arXiv:2107.04113v2 [math.DS] 25 Oct 2023

BIRATIONAL MAPS WITH TRANSCENDENTAL
DYNAMICAL DEGREE

JASON P. BELL, JEFFREY DILLER, MATTIAS JONSSON, AND HOLLY KRIEGER

ABSTRACT. We give examples of birational selfmaps of P%,d > 3, whose
dynamical degree is a transcendental number. This contradicts a conjecture
by Bellon and Viallet. The proof uses a combination of techniques from
algebraic dynamics and diophantine approximation.
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1. INTRODUCTION

The first dynamical degree of a rational map f: P? --» P? is the quantity
A(f) == lim deg(f")"",
n—0o0

where f" denotes the nth iterate of f, and deg(f") := deg f~"(H) is the preim-
age of a general hyperplane H C P4, The limit defining \(f) always exists, and
its value is a fundamental invariant for the dynamics of f. For many rational
maps, one has that A(f) = deg(f) is an integer. In many other situations,
it is known that A(f) is the largest eigenvalue of some integer matrix. It is
also known [BF00, [Urel§| that the first dynamical degree ranges through only
countably many possible values in general.
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The values are not, however, limited to roots of integer polynomials. In [BD.J20)]
the first three authors presented examples of rational self-maps f: P? --» P?
whose first dynamical degrees are transcendental. These examples are non-
invertible. For many purposes, both theoretical and applied, it is more natural
to consider invertible dynamical systems. However, the lack of invertibility in
dimension two is essential to produce examples of self-maps with transcendental
first dynamical degree, since [DEFO1] shows that the first dynamical degree of a
birational surface map is always an algebraic integer; see also [BC16]. The same
is true for polynomial automorphisms of A3 in characteristic zero [DF21].

In fact, it was conjectured in [BV98] that the first dynamical degree of a bira-
tional map is always algebraic. Here we resolve that conjecture in the negative.
Specifically, we show that there are birational maps f: P? --» P4, d > 3, whose
first dynamical degrees are transcendental.

While we build on the methods introduced in [BDJ20], we take a different
approach to deriving the crucial power series formula for the dynamical degrees
of our maps, and we obtain a substantially more general transcendence result.
The list of examples we obtain is infinite, but not completely explicit, and there
remain some very interesting further questions. As in [BDJ20], our examples
are based on monomial maps, i.e. maps h: P% --» P4 whose components ha; =
zP' ... xy* are monomials with exponents specified by the jth row of a d x d
integer matrix A. Since we aim to construct birational maps, we will always
take A € SLy(Z). Our main theorem may be stated as follows[]

Theorem 1.1. For each d > 3, there exists a birational involution g: P? --» P?
and matrices A € SLy(Z) such that the birational maps f: P -+ P4 given by

(L1) f=goh

have transcendental dynamical degree A(f).

All maps in the theorem have coefficients in {—1,0, 1}, so the field of defini-
tion for f can be taken to be any field of characteristic different from 2. The
involution g is explicit, given at the beginning of §3.1, but the matrix A is not.
As we will explain in more detail shortly, we begin with a suitable particular
element of SL4(Z), and take A to be a large enough power of a fairly general
conjugate of of this element. However, at the end of this article in we ex-
plain how one can check, with some computer assistance, that the conclusion of
Theorem applies for a particular matrix A. See for the precise matrix
we consider.

To compute deg(f") for the maps f in Theorem 7 we use that by duality,
deg(f™) is also equal to the intersection number between a fixed hyperplane

13, Blanc informed us that he has independently been able to modify the construction
of [BDJ20] to obtain birational maps with dynamical degrees satisfying a power series formula
similar to ((1.2). These maps might also serve to produce transcendental examples.
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H C P? and the forward image f"(¢) of a general line £. As we explain in
it is convenient for tracking the successive images of ¢ to regard iterates of f as
maps between various toric blowups of PZ. We then show in §3|that for suitable
A, the dynamical degree of f satisfies an equation involving a power series with
integer coefficients.

To state the precise formula, we introduce some notation. Let d be a positive
integer, and U,V C Z? finite, non-empty sets of non-zero vectors. For any d x d
integer matrix A, we set

Uy v(A) = max (u, Av) ,
ey ueU

where (-,-) denotes the standard bilinear pairing on Z¢. The resulting integer-
valued function is piecewise linear in the entries of A. The main result of §3|is
as follows.

Theorem 1.2. Suppose that A € SL4(Z) has irreducible characteristic poly-
nomial and eigenvalues of largest magnitude equal to a complex conjugate pair
Emax, Emax With & & R for any non-zero j € Z. If A = AN for large enough
N € Zso, and [ is given by (L1)), then X = X(f) satisfies

(12) S W (A = 1,

j=1
where U,V C Z% are finite sets of vectors that depend only on the dimension d.

The particular sets U, V referred to in this theorem are given in and .
Regardless, for any fixed u € Z?, the sequence Y, (u, A7v) is an integer linear
recurrence, so if U contained only one element, the power series would
define a rational function with integer coefficients, and it would follow that A
is algebraic. For U as given, however, the coefficients Wy, (A7) are obtained by
maximizing over several integer linear recurrences. The condition on the leading
eigenvalue of A guarantees that the largest among them varies irregularly as j
increases. Under these circumstances it would seem difficult for A and the value
of the series to be simultaneously algebraic. The following result solidifies this
intuition. Together with Theorem [I.2] it suffices for establishing Theorem
Here we say that z,w € C have an angular resonance if z%w® € R for some
integers a,b > 0.

Theorem 1.3. Let A € SLy(Z) be a matriz with irreducible characteristic poly-
nomial. Suppose that there are no angular resonances between distinct eigenval-

ues of A and that the eigenvalues of largest magnitude are a complex conjugate
PUT Emax, Emax- Then, for any finite sets U,V C Z\ {0} with #U > 2, there
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exist matrices A C SLq(Z) conjugate to A such that
(1.3) > Wy (AN
j=1

is transcendental for any N > 1 and any real € Q N (0, |Emax] ™).

Note that there is no angular resonance between the leading eigenvalues &«
and Enay if and only if &2 ¢ R for any non-zero j € Z. When d = 3 the
remaining eigenvalue is real, so this is the entire content of the no angular
resonance requirement. When d > 3, the requirement is more restrictive and
implies in particular that A has at most one real eigenvalue. Note also that
the condition on x implies that it belongs to the domain of convergence of the
series . Indeed it follows from Corollary below and irreducibility of the
characteristic polynomial of A that the radius of convergence of the series is
exactly |Emax] ™, though we only need to know that that it is at least this large.

To prove Theorem [1.3| we note that the dynamics of the linear map A on
7% c C? can be understood by diagonalizing A. Write £pax = |Emax|€?™?, where
the normalized argument 6 € R is irrational by hypothesis on &,,¢. Using our
assumptions on the spectrum (£ = Enax, &2 = Emax, &3, -+ ., &) of A, we show
that for large enough j € Z~(, we have

\I!Z/{,V(Aj) = <’7(30)7( {7 SR 7551)>7

for some 1-periodic, piecewise constant function v: R — Q¢. The hypotheses
on A, U, V imply, however, that 7 is not (globally) constant.

Theorem then reduces to the following theorem, which we prove in §6)
Note here that we rely implicitly on a fixed embedding Q C C and its associated
archimedean absolute value | - |.

Theorem 1.4. Let § € R be an irrational number and p € Q¢ be a vector whose
coordinates each satisfy |p;| < 1 and are pairwise multiplicatively independent.
Let v: R — Q% be a non-constant but piecewise constant, 1-periodic function
with (discrete) discontinuity set Dsc(y) # 0 such that
e (discordance) for any t,t' € Dsc(y) U {0} and any a,b € Z, af =
b(t —t') mod 1 implies a = 0 and either t —t' € Z or b is even;
e (mazximality) for all sufficiently large integers j, the function

t= (y(t), (p1, -, P}))
15 real-valued, non-constant, and maximized by t = j6.
Then

Q=3 (19). (o}, 02)

(o)
j=1

18 transcendental.
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The proof of Theorem expands on ideas from [BDJ20]. In particular, we
rely heavily on a lower bound (Theorem for Diophantine approximations
due to Evertse [Eve84] and a finiteness result (Theorem for solutions of
unit equations due to Evertse, Schlickewei and Schmidt [ESS02]. The bulk of
the proof consists of carefully analyzing the continued fraction expansion of # to
identify and exploit large, but necessarily finite, stretches in the series defining
Q2 in which the coefficients satisfy some sort of linear recurrence.

To pass from Theorem [1.4]to Theorem[1.3] we set p; = (z&)" fori =1,...,d.
Since there are no angular resonances among the §;, the resulting p; are mul-
tiplicatively independent for any z and N. When derived from the data in
Theorem [1.4] the function v = 74, and especially its discontinuity set Dsc(ya),
depend on the sets U and V and the matrix A. The maximality condition in
Theorem holds for any choice of U, V and A. The reason for replacing the
given matrix A in Theorem with a conjugate matrix A is to guarantee that
the discordance hypothesis is also satisfied.

Our approach to finding suitable conjugates relies on the fact that all powers

J  of the maximal eigenvalue in T heorem lie in the unit subgroup O} of the
integers Ok in the number field K generated by eigenvalues of A. On the other
hand, the elements of Dsc(y4) are normalized arguments of elements of K, but
these elements need not be units. In fact, given a specific matrix A € SLy(Z),
it is not difficult to find a specific conjugate A by trial and error and then
check by computer algebra that no element (or difference between elements) of
Dsc(7y4) is the normalized argument of an algebraic unit. We account for this
phenomenon by showing that suitable conjugates of A are in some sense generic.
See Theorem and its proof in §5.3] The argument there relies on the general
fact (Lemma that a non-constant rational function 7 € K(x) cannot have
range 7(K) contained in the group of units Oj.

Since the discordance hypothesis of Theorem is a bit unnatural and diffi-
cult to arrange, it is worth stressing that it is needed only when the irrational
number 0 is badly approzimable (equivalently, of bounded type), i.e. when the
continued fraction expansion of # has uniformly bounded coefficients. For well
approximable 6, the proof of Theorem is substantially simpler, effectively
ending with Corollary rather than the subsequent and more technical argu-
ments of and Nor in this case do we need Theorem [5.3] Unfortunately,
however, it is unclear to us whether/when the normalized argument 6 of the
leading eigenvalue &y in Theorems [1.2] and is well approximable.

Question 1.5. Are there algebraic units whose normalized arguments 6 are irra-
tional and well approximable? Likewise, are there any for which 6 is irrational
and badly approximable?

Let us close by returning to the first paragraph of this introduction and the
dynamical significance of the first dynamical degree. The interested reader may
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consult [BDJ20] for a longer account, but here we recall a single aspect of that
discussion. The first dynamical degree is only one of d — 1 intermediate dynam-
ical degrees for a birational map f: P? --» P?; see [DS05al, [Tru20, [Dan20]. For
rational maps f over C, the logarithm of the largest of these dynamical degrees
is known [DS05a] to be an upper bound for the entropy of f (see also [FTX22]
for a non-archimedean version), and in many instances [BS92, BD01, [Gue05!
DS05b), [Duj06, [Vigld], the two quantities are known to be equal. Hence it is
interesting to ask whether the first dynamical degrees of the maps we construct
here are also the largest.

Question 1.6. Does there exist a birational map f: P? --» P4 for which \;(f) is
transcendental and also maximal among intermediate dynamical degrees \;(f),
i=1,...,d — 1?7 Does there exist a birational map f: P --» P? for which all
intermediate dynamical degrees are transcendental?

The outline of the paper is as follows. In §2| we give background on toric

threefolds and monomial maps. This is used in where we analyze the maps
g and f = go hy and prove Theorem [I.2] In we give the relevant back-
ground from Diophantine approximation, which will be used in the proofs of
Theorems [1.3] and In §5] we prove Theorem [I.3] or more precisely reduce it
to Theorem [I.4] which is proved in Finally, in we complete the proof of
Theorem [I.1] the main remaining step being to construct suitable characteristic
polynomials from which to obtain our matrices A. In §7.2] we focus on a specific
matrix A € SL3(Z) to explain how one can use computer algebra to certify that
particular maps f = g o h satisfy the conclusion of Theorem
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2. INTERSECTION THEORY, TORIC VARIETIES AND MONOMIAL MAPS

We work over an algebraically closed field k of characteristic different from
two.

2.1. Rational maps and intersection numbers. We begin with a somewhat
ad hoc definition of intersection numbers between curves and divisors, consis-
tent with the general theory of [Ful84]. Let X be a smooth proper variety of
dimension d > 2, let C C X an irreducible curve, and let D be a Cartier divisor
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on X. Consider the inclusion map ¢: C — X and normalization map 7: C — C.
In this situation we define

(C- D) :=deg(t"t*Ox (D)),

the degree of the line bundle 7*1*Ox (D) on C. When C and D are smooth, and
C is not contained in the support of D, (C- D) is the number of points in CN D
counted with multiplicity. Note also that (C - D) only depends on the linear
equivalence class of D. When X = P4, we have (L- D) = deg D for every line L.

Now consider a birational map f: X; --+» X5 between smooth varieties. The
indeterminacy set Ind(f) is the smallest set such that f: X; \ Ind(f) — X,
is a morphism; this set has codimension at least two. The critical set Crit(f)
is the (finite) union of all irreducible hypersurfaces contracted by f. For any
irreducible subvariety V' C X not contained in Ind(f), we adopt the convention
that f(V) := f(V) \ Ind(f) is the proper transform of V' by f. In particular
f(V) is irreducible and, if not contained in Crit(f), of the same dimension as
V.

Let Dy be a divisor on X,. The pullback f*Ds is the divisor on X; defined
as follows. Let X C X; x Xy be the Zariski closure of the graph of f, and
it X = Xj, 7 = 1,2, the projections. Then f*Dj, := m,m5Ds, where we pull
back D, as a Cartier divisor, then push forward 73D, as a Weil divisor. Since
X, and X, are smooth any Weil divisor on either X is also Cartier. We rely on
the following version of the projection formula that is easily verified.

