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MULTI-AGENT SYSTEM FOR TARGET TRACKING ON A SPHERE AND ITS
ASYMPTOTIC BEHAVIOR

SUN-HO CHOI, DOHYUN KWON, AND HYOWON SEO

ABSTRACT. We propose a second-order multi-agent system for target tracking on a sphere. The
model contains a centripetal force, a bonding force, a velocity alignment operator to the target,
and cooperative control between flocking agents. We propose an appropriate regularized rotation
operator instead of Rodrigues’ rotation operator to derive the velocity alignment operator for tar-
get tracking. By the regularized rotation operator, we can decompose the phase of agents into
translational and structural parts. By analyzing the translational part of this reference frame de-
composition, we can obtain rendezvous results to the given target. If the multi-agent system can
obtain the target’s position, velocity, and acceleration vectors, then the complete rendezvous oc-
curs. Even in the absence of the target’s acceleration information, if the coefficients are sufficiently
large enough, then the practical rendezvous occurs.

1. INTRODUCTION

Target tracking refers to designing a dynamical system that agents follow given maneuvering
target agents using the information of the targets, such as position, velocity, and acceleration. The
target tracking problem is applied in various fields, such as mobile sensor networks, virtual reality,
and surveillance systems using unmanned aerial vehicles (UAVs) [I8] 22, 24]. Most of the relevant
literature focuses on the uncertainty of target motions. From a technical point of view, we can divide
the models for this field into measurement models, target motion models, and filtering models. The
measurement model deals with target information in a sensor coordinate containing additive noise
such as image sensors and radar sensor networks [2, 3 [20]. The target motion model is a coupled
dynamical system for target tracking. The filtering model is based on the particle filter method and
stochastic frameworks estimating the target state such as nonlinear filtering [I3] [I5] and adaptive
filtering [141 [16].

Depending on the structure of the system, we also divide the models for target tracking into
two types of systems: single integrator model and double integrator model. For the single integrator
model, one can control the velocity of the agents directly. For example, in [I0], the authors pro-
posed a tracking algorithm for a slowly moving target using the target’s position and bearing angle.
Many researchers assume agents can obtain only the target’s position and bearing angle for targets
maneuvering underwater. From the engineering point of view, it is a reasonable assumption. For
the double integrator model, one can control the acceleration of agents. After Olfati-Saber’s seminal
work [I1], researches for the dynamic tracking system using the double integrator model have been
extensively conducted. For this kind of model, the tracking agents can have the position and velocity
information of the target. Moreover, to avoid collisions between agents or make a formation flight
of the agents, a flocking algorithm and cooperative control are frequently used.

The domain or manifolds of agents are also one of the main topics in this field [ [18] such as the
surveillance system for the restricted area or target tracking system on the whole planet. Our goal
is to provide a robust navigational feedback system for the target tracking problem on a sphere. Let
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~v-agent be a given target governed by the following system:
Q'y = D~,

2 1.1
py _ _ ”p’YHQQ'y + Uv(t), ( )
llgvll

where ¢, € S?, p, € Ty, S%, and U, are the position, velocity, and control law of the target agent
(y-agent) on sphere, respectively. To conserve the modulus of g, (t) € S?, we additionally assume
that the following condition holds for all ¢ > 0.

4(t) L U, (1)
Therefore, the control law U, (t) has the following form: for some u.(t) € R3,
Us(8) = llgy (D)1 *us (1) = (w5 (2), 45(1)) a5 (1)

For simplicity, we assume that u(¢) is continuous.
For a given y-agent, we propose a novel multi-agent system for the target tracking on a spherical
space:

4i(t) = pi(t),

: il Tij
pi(t) = a2 ? 1‘*‘2 ~Z(laill*as — (gisa5)a:) (1.2)

+ Cq(”‘]i” vy — <Qi7 qW>Qi) + CP(PQW—NN (pv) - pi) + Ui,

where ¢; € S? and p; € T,,S? are the position and velocity of the ith agent, respectively. The first
term on the right-hand side of the second equation is the centripetal force term to conserve the
modulus of ¢;. The second term

=

> W] (laill*as — (g a5)@:)

j=1

is the cooperative control term between agents where the inter-particle force parameter is given by
2
oij = o([|zi — ;).

The next two terms, ¢q(||gil|?qy — (¢, ¢y)@) and ¢p(Py,—q, (py) — pi), are the bonding force and a
velocity alignment term between the target and the ith agent, respectively, where ¢, > 0 and ¢, > 0
are target tracking coefficients for the position and velocity, respectively. The last term U; is an extra
control law based on the target’s information, which will be determined later in ([H) and (L8] for
each purpose.

Throughout this paper, we assume the initial data satisfies the following admissible conditions on
S2:

lg:(0)]| =1, (pi(0),¢;(0)y =0, forallie{l,...,N}. (1.3)

Definition 1.1. For a given target (q,(t),p,(t)), let {(q;(t), p:(t))}, be the solution to [L2). We

define the two kinds of rendezvouses.

(1) An asymptotic complete rendezvous occurs between the agents and the given target, if

lim max [lg(t) — g, ()] =0.

t—o0 1<i<N
(2) An asymptotic practical rendezvous occurs between the agents and the given target, if

lim lim max [|¢(t) —gy(t)] = 0.

Ccq,cp—ro0 t—00 1<i<N



In what follows, we will show that our model contains many robust properties, including the
complete rendezvous. Even in the absence of the target acceleration information, the practical ren-
dezvous occurs when the coefficients are large enough. In particular, we obtain a sharp estimate of
the distance between the target and agents. There are many other papers on the dynamics on S? as
well as R™, but our asymptotic analysis including exponential convergence and practical rendezvous
is new on the target tracking problem, to the best of our knowledge.

The derivation of our model is motivated by the decomposition property of flocking dynamics
on a flat space. On a flat space, from momentum conservation, the dynamics is represented by the
composition of frame reference dynamics and local alignment dynamics as in [T1]. In contrast to
previous results in R™, it is hard to expect such a decomposition for the flocking model on S2.
See Sections [2 and [ for details. In particular, in our previous papers [6] [7, [§], we used Rodrigues’
rotation operator R._,. to derive a flocking system on a sphere since Rodrigues’ rotation operator
R._.. is the most natural flocking operator. However, its composition is complex so that it is difficult
to analyze. Moreover, it contains an unavoidable singularity at antipodal points due to its geometric
characteristics. From this singularity, even though agents are located on S?, the vanishing point on
the communication rate is necessary [6]. Due to this difficulty, the target tracking problem on S? has
not been well understood.

We remove the singular term from the natural rotation operator R._,. to obtain a rotation operator
in two dimensions:

P,y = (21,2201 + zzzi‘r — zleT, for z; and z3 in a unit sphere. (1.4)
See also Appendix A for the motivation of the non-singularity rotation operator P and its prop-
erties. We will prove that its dynamics consists of the composition of the rigid motion part on S?
and the local alignment part. Using this property, we derive an S?-version of the reference frame
decomposition in Proposition and provide a sufficient condition to obtain a target tracking es-
timate between multiple agents {(q;(t),p:(¢))}Y; and the given target (g, (t), p,(t)). Moreover, by

the regularity of the operator P, we can obtain the following global existence result.

Theorem 1. Assume that for a continuous function u~, a given target (q(t),p(t)) satisfies [II).
If the initial data {(g;(0),pi(0))}Y, satisfies (L3) and U; is Lipschitz continuous with respect to
{(qi, pi)}, with (Ui, q;) = 0, then there exists a unique global-in-time solution {(q;(t),p;(t))}X; to
system [L2) and {q:(t)}Y., are located on S? for all time t > 0.

As in R?, we notice that the velocity alignment operator between the target and the agents plays
an important role in target tracking. In particular, the bonding force between the target and the
agents, cq(||gill*q¢y — (¢, q,)q:), alone is not enough to track a target on S2. The velocity alignment
operator (P, q,(py) — pi) is crucial for the target tracking algorithm. See the simulations in
Section Bl In the next two theorems, we present a quantitative analysis of the velocity alignment
operator with two different U;’s;

Ui = 2wy, @)(as X pi) + i (1) % g (1.5)
or
U; =0, (1.6)
where w, is the angular velocity of the target given by
Wy = Gy X Py (1.7)

From Theorem [2 if the agents can obtain the exact target information containing acceleration,
then the agents can accurately track the target, and the position differences between the target and
the agents decay exponentially fast.
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Theorem 2. Let (g,(t),p(t)) be a given target satisfying (LI with a continuous target control u.
and {q;(t), pi (1)}, be the solution to [[2) satisfying [LJ). We assume that o;; = o is a positive
constant and
Ui = 2(wy, @) (qi X pi) + by (t) X gi,
where w~ is the angular velocity defined in (L).
If cg >0 >0 or

1 N
~ > lIpi(0) = w5, (0) x 4i(0)[?
N 4

N N

o c e\ 2

+ 505 2 19:0) = ;O + 23, (0) ()] <o (1+22),

2N? £ N < o
i,j=1 =1

then the asymptotic complete rendezvous occurs and its convergence rate is exponential, i.e., there

are positive constants C, D such that

lai(®) = gy @®)l; [lpi(t) — py ()] < Ce™P".

