, Ay > 0Ods asin (5.2) and J < r < 1, with 9 is as

w’ow

in Lemma 4.6. To see this, we argue as in §5.1. Thus, there exists C,, > 0 such that

(n)
% < Cyr™. Hence,
Einf(L,," f)

(5.8) A= ) < <Ma 4+ o,

— Gorw

oo (nh) (n)
—Emf(Lw( ) f) Einf Lgiw 7Lw (f)
Einf (L0 f) Einf(L" f)
< Einf (Lonw (Gomw (1 + C’u’"))) =AW+ o,
where in the next to last step we have used that Einf g,n, = 1. The lower bound in (5.8)
is obtained similarly.
— Einf (45" /)
Let v,(f) = lim, o Bt (el )
non-empty interior, v, can be extended by linearity to BV. Since |v,(f)] < [|f]le and
v,(1) = 1, by the Riesz representation theorem, v, gives rise to a probability measure 7,
with supp(7,) C X,.
If Z € 2% then Togk)|z : Z — I is injective, so ||£)£Jk)]lz||OO < ]|g£k)]|oo. Thus,
Einf (£ " £1
Vo(1z) = lim in( ( 2)
n—oo Emf(Lw" 1)
n—k
. i Emf(L( )1) 199 oo
195 1o e F)1y = 1.0k) 1 k)

. Positivity and linearity of v, are clear. Since C; has

Since {log g.,} is strongly contracting, Klngman’s subadditive ergodic theorem ensures the
upper bound approaches 0 as £ — oo. Thus, lim_, max, s () v,(1z) = 0. Hence, v, is
non-atomic, and standard approximation arguments ensure that for every J C I, v,(1;) =
v,(J), so we also write v, to refer to the measure 7,,.

For the final claim, we have

Emf(L (1) f)
1 -
n—o0 Elnf(L 1)
Einf (£ £) Einf (£001)

= lim = V(e (Lo1).
noo Einf(£0V1) Einf(£501) (Pl Lod)

Vow (wa) =

O

Remark 5.3. The construction of conformal measures here may be regarded as a random
version of that in [17]. On the other hand, the densities constructed in [17] differ from
ours in the normalisation. If we denote their densities by ¢, they are normalised so that
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Vw(G) = 1. As it can be deduced from the upcoming (6.4), this choice ensures that their
corresponding multipliers, A, satisfy A\, = AJ.

6. MAIN RESULTS

6.1. Equilibrium states and exponential decay of correlations. In this section we
show the following.

Theorem 6.1. Assume {log g, =: p,} is a strongly contracting potential for the random
(open or closed) map {(T,,, H,)}. Let \:, q., and v, and be as in §5.1 and §5.2. Then’,
[log \fdm = [log \;dm =: Ay. Define the probability measures pi, by [ fdu, == %.
Then,

(6.1) /fd,u(m:/fodeuw.

_ Furthermore, there exist a tempered C, > 0 and 0 <1 <1 such that for every f € L'(v,),
f € LY (vony), and h € BV

(6.2) g (F o T 1) = po(Fto-nw(B)| < Cull Fllaguy 1Bl myr™,  and

(6.3) o (F o TS - 1) = g (P pts (W] < Cull fllrwomp 1Bl 57"
In fact, (6.2) and (6.3) hold for any choice r > ¥, with ¥ as in Lemma 4.6.

Remark 6.2. The quantity A; in Theorem 6.1 is called the mazimal Lyapunov exponent
of the cocycle generated by {£,} in the context of multiplicative ergodic theory; and the
expected pressure, denoted by EP(y), in the thermodynamic formalism approach. The
proof of Theorem 6.6 will show that the second Lyapunov exponent of the cocycle satisfies
Ay < tanh(%), with the notation of Lemma 4.6. This bound is related to the upper bound
of [14].

We extend the notion of invariant measures corresponding to punctured potentials in-
troduced in [8], to the random setting. Let P#, () denote the collection of T-invariant
probability measures 7 on €2 x [ with marginal m on €2, such that its disintegration {7, }
satisfies n,(H,) = 0 for m a.e. w € Q.

Definition 6.3. We say that a measure p € P{, (1) is a relative equilibrium state for the
random map {(7},, H,)} with potential {p,} if

EP() = hy(T) + / e

where h, (1) denotes the entropy of 7" with respect to 7.