Proposition 2.1. In the situation above, let C; C X; be an irreducible curve
disjoint from Ind(f) and not contained in Crit(f), and let Dy be a Cartier
divisor on Xo. Then

(2-1) (Cl : f*D2) = (f(cl) : D2)-

We are particularly interested in the case X; = X, = P4, In homogeneous
coordinates f is given by

[ZL’(),...,ZL‘d] — [fg,...,fd],

where the f; are homogeneous polynomials, all of the same degree and without
common factors. The (algebraic) degree of f is then defined to be deg f :=
deg f; = deg f*H = (L- f*H), where H C P? is any hyperplane and L is any
line. So Proposition allows us to rewrite deg f as follows.

Corollary 2.2. The degree of a birational map f: P? --» P? is given by

where L C P is any line disjoint from Ind(f) and not contained in Crit(f), and
H c P? is any hyperplane.
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Since Ind(f) has codimension at least two, the hypothesis of the corollary is
satisfied by a general line L, i.e. a line corresponding to a general point in the
Grassmannian Gr(2,d + 1).

If f,g: P4 -——» P? are rational maps, then deg(f o g) < (deg f)(degg). This
fact implies that the limit in the following definition exists.

Definition 2.3. The first dynamical degree of a rational map f: P? --» P? is
the quantity A(f) := lim,_,o(deg f™)*/™.

2.2. Toric varieties. For our purposes, a toric variety will be a smooth alge-
braic compactification X of the torus T := G, such that the natural action of
the torus on itself extends to all of X. Any toric variety is defined by a lattice
N = Z% and a fan ¥(X) in N, by which is meant a collection of regular rational
simplicial cones inside N ® R = R? satisfying natural axioms, see [Ful93].

In what follows, we fix a basis for N ~ Z?. The fan of P? is then the set of
cones in R? generated by the proper subsets of

22)  P={(-1,...,-1),(1,0,...,0),(0,1,0,...,0),...,(0,...,0,1)}.

For any toric variety, the complement X \ T is a simple normal crossings
divisor, and for k£ > 0, the k-dimensional cones in ¥ correspond to T-invariant
irreducible subvarieties of X \ T of codimension k. In particular, rays of ¥(X)
correspond to irreducible hypersurfaces £ C X \ T which we will call poles.ﬂ

We let vp € N denote the unique primitive element (i.e. vy # 0 and vg € bN
for b > 2) in the ray in 3(X) corresponding to a pole E C X. Given a primitive
element v € N, we say that X realizes v if v = vg for some pole E of X.
For example, the poles of P¢ corresponding to the elements of P above are the
coordinate hyperplanes {z; =0}, 0 < j < d in P?.

Each pole F of X is itself a toric variety of dimension d — 1, its toric structure
defined by a natural fan in the quotient lattice N/Zvg, and its torus Ty ~ G2-1
concretely realized as the set of points in £ not contained in any other pole.

We set M := Hom(N,Z) and write (u,v) € Z for the pairing between u € M
and v € N. The elements of M can be identified with the set of characters
T — G,,,. The identification N ~ Z? induces an identification M ~ Z¢, and the
characters associated to the standard basis vectors of Z? serve as coordinates
(y1,...,yq) on T, giving an isomorphism T-G% . The character associated to
(ay,...,aq) € M is then the monomial y{* - - - y;*.

A toric modification is a birational morphism 7: X — X between toric va-
rieties that restricts to the identity on T. The fan E(X ) is then a simplicial
subdivision of ¥(X); and for each pole E C X contracted by 7, the image 7(E)
is equal to the intersection of two or more poles in X. Given any two toric
varieties X, X', there exists a third X that modifies both of them. Moreover,

2They are in fact the (simple) poles in X of the T-invariant form W It is standard
to call F a ‘torus invariant hypersurface’, but we find the shorter term convenient.
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given any toric variety X and a primitive element v € N, there exists a toric
modification X — X such that X realizes v.

A divisor D supported on poles of X may be encoded by a support function
Yp: N — Z given by setting ¥p(vg) equal to the coefficient of E for each pole
E C X and then extending linearly across each cone in $(X). If 7: X — X is
a toric modification, then ¢,«p = ¥p. Moreover, D is principal if and only if
Yp is linear.

For instance, the hyperplane at infinity {zo = 0} on P? has support function
(2.3) (v) = max(u, v),

uel
where U C M := Hom(N,Z) ~ Z% is given by
2.4)  U:=1{0,...,0),(~1,0,...,0),(0,~1,0,...,0),...(0,...,0,—1)}.

Definition 2.4 (see e.g. [GHKI5]). An irreducible curve C in a toric variety X
is internal if CN'T # (). We say that X is adapted to C if for each pole £ C X,
the intersection C N F is contained in Tg.

If X — X is a toric modification then we identify any internal curve C in X
with its (still internal) proper transform on X. If X is adapted to C, so is X.
Moreover, we have

Proposition 2.5. For any internal curve C on a toric variety X, there is a
toric modification w: X — X such that X is adapted to C.

Proof. If X is not adapted to C, then there are poles Fi,..., E,, C X, with
m > 2, such that CN E; N---N E,, # 0. The blowup 7: X—>X0fﬂ_1E
is toric and contracts a pole Ey C X that meets the proper transform C ¢ X
of C. Addltlonally, if E C X denotes the proper transform of E;, then 7*F; =

E; + FEy. Soif D = ZECx E and D = Y ohcx E are the reduced divisors with

supports equal to all poles of X and X, then 7D = D + kE, for some k > 1.
From this and Proposition [2.1 we get

(C-D)=(C-7*D) = (C-D) + k(C- Ey) > (C- D) >0,

where the last inequality follows from the fact that C is an internal curve. If X
is not adapted to C, we repeat the above as often as necessary. At each step
the intersection between the set of poles and C drops by at least one. Since the
intersection must remain non-negative, the process must stop in finitely many
steps, at which point X is adapted to C. That is, if at this point Ej is the
(further) blowup of any other intersection between two or more poles, we must
have C - Ey = 0; hence C intersects at most one pole. O
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In light of this discussion we can associate to any internal curve C the following
measure on NV:

(2.5) pc =Y (C- E)dyy,

where 0,,, is the point mass supported at vy € N, and the sum is over poles
E C X in some/any toric variety adapted to C. For instance, if L is a general

line in P4, then
HL = Z 5117
veEP

with P as in . If Cis an internal curve on a toric variety X and D is a divisor
supported on poles of X, then it follows from ([2.1]) that the intersection number
(C- D) is unchanged by toric modifications 7: X — X i.e. (C-D) = (C-7*D).
Taking X adapted to C, it therefore follows from definitions that

(2.6) (C- D)= /N vniic = Y (C- E)bnl(vr)

For example, the degree of an internal curve C C P¢ is given by
(C-{zy=0}) = / Y pe,
N
where 9 is given by (2.3).

Since the intersection number with a principal divisor must vanish, we obtain

Corollary 2.6. The measure uc associated to an internal curve C is balanced
in the sense that ) 5 (C- E)vg =0 € N for any X adapted to C.

Remark 2.7. The measure pc associated to an internal curve corresponds to the
Minkowski weight, in the sense of [FS97], for the class of the curve C.

2.3. Monomial maps. For monomial maps and their dynamics, see [Fav(3|
HP07, JWT1Il [FW12l Lin12].

Definition 2.8. Let A = (a;;)1<i j<a be a d X d integer matrix with det A # 0.
We call hy: T — T given by

A aid adl

ha(yr, - o ya) = (W, ya)™ = (Wi oy, Y

the monomial map associated to A.

add)

In what follows we will always assume that A € GL4(Z), i.e. det A = +£1,
in which case h, is an automorphism of T and extends to a birational map
hy: X --+ X’ between any two d-dimensional toric varieties.

Our convention for monomial maps is that A € GL(V), so the induced auto-
morphism M — M is given by the transpose A”. Note that for any n € Z, we
also have A"y = hyn.
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Proposition 2.9. Suppose that A € GL4(Z), that X, X" are toric varieties, and
that h = ha: X --» X' is the associated monomial map. Assume that for every
pole E C X there ezists a pole E' C X' such that Avg = vg. Then h(E) = E'.
Moreover h is an isomorphism in a neighborhood of Tg, and sends Tg onto Tgr.
In particular, Crit(h) = 0.

Proof. Tt suffices to prove the statement about Tgp and Tg. Pick u)} € M

such that (u},vg) = 1, and elements u, ..., u, € M that generate the lattice
vg = {u € M | (u,vp) = 0}. Each v} defines a monomial X in (y1,...,¥a),
and X' := (X1, ..., Xa) gives a birational map of X to A? which is an isomorphism

in a neighborhood of Tz and sends Tz onto the coordinate hyperplane {w; = 0}
in Al x G¢L,

Set u; = ATu;- for 1 <1 < d. Then (u,vg) = (u},ve) = 1 and us, ..., ug
generate the lattice vi. Each u; defines a monomial x; and x = (x1,.- ., Xd)
defines a birational map of X to A? that is an isomorphism in a neighborhood of
Tg and sends T onto the hyperplane {w; = 0} in A! x G¢~1. By construction,
X = X’ o h, and the result follows. O

The image of any internal curve C C T under a monomial birational map is
a new internal curve, and we have:

Corollary 2.10. If C C T is an internal curve and A € GL4(Z), then
(2.7) M) = Aspic,

where pic and py ¢y are the associated measures on N = Z2.

Proof. Since A is invertible over Z, it preserves the set of primitive vectors in
Z¢. Hence the formula follows from the previous proposition with X adapted
to C and X’ adapted to h4(C). O

Corollary 2.11. For any A € GL4(Z), the dynamical degree of the monomial
map ha is equal to the absolute value of the leading eigenvalue(s) of A.

Proof. Taking C = L to be a general line in P? and integrating the function
in (2.3) against (2.7) , we obtain

(2.8) degh’y = /wAf,uL.

If we add a linear function to 1), the integral does not change. So replacing
Y(v) with e.g. ¥(v) + (u,v), where u = 1(1,...,1), we may assume that |[v]| <
Y(v) < C'v| for some norm [|-]] on N ® R and some constant C' > 1. Thus
deg h"j is multiplicatively comparable, uniformly in n, to maXyesupp, ||A™V]|.
Since the vectors in supp . span N, we see further that for large n, degh’
is comparable to n*~!p", where p is the magnitude of a leading eigenvalue for

A and k is the size of the largest Jordan block for such an eigenvalue. Thus

A(ha) = p. a
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3. DEGREES OF CERTAIN BIRATIONAL MAPS

In this section we study the composition of a birational monomial map with
a well chosen birational involution which, though not monomial, still behaves
well on toric varieties. This will lead to a proof of the power series formula in
Theorem for the dynamical degree.

3.1. A birational involution. The Cremona involution on P is the birational

monomial map h_; given in affine coordinates by (y1,...,ya) = (Y1 - ¥7" ),
or in homogeneous coordinates [z, ..., zq|, where y; = x;/x0, by
[0, .., Tq] = [Hxl,,H:cl]
i#£0 i#£d

It contracts each homogeneous coordinate hyperplane {z; = 0} to the torus
invariant point where the others intersect and is indeterminate along each linear
subspace {z; =z = 0}, j # k.

Now consider the (d + 1) x (d 4+ 1)-matrix B = (B;;)o<ij<da With entries
Bij = (=1)"9fori < jand B;; = (=1)"77 for i > j. It is straightforward
to see that B is invertible (except in characteristic two), and that the non-zero
entries of the inverse B~" are as follows: B, L =1for0<i<d, B;H =1 for

0<i<d and By = 2%

For example, if d = 3, then

1 -1 1 -1 1100
11 -1 L 1l o110
B=11 1 1 4 and  BU=o1 g1 1
1 -1 1 1 100 1

The matrix B defines an automorphism of P, also denoted by B, and given by
[ZL‘o,...,l'd] — B[:L‘(),...,J,’d] = [bo,bl,...,bd].
Now set
g:=B'oh_;oB.

By construction, g: P --» P¢ is a birational involution, Crit(g) consists of
the d + 1 hyperplanes {b; = 0}, and Ind(g) consists of the linear subspaces
{bi =b; =0}, i # j. One computes that g = [go, ..., g4), where

(3.1) gj = x; H b; for j <d and g¢g= x4 H b;.
i1 i#0.d

For example, if d = 3, then

(3.2) g: [To, 21, T2, 23] = [T0b2bs, £1bob3, 2boby, x3b1 ).
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The coordinate hyperplanes {z; = 0} are not contained in Crit(g), so it follows
from the formula above that g restricts to a birational self-map on each of them,
a statement that will be generalized in Corollary below.

In what follows we will use the (non-toric) hyperplanes

(3.3) Hy={b; =0} NT.

Then g(H; \ Ind(g)) = g¢;, where ¢; € P\ T is the point with homogeneous
coordinates given by column j of the matrix B~!. Also set H = Uj:o H;. We

will write FJ C X and H C X for the Zariski closures of H ; and H, respectively,
in any toric modification X —)_}P’d.
Note that the hyperplanes H; C P? omit the d + 1 torus invariant points

[1,0,...,0],[0,1,0,...,0],...,[0,...,0,1].

Lemma 3.1. Let m: X — P? be any toric modification and let gx: X -+ X be
the lift of g. Then (T\ H)NInd(gx) =0 and gx(T\ H) C T.

Proof. Tt suffices to consider the case X = P¢, and then the statement is clear
in view of (3.1)), since b; #0 on T\ H for 0 < i <d. O

Lemma 3.2. Let m: X — P94 be any toric modification, and E C X a pole such
that v is contained in the interior of a d-dimensional cone of X (PY). Then:
(i) the lift gx: X --+ X of g is an isomorphism in a neighborhood of the
torus Tg, and sends Tg onto itself.

Proof. The assumption on E means that m(E) € P¢ is one of the d + 1 torus
invariant points above. As these points do not lie on the closure of H in P?, we
immediately deduce (i). Moreover, for any ¢ = 1,...,d, the zeros and poles of
the rational function b;/by omit all torus invariant points of P¢. So on X, the
restriction of b; /by to E is a non-zero constant.