Remark 1.1. (1) If the above sufficient condition in Theorem[2 does not hold, then we can find
a steady-state solution. This means that the sufficient condition is almost optimal to lead the
convergence result in Theorem [3. See Section [A

(2) The author in [II] does not deal with the estimate of the distance between the target and
agents. Our model is inspired by [11], but the target tracking estimate and practical ren-
dezvous are novel.

(3) The derivation of U; in the above theorem is technical, but from the frame decomposition in
Proposition 3.2, it is a very natural choice to obtain the complete rendezvous.

The former one in (L)) corresponds to the case with the target acceleration, while it is unknown
in the latter case (LGl). These choices with the different amounts of the target information induce
the different accuracies of the target tracking. Since the target information obtained by the agents
through observation is usually incomplete, there have been many studies to overcome this incom-
pleteness. For example, many researchers proposed target tracking systems including restricted target
information [10, 19], communication-induced delays [12] [I7], and additive noise from measurement
[9, 23]. The result in Theorem [ below means that the large coefficients of the system allow the
agents to get close enough to the target as needed without acceleration information of the target.
In other words, the practical rendezvous occurs.

Theorem 3. For (q,(t), p,(t)) satisfying [LI)) with a continuous target control u., let {q;(t), p;(t)},
be the solution to [L2) subject to the initial data satisfying [L3) and

U, =0.

Assume that 05 = o is a positive constant and the angular velocity of the target and its time
derivative are bounded

[y I, [l | < Cy.
If |pi(0) — p4(0)|| # 2 for alli € {1,..., N}, then the asymptotic practical rendezvous occurs and

_n, C
la(t) =gy (B)] < Ce %'+ 5,

where C is a positive constant depending on the initial data, o, and C,. The constant D is given by

D cp — ) —deg + 2, if ¢ > —4dcq,

2
iz

c if 2 < —4c

P> D q-



There are technical issues in the proofs of Theorems 2] and Bl We can obtain the complete
rendezvous result in Theorem [2] through Lasalle’s invariance principle with an energy functional.
However, Lasalle’s invariance principle does not give a convergence rate. An appropriate Lyapunov
functional will be used to obtain the exponential convergence result. In particular, in this case, we
derive a closed differential inequality by using six functionals including information on the distance
between the target and agents and the distance between agents. The practical rendezvous in Theo-
rem [3] has a more subtle issue. It is necessary to control the distance between the target and agents
through the size of the coeflicients. However, it is impossible if the coefficients appear in the nonlin-
ear higher-order terms except for the linear terms. If we use a standard functional, the coefficients
necessarily occur in the nonlinear terms due to the geometrical characteristics of S2. This problem
will be solved by using new functionals inspired by hyperbolic geometry.

The rest of the paper is organized as follows. In Section 2] we present the global-in-time existence
and uniqueness of the solution to (L2)) and target tracking results for R3. Section Bl is devoted
to a reference frame decomposition for the main system. From this decomposition, the solution to
the main system is represented by the composition of operators for the translational part and the
structural part. Next, we reduce the system for the structural part to a linearized system in Section
[ Using this, we prove the complete and practical rendezvouses of Theorems 2] and Bl in Section [B
In Section [6 we verify our analytic results using numerical simulations. Section [ is devoted to the
summary of our results.

2. PRELIMINARY: GLOBAL WELL-POSEDNESS AND MOTIVATIONS

2.1. The global existence and uniqueness. In this section, we provide the proof of Theorem [}
there is a unique global-in-time solution to (L2]) and this solution is located on the sphere when the
initial data satisfies the admissible conditions in (L3]).

For the local existence and uniqueness, we use the same argument in [6} [7]. For given C! functions
qv, D~, and w, = gy X p,, we consider the following system of ODEs:

4i(t) = pi(t),
|I?

pi(t) = |||pZ|2 qi + Z o (i = IJH )(||Qz'||2ij —(qi,95)%) (2.1)

+ cqlllail*ay — (@i av)@i) + cp((ay, @)py — (a6, P2 )0y — pi) + Ui

Here, we will choose U; = 2(w~, ¢;)(g; X p;) + w~(t) x g; for the complete rendezvous and U; = 0 for
the practical rendezvous.

We assume that the initial data {(g:(0),p;(0))}, satisfies the admissible condition in (T3).
Then the right-hand side of (1)) is Lipschitz continuous with respect to {(g;, p;)}Y, in a small
neighborhood of {(gi(0), p;(0))}X; in R®N. By the Picard-Lindelsf Theorem, there is the maximum
time interval [0, Ths) in which a solution of (2] exists and it is unique.

We next follow the same argument in [6l [7]. On the maximum time interval [0, Th), we take the
inner product between the second equation of (1)) and z; to obtain that

(Birai) = —llpill” = cp(pir i) (2.2)
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By ([22)) and the first equation of ([21I), we obtain that

d N N
=2 i a)l? = 2Z<<pz-,qz-> + (piy ) (P i)
i=1 i
Z quz +Hp’b|| ) <p17q1>

= _2%2 [(pi» qi)|?
i=1

Note that the initial data satisfies Ef\il |(v;(0),2;(0))|* = 0. Therefore, the Gronwall inequality
implies that

Z [(vi(t),2:(t))| =0, fort >0,

and this implies that

(vi(t), z;(t)) = 0.

We take the inner product between ¢; and ¢;. By the first equation of (2.]),

%H%‘H2 = 2(¢i, ¢i) = 2(pi, ¢;) = 0.
Since initial conditions satisfy ||z;(0)|| = 1 and (v;(0),2;(0)) = 0 for all ¢ € {1,..., N}, we have
lz;(®)| =1, fort>0,ie{l,...N}.
In conclusion, we can apply the extensibility of solutions in [21 Corollary 2.2] to obtain that
Ty = o0.

Moreover, we can easily check that {(g;(t),pi(t))}; is the unique solution to (L2)) by a standard
argument. Therefore, we can obtain the following proposition.

Proposition 2.1. Let {(gi(t),pi(t))}Y, be a solution to (L2) with [L3). Then for alli € {1,...,N}
and t >0,

(G (), pi(t) =0 and |l@t)[ =1.

2.2. Target tracking problem in R3. In this section, we estimate the distance between the target
and agents for the following model in R3:

4i = pi,

:Z_]\l}](pj_ +ZW] = @) + cqlay — @) + cp(py — pi) + wi,
i=1

Jj=1
where ¢; € R and p; € R? are the position and velocity of the ith agent, respectively. Here, Gy Dy
and u. are the position, velocity, and acceleration of a given target (y-agent) satisfying
Cj'y = P~,
Dy = Uy
A new input parameter u; will be determined later. Depending on the information of the target,
we choose two different u;’s and analyze the corresponding asymptotic behaviors. The argument

is straightforward, and thus the reader familiar with target tracking problems in R? may skip this
section.



If u; = 0, then the above model corresponds to the one in Olfati-Saber’s seminal paper [11].
As studied in [I1], the system of equations can be decomposed as two second-order systems for the
structural dynamics and translational dynamics. For simplicity, we assume that 1;; = 0 and 0;; = 0

for all indices ¢ and j in {1,..., N}. We note that the effect of the flocking term Zjvzl w]\i,j (p; — i)

is negligible, when maxi<; j<n ||[p; — pi|| < 1. See the numerical simulations in Figures [0l and [l

Let
1 1
de = quiu Pe = szla
i=1 i=1

and
T =q; —qe, Vi =DPi— De (2.3)

Then, the above dynamics can be decomposed into the translational dynamics ([24]) and the struc-
tural dynamics (2.5):

qc = Pec,

. 2.4
be = c(dy — @) + ¢p(py — pe) + us, (24)
and
.fi = Ty,
N
: Tij (2.5)
Vi = Zl W](% — ;) — Cq; — CpU;.
=

The structural dynamics part in (Z25) has been analyzed in [I1].

We focus on the translational dynamics part in (Z4) for two different cases of u;. We first suppose
that all of the position p,, velocity ¢,, and acceleration u., of the target are given. In this case, it is
natural to choose u; := u.. Let

qd = 4c —4~, DPd = Pc — P~-
Then the translational dynamics in (24]) can be rewritten as
da = pd,
Pd = —Cqqd — CpPd-

This is a simple linear system of ODEs and it has the following solution;

1
wlt) = ———— { ~ cpaa(0)e3 (VI ) 4 (0), /3 — deert-VETR )

2,/c2 — 4c,

+ paa(O)eH VETI) 4 gy(0) /2 — deyeb (VT
_ 2pd(0)e%t(—,/c2p—4cq—cp) +2pd(0)e%t(,/cg—4cq—cp) )

Therefore, we can easily check that ¢4 and pg converge to zero exponentially. This means that the
complete rendezvous with an exponential decay rate occurs for any positive ¢, and c,.