The proof of the next result follows similarly to the proof of Theorem 2.23 in [2] (see
also Remark 2.24, Lemma 12.2 and Lemma 12.3).

"We will show in Theorem 6.6 that A; = lim,,_ %log HL&n)HBV for m a.e. w € Q.
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Theorem 6.4. Assume {logg, =: p,} is a strongly contracting potential for the random
(open or closed) map {(T,, Hy)}. Then, the random measure p € Py, (I) with disinte-
gration {y,} produced in Theorem 6.1 is the unique relative equilibrium state for {p,}. It
satisfies the following variational principle:

Ay = EP(p) :hu(T)+/ pdp=sup hn(T)+/ pdn.
QxTI QxTI

nePi (1)

Remark 6.5. The same conclusions hold for the random invariant measures {,,} in the
random open setting of [1].

Proof of Theorem 6.1. To show [log A\ldm = [log A\ dm, we prove that for m a.e. w € ,

Vo (qu)AS
6.4 W Rt
( ) Vo'w(qo'w))\;
Indeed,
Einf (£ Einf (L35 gp o Vow (o
vo(g) = Tim inf ( (qw): — m(( ‘ Gow) _ AuVow(ow)
n>oo Einf(£071) 7= Einf (L5 V(£,1)) AL

Next we show (6.1). In view of Lemma 5.1 and Lemma 5.2,

[ fne - ﬁ JER e ﬁ JER

o]
= L ¢) T * qu dVUw = 7/ o T del/w
)AL (/ ) (Gow) A d

Vow(qow
WA
AU / foT,du,.
Vow qUw
Then, (6.1) follows from (6.4).
For the second part of the theorem, notice that for every h € BV, (h + ¢,)qo-—n, €

lﬁ—j/jﬂhﬂ py.> This follows from basic properties of variation, and the

facts that ag-—n, > 1,¢,-n, € Cyq__, . Furthermore, the invariance property (6.1) implies
that the left hand side of (6.2) is unchanged if h is replaced by h + ¢ for any ¢ € R. In
the case ¢ = ¢y, the corresponding right hand side changes in that ||h|| gy must be replaced

by ||hllsy +cn < (1 + 1\;_2‘f) ||h||Bv- Thus, to show (6.2) we will assume, without loss of

generality”, that hq, n, € C STy,

Gﬁa[ﬁnw for ¢, =

8We do not claim this choice of ¢y, is optimal.
9However, we should keep this assumption in mind at the end of the proof, where apparently only
I7]|oo is relevant, and not ||h||y.
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Using Lemma 5.2 repeatedly, and (6.4) in the last step yields

:ucr*"w(.f © Té )”w : h) = X / f OT ﬂlw hQCr*"deo "w

I/ 7”&) 0— 7Lw

1 n

- ( ))\+7( /L(nw(f OTO(' )”w hqgin&))dlj&)

Vo= \Qo—rw oW

(6.5) : .

- ( ))\+,(n) /fL *"w(th ne) AV
Vg—ny qo-fnw —ng

1

O_,nwl/w (Qw)

On the other hand,

—ng,

Vo (MGony) I Emf(L(nJrk (hqy-nw))

6:6) ) T ()
L (g ) v(£,, (B )
(L (drn) A ()
Combining (6.5) and (6.6), we get
(6.7)

o (f 0 T, 1) =t (f oo ()]
v(F - L0 (ho0a) = (L (ho )|

(88 (B = ()|
>\U (:wyw(qw) >\U (:wyw(qw)
Emf( (hqa ne) ‘Vw(% f— ,Uw(f)))‘
A v(qw)
- 3lullo |26 (1) = EiNE (L7 (o))l I 520
A0 () ’
where we have used that |v,(f—pu.(f))| < 3||Qw||oo||f||L1(uw) in the last line. Since 1, (Qw(f_

1to(f))) = 0, it only remains to bound the last term. Lemmas 4.5 and 4.6, as well as the
fact that go—ny, hgy—nw € € 74, _, , show that for sufficiently large n € N,

1 yony, + 1
@w(L(@nw(h%*%)’L(@nw(%*nw)) S 90*”w(hq0*”w7 qgfnw)ﬁn S 210g ( i \/j(—aﬁ il )) 19”7

where (4.3) has been used in the final step. Combining with (5.1) yields
‘LL<,RN hgo-ns) = Binf (L, (hgo-n))au |

