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Abstract

Gradient descent (GD) type optimization schemes are the standard methods to train
artificial neural networks (ANNs) with rectified linear unit (ReLU) activation. Such schemes
can be considered as discretizations of gradient flows (GFs) associated to the training of
ANNs with ReLU activation and most of the key difficulties in the mathematical convergence
analysis of GD type optimization schemes in the training of ANNs with ReLU activation
seem to be already present in the dynamics of the corresponding GF differential equations.
It is the key subject of this work to analyze such GF differential equations in the training
of ANNs with ReLU activation and three layers (one input layer, one hidden layer, and one
output layer). In particular, in this article we prove in the case where the target function is
possibly multi-dimensional and continuous and in the case where the probability distribution
of the input data is absolutely continuous with respect to the Lebesgue measure that the risk
of every bounded GF trajectory converges to the risk of a critical point. In addition, in this
article we show in the case of a 1-dimensional affine linear target function and in the case
where the probability distribution of the input data coincides with the standard uniform
distribution that the risk of every bounded GF trajectory converges to zero if the initial risk
is sufficiently small. Finally, in the special situation where there is only one neuron on the
hidden layer (1-dimensional hidden layer) we strengthen the above named result for affine
linear target functions by proving that that the risk of every (not necessarily bounded) GF
trajectory converges to zero if the initial risk is sufficiently small.
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1 Introduction

Gradient descent (GD) type optimization schemes are the standard tools in the training of
feedforward fully connected artificial neural networks (ANNs) with rectified linear unit (ReLU)
activation. Such GD type optimization schemes can be considered as temporal discretization
methods for the associated gradient flow (GF) differential equations and most of the key diffi-
culties which arise in the mathematical convergence analysis of GD type optimization schemes
in the training of ANNs with ReLU activation already arise in the mathematical convergence
analysis of the corresponding GFs. It is the key subject of this article to analyze such GF's
arising in the training of ANNs with ReLLU activation and, in particular, to prove that the risk
of every bounded GF trajectory converges in the training of ANNs with ReLLU activation to
the risk of a critical point. We are particularly interested in the mathematical convergence
analysis of GF trajectories instead of time discrete GD optimization schemes since, on the one
hand, most of the key difficulties which arise in the mathematical analysis of GD type optimiza-
tion schemes in the training of ANNs with ReLLU activation already arise in the mathematical
analysis of the corresponding GF's and since, on the other hand, the consideration of such GF
trajectories allows us to focus on precisely such key difficulties.

In the scientific literature there are several quite promising approaches regarding the math-
ematical convergence analysis for GD type optimization schemes and GFs, respectively. For
instance, we point to [11, 13, 15, 17] for results on the convergence of GF in the training of
ANNSs in the overparametrized regime, where the number of neurons has to be sufficiently large
when compared to the number of used input-output data pairs. Another promising idea is
to view the neurons of an ANN as interacting particles and consider the limit of the associ-
ated empirical measures as the number of neurons increases to infinity. The limiting process
of the corresponding GFs is known in the scientific literature as Wasserstein gradient flow; cf.,
e.g., [5, 9, 10], the overview article [14], and the references mentioned therein. Most convergence
results for the Wasserstein gradient flow require smoothness assumptions on the considered risk
function, which are not satisfied for ANNs with ReLU activation. To overcome this issue, a
different parametrization for ReLU networks has been proposed in [10, Section 4.2]. In [2, 8] GF
processes have been considered in the context of training deep linear neural networks, in which
the employed activation function is the identity. The behavior of the realization functions of



ANNSs with one hidden layer and ReLLU activation under the GF dynamics has been investigated
in more detail in [19, 23]. Another recent idea is to consider only very special target functions
and we refer, in particular, to [0, 18] for convergence results for GF and GD processes in the
case of constant target functions. In the more general case of affine linear target functions, the
critical points of the risk function were characterized in [7] and parts of the analysis in this
article exploit this characterization. For further abstract convergence results on GF processes
we point, e.g., to [1, 4, 16, 22] and the references mentioned therein.

It is the key topic of this article to provide some first basics steps regarding the mathematical
convergence analysis of GF's arising in the training of ANNs with ReLLU activation. Specifically,
in one of main results of this article, see item (iv) in Theorem 1.1 in this introductory section, we
prove that the risk of every bounded GF trajectory converges in the training of ANNs with one
hidden layer and ReLLU activation to the risk of a critical point. In Theorem 1.1 below we study
fully connected feedfoward ANNs with a d-dimensional input layer (with d € N = {1,2,3,...}
neurons on the input layer), with an H-dimensional hidden layer (with H € N neurons on
the hidden layer), and with a l-dimensional output layer (with one neuron on the output
layer). There are thus Hd scalar real weight parameters and H scalar real bias parameters
to describe the affine linear transformation in between the d-dimensional input layer and the
H-dimensional hidden layer and there are thus H scalar real weight parameters and 1 scalar
real bias parameter to describe the affine linear transformation in between the H-dimensional
hidden layer and the 1-dimensional output layer. Overall the ANNs in Theorem 1.1 thus consist
of precisely 0 = dH + 2H + 1 scalar real ANN parameters.

In Theorem 1.1 we study fully connected feedfoward ANNs with the ReLLU activation func-
tion R 5 = — max{x,0} € R (which is also referred to as rectifier function) as the activation
function. The ReLU activation function R 3 = — max{z,0} € R fails to be differentiable and
can thus not be used to specify gradients in GD type optimization schemes and GFs, respec-
tively. A common procedure to overcome this issue (cf. [18] and [0]) is to approximate the
ReLU activation function R 5 x +— max{z,0} € R through appropriate continuously differen-
tiable functions which converge pointwise to the ReLU activation function and whose derivatives
converge pointwise to the left derivative of the ReLLU activation function. In Theorem 1.1 the
function R : R — R specifies the ReLU activation function and the functions R,: R — R,
r € N, serve as such continuously differentiable approximations of the ReLLU activation func-
tion; see (1) in Theorem 1.1.

The finite measure u: [@, £]% — [0,00] in Theorem 1.1 specifies up to a normalization con-
stant the probability distribution of the input data of the supervised learning problem considered
in Theorem 1.1. In Theorem 1.1 we assume that the measure p: [«,#]? — [0, 00] is absolutely
continuous with respect to the Lebesgue measure. The functions £,: R® — R, » € NU {oo},
in Theorem 1.1 describe the risk functions associated to the considered ANNs in the sense that
for all r € NU {oc} we have that £,: R® — R is the risk function associated to the target
function f: [, #]? — R and the fully connected feedforward ANNs with the activation function
R,: R — R; see (2) in Theorem 1.1 for details.

The function [|-||: R® — R in Theorem 1.1 is nothing else but the standard norm on the
ANN parameter space R? = R +2H+1 - The function G: R® — R? in Theorem 1.1 specifies
the generalized gradients of the risk function £,: R® — R using the continuously differentiable
approximations R,.: R - R, r € N.

Item (i) in Theorem 1.1 asserts that the generalized gradient function G: R® — R? is locally
bounded and measurable. This statement is provided to ensure that for every continuous
function © = (©¢)e(o,00) : [0,00) = R® and every t € [0,00) we have that the Lebesgue integral
fg G(O;)ds makes sense (cf. items (iv) and (v) in Theorem 1.1).

Item (ii) in Theorem 1.1 reveals that the generalized gradient function G: R® — R? is lower
semicontinuous. In the case of ANNs with smooth activation functions it follows directly from
Lebesgue’s theorem of dominated convergence that the gradient function of the risk function



is continuous. In the case of ANNs with ReLU activation, however, the generalized gradient
function G: R® — R? fails to be continuous but in item (ii) in Theorem 1.1 we prove that this
generalized gradient function is instead lower semicontinuous.

Item (iii) in Theorem 1.1 connects the generalized gradient function G: R? — R with
standard gradients of the risk function £.,: R® — R by demonstrating that there exists an
open set U C R® with full Lebesgue measure such that L, restricted to U is continuously
differentiable with G|y : U — R® being the gradient of (Ls)|v: U — R.

Item (iv) in Theorem 1.1 establishes that the risk of every bounded GF trajectory converges
in the training of the considered ANNSs to the risk of a critical point. Item (v) in Theorem 1.1
reveals that the risk of every bounded GF trajectory with sufficiently small initial risk converges
in the training of the considered ANNs to the risk of the global minima of L£,.: R® — R. We
now present the precise statement of Theorem 1.1.

Theorem 1.1. Let d, H,0 €N, ¢ € R, £ € (@,), f € C([a, )%, R) satisfy 0 = dH +2H +1,
let R, € C(R,R), r € NU {oo}, satisfy for all z € R that ({J,en{Rr}) € CHR,R), Roo(z) =
max{z, 0}, sup,cy SUPye(—a| =] ([Br (W) + [(93) (¥)]) < o0, and

lim sup,_, oo (1% () = Roo ()] + [(9%)' () — Lo,00)(@)]) = 0, (1)

let p: B([a,?]?) — [0,00] be a finite measure, let L,.: R® — R, r € NU {oc}, satisfy for all
re NU{cc}, 0 =(01,...,0,) € R® that

L) = [ (fon o)
[«,8)d
— 00 — S Oy i [Br Orars + 01 0 vyar@)]) (@, .. za), (2)

let ||]|: R — R satisfy for all z = (x1,...,2) € R® that ||z|| = [0, |2 *]"/2, let G: R? — R?
satisfy for all @ € {¥ € R*: (VL,)(9))ren is convergent} that G(0) = lim, ,+(VL,)(0), and
assume that p is absolutely continuous with respect to the Lebesque measure on [a,&]?. Then

(i) it holds that R® > 6 — G(6) € R® is locally bounded and measurable,
(ii) it holds that R® 5 0 — ||G(0)| € R is lower semicontinuous,

(iii) there exists an open U C R® which satisfies fRa\Uldx =0, (Lx)|v € CHU,R), and
V((Loo)lv) =Glu,

(iv) it holds for all © € C([0,00),R?) with sup,co o)l|O:l] < 00 and Vt € [0,00): ©; =
©p — fot G(O5)ds that there exists 9 € G1({0}) such that limsup,_,., Loo(0r) = Loo(V9),

and

(v) it holds for all © € C([0,00),R®) with supe(p )[|Ot]| < 00, VYt € [0,00): ©; = Og —
[56(04)ds, and V0 € G ({0}) N (Loo) ((infyero Loo(¥),00)): Loo(Op) < Loo(0) that

lim SUP¢ 00 ['oo(@t) - infﬂeRa ['oo (79) (3)

Item (i) in Theorem 1.1 is a direct consequence of Corollary 2.4 below, item (ii) in Theo-
rem 1.1 is a direct consequence of Corollary 2.16 below, item (iii) in Theorem 1.1 is a direct
consequence of Corollary 2.17 below, item (iv) in Theorem 1.1 is a direct consequence of Theo-
rem 3.2 below, and item (v) in Theorem 1.1 is a direct consequence of Corollary 3.3 below.

In Theorem 1.2 below we specialise the setup in Theorem 1.1 to the specific situation where
there the input is 1-dimensional (where there is only one neuron on the input layer), where
the measure p: B([«,4]) — [0, 00] coincides with the Lebesgue-Borel measure, and where the



target function f: [@,#] — R is affine linear in the sense that there exist a, 8 € R such that for
all z € [@, Z] it holds that

f(@) = az+ B (4)

to establish that the risk of every (bounded) GF trajectory with sufficiently small initial risk
converges to zero. Specifically, in the specific situation of (4) we prove in Theorem 1.2 that for
every continuous GF trajectory ©: [0,00) — R3+1 with

SUPte0,00) (H = 1)[[O¢]]) < 00 (5)
and
£o(G0) < 20— ) (6)
APV 122 H /2] + 1)4

we have that limsup,_, ., Loo(0¢) = 0. In this specific situation of a 1-dimensional input d = 1
(in this specific situation where there is only one neuron on the input layer) we observe that
the ANN parameter space R? simplifies to R? = R +2H+1 — R3H+L  ©\[oreover, we note that
in Theorem 1.2 below and in (5) above, respectively, we assume in the case where the number
H € N of neurons on the hidden layer is strictly bigger than 1 (in the case where H > 1) that
the GF trajectory is bounded. We now present the precise statement of Theorem 1.2.

Theorem 1.2. Let H,0 € N, a, 8, € R, & € (@,o0) satisfy 9 = 3H + 1, let R, € C(R,R),
r € NU {oo}, satisfy for all z € R that (U,en{®Rr}) € C'(R,R), Roo(z) = max{z,0},
SUP,en SUPye| (o, 2| [P (W)] + [(R) (y)]) < oo, and

lim sup, o0 (1% (2) = Roo (@) + |(Rr)' () — Lio,00) (2)]) =0, (7)

let £,: R® = R, r € NU{oo}, satisfy for all € NU {oo}, 6 = (61,...,6;) € R? that

4
ﬁr((g) = / (Oé.%' + B8 — 6, — Zil 02H+Z‘ [%T(GHH + 921')] )2 dz, (8)
let ||]|: R = R satisfy for all z = (z1,...,2) € R® that ||z|| =[S0 |z *]"/2, let G: R? — R?
satisfy for all 6 € {9 € R®: (VL,)(9))ren is convergent} that G(0) = lim, o (VL,)(0), and let
© € C([0,00),R?) satisfy supef,o0)(H — 1)[[04]]) < 00, Vit € [0,00): ©; = Og — fot G(©,)ds,

a?(b—a)3 :
and L+(0p) < m. Then lim sup;_, o Loo(©r) = 0.

Theorem 1.2 is a direct consequence of Corollary 3.5 (in the case H > 1) and Corollary 6.8 (in
the case H = 1) below. The remainder of this article is organized as follows. In Section 2 below
we establish certain regularity properties for the generalized gradient function G: R® — R° in
Theorem 1.1 above. In Section 3 below we employ the regularity properties for the generalized
gradient function G: R® — R? from Section 2 to prove items (iv) and (v) in Theorem 1.1
and to prove Theorem 1.2 under the more restrictive assumption that supcjg o) [©¢] < oo
cf. (5) above. In Section 4 below we establish suitable a priori bounds for GF trajectories. In
Sections 5 and 6 we employ the a priori bounds from Section 4 to prove Theorem 1.2 under the
more general assumption that sup,cp o) ((H — 1)[|©¢]]) < oo; cf. (5) above.