If we only know the position and velocity of the target, we cannot expect a complete rendezvous.
On the other hand, we can control the maximum position difference between the target and agents
if the tracking coefficients for the target are sufficiently large. We refer to [4, [5] for related issues.

For u; = 0, the translational dynamics is given by

4d = Pd,
Pd = —Cqfd = CpPd — Us.
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As we mentioned above, we cannot expect the complete rendezvous for this case. Alternatively, to
obtain the practical rendezvous estimate, we additionally assume that the acceleration of the target
is bounded:

limsup |juy || < C5, (2.6)
for some C, > 0. Then we define auxiliary variables as follows.
Xi = (qa,qa), Xi=(qa,pa), Xi= (papa)-
By the system of the translational dynamics, we can obtain
X=2x2
Xﬁ =Xi- CqXé - CpXﬁ = {qa; uy),
X3 = —2¢,X32 — 2¢,X3 — 2(pa,u,).
We rewrite the above system of equations as the following inhomogeneous linear system of ODEs:
Xq=AgXq+ Fu,
where Xq = (X}, X2, X3)T and F; = (0, —{(qa, u,), —2(pa, u,))T, and the coefficient matrix is given
by
0 2 0
My = —Ccq —Cp 1
0 —2¢; —2¢
Note that My has the following eigenvalues.
{_va —Cp — \/012:_740117 —Cpt \/ﬁ} :
Let Dy < 0 be the greatest real part in the above eigenvalues and let
—pd = Dy.
Then, we have
%den2 = 2(Xa, MyXa) + 2(Xa, Fy)
< —2p4]| Xall* + 2/ Xal || Fall,
this implies that

d
%HXdH < —pall Xall + [|Fal|-
From elementary calculations, it follows that for any € > 0,

[1Eall < llgalllluy |l + 2[|pallllu-

ellqall? ellpall?
=" 2

5
<elXx = 2,
<l d||+26||UwH

1 2 2 2
ool P+ TR S|

We choose € = 114/2 and use the Gronwall inequality and (Z8]) to obtain that

5 t
Xl < e = X)) + 5elra= [y (5) 2 ds
€ 0

5 (pa—e)t _q
< e 0TI Xa(0)] + e N



This implies that

. 10C2
limsup || Xql| < —5—.
Ha

Thus, if we choose a sufficiently large tracking coefficients cq,c, > 0, then we obtain that

limsup [lg;(t) — ¢5(t)||, limsup [|p;(t) — py(2)]| < 1.
t—o0 t—o0

3. GENERALIZED ROTATION OPERATOR ON SPHERE AND REFERENCE FRAME DECOMPOSITION

In this section, we decompose our model (L2) on S? into structural dynamics and translational
dynamics. Due to the complexity of (L2)), the decomposition of agents’ positions into a sum of two
vectors as the model in R3 is not suitable for our case. Instead, we observe that a rigid body motion
on S? can be used as a reference frame. Choosing an appropriate rigid body motion, our model
can be represented as the composition of a rigid body motion and local alignment dynamics. The
rigid body motion can be derived based on the angular velocity tensor W, (t) of the v-agent and a
generalized rotation operator S, along the given target described below. Recall the given y-agent
trajectory on S?:

Gy = P
where ¢, € S? and p,, € T, S? are the position and velocity of the given y-agent, respectively.
Let

Wy = @y X Py
By elementary calculation, we have ¢y X w, = —p, and

Gy = Wy X G-

For the angular velocity vector w, = (wl, w2, w3)?, we define the angular velocity tensor W, (¢) of

v Wy Wy
the v-agent by

0 —wi(t)  wi(t)
Wi = w3 (t) 0 —wl (t)
—w%(t) w}Y(t) 0

From the above notation, the equation for the y-agent is written by
Gy =Py = W'$QV'

Now, we consider the following system of ODEs:

i(t) = Wla(t). (3.1)
We can define the corresponding solution operator S, (zo,t) = St : S? x [0,00) — S? such that
Stxg = a(t; xo), (3.2)
where x(t; zo) is the solution to (B subject to
z(0;z0) = o € S*. (3.3)

One can easily check that S’% is a rigid body motion on S?.

Lemma 3.1. Let x(t) € S? be the position of a y-agent which is a C* function with respect to
t > 0. For the given ~v-agent, the solution operator Sfy defined above is represented by a matriz and
the matriz product. Moreover, for any =,y € R3,

2> = 1S4 )%, (z,y) = (Sha, Shy).
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Proof. Let x(t) be a given C* function with ||z (t)|| = 1. We define the solution operator S! by
BI)-B3). Take any two vectors 2! and 29 on S?. Let

x1(t) = S’ix?, x9(t) = S’ixg.
Equivalently,
Ey(t) = Whai(t), da(t) = Wiaa(t),
subject to
21(0) = 2V, x5(0) = 9.
Then we have
By (t) — o (t) = Wi (xi(t) — 22(t)).

This implies that

5l (t) = 22 (O)|* = (21(t) — 22(8), W (21 (1) — 22(1))).
We note that W, is a skew symmetric matrix and this implies that
(w1 (t) = 22(t), Wi (21(t) — 22(8))) = (W (8) (1 () — 22(t)), 21(t) — 22(1))
= — (W5 (0)(21(t) — z2(t)), 21 (1) — 22(1))
= —(@1(t) — w2 (t), Wy (£) (w1 (£) — 22(1)))-
Therefore, we can obtain that
(w1 (t) — @2 (t), Wi(z1(t) — 22(t))) = 0

and
d
gl (®) = za(t)[|* = 0.

Since we choose x{ and a9 arbitrary, S’fy : S? —+ S? is a rigid body motion of S?. This implies that

S’fy is represented by a matrix and the matrix product. Moreover, the following holds.

lz)? = [IS52)?,  (x,y) = (S5, Shy),
for any x,y € R3. 0

In R, the agent’s position can be decomposed into a sum of two vectors as described in (2.3))-([Z.H).
Similarly, the agent’s position on S? is expressed as the composition of the translational operator S’i
and the structural vector x;:

q; (t) = Sfy,’Ez (t) (34)
Notice that z () := g,(0) is a time-independent fixed point on S* and satisfies
0 (t) = S’i;vy(t). (3.5)

In the proposition below, we derive a second-order system of z; in the moving frame.

Proposition 3.2. Let (g,(t),p,(t)) be a given y-agent satisfying

4~ = D,

where ¢ € S* and p, € T,S*. Let S! be the solution operator defined by BI)-B3). If BF) and
B3) hold, then the followings are equivalent.
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(1) {(zs(t),vi(t))}, satisfies the following structural system of ODEs:
T = v,
N
N 1 Ti (1 2 — (e o
Vi = ||,’E||2$z + Z N (H‘IZ” Lj <‘r17$]>$1) (36)

j=1

+eqlllailPoy = (@i, ay)@) — cpui + A

subject to initial data x;(0) € S, v;(0) € Ty, (0)S* for all i € {1,...,N}.
(2) {(q:(t),pi(t))}X, is the solution to main system ([[2) subject to (L3J) with

Ui = 2{w-, qi)(gi X pi) + 1~ (t) X g + S5 As. (3.7)
Proof. For any xy € S?, we consider z(t) = S’ xo. Then
Slaxg = E(Sfyxo) =@(t) = Wia(t) = WIS x. (3.8)
Since g is arbitrary and S is a 3 x 3 matrix by Lemma B} we have
Nt it at
ST =W.S.,. (3.9)

We note that for any = € R?,
Wﬁx = wy X . (3.10)
We first prove that if {(z;(t),v;(t))}Y, satisfies [B06), then {(q;(t),q:(t))}, is the solution to
the main system with (B.1), where ¢;(t) = S%;(t). By the definition,

d : .
—qi = Shay + S

dt
Motivated by the above, we naturally define the corresponding velocity as follows.
pi = Shai + Shi;. (3.11)
Thus, we have
d ot Nt t e
Epi = S,Y,’Ei + 25’7,@1' + S,Y,’Ei.
By (B:6) and Lemma B3]
|v [
te i ij 2 gt t
S,YZEl' = ||2 ’Y €Z; Zl W |ZE1|| S,YZZ?J' — <I1‘,5Ej>S,Y{Ei} (312)
+cq [||a:l|| Sfyaj.y — <3:i,3:.y>5’§3:i} — cpSfyvi + SiAi.
From the property of S! in Lemma BT} it follows that
lasll* = [S523l|%, (@i 25) = (Shas, Shay)-
As [0, [7, [§], we can easily prove that
zi(t) €S?, () € T,,»nS?, forall t>0,i€{l,...,N}. (3.13)
By this modulus conservation and (3.12),
N
Stiy=—llvilPe + ) =L [llal*e — (@, a)a
5 (ol ZN[H Iaj — (ai, q;)ai] (3.14)

