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By using frustration-preserving hard-spin mean-field theory, we investigated the phase transition
dynamics in the three-dimensional field-free ±J Ising spin glass model. As the temperature T is
decreased from paramagnetic phase at high temperatures, with a rate ω = −dT/dt in time t, the
critical temperature depends on the cooling rate through a clear power-law ωa. With increasing
antiferromagnetic bond fraction p, the exponent a increases for the transition into the ferromagnetic
case for p < pc, and decreases for the transition into the spin glass phase for p > pc, signaling the
ferromagnetic-spin glass phase transition at pc ≈ 0.22. The relaxation time is also investigated, at
adiabatic case ω = 0, and it is found that the dynamic exponent zν increases with increasing p.

I. INTRODUCTION

Spin glass systems exhibit aging, rejuvenation and
memory effects owing to their long relaxation times.1

Better understanding of the spin dynamics in such sys-
tems is a key for applications such as information stor-
age, magnetic resonance imaging, biomarking, biosens-
ing, and targeted drug delivery such as hyperthermia in
cancer treatment.2 Materials such as Fe2TiO5, YEr (2%)
and Fe0.5Mn0.5TiO3 are classified as Ising spin glasses.3

In this paper, we study the dynamic effects on phase
transitions in the ±J random-bond Ising spin glass model
in zero external magnetic field that is defined on a lattice
by the dimensionless Hamiltonian4

H = −
∑
〈ij〉

Jijsisj . (1)

Here, the sum is over ij-bonds, si = {+1,−1} is the Ising
spin at i-site, and Jij = {+J,−J} is the ij-bond inter-
action dealt quench-randomly, with an antiferromagnetic
(−J) probability p. A dimensionless temperature for the
system can be defined as T = 1/J .

The hard-spin mean-field theory (HSMFT) is defined
by the set of self-consistent equations

mi =
∑
{sj}


∏

j

1 +mjsj
2

 tanh

∑
j

Jijsj

 (2)

for the local magnetization mi at each i-site, with
nearest-neighbors labeled by j. For it preserves the local
frustration, it is useful in studying spin glass systems.5–24

Previously, we studied the ±J model on a simple cu-
bic lattice under time-dependent external magnetic field
by HSMFT, and obtained the phase diagram (see Fig. 1)
from distinctive behavior of hysteresis loops.24 At tem-
peratures above a critical T 0

c that depends on p, system
is in paramagnetic (PM) phase. (In general, the critical
temperature Tc(ω) depends on the cooling rate ω, and
T 0
c ≡ Tc(ω = 0) denotes the non-dynamic critical tem-

perature at infinitely-slow cooling rate.) At low tempera-
tures, T < T 0

c (p), there exist a ferromagnetic (FM) phase
for p < pc, and a spin glass (SG) phase for p > pc. The
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FIG. 1. Zero-field phase diagram of the ±J model on a
simple cubic lattice. PM, FM, and SG respectively denote
paramagnetic, ferromagnetic, and spin glass phases.

FM-SG phase boundary is at pc ≈ 0.22. The phase dia-
gram of Fig. 1 is consistent both with theoretical25 and
experimental26 results, and is mirror symmetric about
p = 0.5, with antiferromagnetic (AFM) phase replacing
the FM phase for p > 1 − pc. We can omit the p > 0.5
subspace in general, due to the FM↔AFM symmetry of
classical Ising spins on bipartite lattices.

In the same previous work, dynamic effect of the mag-
netic field sweep rate on the dissipative loss in a hysteresis
cycle was also studied24, while in the present article, we
consider the dynamics of the model by means of (i) adia-
batic relaxation time behavior for infinitely-slow cooling
rate ω = 0, and (ii) the effects of nonzero cooling rate ω
on the critical temperature Tc(ω).

To this end, we consider an L× L× L-site simple cu-
bic lattice with periodic boundary conditions. HSMFT
results become independent of the lattice size for L > 15
for this system20,24, and we work with L = 20 here.
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FIG. 2. Relaxation time τ as a function of absolute reduced
temperature |T̃ | = |T − T 0

c |/T 0
c for p = 0.25. Faded markers

show the results for 20 distinct realizations of AFM bond
distributions, while the dark markers show averages over those
random replicas. Blue and red show the data below and above
the critical temperature, T̃ < 0 and T̃ > 0 respectively. Line
is the best fit to the power-law Eq. (4), for T̃ ≥ 0.1.