2 Properties of the risk function and its gradient

In this section we establish several regularity properties for the risk function associated to the
considered supervised learning problem; see (2) above. In particular, in Proposition 2.11 in
Subsection 2.4 below we provide in (40) a sufficient condition to ensure that the risk function
is differentiable and in Corollary 2.16 in Subsection 2.5 below we prove that the standard
norm of the generalized gradient function G: R® — R® associated to the risk function is lower



semicontinuous. In the scientific literature results similar to Proposition 2.11 can, e.g., be found
in Cheridito et al. [7]. In particular, in the case of only one neuron on the input layer (in the
case of a 1-dimensional input) results similar to Proposition 2.11 have been shown in [7, Lemma
3.4 and Lemma 3.7].

Our proof of Proposition 2.11 employs the known representation result for the generalized
gradient function G: R® — R? in Proposition 2.2 in Subsection 2.2 below, the well known local
Lipschitz continuity result for the risk function in Lemma 2.9 in Subsection 2.4, the elementary
Lipschitz type estimate for certain affine linear functions in Lemma 2.10 in Subsection 2.4, and
the fact that appropriate active neuron regions depend continuously on the ANN parameters
which we establish in Corollary 2.8 in Subsection 2.3 below. Our proof of Corollary 2.16 employs
the fact that the absolute value of every component of the generalized gradient function G: R® —
R? is lower semicontinuous which we establish in Corollary 2.15 in Subsection 2.5. Our proof
of Corollary 2.15 uses the regularity results for the absolute values of the components of the
generalized gradient function G: R® — R® in Lemma 2.12, Lemma 2.13, and Lemma 2.14 in
Subsection 2.5. Our proof of Corollary 2.8 uses the appropriate continuity result for active
neuron regions in Lemma 2.5 and the well-known results on absolutely continuous measures
in Lemma 2.6 and Corollary 2.7. In the scientific literature Lemma 2.6 can, e.g., be found in
Rudin [21, Theorem 6.11].

In Setting 2.1 in Subsection 2.1 below we present the mathematical framework which we
frequently employ in Sections 2—4 to formulate ANNs with one hidden layer and ReLLU activation
and the corresponding risk functions (see (11) and (12) in Setting 2.1), in the elementary
regularity result in Lemma 2.3 in Subsection 2.2 we establish an elementary a priori bound for
the norm of the generalized gradient function G: R® — R?, and in the elementary regularity
result in Corollary 2.4 in Subsection 2.2 we demonstrate that the generalized gradient function
G: R® — RR? is locally bounded and measurable. Lemma 2.3 is used in the proof of Corollary 2.4
in Subsection 2.2 and Corollary 2.4 is employed in Section 3 and in item (i) in Theorem 1.1.
Only for completeness we include in this section detailed proofs for Proposition 2.2, Lemma 2.3,
Corollary 2.4, Lemma 2.6, Corollary 2.7, and Lemma 2.9.

2.1 Mathematical description of artificial neural networks (ANNSs)

Setting 2.1. Let d, HOEN, ¢« € R, £ € (a,), f € O, 8% R) satisfy 0 = dH + 2H + 1,
let o = ((mzj)(ivj)e{L.“,H}X{17.“7d})geRa: R? — RHXd, b = ((b?, .. .,b%))ge[@a: R? — RH, b =
((09,...,09))pcre: R’ = RE and ¢ = (¢ )gere: R — R satisfy for all = (61,...,6,) € R?,
1e{1,2,...,H}, j€{1,2,...,d} that

m?,j = 0(i—1)d+j> 6! = Opari, vf = Or(d41)+i> and ¥ =06, 9)
let R, € CY(R,R), r € N, satisfy for all z € R that
lim sup, o (9% (2) — mac{z, 0}] + |(9.)(2) — 10,y (@)]) = 0 (10)

and Sup,en SUPye(— (s, |z (Rr) (¥)| < oo, let p: B([e, %) — [0,00] be a finite measure, let
N = (N)gero: R? — C(RER) and L: R® — R satisfy for all 0 € R®, 2 = (x1,...,14) € R?
that

/Ve(zc) =+ Z@H:1 U? max{bf + z;l:l mgjxj, 0} (11)
and L(0) = f[a,ﬁ]d(f(y) — 0?2 u(dy), let £,: R® = R, r € N, satisfy for allr € N, § € R?
that

£.(0) =/[ ﬁ}d(f(yh---’m) — o = ol [Re (6 + 0wl y)]) (v, va)), (12)

let X: B([a,8]%) — [0,00] be the Lebesque-Borel measure on [, 8)%, let ||| (UpenyR") — R
and (-,-): (Upen@®"™ X R™)) — R satisfy for alln €N, x = (z1,...,25), y = (Y1,-.-,Yn) € R"



that ||z|| = [Z?:1|xi|2]1/2 and (x,y) = Y i) xyi, let If CRY R, ie{l1,2,..., H}, satisfy
for all e R, i € {1,2,...,H} that

1Y = {z=(21,...,2q) € [, 8] bY + z;l:l mﬁjxj >0}, (13)
and let G = (G1,...,Gy): R® — R satisfy for all 6 € {9 € R®: (VL,)(9))ren is convergent}
that G(8) = lim, 0 (V.£,)(6).

2.2 An upper bound for the norm of the gradient of the risk function
Proposition 2.2. Assume Setting 2.1 and let € R®, i € {1,2,...,H}, j € {1,2,...,d}. Then

(i) it holds for all v € N that £, € C1(R*,R),

(i) it holds that limsup,_,.|£,(0) — L(#)] =0,
(iii) it holds that limsup,_,..||(V£,)(0) — G(0)|| =0, and
(iv) it holds that

G tyans (6) = 20° / 2(W(x) — f(z)) u(dz),

0
Iz’

Grrasi(6) = 20° / (W (z) — f(x)) u(da),

0
Iz’

G a(0) =2 [ (] 4 Yol 0)] (42) = S 0) ),

(14)

ond  Go®) =2 [ (@)~ f()) u(do)

[@,4]?

Proof of Proposition 2.2. Throughout this proof we assume without loss of generality that
w([e,8]?) > 0. Observe that [I8, Proposition 2.3] (applied with a ~ @, b ~ &, u
(B([e,8)?) 3 A = u(A)u([e,d?)]~! € [0,1]) in the notation of [I%, Proposition 2.3]) es-
tablishes items (i), (ii), (iii), and (iv). The proof of Proposition 2.2 is thus complete. O

Lemma 2.3. Assume Setting 2.1 and let a € R, 6 € R® satisfy a = max{|e|,|&],1}. Then
IGO)N* < 4£(9)(a*(d + D]I9]* + 1) ([, 4]%). (15)

Proof of Lemma 2.3. Throughout this proof assume without loss of generality that u([, £]¢) >
0. Note that Proposition 2.2, [I8, Proposition 2.3] (applied with a v\ @, b~ &, u <~
(B([e,6)?) 3 A u(A) (e, €0,1]) in the notation of [13, Proposition 2.3]), and [18,
Lemma 2.5] (applied with a »~ @, b~ &, -~ (B([@,8)?) 2 A= w(A) (e, )] €10,1]) in
the notation of [18, Lemma 2.5]) establish (15). The proof of Lemma 2.3 is thus complete. O

Corollary 2.4. Assume Setting 2.1. Then it holds that G is locally bounded and measurable.

Proof of Corollary 2.4. Observe that item (ii) in Proposition 2.2 ensures that for all » € N it
holds that R® 5 6 — (V£,)(#) € R® is measurable. Combining this with item (iii) in Proposi-
tion 2.2 demonstrates that G is measurable. Moreover, note that Lemma 2.9 and Lemma 2.3
assure that G is locally bounded. This completes the proof of Corollary 2.4. U



2.3 Continuous dependence of active neuron regions on ANN parameters

Lemma 2.5. Let d € N, ¢ € R, £ € (@,0), let I* C [a,8)?, u € R, satisfy for all
u = (u1,...,uqs1) € R that 1" = {x = (z1,...,2q) € [@, 8] ugy1 + 2?21 wiz; > 0}, for
everyn € N let \,,: B(R™) — [0, 00] be the Lebesgue—Borel measure on R™, and let v € R¥1\{0}.
Then

lim Suppa+154_yp Ad(L“AI") = 0. (16)

Proof of Lemma 2.5. Throughout this proof let [|-[|: (U,eyR"™) — R satisfy for all n € N,
x = (x1,...,2y) € R" that ||z|] = [Z?:1|xi|2]1/2. Observe that the fact that for all y € R it
holds that y > —|y| ensures that for all u = (uy,...,uqy;) € R i€ {1,2,...,d + 1} with
|lu — v|| < |v;| it holds that

UV; = (vi)2 + (w; — vy)v; > |vl-|2 — Ju; — vi||vg| > |vl-|2 — |lu = v]||v;] > 0. (17)

In the following we distinguish between the case max;c(y o, . a3 [vi| = 0, the case (max;e1 2, ay[vil,
d) € (0,00) x [2,00), and the case (max;cq19.. q1|vil,d) € (0,00) x {1}. We first prove (16) in
the case

maXie{1,2,...,d}‘Ui‘ = 0. (18)

Note that (18) and the assumption that v € R¥1\{0} imply that vq,1 # 0. Moreover, observe
that (18) shows that for all u = (uq,...,ug11) € R 2 € I*AIY we have that

([ wii] +wara) = ([0 viwi] +vasa)]

d d d (19)
= | [ wims] + uaga | + |[Dim viws] + vag1| = | [ vizi] 4 vara| = |vasal.
In addition, note that for all u = (uy,...,uqr1) € R4 2 € [@,4]? it holds that
([ wiwi] + uaen) = ([ via] + va)| < [l = villil] + Juapr = vara (20)

< max{le], [A} [0 Jus — vil] + [uger — vari] < (1 -+ dmax{le, 4]})[u - v,

Combining this with (19) shows that for all v € R4T! with |Ju — || < wrlﬁi;% it holds that
I"AI" = @. Hence, we obtain that limsupga+15,_y, Ad(I*AI") = 0. This establishes (16) in

the case maxjeq1 2, qp|vil = 0. In the next step we prove (16) in the case
(maxie{1727...7d}]vi\, d) € (O, OO) X [2, OO) (21)

For this we assume without loss of generality that v; # 0. In the following let J;"* C R,
r € [, 8%, u,w € R, satisfy for all © = (x9,...,24) € [@, 8", u,w € R that
J" ={y € [@,d]: (y,z2,...,24) € ["\I"}. Next observe that Fubini’s theorem and the fact
that for all u € R4 it holds that I'* is measurable show that for all u € R4 we have that

Lyear (@) Adg(dz) = /[ ﬁ}d(]lf“\l” () + Loy pe () Aa(de)

Ag(T"ATY) = /

[@.6]?

:/ / (]]-Iu\fv(y7x27"'7xd)+]]-I”\I“(y7x27"'7xd)) A1(dy) )\d,l(d(xz,...,l'd))

[@,8]=1 V0]

(22)

= / / (Lo (y) + Ly (y)) M(dy) Ag—1(dz)
(2,819 Ja,b]

_ /[ o D) F ) N ),



Moreover, note that for all z = (z2,...,7q) € [@, 8% u = (u1,...,ugp1), w = (w1,...,we41) €
R 5 € {—1,1} with min{su1,sw;} > 0 it holds that

J" ={y € [@,8]: (y,x2,...,2q) € ["\I"}
= {y € [@,8): uy + [S8 o wiw] + ugpr > 0> wiy + [0, wiry] + wd+1} (23)

= {y S [{o,ﬁ]: — %([2?22 uzm,] + ud+1) < sy < —%([2?22 wixi] + wd+1)}.

Hence, we obtain for all z = (x,...,14) € [@, 89", u = (u1,...,uqe1), w = (wy,...,We41) €
R s € {—1,1} with min{su;,sw;} > 0 that

M) < i([zgl 2“1%] +udp1) — %([Z‘Lz Wi +wd+1)‘
[ 1] + [ - v @)
max{|el, |ﬁ|}[z w_ ]y |t ven
Furthermore, observe that (17) demonstrates for all u = (u1,. .., ugy1) € R with ||u —v|| <
% that ujv; > 0. This implies that for all u = (ug,...,uqr1) € R with |Ju — v| < \1)2_1\

there exists s € {—1,1} such that min{su;,sv1} > 0. Combining this with (24) proves that
there exists € € R such that for all z € [, 4]}, v € R with |lu — v < |v1‘ we have that
M (I + M (J2") < €|lu —v||. This and (22) establish (16) in the case (maxze{m,___’d}]vi\,d) €
(0,00) X [2,00). Finally, we prove (16) in the case

(maxie(12, alvil,d) € (0,00) x {1}. (25)

Note that (25) assures that |v;| > 0. In addition, observe that for all v = (uj,us), w =
(w1, wz) € R? s € {—1,1} with min{suq,sw;} > 0 it holds that

I\I" ={y € [@,d]: wiy+ w2 >0>ujy+us} = {y €le,d: — 42 <sy< —%}
(26)
C {yeR: —%<5y§—&}.

ul

Hence, we obtain for all u = (u1,us), w = (w1, wz) € R% 5 € {—1,1} with min{su,sw;} >0

that

i |() - ()]
Furthermore, note that (17) ensures for all u = (u, us) € R? with ||u —v| < |v1] that uyv; > 0.
This proves that for all u = (uj,u2) € R? with ||u — v| < |v1| there exists s € {—1,1} such

that min{su;,sv;} > 0. Combining this with (27) demonstrates for all u = (u1,u2) € R? with
|lu — | < |v1] that

Uz w2

ul wy |°

(27)

AMTPAT?) = M (I"\IY) + M (I°\I") < (28)

v1 :
Hence, we obtain that

lim supg2s,_yy A1 (LAIY) = 0. (29)
This establishes (16) in the case (max;c( o, ay|vil,d) € (0,00) x {1}. The proof of Lemma 2.5

is thus complete. ]

Lemma 2.6. Let (E,E) be a measurable space, let u: € — [0,00] andv: € — [0, 00| be measures,
assume p <K v and p(E) < oo, and let € € (0,00). Then there exists 6 € (0,00) such that for
all A € € with v(A) < § it holds that u(A) < e.