+ cq [llaillPay — (@i ar)a@i] + cp [Whai — pi] + SL A
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Here, we used ([B9) and B.I1]) to obtain
—Stv; = Wiq; — pi. (3.15)

By B3), 39), BI5) and the definition of ¢; and p;,
Stai +280a; = WES a; + WESLx; + 28 &
=Wlg + WiWlg + 2W!SL i

- ot . . (3.16)
= Wigi + WyWiq +2Wi(pi — W1)a:)
_ 1irt tyit t
=W,q — WiWiq +2W_ p;
Clearly, by the skew symmetric property of W,
2t at. 2 t ot ¢ £ 2
Ipill® = W3S 2ill” + 2(W5 S5, Shds) + |55 4]]
= [Weall” + 20Wqi, pi — Wyai) + [|vi|?
= (g, WWLqi) — 2(qi, Wips) + |lvil|>.
This implies that
—[vill* = =llpill® + (g, WiW3q:) — 2(gi, Wipi). (3.17)
By I6) and BI7), we have
Sta;+28ha; — |vil*a = —llpill*a + (@, WiWiq:)q: — WiW!g, (3.18)
— 2(qi, Wepi)gi + 2W.pi + Wg;.
Thus, by BI4) and BIJ),
.Gt St e t e
p= S,Y:Ei + QS,Y:EZ' + S,Y:Ei
N
= —lpillPa: + 3 2 laila; — dais a5)s) + calllaslay = i 02)a2) 519
+ cp(Whai — pi) + (qi, WiW!gi)gi — WIWlg;
— 2(qs, W:/pi>qi + 2W$pi + thqi + S’iAi.
We note that for any z € R3,
thx =w, X . (3.20)

From (B.I9)-B20) and the modulus conservation property of S% with z;(t) € S?, it follows that

p
u l'|'2 z+z % (ilPas — {gira)2) + calllailPey — (g ax)as)

+ cp(wy X q; — pz‘) + 2(wy, qi) (@i X pi) + by X q; + 5L A;.
Now, if we choose A; such as
2(w~, qi)(qi X pi) + () X qi + SLA; =0,

then our model corresponds to u; = 0 case in the flat space case, and if we choose A; = 0 then our
model corresponds to u; = u, case in the flat space case. From the uniqueness of the solution to the
main system, we obtain the desired result.

We next prove that if {(q;(t),pi(t))}X; is the solution to the main system with B, then
{(i(t), &:(t)) }iL, satisfies BH), where z;(t) = S5 (t)qi(t). By the first equation of (I2), we have

pi =q; = S’ixz + Sﬁ:ﬁi = WVtSﬁCL'l + Sil‘l (3.21)
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This implies that
.Gt St e
G = 5"7961 + 25’,Y:1cZ + S’,YacZ (3.22)
= WSt a; + WIWLS w; + 2W! Sy + S

By 2I)), we have
Ipill® = [IW2SLai||* + 2(WESLa, Shi) + || 5%
= [Weall” + 2(Wlqi, pi — Wryai) + [|vi]|? (3.23)
= {gi, Wy W) — 2{ai, Wopi) + [[vil|*.
The second equation in ([L2) and ¢;(t) € S? imply that

N
.. 0ij
i = —|pill*e: + ~ (laill*a = (@i a5)a:) + eq(llaill*ay = (gi, av)as)
j=1
+ cp(Pyy—q: (Py) — pi) + Ui,
N
T4
— —||pi||2SfY:Ei + Z W](||Sfyxl||25’fyx] - (S’fyxi, S’fyxj>SfY:Ei)
j=1

+ Cq(||S»ty$i||2S»ty33'v - <S»ty33iv S}yI’Y>SfyI’i) + C;D(qu%qi (py) —pi) + Us.
From the property of S in Lemma B} it follows that

N

. 0-.‘

Gi = —lps|* Sk + ~ (il S5 = (i, ;) S i)
i=1

t¢q (||Iz||28'ty33'v - <Ii7337>3'ty33i) + C;D(quﬂqi (py) —pi) + Us.

(3.24)

By B.22)-B.24),
St = — [WiSha: + WIWLS! 2 + 2W! St |

N
—pillPStai + > 28 (|| |2t 2y — (s, ) w)
N

=1
t ¢ (H‘IZHszyI’Y - <33i7337>8fy33i) + Cp(quﬂqi (py) —pi) + U

_ 17t Qt t t Qt tQt

= — [Wtstas + WIS 2+ 2W! St |

N
04
— ({gi WEWLg) — 2(qi, Wipi) + ||vil|®) Shai +> W](||$i||25§$j — (@i, ;) S ws)

j=1
t ¢ (”IszSfyx'v — (T, 337>Sfy33i> + C;D(qu%qi (py) — pi) + Us.
Note that
— |\ WStz + WEIWES 2y + 2WES & | — ((qs, WEWEq:) — 2(qs, Wip;) ) St
4Py Ti + AWy~ Ti + Py Ti <q“ v ry‘h> <q“ yp1> ~Ti
= - [W;Qi + WIWlq +2WE (pi — Win)} - (<qi, WIW!q) — 2{qi, Wﬁm))qi
= —(qi, WiWlai)qi + WiWlq: + 2{qi, Wipi)gi — 2Wip; — Wig
= —2<w7,qi>(qi X pi) — Wy X gj-

Therefore, by the property of S, and the above two equalities, we obtain that {(z;(t),v;(¢))}Y,

satisfies ([B.6]) with (B1).
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4. REDUCTION TO A LINEARIZED SYSTEM WITH A NEGATIVE DEFINITE COEFFICIENT MATRIX

In this section, we derive a linearized system from the structural system in ([BG). We define
auxiliary variables motivated by the flat case in Section [2] and we extract leading order terms using
lg:(O)|] = 1 and (q;(t),pi(t)) = 0 for all ¢ > 0 and ¢ € {1,...,N}. In the system with respect
to auxiliary variables, leading order terms form an inhomogeneous linear system of ODEs with a

negative definite coefficient matrix.
We consider the following system of ODEs with o;; = ¢ > 0 and ¢4, ¢, > 0.

Ti = Vg,

v = |le2 z; + Z (lzillPz; — (w3, 2):)
+ cq(llill*ey — (25, 25)2:) — cpvi + As.
For consistency, we additionally assume that for all ¢ > 0,
(A;(t),z;(t)y =0, forallie{l,...,N},
and the initial data satisfies
lz;(0)] =1 and (v;(0),2;(0)) =0, forallie{l,...,N}.

We now define the auxiliary variables as follows.

— L 2 2 _ - L ] 3_ L ) .
= N Zl ||xz $7|| ) X'Y = N Zl<$z xry,'UZ), X'Y = N 2<’U“’UZ>,
and
1 N 1 N
= N2 (2 — g, i —m), X°=— O, Ti — T),
2 2
N bk=1 N ik=1
1 N
S = N2 Z<v’i_vkvvi_vk>-

ik=1
We also define the corresponding inhomogeneous terms as follows.

1 _
Fl =0,

=——Z””Z”2||w SR an—wn s — a2
2 v 7 J ? Y

3,7=1

Zna wv|\4+—z< A,
i=1
2
V = NZ Uzv 1 )




and
Fl =0,
N
Jvill® + l|lvw]? o
F? Ej—L———HW —aklP+ g D e — 2Pl — ?
2 2N3 4
i,5,k=1
N 1 N
_ —Iz‘HQ”Ii—IkHQ*'m_Z (Aj — Ap, i — ),
i,k=1 i,k=1
2 al 20 N
P = 2 (oo + olPeend) + 55 2 oy o)
i,k i,5,k=1
N 9 N
2 Z ”x’y_xl” JJ“’Uk m Z A‘—Ak,’l)i—’l}k>.
i,k=1 i,k=1
Let

X=X}, X2, X3 X" X* X', F=(F,F2 F} F' F* F*)".

15

(4.2)

Proposition 4.1. For the auxiliary variable X and the inhomogeneous term F', the following holds.

