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INITIAL PERTURBATION OF THE MEAN CURVATURE FLOW FOR
ASYMPTOTICAL CONICAL LIMIT SHRINKER

AO SUN, JINXIN XUE

ABSTRACT. This is the second paper in the series to study the initial perturbation of mean
curvature flow. We study the initial perturbation of mean curvature flow, whose first sin-
gularity is modeled by an asymptotic conical shrinker. The noncompactness of the limiting
shrinker creates essential difficulties. We introduce the Feynman-Kac formula to get precise
asymptotic behaviour of the linearized rescaled mean curvature equation along an orbit. We
also develop the invariant cone method to the non-compact setting for the local dynamics
near the shrinker. As a consequence, we prove that after a generic initial perturbation, the
perturbed rescaled mean curvature flow avoids the conical singularity.

1. INTRODUCTION

In this paper, we extend the idea in our previous paper [5X] to study the initial pertur-
bation of MCF whose first singularity is modeled by an asymptotically conical self-shrinker.

A mean curvature flow (MCF) is a family of closed embedded hypersurfaces {M;} in R"™!
satisfying the equation J,x = —Hn. Here x is the position vector, H is the mean curvature,
which is minus the trace of the second fundamental forms, and n is the outward unit normal
vector field over M;. It is known that an MCF always develops singularities within finite
time, so the analysis of singularity blowup becomes a central topic when studying MCF. After
a spacetime rescaling, an MCF can be turned to a rescaled mean curvature flow (RMCF),
satisfying the equation

(1.1) D = — (H - @) n,

where (H — @) is called the rescaled mean curvature. MCF and RMCF are related as

follows: if {M},c[-1,0) is an MCF, then
(1.2) M, = e*M_

is its corresponding RMCF for ¢ € [0,00). A static hypersurface under RMCF is called a
self-shrinker, which satisfies the equation H — @ = 0. RMCF was first introduced by
Huisken in [H] to study the singularity of MCF. We say a singularity of MCF is modeled
by a self-shrinker X, if the corresponding RMCF converges to - smoothly as time goes to
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o

infinity. If ¥ is non-compact, then the convergence is in the sense of Cf2,

compact subset the convergence is smooth.
Colding-Minicozzi introduced ideas from dynamical systems to study MCF (c.f. | ,
: , ] etc). Their dynamical approach views the RMCF (1.1) as the negative
gradient flow of the F-functional

namely on any

R
M,

and shrinkers as the critical points of F'. So it is natural to anticipate that generic RMCF
avoids those shrinkers that are saddles in the second variation, modulo translations and dila-
tions. In | |, Colding-Minicozzi-Pedersen proposed the conjecture that one can perturb
the initial data of an MCF so that the MCF will only encounter singularities modeled by
generic self-shrinkers (c.f. | , Conjecture 8.2]). Since Euclidean rigid motion does not
change the MCF essentially, in | | Colding-Minicozzi also introduced the entropy
ANM) = sup Ft (M — x))
z€R" 1 te(0,00)

to modulo the translations and dilations. In [SX], we made progress to Colding-Minicozzi’s
dynamical program. We studied the initial perturbation of a MCF whose first singularity is
modeled by a closed embedded self-shrinker.

In this paper, we make further progress to Colding-Minicozzi’s program. We study the
initial perturbation of MCF whose first singularity is unique and modeled by an asymptotic
conical self-shrinker. A self-shrinker ¥ is called asymptotically conical if after blowing down
it converges to a cone. More precisely, 77'2 converges to a cone I" smoothly on any compact
subset of R"™\{0} as 7 — co. We make the following standing assumption throughout the
paper if not otherwise mentioned.

(x) Let (M;);e[-1,0) be an MCF with an unique first-time singularity at the spacetime
point (0,0), and let (M;)ico,00) be the corresponding RMCF with M, — 3 in the Cf% sense
as t — oo, where Y 1s an asymptotically conical self-shrinker.

Our main theorem is as follows.

Theorem 1.1. Assume (x). Then there exist o > 0 and an open dense subset S of {u €
C**(My) | ||ullc2e = 1}, such that for any 0 < § < & and any uy € S, there evists
g0 1= €o(ug), such that for all 0 < & < &g, there exists T > 0, such that the RMCF {]\Z}
starting from My = {x + cug(z)n(z) | € My} satisfies

F(Mr) < A(Z) — 627,
Moreover, there exists R = R(e) — oo as € — 0, such that
(1) F(Mr\ Bg) < 6,

(2) My N Br can be written as the graph of a function u(T) : X N Br — R with
[a(T)[| 2 = 6,

(3) F(RMy) < X(X) — 6*5 for any translation and dilation R of scale 6.
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By Huisken’s monotonicity formula, we immediately obtain the following corollary.