Proof of Lemma 2.6. Throughout this proof assume for the sake of contradiction that there
exists A = (A, )nen: N — &€ which satisfies for all n € N that v(A4,,) < 27" and p(4,,) > € and
let B, € £, n € N, and C € & satisfy for all n € N that B, = ;—,, Ax and C = (2, Bx.
Observe that the fact that for all n € N it holds that v(A,) < 27" ensures that for all n € N
we have that

v(Bn) = (U, Ar) < 302, v(Ak) < 352,27 =270 (0, 27F) =21 (30)
This implies that
v(C) = v(N32, Br) < infrenv(By) < infren(27F) = 0. (31)
The assumption that y < v hence shows that
u(C) = 0. (32)

Moreover, note that the fact that for all n € N it holds that u(A,) > ¢ proves that for all n € N
we have that p(B,) = p(Uze, Ax) > €. Combining this and (32) with the fact that for all
n € N it holds that B,, O B,41 and the fact that u(B;) < pu(E) < oo demonstrates that

0 =p(C) = u(NpZy Br) = limg—o0 u(Bk) > € > 0. (33)
This is a contradiction. The proof of Lemma 2.6 is thus complete. U

Corollary 2.7. Let (E,E) be a measurable space, let p: E — [0,00] and v: € — [0,00] be
measures, assume p << v and p(E) < oo, and let A, € €, n € N, satisfy limsup,, ., v(A,) = 0.
Then lim sup,,_, . 1(A,) = 0.

Proof of Corollary 2.7. Throughout this proof let € € (0,00). Observe that Lemma 2.6 proves
that there exists 0 € (0,00) such that for all B € £ with v(B) < ¢ it holds that u(B) < e.
Furthermore, note that the assumption that limsup,,_,. ¥(A,) = 0 ensures that there exists
N € N such that for all n € NN [N, 00) it holds that v(A,) < §. Hence, we obtain for all
n € NN [N,o00) that u(A,) < e. The proof of Corollary 2.7 is thus complete. O

Corollary 2.8. Assume Setting 2.1, let § € R?, i € {1,2,..., H} satisfy |b?| + Zf:1|mf7j| > 0,
and assume (< X. Then lim supgosy_g (IS AIY) = 0.

Proof of Corollary 2.8. Throughout this prooflet ¥ = (9, )nen: N — R? satisfy lim sup,,_, oo ||[0n—
0| = 0. Observe that Lemma 2.5 and the assumption that [b?| + Z?:1|m?’j| > 0 establish

that limsup,, . )\(IZ-GAI?") = 0. Combining this, the assumption that p < A, the fact that
w([e,8)?) < oo, and Corollary 2.7 implies that lim sup,,_, . ,u(IfAIf”) = 0. The proof of Corol-
lary 2.8 is thus complete. O

2.4 Differentiability of the risk function

Lemma 2.9. Let d, HYEN, ¢ €R, £ € (w,), f € C([e,f?R) satisfy 0 = dH + 2H + 1,
let /' = (N?)pepo: R — C(RER) satisfy for all = (61,...,60,) € R?, & = (x1,...,24) € RY
that

N0 (@) =0y + I, Oprarryri max{Onars + Y-y 0i—1)a4575,0}, (34)
let p: B([@,8)?) — [0,00] be a finite measure, let ||-]|: R® — R and £: R® — R satisfy for all
0= (61, 00) € B that 0] = (-2, 65P]2 and £(6) = [, gl () ~ (@))? n(d2), and
let K CR® be compact. Then there exists & € R such that for all 6,9 € K it holds that

(supefq gal 47 (@) = #7(2)]) +|L£0) = L) < 2] - D]. (35)
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Proof of Lemma 2.9. Throughout this proof we distinguish between the case ([« ,#]?) = 0 and
the case u([e,#]?) > 0. We first prove (35) in the case

wle,d?) = 0. (36)

Note that (36) ensures that for all € R? it holds that £() = 0. Furthermore, observe that [13,
Lemma 2.4] (applied with a ~ @, b~ &, -~ (B([2,4]?) 2 A 1a(a,a,...,a) €[0,1]) in the
notation of [18, Lemma 2.4]) proves that there exists & € R such that for all 6,9 € K it holds
that (supxe[@7ﬁ}d|./l/9(x) — WV (x)]) < Z||0 — D). This establishes (35) in the case u([«,#]?) = 0.
In the next step we prove (35) in the case u([,#]?) > 0. Note that [18, Lemma 2.4] (applied
with a ~ @, b ~ 4, -~ (B([e,8?) 3 A = u(A)[u(e,£?))™' € [0,1]) in the notation of
[18, Lemma 2.4]) establishes (35) in the case u([@,#]?) > 0. The proof of Lemma 2.9 is thus
complete. O

Lemma 2.10. Let d € N, wi,ws € RY, by,by, ¢ € R, & € (@,0), let ||-|: R — R and
() RT x RY — R satisfy for all @ = (21,...,24), ¥ = (y1,...,yq) € R? that ||z| =
[Z‘ij:l\xi]Q]l/? and (z,y) = 2?21 ziy;, let I, C [, 8)?, k € {1,2}, satisfy for all k € {1,2}
that Iy = {x € [@,8]: (wy,x) + by, > 0}, and let x € [;Aly. Then

k§?§}|<wk,ﬂ?> +be| < [(w1 — wa, x) + by — bo| < max{|e|, |A}Vd|w — wsll + b1 — ba|. (37)

Proof of Lemma 2.10. Throughout this proof assume without loss of generality that x € I1\I5.
Observe that the fact that (we,z) + by < 0 < (w1, x) 4+ by demonstrates that

<w2 —w1,$> +by— b1 < <w2,x> +by <0< <w1,$> + b < <’U)1 —w2,x> + b1 — be. (38)

Hence, we obtain that maxcg oy[{(wk, ) + b| < [(w1 — w2, x) + by — ba|. Furthermore, note
that the Cauchy-Schwarz inequality and the fact that = € [, #]¢ assure that

(w1 — w2, x) 4 by = ba| < [ |[|wr —wal| +[b1 = ba| < max{|el, |}V dws —wi]|+ b2 = bi]- (39)
This completes the proof of Lemma 2.10. O
Proposition 2.11. Assume Setting 2.1, assume p < X\, and let 0 € R® satisfy

L(0) (Zfillb?\l{o}(\bf] + Z?zl‘mz@,j )) =0. (40)
Then
(i) it holds that L is differentiable at 6 and
(ii) it holds that (VL)(0) = G(0).
Proof of Proposition 2.11. Throughout this proof let M € R satisfy
M =inf{m e R: u({z € [@,d)": |#(x) — f(z)| > m}) =0} (41)

and let € € R satisfy
¢ =1+ dmax{|el,|4]}. (42)

We will prove items (i) and (ii) by showing that

lim supgoy o) oo 111 L6 + ) — £(8) — (G(8), B)]] =o. (43)
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Observe that Proposition 2.2 ensures that for all h € R? it holds that

H
h) =2 [Z / (O + X wl ) ol (0 () — f () mdm)]
=1 i
H
2| 3o
2t

[@.6]¢

max{b] + 3°7_; wf 25, 0} (# () — f(x)) M(dw)]

v [ ()~ f@) uldo).
[@,£]
Combining this and the fact that for all 2, y,3 € R it holds that

(=37 (-3 =(@-—ylety—2)=(@—y)(z—y)+2(y—3))
=(z -y’ +2z—-y)y—3)

demonstrates that for all A € R® it holds that
L(0+h)— L) —(G(0),h)
— [ @) - 4@ )
[.4]4

+ 2/[ ﬁ}d(./l/9+h(l“) — W) (N (z) — f(x)) p(dz) — (G(0), h)
:/[ ﬁ}d('/VG-i-h(x) _ /Vﬁ(x))Z ,u(dx)
+2/ <ch+2£1 [(U?+U?)max{b?+b?+z (m9 +mh )a;,01
[e.4]
—0! maX{be + ZJ 11‘0 %5 0}]) (x) — f(x)) p(dx)
- [Z ], (o Syl ol (@) ~ 1 @) u(dx)]
z;l i
B B max 0 T O ( x "
QL;‘” s+ S, 0)(47(@) - f(@) i >]
-2 No(x) — f(x dx).
[ = ) ua

This shows for all A € R? that

L0+ h) — £(6) — (G(0), h) = / (FOH () — 0 ()2 u(dlz)

[@,£]

-2 Z/ Py b9+Z] ol ) (W (x) — f(x)) 1o (x) p(de)

—9 Z/ Py bh+Z] 1m )(/VG(m) —f(x))]lff(m)u(dx)

-2 Z/ pr [JO—FZJ 11‘0 )(-/Ve(x)_f(x))]llf(ﬁﬂ),u(dx) ‘

12

+2 Z /@ Py ) (b + b7 + 370 (00 4wl a ) (W0 (x) — f(x) Lo () M(dx)]

(44)

(47)



Hence, we obtain for all h € R® that

L0+ h) — £(6) — (G(0), h) = / (HOH () — 0 ()2 u(dlz)

[2,£]

+2 Z / of (b0 + X0, ol )(/Ve(fﬂ)—f(w))llzf+h(w)u(dfﬂ)]
(48)
+2 Z / of (b + Y0 wl )W(m)—f(x))(wh(m)—nfgm)u(dm)]

+2 Z AR )W(m)—f<x>><ﬂff+h<m>—Lg(m))u(dm].

Combining this with the triangle inequality and (41) proves that for all h € R°\{0} we have
that

[£(0+h) = L(0) = (G(0). h)] _ thl‘l/ (WO () — 0 (2))? p(de)
7] N [,

+2M||h][~ 1[2/ (0] + 225y ) [ Lo+ (o )u(dw)]

(49)
ot | St / Il o+ Sy v Lagasston )u(dx)]
=1
+2M ZIU +0h|/ 17|~ 6f + 305, wof jaxj | Lpoaresn(a )M(dﬂ?)]-
i=1

Next note that Lemma 2.9 ensures that there exists # € R such that for all z € [, 4], h € R?
with [|h]| <1 it holds that

/O () — (@) < Z| |- (50)
Furthermore, observe that Lemma 2.10 (applied for every i € {1,2,...,H}, h € R®, = €
I977PALY with d A~ d, wy (mfjh,...,m?’j;h), wy A (w0, wl ), b 67" by A~ b,
a N a, b "G I If"'h, Iy ~ I?, x ~ x in the notation of Lemma 2.10) and (42) show that
for all s € {1,2,..., H}, h € R®, x € I*T"AT? it holds that

\buzj wfxg| < \bh+z] Lol x| < |62 + max{|e ], yﬁy}[zgzl\mgj]

(51)
< ||l +dmax{\a!, |Z[}HIRI} = €[lA]]

Moreover, note that (42) implies that for all i € {1,2,..., H}, h € R®\{0}, z € [@,#]¢ it holds
that

1A~ o (b + 325y it jzy) | < (07| + max{|e], 4]} 227, ol

(52)
< [|All + dmax{le|, [£]}[A]] = €[|A]-

This, (49), (50), (51), and the triangle inequality demonstrate that for all h € R°\{0} with
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IIh|| <1 it holds that

[£(0 +R) — L£(0) — (G(6), )]
|17

< 22|0ll[u(le, 4] +2M

H
3 [ b+ ot b))
i=1"1%

H
ey [Z(|n?| ol ol (a2 ALY
i=1 o (53)
< 220l [u([e, AY)] + 2M HE||h| [pu([@, £))] + 2€M [Z(lefl + |0} ) [T AL
=1

H
< (£ + 2M HO) |h| [, A1%)] + 26 [Z (200 {12 AT0)] + I [, ﬁ]d)])]

H
= (2% +4MHQ) ||| [p([e. 8] + deM [Z\U?! [M(If+th)]] :
i=1

Hence, we obtain that

H
lim sup I£06 + h) = £(6) = (G(6), h>q <4EM Z|bf|< lim sup ,u(Iie"'hAIf)> . (54)
RO\ {0} 5h—0 [|A]] — RO\ {0}3h—0

In the following we distinguish between the case £(6) = 0 and the case £(0) > 0. We first prove
(43) in the case

L(6) = 0. (55)
Observe that (55) implies that for y-almost every = € [«,#]? it holds that 4% (z) = f(z). This
and (42) show that M = 0. Combining this with (54) establishes (43) in the case £(f#) = 0. In
the next step we prove (43) in the case

£(6) > 0. (56)

Note that (40) and (56) ensure that for all i € {1,2,..., H} with [0?| > 0 it holds that |bY| +
Zf:1|mf7j| > 0. Corollary 2.8 hence proves that for all i € {1,2,..., H} with [v¢] > 0 we
have that lim supgas,_,o (17" AI?) = 0. Combining this with (54) establishes (43) in the case
L(0) > 0. The proof of Proposition 2.11 is thus complete. O

2.5 Lower semicontinuity of the norm of the gradient of the risk function

Lemma 2.12. Assume Setting 2.1 and let j € NN (H(d+1),9]. Then it holds that R® > 6 —
G;(0) € R is continuous.

Proof of Lemma 2.12. Throughout this proof let ¥ € R® and let 6 = (6,,)nen: N — R? satisfy
limsup,, ,||0n — J|| = 0. Observe that Lemma 2.9 and the fact that R 5 x — max{z,0} € R

is continuous prove that for all i € {1,2,...,H}, x = (21,...,24) € [@,#]¢ it holds that
lim ([max{bf“ + Zizl mf’}ﬁxk,O}] (./V‘g” (x) — f(x)))
n—o0 . ’ (57)
= [max{b] + >1_, w? 24,0} (#7(z) — f(x))

and

lim (4 (2) — f(x)) = ¥ (2) - f(x). (58)

n—o0

Combining (14) and Lebesgue’s dominated convergence theorem therefore establishes that
lim sup,,_,,|G;(0n) — G;(¥)| = 0. The proof of Lemma 2.12 is thus complete. O

14



Lemma 2.13. Assume Setting 2.1, assume u < A, and let € R®, i € {1,2,...,H} satisfy
6] + 324 [w? | > 0. Then

(i) it holds for all j € {1,2,...,d} that R® 5 9 = G(;_1)a4; (V) € R is continuous at 6 and
(i1) it holds that R® 3 0 — Gpayi(¥) € R is continuous at 6.

Proof of Lemma 2.13. Throughout this proof let j € {1,2,...,d}. Note that (14) implies that
for all ¥ € R®, v € {0,1} we have that

' [ [ @@ - @) M(dw)] - [ [ @ '@ - @) u(dx)] '
I; I

<

[ @) = @) ) e

(59)
+

/[ ﬁ]d(xj)v(/’/@(ﬂ?) = f(@)) (Lo (2) — 1pp (2)) p(de)

< [supsepa.gal ()" (47 (@) = (@) ulle, 6)7)
+ [suppepa,aal(27)" (V0 (@) = f@)|] (I AL).