X =MX+F,

where the coefficient matriz M is given by

0 2 0 0 0 0
—cq —Cp 1 —0/2 0 0
0 —2¢, —2¢ 0 o 0
M — q P
0 0 0 0 0
0 0 0  —(cg+o0) —Cp 1
0 0 0 0 —2(cqg+0) —2¢
Proof. Clearly,
d
—X1=2X".
a7
For Xg, we have
N
d o 3 1
EX'Y:X'Y_FNE@Z Ty, Vz)

N
1
X34 > (i Hw%+z (lzeli; = (e, 2))
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Note that by z; € S? and changing the indices,

N N
Z (i — @y, @5 — (@5, 05) @) = — Z (T, 25 — (T3, 25)5)
ij=1 =1
N
== > (wy, @i — (@i, 25)m)
ij=1
! (4.3)
N 2
-y i — | -
- 9 vy i
ij=1
1 Y 1 X
= =5 2 llmi =P+ 3 D s — ;e — a2
4,j=1 i,j=1
By [@3), we have
d o o2 oy
0 =X - —Z Sl — P - SX + z s — |22 — 4|2
=1 i,j=1
C C N
_qunxi_%”“'jzmi—%” —pXT + NZ — 2, A
1=1 i=1
o
= _CqX»i - CPX'% +X3 - §X1 + F,f
Similarly, we have
N
1d 1
__X3 = x iy Ui
2dt" 7T N ;w o)
LN
— N <U7,7 "Uz”zfljl + Z ‘xl | l'] — <$Z7{L']>{L'l)
i=1
+ C‘I(”IiHQ‘T'V — (@i, T4)2i) — cpui + Ai>
N 1 N N
N2 Z Vi, Tj) Z vz,xi—x7>—NZcp<vi,vz Z vi, As)
7,7=1 =1 =1 i=1
Thus, we have
d 3 2 3 2 3
ZX3 = =20,X3 — 26, X} — o X? + F. (4.4)
For X1,
d
— X' =2X7

dt



Similar to the previous cases, we use the second equation in ([I]) to obtain

d oy oy 1 &
EX =X —i—m (0; — Uk, @ — k)
ik=1
;N
S S 3 GRS LA WA PRSP
ik=1 j=1
+cq [— (@i, zy)xi + (T, Ty)TE] — CpU; + CpUE, T — xk>
| X
+ m Z <AZ - Ak,ZEi — Ik>.
i k=1
By x; € S%, we have
d o [[oi]|* + [Jo]? 2
dxroxio Z Tl el —
N . N
X T Y s alle  ml s Y ek - P - ol
»]716_1 7_],k—l
— X'+ 4N2 Z [l — a2 ||iL‘z—l’k||2ﬂL Z 2y — gl [l — i
i,k=1 i,k=1
| X
— CpX2 + m Z <AZ —Ak,:Ei —Ik>.
ik=1

Changing the indices implies that

d
EX2 = —oX' —c, X' — ¢, X%+ X3 4 F2.

17
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Finally, for X3, we obtain

N
1d 1
§£X3 - N2 ;1< HleQ‘TZ"'HUkHQQEk +]Zl $Z=$J>xl+<$kvxj>xk)

+ cq [— (@i, 2y )i + (T, Ty)Tk] — Ui + CpUk, Vi — 'Uk>

N
1
TNz Z (Ai — Ak, vi — vg)
i,k=1
1 N
= 53 2 (il ve) + lloel* e, i)
i,k=1
N o N
2 2 9
—oX*+ ‘ %:1 —2N3H$i =z ||* (i, i) + | %:1 e |z — ;)% (2K, vi)
,7,R= 7,

N N
¢ ¢
—c X%+ 4}{172 ‘,% 1 [z~ — || (s, vp) + 4]372 ‘I% 1 [ — g || * (g, vi) — ¢ X7
i,k= i,k=

1 N
+ m Z <AZ —Ak,vi —’Uk>.

ik=1

Thus, we conclude that

d
EX3 —20X?% —2¢,X? — 2c, X3 + F3.

O

Note that the eigenvalues of the 6 x 6 coefficient matrix M have the only negative real part. The
above result will be used for the complete rendezvous case.

Remark 4.2. In [8], we use [°°-framework to obtain a uniform decay estimate which is independent
of N. However, due to X? term on the right-hand side of ([@&4)), we cannot use this [°°-framework.
We obtain only the convergence result depending on N by using the 6 x 6 system with I2-framework.

For the practical rendezvous result, we use a different framework, weighted [*°-framework. To
obtain [*°-estimate, we define the following functionals:

x1_ 4|z — ar,y||2 X2 _ 16(x; — x~,v;) X3 _ 16{v;, v;) (45)
B Sl B2 IR EAE N BT EAE N B
and
F} =0,
pro ol tolmmml? 260 g
i = 5 2 i Ly, by T iy g/l
2 (A-lzi—2,?)°  N@ -~z -z,
16(x; — x, A;) n 64(x; — Ty, v;)? (4.6)
2 3
(4 - ||Iz'—flfv||2) (4= lzi —24]?)
3 N 32<vz;Az> + 64<1}Z,1}Z><I1 — {E.Y,Ui>
i 2 Vis T;) 2 3 -
N(4- ||Iz _Iv” J:l = @i — 24[1?) (4= llzi — z41?)

We note that due to the geometric structure of S2, the quartic terms with the coefficient ¢, in F3
and F? appear. Thus, the standard functional X (¢) in the previous argument and Section B does not
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work for this practical rendezvous case. For the complete rendezvous case, we will use the energy
functional method and Lasalle’s invariance principle to control the quartic terms. However, for the
practical rendezvous case, we cannot use the same methodology since the system is not autonomous.
Thus, if an extra term with the coefficient ¢, appears in F', then it is hard to obtain the desired result.
Alternatively, using the functionals in (@), we can remove the quartic term with the coefficient ¢,
as in (E.6l).

By the same argument in Proposition 3] we have

d
— X} =2X2
dt

Using the second equation for the structural system, we obtain the following for Xﬁ.

d o 3 16(x; — x~, Vi) 64(z; — T, v5)?
aXi =Xt 4 . 2)2 4 ) 2\3
(4= lzi —=y[?)"  ( —sz—%H )
:Xi?’+16<xi |U1H2$z+z (|il %2 — (i, 25)ws)
2
+eqllzill*zy — (@i, 2y)i) — cpvi + Az‘>/ (4= llzi —24?)
64(z; — xy,v;)?
(4= Jlz; —ay)1)°
1?16z — 2y
ZX»S— HUz” % Y + Z Y <.’L‘ CL‘>.”L'>
? 2 yrLg iy Lg/Llg
2 (A—|lmi—=2)?)° N(E- sz —ay)2)?
16¢, 16c
(@i = Ty, 2y = (i, T )23) — - (@i — 2y, 0:)
(4= Jli —ay)12)? (4 = Jlzi — 24]|2)*
16(x; — 2, A;) 64(x; — 2y, v;)°
(4=l =2y 12 (4= |los — 2, 2)°
Note that

(i = Ty By = (T3, Ty)T3) = (Ti — Ty, Ty) = (Ti, ) (T3 — T4, T3)

= —llwi = 2417 = (@i = 2o, 2y ) (23 — @y, 20)

TP (e
= —llzi — 24" + =
This implies that
d lvgl|2 16]a; — 2|2 160 al
dt 2 (d—lzi =2, 02)° Nz —a,]?)

j
16(z; — @, As) 64(x; — $7,U1>2
2

—c X} —cp X2+
! ’ (4= llzi =252 (4~ Jlzi — 24|
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For X3, we have
i 3 32<’U“’Ul> 64<1}Z,’Ul><171 — {E.Y,’Ui>
- 2 3
dt™ " (4~ |l —a,]?) (4 =z — z[]?)

N
ag
= 32<Uz'= —villPzi +> N(H%H%j — (@i, zj)3;)
=1
2 64(v;, v){x; — @y, v5)
+ gy = (@i,m,)m) - cpvy +Az->/ (4 llos — 2. %) s
(4=l — 2417

</Ui7$i _:I;v> <Uiuvi>
= 2 Vi, ) 2~ 94Cp 2
N (4 - II:Ez —%II Z (4— [@; — 241?) (4= [z — z4?)
32<vz;Az> 64<1}Z,1}Z><I1 _:E'y;vi>
(4= |l — z]12)? (4= |l — 2 )12)°
N
32 32(v;, A; 64(v;, v;)(T; — Ty, V;
= g 222<vi,x]> 2ch —2c X?’ fv ) 5 (vi, vi) (@ x;§>
N4 = [lzi — z[?)” 5= (4= flzi —24[?) (4= |z — =)
In conclusion, we have
d
— X! =2X?+F},
dt +
d

aXf —c X! =, XZ + XP + F?
d
aX3 —2¢, X7 —2¢, X} + FP.

Therefore, we have proved the following proposition.