< (O nulMeruton)" — 1) Binf (L] nw(hqafnw))quHaa
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Hence, using the elementary estimate |e* — 1| < 3z for 0 < z < 1, (6.7) implies that for
sufficiently large n,

(6.8)
oo © T3 1) = o )t ()
1+2/va, —n,, n
_ 9o (FHE7E) 0" Binf (£, () [ 3l 20

A 00 (g)

]_ +2\/§a0—77lw ||qu , ||qw||2
<91 > h||oc?" =: C — =S Y (12| PSS
0g ( 1 — ﬁ ) Vw(q )HfHL (vw) || || wyw(qw) ||f||L1( w)” ||

where in the last inequality we have used the fact that

Einf(£0",, (o)) < [Rlloe Einf £07,,(@5nu) = [12]locA

) *"w

Since a,, is tempered, C! is tempered and since v,(q,) > 1 and by Lemma 5.1, ||gy /e <
1+ ~vay, (6.2) holds for any r > 1, with ¥ as in Lemma 4.6, and some tempered C,,.
The proof of (6.3) follows from replacing w with o"w in (6.8), and using temperedness. [

6.2. Multiplicative ergodic theory and random Ruelle-Perron—Frobenius de-
composition. Under mild extra assumptions, the multiplicative ergodic theorem of [11]
applies to cocycles of random maps with strongly contracting potentials, providing unique-
ness of the measures i, from Theorem 6.1 and further information.

Theorem 6.6. Assume {logg,} is a strongly contracting potential for the random (open
or closed) map {(T,,, H,)}. In addition, suppose 2 is a Borel subset of a separable complete
metric space, m is a Borel probability measure and o is a homeomorphism. Then, there is
a unique, measurable random Ruelle—Perron—Frobenius type decomposition for the cocycle
generated by {L,}. That is, for m a.e. w € Q, there exists a unique (measurable) tuple
(Y, Vs o) with ¢, € BV, v, € BV*, the dual space of BV, and A\, € C\ {0} such that

(6-9) Vw(l) =1, Lw(¢w) = Aow, and Vcrw(Lw(f>) = )‘wVw(f)a

for all f € BV, which also satisfies the following: Let @, : BV — BV be defined by
A Lu(f) = vo(f)Vow + Qu(f). Then,

.1 n
(6:10)  Qu(t) =0, lim —log [QVlsv <0 and v (Qu(f)) =0,
for all f € BV, where QW := Qun-1,0++0Quy 0 Q..
Furthermore,
(6.11)
A = /log)\wdm = lim llogEinf(Lgl)l) = lim l1og 1L gy, form a.e. w € Q.
n—oo N, n—o0 N,

Proof of Theorem 6.6. Let w € Q. Connecting with the notation of §5, let A, = A\l and
Yy = qu/Vw(q,). Then, the only condition in (6.9) and (6.10) that is not straightforward
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to derive from Lemma 5.1 and Lemma 5.2 is lim,,_,o = log 1Q||gv < 0. To show this, we
first observe, by induction, that

(612> Qg.;n)(f) = (ASJn))_l'ngn)(f - Vw(f)¢w) = ()‘ﬁzn))_l'ain)(f> - Vw(f)wcr"w-
Next, using the notation of Lemma 4.4 and Theorem 6.1, assume f € C =, and let h,
'“’”(7"”“’[ Then, recalling that Einf(g,-»,) = 1, we get that ||h,]|c < ||qo.7nw||oo’|f||oo

d5—ny,

Also, hyGo—ny = Vo-ny(Go—nw)f € €5 C C a4, _, - Recalling (6.4), and writing the RHS of
(6.7) with the choice (h, f) = (hn, 1), yields, as in (6.8),

(6.13)
HLU " anf*”w) - Einf(’ag:i)nw(hnqg*"w))%uHoo
A v(qw)

= (A2 188 () — Bt (6, (Dl < Cullballct” < Cullgr-rallc?

Observe that

(A, (8, (1)) vna )t = Emf(fgg);w(f D, <qw - Enf((;()(f z m) .
Note also that for any r > ¢ there exists D, > 0 such that - o f%:)(?”:(fzf)) < D,r",
by (5.3). Recalling that )\(n,)n = l/w(Lg",)nw(l)) > Emf(L ,nw(l)), we get ) h
(6.14) OS2, Emf (L0, (1)e = Voru(F)tulleo < Dolltullocr™ || fl

The triangle mequahty applied to (6.13) and (6.14), combined with (6.12), shows that
lim,, oo = log ||Q0 nwf||oo < 0.