Now pick u; € M such that (u;,vg) = 1, and elements us,...,uqy € M that
generate the lattice vy := {u € M | (u,vg) = 0}. Each u; defines a monomial
X;in (Y1, -+, 9a), and x := (X1, ..., Xa) gives a birational map of X to A¢ which
is an isomorphism in a neighborhood of Ty and sends E onto the coordinate
hyperplane {w; = 0} in AY. Now it follows from that ¢*x;, = x;v;,
where 1); is a monomial in the rational functions b;/by and hence equal to a
non-zero constants on Tg. Thus y o gx: X --» A? is also an isomorphism in a
neighborhood of Tg and sends E onto the coordinate hyperplane {w; = 0}. We
conclude that gx = x ! o x o gx has the desired properties. U

Corollary 3.3. Let m: X — P? be any toric modification. Then the lift gx: X --»
X of g restricts to a birational map gx: E --+ E on any pole E C X.
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Proof. This can be proved in a way similar to Lemma [3.2] but let us give a
different proof using valuations. Let Valr be the set of valuations v: k(T)* — R
on the function field k(T) ~ k(y1,...,y4) of the torus T that are trivial on k.
We equip it with the topology of pointwise convergence. The birational map
g: T --» T induces a field automorphism of k(T), and a homeomorphism g, of
Val']r.

We can identify the space Nz = R? with the set of monomial valuations
in coordinates (yi,...,yq): given t € R? the corresponding valuation v; €
Valy is uniquely determined by v(> coy®) = min{(c,t) | ¢, # 0} for every
Laurent polynomial > c,y® € k[yi',...,y;']. The map Ng — Valr is then a
homeomorphism onto a closed subset. It is also homogeneous with respect to
the multiplicative actions of R<y on Nk and Valr.

If X is a toric variety and £ C X a pole, then the valuation corresponding
to the element vy € N C Np is also denoted by v and can be geometrically
described as follows: for any non-zero rational function f € k(T) = k(X),
ve(f) € Z is the order of vanishing of f along FE.

It now follows from Lemma[3.2)that g.(v) = v for all primitive elements v € N
that lie in the interior of a d-dimensional cone of ¥pa. Since g, is homogeneous
with respect to the scaling action above, it follows that g.(v) = v for all v € Ng
that lie in the interior of a d-dimensional cone of ¥pa. As the set of such v is
dense in Nx we must have g, = id on Ng.

In particular, if X is a toric variety and £ C X is a pole, then g.(vg) = vg.
Unraveling the geometric description of vg, this implies that gy (E) = E. O

We now study the critical set of lifts of g. Set
(34) V.= {Uo,'l}l,...,’l]d}

where v; € N ~ 7% is the vector whose kth entry is the order of b; in the
expression for gi/go, 1 < k < d. For example, if d = 3 we have

V=1{(1,1,0),(0,1,1),(~1,-1,0), (0, -1, —1)}.

If 7: X — P? is a toric modification that realizes v; € V, then we denote the
associated pole by Ej.

Proposition 3.4. Let m: X — P?¢ be any toric modification that realizes all
elements of V, and let gx: X --+ X be the lift of of g to X. Then:

(i) the irreducible hypersurfaces contracted by gx are Fj, 0 <j5<d; more-
over, g maps a general point on H; into Tg,;
(ii) g% E; = E; + H; for each 0 < j < d;
(i) g% F = E for all other poles of X .
Proof. Let e; € P? denote the point with homogeneous coordinates equal to

the jth standard basis vector. Let ¢y denote the line joining ey and ey, and for
0 < j < d let ¢; denote the line joining e; and e;_y. Then ¢; = g(H;) is a
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general point on ¢; and the strict transform of ¢; under the toric modification
X — P?is the pole E;. Hence the preimage of ¢; in X is the closure of a
(d — 2)-dimensional subvariety S; C Tg,.

To prove (i), recall from Corollary [3.2 that gx(E) = E for all poles E C X.
Hence any irreducible hypersurface of X contracted by gx must meet T C X.
It must then also be contracted by g, and thus equal to E for some j. Note,
conversely, that gy contracts each H; to S;. Thus (i) holds.

Let 7: Y — X be the (non-toric) blowup of X along each of the mutually
disjoint subvarieties gj, and let gj C Y denote the preimage of E Further, let
7 — P be the smooth (non-toric) variety obtained by blowing up all points
¢; = g(H;), and F; C Z the preimage of ¢;. Since g is linearly conjugate to the
Cremona involution h_;, we have that the lift g5: Z --+» Z of g to Z contracts
no hypersurfaces (i.e. gz is a ‘pseudoautomorphism’) and exchanges H; with
Fj.

On the other hand, the birational map w: Y --+ Z induced by the identity on
P? satisfies w(S;) = Fj. Therefore, the irreducible hypersurfaces of Y contracted
by w are precisely the poles contracted by the toric modification X — P?, and
in the reverse direction w™! contracts no hypersurfaces of Z at all. It follows
from this discussion and Corollary that the lift gy : Y --» Y of g to Y is
again a pseudoautomorphism, this time exchanging FJ and S*j while preserving
the proper transform E of each pole E C X.

Since the birational map gxy = gx o 7! contracts no hypersurfaces of X,
we obtain that g% D = g%, 7" D for all divisors D on X. In particular, for each
0 < j <d, we have g% E; = gy (E; + S;) = m.(E; + H;) = E; + H;. And for
any other pole E C X, we have g% E = g%y E = n,E = E. Thus (ii) and (iii)
hold, which completes the proof. O

Now consider the measure

d
(3.5) py = 25”1
=0

on N. It is balanced in the sense of Corollary [2.6]

Proposition 3.5. Let C C P? be an internal curve that meets each critical
hyperplane H; C P only at points in T. If for some toric modification X — P3
adapted to C and realizing all elements of V, the proper transform of C in X
avoids the indeterminacy set of gx, then g(C) is an internal curve satisfying

fg(c) = pic + (deg C)py.

Proof. Recall our convention that internal curves are irreducible. Since C must
meet some pole of X, the assumption C N H; C T implies that C N Crit(gy) is
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finite. It follows that gx(C) is also an internal curve. By Proposition [2.1]

(9x(C) - E) = (C- gx E)
for every pole E C X. When vy ¢ V, this gives (gx(C) - ) = (C- E). When
E = E; is the pole associated to v; € V, we obtain
(9x(C) - Ej) = (C- E;) + (C- Hy).

One should note here that in the term (C - H;), the closure takes place in X.
However, our hypothesis that in P? all points of C N E lie in T, means that
(C- H;) = deg C is the same if the closure/intersection takes place in P9. The
formula for i4(c) follows. U

3.2. The composed birational map. We now consider the birational map
fi=goh:P%-——s P

where h = h, is a monomial birational map and ¢ is the birational involution
we have just discussed. Our aim is to give a power series equation satisfied by
the dynamical degree of f under suitable assumptions on A.

Recall the finite subsets P,V C N and U C M defined in ({2.2)),(3.4)), and (2.4)),
respectively. As in the introduction, define U = Wy, \,: Maty(Z) — Z>o by

(3.6) U(A) = nggzj(@, Av).
veEV

Theorem 3.6. Suppose that A € GL4(Z) has the property that for all n >
each vector in A"(V U P) lies in the interior of a d-dimensional cone of X (P
Then A = A(f) is the unique positive real number satisfying

1= f: (A"
n=1

L,
d)‘

In we will see how to find matrices A that satisfy the hypothesis of the
theorem. To prove the theorem, we will analyze the internal curves f"(L) and
h(f™(L)) for a general line L C P¢. Consider a sequence

o Xy Xy = — X — P

of toric modifications chosen so that X, realizes all elements of V, and X,
(further) realizes Avg for each pole E C X,,.

Forn > 1, let g,: X,, --+ X, and h,,: X,,_1 --+ X,, be the lifts of g and h,
respectively. Then f, := g, o h,: X,,_1 --+ X, is the lift of f and

Fn::fno"'oflzXO__')Xn

is the lift of f™. By convention, Fy =id: Xy --» Xy. We also define F: X; --»
X, forn >0 by F}=id and F] := h,, 0 F,,_; for n > 1. Thus F,, = g,, o F, for
n > 1.
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Lemma 3.7. Given n > 0, the following hold for a general line L C P¢, where

Co C Xy is the proper transform of L:

(i) CoNInd(F,) = CoNInd(F)) = 0;

(ii) C, := F.(Cy) C X, and C := F!(Cy) C X,, are internal curves;

(iii) X, is adapted to C,, and C!;

(iv) for each pole E C X, the intersection C,, N E (resp. C\, N E) is empty
unless vy € A"P or vg € A*V for some 0 < k <n (resp. 0 < k <n);

(v) ifn>1, then C,NH C T and C, N Ind(g,) = 0.

The proof will be given in the next subsection. Note that the set of lines for
which the assertions hold depends on n. When k is uncountable, the assertions
will hold for all n for a very general line, but we will not need this fact.

Corollary 3.8. Fizn € Z>y. Then, for a general line L C P, we have

n—1
(3.7) ppny = Afp + Z deg h(f7(L)) AT py
=0
n—1
(3.8) fn(gry = A + Z deg h(f7(L)) AT puy.
=0

Proof. Equation for n = 0 is trivial. A general line has empty intersection
in T with Ind(F},) and Ind(f"), so f™(L) is an internal curve and equal to the
image of C, under X,, — P4. Similarly, A(f"(L)) is an internal curve equal to
the image of C) |, under X, 1, — P¢. The curves C,, and C, ., are described by
Lemma 3.7

Corollary first gives
Hn(rm ) = Astipn)-

Hence (3.7) implies (3.8]). It only remains to show that (3.8]) implies (3.7)) for
n + 1. But by Lemma (v), Proposition applies, yielding

fLfnti(L) = Hg(h(rr(L) = Ha(mwy) + deg(R(f" (L)) v,

and we are done. O

If L is a general line, then the degree of the internal curve h(f™(L)) can be
computed using Corollary and ([2.6)):

deg(ho ') = ((£(L) - {20 = 0)) = [ ¥ s

where ¥ (v) = maxy,ey(u,v) is the support function for the coordinate hyper-
plane {zo = 0}. Note that

[ oAz = v,
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where U is defined in (3.6)). It now follows from integrating 1 against (3.8]) that
n—1

(3.9) deg(ho f*) = degh" + > W(A" /) deg(ho f’)
§=0

for all n > 1; here we have used ([2.8)).

Note that because we are using p, rather than pp, the integer W(A") is not
necessarily equal to deg(h’). However, since uy is balanced and V spans N, the
proof of Corollary [2.10] gives the following result. It says, in essence, that since
the divisor D encoded by 1) is ample, the pullbacks h™ D grow like a bounded
multiple of deg h".

Lemma 3.9. There exists r > 1 such that r—*degh? < U(A") < rdegh™ all
n € Zso. In particular, lim,,_,., W(A™)Y/" = X(h,) is the spectral radius of A.

Proof of Theorem[3.0. Let a(t) := 3" (degh o f™)t", b(t) := > >~ (deg h™)t",
and c(t) := Y o7 W(A™)t". Then the recursion formula (3.9) can be reformu-
lated as a functional equation

a(t) =b(t) + a(t)c(t).
For any n, we have
(deg g)™' deg f"*' < deg(h o f") < deghdeg f™,

which implies that the radius of convergence of a(t) equals A\(f)~!. Moreover,
submultiplicativity of deg(f™) implies that deg(f™) > A(f)" for all n € Zs,.
Hence a(t) strictly increases from 1 to oo as t increases from 0 to A\(f)~!. Sim-
ilarly b(t) strictly increases from 1 to oo as t increases from 0 to A(h)~!, and
by Lemma [3.9] ¢(t) increases from 0 to oo on the same interval. Hence there
is exactly one positive number ¢ € (0, A\(h)™!) for which ¢(¢t) = 1, and from
a = 2, we conclude that ¢ = A(f)~! is the radius of convergence of a(t). O

3.3. Proof of Lemma As in Theorem [3.6] we continue to assume for all

n > 1 that each vector in A™()V UP) lies in the interior of a d-dimensional cone
of ¥ (P?). We start with the following result.

Lemma 3.10. Suppose 1 < k < n and that E C X,_1 is a pole with vg €
Uj»0 A7 (VU P). Then Tg NInd(fy) = 0. Moreover, there exists a pole E' of
Xy such that vy = Avg and f, maps Tg onto Tgr.

Proof. As above, we write f, = g o hg. By construction, Avg is realized as
a pole E' C Xy, so by Proposition 2.9 Tg does not intersect Ind(hy), and hy,
maps Tp onto T, Now vpr € U5, AJ(VUP), so by our assumption on A, v
lies in the interior of a d-dimensional cone of ¥(P4). Lemma 3.2/ therefore shows
that Tps does not intersect Ind(g;), and that g; maps Tg onto itself. The result
follows. [
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Proof of Lemma[3.7 Note that a line L C P is internal and adapted to P?
iff it meets T but does not meet the intersection of two distinct coordinate
hyperplanes. In this case, it meets each of the coordinate hyperplanes exactly
once, transversely, in the corresponding torus. For such lines (and hence for a
general line) X is adapted to Co = C{), and (i)—(iv) hold when n = 0.

Now suppose n > 1. We shall identify a Zariski closed subset Z, o C T of
codimension at least two such that if an internal line L C P? has the property
that LN Z, o = 0 and P? is adapted to L, then properties (i)—(v) hold.

By Proposition [3.4] we can find a Zariski closed subset Z,, C T of codimension
at least two such that HNInd(gx) C Z, for 0 < k < n and gx(H;\ Z,) C Tg, for
0<j5<d, 0<k<n. Using Z,, we construct Zariski closed subsets Z;L’k C T,
0<k<nand Z,;, CT, 1<k <n as follows. First set Z;z,n = Z,. Then
successively define

Znje = hiiy(Zy ) and Z, = Z, U (g (Zage) N (T \ H))

for 0 < kK < n, where the Zariski closure is taken in T. Finally set Z,o :=
hl_l(Z;%l). These are all subsets of T of codimension at least two since hyyq is
an automorphism of T and gx: T\ H — T is an open embedding.

With these definitions, we obtain the following properties:

(a) if 0 <k <nandp€ T\ Z,, then hyya(p) € T\ Z) ;155
(b)if 1 <k <nandp € H;\ Z, C X, then gr(p') € Tg;, 0 < j < d;
(c)if 1<k<nandp €T\ (HUZ,,) C Xy, then gi(p') € T\ Z, .