Next observe that Lemma 2.9 establishes that for all v € {0, 1} it holds that

lim Supga 0 (SUD e g0l (27)° (7 () = H(2))]) = 0. (60)

Moreover, note that the assumption that p < A, the assumption that |bY| + Zzzl\mf el >0,
and Corollary 2.8 imply that lim supgasg_,g #(I¢ AIY) = 0. Combining this with (59) and (60)
shows that for all v € {0,1} it holds that

R 50 [ (@) (47(@) ~ fla)) p(ax) € R (61)

is continuous at 6. This and (14) establish that G(i-1)d+; and Gpgay; are continuous at ¢. The
proof of Lemma 2.13 is thus complete. O

Lemma 2.14. Assume Setting 2.1 and let @ € R, i € {1,2,..., H} satisfy \beZ?lemﬁj! =0.
Then

1) it holds for all j € {1,2,...,d} that DU = |Gk _1)deq € R 1is lower semicontinuous
holds for all d} that R® 39 Gi—1)a+j (¥ R is {
at 0 and

(ii) it holds that R® 3 9+ |Gpavi(9)] € R is lower semicontinuous at 6.

Proof of Lemma 2.1j. Observe that the assumption that [bY| + Z?:1|m?’j| = 0 proves that
1% = @. Combining this with (14) shows that for all j € {1,2,...,d} it holds that Gli—1)d+j(0) =
Gra+i(0) = 0. Therefore, we obtain for all j € {1,2,...,d} and all 9 = (V,)nen: N — R® with
lim sup,,_, o||Yn — 0| = 0 that

Gi—1)a+5(0)] = 0 < liminfy,00[G(i—1)asj (Un)] (62)

and
Gravi(0)] = 0 < liminfy, o |Grari(Vn)l- (63)

Hence, we have for all j € {1,2,...,d} that R’ 3 ¢ — [G;_1)41,;(¥)] € R and R 5 ¢ —
|Grra+i(9)| € R are lower semicontinuous at §. The proof of Lemma 2.14 is thus complete. O
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Corollary 2.15. Assume Setting 2.1, assume p < X, and let k € {1,2,...,0}. Then it holds
that R® 3 0 — |Gr(0)| € R is lower semicontinuous.

Proof of Corollary 2.15. Note that Lemma 2.12 assures that for all k € NN (H(d + 1),9] it
holds that R? 3 6 +— |Gx(0)| € R is lower semicontinuous. Moreover, observe that Lemmas 2.13
and 2.14 prove that for all k € NN [1, H(d + 1)] it holds that R® 3 6 — |Gx(0)| € R is lower
semicontinuous. The proof of Corollary 2.15 is thus complete. U

Corollary 2.16. Assume Setting 2.1 and assume p < \. Then it holds that R® > 6 — ||G(0)|| €
R is lower semicontinuous.

Proof of Corollary 2.16. Throughout this proof let ¥ € R® and let § = (0p)nen: N — R?
satisfy limsup,,_,||0n — ¥|| = 0. Note that Corollary 2.15 and the fact that for all v =
(V) (kmyeq1,2y < s 11,2} x N — [0, 00) it holds that

liminf,, o0 (v1,n + v25,) > (liminf, o v1 ) + (liminf, o v2 ) (64)
ensure that
lim inf[G (0|2 = liminf | 23_,1G;(6) 2| > 323_, [lim infy 001G (60) ]
> 325G = 1G(0)|1.

Hence, we obtain that ||G(9)|| < liminf, ,||/G(0,)||. The proof of Corollary 2.16 is thus com-
plete. O

(65)

Corollary 2.17. Assume Setting 2.1 and assume u < \. Then there exists an open U C R®
such that fRa\U 1dr =0, L|y € CYU,R), and V(L|y) = G|v-

Proof of Corollary 2.17. Throughout this proof let U C R? satisfy
U={0eR [Vie{1,2,....H}: (|6!] + X7, [w?;| > 0)]}. (66)

Observe that (66) ensures that U C R? is open. Moreover, note that the fact that R°\U C
(Ufil{ﬂ € R*: b? = 0}) assures that fRa\Uldx = 0. Furthermore, observe that Proposi-
tion 2.11 demonstrates that for all § € U it holds that £ is differentiable at 6 with (VL)(0) =
G(#). In addition, note that Lemma 2.12 and Lemma 2.13 prove that for all § € U, i €
{1,2,...,0} it holds that R® > ¢ — G;(¥) € R is continuous at 6. Hence, we obtain that
L|y € CY(U,R). This completes the proof of Corollary 2.17. O

3 Convergence of the risk of gradient flows (GFs) in the training
of ANNs

In this section we establish in Theorem 3.2 in Subsection 3.1 below, in Corollary 3.3 in Subsec-
tion 3.2 below, and in Corollary 3.5 in Subsection 3.4 below convergence results for the risk of
GFs. In particular, in Theorem 3.2 we establish that the risk of every bounded GF trajectory
converges to the risk of a critical point. Our proof of Theorem 3.2 employs the fundamental
theorem of calculus type result for the risk of GFs in Lemma 3.1 in Subsection 3.1 and the
fundamental fact that the standard norm of the generalized gradient function G: R® — R? is
lower semicontinuous, which we established in Corollary 2.16 above. The proof of Lemma 3.1
is entirely analogous to the proof of [, Lemma 3.5]. In Corollary 3.3 we establish that the risk
of every bounded GF trajectory with sufficiently small initial risk converges to the risk of the
global minima of the risk function. In Corollary 3.5 we employ the characterization result for
criticial points for affine linear target functions in Cheridito et al. [7] to specialize Corollary 3.3
to the situation of affine linear target functions.
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3.1 Convergence of the risk of GF's to the risk of a critical point

Lemma 3.1. Assume Setting 2.1, let T € (0,00), and let © € C([0,T],R®) satisfy for all
t €10, T) that ©; = ©¢ — fot G(©s)ds (cf. Corollary 2.4). Then it holds for all t € [0,T] that
£(8r) = £(80) — fyIG(O)]* ds.

Proof of Lemma 3.1. The proof of Lemma 3.1 is entirely analogous to the proof of [, Lemma
3.5]. O

Theorem 3.2. Assume Setting 2.1, assume u < X, and let © € C([0,00),R®) satisfy for all
t € [0,00) that supyejg o) ||Os]| < oo and

O, = 0 — /O "G, ds (67)

(cf. Corollary 2.4). Then there exists 9 € G~1({0}) such that limsup,_,., £(0;) = L(1).

Proof of Theorem 3.2. Observe that Lemma 3.1 implies that [;°[|G(05)||* ds < co. Hence, we
have that liminf; . ||G(©;)| = 0. This proves that there exists 7 = (7, )nen: N — [0, 00) which
satisfies lim inf,, o 7, = o0 and

limsup, . [1G(6:, )] = 0. (63)

Note that the fact that sup,,en||©r, || < supye(p )|l < 0o ensures that there exist © € R®
and a strictly increasing n: N — N which satisfies

limsupy,_,[[©7,,, — 9]l = 0. (69)
Observe that (68), (69), and Corollary 2.16 demonstrate that
1G] < lim infg 00 |G (O, 1) )| = 0. (70)

Furthermore, note that Lemma 3.1 assures that [0,00) > ¢ — £(©;) € R is non-increasing.
Combining this and (69) with Lemma 2.9 proves that limsup;_,., £(0¢) = limy—,00 L(O7,,,) =
L(¥). The proof of Theorem 3.2 is thus complete. O

3.2 Convergence of the risk of GFs to the minimal risk

Corollary 3.3. Assume Setting 2.1, assume p < A, let m € R satisfy m = infycpo £(0), and
let © € C([0,00),R®) satisfy supse(p o0)[|Otl] < 00, ¥Vt € [0,00): Oy = Og — fgg(@s)ds, and
Vo e GH{0}) N L ((m, 00)): infyeo,00) £(Or) < L(O) (cf. Corollary 2.4). Then

lim sup,_, . £(0) = m. (71)
Proof of Corollary 3.3. Observe that Theorem 3.2 assures that there exists ¥ € R? which sat-
isfies G(¥) = 0 and limsup,_, ., £(0;) = L(¥). In the following we prove (71) by contradiction.

We thus assume that
L(¥) > m. (72)

Note that (72) and the assumption that V6 € G~ ({0}) N L7 ((m, 00)): infyepo 00y £(Or) < L(0)
imply that
infie(0,00) £(O1) < L(V). (73)

Moreover, observe that Lemma 3.1 proves that [0,00) 3 t — L£(©;) € R is non-increasing.
Combining this with (73) shows that

L(9) = limsup,_, o, L(O¢) = infiejo 00) L(Or) < L(). (74)

This is a contradiction. The proof of Corollary 3.3 is thus complete. O
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3.3 Risks of critical points for affine linear target functions

Proposition 3.4. Assume Setting 2.1, assume d = 1, and let a, f € R, p € (0,00) satisfy for
dl E € B([a,d]), x € [@,8] that W(E) = pA1(E) and f(x) = ax + B. Then
(i) there exists U € R® such that L() = infpero L(0) = 0 and

a,2 —a 3
(ii) it holds for all § € G~1({0}) N L71((0,00)) that L(0) > tHsriiz e

Proof of Proposition 3.4. Note that the assumption that d = 1 implies that 0 = 3H + 1. Let
P € R3A+HL gatisfy mlﬁl =1, blf = —a, Ullp = a, cllp =p+aa,and Vie NN (1, H]: mfl = b;ﬂ =
U;p = 0. Observe that for all = € [, #] we have that

N (z)=amax{z —«,0}+ B +ae =a(lz—a)+ae+ 6 =az+ = f(x). (75)

This shows that £(1)) = 0. Combining this with the fact that for all € R? it holds that £(6) > 0
establishes item (i). We now prove item (ii). For this assume in the following without loss of
generality that o # 0 and let & = (&1,...,8;): R — R? satisfy for all § € R®, i € {1,2,...,H}
that

4

®i(0) =20] [ w(N"(x) = f(2))Ljo,0c) (]2 + b7) da,
4
Grri(0) = 207 [ (H7(2) = [ (@)oo (w7 + b7) o,
v (76)
Gop+i(0) = 2/ [max{mzlm + 67,0} (¥ (z) — f(z))da,
4
and G =2 [ (N (z) - f(x))dz

(cf., e.g., [7, Lemma 3.5]). Note that (14) and the assumption that for all E € B([e,4]) it
holds that u(F) = pAi1(E) show that for all § € R®, i € {1,2,..., H} it holds that Gop.;(0) =
p 'Gar1i(0) and &y(0) = p~1G,y(6). In the following let § € R3H+! satisfy £(0) > 0 = ||G(0)||
and let ¥ € R3+1 satisfy for all i € {1,2,..., H} that

oy =iy, b =0, o =0{loe)(wiy| +67)), and = (77)
Observe that (77) ensures that
N =m0 LW =LB), and G©) =G(H) =0. (78)

Furthermore, note that the fact that for alli € {1,2,..., H} it holds that Gop ; () = p~1Gag (V)
and &,(9) = p~1G,y(¥) assures that for all s € {1,2,..., H} it holds that

Borri(9) = By(¥) = 0. (79)

Next observe that the fact that for all ¢ € {1,2,..., H} with |m;9,1| + 6% = 0 it holds that
v? = 0 implies that for all i € {1,2,..., H} with |m31| + 67| = 0 we have that

B:(9) = Br4(0) = 0. (80)

In addition, note that for all i € {j € {1,2,...,H}: |m21| + |b;9| > 0} and almost all z € [, 4]
it holds that 11[0700)(m;971x +b?) = ﬂ(o,oo)(mgﬁ +bY) = 179(x). This shows that for all i €
{1,2,..., H} with [w?,] + [bY| > 0 it holds that

&) =p'Gi(W) =0 and Gy (V) =p 'Guyi(¥) = 0. (81)
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Combining (79)—(81) demonstrates that &(J) = 0. Cheridito et al. [7, Corollary 2.7] hence
proves that there exists n € {0,2,4,...} N (0, H] which satisfies

4 2(h — a)3
£0) = L) =p [ (#°(a) = (o + 5)) do = % (s2)

Observe that the fact that § € Z and the fact that n < H assure that n < 2| H/2]. Combining
this with (82) shows that

pat(t—a)® _  po*(t — )’
12(n+ 1)* = 12(2[H/2] + 1)

L(0) = (83)

This establishes item (ii). The proof of Proposition 3.4 is thus complete. O

3.4 Convergence of the risk of GFs to the minimal risk for affine linear target
functions

Corollary 3.5. Assume Setting 2.1, assume d =1, let a, 3 € R, p € (0,00) satisfy for all E €
B([e,d]), x € [@, 8] that u(E) = pA1(F) and f(z) = ax + 3, and let © € C([0,0),R°) satisfy
. o2(f—a)3
supte[O’oo)H@tH < oo, Vt€[0,00): O = Oy — fgg(@s)ds, and infye(o o) L(O) < %
(cf. Corollary 2.4). Then
limsup,;_, £(6;) = 0. (84)

Proof of Corollary 3.5. Note that item (i) in Proposition 3.4 implies that infgcgo £(0) = 0.
Moreover, observe that item (ii) in Proposition 3.4 demonstrates that for all § € G=1({0}) N
L71((0,00)) we have that

pa(l —a)?

LOY =2 T + 198 7 e, £(O0): (85)

Combining this and Corollary 3.3 (applied with m » 0 in the notation of Corollary 3.3)
establishes that limsup;_, . £(©;) = 0. The proof of Corollary 3.5 is thus complete. O

4 A priori estimates for GFs in the training of ANNs

In this section we establish in Proposition 4.1 in Subsection 4.1 below, in Corollary 4.2 in
Subsection 4.1, in Corollary 4.3 in Subsection 4.2 below, and in Proposition 4.4 in Subsection 4.3
several general a priori estimates for GF trajectories. In particular, Corollary 4.2 demonstrates
that the limit value of the risk of every GF trajectory is bounded by the squared L2-error
infgeR[f[avﬁ}d(f(x)—§)2 p(dx)] of constant approximations of the target function f: [@,#]¢ — R.
Our proof of Corollary 4.2 is based on an application of the a priori estimate in Proposition 4.1.
Corollary 4.3, in particular, proves that the norm of every GF trajectory is bounded until the first
time where the risk is smaller than infgeR[f[%ﬁ}d(f(x) — €)% u(dz)]. Our proof of Corollary 4.3
also employs an application of Proposition 4.1. A result similar to Proposition 4.1 has been
obtained in [0, Lemma 3.2] in the special situation where the measure u is the Lebesgue—Borel
measure on [0,1] and where the target function f is a constant function, and our proof of
Proposition 4.1 uses similar ideas as the proof of [, Lemma 3.2].