Proposition 4.3. Let
X; = (Xileizina)Tv E:(FilvFi2=E3)T7
where XF, FF, k=1,2,3 are functionals defined in [@X5) and [{@G).
Then the following holds.
Xi=MoX; +F,

where the coefficient matriz My is given by

0 —2¢4 —2¢

5. ASYMPTOTIC ANALYSIS ON THE TARGET TRACKING MODELS: COMPLETE AND PRACTICAL
RENDEZVOUSES

In this section, we provide the proofs of Theorems [2 and [Blin Section[Il Let (g5, p~) be the phase

of the target. We assume that the target satisfies (L] for some continuous u, (t) € R3. For the given

target (q,(t),py(t)), let {(gi(t),pi(t))}; be the solution to (LZ). By the argument in Section @ we

have the following equivalent system for 2;(t) = S (¢)pi(t).

Tq = Uy,

(5.1)

) N
. v, oo
;= — I l”|2 it =Ll — (@i xp)a) + cq(lzill oy — (@i, ay)as) — cpvi + As,
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where S,ty is the solution operator defined by (B.I)-(B.3). For the angular velocity wy = ¢y X py, 4;
is the extra control law given by

Ay = STHOU: — 2(wy, 4:) ST (B)[as x pi] = S5 ()5 (t) x gi]-
5.1. Complete rendezvouses. We assume that o;; = o >0 and 4; =0, i.e,,
Ui = 2(wy, ¢:)qi X pi — W (t) X ¢,.

We first use an energy functional method to obtain the convergence result in Theorem [2] without

convergence rate. We now define an energy functional & = £({(z;,v;)}Y,) as follows.

E=E+ &,

where & is the kinetic energy given by

1 N
_ E 12
gk - IN — HUZH ’

and &, is the configuration energy given by

N N
_ _ 12 o Ca 12
o= gm O o=l 4 5 3 oy =l

i,j=1
This energy functional has a dissipation property. To obtain this, we take the inner product
between v; and ¥; to obtain

N
v o
2dtH || - || 1”2 Li, Vg +]§1N Hxl” .’L'],’Ul> <xi7‘rj><xi7vi>)

+ cq(l@il|* (my, vi) = (i, 2 (@i, vi) — cplvi, 7).

Using the orthogonality (z;,v;) = 0 and ||a;|| = 1 in BI3]), we have

1d 9 N5 9
5%”7%” = Z N<x_]7v7,> + q{@y, vi) — cpllvi]
j=1
Therefore,
d Yoo, N
Egki Z N2 x]avl qux'}’vvl ZDZH 1H2
i,j=1 i=1
Similarly,
d Cq o
dt c = 2N2 Zl ‘Tj7,UZ' U]>_ Nzl<x’77vl>
i,j= i=
P o o
=—3n2 > (@i, vg) + (25, 01)) — ¥ > (i)
ij=1 i=1
P o o
:_W.Z (xj,v;) —qu Ty, Vg).
7,j=1 1=1
Therefore, we have
(5k + &) Z lvill® = —2¢,Ek-

We notice that (1) is autonomous, since z is a constant vector. Moreover, the energy functional
£ is zero if and only if
v;=0forallie{l,...,N}.
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We can easily prove that the union of the following two sets is the maximum invariant set of £.
{{(zi,v) 1Ly 10, =0, a; ==, forallie {1,...,N}}

and

N
{{(mi,vi)}ij\il tv; =0, % ij +cqzy =0forall i e {1,...,N}}.

Jj=1

N
Co\ 2 g y
(1 4 ;q) , then N E zj + cqry # 0. Thus, by Lasalle’s

j=1

If we assume that ¢, > o or £(0) <

VRS

invariance principle,
flos(t)|| =0 and x;(t) —

as t — 0o. Therefore, we have proved the following proposition.
. o Cq\2
Proposition 5.1. If ¢, > o or £(0) < 3 (1 + —) , then
o
and
zi(t) = a4(t)
as t — oo for any initial data satisfying x;(0) # —x~(0) for all i € {1,...,N}.

Next we consider exponential decay estimates for ||z; — 2| and ||v;]|. For notational simplicity,
we define the following two functionals.

— ) _ 2
Du(t) = max [lai(t) = o ()]

and

Dy(t) = max ||v;(t)]*.

Proposition 5.2. Assume that A; = 0. Then for the functional F defined in ([E2), the following
estimate holds

IF] < 8(0 + ¢g)[Dx(t) + Do (1)]X.

1
I
Proof. By elementary calculation, we have

1
|F'y|_07

|F72| < (Dv;t) + UDZ(t) + Cqu(t)) x1!

3
|F'y|_07
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and
Fl =0,
N N
llwsll® + llox]? + [[og? o
S B e 2 ST P
i,k=1 1,5,k=1
N ;X
— il - mlP + gy D (A= A — ),
ik=1 i k=1
2 X 2%
F? = N2 Z ol * (i, vi) + [lok]|® <wmavz>)+m >l — 2l (i, ve)
ik i,5,k=1
N 9 XN
2 Z ||‘T7_xz|| xzavk m Z A —Ak,’Ui—’U]g>-
i,k=1 i,k=1
Note that
i = 2l|® < llwi — 2 + 2 — a2
<2li =y [1? + 2)| 2y — 2 ? (5.2)
< AD,(1),
and
(i, vk)| = (i — Tk, vp)|
(@i — @, vk)| + (2 — Tk, 08) | (5.3)
D.(t) + Dy(t)

By (2) and (IB:{I) we have
N N
20D (t) cD: (1)
|72 < N2 Z s — @l + == D i — anll® + 2 Y Nl =l

2
Hk=1 i,k=1 2N ik=1
and
1 & 20(Dy(t) + Do (t))
|F3|S4(Dz(t)+Dv(t))NZ|lvil|2+ T >l — a1
i=1 i,j=1

N
+ Cq(Dm(t)]V‘J' Dv(t)) ; ||‘T’Y _ Iz||2

Similarly, we have

Therefore, we obtain that

[Ft =0,

|F?| < (4D (t) + 80D4(t) 4 2¢,Dx (1)) X,

[F?| < (80 + ¢q) (Da(t) + Do (1) X7 + 4(Da(t) + Dy (£)) X 3.
The above implies the result in this lemma.
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We are ready to prove Theorem 2 We first check that the coefficient matrix M has the following

six eigenvalues.
{—cp, —Cp, —CpE [ —deg+ 2, —cp [ —deg + 2~ 40} .

Thus, their real parts are all negative. Let D be the greatest real part of the above eigenvalues and
we define

w:=—-D>0.

Then by Proposition [l for any € > 0, there is tg > 0 such that if ¢ > tg, then
€

<D () +Dy(t) < —
0<Dult) + ()<4(1+2U+2cq)

From Proposition 1] and (.2} it follows that
t
X(t) = At X (80) + / A=) P (s)ds.

to
This implies that

t
IX (0] < e #E X (to) +/ e M| (s) | ds
to

t
<X )] e [ e X () s
to

Therefore, by the Gronwall inequality, if ¢ > ¢g, then
IX (@) < [1X (to)[Je™ o),

5.2. Practical rendezvouses. In this part, we consider the target tracking problem without ac-
celeration information of the target. We assume that o;; = 0 > 0 and target speed and acceleration
are bounded:

lwy ()], [[dy (B < CF, =0,
where CV > 0 is a positive constant. We assume that U; = 0. We first check that the coeflicient
matrix M., in Proposition [£3] has the following eigenvalues.

{—cp, —cpt 4/ —4dcqg + 0127} )

Thus, their real parts are all negative. Let Do, be the greatest real part of the above eigenvalues
and we define
fhoo := —Dy > 0.
Let

Xoo = max || X
1<i<N

By Proposition 3] for any fixed ¢ > 0, there is an index i; € {1,..., N} such that

[ X ] = Xoo
and
d 2 d 2
X% = =X
= <Xit7MOOXit> + <Xit7‘Fit>
< — oo X, 1% + 11X, || .

— 0o X3 + Xoo || F, |
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By direct calculation,

|Fi1|:0,
2 < Bl 160 = 160 S V(s = 2. — (w025}
T2 (- fmi- s NE—lm—a 2P T T
16[(z; — v, As)] n 64(x; —x,y,vl->2
(4= o — 2,2 (4= |z — 2, )2)°
9| < 320 QZN:I<Z-,%>I+ 32| (vi, 4;)| 2 64<vi,vi>|<xi—x7,;}i>|'
N4~z —xy?)” 5= (4~ |z — z4]12) (4 — [z — z4[?)