It follows from these properties and from Lemmathat ifp e T\Z, o C Xo,
then p ¢ Ind(F,,)UInd(F)). Moreover, either F,,(p) € T, or F,,(p) € Tg for some
pole E of X,, with vg € U;.:S A’V; and either F(p) € T\ Z, or F)(p) € T for
some pole F of X,, with vy € |J'—; A/V.

It also follows from Lemma that if £ C X is a pole with vg € P, then
TrNInd(F,) = 0, and F,, maps Tg onto Tg/, where E' C X, is the unique pole
with Vg = AnUE.

The above description now shows that if L C P? is a line such that LN Z,, o = ()
and PP? is adapted to L, then properties (i)-(v) of Lemma [3.7] hold. O

3.4. Proof of Theorem [1.2l

Proposition 3.11. Suppose the characteristic polynomial of A € SLy4(Z) is
irreducible over Q and that its largest roots in C are a conjugate pair Emax, Emax
satisfying £", ¢ R forn € Zsq. Ifv € Z% is non-zero and W C R? is a rational

hyperplane, then there exists a positive integer N such that A™v ¢ W forn > N.

Proof. By hypothesis W is the orthogonal complement of a non-zero vector
u € 74 Let V' C R? denote the real A-invariant plane corresponding to the
PAIr Emax, Emax and V” C R? denote its A-invariant complement. Since A is



20 JASON P. BELL, JEFFREY DILLER, MATTIAS JONSSON, AND HOLLY KRIEGER

an integer matrix with irreducible characteristic polynomial, neither V'’ nor V”
contain non-zero integer vectors.

Let a,, = (u, A"v). Then (a,) is an integer linear recurrence sequence. Sup-
pose to get a contradiction that a, = 0 for infinitely many n € Zs,. The
Skolem-Mahler-Lech Theorem (see 2.5 in [BGT16]) tells us that if this happens,
then a,, vanishes along an arithmetic progression; i.e. there exists m and [ such
that apmy; = 0 for all k € Zsg. So replacing v by Alv and then A by A™, we
may assume that a,, = (u, A"v) =0 for all n € Zs,.

However, decomposing v = v’ 4+ v” into (necessarily non-zero) vectors v' € V'
and v” € V", we have that |{pax| ™" ||A"v — A™'|| — 0. Since a,, = 0, we infer
that a;, := (u, A™') satisfies lim [{ynax|"""a;, = 0. Let P € SLy4(C) be a linear
change of coordinate such that PAP~! is diagonal with entries £™ _, &™

max’ Smax? * °°

equal to the eigenvalues of A. Then Pv' = (z, 2,0, ...,0) for some non-zero z €

Cand PA™' = (" z,&mn 2.0, ...,0). Moreover, the intersection V'NW is one-

dimensional, hence equal to Rw, where w € W satisfies Pw = (w, @, 0, ... ,0) for

some non-zero w € C. Convergence |£_""|al — 0 translates to the statement

mn
that (%) z is asymptotic to the line Rw as n — oo. But this is impossible,

because the hypothesis on &, implies that { (M) eC:ne Zzo} is dense

Ifmax‘

in the unit circle.

Proof of Theorem [1.2] The complement of the open d-dimensional cones in
Y(P?) is contained in the finite union of rational hyperplanes spanned by distinct
pairs of vectors in U. So if, as in the statement of the theorem, A € SLq4(Z)
has irreducible characteristic polynomial and leading eigenvalues & ax, Emax With

" & R for any n € Zs(, we can apply Proposition to obtain N € Zxg
such that A" avoids all (d — 1)-dimensional cones of X(P%) for all n > N. We
can therefore invoke Theorem for A = AN to complete the proof. O

4. BACKGROUND FROM DIOPHANTINE APPROXIMATION

In this section, we recall fundamental results in Diophantine approximation
and basic height bounds that we will use to quantify approximations of the
power series in Theorem [1.4]

Let K C Q be a number field, and denote by My the places of K, with
finite places M and infinite places M. We normalize the absolute values
corresponding to elements of My so that they extend the absolute values on Q
and satisfy the product formula

IT 1z, =1

veEMg
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for all z € K\ {0}. In particular, if v € M2 is a complex place, corresponding
to a conjugate pair 7,7: K — C of complex embeddings, then |z|, = |7(z)|* =
|7 ()]

We make use of a result of Evertse on linear forms. Given a finite set of places
S C Mgk that contains all the infinite places, we let Ok (S) denote the set of
S-integers in K; that is,

Og(S)={zeK:|z|, <1Vv ¢S}

Then Ok(S) is a ring, which is called the ring of S-integers in K, and the units
of Ok(S) are call the S-units. In the case when S is the set of infinite places of
K, we write O for Og(S), which is the ring of algebraic integers in K.

Given a vector z = (z1,...,2) € K" we set
Hg(z) == [ [ max{|z1]u. ..., |z[,}.
ves

We use the general result of Evertse [Eve84] on unit equations, as formulated
in [EGI.

Theorem 4.1 ([EG], Proposition 6.2.1). Let S C M be a finite set of places of
K containing all infinite places, T a subset of S, and £ > 2 an integer. For any
fized € > 0, there exists a constant ¢ = ¢(K, S, €) so that if z = (z1,...,2) €
Ok (S)" and >,z # 0 for all non-empty I C {1,...,(}, then

H‘Zl+."+zé| >CHVETmaX{l'Zl’Vv-"a‘Zf‘y}
v Z .
ver HS(Z)E HVES Hk:l ’Zk‘l/

When comparing non-negative sequences we will use Vinogradov notation
‘aj > b;’ to mean that b; < Ca; for some constant C' > 0 and large enough
J € Z>g.

Corollary 4.2. Let K < C be a number field together with an embedding into
C. Let £ € K be such that & ¢ R whenever j is a non-zero integer. Then for
each non-zero a € K, j € Zsg, and any r € (0,1), we have

|Reag’| > |rel?

We emphasize that for our purposes, it is important that r can be taken
arbitrarily close to 1 in this corollary.

Proof. By hypothesis £ = [£]e*™ where t € [0, 1) is irrational. Let z = (21, 29) =
(a&’,ag’). Since t € R\Q, we see that z; + 2, = 0 for at most one j € Z>q. Take
S C Mg to be a finite set containing all infinite places of K so that a,a, &, € are
S-units. Set T'= {| - [*}. Then the product formula tells us that [], ¢ |z, =1
for 7 = 1,2. Hence for every € > 0, Theorem [4.1] gives

2Read’|* = |a&? +a&’|* > |¢[¥ Hs(z) .
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As

Hs(z) < (Hmax{\flm\ilu}> < (Hmax{lélm !f\u71}> :

ves ves
the conclusion follows by choosing € > 0 so that

(Hmax{lflu,lfly,1}> 2

ves

noting that because £ is not a root of unity, the product in parentheses is strictly
greater than 1. O

For further applications of Theorem [4.1], we need a basic height bound. Here
we employ multi-index notation

(4.1) Pt =it pgt and deg(a) = Z o
for all a = (ay, ..., aq) € Z°.

Lemma 4.3. Let D be a positive integer and let Z be a finite subset of K. Then
there exists a positive constant R such that whenever z = Zdeg(a)gp Cap™ is a
polynomial of degree at most D with coefficients (, € Z, we have

H max{|z|,,1} < R.

VGMK
Proof. See the proof of Lemma 3.6 in [BDJ20]. O

Another result, useful for establishing non-degeneracy in Theorem [4.1] is the
following unit equations theorem of Evertse, Schlickewei, and Schmidt. We recall
that a finite sum . ; a;2; is non-degenerate if no proper subsum vanishes; that
is, Zje, a;z; # 0 for all J C I. We say that an abelian group G is of finite rank
if there exists a finitely generated subgroup G’ of GG such that every element of
G /G’ has finite order.

Theorem 4.4 ([ESS02]). Let G C C* be a multiplicative subgroup of finite rank
and let £ be a positive integer. Then for each (ay,...,a;) C C*, there are only
finitely many non-degenerate sums

E a;2; = 1,
iel

where I C {1,...,0} and z; € G for alli € I.

5. PROOF OF THEOREM [L.3]

We now explain how Theorem may be reduced to proving Theorem
The bulk of the work will be to establish an auxiliary result that gives us the
discordance condition needed to employ Theorem
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5.1. Setup. Recall the relevant notation and assumptions from Theorem
A € SL4(Z) is a matrix of size d > 3 with irreducible characteristic polynomial,
and U,V C Z% are finite sets of vectors with #4/ > 2. In particular, the set

W:=U-U)\ {0}

is non-empty. By hypothesis there are no angular resonances among the eigen-
values § = (&1,...,&q) of A, and the eigenvalues of largest modulus are a complex
conjugate pair &1 = Emax, &2 = &max- In particular,

f .= % arg(fmax) S (Oa 1)

is an irrational number.
We can extend the function U := Wy, y,: Maty(Z) — Z from Theorem 1.3 to
all of Mat,(C) by

(5.1) U(A) = mad(Re u, Av) ZRe Av),

veY veY

where (z,2') = Z?:l 22! is the C-bilinear pairing on C%, and for each z € C¢,
the vector I'(z) € U is chosen so that

Re(T'(2),v) = max Re(u, z).

Hence I' : C? — U is uniquely determined and locally constant outside the finite
collection of real hyperplanes given by

(5.2) U {v e C% Re(w,v) =0},
weWw

where as above W consists of differences between distinct elements of U.

Now let K € Q be a splitting field for the characteristic polynomial of A.
Then the A-equivariant projection 7: C% — C? onto the &ax-eigenspace of A is
defined over K. For any Y € SL4(Z), we set

Ay =Y TAY

and let Hy C C? be the & ax-cigenspace of Ay. The Ay-equivariant projection
7y : C? — C? onto Hy is then given by 7y (v) = Y '7(Yv).

Since Ay is an integer matrix with irreducible characteristic polynomial, no
proper Ay or AL invariant subspace of R? contains non-zero integer vectors.
Thus, for any non-zero w € Z¢, the linear function Re(w,-) does not vanish
identically on Hy. Indeed, since Hy is Ay-invariant, the subspace Hy of C?
consisting of vectors z for which Re(z,-) vanishes is A? invariant and proper
and therefore omits all integer vectors. It follows that the restriction I'|g, is
nonconstant, though still uniquely defined and locally constant outside a finite
union of real rays in the complex line Hy .
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5.2. Reducing Theorem to a discordance condition. To prove Theo-
rem , we need to study W(A%) for large j, and Equation (5.1 reduces this
to understanding I'(A3,v) for v € V.

Lemma 5.1. Let v € Z% be a non-zero vector. Then for all but finitely many
J € Z>o, we have

L(Av) = T(§haxmy (v)),
and the common value is a vector uw € U that uniquely mazimizes both (u, A{,v>
and Re{u, &, my(v)).

Proof. Since the characteristic polynomial of A is irreducible over Q and since
v, w are non-zero integer vectors, my (v) is non-zero and Re(w, -) does not vanish
identically on Hy. So (real) linearity and the fact that &/ ¢ R for any j € Z+
imply that Re(w, &, my(v)) = 0 for at most one j € Zq.

Hence, for sufficiently large j, we have Re(u, & my(v)) > Re(a, &, my (v)),
where v = T'(&2 my(v)) and @ € U \ {u} is any other vector.

We need to show that u also uniquely maximizes (u, Ajv) for large j. Now

v = v — 7y (v) — Ty (V)

lies in the Ay-invariant subspace of C? complementing Hy @ Hy, so since
Emax, Emax are the eigenvalues of maximal magnitude, there exists e > 0 such
that ' ‘ ‘

HA‘{/UIH < (1 - €)j|£maxyj
for sufficiently large j. On the other hand, given @ € U \ {u} we can apply
Corollary with a = 2(u — @, 7y (v)) and some fixed r € (1 —€/2,1). Then
from maximality of Re(u, & my(v)) we obtain for large j that

2Re<u —u gmaxﬂy( )> > (1 - G/Q)jygmax|j'
Hence
(u— @, AL v) = 2Re(u — @, &7y (0)) + (u — @, AL')

= ((1 - 6/2>|£max|) - ((1 - E)'é’maxDj >0
for all j sufficiently large, completing the proof. O
Write Ay = PDP~!, where D is the diagonal matrix with entries &,...,&;
and P = Py is a matrix with ith column equal to an eigenvector for §;. By our

assumptions, the number field K contains all entries of P and D.
For large j € Z>(, Lemma [5.1] tells us that

(5.3)  W(A]) =) (P'T(umy(v), D P ') = (v (56), (&, .. &),
veY
where

(5.4) W= wa): R = K¢
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is the piecewise constant and 1-periodic function with 7th component given by
(5.5) Yri(t) = > _(PTT(e My (v)))i(P ).
veY

Lemma 5.2. For large 5 > 1, the 1-periodic function on R given by

fi(t) = (w (1), (&1, -, €))
is Z-valued, non-constant, and mazimized at t = jO. As a consequence, the
discontinuity set Dsc(yy) C R of vy is non-empty.

Proof. Unwinding the definition of 7y, it follows that

fi(t) =Y (L(Emmy (v)), A ).
veV
For any v € V we have T'(e*'ny(v)) € U C Z¢ and Alv € Z%, so f;(t) € Z.
Moreover, for any large enough j,
(D(e 'y (v), Apv) < (T(Afv), Af0)

= (D(&haxy (v)), A v)
= (D(e*™ 7y (v)), A v),

where the inequality holds by definition of I', the first equality follows from
Lemma [5.1] and the second equality follows from homogeneity of I'. Thus f;(¢)
is maximized for ¢ = 76. It only remains to show that f; is non-constant. But if
f; were constant, the inequality above would have to be an equality for all £ and
all v € V. By the uniqueness statement in Lemma [5.1], this would imply that
I'(e*™ry (v)) is a constant function of t. Since 7y (v) # 0, the 0-homogeneous
function I'| g, would then be constant, a contradiction. U

In order to prove Theorem [1.3] we will require the following result, whose
proof will be given in the following subsection.