Since the limit in Lemma 5.1(i) satisfies ¢/ € BV, then lim,_. = log ||L(,%f||BV =
limy, o0 + log Einf(L(@nwf) limy, o0 £ log HLU nwaoo Thus, (6.12) and the previous
paragraph yield, for every f € € s,

: .1 n
(6.15) lim — log ||QJ nwaBV = lim —log HQ((,)nwaoo <0.
n—o00 n—,oo N,

Since every f € BV may be written as f = f; — fo such that f; € C 5, and the
growth rate of a sum is bounded above by the largest of the terms’ growth rates then
limy, 0 + log ||QU nwf||oo < 0 holds for every f € BV. Thus, lim, .  log Q™ ||BV < 0.

Finally, Kingman’s sub-additive ergodic theorem implies that lim,, Tll log ||Qw v =

oW

lim,, 00 % log HQET",)%HBV, so lim,,_, o0 % log ||Q£J") |lev < 0, as claimed. In fact, our arguments
show that lim,,_ + log ||Q£J") Iy < logd, for any ¥ > tanh(2), as in Lemma 4.6.

The multiplicative ergodic theorem [11] ensures uniqueness of a (measurable) equivariant
splitting, which in the present context translates into uniqueness of the tuple (1, v, \,).

Furthermore, the theorem shows that A; = [ log A,dm = lim,_, + log HLSJ") By, for m a.e.
w € €. O
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7. EXAMPLES

7.1. Sufficient conditions for strongly contracting potentials. In this section, we
present conditions to ensure a random potential is strongly contracting. Assume

var(gy) Li(m).

10g #Z.s, 108 || geo || oo, 1og Einf (., ), ol

Since 1/ Einf(g,,,) and 1/ bfun} are sub-multiplicative, Kingman’s subadditive ergodic theo-
rem implies that the following limits exist and are m-a.e. constant,

1 1
—p~ = lim = log(1/ Einfx, ,(¢™)), B :=lim —log bgb}
n ’ n ’

In addition, they coincide with the limits of the, respectively, decreasing and increasing
sequences

1 1
(— O, = /——logEianwn(ng"))dm) : (5]5” ::/—logbfun}dm) .
n ' neN n ’ neN

Furthermore, ||g,,||% is multiplicative, so by Birkhoff’s ergodic theorem, the limit ¢* :=
lim + log ng||g.2) exists, and is m-a.e. equal to [log||gu|lccdm. Recalling that S, (g) =

Z;:g nzr(?”ﬂw), Birkhoff’s ergodic theorem implies lim X log(1 + S,,.,(g)) = 0.
ocJwlloe

The following bound on &(‘,") may be considered a random generalization of [16, Lemma
6.3]; see |1, Proposition 15.3| for a proof.

Proposition 7.1 ([1]). The following inequality holds for &(Jn), the largest number of con-
tiguous mon-full intervals for TSV :

n—1
e <n (s, +2).
§=0

Synthetizing the previous discussion, we get the following.

Example 7.2. Assume log #Z.,, 10g ||¢u||s, log Einf(g.), Erw(ﬁ:o) € L'(m). Then, {logg,} is

a random strongly contracting potential for the random (open or closed) map {(7.,, H.)}
if any of the following conditions hold:

(1) Case n, = 1:

var(g.)
19/l

/log |g0]l oo — log Einf(g,,) + log(3) + log (1 + ) + log(1 + 255)1)) — log by, rdm < 0.

(2) Either [log||gu/le — log Einf(g,,) 4+ log(2 + ¢y —log bo,rdm < 0; or, slightly more
generally,

/ log lgollecdm — o~ + / log(2 + £1)dm — f; <.
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(3) There exist K,£ > 1 such that 55,") < K& for m ae. w €  and every n € N, and

/log 9o lloe — log Einf(g.)dm + log € — B; < 0.

Remark 7.3. Roughly speaking, Example 7.2(1) corresponds to having, on average, po-
tentials with small logarithmic amplitude and controlled variation, and open maps with
few contiguous non-full branches and lots of full branches. For constant potentials with no
(pair of) contiguous non-full branches, this condition simplifies to [ log b, rdm > log(9).