Corollary 1.2. In the setting of Theorem 1.1, there exists a spacetime neighbourhood of
(0,0) with size €, such that {M,;} has no singularity modeled by X in this neighbourhood.

In other words, after an initial generic perturbation, any singularity (if there is one) in
a spacetime neighbourhood of the original singularity can not be modeled by an asymp-
totic conical self-shrinker 3. Moreover, the neighborhood is larger than that created by
translations and dilations of the same order of magnitude of the initial perturbation.

In [S5X], we study the problem of initial perturbation for MCF with compact singularities
and obtained a stronger conclusion that after a generic initial perturbation, the perturbed
MCF will never generate a singularity modeled by the original limit closed self-shrinker.
Here we can only avoid a conical self-shrinker in a spacetime neighbourhood. The difference
between these two results illustrates the nature of non-compactness. A similar issue appears
in the study of higher multiplicity singularities, see [Su].

As an application, we can study the behaviour of the perturbed RMCF near the original
singularity. Our first application shows that after appropriate rescalings, the perturbed MCF
will converge to an ancient solution.

Theorem 1.3. Assume (%). Suppose ug is a generic smooth function on My with unit C%“-
norm and €; — 0 is a sequence of positive number. Suppose {Mg} 1s the RMCF starting from
Mo + e;un. Then there exists a sequence {T;}2,, Ty — 0o as i — oo, such that {My,1,}
smoothly converging to an ancient RMCF {N;}ie(—oo0) 0n any compact spacetime subset,
and Ny is not the static flow 3.

In [SX], we have proved similar existence results of ancient solutions when the limit shrinker
is compact. In [ |, Chodosh-Choi-Mantoulidis-Schulze proved the existence of ancient
solutions coming out from an asymptotic conical self-shrinker with dimensional assumption
n < 6 due to the requirement in geometric measure theory. [ | studied the problem
of initial perturbation using the geometric measure theory method, while here we use purely
PDE and dynamical system method. Our approach has the disadvantage of being unable to
handle multiple singularities, while it also enjoys some merits such as being free of dimension
or low entropy assumptions and of allowing generic perturbations, not necessarily one-sided.

In the following, we discuss related backgrounds and give literature reviews.

1.1. Generic MCF. It is known that a closed MCF in R""! must generate finite-time singu-
larities, and the singularities are modeled by self-shrinkers (c.f. [I1, I, Wh]). The self-shrinkers
are minimal surfaces in the Gaussian metric space, and there are many constructions of self-
shrinkers (see | |, [Ngu] ete). It seems impossible to classify all embedded self-shrinkers
even in R3. Therefore, it is very complicated to understand the singular behaviour of an
MCF.

Generic MCF is proposed to overcome this issue. The concept of generic MCF was firstly
proposed by Huisken in [H] (c.f. [AIC] for similar ideas in the study of MCF in R?). Colding-
Minicozzi in | | formulated the notion of stability and classified the generic shrinkers that
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are spheres S” and cylinders S* x R"* k =0,1,...,n—1. The general principle of survival
of the stable thus hints that a generic MCF avoids all singularities that are non spherical and
non cylindrical. The idea of | ] is to study the linearization of (1.1) at a shrinker 3. The
linearized equation has the form dyu = Lyu where Ly, = Ay — 2 (z, V) + (|A]* + 3) is self-

2
adjoint with respect to the Gaussian weighted inner product (u,v) = [, u(:c)v(:c)e_%d,u. It
is known that the mean curvature H of ¥ is the eigenfunction of Ly with eigenvalue 1, i.e.
Ly H = H (we remark that we use different sign convention than | | for the definition of
eigenvalues for the purpose os studying dynamics). Moreover, from elliptic operator theory
it is known that the leading eigenfunction does not change sign. Shrinkers with positive H
are classified by Huisken and Colding-Minicozzi to be spheres and cylinders. So for a non
spherical and non cylindrical shrinker, the leading eigenfunction ¢, cannot be H hence the

leading eigenvalue \; has to be larger than 1. The idea of | | is then to perturb X in the
direction of ¢, which can decrease the entropy strictly.
Note that the perturbations in | | are constructed on the shrinker ¥ hence are local

in nature. To avoid the shrinker by perturbing the initial condition, we have to control
the perturbed RMCF all the way up to leaving a neighborhood of the shrinker. Our main
theorem is a consequence of the following key estimate on the global dynamics, which shows
that a generic initial perturbation realizes the local perturbation in the ¢; direction used by

[CM].