Theorem 5.3. There exists a coset Y C SLy(Z) of a finite-index subgroup such
that 0 and Dsc(~yy) are discordant for every Y € Y.

Recall that discordance means that for any t,¢' € Dsc(yy) U {0} and any
a,b € Z, af = b(t —t') mod 1 implies @ = 0 and either t — ¢’ € Z or b is even;

Taking Theorem for granted momentarily and assuming Theorem we
can quickly give the proof of Theorem [L.3|

Proof of Theorem [1.3] Suppose Y € SL4(Z) is such that 6 and v := 7y is
discordant, and fix N > 1. Then N 0~ and ~ are also discordant.

Since the largest eigenvalues of A are Emax, Emax, the radius of convergence
of the series in Theorem is at least |£pax| ™. Pick any € QN
(0, |€max] ™), and set

(5.6) pi = (x&)Y fori=1,...,d,



26  JASON P. BELL, JEFFREY DILLER, MATTIAS JONSSON, AND HOLLY KRIEGER

so that |p;| < 1 for all .
In view of Theorem and Equation ([5.3)), it suffices to show that

(5.7) Q:= Z(v(ij)),(ﬂiw--,n’;n)>

is transcendental. Indeed, the series in Theorem might differ from this one
in finitely many terms, but this is immaterial since all terms are algebraic.

We must show that the hypotheses of Theorem are satisfied. First, the
assumption that there are no angular resonances between distinct eigenvalues
& of A implies that the p; are pairwise multiplicatively independent. Indeed,
suppose pfp? = 1, where i # j and (a,b) # (0,0). As |p;| < 1, we can’t
have a,b > 0 or a,b < 0, so we may assume a > 0 and b = —c < 0. Then
gNe = a:N(a“)f]]-VC, and hence fZN“@NC = aN(a+9)|¢2Ne > 0 a contradiction.

Second, we have already observed that N6 and v are discordant.

It therefore only remains to show that the maximality condition in Theo-
rem holds. But this amounts to, for j large, the 1-periodic function

t= (Y(NE), (o1, -, o)) = &7 f3(NY)
being R-valued, non-constant, and maximized at ¢ = jN6¢. Here f; is the
function in Lemma [5.2 which therefore allows us to conclude the proof. O

5.3. Establishing discordance. We will spend the rest of this section proving
Theorem The discontinuities of vy all arise from discontinuities of I'|,, .
More precisely, shows that ¢, € Dsc(vy) implies that the function ¢ —
['(e*™my (v)) is discontinuous at ty for some v € V. This, in turn, means that
(w, e*™ gy (v)) is purely imaginary for some w € W = (U — U) \ {0}; hence
e*™t is one of the finitely many elements of K of the form

(w, Ty (v))
(w, my (v))

Most of the time we will fix v and w and regard o: SL4(Z) — K as a function
of Y only. To obtain Theorem we will show that for “many” Y € SL4(Z),
o(Y) is not a unit in the ring of algebraic integers of K, see Corollary
below. 3 }

Fix Emax-€i2envectors Umax, Umax € K¢ of A and AT, respectively, normalized
so that (Umax, Umax) = 1. Then the projection 7: C¢ — C¢ onto the Epax-
eigenspace of A is given by T(v) = (Umax, V)Umax. For Y € SLy4(Z) we further
have that

(5.8) o(Y,v,w) = —

Ty (V) = (Umax, YUY ™ ay.
Hence we can rewrite
(Tmax, YUY (w0, Y 71005
(Ummax, YU (w0, Y " o)

(5.9) o(Y,v,w)=—
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This formula extends ¢ to a rational function o: Maty(C) --» C on the space
Maty(C) ~ C* | with the homogeneity property o(zY) = o(Y) for all z € C*.

Note that ¢ is regular and non-zero at any Y € SL4(Z), since neither the
numerator nor the denominator of can vanish. For example (upayx, Y V) # 0
since Yv € Z¢ is non-zero and the entries of uy,y are Q-linearly independent,
given that A has irreducible characteristic polynomial.

Lemma 5.4. Given v,0 € V and w,w € W, define o,6: Maty(C) — C by
oY) =oY,v,w) and &(Y)=0o(Y,0,0).
Then

(i) o and & are non-constant;
(ii) either o /G is non-constant or o = &, the latter occurring precisely when
v 1s a multiple of v and w is a multiple of w.

Proof. Recall that all vectors in V and W are non-zero.

We first prove (i), supposing to get a contradiction that o(Y) = oy for some
constant oy and every Y € SL4(Z). Since SL4(Z) is Zariski dense in SLy(C),
and o(2Y) = o(Y) for all z € C* and Y € GL4(C), we infer that o(Y) = oy
for all Y € GL4(C). Taking H C Maty(C) to be the complex hyperplane
of matrices Y such that (umax, Yv) = 0, we note that since the (irreducible)
variety {det(Y) = 0} contains no hyperplanes, invertible matrices are Zariski
dense in H. So for general Y € H, we have

0= 0o <umax> YU) <w7 Y_lvmax> - <amaxa YU> <w7 Y_lﬁmax>-

Hence one of the two factors on the right vanishes identically. But &p.x ¢ R
implies that Uy and .y are linearly independent. So (lpax, Yv) # 0 outside
a proper linear subspace of H, and it must be that (w,Y 0,..) = 0 for every
invertible Y € H.

But this amounts to saying that there is a hyperplane H' C Maty(C) such
that for all invertible Y € H, we have Y ! € H’. To see that this is impossible,
choose matrices By, By € GL4(C) such that Bl upa = (1,0,...,0) and Bov =
(0,...,0,1). Replacing all Y € H by B;'YB;', we may assume that H is the
set of matrices whose (1, d)-entry is zero. It follows that H and therefore also
H’ contains all diagonal matrices. And for any distinct 4,5 € {1,...,d} with
(i,7) # (1,d), we have Y = I + E;; € H, where E;; is the matrix with (i, j)-
entry equal to 1 and all other entries equal to zero. Thus Y ™' =1 — E;; € H',
and we infer from taking linear combinations that H C H’. Finally, H also
contains the upper triangular matrix ¥ = I + Z?;ll E;iy1 whose (d,1)-minor
has non-zero determinant. Hence Y is invertible and by Cramer’s formula for
Y1 the (1,d)-entry of Y ! is non-zero. It follows that H’ is strictly larger than
H and in particular, not a hyperplane.



28 JASON P. BELL, JEFFREY DILLER, MATTIAS JONSSON, AND HOLLY KRIEGER

It remains to prove (ii), so assume instead that o/ is constant on SL4(Z).
As before, this identity extends to all of GL4(C). Also assume that v and v are
not proportional; the case when w and w are not proportional is similar.

We again let H be the set of d x d complex matrices Y for which (upax, Y0) =
0. This time, we obtain from the formulas for ¢ and & that

0= <amaX7 YU> <w> Y_lﬁmax> <umaX7 Y{]> <QIJ> Y_lvmax>

for all Y € H. Thus one of the four factors on the right vanishes identically. But
we already showed that the first two factors can’t vanish, and the fourth factor
may be excluded by the same argument used to rule out the second. Finally,
since v is not a multiple of v, we exclude the third factor for the same reason as
the first. So we again have our contradiction. O

Lemma 5.5. Let 0: SLy(C) --» C be a non-constant rational function that is
reqular at any element of Y € SLy(Z). Then there exists a matriz Y € SLy(Z)
and a nilpotent matriz B € Maty(Z) such that the function 7: Z — C given by
7(k) = o(Y (I + kB)) is non-constant.

Proof. Suppose that 7 is constant for all choices of Y and B. Working induc-
tively, we then have

o(I+HkB) - (I+kBy) =((I+kB) - (I +ky1Bsy)) =+ = o(I)

for all ky, ..., ks € Z and nilpotent By, ..., By € Maty(Z). By [GT93] the group
generated by unipotent matrices I + kB is a finite-index subgroup of SL4(Z)
and therefore Zariski dense in SL4(C). It follows that o(Y) = o(I) is constant
on SL4(C). O

Recall that Ok denotes the subring of integers in the splitting field K and O
denotes its group of units, a finitely generated abelian group. Recall also (see
that M denotes the set of finite places v on K and |-|, denotes the associated
absolute values. Every such absolute value extends (up to normalization) the
p-adic absolute value || , on Z associated to the unique prime p € Zx for which

Ip|, < 1. Conversely, for any prime p there are finitely many v € M® such that
Ip|, < 1. Recall that if a € K, then a € O iff |a], =1 for all v € M.

The following lemma is well-known and can be deduced from a result of
Schur [GBT1l[Sch12]. Since we lack a precise reference, we give a different proof.
It depends on two distinct ways to determine whether a sequence (7(k))g>0 C C
satisfies a linear recurrence 7(k +n) = > o, ¢;7(k + j). First, if 7(k) is
the restriction of a rational function 7 : C — C, then (7(k)) satisfies a linear
recurrence if and only if the rational function is a polynomial. Second, we have
the more standard general fact that (7(k)) satisfies a linear recurrence if and
only if its generating function Y 7(k)2* is rational.



BIRATIONAL MAPS WITH TRANSCENDENTAL DYNAMICAL DEGREE 29

Lemma 5.6. Let 7 € K(x) be a non-constant rational function. Then there
are infinitely many places v € MI® for which there is some integer k such that

[Tk, # 1.

Proof. Write 7 = a/5 as a quotient of coprime polynomials «, 8 € K[z]. Then
the sequences (a(k))r>o and (8(k))r>o0 each satisfy linear recurrences. If there is
a finite set of places S, including all infinite places, such that 7(k) € Og(S)* for
every k € Z, then both a(k)/f8(k) and S(k)/a(k) are in the finitely generated
ring Ok(S) for every k. So by the Hadamard quotient theorem [vdP8§|, the
generating functions for the sequences are rational. Hence both 7 and 1/7 are
polynomials. So 7 is constant. U

Recall that the congruence subgroup of SL4(7Z) determined by a positive inte-
ger n is the finite index subgroup

SL4(Z;n) :=={B € SL4(Z) : B =1 modn}.

Lemma 5.7. Let o: Maty(C) --» C be a rational function, defined over K,
that is regqular and non-zero at every point in SLg(Z). Let' Y € SL4(Z) be a
matriz. Assume |o(Y)|, > 1 for some place v € M, and let p € Z>q be the
unique prime for which |p|, < 1. Then there exists a positive integer k such that
lo(YB)|, > 1 for every B € SLq(Z; p").

Proof. Let €1,..., € be an integral basis for O, and write 0 = «/f as a quo-
tient of coprime polynomials with coefficients in K. We may rationalize o by
multiplying the numerator and denominator by the non-trivial Galois conju-
gates of 3; that is, the polynomials obtained by application of an element of
Gal(K/K) to the coefficients of 3. Since 3(Y) # 0 and Y is defined over Q, the
rationalization is regular at Y and has denominator with rational coefficients.
We can therefore write
g = Z O-jej

where each o; is a rational function with rational coefficients, regular at Y; can-
celling denominators, we can assume these coefficients are integers. Writing o; =
a;/B; as a quotient of coprime integer polynomials, we have min; |5;(Y) |p =p ™
for some m > 0.
Take k = 2m + 1 and suppose B € SLy(Z;p*). For any j we can write
J‘(YB) _ aj(YB) _ ajpk + aj(Y)
! Bi(YB)  bp*+ B;(Y)

for some a;,b; € Z. This gives
a;p*B;(Y) — bpPa; (V)
(bjp* + 6;(Y))B;(Y) |,

since |ej|, < 1 and p* divides the numerator but not the denominator of the
fraction accompanying ;. We conclude that |o(Y' B)|, = |[o(Y)], > 1. d

lo(YB) —o(Y)], < max|ej|, <1l-pt<l,
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Lemma 5.8. Let 0q,...,00: Maty(C) --» C be rational functions defined over
K, that are reqular and non-zero at every point in SLy(Z). Let Y € SLy(Z) be
a matrixz such that 0;(Y') & Oy for everyi. Then there exists n € Zso such that
for any B € SLy(Z;n) and any i we have o;(Y B) ¢ Oj.

Proof. After replacing some of the functions o; by their reciprocals o; ! if neces-
sary, we may assume that o;(Y) &€ Ok for i = 1,...,¢. As in Lemma
we fix an integral basis €,...,¢; for O and we decompose the functions
o; = Y. 0;;€, with the rational functions o;; defined over Q and regular at
Y. For each i € {1,...,¢}, 0,(Y) ¢ Ok, and thus there is some j = j(i) such
that 0, ,;(Y) ¢ Z. We write 0;; = o;/3; where «;, §; are coprime integer poly-
nomials in d? variables such that 3;(Y) is non-zero. By assumption «a;(Y") and
Bi(Y') are integers such that 5;(Y) t i (Y). We take n =2][. 8;(Y) € Z \ {0}.
Given B € SL4(Z;n), we have (as in the proof of Lemma integers a;, b;
such that
an + a;(Y)
where the denominator is non-zero because §;(Y’) divides n/2. Since f;(Y)
divides n but not «;(Y’), it follows that o;,;(YB) ¢ Z for i = 1,...,¢ and
| = j(4). Hence 0;,(YB) & Ok fori=1,... (. O

Lemma 5.9. If n,n' € Z>o are coprime and Y,Y' € SLy4(Z) for d > 3, then the
Y -coset of SLy(Z;n) intersects the Y'-coset of SLq(Z;n').

Proof. Since SLy4(Z;n) and SLy4(Z; n') are finite index normal subgroups of SL4(Z),
so is the product G := SL4(Z;n) SLy(Z;n'). Since d > 3, G is itself a congruence
subgroup [BLS64], i.e. G = SLy4(Z;n") for some n” > 0. Since ged(n,n’) = 1,
we have a,b € Z such that an +bn’ = 1. So G contains in particular the matrix
I+ By = (I +anBys)(I — bn'Byy), where B, is the matrix with 12-entry equal
to 1 and all other entries equal to 0. Thus n” = 1 and G = SL4(Z) is the entire
group. It follows that Y'Y’ = B(B’)™! for some B € SL4(Z;n) and some
B’ € SL4(Z;n'), giving us that YB =Y'B' € Y SL4(Z;n) NY' SLy(Z;n'). O

O'Z'J‘(YB) =

Putting the above results together, we arrive at the following summary state-
ment.