II. RELAXATION TIME

A particular realization at a given (T, p) is generated
by the assignment of the quenched-random interactions
Jij = ±1/T with a probability p of AFM bonds −1/T ,
and initially, an unbiased random assignment of spins in
the range si ∈ [−1,+1]. A time step dt corresponds to
successive iterations of Eq. (2) on L3 randomly chosen
sites. The relaxation time τ corresponds to number of
such time steps required for the system to converge from
an initial random seed to a self-consistent solution that
is determined when the mean-square deviation in magne-
tization, ∆m2 = L−3

∑
i [mi(τ)−mi(τ − 1)]

2
, drops be-

low a predetermined threshold, i.e., when ∆m2 ≤ 10−12.
A characteristic signature of spin glass systems is that

the relaxation time τ diverges as T → T 0
c
+

, and remains
infinite for T < T 0

c . Fig. 2 is a log-log plot of the re-

laxation time τ as a function of |T̃ |, for a representative
value p = 0.25, while we obtain the same behavior for
other p values. Here,

T̃ ≡ T − T 0
c

T 0
c

(3)

is the reduced temperature that measures the distantness
to critical temperature. Faded markers show the results
for 20 distinct realizations of AFM bond distributions,
while the dark markers show averages over such random
realizations. We see that the relaxation time τ averaged
over replicas, peaks as T̃ → 0+ and stays at large values
for T̃ < 0 as expected. Deviation from a true divergence
at T̃ ≤ 0 is due to finite-size effects.
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FIG. 3. Dynamic critical exponent zν as a function of AFM
bond fraction p. Error bars show the standard deviation of
the fit procedure to Eq. (4). Vertical line shows the critical
pc ≈ 0.22 between the ordered FM and SG phases (see Fig. 1).

The divergence of τ as T̃ → 0+, referred as the critical
slowing-down, is due to the divergence of the correla-
tion length ξ. A scaling relation between the relaxation
time and the correlation length τ ∼ ξz, and another one
between the correlation length and the reduced temper-
ature, ξ ∼ T̃−ν , yield to the power-law26

τ ∼ T̃−zν . (4)

Fitting the average relaxation time to Eq. (4) in the

range 0.1 ≤ T̃ ≤ 1, we obtain the line in Fig. 2. Following
the same procedure for several p values, we obtain the
dynamic critical exponent zν as a function of AFM bond
concentration p, as presented in Fig. 3. We observe that
zν increases with increasing p.

III. FINITE TEMPERATURE SWEEP RATE

To determine the effect of finite cooling rate

ω = −dT
dt
6= 0 (5)

on the critical temperature Tc(ω), we start with a fully
relaxed realization of the system at a fixed AFM bond
distribution at a high temperature, T = 100. The system
is then cooled with a rate of change in temperature −dT
per time step. As defined above, one time step dt corre-
sponds to updating L3 randomly chosen sites according
to Eq. (2). We repeat the procedure for ω spanning two
orders of magnitude in the range [0.00025, 0.025], and for
various p. For each set of values for ω and p, we generate
20 distinct realizations of AFM bond distributions and
work with the averages over those replicas.
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FIG. 4. Reduced difference (T 0
c − Tc)/T

0
c between the ap-

parent dynamic (Tc) and the true non-dynamic (T 0
c ) critical

temperatures, as a function of cooling rate ω, for p = 0.25.
Faded markers show the results for 20 distinct realizations of
AFM bond distributions, while the dark markers show aver-
ages over those random replicas. The line shows the best
fit to the power-law Eq. (6). The average magnetization,
M = L−3 ∑

imi and the SG order parameter Q = L−3 ∑
im

2
i

are shown in the bottom-right and top-left insets as functions
of −T̃ for all 20 realizations for ω = 0.0025.