We note that
(i = @y, 5 = (@i, 25) i) = (Ti = Ty Tj = Ty) + (Ti = Ty, By) = (Ti — Ty, (T3, 75) T3)

(i, x5)

1
= (i — Ty, 35 — Ty) — 5”551 - :107||2 - TH% - vaz-
This implies that
s = 2 = (i, a)e)] < 2 max [l - 2
Similarly,
(v )| = (a5 = 2] < [0y = @) + (025 = @) < ol + max [l — 2,
(@i — 2o, 01) < A|vil|.
Thus,
|F11| = Oa
|F2| <9X + 320max19§N ||$Z — $7||2 16|<JJ1 — LL‘V,Ai>| 256H’UiH2
i| = &Aoo 2 2 3>
(4 = [lzi — 24 ]1%) (4= llzi —zy[?)7 (4= [loi —24[]?)
P3| < 20X + 320 maxi<i<n ||z — 24| n 32| (v;, Ai)| n 256 |v; |3
il> oo 2 2 3
(4= llz: — z4[?) (4= llzi —zy[17)” (4= llz —24]]?)
By elementary calculation, we have
A2
s — 2y, A < - a2+ DA
Note that
14]1% < 6wy |IP11S5 (#)pil|* + 3]s 1.
187 ) aill® < 2]|ws |1 + 2]vil®
and
141> < 12(CY)?[Jusl|* + 12(C5)* + 3(Cy)%.
Therefore, we have
w w 3(0’111)2
(i = @y, AD] < i = 4[| 4 3(CF)? |wil|* + 3(CY)* + — (5.4)
Similarly, we have
3(Cw 2
[{vi, Aa)| < [loil® +3(CY)?[lvi|* + 3(CF)* + (&) (5.5)
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2y/C; —1

By (B4)-(E3H) and the above argument, if max |z — x| < % < 2, then

/=0,

|F7| < (2+20C1 +5C; +3(CY)*) Xoo + 3(CY)'CT + w,

[F?| < (2420 +20C1 +6(CY)?) Xoo + 6(C¥)CT + bey)iey +4X3/2,
We conclude that

IFill < (4420 +40C1 +5C1 +9(CY)?) Xoo + 9(CY)*CT + Ul +4X3/2,
Therefore, we obtain that
9(Cv)2Ct

Xoo € —fiooXoo + (4 + 20 + 40C1 + 501 + 9(C)?) Xoo + 9(CY)ACF + L pax32 (5.6)

We choose ¢, and ¢, sufficiently large and take

VG -1
VO

Let T > 0 be a maximal number such that on ¢ € [0,T),

Xoo(0) =

1I§niaé)§\7 lzi(t) — 24 (t)]] < 2X(0), t€[0,T). (5.7)

By the initial condition and the continuity of the solution, there is a positive number T > 0 satisfying
(E1). We claim that if ¢, and ¢, are sufficiently large, then T' = co. We note that for a given initial
data, o, C1, C are fixed constants. Therefore, on ¢ € [0,7),

Xoo € —prooXoo + CXoo + C. (5.8)
(ES) implies
X < —%XOO +0, (5.9)

if ¢4 and ¢, are sufficiently large. Therefore, by the Gronwall inequality and (5.9,

Gt _ u
Xoo(t) < e_%tXOO(O) +e—%tu — e 2t (XOO(O) _ E) + E
I I H

If ¢, and ¢, are sufficiently large, then y is sufficiently large and X, < Xo.(0). These imply that on
tel0,T),

. _ < < .
12?%\7 lzi(t) — 2 ()] £ Xoo < Xo(0) < 2X056(0)

By the continuity of the solution, we obtain that
T = cc.
Finally, by the above, we obtain the following practical rendezvous estimate.
Xoo(t) < e 5 <X00(0) - §> L
I I
Thus, we complete the proof of Theorem [3]



27

6. SIMULATION RESULTS

In this section, we present several numerical simulations for the target tracking problem on the
unit sphere and the flat space to verify the asymptotic complete rendezvous and practical rendezvous.
We use the fourth-order Runge-Kutta method. We consider six a-agents {(g;,p;)}%_; chasing one
target (¢y,py). We assume that the control law for the target (¢4, p~) is given by

u(t) = a(cost,sint, 1),

where a is a constant. Throughout this section, we assume that the inter-particle bonding force
parameter is given by

o=1.
With the extra control law for agents
Ui = 2(wy, i) (@i X pi) + iy (t) X g,
the initial positions and velocities for the agents are randomly chosen in

(Qi(o)vpi(o)) eTS* N [_17 1]3 X [_17 1]3

as follows:
¢1(0) = ( 0.8132, 0.4989,—0.2993), q2(0) = ( 0.7198, 0.4908, 0.4908),
q3(0) = (—0.6758,—0.6991, 0.2330), q4(0) = (—0.7878, 0.5627,—0.2501),
q5(0) = (—0.5440, —0.7504, 0.3752), q6(0) = (—0.8599, —0.3608, 0.3608),
and
p1(0) = ( 0.1028,—0.1884, —0.0347), p2(0) = (—0.1168, 0.5118,—0.3405),
p3(0) = (—0.0821, 0.0857, 0.0191), p4(0) = (—0.1454,—0.1506, 0.1189),
p5(0) = ( 0.2220,—0.1040, 0.1137), pe(0) = (—0.0003, 0.3768, 0.3759).

The initial data for the target is
¢+(0) = (—0.6451,0.6605, —0.3840) and p,(0) = (0.1761,0.3646,0.3311).

Note that all the initial positions and velocities satisfy the admissible conditions in (I3]). Since
Wy = @y X D, we can check that

Ui = 2(wy, ¢:)(qi X pi) +w~(t) X g;
= 2wy, qi)(qi X pi) + (4y X Py + 4y X Py) X Gi

_||pv||2 2 ‘
g |12 Oy + gy 7wy = (uys gy gy | ) X ai
y

= 2(wy, qi) (@i X pi) + (47 % llgy)Puy) X gi.

(6.1)

= 2(wy, @) (qi x pi) + (% ) [

We fix

oc=1,¢,=5¢=01 and a=0.5.
For this case, the time evolution of (L2 is given in Figure[ll The red points and blue lines stand for
the position ¢;(t) at t = to and trajectories for the time interval [ty — 3, to], respectively. The yellow
one is for the target agent ¢, (¢). In addition, we can check that the asymptotic complete rendezvous

occurs as we proved in Theorem 2 See Figure @l Here, the exponential function is 2e(~¢»+0:05)(t=40)
For the zero extra control law, i.e. U; = 0, we fix the parameters such that

oc=1,¢c,=4, ¢, =4, a=0.5.
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]

@
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FIGURE 1. The time evolution of (L2) with extra control law (G

10%F
max ||g; — ¢, |
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FIGURE 2. The asymptotic complete rendezvous

The initial data of agents are randomly chosen but near the target as follows:
q1(0) = (—0.8147, —0.5366, 0.2193),
q3(0) = (—0.4335,—0.8173, 0.3794),
q5(0) = (—0.4420,—0.7998, 0.4060),

42(0) = (—0.4575,-0.8843, 0.0922),
44(0) = (—0.8645,—-0.2373, 0.4429),
46(0) = (—0.4312,-0.6004, 0.6734),

and

p1(0) = (0.0228, —0.0750, —0.0987),

p3(0) = (0.0200, 0.0169, 0.0594),

p5(0) = (0.0365, 0.1109, 0.2583),
The initial data for the target is given by

p2(0) = (0.2519, —0.1263, 0.0383),
p4(0) = (0.0388, —0.1447, —0.0017),
p6(0) = (0.0081, 0.0050, 0.0097).
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(G) t =150

FIGURE 3. The time evolution of (L2) with control law

¢,(0) = (—0.6324, —0.6324,0.4472) and p,(0) = (0.4712, —0.1742, 0.4199).

Figure B shows the time evolution of (2) without extra control law.
We can see that the maximum distance

nax flg:(t) — ¢y (0

between agents and the target is bounded by 2/,/¢,. See Figure d(A). Let
d(t) = max flai(t) — g, (1)]]

Figure M B) displays d(t) at ¢ = 100 with respect to ¢,. As ¢, increases, the maximum distance
between agents and target decreases. Therefore, we observe that the asymptotic practical rendezvous
occurs.

1.5
0.4
? 0.3 . 1
= s
5 02 <
R 0.5
0.1
0 0
0 50 100 150 200 0 50 100
! Cp
(A) max llai(t) — ¢, ()l (B) d(t) at t = 100

FIGURE 4. The asymptotic practical rendezvous
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With the extra control law, we observed the asymptotic complete rendezvous in Figure [I] and
Figure 2l However, if we choose the parameter ¢, as zero, then the agents are not able to track the
target. See Figure Bl Here, other parameters and initial data are the same as the case in Figure
[ In the absence of the velocity alignment term, the agents easily escape the sphere due to the
accumulation of errors. To overcome this, as in [8], we add the following feedback term f on the
second equation of (L2)).