Remark 7.4. Example 7.2(3) allows us to compare our setting with the one-dimensional
setting of [23], which deals with C'* potentials ¢, = log g,, and C! local diffeomorphisms T,
satisfying a condition called (P). In that setting, the maps do not have discontinuities, so
" — 0, and the condition in Example 7.2(3) reduces to [ [|gw]|se — Einf(o,,)dm — 85 < 0.
Condition (P) may be written as [ ||¢u|ls — Einf(p,) + log(1 + || Dgylle diam())dm <
— [log bi—”fdm, where, in the notation of [23], A, = o,'py + Luq, > 1. Since 3y >
[logb,, fdm, the notion of strongly contracting potential is more general than condition
(P) in this case.

7.2. Non-transitive systems and a covering criterion. The following example shows
that our results are applicable to non-transitive systems.

Example 7.5. Consider interval maps T, : I — [ as in Figure 1, where the (possi-
bly empty) left interval of the hole H, is positioned within the given branch. Then,
by € {56}, &) = 2 and [log(2 + &) — logb, sdm < log4 —log5 < 0. Thus, Ex-
ample 7.2(2) ensures the constant potential log g, = 0 is strongly contracting, provided
log | 7! || s, log Einf | T ,Vﬁ;%i‘) € L'(m). In this case, it also follows from Definition 4.2
that —tlog |T!| is strongly contracting for sufficiently small ¢ > 0.

Remark 7.6. The map of Figure 1 is not topologically transitive. In fact, when the T;, have
a (common) Markov partition, the corresponding transition matrices have a (non-random)
absorbing set corresponding to the branches within the invariant interval around 1/2.

Remark 7.7. If a map 7T;, has an invariant interval J C I, as in Figure 1, and g, = 1/|T)|,
then

10g || goloo +10g(2 + €M) >0 and  logEinf(g,) + logb,, sdm < 0.

Indeed, the first inequality comes from two facts: (i) if N is the number of monotonic
branches of T,|;, then N <2+ f&l), as all except for possibly the leftmost and rightmost
branches of the invariant interval are non-full; and (ii) Einf,c, |7 (z)] < N. The second
inequality follows from Esup,.; |1/, (z)| > by f.

In particular, if all maps {7,,} have a common invariant interval, then the geometric
potential {—log |7 |} is not strongly contracting. This is in agreement with the fact that
such a system has at least one non-fully supported random invariant measure absolutely
continuous with respect to Lebesgue measure.
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To show a stronger result in this direction, we introduce a notion of covering in the
random (closed) setting, due to Buzzi [6], and show it is satisfied in wide generality, provided
the potential — log |T! | is strongly contracting.

Definition 7.8. A random map {7} is called covering if for every open interval J C I,
there exists M, (J) € N such that

(7.1) Einf LMD)q ;(z) > 0.
In the context of this work, (7.1) is equivalent to TL‘(,M“(J))(J) =1.

Lemma 7.9. Consider a random map {T,} and assume the random potential —log |T]|
is strongly contracting. Furthermore, assume €} is a Borel subset of a separable complete
metric space, m is a Borel probability and o is an homeomorphism. Then, {T,} is covering.

Proof. Let Leb denote the normalized Lebesgue measure on I. A simple but crucial obser-
vation is that in this case v, (f) = [ fdLeb, where v, is as in §5.2. Indeed, [ L, fdLeb =
| fdLeb holds by the change of variables formula and hence f +— [ fdLeb is an equivariant
functional (in fact it is invariant by all £, and A\, = 1). Theorem 6.6 ensures uniqueness
of the equivariant conformal measure, so v,(f) = | fdLeb.

Now we show the random map is covering. Let J C [ be an open interval. Then,

. (n)
0 < Leb(J) = v,(1;) = lim,_o %. In particular, there exists M > 0 such that
inf £,

Einf £{"1 7 > 0, as needed. 0

7.3. Random intermittent maps. For 0 < v < 1, consider the Manneville-Pomeau map
fy:[0,1] = [0, 1], given by

Je@+227) 0
f”(x)_{m:—l !

Y

— N

T
T

IA A
IN A

This is a class of intermittent maps, with a neutral fixed point at 0, which have been
investigated as a model of non-uniformly hyperbolic behaviour since the work of Liverani,
Saussol and Vaienti [18]. More recently, Demers and Todd have investigated open and
closed intermittent maps with geometric potentials —tlog|f![ in [9]. The next example
shows a family of strongly contracting geometric potentials for random intermittent maps.