For finite ω 6= 0, the system will not find enough time
to fully relax to an ordered state when it reaches at the
true non-dynamic critical temperature T 0

c = Tc(ω = 0).
And when it reaches an ordered state, the temperature
will be already cooled below T 0

c . Thus, the apparent
critical temperature Tc(ω) is expected to be lower than
T 0
c , and to shift down with increasing cooling rate ω.
The reduced difference (T 0

c − Tc)/T 0
c between the ap-

parent dynamic Tc and the true non-dynamic T 0
c is plot-

ted in Fig. 4 in log-log axes as a function of ω, for a
representative value p = 0.25, while we obtain the same
behavior for other p values. The average magnetization,
M = L−3

∑
imi (shown in the bottom-right inset for 20

distinct realizations for p = 0.25 and ω = 0.0025), is not
suitable to determine Tc for PM-SG phase transition at
p > pc. Instead, the SG order parameter Q = L−3

∑
im

2
i

(shown in the top-left inset for 20 distinct realizations for
p = 0.25 and ω = 0.0025) is used for the whole range of
p, implementing the fact that Q = 0 for T > Tc and
Q > 0 for T < Tc. We checked that for ω = 0, this con-
dition yields the same equilibrium PM phase boundary
as obtained from hysteretic behavior (see Fig. 1).

Particularly at higher ω, the reduced difference in crit-
ical temperatures shows a clear power-law behavior,

T 0
c − Tc
T 0
c

∼ ωa, (6)

as shown by the fit of average data to Eq. (6), resulting
in the line in Fig. 4. Such is the case for all other p
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FIG. 5. Temperature sweep rate exponent a of Eq. (6) as
a function of AFM bond fraction p. Error bars show the
standard deviation of the fit procedure to Eq. (6). Vertical
line shows the critical pc ≈ 0.22 between the ordered FM and
SG phases (see Fig. 1).

values, and the resulting exponents are shown in Fig. 5
for various p. We clearly observe the peak in the exponent
a at the FM-SG phase transition at pc ≈ 0.22.

IV. CONCLUSION

We simulated the phase transition dynamics of ±J
Ising spin glass model on a simple cubic lattice by the
frustration preserving hard-spin mean-field theory. We
obtained the dynamic exponents zν for the relaxation
time, and a for the cooling rate dependence of critical
temperature, Tc(ω).

We found that the dynamic exponent zν varies in the
range of about 0.5 to 0.7, which is an order of magni-
tude smaller than the values reported by AC magnetom-
etry experiments2,3,27–34 and stochastic simulations35,36.
Such is the pitfall of mean-field theories in general. Ne-
glecting the long range correlations close to critical points
where correlation length diverges, mean-field theories ex-
hibit inadequate values for critical temperatures, ampli-
tudes and exponents. However, they offer qualitative
pictures of phase transitions. In this particular case, al-
though our values for the dynamic exponent zν do not
agree with previous results, the qualitative feature that
it increases with increasing AFM bond ratio p is accept-
able. This can be understood on the basis of increas-
ing relaxation time with increasing frustration (increas-
ing raggedness and number of local minima in the free
energy landscape) with increasing p. This may also ex-
plain the various experimental values for zν ranging in
the range from 5.6 ± 0.1 for Sn0.9Fe3.1N34 to 10.4 ± 1.0
for Fe0.5Mn0.5TiO3

27.
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Similarly, although the values might be incorrect, the
cooling rate exponent a shows a peak at p = pc ≈ 0.22,
which clearly indicates the FM-SG transition. In these
simulations, we initialized the cooling from a high tem-
perature T = 100. We observed that starting the cooling
from T = 10, changes our results only within the stan-
dard deviations even for the highest cooling rates, and
hence, we infer that T = 100 is a safe high-temperature
starting point. Nonetheless, the effect of initial temper-
ature on the dynamic properties, is another interesting
direction to cover. We expect that as the starting temper-
ature gets smaller, the apparent dynamic critical temper-

atures will decrease further. This is because the system
will find even smaller times to relax to an ordered state,
and by the time it relaxes, the temperature will be even
more smaller than the true non-dynamic T 0

c .
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14 G. B. Akgüç and M. C. Yalabık, Phys. Rev. E 51, 2636

(1995).
15 J. E. Tesiero and S. R. McKay, J. Appl. Phys. 79, 6146

(1996).
16 J. L. Monroe, Phys. Lett. A 230, 111 (1997).
17 A. Pelizzola and M. Pretti, Phys. Rev. B 60, 10134 (1999).
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