Corollary 5.10. There exists a coset Y C SL4(Z) of a finite index subgroup
such that the following hold for any Y € ).
(i) o(Y,v,w) & O foranyv €V and w € W; and
(ii) o(Y,v,w)/o(Y,0,w) ¢ O for any v,0 € V and w,w € W unless both
pairs of vectors are linearly dependent.

Proof. Let {01, ...,0r} be the collection of all rational functions o;: Maty(C) --»
K obtained by setting o;(Y) = o(Y,v,w) or o; = o(Y,v,w)/o(Y,0,W), where
(in the latter case) both pairs v,o € V and w, @ € W are linearly independent.
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By Lemma [5.4], the o; are all non-constant, and they are regular and non-zero
at any Y € SLy4(Z).

By Lemmas [5.5| and [5.6] there exists Y7 € SLy4(Z) such that o,(Y1) ¢ OF. So
by Lemma [5.7] there exist ny € Zxo and o1(Y1B) ¢ Oy for all B € SLy(Z;n).
Suppose inductively that for some ¢ < L there exists Yy € SL4(Z) and ny € Z>
such that o1(Y;B),...,00(Y;B) ¢ Oy, for all B € SL4(Z;ny).

By Lemmas , and , we may also choose a matrix Y’ € SLy(Z), a
prime p not dividing ny, and k € Zsq, such that o, (Y'B’) ¢ O3 for B’ €
SL4(Z; p*). Finally, Lemma [5.9| tells us that the cosets Y; - SL4(Z;n,) and Y -
SLq(Z; p*) intersect non-trivially. So picking Y41 in the intersection then gives
0i(Yis1) € Oj; foralli =1,...,/+ 1. Lemma further yields an ny1; € Zs
such that 0;(YyB) ¢ O for any i = 1,..., 0+ 1 and any B € SLg(Z;n41).
Once ¢ + 1 reaches L, the induction is complete. O

Proof of Theorem Let Y C SL4(Z) be the coset given by Corollary
and let Y € Y be any element. If a,b € Z and t € Dsc(yy) satisfy af =
bt (mod 1), then we have v € V and w € W such that

(fmax/gmax)a - 647ria0 == €4Fibt == O'(YV, v, w)b.

But &max and Epax are eigenvalues of a matrix in SL4(Z) and therefore units
of Ok. So unless b = 0, the equation implies that o(Y,v,w) is a unit in O,
contrary to our choice of Y. And if b = 0, it follows that a = 0 because by
hypothesis no power of £, is real.

Now suppose afl = b(t — t') for some a,b € Z and t,t" € Dsc(yy). Then

(€max/Emax)" = (%Y

for some v, 0 € V and w,w € W. If b # 0, then o(Y,v,w)/o(Y,?,4) is a unit in
Og as before. Then Corollary tells us that © is a multiple of v and w is a
multiple of w. In this case,

ettt — o(Y,0,w) =0o(Y,v,w) = €4ﬂitl,

which implies that 2(t — #) = 0 mod 1 and also (Epax/Emax)® = 1. Hence a = 0;
and if t — ¢ # 0 mod 1, then b is even. O

Remark 5.11. The reduction of Theorem [5.3] to Corollary furnishes a rea-
sonably practical way to verify the conclusion of Theorem for specific sets
Y and W and matrices A and Y. That is, from the given data, one generates
finitely many elements o(Y), o(Y)/&(Y) € K which can then be checked very
quickly by computer to see whether any are algebraic integers. Implementing
the check in software such as Maple, Mathematica and Sage requires only a few
lines of code.
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6. PROOF OF THEOREM [1.4]

6.1. Setup. Let us begin by recalling the relevant notation and assumptions
from Theorem [L4. For convenience we take K to be a number field contain-
ing the finitely many pertinent elements of Q specified in the next couple of
paragraphs, fixing an embedding K < C and letting | - | denote the induced
archimedean absolute value on K.

We are given a (possibly transcendental) irrational number 6, a vector p :=
(p1,...,pq) € K% and a piecewise, but not globally, constant 1-periodic vector-
valued function 7 : R — K?. These satisfy the following additional conditions

(i) The entries of p are pairwise multiplicatively independent, and each
satisfies |p;| < 1;
(ii) 6 and p are discordant (see the paragraph before Theorem [L.4); .
(iii) for each j € Zsg sufficiently large, the function ¢ — (y(¢), (p1,...,0}))
is real-valued and maximized by t = ;6.

We aim to show that Q =377, (v(50), o, ,p§)> is transcendental.

To get a contradiction, we assume henceforth that Q € Q. We then let Z’ C Q
be the finite set of values taken by the components of 7 together with {—1,0, 1},
and we let Z = (Z' — Z") U{Q, p1, ..., pa} be the set of differences of elements
of Z' together with the finite set {€2, p1, ..., pqs}. Enlarging if necessary, we may
assume that K contains Z. For purposes of applying Theorem throughout
this section, we let S C Mg consist of all infinite places together with all finite
places that have non-zero valuation on some element of the finite set Z, and we
take T = {| - |*}.

We will proceed with a Liouville-style argument, constructing high-quality
but not exact algebraic approximations of 2. The maximality hypothesis (iii)
will allow us to rule out exactness. We employ Theorem to strengthen it,
showing that (y(t), (p},...,p})) is not only maximized by ¢ = j6, but for the
most part strictly so.

Lemma 6.1. For j € Z>q sufficiently large, if t € R with v(t) # v(j0), then

Proof. By the maximization hypothesis on -, it suffices to show that there
are only finitely many j € N for which there exists t € R with v(j6) # ~(t) and

(6.1) (7(30) = (1), (Pl -, ) = 0.
Given such a j, assume without loss of generality that ~;(j#) # ~1(t). Rear-
ranging (6.1)) we obtain

=G0 —u) (el
;71(j9)—71(t) (pg‘)‘l'
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So z; = (pi/m ) is a (possibly degenerate) solution of 3¢, a;2; = 1, where the
coeflicients a,; are taken from the finite set

i(s) —%lt) :
{’}/1(5) _ '71(75) . 71(8) 7£ Vl(t) and 1 7£ 1}

and z; in the finite rank multiplicative group G generated by the finitely many
coordinates p; of p. While the sum Z?:2 a;z; = 1 may contain a vanishing
subsum, we may discard a maximal set I C {2,...,d — 1} for which >, ; a;%
vanishes. As the full sum is non-zero, I is necessarily a proper subset, and we
obtain a non-degenerate solution Zigf a;z; = 1. Theorem then tells us that
there are only finitely many such solutions with all z; € G'. Hence there is a finite
set X C @, independent of j, such that whenever holds, z; = (p;/p1)! € X
for some i € {2,...,d}.

On the other hand, the independence hypothesis (i) above implies for any
i # 1 that distinct values of j yield distinct elements (p;/p1)? € G. In particular
(pi/p1)’ € X for only finitely many j, and as there are only d — 1 possibilities
for ¢, we conclude that can hold for only finitely many j. U

6.2. Convergents and n-irregular indices. For t € R, we let ||¢|| denote the
distance from t to the nearest integer and let {t} € [0,1) denote the fractional
part of t.

Recall (from e.g. Chapters X-XI of [HW]) that any irrational number 6 € R
admits an infinite sequence of continued fraction approximants m;/n;, with n;
strictly increasing, m; coprime to n;, and |n;0 —m;| < n% for all ¢ € Z>y.

Definition 6.2. We call m;/n; the convergents of 6, and write Cvgt(6) := {n;};
for the set of convergent denominators of 6.

We recall here three elementary properties of convergents, proofs of which
may be found in the first two chapters of [Khi64].

(i) A convergent m;/n; of 6 is a best approximation of the second kind;
that is, for all n € N, ||nf]|| < ||n;0]| implies n > n,.

(i) If m/n € Q is in lowest terms with |0 — m/n| < 53, then m/n is a
convergent of 6. It follows that if n € N and |[nf]| < 5=, then n is a
multiple of some element of Cvgt(6).

(iii) For any i € N we have |n;0] < -

niy1”

Definition 6.3. Given n € Cvgt(f) and j € N with j > n, we say that j is
n-irreqular if v((j —n)@) # v(40).

If j is n-irregular, then j6 approximates some ¢ € Dsc(y) N [0,1) in the sense
that

(6.2) 176 — ]| < |[nf,
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and we call this t a crossing angle of j for n. Since Dsc(y)N[0,1) is finite, when
|n@|| is small enough, the crossing angle of j for n is unique. In particular if
n € Cvgt(d) is a sufficiently large convergent denominator, the third property
of convergents noted above yields a unique crossing angle of j for n whenever j
is n-irregular.

We now show that the approximability properties of convergents of 6 ensure
that n-irregular indices are sparse for n € Cvgt(0).

Lemma 6.4. Let D be the number of elements of Dsc(v) N[0,1). Given C > 0
andn € Cvgt(0) sufficiently large, there are at most D(C'—1) n-irreqular indices
j € (n,Cnl].

Proof. Suppose that n € Cvgt(f) is large enough that crossing angles are well-
defined for n-irregular indices. Since € is irrational, we may also assume that
for j > n we have {j0} & Dsc(v), as only finitely many j € N will fail this
condition. Suppose that j # j' are n-irregular indices with the same crossing
angle t € Dsc(y). Since n € Cvgt(f) is a large convergent of 6, nf mod 1
is either a small positive number or slightly less than 1. In the former case,
any n-irregular index j has j# mod 1 slightly larger than ¢, and in the latter,
slightly less than ¢ (unless ¢ = 0, in which case any n-irregular index j has j6
mod 1 close to 1). Thus j# mod 1 and 5’ mod 1 are either both smaller or
larger than t; since ||j0 — t|, ||j'0 — t|| < ||[n0]|, we see that ||(j — 7)0| < ||n0]].
Since n is a convergent denominator, we conclude that |7 — j’| > n. Thus
(n, Cn] contains at most (C' — 1) n-irregular numbers with crossing angle t. The
assertion then follows from applying this bound to all possible crossing angles
t € Dsc(y) N[0, 1). O

6.3. Ubiquity of n-irregular indices. We now define some useful algebraic
approximations of €2 and estimate their quality. A consequence of our estimates
and the assumption 2 € K will be that, in spite of Lemma [6.4, n-irregular
numbers occur with some frequency.

Define w® := > ey vi(j0)pl, so that @ = S°¢  w®. To each pair of integers
b >0 and n > 1, we associate the following K-rational approximation of w®,
which has n-periodic coefficients after the first bn terms:

bn (b+1)n
i oy g 1 o
wp = D w0+ = D ulio)l.
j=1 Pi s omi
Then
j ()
(6.3) w® — "

b+1

J>(

(7:(50) — %(59))P{,
n
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where j € (bn, (b+ 1)n] agrees with j modulo n. Finally, write

d
(6.4) Q=D wi)
=1

When n € Cvgt(d) is large, €, is a real number by in §6.1} and the
sequence (7;(j))jezs, is nearly n-periodic, and so the difference  — €2, is a
small real number. Crucially, however, it does not vanish.

Proposition 6.5. Let b be a positive integer. Then £ > Q,,,, for all but finitely
many n € Cvgt(6).

Proof. By Equatlons and (| . we have

i=1 i>b+1)n
By Lemma and the maximization hypothesis (see m in §6.1) on ~, it
suffices to find for n € Cvgt(0) sufficiently large a single j > (b+ 1)n such that
v(50) # 7(59).

As v is non-constant and piecewise constant, there exist non-empty open
intervals I, 1’ C [0, 1) such that 7 is constant on I and I’ but y(I) # v(I'). As
0 ¢ Q, we have {pf} € I’ for some p € Z>o. Now for n € Cvgt(f) large enough,
we have

e n>p,
e {(p+bn)d} €I and
e ||nf] is smaller than the width of I.
The last condition guarantees the existence of an integer &’ > b such that
{(p+k'n)0} € I. Taking j = p + k'n we have {j6} € I and, by the first two
conditions, that j = p 4 bn, so that {j0} € I'. Thus, v(j0) = v(I) # v(I') =
7(78) as desired. d

For each n € Z>, write
d

Qn = H(l - P?)

=1

Note that @,, and anfi)b are polynomials in p of degree at most dn and (d+b)n,
respectively, with coefficients in the finite set Z. Furthermore, as all elements
of Z are S-units by definition of S, @,, and anff)b are S-integral. We have

65 Qu (0= =TI =60 3 (i) = (G —m)0) .

k#i i>(b+1)n

Recall now the Vinogradov notation ‘>’ introduced after Theorem
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Proposition 6.6. Let b be a positive integer and let R > 0 be as in Lemmal[{.3
Then for n € Cvgt(#) we have,

|Qn - (2= Qup) [P > RT3OTD"

Proof. Assume first that 2 # 0. Then both z; := Q, and 2z := —Q,,,; are
non-zero S-integers, and |z;—§2| — 0 as Cvgt(f) > n — oo, and so for sufficiently
large n, we have z1, zo # 0. Then Proposition [6.5| ensures that z; + 2o # 0 for
sufficiently large n € Cvgt(0).

Since z; and zy are polynomials in p of degree at most (d + b)n with co-
efficients in the finite set Z, we may apply Lemma to obtain the bound
[T car, max{|z],, 1} < ROT" for j € {1,2}. Hence

H |Zj|y < R(ber)n,

veES

and

2
HS(Zl,Zg) = Hmax{‘zl‘w ’22’1/} < HHmaX{]zj],,, 1} < RZ(b—&-d)n'

ves ves j=1

We conclude from Theorem , taking z = (21, 22) and € = 1, that

| 21)? 1

2
’21 + 22| > R3(b+d)n > R30+d)n’

where the second inequality follows from the assumption that Q2 # 0 and so |z |
is bounded below independently of n.

In the case that Q2 = 0, choose z € Z \ {0}, and replace z; and zy with z; + 2
and zy — z to guarantee that neither vanishes for large n; with this choice, z; and
Z9 remain p-polynomials of the same degree, with coefficients in Z, and z; + 29
is unchanged. Proceeding as above we deduce the desired inequality. U

Corollary 6.7. There exists co > 1 such that for all M € N, there is at least
one n-irregular number j € [Mn,coMn) for all n € Cvgt(0) sufficiently large.