In Proposition 4.4 we identify appropriate invariant quantities for the GF dynamics. In the
scientific literature Proposition 4.4 has already been asserted and proved in Williams et al. [23,
Lemma 3] in the case where the measure p is chosen in a way so that the function £: R® — R
describes the empirical risk and where the input is 1-dimensional (where d = 1). Moreover, a
result similar to Proposition 4.4 has also been established in Du et al. [12, Theorem 2.1] in the
situation of deep ANNs without biases.
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4.1 Lyapunov type functions for GFs

Proposition 4.1. Assume Setting 2.1, let £ € R, let V: R® — R satisfy for all 6 € R® that
V(0) = |10]|> + | — 2¢)?, and let © € C(]0,00),R?) satisfy for all t € [0,00) that ©; =
Oy — f(f G(©s)ds (cf. Corollary 2.4). Then it holds for all t € [0,00) that

V(e = V(e -5 [ £©)as—s [ [ [, ) =0 @) = ) pn) | s
t | (56)

< V(Oy) + 4 / ds.

0

/ ((x) - )% p(de) — £(O,)
[«,4]4

Proof of Proposition 4.1. Note that for all § € R? it holds that
(VV)(0) &)
=2(wf ..ol gwd o wf 6] e 6], e 2 — 2¢).

This and (14) imply that for all € R? it holds that
(VV)(9),6(0))

H

> o /[ o0 i ol (47 @) = F @)L 00y (67 + Kyl o) u(dw)]
0

i=

D

1
St [ !+ Sy, 00700 < 0] u(dw)]

£~ ¢) [ [, = ) M(dx)] .

=1
+4 (88)

Hence, we obtain for all § € R? that
(VV)(9),6(0))

—s| [ (Zfln?[max{b%z?m?,jxj,o}])we(x)—f(w))#(dm]
[@,4]

18— ) [ / (#(2) — f(x)) mdx)]
[@,8]?
—8 / (#(2) — E)(H* (@) — f(z)) p(dz)
[@,8]?
e / (#O(2) — f(2))* ulda) +8 / (f(z) — (N (x) — f(x)) plda)
[@,8]? [@,8]?

—8L(60) +8 / () — (¥ (2) — f()) p(d).

[@,4]¢
Next observe that the Cauchy-Schwarz inequality implies that for all § € R? it holds that
[, U@ - 0@~ s )
. 11/2 1/2
> — / (f(x) = €)* u(dx) [/ (W0 (x) = f())? p(dx) (90)
|/ [«.4]¢ [@.4]4

11/2

——|[ @ -eruan)| VG
[ _
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Combining this with the fact that for all a,b € R it holds that ab < # demonstrates that
for all & € R® we have that

£(6)

L (o)

— O(2) — f(= x !
[, U@ =90 @) — sy pde) > 2[/[

«,f)?

(f(z) —¢€)° M(dﬁﬂ)] -
This, (89), the fact that V € C*°(R° R), and, e.g., [0, Lemma 3.1] show for all ¢ € [0, 00) that
t
V(©r) - Vieo) =~ [ (VV)(8.).6(0.))ds

0
= — ' s — t x) — Os(z) — f(x x S
s [ pegds-s [ [/WUU (WO (2) = f(a)) p(d >]d

t t (92)
- s)d —&)? p(d )| d
<= [ c@nasea | [/W<f<w> &) u(dr) + £(,)| ds
¢
=4 — &% u(dz) — L(8,)] ds.
/ [ [, @) € uian) @) s
The proof of Proposition 4.1 is thus complete. U

Corollary 4.2. Assume Setting 2.1 and let © € C([0,00),R?) satisfy for all t € [0,00) that
O, =0y — fotg(@s)ds (cf. Corollary 2.4). Then

limsup £(©;) < inf
t—o00 £eR

/ (f(2) - f)QM(dﬂf)]- (93)
[«,4]4

Proof of Corollary 4.2. Throughout this proof let m, &, v € R satisfy m = limsup,_, ., £(0;)

and v = f[a ﬁ]d(f(:v) — €)? u(dz). Note that Lemma 3.1 implies that [0,00) 3 t — £(©;) € R

is non-increasing. This assures that infycfp o) £(©;) = m. Proposition 4.1 hence demonstrates
that for all ¢ € [0,00) it holds that

0 < V(6)) < V(Oy) +4/0t(1/ _ £(6,))ds

‘ (94)
<V(©g) + 4/ (v—m)ds =V (0g) — 4t(m — v).
0
Therefore, we obtain for all ¢t € (0,00) that m — v < %?0). This shows that
m < limsup,_, [V(ﬁo) + y] = (95)
The proof of Corollary 4.2 is thus complete. U

4.2 A priori estimates for GFs with large risk

Corollary 4.3. Assume Setting 2.1, let v, € R satisfy v = f[@ ﬁ}d(f(x) — 6?2 p(dzx), and let
O € C([0,0),R%) satisfy for all t € [0,00) that ©; = @0—fg G(©;)ds (c¢f. Corollary 2.4). Then

SUD (0,00, £(01) 211 (0,000 (1) O] < 3[|O0* + 8I¢[* < oo. (96)

Proof of Corollary 4.3. Throughout this proof let V': R® — [0,00) satisfy for all 6 € R® that
V() = [|0]|2 +|c? — 2¢|% and let t € (0,00) satisfy £(©;) > v. Observe that Lemma 3.1 implies
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that [0,00) > s — L(O;) € R is non-increasing. This shows that for all s € [0,¢] it holds that
L(©s) > L(O;) > v. Combining this with Proposition 4.1 demonstrates that

104 < V(©,) < V(©0) + 4/0t(y _ £(04))ds < V(©y). (97)

Furthermore, note that the fact that for all z,y € R it holds that (z 4 )? < 2(2? 4 3?) ensures
that for all # € R? it holds that

V(0) = 1017+ [¢” — 2¢* < (1011 + 21" + [2¢]*) < 3]10]1* + 8¢ . (98)

Combining this with (97) proves that [|©]| < 3||©¢]|* + 8/¢|*> < co. This completes the proof
of Corollary 4.3. O

4.3 Invariant quantities for GF's

Proposition 4.4. Assume Setting 2.1, let W;: R® - R, i € {1,2,..., H}, satisfy for all 0 € R?,
i€ {1,2,...,H} that W;(9) = [2?21(‘”?73‘)2] + (69)2 — (b9)2, and let © € C([0,0),R?) satisfy

(2

for all t € [0,00) that O = Oy — fg G(©s)ds (cf. Corollary 2.4). Then
(1) it holds for allt € [0,00), i € {1,2,...,H} that W;(0;) = W;(©g) and
(ii) it holds for all t € [0,00) that 1L Wi(©,) = SSH W;(©y).

Proof of Proposition 4.4. Observe that the assumption that for all § € R®, 7 € {1,2,...,H} it
holds that W;(6) = [2?21(‘”?,]‘)2] + (69)2 — (v%)? and (14) demonstrate that for all § € R,
i€{1,2,...,H} we have that

(VW:)(6),6(0))

= 4v] /[a,ﬁ}d (67 + 30y wf2;) (WO () — f(2))L0,00) (b7 + Y20, wf ;) pu(dr) (99)

— 4v? /[@ﬁ}d [max{b? + 2?21 m?,jxj, 0} (#(z) — f(x)) p(dz) = 0.

This, the fact that for all + € {1,2,..., H} it holds that W; € C*°(R® R), and, e.g., [, Lemma
3.1] show for all i € {1,2,...,H}, t € [0,00) that

Wi(©1) = Wi(®0) - /0 (TWi)(©4),6(6,)) ds = Wi(Oy). (100)

This proves item (i). Next note that item (i) establishes item (ii). The proof of Proposition 4.4
is thus complete. ]

5 Properties of ANN parametrizations with small risk and one
hidden neuron

In Theorem 6.7 in Section 6 below we establish in the case where the measure p (see Setting 2.1)
is up to a constant the Lebesgue—Borel measure on [, #], where the hidden layer consists of
only one neuron (where H = 1), and where the target function f: [@,#] — R is affine linear
that the risk of every not necessarily bounded GF trajectory converges to zero. Our proof
of Theorem 6.7 employs, among other things, the a priori bounds for GF trajectories with
sufficiently small initial risk in Lemma 6.2 in Subsection 6.1 below, the well known mean square
approximation results in Lemma 5.1 and Corollary 5.2 in Subsection 5.1 below, the lower bound
for the product of the slope of the target function and its ANN approximations in Corollary 5.6
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in Subsection 5.3 below, and appropriate lower bounds for the transformation between the input
and hidden layer of the considered ANN in Lemma 5.7 in Subsection 5.3.

In Lemma 5.1 in Subsection 5.1 we recall the elementary fact that the mean value of a given
continuous function on a compact real interval is the best constant mean square approximation
of the considered continuous function. Corollary 5.2 in Subsection 5.1 specializes Lemma 5.1
to the case where the considered continuous function is affine linear. Lemma 5.1 follows, e.g.,
from [3, Lemma 2.1] and only for completeness we include in this section detailed proofs for
Lemma 5.1 and Corollary 5.2.

In Setting 5.3 in Subsection 5.2 below we specialize Setting 2.1 from Subsection 2.1 above
and present the mathematical framework which we frequently employ in Sections 5 and 6 to
formulate ANNs with ReLLU activation, one hidden layer, one neuron on the input layer (corre-
sponding to the case d = 1 in Setting 2.1), and one neuron on the hidden layer (corresponding
to the case H = 1 in Setting 2.1) and the corresponding risk functions (see (106) in Setting 5.3).

In Subsection 5.3 we study realizations of ANNs whose risk is strictly smaller than the risk
which can be achieved by the best constant approximation (cf. Lemma 5.1). Our proof of the
a priori bound result for GF trajectories with sufficiently small initial risk in Lemma 6.2 in
Subsection 6.1 employs Lemma 3.1 from Subsection 3.1, Lemma 5.1 and Corollary 5.2 from
Subsection 5.1 and Lemma 5.4, Corollary 5.6, and Proposition 5.8 from Subsection 5.3. The
elementary result in Lemma 5.4 in Subsection 5.3 shows that for every ANN with parameter
vector @ = (61, ...,04) € R* we have that the realization associated to  is Lipschitz continuous
with the Lipschitz constant |6,65.

Corollary 5.6 in Subsection 5.3 demonstrates in the case where there exist o, 5 € R such
that the target function satisfies for all z € [, #] that f(z) = ax+ 3 that for every ANN whose
risk is strictly smaller than the risk which can be achieved by the best constant approximation
(cf. Lemma 5.1) with parameter vector § = (01,...,0,) € R* we have that the slope a of the
target function and the slope 6163 of the realization of the ANN must have the same sign in
the sense that af103 > 0. Our proof of Corollary 5.6 employs an application of Lemma 5.5 in
Subsection 5.3. Lemma 5.5, in turn, establishes the statement of Corollary 5.6 in the special
case where the slope « of the target function is assumed to be strictly positive in the sense that
a> 0.

Lemma 5.7 in Subsection 5.3 establishes that for every ANN whose risk is strictly smaller
than the risk which can be achieved by the best constant approximation (cf. Lemma 5.1) with
parameter vector § = (01,...,0;) € R* we have that the hidden neuron of this ANN cannot
be inactive and we must have that max{6,« + 02,014 + 02} > 0. This simply follows from the
fact that if the neuron was inactive in the sense that max{6;« + 62,614 + 62} < 0, then the
realization function associated to 8 would be constant which would result in a larger risk.

Finally, Proposition 5.8 in Subsection 5.3, the main result of Section 5, loosely speaking,
reveals that for every ANN whose risk is strictly smaller than the risk which can be achieved by
the best constant approximation (cf. Lemma 5.1) with parameter vector 8 = (61,...,60,) € R*
we have that the slope of the realization of the ANN @ is uniformly bounded from below and
from above.

5.1 Mean square approximations through constant functions

Lemma 5.1. Let§, e € R, £ € (@,), f € C([e,d],R). Then

/ () - ¢Pdo> / (1@ - 2 ) de (101)

@ @

Proof of Lemma 5.1. Throughout this prooflet 1 € R satisfy u = (f—«)~! fj f(y)dy. Observe
that for all u € R it holds that

4 4
/ (f(z) —u)*dx = / (f(2))? dz — 2uu(f — ) +u? (4 — «). (102)

@ @
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Hence, we obtain that

/ (@) - P ar / (1) - 2 U ) ) s

@ @

1 A
- / (f(x) — €)% da — / (f(2) - )’ de (103)

= -2l —a)+ (6 —a)+ 20’ (6 —a)— (6 — )
= (- a)(&-2p+p*)= (- a)(&—p)?>0.