Example 7.10. For j = 1,2,..., let 7; € (0,1). Let Q = U,Q; be an (at most)
countable partition of (2 into measurable sets, and for each w € Q;, let T, = f,.. Let
0<t< iggg ~ 0.63. Then, the geometric potential {logg, := —tlog|T]|} is strongly
contracting for {7, }. Indeed, we note that for all 0 < v < 1, we have Einf |f]| = 1 and

1 f/]lc < 3. Furthermore, e = O,bgf} = 2" for all n € N. Thus, Example 7.2(3) (with
K = ¢ =1) yields the claim, since var(log|7|) € L*(m) and

/log | 9wl|oo — log Einf(g,,)dm +log& — 5y < 0+ tlog3+ 0 —log2 < 0.

The following example treats random intermittent maps with holes.
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Example 7.11. Let 2 = U2,(); be an (at most) countable partition of €2 into measurable
sets, and for each w € ()5, let T =T;:1:=10,1] = [0,1] be a piecewise smooth map with
a hole H,, = H; satisfying the following conditions:
(i) 7,,(0) = 0 and T} (0) = 1 = Einf, |T}|,
(i) |77 |ls < K., with log K,, € L'(m),
(iii) var(log|T"|) < v, with v, € L'(m),
(iv) (7., H,) has at most two contiguous non-full branches; for instance, this happens
if T,, only has full branches and H, consists of a single interval, and
(v) (1., H,) has b, s full branches, and § := [logb,, sdm > log4 + to [ log K,,dm, for
some 0 <ty < 1.1
Then, for every 0 < t < ty, the geometric potential {logg, := —tlog|T|} is strongly
contracting for {(T,,, H,)}. Indeed, Example 7.2(2) yields the claim, since

/log 19w loe — log Einf(g,,) 4+ log(2 4+ &) — log b, sdm < 0 + tlog K,dm +log4 — 8 < 0.

7.4. Random open systems and escape rates. The following example, similar to [1,
§13|, relates the maximal Lyapunov exponent of open and closed systems to the escape rate
of a conformal measure through the holes.

Example 7.12. Assume {log g, } is a strongly contracting potential for the random closed
map {7,,}. Assume (H:)p<.<, is an increasing family of holes for each w € Q. That is,
HE is a finite union of intervals, and () := H° C HS C Hf for ¢’ < e. Let b, ; the number
of full branches of {(T,,, H;)} and & the largest number of contiguous non—full intervals
for {(T., H)}. Suppose there exist b,,&, > 0 such that for every e > 0, b, ; > b, and
& < &, and assume

/log |9wlco — log Einf(g,,) + log(2 + &,,) — log b,dm < 0.

Then, for each 0 < & < &, {logg,} is a strongly contracting potential for the random
open map {(7,,, H5)}. Let v/2 and ¢°, be the conformal measures and equivariant densities
from Theorem 6.1, respectively, and let A® the maximal Lyapunov exponent (expected
pressure). Then £ — A® is non-increasing. Indeed, if ¢’ < &, because of the monotonicity
of the holes, for every w € Q,n € N, we have Einf(£5™1) > Einf(£5™1). Since A® =
limy, o0 + log Einf (ij(")l), € — A® is non-increasing.

Furthermore, for 0 < &’ < &, A — A® gives the escape rate of the measure v* through
{H:}. That is, —lim 2 log v (X5 ,,) = A° — A%, where X, is the n—step survivor set for
{(T,, HS)}. Indeed,

€ 1 e (n 1 e e,(n
(Xwn 1) W o.n(w) (L o )( Xe 1)) = Wl/an(w) (Lw’( )1)

w

_ Binf(£5™1) [ (o) — 17 £5M1 _
- 7N Vo.n w qo.n w - Vo-n ﬁ - qo.n w .
0 () o () © \ Bnr(zsm) @)

1ONote that K, > b, ;.
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™ .
Binf(c5™1) | domw)
ity measure, Einf ¢7,,, = 1 and |[¢5n,,[| is tempered, then lim,, o = log I/f;/n(w) (¢5n () = 0.
Thus,

Lemma 5.1 implies that lim,, % log H

< 0. Since Vi; ) is a probabil-

1 : 1 1 : :
lim —logvf (XZ,) = lim —log Einf(£5™1) — lim —log A5"™ = A® — A%,

n—oo M, ’ n—oo M n—oo M

as claimed.
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