Proof. Choose A € (0, 1) such that |p;| < A for all 1 < i < d. Suppose for some
integer C' > 1 and arbitrarily large n € Cvgt(f) that there are no n-irregular
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€ (Mn,CMn]|. Then we estimate using (6.5)) and b = M that

< ST =nkl D2 1uG0) —7(G = mo)lp]]

|Qn (Q_Qn,M)| ==

i=1 ki §>M(n+1)

< Z > 10 — (G — n)o)l|el]
i=1 j>CMn

< /\C’Mn'

So from Proposition we infer that \20Mn > R=3(M+dn Thig implies that

C < (d+ 1)2?(12%\}31, and so picking ¢y > A (1, (d+ 1)2?(1;%\}31), we obtain the

desired result.

Remark 6.8. If 0 is sufficiently well-approximable by rationals (for example, if 6
has unbounded integers in its continued fraction expansion), one may prove that
for any C' € Z>y, there are infinitely many convergent denominators such that
[2n, C'n) has no n-irregular indices. This together with Corollary provides
an immediate contradiction and so implies transcendence of 2. As we do not
want to impose any approximability constraints on #, we proceed with a more
delicate argument that applies to general 6.

6.4. Residual sums. For the remainder of this section we fix b = 0, writing

n d
G ., ,0) _ 1 A0\ ] o _ ()
wy =Wy = T Z_:%(]e)pi, and ==, = an

—

While we consider the sum only in the case b = 0, note that the results of
Section are required with arbitrary values of b below in Lemma and

Corollary [6.13]

We wish to write @, - (2 — Q,) as a sum of p-monomials. We have by
Equation m ) that

@n - ( Z (H (L —px ) (Z (7 (50) — 7 — n)@)ﬂi) :
i=1 k#i j>n

Recall the multi-index notation (£.1). Given a = (a1,...,aq) € Z%,, define
(n(@) € Z to be the coefficient of the p-monomial p* = pi* - - - pj* in this series;
that is,

(6.6) Qn- (=)= > Gl)p®,  Cula) € Z for a € Z,,

d
aEZZO



38 JASON P. BELL, JEFFREY DILLER, MATTIAS JONSSON, AND HOLLY KRIEGER

By the discussion preceding Lemma [6.4] ¢,(cv) # 0 if and only if there exists
some component a; of a such that a, € {0,n} for all k # i, a; > n, and

Yi(aif) —vi((a; —n)d) # 0.

In this case, we have

Gal@) = (=1)7 %% (5(ai8) = ((a; = n)6))
Definition 6.9. We say a multi-index o € Z2, is n-residual if (,(a) # 0. If
a = (ai1,...,aq) is n-residual with a; > n, we say that ase; is the irregular
component of o, where e; € Z¢ denotes the i-th vector of the standard basis.

Our argument will rely on the fact that due to the discordance condition,
when n € Cvgt(6) is odd, subsums of which are non-degenerate (in the
sense of Theorem and have small support can vanish only in very limited
circumstances. We make this statement precise in the following proposition.
Note that as successive elements of Cvgt(f) are coprime, there are infinitely
many odd elements of Cvgt(0).

Proposition 6.10. Let L be a natural number. Then there exists a positive
integer N = N(L) such that whenever n € Cvgt(0) is odd and larger than N,
and A C Z%, is a set of size at most L such that

Z Cu(@)p® =0

acA
1s a vanishing non-degenerate subsum of , we have that every o € A has
the same irreqular component.

Proof. Let G be the multiplicative subgroup of C* generated by the non-zero
elements of Z, and fix an isomorphism G — Z" @& G\, where Gy is the torsion
subgroup. Projecting onto the first factor gives a (surjective) homomorphism 7 :
G — Z" with kerm = Gy. The coordinates p; of p are pairwise multiplicatively
independent elements of Z by hypothesis, so the vectors v; := 7(p;) are pairwise
linearly independent.

Suppose the proposition fails. Then there is an infinite set N of odd n €
Cvgt(0) and for each n € N a set A, of size at most L such that > ., Cu(a)p®
is a vanishing non-degenerate n-residual subsum which, by the discussion pre-
ceding Definition [6.9} includes multi-indices 8 = je; + nd and ' = j'ey + nd’
with different irregular components je; # j'ey, where i,7' € {1,...,d} and
5,0" € {0,1}¢. By refining the set N, we may assume that i,7’, 4,5 are fixed.
While the irregular indices 7, > n must vary with n, we can again refine to
assume that their crossing angles t,t" € Dsc(y) do not.

Fixing n € N, we rearrange the equation ), (.(a)p® =0 to get

_ _Gal@) 4o
=2 e

acA\{B}
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The sum on the right remains non-degenerate, with coefficients —¢,(«)/,.(5)
in a finite set that is independent of n. Thus applying Theorem with G as
above, we obtain a finite set X C G, independent of n, such that p*# € X
for all n € N and all a, 8 € A,. In particular, p?~# € X. Refining A/ still
further, we may suppose that p® % € X is the same for all n € N'. Applying
the homomorphism 7 : G — Z" to p®~#, we obtain

(6.7) vy — jui+nw=u

for some fixed w,u € Z" and all n € N. Note our notation suppresses depen-
dence of j, 7' on n. From here we divide the argument into two cases.
Suppose first that ¢ = ', in which case there is a vector u € Z%O such that
(u,v;) # 0 = (u,vy). Multiplying both sides of (6.7)) by u then gives
aj =bn+c
for some fixed a,b,c € Z with a # 0; without loss of generality, we may cancel

common factors to assume (a,b,c) = 1. By n-irregularity we have ||j0 — ¢|| <
[|nd]|, so multiplying through by 6 and letting n — oo in AN gives

at = cf mod 1.

As 0 and Dsc(7) are discordant, ¢ = 0, and either a is even or ¢ = 0. Since
(a,b,¢) =1 and ¢ = 0, if a is even then aj = bn implies that n is even as well,
contradicting our assumption that N consists of odd n € Cvgt(d). So t = 0,
and since ¢ is the crossing angle of j for n, ||j0|| < [|[n8||. As j > n and aj = bn,
we have |a| < |b]. On the other hand, for large n € N,

|al [n0]| > lal [|70]] = llajo|| = lbnb]| = [b] Ind]|,
so |a| > |b], a contradiction.
Now suppose instead that i = i’ in (6.7)): we proceed similarly in this case.
Applying 7 now yields
(5 — 7 = u —nuw,
where j — j' £ 0 by our choice of 3, 8" and v; # 0 by linear independence of the
v;. Hence we may restrict to a single coordinate of v;, u, w to get
(j—j)a=c+nb
where a,b,c € Z and a # 0; cancelling common factors, we may assume
(a,b,c) = 1. Multiplying through by # and letting n — oo in N now gives
a(t —t") = cf mod 1
By discordance, ¢ = 0 and either a is even or t = t'.
If a is even, then by coprimality, b is odd. As each n € N is also odd and

(j - j/>a = nb7
we have a contradiction. So ¢ = ¢/, and we have as in the proof of Lemma
that 0 < ||(5 — j)0|| < [[nf||. As noted in n is a best approximation of the
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second kind, so we must have |j — j'| > n and therefore |a| < |b|. On the other
hand, for large n € N, we obtain

lal [In6]] > lal (G = 30l = la(G = 5")0Il = lIbnb]| = [B] ]|,
and thus |a| > |b|, a contradiction. O

Despite the non-vanishing result of Proposition |6.10], it is possible that some
subsum of terms with the same irregular component vanishes. However, a non-
trivial sum containing all of the n-residual terms which come from a fixed n-
irregular number j cannot vanish, as we now explain. For ¢ € {1,...,d}, n €
Cvgt(0), and j > n n-irregular, let R, ; denote the set of n-residual o € Z<,
which have irregular component je;. -

Corollary 6.11. Let L be a positive integer. Then there exists N = N (L) such
that whenever n € Cvgt(f) is odd and larger than N and A C 7, is a set of

size at most L with the property that there exists an n-irreqular index j > n
such that R;,; C A foralli € {1,...,d}, we have

> Cula)p™ #0.

acA
Proof. Suppose towards a contradiction that ) ., (.(a)p* = 0. Working in-
ductively, decompose A into a disjoint union Ay, ..., A, of subsets so that

Z Cul(@)p™ =0

aEAy

is a non-degenerate vanishing subsum of A for each ¢ € {1,...,r}. With N =

N(L) of Proposition [6.10} for n € Cvgt(d) odd and larger than N, we have for
each ¢ € {1,...,r} some i({) and j(¢) such that A, C Riw)nje)- Since j is
n-irregular, we have v;,(76) # 7:,((j — n)0) for some choice of iy € {1,...,d},
50 Riyn,j C A is non-empty. Therefore, R, , ; is a disjoint union of elements of
a subset of {A1,...,A,}, and so

(6.8) > Gla)pT=0.

OéERiO n,j

On the other hand, by we have
d
> Gula)p* = (H (1- pZ)) (Z (3(70) — (- nW))ﬂ?) :
o€zl i=1 \k#i j>n

The terms of the sum on the right-hand side which correspond to a € R;, 1 ;
are precisely those with exponent j for p;,, so

> Gila)p” = (H (1- pZ)) (Vo (79) = %o (7 — n)0)) -

aeRiO,nd k+#io
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The right-hand expression above is non-zero as we have chosen 7, so that
Yio (70) # iy (7 — n)@). This contradicts (6.8). O

6.5. Completing the proof. To any multi-index a € Z%m we assign the
(weighted) norm

(6.9) lexl]p := —log [p%].

As 0 < |p;| < 1 for all i, any n-residual a with irregular component je; has norm
|||, that is multiplicatively comparable to j with constants independent of n.
We may therefore reformulate weighted versions of Lemmal6.4] and Corollary
as follows.

Lemma 6.12. There exists a constant cg > 0 such that for any C > 0, there
are at most cyC n-residual multi-indices o € Z%O satisfying ||afl, < Cn for
n € Cvgt(0) sufficiently large.

Corollary 6.13. There exists a constant ¢y > 1 such that for any C > 0, the
following holds for n € Cvgt(0) sufficiently large: there is an n-irreqular j such
that for alli € {1,...,d}, the set of multi-indices satisfying Cn < ||a||, < c1Cn
includes the set R, ; of n-residual o with irregular components je;.

We now fix constants ko, k1, ks, and L as follows. With 6, p, and v as in
Theorem , choose ky > maxj<;<qlog ‘p%_‘. Let k1 > max{cy, (1 + 2kod) log R}

with ¢; as in Corollary and ko > 2c1k;. Given such a choice of ko, by
Lemma [6.12] there is a constant L such that the sum

Z Cul)p®
llexll p<kam
has at most L non-zero terms. We now bring together the technical details of

the preceding subsections to ensure non-vanishing of well-chosen subsums.

Lemma 6.14. Given n > 1, and suppose p(n) and q(n) satisfy kin < p(n) <
2kin and kon < q(n). Then for n € Cvgt(6) odd and sufficiently large,

Z Cal@)p™ # 0
el p<p(n)

and

> Gla)p #£0.

p(n)<lall,<q(n)

Proof. By hypothesis and Corollary we have for large n € Cvgt(f) that
there is some n-irregular j such that the multi-index set {||a||, < p(n)} includes
Rinj for all i € {1,...,d}. Thus by Corollary >l <pim) Sn(@)p™ # 0
for n € Cvgt(#) odd and sufficiently large. The same argument applies to the
second sum. O



42  JASON P. BELL, JEFFREY DILLER, MATTIAS JONSSON, AND HOLLY KRIEGER

As L is fixed, there exists 6; > 0 such that for all n € Cvgt(6) sufficiently
large, there is a subinterval of (kin,2k;n] with length at least d;n that contains
no number of the form |la|, with (,(a) # 0. For each such n € Cvgt(f), let
p(n) € (kin,2kin] be the left endpoint of this interval.

Fix n € Cvgt(0), and let

(610) Z1 = QnQy R = _QTLQTH
and write

A42=QuQ )= Y ((a)

aEZd

Here z; and z5 depend on n, but this is suppressed in the notation.

By Lemma [6.14] the sum
Z Cala)p

llaell p<p(n)

is non-zero, and it contains at most L terms. We write

(6.11) 23+t 24+t Zgm) = — Z Cola)p® #0,

llallp<p(n)

with the z; chosen to be the monomials of the right-hand sum which remain after
removing a maximal vanishing subsum, noting that since p(n) < 2kin < kon,
¢(n) < L by the choice of ky above.

Lemma 6.15. For oddn € Cvgt(0) sufficiently large, z14zo+ - -+ 2yn) contains
no vanishing subsum.

Proof. Suppose the lemma fails. Remove a maximal vanishing subsum from
2+ + 24( ) to obtain a minimal non-empty index set I C {1,...,¢(n)} such
that z; + - + 2ym) = Y_jes 2 First suppose that I is non- empty As in the
proof of Prop081t10n if 2 = 0, replace z1, 2z with z; + 1,29 — 1. Then we
have |z1| and |z3| larger than a positive constant for all n sufficiently large,
while the terms z3, ..., zym) converge to 0 as n € Cvgt(f) goes to infinity, so
for n € Cvgt(0) sufficiently large, I either contains both z; and z3, or neither.
As 23+ -+ + zyn) has no vanishing subsums, I contains neither z; nor 2. In
particular, all terms of I are S-units.
By Theorem and the product formula, for any € > 0 we have

maXger ‘Zk|
§ > L)
‘ kel Zk} C - HS( ) ’

where z = (2 )kes. Each z, with k& € I has p-degree bounded above by c3p(n)
for some constant c3 = c3(p) > 1. By Lemma |4.3|it follows that

Hgs(z) < Resp(mL
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As |lal, < p(n) for all elements contributing to the sum, maxger |21 > e 7P,
So

e_gp(n)

1>l >

kel
On the other hand, since p(n) was chosen to be the left endpoint of an interval
of length §;n with (,(a) = 0 whenever ||a|, lies in the interval, we have

| ZZHQ = > Gala)p”

< e—2p(n)—261n‘
kel lallp>p(n)+61m

Combining the estimates,
625171 < chLp(n)e < R263Lk§17’l67

a contradiction for e sufficiently small.
Therefore, I must be empty, and we have

(6.12) 21+ 204+ 2oy = 0.