This completes the proof of Lemma 5.1. U

Corollary 5.2. Let {,a, 3,2 € R, 6 € (@,00). Then

& 4 a2(6 — )3
/(am+ﬁ—§)2dmz/ ((ax—i—ﬂ)—(a[‘%ﬁ]—i-ﬂ)fdx:%. (104)

Proof of Corollary 5.2. Note that fj(am +p)dx = M +B(6—a) = (6—a)(a[E5%]+ B).
Lemma 5.1 hence shows that

14 14 9 4
[(azs5-02dr> [ ((a+5) - (@42 + ) do = [ o - [52) s
o= 2 _ 3 _ 3
s ] =S5 - (59)] ow
B a? 3 37 (6 —a)?
—ﬂ[(ﬁ—ﬁ,) — (e — &) ] =0
The proof of Corollary 5.2 is thus complete. O

5.2 Mathematical description of ANNs with one hidden neuron

Setting 5.3. Let @« € R, 4 € (@,0), p € (0,00), f € C([@,8),R), w,b,0,c € C(RY,R)
satisfy for all @ = (01,...,04) € R* that w’ = 0y, b9 = 6y, 09 = 03, and & = Oy, let ¥/ =
(W gera: R* = C(R,R) and L: R* — R satisfy for all € R*, x € R that

N (x) = v’ max{w’z + 6%, 0} + ¢ (106)

and L(0) = pfj(./lfg(y) — f(y)?dy, let R, € CLR,R), r € N, satisfy for all z € R that
ln sup, o (%, (2) — macx{z, 0} + (9, (2) — L0, (2)]) = 0 (107)
and sup,en SUPye(— a2 (1P (W) + [(R) (Y)]) < oo, let £ R* — R, r € N, satisfy for all

reN, 6 eR?* that

4
£.(0) = p / (0° [, (072 + 69)] + ¢ — f(2))* da, (108)
let |- : (UpenR™) = Rand (-,-): (Upen(R™ x R™)) = R satisfy for alln € N, x = (z1,..., %),
Yy = (Y1, yn) € R” that ||lz|| = [0, |zl*Y? and (z,y) = S0, i, let A2 B(R) —
[0,00] be the Lebesgue-Borel measure on R, let I C R, § € R*, satisfy for all § € R*
that I° = {z € [@,d]: wlz + 6% > 0}, and let G = (Gy,...,G4): R* — R* satisfy for all
0 {9 eR: (VL)(9))ren is convergent} that G(0) = lim, . (VL,)(0).
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5.3 Properties of ANNs with small risk and one hidden neuron
Lemma 5.4. Assume Setting 5.3 and let § € R*. Then it holds for all x,y € R that
(@) = 0 (y)] < [wo||z —y. (109)
Proof of Lemma 5.4. Observe that (106) ensures that for all z,y € R it holds that
(W0 (z) — ()| = |0° max{w’z 4+ 6%, 0} — v/ max{w’y + 6%, 0}|
= |0?||max{w’z + b%,0} — max{w’y + 67,0} (110)
< [07]|(10”z + %) — (0’ + 6%)] = [0”0||z — y.
The proof of Lemma 5.4 is thus complete. O
Lemma 5.5. Assume Setting 5.3, let o € (0,00), B € R satisfy for all x € [, d] that f(z) =
az + B3, and let € R?* satisfy L(0) < M. Then
w’u? > 0. (111)
Proof of Lemma 5.5. We prove (111) by contradiction. We thus assume that
nfu? < 0. (112)
Note that (112) ensures that for all z,y € [, 4] with 2 <y it holds that
o) > HO(y). (113)

In the following we distinguish between the case #%(£) > f(#), the case #/%(2) < f(«), and
the case min{f(#) — #?(4), /% (@) — f(«)} > 0. We first establish the contradiction in the
case

KOB) > [(8). (114)
Observe that (113) and (114) imply for all z € [e,4] that A% (x) > #0(8) > f(£) > f(x).
Combining this with Corollary 5.2 proves that W > L(0) > pfj(f(ﬁ) — f(x))*dz >
M, which is a contradiction. In the next step we establish the contradiction in the case

Na) < f(a). (115)

Note that (113) and (115) show for all € [, 4] that #%(2) < #%(2) < f(e) < f(x). This
and Corollary 5.2 imply that W > L(0) > pfj(f(a) — f(z))?dx > M, which is
a contradiction. Finally, we establish the contradiction in the case

min{f(£) — /&), /(@) — f(a)} > 0. (116)
Observe that (116) and intermediate value theorem assure that there exists u € [, &] such that
N (u) = f(u). This and (113) prove that Yz € [@,u]: #%(x) > #%(u) = f(u) > f(z) and

Va € [u,d): #%z) < #u) = f(u) < f(z). Combining this with Corollary 5.2 demonstrates
that

O£2 —a 3 u 4
s L0 = [ - )P+ [ @) - S0 da
U 4
> [ — e+ [ 0@ - ) (117)
& A2 — )3
—o [ () - sy o> P
This is a contradiction. The proof of Lemma 5.5 is thus complete. U
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Corollary 5.6. Assume Setting 5.3, let a, B € R satisfy for all x € [@,d] that f(x) = ax + [,
and let 0 € R* satisfy L(0) < W. Then

aw’v? > 0. (118)

Proof of Corollary 5.6. Note that the assumption that £(0) < M assures that o £ 0. In

the following we distinguish between the case o > 0 and the case o < 0. First observe that
Lemma 5.5 establishes (118) in the case @ > 0. In the next step we prove (118) in the case
a < 0. Note that

W > L(0) = p/ﬁ(ng max{w’z + 6% 0} + ¢ — (az + ﬁ))de
“ (119)
= p/ﬁ((—ne) max{r’z + 6% 0} + (=) — (—az — ﬁ))2 dz.

@

Combining this, the fact that —a > 0, and Lemma 5.5 (applied with 8 ~ (n0? 6% —v? —c?),
a A —a, B~ —B in the notation of Lemma 5.5) demonstrates that atw’v? = (—a)n? (—v?) > 0.
This establishes (118) in the case aw < 0. The proof of Corollary 5.6 is thus complete. O

Lemma 5.7. Assume Setting 5.3, let m € R satisfy m = pfz(f(m) —(f—a)t fz f(y)dy)? dx
and let 6 € R* satisfy £(0) < m. Then max{w’« + 6% w’4 + 6%} > 0.

Proof of Lemma 5.7. We prove Lemma 5.7 by contradiction. We thus assume that

max{w’e + b?, w’z + 6%} < 0. (120)
Observe that (120) ensures that for all = € [«, #] we have that
m9m+b9:[ﬁ ”C}(m @ +bf) + [ﬁ @}( w’s + b) < (121)

This implies for all # € [, #] that max{r?z +b?,0} = 0. Therefore, we obtain for all z € [«, 4]
that #?(x) = ¢?. Combining this with Lemma 5.1 proves that £(#) > m. This is a contradiction.
The proof of Lemma 5.7 is thus complete. U

Proposition 5.8. Assume Setting 5.3 and let m € R, ¢ € (0,00) satisfy m = pfﬁ(f(ac) —(6—

f fly dy dx. Then there exists € € (0,00) such that for all§ € {9 € R*: L(¥) < m—e}
zt holds that €71 < |wfv?| < €.

Proof of Proposition 5.8. Throughout this proof assume without loss of generality that ¢ < m,
assume without loss of generality that {9 € R*: £(J) < m — ¢} # @, and let M € R satisfy
M = max{l,sup,c[, 4|f(2)[}. We first prove that there exists € € (0,00) such that for all
6 {9 R L(Y) <m — e} it holds that

¢ < nofu?|. (122)

Note that Lemma 5.4 implies for all § € R*, z € [@, 4] that |4 (z) — % ()| < w002 — 2| <
I?0?|(£—«). Combining this, Lemma 5.1, and Minkowski’s inequality establishes for all § € R*
that

p 1/2
£0) = |p / (#(z) — f(x)? dx]

@

v

¢ 1/2 p 1/2
o </V9<a>—f<x>>2dx] - [p / w%m—m%mfdx]

@ @

(123)

p 1/2 4 1/2
>§gﬂg[ L <f<x>—£>2dx] - [p a|m%9|2|ﬁ—a|2dx]
= v/m — |0’ |\/p(6 — )3
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This implies for all § € R* that
| > Yo yE®) (124)

Vp(e—a)?

Hence, we obtain for all § € {9 € R*: £(9) < m — &} that

o

0.0 Vm—+/LO) _ /m—y/m—¢
wfo?| > Tt 2 e >0 (125)

This establishes (122). In the next step we verify that there exists € € (0, 00) such that for all
6 c {9 R L(V) <m — e} it holds that

o’ < €. (126)
We prove (126) by contradiction. In the following we thus assume that
SUDge (peki - £(9)<m—e} 070’ = 00, (127)

Observe that (127) ensures that there exist 6,, € {¢ € R*: £(¥9) < m —¢e}, n € N, which satisfy
for all n € N that
0| > 2(n +1)2M > 0. (128)

Roughly speaking, we next establish that for all sufficiently large n it holds that the function
[@,6] > x — H%(z) € R is almost constant in the sense that limsup,_,. A(I%) = 0 and,
thereafter, we use this to prove (126). Note that (106) ensures that for all n € N, z € I it
holds that 4% (z) = w v 2 + (6909 4 ). Combining this with (128) and the fact that for
all a, 8, ¢ € R with o £ 0 it holds that

A{z € e, d]: laz + 6] <d}) < A({z € R: |az + 5] < |[}) 1
Meeri o2l sy —a(-E- -t -3 Y

la laf? lafl/ o

implies that for all n € N we have that

A({x e % |0 (z)] < (n+ 1)M}> < min{A(ﬂn) 2<"+1>M} <min{A(1%), 15}, (130)

9 ‘m(?n nen |

Hence, we obtain for all n € N that

)\({x e 1% |/ (z)] > (n + 1)M}) — A(I%) — )\({x eI | ¥ (z)] < (n+ 1)M})
> AI%) — min{A(I%"), 5} (131)
= max{O,)\(IG") - n+r1}
Furthermore, observe that for all z € I with [#% ()| > (n + 1)M it holds that
40 (2) = f(a)] = |# P (@) = |f (@) 2 |40 (@) = M > (n+ )M — M =nM.  (132)
Combining this with (128) and (131) implies that for all n € N it holds that

m>m—e> L(0,) >n>M? max{O,)\(IG") — %H} (133)

Hence, we obtain that

0 < lim sup[A(I%")] = lim sup [)\(IG") - n%—l] < lim sup [max {0, AI%) — n%—l}]

< lim sup[nQ—"]\}Q] =0.
n—oo
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Next note that (106) ensures that for all n € N, 2 € [@, £]\I?" it holds that 4% (z) = ¢*. This
implies for all n € N that

z) — N (2))?dz > in z) — €)% dz|.
Lozef ()= z@g[p [, =gt )

Furthermore, observe that for all n € N it holds that

[, A\I'" = {z € [@,d]: W'z 4 b <0} = {2 € [@,4]: wa < —b'}

[e, 4] b9 < =0
o : b > i =0 (136)
) e N (oo, — 8] e >0

[@, ) N[~ 00) 1o <0

Lemma 5.1 hence proves that for all n € N it holds that

i —6)? = in —&)? .
ggﬂg[p /M\mu(x) £)2da gemﬁ,m[f’ /{M\Iegf(w) ) dm] (137)

This, (135), (136), and Lemma 5.1 demonstrate for all n € N that

. A2
conz nt o[ (@9 dw]

= . z) —&)*dx — z) — €)% dx
= |7 [0 - [ U sm]

. 2 2
> ) [ g@ g [ (se)+le) dx] .

2 e [ @ -erar—p [ e dx]

. 4 2 2 0
> Lqu o [ (@) -9 dw] — 4pM2A(I™)

_MvM] @

= m — 4pM>\(I).
Combining this with (133) and (134) shows that
m >m — e > liminf,_,o £(0,) > m. (139)

This is a contradiction. The proof of Proposition 5.8 is thus complete. U

6 Convergence of the risk of GFs in the training of ANNs with
one hidden neuron

The main result of this section, Theorem 6.7 in Subsection 6.3 below, demonstrates in the
special situation where the measure p (see Setting 2.1) is up to a constant the Lebesgue—Borel
measure on [, 4], where the hidden layer consists of only one neuron (where H = 1), and
where the target function f: [@,4] — R is affine linear that the risk of every not necessarily
bounded GF trajectory converges to zero. Our proof of Theorem 6.7 employs some of the results
in Sections 3 and 5, the a priori bounds for GF trajectories with sufficiently small initial risk
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in Lemma 6.2 in Subsection 6.1 below, the convergence properties of ANNs with uniformly
convergent realization functions in Lemma 6.4 in Subsection 6.2, and the well-known fact for
integral equations in Lemma 6.6 in Subsection 6.3. Only for completeness we include in this
section a detailed proof for Lemma 6.6.

In our proof of Theorem 6.7 we first employ Lemma 3.1 in Subsection 3.1 to obtain that
[0,00) 3t — G(©;) € R* is L%-integrable. This allows us to extract a subsequence along which
the standard norm of the generalized gradient converges to zero. In the next step Lemma 6.2
enables us to conclude that the realization functions of the corresponding ANNs are uniformly
equicontinuous. This, in turn, allows us to bring the Arzela-Ascoli theorem into play to obtain
that along some sub-subsequence the realization functions converge uniformly on [e,4]. It
then remains to prove that the limit of these uniformly convergent ANN realization functions
coincides with the affine linear target function. We verify this by employing Lemma 6.4 in
combination with a careful analysis of the gradient given by (158).

As a consequence of Theorem 6.7, we prove in Corollary 6.9 in the special situation where the
measure p (see Setting 2.1) is up to a constant the Lebesgue-Borel measure on [«,#], where
the hidden layer consists of only one neuron (where H = 1), and where the target function
f:e,8] — R is affine linear that the realization functions of the GF trajectory converge to
the target function not only in L?-sense (Theorem 6.7) but even uniformly in the set of all
continuous functions C([«, 4], R) from [«, 4] to R.

Our formulations of the statements in Lemma 6.2, Corollary 6.3, Theorem 6.7, and Corol-
lary 6.9 also exploit the elementary regularity result in Lemma 6.1 in Subsection 6.1. Lemma 6.1
clarifies in the framework of Setting 5.3 that the generalized gradient function G: R* — R* is
locally bounded and measurable and, thereby, in particular ensures for every continuous func-
tion ©: [0,00) — R* and every ¢ € [0, 00) that the Lebesgue integral fg G(O;)ds is well-defined.
Lemma 6.1 is an immediate consequence of the more general result in Corollary 2.4 from Sub-
section 2.2 above.

6.1 A priori estimates for GF's
Lemma 6.1. Assume Setting 5.3. Then it holds that G is locally bounded and measurable.

Proof of Lemma 6.1. Note that Corollary 2.4 establishes that G is locally bounded and mea-
surable. The proof of Lemma 6.1 is thus complete. O

Lemma 6.2. Assume Setting 5.3, let © € C([0,00),R*) satisfy for all t € [0,00) that ©; =
Op — fot G(Os)ds, let m € R satisfy m = pfj(f(m) —(f—@a) ! ff f(y)dy)?dzx, and assume
L(©g) <m (cf. Lemma 6.1). Then

(i) it holds that supte[opo)\m@fta@t\ < 00,

(ii) it holds that

SUPLe[0,00) 102 < [5UD1e 0,00y max{ L, [0 |2 4 [69[2 — [090 2 4 [ O10®[2}] 2 < o,
(140)

(1i1) it holds for all t € [0,00) that
SUPpefq, | O (@)] < 2[subsepe 0 f ()] + (6 — )00 | < o0, (141)
and

1w) it holds for all o, € R withVx € |«,l|: f(z) = az + [ that in aw Tttt > 0.
(iv) it holds for all o, € R with V € [, 4]: f(z) B that infyefg o) a0 0% > 0
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Proof of Lemma 6.2. Throughout this proof let w = (w)ic(0,00), 0 = (b)1[0,00) ¥ = (Vt)te[0,00)5
¢ = (¢t)iefo,00) € C([0,00),R) satisfy for all ¢ € [0,00) that

w; = 1%, b = b, v = 09, and o =%, (142)

let M € R satisfy M = sup,c, 4/f ()], let A € R satisfy A = lwo|? + |bo|? — |vo|?, and let
€ € [0, 00| satisfy € = supyc[o o) |wiv|. Observe that Lemma 3.1 demonstrates for all ¢ € [0, o)
that £(©;) < L£(©¢) < m. Corollary 5.2, Corollary 5.6, and Proposition 5.8 hence establish
items (i) and (iv).