[P =—ko (%’ - i),

gl
where ko = 10*. From this, we conclude that the velocity alignment operator is crucial in this target
tracking algorithm.

o

(A)t=5

i v -1

@

(C) t = 100 (D) t = 200
FIGURE 5. The time evolution of (I2]) with extra control law (6.1 and ¢, =0
As we mentioned in Subsection 22 the flocking term is negligible for the target tracking problem

([C2). With the same parameters of Figure [[] and Figure [B] the numerical results of (L2) including
the rotational flocking term

> ]\l,](Rqﬁqi(pj) - pi),
j=1

where 1;; = 1 is given in Figure[@l It is confirmed that the flocking term does not affect the results.
See also Figure [1

2 35
3 max [|g; — ¢,

_ 1.5 _ 25
& £

| | 2
s 1 =

T W 15
! B

g g

0.5
0.5
0 0
0 50 100 150 200 0 50 100 150 200

t t t

FIGURE 6. The numerical results with flocking term and the same parameters with
Figure

Finally, we compare the target tracking problems on a sphere and flat space numerically. To
compare the two cases, we impose the periodic boundary for the flat space and fix parameters such
as o =1,cq=05,and ¢, =0.1. Let

uy = (acost,asint,a),
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where a = 0.5 and u; = u,. Then we can observe that the complete rendezvous occurs. See Figure
[Bl If u; = 0, then we observe the practical rendezvous. See Figure [
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F1GURE 8. The snapshops of complete rendezvous on flat space

7. CONCLUSION

In this paper, we proposed a novel model for target tracking on spherical geometry. With the tar-
get’s position, velocity, and acceleration, if the initial energy of agents is small or the bonding force
between the target and each agent is larger than the one between agents, the complete rendezvous
occurs. When only the information of position and velocity is known and the target’s angular ve-
locity and its time derivative are bounded, the practical rendezvous is obtained for relatively large
intra-bonding forces. The target tracking problems on S? with time delay, white noises from the ob-
servation, and measurement are also interesting topics. These issues will be discussed in our future

researches.
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FIGURE 9. The snapshops of practical rendezvous on flat space

APPENDIX A. PROPERTIES OF THE ADMISSIBLE ROTATION OPERATOR

In this part, we consider admissible rotation operators on a sphere and their properties. The
rotation operator appears naturally for defining the flocking on a sphere [6]. Let R._,. be Rodrigues’
rotation operator given by

Ry, sz, (Vi) = R(xk, ;) - vk

and for xy # x;,

T
— _ T T _ ) Tk X T Tp X X4
R(zk, zi) := (vg, )] + zixy, — xpz; + (1 — (vr, 24)) <|£Uk » le) (|$k » $z|>

Here, y, x; and v; are three dimensional column vectors. The rotation operator RR._,. has many
good properties we desired or needed to be physically established and we can construct a flocking
model by replacing the velocity difference term v; — v; in the flat space to Ry, 4, v;j(t) — vi(t). See
[6] for the details. However, there are some inconvenient points due to the presence of singularity on
R._,.. Therefore, we can naturally ask whether such alternatives can be found.

The idea to find the alternative is as follows. First, classify the properties that the rotation
operators must satisfy, and find all the operators that satisfy the properties. Next, we will choose one
of those operators that meets our needs. Our option will be the simplest of the possible operators.
This form has various advantages. It is convenient to calculate, and it shares most of the good
properties of the rotation operator R._,. previously defined. By removing the singularity, we easily
show the global-in-time existence and uniqueness of the new model in ([I2)). See [6] for the existence
and uniqueness of the model with R._,..

To construct a unit sphere model with the Newtonian equation, we need a modification of v; —v;
terms, which is the first motivation of the operators R, ,,, in [6]. As we compute the velocity
difference between v; and v; at the point x;, we should transform v; into a tangential vector of the
sphere at ;. We note that the typical ansatz for the flocking motion on a sphere is circle motions. In
order to include circle motions along one great circle, the operator should coincide with a rotation
operator in two dimensions, a (z;, x;)-plane. In other words, an admissible rotation operator M from
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z1 to zo can be a 3 x 3 matrix such that
Mz = 2o, Mzy = 2(21, 29) 20 — 21, (A.1la)
(Mwv, z9) = 0 for any z1,22 € D and v € T, D. (A.1b)

In the next proposition, we can prove that the admissible choices in ([(AJ]) for the rotation operator
are equivalent to the following set.

Az ny = {leﬁz2 +a(z1 X 22)(21 X ZQ)T + b(z1 — (21, 22)22) (21 X ZQ)T ca,b e R} , (A.2)
where P,, ., is the operator defined in (4.

Proposition A.1. Suppose that unit vectors z1 and zo are linearly independent. Then, a 3 X 3
matriz M satisfies (AJ) if and only if M € A,,_,.,.

Proof. As two vectors z; and zo are perpendicular to z; X 2z, operator P,, ,,, satisfies (A1) from
the direct computation. Note that (z; X 29, 2;) = 0 for ¢ = 1,2. From this motivation, we naturally
define

M =P, ., +a(z1 X 22)(21 X 22)T +b(21 — (21, 22)20) (21 X 20)T (A.3)

for any a,b € R. Then M satisfies (AJal). Also, as 29 is perpendicular to both 23 X z3 and (21 —

(21, 22)22), we conclude (ATD).

Conversely, choose any 3 x 3 matrix M’ satisfying (AJ]). As 21 and 29 are linearly independent,
{22, 21 — (21,22)22, 21 X 22} are a basis of R3. Therefore, there are a,b, c € R such that

21 X %
/m =a(z1 X 22) + b(21 — (21, 22) 22) + c22. (A.4)
1 2

From (AJD) and 21 x 29 € T, D, it follows that ¢ = 0. Therefore, we conclude that
Mz X 29 = M'z1 X 29
for M given in (A23]). On the other hand, (AJal) show that
M(z9) = M'(29) and M (21 — (21,22)22) = M'(21 — (21, 22)22). (A.5)
From ([(A4]) and ([AZH), we obtain that M = M’. 0

The set A, ., includes the rotation operators R, ., and P,,_,, given in [6] and (4, respec-
tively. Here, if we take the following values in (A3):

a= 1=z =) 21, 22) and b=0,

[[21 % 2|2

then the matrix coincides with R, _,.,, which preserves the modulus of each vectors. See Lemma 2.3
in [6]. Among several choices in the admissible set in (A2]), P,, ., can be regarded as the simplest
choice such that a = b = 0 in ([A2)). Moreover, there is no singularity compared to the previous
rotation operator R._,.. In addition to this simplicity, the rotation operator P,,_,., also share the
following desired transport properties.
Lemma A.2. For 21,23 € D, P,, ., giwven in (L) satisfies (AT). Furthermore, we have

PT — Pz2*>z1 (AG)

Z1—>22

and

PZ*}ZQPZI‘}Z2 (Zl) = 21, Pg;%z2pzl‘>z2 (22) = z2.
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Proof. As two vectors z; and zy are perpendicular to z; X 22, the properties in (AT follow from
the direct computation. Also, since the transpose is the linear operator, we have

PT

Z1—Z22

and we conclude (A6). From (AJ) and (A.6), it holds that
Pl Pn(z1) =Pl () =2

Z1—Z22 Z1—Z22

T T
= (21, 20)] — 2027 + 2125,

and
PZ;HQle_)ZZ(Zg) = Pglﬁzz (2<2’1722>2’2 — 2’1) = 2<21,2’2>21 — (2<21,2’2>2’1 — 22) = Z9.

O

While the two operators R, ., and P,, ., coincide on the (z1, 23)-plane from Lemma [A2] the
following lemma gives us one difference between the two operators. We can show that P._,. gives a
map between two tangent spaces although the operator is not a bijection if (21, z9) = 0.

LemmaA.3. P,, ., |T21D is a map from T,, D to T.,D. Furthermore, if (21, z2) # 0, then Py, ., |T21D
is a bijection from T, D to T.,,D.

Proof. As D is a unit sphere, v € T}, D if and only if (v,y) = 0 for any y € R3. Thus, we have
(v,z1) =0  for any vector v € T, D. (A7)
From (ATa)) and ([A6), it holds that for any v € R3,
(Pyy—2,0) - 29 = UTPZTl_)z2
By (A7) and (A.S), we conclude that
(P.,—2,v) - 22 = 0 and thus P,, ,,v € T.,D for any vector v € T,, D.

Zy = ’UTle_)ZZTZQ =00z = (v, 21). (A.B)

We now assume that (z1,2z2) # 0 and show that Pz1—>Z2|Tle is bijective between two tangent
spaces. First, if 21 = 29 or 21 = —29, we get P,,,,, = I and P,,_,,, = —I. If not, z; and 2
are linearly independent. From the assumption, P, ,.,(21 X 22) = (21, 22)(21 X 22) is a nonzero
vector. Combining this with (ATal), we conclude that P, .,|r. p is surjective in T%,D and thus the
determinant of P,,_,,, is nonzero. As the inverse function of P,,_,,, exists, we conclude that this
lemma holds. O
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