Arguing as above, for some d; > 0 the interval (kon,2kon| contains a gap of
size don with no numbers of the form |||, with o n-residual. Say this gap starts
at q(n) € (kon, 2kon], and write

Zon)+1 T Zmn) = — Z Cula)p®,
p(n)<llellp,<q(n)
where the zy,)11 + ++ + 2y are the monomials remaining after removal of
a maximal vanishing subsum. This sum is non-empty by Lemma non-
degenerate by construction, and contains at most L terms.
We then have by Theorem that for any € > 0 and odd n € Cvgt(d)
sufficiently large,

e—24(n)
214+ Zm) | = |20my1 + - F 2| > Rebae’

where the first equality holds by Equation [6.12] On the other hand

|21+ + Zm) | = | Z Cn(a)pa\2 < e~ 2=

llelp>q(n)+d2n
Thus
22 o R2eslhane

a contradiction for e sufficiently small. O

Proof of Theorem of 1.4l
Recall that ky > max;<;<q{log(|p;|™")}, so that

||O‘||p < kodeg a



44 JASON P. BELL, JEFFREY DILLER, MATTIAS JONSSON, AND HOLLY KRIEGER

for every d-tuple o of non-negative integers, with [|o||, as in Equation [6.9] As
noted in the discussion preceding Lemma |6.14] we may choose constants ky, ko,
and L such that k; > max{cy, (1 4+ 2kod) log R} and ky > 2c¢1ky, with ¢; as in
Corollary and R as in Lemma [1.3] so that the sum

Y Gl@)p”

el <kon

will have at most L non-zero terms for any sufficiently large n € Cvgt (). Given
such an n, we choose p(n) and g(n) to satisfy k1n < p(n) < 2k;n and ken < q(n),
so that Lemma applies when n is odd. As in Equations and [6.11], we

write
Z1+ 29 = Qn(Q - Qn)
and

szt tuam=— Y Gla)p™

llallp<p(n)

By Theorem and Lemma[6.15] we have for any ¢ > 0 and sufficiently large
odd n € Cvgt(0) that

2
21 4+ 2" > RFoLp(n)e R2dkon

while also
|21 4 -+ 2y |? < e T2
so that
22k1n+261n < 62p(n)+251n << R(QkoLkle—‘erod)’n‘
However, we have chosen ki so that ki > (1 + 2kod) log R, so
22k1 > R1+2k0d.

Thus for any choice of € satisfying 2k, Lk1e < 1, we obtain a contradiction for n
sufficiently large. O

7. CONCLUSION AND AN EXAMPLE

To conclude, let us explain how the results from the preceding sections of
this paper suffice to guarantee existence of matrices A € SLy4(Z) for which the
birational map f = goh,: P? --s P4 has transcendental first dynamical degree.
We do this first for general d € Z, using a matrix A that is far from explicit.
Then we give a particular and completely explicit example in dimension d = 3.
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7.1. Proof of Theorem|[1.1] To find an appropriate matrix A for Theorem|[I.1
we begin by identifying a suitable characteristic polynomial. Given the results
from previous sections, this will be the main step.

Proposition 7.1. For any integer d > 3, there exists a monic, degree d, irre-
ducible polynomial P € 7Z[t] such that

(i) P(0) =1;
(ii) The Galois group of P is the full symmetric group on the roots of P;
(iii) P has at most one real Toot.
(iv) The dominant roots of P are a complex conjugate pair &max, Emax-

Proof. We begin by choosing three deg d monic polynomials Py(t), Pi(t), P»(t) €
Z[t]. Specifically, we take Py(t) to be any degd polynomial that is irreducible
mod 2. Necessarily Py(0) = 1 mod2. We then take P;(t) = P, (t)(t — b) where
P is irreducible mod 3 and of degree d — 1, and b satisfies bP;(0) = 1 mod 3.

The choice of Py(t) is a bit more elaborate. Let p = 1 mod4 be a prime
larger than 2d. In particular, —1 is not a quadratic residue modp. Choose
a,b € {0,...,p—1} such that a is not a quadratic residue and b is a mod p mul-
tiplicative inverse of a(—1)?"2((d — 3)!)?. Since +1 are both quadratic residues,
whereas a is not, it follows that b is not a quadratic residue either. Then
Py(t) = (2 — a)(t — b) [[=2(t —42) has d — 1 distinct roots b, 12, ..., (d — 2)® and
a quadratic factor ¢ — a that is irreducible mod p.

Next we apply the Chinese Remainder Theorem to obtain a polynomial P €
Z[t] such that P = Py mod 2, P = P, mod3 and P = P, mod p. We may further
assume P(0) = 1. Then P, like Py, is irreducible mod 2 and therefore irreducible
over Z. Hence the Galois group of P is transitive. Dedekind’s Theorem (cf. Lang
[Lan02, Theorem 2.9, p. 345]) and P = P, mod 3 implies that the Galois group
contains a d — 1 cycle. Likewise, P = P, mod p implies that the Galois group
contains a transposition. Standard theory of permutation groups tells us that
a transitive subgroup of the symmetric group on d elements is the full group as
soon as it contains a transposition and a d — 1-cycle. Thus P satisfies the first
two conclusions of the proposition.

To guarantee it also satisfies the last two conclusions, we will replace P by
P + @ for some polynomial @) € Z[t] satisfying Q(0) = 0 and @ = 0 mod 6p.
Lemma 7.2. Let P(t) be a monic real polynomial with deg P = d > 3 and
P(0) = 1. Then for large enough a,b > 0 the following hold.

o Ifd is even, and Q(t) := at®=2 + bt?, then P + Q has no real roots.
o Ifd is odd, and Q(t) := at?=2+bt, then P+ Q has exactly one real root.

Proof. Suppose first that d is even. Then P(t) = t¢+cq_1t4 1 +t2R(t) + 1t +1,
where ¢,_1,c; € R and deg R(t) < d — 4. Hence

b\ (b
P(H)+Q(t) = 42 <t2 Foeqt + %) 12 (R(t) + %td*‘* + 5) + (5152 et + 1) :
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and one checks easily that all three polynomials in parentheses are positive for
a,b > 0 large enough and any ¢ € R. Hence P + () has no real roots.

When d is odd one checks by the same sort of computation that Q'(¢) > 0
for all £ € R when a,b > 0 are large, so in this case P + @) has exactly one real
root. Il

We can now conclude the proof of Proposition as follows. Assume that
d is even and let a,b € Z>( be positive multiples of 6p chosen large enough
that Lemma [7.2 holds. Then P(t) + Q(t) = P(t) + at?~2 + bt? satisfies the first
three conclusions of the proposition. Note that P(t) + Q(t) = t? + at?~2 4+ P(t),
where deg P(t) = d — 1 does not depend on a. Let M = maxj—; |P(t)]. Then
increasing a if necessary, we have

4 at >a—-1>M

whenever [t| = 1. Hence by Rouché’s Theorem, P + @ and t? + at?~2 have the
same number of zeroes in the unit disk, i.e. d — 2 of them. As P + ) has no
real roots, the two roots outside the unit disk are a complex conjugate pair. So
all four conclusions of the proposition hold with P + () in place of P. The case
when d is odd is similar, and we leave it to the reader. O

Proposition 7.3. When d > 3, there are no angular resonances between distinct
roots of the polynomial P in Proposition|7.1].

Proof. If z,w € C are distinct roots of P with an angular resonance z%w’” € R
for some a,b > 0, then
Zawb — Zawb

is a relationship between four roots of P. Since P has at most one real root, we
may assume that at least z is not real. Assume that z # w (the case z = w is
similar). Since the Galois group of P is the full symmetric group on the roots, it
includes the transposition exchanging w and w. Applying it gives the additional
relation z%w® = z%w®. Multiplying our two relations, we infer 22¢ = z%¢. But
now we can use the Galois group to exchange z with any root 2z’ distinct from
z to obtain that 2?* = (2/)?* for all roots 2’ of P. In particular, all roots of P
have the same magnitude. When d > 3, this contradicts that P has exactly two

T00tS Emax, Emax Of largest magnitude. O

To complete the proof of Theorem . we let A € Maty(Z) to be the com-
panion matrix of the degree d polynomial P € Z[z] from Proposition [7.1] Then
Propositions|7 u and |7 . 3|tell us that A satisfies all the conditions of Theorem .;
in particular P(0) = 1 means that A € SLy4(Z). The transcendence statement
in the conclusion of Theorem therefore holds for an appropriate conjugate
A =YAY ! of A. On the other hand, since there are no angular resonances
between roots of P, the leading eigenvalue ., of A satisfies &, ¢ R for any
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positive integer j. Hence Theorem tells us that for a sufficiently high power
AN the dynamical degree A\(f) of f := g o hyn~ satisfies

1= 3 Wy (AVA)

n=1

Returning to Theorem [1.3] we infer that z = A(f)~! is not algebraic, and our
main result Theorem [I.1] is proved.

7.2. A specific example. With some computer assistance, one can also verify
that Theorem holds for specific, explicit choices of the matrix A € SLy(Z).
We illustrate this in dimension d = 3, starting with the companion matrix

[0 -1 1
A=(1 0 0] esLy2)
0 1 0

for the polynomial P(t) = ¢ — ¢ + 1. Since P(0) = P(1) = 1, one sees that
P is irreducible mod 2 and therefore irreducible over Z. The leading roots of
P are a conjugate pair &max, Emax Where Emayx &~ —0.341164 + 1.161544, and the
remaining root is real equal to |Emax| 2 < 1. Moreover, by computing its minimal
polynomial one checks that &ax/ fr;ax is not a root of unity. Hence ggm ¢ R for
any non-zero j € Z, and as we noted following Theorem [I.3] this implies there
are no angular resonances among the roots of P. All told, these facts allow us

to apply Theorems and to A as above.
We claim in fact that taking

1 -2 3
Y=10 1 =2
0 0 1

in Theorem [1.3]and then N = 7 in Theorem [T.2] suffices; i.e. Theorem [I.1] holds
with

i -3 —14 —12
(7.1) A=YAY =4 11 6
-2 -4 -1

To justify this, one needs to verify two things:

e the function v = 4 constructed in §5|satisfies the discordance condition
in Theorem [I.4} and
e A satisfies the hypothesis of Theorem

Accomplishing the first task is straightforward and can be achieved even for N =
1, i.e. for YAY ! in place of A. Equation tells us that the discontinuity set
Dsc(74) consists of normalized arguments of finitely many elements o(Y, v, w) of
the splitting field K for &,.x, one for every pair of vectors v € V, w € W. Even
without accounting for repetition, this yields less than fifty possible elements
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of K. It suffices (see Remark to verify that all of them, together with all
of their non-trivial ratios, lie outside the ring of units Oj,. Standard computer
algebra packages do this easily.

The second task is harder. To verify the hypothesis of Theorem it suffices
to show that 8 = 2(3+1) vectors v € Z3 have strict forward orbits (A"v),>1 that
avoid 6 = @ rational two-dimensional hyperplanes in Z3. This boils down to
showing that 48 integer linear recurrences (a,)nez., have no zeroes beyond the
initial term ay. For this we show that in our situation, the Skolem-Mahler-Lech
Theorem can be made more effective as follows.

Lemma 7.4. None of the linear recurrence sequences (a,)n>o of interest have
vanishing terms a, with n > 10%°.

Proof. We only sketch the argument. The terms in any linear recurrence of
interest here have the form
3
a, = Z 3
j=1

where € = Enax, €2 = Emax and & = |€max| 2 are the eigenvalues of A, and
c; € K are determined by A and a choice of v € V and w € W. So if a, = 0,
we obtain an exponential (in n) upper bound

|@(Emar/Emax)™ — 1 < blémax] =",

which is equivalent to

| IOg a-+n 10g<£max/§max)| S bcin

for some (explicit) constants a € K and b, ¢ > 1. The expression inside absolute
values on the left is a linear form in logarithms with integer coefficients. Hence a
result of Baker and Wustholtz [BW93] gives a lower bound for the same quantity
of the form b'n~¢ where the constants ¥, ¢ > 0 are again explicit and derived
from A, V and W. Since the Baker-Wustholtz bound is polynomial in n=!, it is
inconsistent with the exponentially decaying upper bound for large n. Carefully
tracking all constants, one finds that if a, = 0, then n must be smaller than
10%°, O

It remains to verify that none of the first 10?° terms vanish in each of the linear
recurrences (a,). This is impractical to do directly even with computer assis-
tance. However, one can avoid direct verification by reducing the recurrences
modulo various primes p. The advantage is that modulo p, all the recurrences
become periodic with period no more than e.g. the number of invertible 3 x 3
matrices with coefficients in Z/pZ. It turns out, moreover, that there are many
primes p that are ‘good’ in the sense that the sequence (A™ mod p),ez., has
period m,, dividing p — 1. For such p it is often the case that there is no more
than one vanishing term a,, mod p among the first m,,.
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If we find a specific prime for which no terms a,, modp of the reduced re-
currence vanish, we are done. In our example this happens for more than half
the recurrences we consider. For all but one of the other recurrences, the initial
term a,, term of the unreduced recurrence vanishes, so it must be the case that
a, mod p vanishes for all n = 0 modm, in any reduction, too. However, for
many good primes p, the initial term is the only one of the first m,, terms whose
reduction vanishes. It follows that the smallest positive index n for which the
(unreduced) term a,, vanishes is at least as large as the product of the periods
m,, associated to these good primes. With some computer algebra one easily
finds enough good primes to boost the product past 10%°.

In our example, there is only one recurrence (a,) not covered by either of

these considerations: i.e. ay # 0 but (a, modp). =, ' seems to always include
at least one vanishing term. Nevertheless, by focusing on those good primes p
for which only one reduced term vanishes among the first m,, one can use the
Chinese remainder theorem to synthesize the information from reductions by
various good primes and get a lower bound on the index of the first vanishing
term in the reduced recurrence. Computer algebra again allows one to boost
the bound past 10?° without much trouble and complete the verification that A
satisfies the hypothesis of Theorem [3.6]
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