In the next step we prove item (ii). Note that Proposition 4.4 implies for all ¢ € [0, c0) that

|wt|2 - |Ut|2 < |wt|2 + |bt|2 - |Ut|2 = |w0|2 + |b0|2 - |U0|2 = A (143)

Combining this with the fact that supcjo oo)lwive] = € < oo ensures for all ¢ € [0,00) with
|w¢| > 1 that
2 2 ¢? 2

Hence, we obtain for all ¢ € [0,00) that |w:|? < max{A+ €2 1} < co. This establishes item (ii).
Finally, we prove item (iii). Observe that Lemma 5.1 implies that m < pfj(f(y))2 dy <
p(6 — @)M?. Combining this with Lemma 3.1 assures that for all ¢ € [0, 00) we have that

A
p [ (O ) = 1) dy = £(8) < £(80) <m < p(di— @)% (145)

@

This shows that there exists © = (¢)sc[0,00): [0,00) — [@,#] which satisfies for all ¢ € [0, 00)
that
WO (@) = f )] < M, (146)

In addition, note that Lemma 5.4 ensures that for all ¢ € [0,00), x,y € [e,#] it holds that
| WOt (x) — /O (y)| < |wsve||z — y|. Hence, we obtain for all ¢ € [0,00), y € [«, 4] that

O )] < | O ()| + |/ O (y) — O ()]

< f @) + 14 % (@) = f )| + [wevelly — ] (147)
<M+ M+ |lwe| (8 — ) = 2M + |wve (6 — @).

This establishes item (iii). The proof of Lemma 6.2 is thus complete. O

Corollary 6.3. Assume Setting 5.3 and let © € C([0,00), R*) satisfy for all t € [0,00) that
O, =0y — fgg(@s)ds (cf. Lemma 6.1). Then

(i) it holds that supte[O’oo)|metbet| < oo and
(ii) it holds that supte[opo)\m@f] < 0.
Proof of Corollary 6.3. Throughout this proof let m € R satisfy
m=p [} (f(x) = (6 =) [] fy)dy)* da. (148)

In the following we distinguish between the case inf;¢(g o) £(©¢) > m and the case inf,c[g o) L£(O1)
< m. We first establish items (i) and (ii) in the case

infie(0,00) £(O¢) = m. (149)
Observe that (149) and Corollary 4.3 show that

suPsefo.00) 1061 < 311801 + 8 (# — @)L [7 f(y) dy* < . (150)
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This establishes items (i) and (ii) in the case inf;c(g o) £(©1) > m. In the next step we prove
items (i) and (ii) in the case
inftE[O,oo) ﬁ(@t) <m. (151)

Note that (151) assures that there exists T' € [0, 00) which satisfies that £(©7) < m. Observe
that the fact that ©: [0,00) — R* is continuous implies that suptE[O,T”m@tUeﬂ < oo and
supte[QTﬂm@t] < 00. Next let © € C([0,00), R*) satisfy for all £ € [0,00) that ©@; = O7,;. Note
that the integral transformation theorem ensures for all ¢ € [0,00) that £(6y) = L(O1) < m
and

O = Ory = Oy — /OTH 9(0s)ds = [90 - /OTQ(GS) ds} N /TTH 9(0:)ds (152)

t t
= @T - / Q(@T+S) ds = @0 — / Q(@S) ds.
0 0

Lemma 6.2 hence proves that sup;c(r, o) [®tpOt| = supte[07oo)|m8tt)9t| < 00 and SUPye[r,00) |
= supte[opo)\m@t] < o0o. This establishes items (i) and (ii) in the case inf;cjg o) £(O) < m.
The proof of Corollary 6.3 is thus complete. U

6.2 Properties of ANN parameters for convergent sequences of ANN real-
izations

Lemma 6.4. Assume Setting 5.3, let (0,)neny € RY, h € C([@, 4], R) satisfy
lim sup,,_, supgge[a,ﬁ]]/lfen (x) — h(x)| =0, (153)
and assume that h is not constant. Then
(i) there exists ¥ € R* which satisfies ./Vﬁ’[@7ﬁ} =h,
(ii) it holds that lim sup,,_,..|w’ v —ws?| =0, and
(i4i) it holds that limsup,,_, ., AM(I?"AT%) = 0.

Proof of Lemma 6.4. Observe that [20, Theorem 3.8] ensures that there exists ¥ € R* which
satisfies ./Vﬁ|[@7ﬁ} = h. This establishes item (i).

In the next step we prove that limsup,,_,., A(I?\1%) = 0. Note that the assumption that
h is not constant implies that A(I”) > 0 and w”v? # 0. Moreover, observe that (106) ensures
that for all n € N, = € [@, £]\I?" it holds that /% (x) = ¢». This, the fact that for all x € IV
it holds that #7(z) = w’v%z + v7b?” + ¢, and Corollary 5.2 imply that for all n € N we have
that

4 D012 \([O\ [0 ))3
/ |/V9n(x)—w(x)|2dxz/ (h(z) — )2 dg > RO PAUTAT))T (154)
a [19\[971 12
Furthermore, note that (153) assures that
4
lim sup / WO (z) — /P (2)]? dz| = 0. (155)
n—o0 @

This, (154), and the fact that w”v” # 0 demonstrate that lim sup,,_,., A(I?\1%) = 0. Hence,
we have that limsup,,_, . |A(I? N I%) — A\(I?)| = 0. Next observe that (106) shows that for all
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n €N, z € I?NI% it holds that A% () — 7 (z) = (0?00 —w?0?)z4 (09769 +fn — 767 — ).
Combining this and Corollary 5.2 proves for all n € N that

I
/ 09 () — #(2)? da > / W () — #(2)? da
@ 19N10n (156)
- |m9"09n _ m19019|2(>\(119 N Ien))?,
- 12 ’

This, (155), and the fact that lim, oo A(I?NI%) = A(I?) > 0 ensure that lim sup,,_, . [ vf —
roYv?| = 0, which establishes item (ii).

It remains to prove that limsup,,_,., A(I?*\I”?) = 0. Note that (106) implies that for all
x € [@,8)\I? it holds that #¥(x) = ¢”. This, the fact that for all n € N, z € I we have that
N (z) = wlnpfny 4 pfnpf 4 ¥ and Corollary 5.2 show that for all n € N it holds that

/ﬁwn(x)—w(x)\?dxz/ () — g > RPOUTNT

Ion \]79 12

Combining this and (155) with the fact that lim, fpf = w?v? £ 0 demonstrates that
lim sup,,_, o A(I%\I?) = 0. This proves item (iii). The proof of Lemma 6.4 is thus complete. [

6.3 Convergence of the risk of GFs to zero for affine linear target functions

Proposition 6.5. Assume Setting 5.3 and let € R°. Then

G1(0) = 2p0° / 2N (z) — f(2)da,

7o

6.(0) = 29" [ (#(2) = f(a) da.
(158)

14
G2(6) = 2p | [max{io’s +6°,0}](4"(a)  F () da

a
14

and Ga(0) = 2,0/ (WO (z) = f(z))da.

@

Proof of Proposition 6.5. Observe that Proposition 2.2 establishes (158). The proof of Propo-
sition 6.5 is thus complete. O

Lemma 6.6. Let ¢ € R, 4 € (a,), aj, a9, f1, B2 € R satisfy
4

4
/ z((aqx + f1) — (agz + Po2)) dz = / ((nx + B1) — (aex + B2))dz = 0. (159)

@ @
Then a1 = ag and B = Bo.
Proof of Lemma 6.6. Note that (159) assures that

‘
0= (a1 —a3) [/ r((a1x + B1) — (cz + B2)) dx]

@

s
+ (81 — B2) [/ ((anzx + B1) — (e + B2)) dx]

@

(160)
14
— / ((on — an)z + (B — B2))(auz + Bu) — (anz + fa)) da

o

4
= / (a1 — ag)z + (1 — fB2))* d.

@
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This and the fact that for all z € [@,#] it holds that ((ay — a2)z + (81 — B2))? > 0 show
that for all z € [e,d] it holds that ((o; — ag)x + (81 — B2)) = 0. Hence, we obtain that
a1 — ag = ff1 — B2 = 0. The proof of Lemma 6.6 is thus complete. O

Theorem 6.7. Assume Setting 5.3, let ., € R satisfy for all x € [@,&] that f(x) = ax+f, and
let © € C([0,00), R*) satisfy for allt € [0,00) that ©; = Oy [3 G(O,) ds and L(Og) < W
(cf. Lemma 6.1). Then limsup,_,., £(0;) = 0.

Proof of Theorem 6.7. Throughout this proof let w = (wy)iec[0,00), & = (bt)te0,00)> ¥ = (Vt)1ef0,00)5
¢ = (¢t)iefo,00) € C([0,00),R) satisfy for all ¢ € [0,00) that

O

wy =107, bt:bet, ’l}t:Uet,

and ¢ = ¢ (161)
and let Z; C [, 4], t € [0,00), satisfy for all t € [0,00) that Z; = I®*. Observe that Lemma 3.1
implies that [0,00) 3 ¢t — L£(0;) € R is non-increasing. Hence, we obtain that

lim sup,_, o, £(O¢) = liminf; 00 £(O:) = infycpp o) L(O1)- (162)

Next note that Lemma 3.1 proves that [;°]|G(6)]|* ds < co. This demonstrates that lim inf;_,o
IG(©4)|] = 0. Therefore, we obtain that there exist 7, € [0,00), n € N, which satisfy
liminf,,_, 7, = 00 and limsup,, ,.||G(O~,)|| = 0. Observe that Lemma 6.2 implies that

SUP,en|Wr, U, | < 00 and SUP,eN supxe[@ﬁﬂ./l/em (2)] < 0. (163)

Combining this and Lemma 5.4 proves that there exists € € R such that for all z,y € [«, 4],
n € N it holds that |4 ®m (x) — /O (y)| < €|z — y| and |#©™ (2)| < €. The Arzela-Ascoli
theorem hence shows that there exist h € C([«, #],R) and a strictly increasing k: N — N which
satisfy
i SUp,, o0 SUP, (4| A 0 () — h(x)] = 0. (164)
2(ﬁ_ﬁ)3
12

Combining this with (162) and the assumption that £(0g) < £ implies that

b ] ) a2 L —a 3
p/ (f(z) — h(x))? dz = limsup,,_, ., L(Or,,,) = inficpo,00) L(O1) < % (165)

This and Corollary 5.2 assure that h is not constant. Lemma 6.4 hence ensures that there
exists ¥ € R* which satisfies A ﬂ\[ﬁ,ﬁ] = h. Combining this and (165) with Corollary 5.2,
Corollary 5.6, and Lemma 5.7 demonstrates that aw’v? > 0 and IV # @. In addition, note
that (158) and (164) show that

0= i [ lim 94(@%(”))} = lim [/{i(ﬂ/‘eﬂc(n) (x) — (ax + ,8)) d$]

= / (N (x) — (az + B)) dz.

Furthermore, observe that (164) and Lemma 6.4 prove that limsup,_,. A(Z,  AIY) = 0.

Tk(n)
Combining this and the fact that limsup,,_, ., Sup,¢c(, 4 |‘/Vefk(n) (z) — #P(x)| = 0 demonstrates
that

im su T ) () — (ax + B)) dz — z(N(z) = (az + B))dz| =
hn Sup /[Tk(n) (TR () — ( ) /I19 (W(z) —( ) 0 (167)
and

im sup Ok z)— (ax + 8))dx — U(z) — ax + 8))dx| = 0.

ln 0o /ka(n) (‘/V ()( ) ( )) \/119(./1/ ( ) ( )) 0 (168)
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Moreover, note that the fact that limsup,,_,[|G(O~_. )|l =0 and (158) imply that

Tk(n)

lim sup|vr, / x(ﬂfeTk(n) () — (ax + B))dz
n—o00 Z,
K (169)
= limsup|vr, / (,/VeTk(n) () — (ax + p))dz| = 0.
n—00 The(n)
In the next step we show that
/ (N (x) = (ax + B))dz| = / (N (z) — (ax + B))dz| = 0. (170)
19 I°
We prove (170) by contradiction. We thus assume that
/ (N () — (ax + B)) dz| + / (NV(2) — (ax + B))dz| > 0. (171)
19 79

Observe that (167)-(169) and (171) prove that limsup,,_,,.|vr, | = 0. In addition, note that
Lemma 6.4 assures that limnﬁoo(wwn) vwn)) = nYv? # 0. Combining this with item (ii) in
Lemma 6.2 demonstrates that co = lim infnﬁoo|w7k(n)| < o00. This contradiction establishes

(170). Next observe that for all z € I? it holds that 47 (z) = w0’z + 076" 4 ¢”. Combining
this, (170), and Lemma 6.6 ensures that for all z € IV it holds that

N (z) = ax + B. (172)
Note that for all ¢ € (@, &) with IV = (¢, 4] it holds that Vx € [@,q]: /7 (z) = /P (q) = ag+f.
This, (166), and (170) imply that for all ¢ € (@, #) with I? = (¢, 4] we have that

4 q
0:/ (./Vﬂ(x)—(ax-i-ﬂ))dx:/ (W(z) - (azx + B)) dz
:/q(aq—ax)dx:a/q(q—x)dx:M%O.

@ @

(173)

Furthermore, observe that for all ¢ € (e, #) with IV = [@,q) we have that Vz € [¢,4]: /7 (z) =
N?(q) = ag + B. This, (166), and (170) ensure that for all ¢ € («,£) with IV = [«,¢q) it holds
that

& &
(#(@) = oz + ) do = [ (#°(a) - (az + §))do
i e e
:/ aq —ax)d :a/ (g —= dx——T%O.

Combining this, (173), and the fact that A(I¥) > 0 shows that IV € {[«, 4], (e, 4], [@,£)}. This
implies that (@,#) C IY. Combining this with (172) assures that for all x € (,#) we have
that /¥ (x) = az + 8 = f(z). Hence, we obtain that

14 A
[ U@ = h@)Pde = [ (1) - @) ds =0, (175)
This, (162), and (165) imply that lim; ,~, £(0;) = L£(¥) = 0. The proof of Theorem 6.7 is thus
complete. O
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Corollary 6.8. Leta,3,a € R, & € (@,00), let R, € C(R,R), r € NU{oc}, satisfy for all x €
R that (UreN{mr}) c Cl(RvR)7 f)%oo(x) = max{xv 0}7 SUPreN Supye[—\x\,\xu(‘%r(y)‘ + ’(%T)/(y)’)

< 00, and

lim sup,_, oo (1% () — Roo ()] + (%) () — Lo,00)(@)]) = 0, (176)
let L. R* - R, r € NU{co}, satisfy for all 7 € NU {0}, 0 = (01,...,04) € R* that
14
ET(H) = / (ozx +8—04— 939&«(92 + 91$))2 dz, (177)

let G: R* — R* satisfy for all® € {9 € R*: ((VL,)(9))ren is convergent} that G(0) = lim, o (VL,.)(0),
let © € C([0,00),RY) satisfy for all t € [0,00) that ©; = Oy — fot G(Os)ds, and assume

Loo(09) < U Then, limsup, .. Loo(O;) = 0.

Proof of Corollary 6.8. Note that Theorem 6.7 (applied with p +~ 1 in the notation of Theo-
rem 6.7) shows that limsup,_, ., Loo(0:) = 0. The proof of Corollary 6.8 is thus complete. [

6.4 Uniform convergence of realizations of GF's for affine linear target func-
tions

Corollary 6.9. Assume Setting 5.3, let «, 5 € R satisfy for all x € [, 8] that f(x) = ax + 3,
and let © € C([0,00),R*) satisfy for all t € [0,00) that Oy = Oy — fgg(@s)ds and L(©g) <
M (cf. Lemma 6.1). Then
lim SUPt 00 (Supme[a,ﬁ”'/l/et (:C) - (Oéx + 5)|) =0. (178)
Proof of Corollary 6.9. Observe that Lemma 6.2 assures that there exists € € (0, 00) such that
for all t € [0,00) it holds that [0®p®¢| < €. We now prove (178) by contradiction. In the
following we thus assume that
lim SUPt 00 (Supme[a,ﬁ”'/l/@t (:C) - (Oéx + 5)|) > 0. (179)
Note that (179) assures that there exist ¢ € (0,00) and 7, € [0,00), n € N, which satisfy
liminf;_,o 7, = 00 and
inf,en (supxe[%ﬁ”./l/em (z) — (az + B)]) > e. (180)
Observe that (180) shows that there exist x, € [«,#], n € N, which satisfy for all n € N
that | ©m (z,) — (ax, + B)| > . Moreover, note that Lemma 5.4 proves that for all n € N,
Y,z € [@, 4] it holds that
[#C7 (y) = (ay + B)] = [#O™ (2) = (az + B)]| < |H O™ (y) = #O (2)] + |ally — 2]
<(€+|al)ly - z[.
Next let § € (0,00) satisfy § = sw=—r. Observe that (181) ensures that for all n € N,

2(C+faf)*
Yy € [z — 4,2, + 6] N [@, 4] it holds that

/O (y) — (ay + B)|
> | O (23) = (awn + B)| = |[# O (wn) = (@ + B)] = (O (y) — (ay + B)]|  (182)
>e—(C+|a)|zn—y|>e—(CH+]a))d = -5 = 3.

Furthermore, note that for all n € N we have that \([z,, — 0, z, + 0] N [@,4]) > min{d, & — < }.
This demonstrates that for all n € N it holds that

(181)

pe?min{d, 4 — a}

L)z [ WO (y) ~ (ay + ) dy > : (183)
[xn—08,zn+0]N[e,d]
Combining this with Theorem 6.7 shows that
0 = limsup,_, ., £(0;) > limsup,,_,., L(O,) > w > 0. (184)
This is a contradiction. The proof of Corollary 6.9 is thus complete. O

35



Acknowledgements

This work has been funded by the Deutsche Forschungsgemeinschaft (DFG, German Research
Foundation) under Germany’s Excellence Strategy EXC 2044-390685587, Mathematics Miinster:
Dynamics-Geometry-Structure.

References

[1]

2]

P.-A. Absil, R. Mahony, and B. Andrews. Convergence of the iterates of descent methods for
analytic cost functions. SIAM J. Optim., 16(2):531-547, 2005. doi:10.1137/040605266.

Bubacarr Bah, Holger Rauhut, Ulrich Terstiege, and Michael Westdickenberg. Learn-
ing deep linear neural networks: Riemannian gradient flows and convergence to global
minimizers. Information and Inference: A Journal of the IMA, 02 2021. iaaa039.
doi:10.1093/imaiai/iaaa039.

Christian Beck, Sebastian Becker, Philipp Grohs, Nor Jaafari, and Arnulf Jentzen. Solving
stochastic differential equations and Kolmogorov equations by means of deep learning,
2018. Accepted in Journal of Scientific Computing. arXiv:1806.00421.

Jérome Bolte, Aris Daniilidis, and Adrian Lewis. The tojasiewicz inequality for nonsmooth
subanalytic functions with applications to subgradient dynamical systems. SIAM J. Optim.,
17(4):1205-1223, 2006. doi:10.1137/050644641.

Zhengdao Chen, Grant Rotskoff, Joan Bruna, and Eric Vanden-Eijnden. A dynamical cen-
tral limit theorem for shallow neural networks. In H. Larochelle, M. Ranzato, R. Hadsell,
M. F. Balcan, and H. Lin, editors, Advances in Neural Information Processing Systems, vol-
ume 33, pages 22217-22230. Curran Associates, Inc., 2020. URL: https://proceedings.
neurips.cc/paper/2020/file/fc5b3186f1cf0daece964£78259b7ba0-Paper .pdf.

Patrick Cheridito, Arnulf Jentzen, Adrian Riekert, and Florian Rossmannek. A proof of
convergence for gradient descent in the training of artificial neural networks for constant
target functions, 2021. arXiv:2102.09924.

Patrick Cheridito, Arnulf Jentzen, and Florian Rossmannek. Landscape analysis for shallow
relu neural networks: complete classification of critical points for affine target functions,
2021. arXiv:2103.10922.

Yacine Chitour, Zhenyu Liao, and Romain Couillet. A geometric approach of gradient
descent algorithms in neural networks, 2019. arXiv:1811.03568.

Lénaic Chizat. Sparse optimization on measures with over-parameterized gradient descent.
Mathematical Programming, 2021. doi:10.1007/s10107-021-01636-z.

Lénaic Chizat and Francis Bach. On the global convergence of gradient descent
for over-parameterized models using optimal transport. In S. Bengio, H. Wal-
lach, H. Larochelle, K. Grauman, N. Cesa-Bianchi, and R. Garnett, editors, Ad-
vances in Neural Information Processing Systems, volume 31, pages 3036-3046. Cur-
ran Associates, Inc., 2018. URL: https://proceedings.neurips.cc/paper/2018/file/
alafcb8c6ca9540d057299ec3016d726-Paper .pdf.

Lénaic Chizat, Edouard Oyallon, and Francis Bach. On lazy training in differentiable
programming. In H. Wallach, H. Larochelle, A. Beygelzimer, F. d'Alché-Buc, E. Fox,
and R. Garnett, editors, Advances in Neural Information Processing Systems, volume 32.
Curran Associates, Inc., 2019. URL: https://proceedings.neurips.cc/paper/2019/
file/ae614c557843b1df326cb29c57225459-Paper .pdf.

36


https://doi.org/10.1137/040605266
https://doi.org/10.1093/imaiai/iaaa039
http://arxiv.org/abs/1806.00421
https://doi.org/10.1137/050644641
https://proceedings.neurips.cc/paper/2020/file/fc5b3186f1cf0daece964f78259b7ba0-Paper.pdf
https://proceedings.neurips.cc/paper/2020/file/fc5b3186f1cf0daece964f78259b7ba0-Paper.pdf
http://arxiv.org/abs/2102.09924
http://arxiv.org/abs/2103.10922
http://arxiv.org/abs/1811.03568
https://doi.org/10.1007/s10107-021-01636-z
https://proceedings.neurips.cc/paper/2018/file/a1afc58c6ca9540d057299ec3016d726-Paper.pdf
https://proceedings.neurips.cc/paper/2018/file/a1afc58c6ca9540d057299ec3016d726-Paper.pdf
https://proceedings.neurips.cc/paper/2019/file/ae614c557843b1df326cb29c57225459-Paper.pdf
https://proceedings.neurips.cc/paper/2019/file/ae614c557843b1df326cb29c57225459-Paper.pdf

[12]

[16]

[17]

Simon S Du, Wei Hu, and Jason D Lee.  Algorithmic regularization in learn-
ing deep homogeneous models: Layers are automatically balanced. In S. Ben-
gio, H. Wallach, H. Larochelle, K. Grauman, N. Cesa-Bianchi, and R. Garnett, ed-
itors, Advances in Neural Information Processing Systems, volume 31. Curran As-
sociates, Inc., 2018. URL: https://proceedings.neurips.cc/paper/2018/file/
fe131d7£5a6b38b23cc967316c13dae2-Paper .pdf.

Simon S. Du, Xiyu Zhai, Barnabds Poczds, and Aarti Singh. Gradient descent provably
optimizes over-parameterized neural networks, 2018. arXiv:1810.02054.

Weinan E, Chao Ma, Stephan Wojtowytsch, and Lei Wu. Towards a mathematical un-
derstanding of neural network-based machine learning: what we know and what we don’t,
2020. arXiv:2009.10713.

Weinan E, Chao Ma, and Lei Wu. A comparative analysis of optimization
and generalization properties of two-layer neural network and random feature mod-
els under gradient descent dynamics.  Sci. China Math., 63(7):1235-1258, 2020.
do0i:10.1007/s11425-019-1628-5.

Benjamin Fehrman, Benjamin Gess, and Arnulf Jentzen. Convergence rates for the stochas-
tic gradient descent method for non-convex objective functions. J. Mach. Learn. Res.,
21:Paper No. 136, 48, 2020.

Arthur Jacot, Franck Gabriel, and Clement Hongler. Neural tangent kernel: Convergence
and generalization in neural networks. In S. Bengio, H. Wallach, H. Larochelle, K. Grau-
man, N. Cesa-Bianchi, and R. Garnett, editors, Advances in Neural Information Processing
Systems, volume 31. Curran Associates, Inc., 2018. URL: https://proceedings.neurips.
cc/paper/2018/file/badbelfal34e62bb8abec6b91d2462f5a-Paper.pdf.

Arnulf Jentzen and Adrian Riekert. A proof of convergence for stochastic gradient descent in
the training of artificial neural networks with ReLLU activation for constant target functions,
2021. arXiv:2104.00277.

Hartmut Maennel, Olivier Bousquet, and Sylvain Gelly. Gradient descent quantizes ReLLU
network features, 2018. arXiv:1803.08367.

Philipp Petersen, Mones Raslan, and Felix Voigtlaender. Topological Properties of the
Set of Functions Generated by Neural Networks of Fixed Size. Found. Comput. Math.,
21(2):375-444, 2021. doi:10.1007/s10208-020-09461-0.

Walter Rudin. Real and complex analysis. McGraw-Hill Book Co., New York, third edition,
1987.

Filippo Santambrogio. {Euclidean, metric, and Wasserstein} gradient flows: an overview.
Bull. Math. Sci., 7(1):87-154, 2017. doi:10.1007/s13373-017-0101-1.

Francis Williams, Matthew Trager, Daniele Panozzo, Claudio Silva, Denis Zorin,
and Joan Bruna. Gradient dynamics of shallow univariate ReLU networks. In
H. Wallach, H. Larochelle, A. Beygelzimer, F. d'Alché-Buc, E. Fox, and R. Gar-
nett, editors, Advances in Neural Information Processing Systems, volume 32. Curran
Associates, Inc., 2019. URL: https://proceedings.neurips.cc/paper/2019/file/
1£6419b1cbe79c71410cb320£c094775-Paper .pdf.

37


https://proceedings.neurips.cc/paper/2018/file/fe131d7f5a6b38b23cc967316c13dae2-Paper.pdf
https://proceedings.neurips.cc/paper/2018/file/fe131d7f5a6b38b23cc967316c13dae2-Paper.pdf
http://arxiv.org/abs/1810.02054
http://arxiv.org/abs/2009.10713
https://doi.org/10.1007/s11425-019-1628-5
https://proceedings.neurips.cc/paper/2018/file/5a4be1fa34e62bb8a6ec6b91d2462f5a-Paper.pdf
https://proceedings.neurips.cc/paper/2018/file/5a4be1fa34e62bb8a6ec6b91d2462f5a-Paper.pdf
http://arxiv.org/abs/2104.00277
http://arxiv.org/abs/1803.08367
https://doi.org/10.1007/s10208-020-09461-0
https://doi.org/10.1007/s13373-017-0101-1
https://proceedings.neurips.cc/paper/2019/file/1f6419b1cbe79c71410cb320fc094775-Paper.pdf
https://proceedings.neurips.cc/paper/2019/file/1f6419b1cbe79c71410cb320fc094775-Paper.pdf

	1 Introduction
	2 Properties of the risk function and its gradient
	2.1 Mathematical description of artificial neural networks (ANNs)
	2.2 An upper bound for the norm of the gradient of the risk function
	2.3 Continuous dependence of active neuron regions on ANN parameters
	2.4 Differentiability of the risk function
	2.5 Lower semicontinuity of the norm of the gradient of the risk function

	3 Convergence of the risk of gradient flows (GFs) in the training of ANNs
	3.1 Convergence of the risk of GFs to the risk of a critical point
	3.2 Convergence of the risk of GFs to the minimal risk
	3.3 Risks of critical points for affine linear target functions
	3.4 Convergence of the risk of GFs to the minimal risk for affine linear target functions

	4 A priori estimates for GFs in the training of ANNs
	4.1 Lyapunov type functions for GFs
	4.2 A priori estimates for GFs with large risk
	4.3 Invariant quantities for GFs

	5 Properties of ANN parametrizations with small risk and one hidden neuron
	5.1 Mean square approximations through constant functions
	5.2 Mathematical description of ANNs with one hidden neuron
	5.3 Properties of ANNs with small risk and one hidden neuron

	6 Convergence of the risk of GFs in the training of ANNs with one hidden neuron
	6.1 A priori estimates for GFs
	6.2 Properties of ANN parameters for convergent sequences of ANN realizations
	6.3 Convergence of the risk of GFs to zero for affine linear target functions
	6.4 Uniform convergence of realizations of GFs for affine linear target functions