Theorem 1.4. In the setting of Theorem 1.1, we have
[(a(T), prywr2| = (1 = os(1)[[a(T)|lwr2,

where ¢y is the first eigenfunction of the linearized operator on ¥ with L?-norm 1.
In other words, M drifts to the most unstable direction on .

The proofs of the above stated-theorems are given in Section 4.

1.2. Two dynamical problems. From our work in the compact case [S5X], we see that
one of the main ingredients is to study the asymptotic behavior of positive solutions to the
linearized RMCF' equation (also called variational equation)

(1.3) Owu = Ly, u,

where (M;) is an RMCF converging to a limit shrinker ¥ as t — oo in the C°, sense. This
equation can be considered as the Jacobi equation along an RMCF which governs how nearby
orbits diverge. Our dynamical approach to the problem of initial perturbations consists of
the study of the following two dynamical problems:

(1) The asymptotic behavior of the solution to (1.3). In particular, we want to find initial
condition u(0) : My — R such that

u(t)
[u()]| 2 (ar,)

One easily recognize in this case that A;(2) is the leading Lyapunov exponent.

1
lim — IOg ||u(t)||L2(Mt) = /\1(2)7 — gbl.
t—oo t
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(2) The local (nonlinear) dynamics of the RMCF near the shrinker.

In [SX], we studied the case when Y is a compact shrinker. The first dynamics problem is
addressed by a Harnack estimate given by the Li-Yau estimate. For the second dynamical
problem, we write the RMCF equation as dyu = Lyu + Q(u, Vu, V*u) in a neighborhood
of ¥ where each manifold corresponds to the graph of a function uw. This problem can
be approached by the invariant manifold theory in hyperbolic dynamics, so the dynamics
of RMCF in a neighborhood of the shrinker is approximately that of the linear equation
Oyu = Lxu.

When ¥ is noncompact, serious issues arise in both problems. For the first problem, we
do not have a uniform Harnack estimate, and the Li-Yau estimate gets worse as time gets
longer. In this paper, we introduce a Feynman-Kac representation of the solutions to (1.3),

which enables us to prove the following theorem, hence address the first problem (see Section
3.2).

Theorem 1.5. Let {M;}ic0,00) be an RMCF with M, — X as t — oo in the Cpy, sense,
where ¥ is a shrinker that either is compact or satisfies

(1) limsup, A1 (M) < A (2);

(2) there exists constant D > 0 such that \y(M;) — Ao(M;) > D,

ast — oo where A\ (M;) (resp. A1(X)) is the leading eigenvalue of Ly, (resp. Ly) and Ao(My)
is the second. Let v* be the solution to the initial value problem (1.3) with initial condition
vy > 0.
Then we have
(1) limg oo  log [[0*(8)| 2y = Mi(X), the leading eigenvalue of Ly,
(2) Let ¢1(t) be the first eigenfunction of Ly, on M; with L*-norm 1. There exist con-
stants 1 > ¢ > 0,C > 1 and a sequence of times t; — oo such that

[(v* (i), P1(ti)) 2o, |
" >c
[o*(t:) Qe
Here the L?(M;) norm is the Gaussian weighted L? norm for functions on M; and Q(M,)
is a norm equivalent to the weighted W!2-norm on M,.

We shall apply Theorem 1.5 to control the perturbed RMCF ]\Z over a long time T so

that both M, and M, are §-close to X in the % norm over a large domain. See the red
curve in Figure 1. Item (2) of Theorem 1.5 gives that the difference of the two manifolds

[v* e,y < Cllv*llz2(u,,), and

M7 and M7p has a nontrivial projection to the ¢; direction. Here comes the second problem.
We wish to approximate the local dynamics near ¥ by the linear equation d;u = Lyu and
show that the ¢;-component dominates all other Fourier modes when the perturbed flow
leaves a d-neighborhood of Y. See the blue curve in Figure 1. The main difficulty is that
the flow {M,;} cannot be written as a global graph over 3 for any time ¢ so that the linear
approximation of the local dynamics can only be done by restricting to a compact domain,
which makes the system nonautonomous, since the information outside the compact domain
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M, M;

WU

F1GURE 1. Dynamics of the perturbed RMCF ]\Z

is discarded. Moreover, the time span for the blue curve in Figure 1, even though is only
finite, is rather long depending on the smallness of the initial perturbation.

To overcome this difficulty, one important ingredient in the proof is the pseudo-locality
property of MCF. Pseudo-locality is a special property for the nonlinear geometric heat
equation, first discovered by Perelman in the setting of Ricci flow, then by Ecker-Huisken in
[H], and later studied by [[NS] in the setting of MCF. Roughly speaking, pseudo-locality
says that if the MCF is graphical in a small neighbourhood, then it keeps being graphical
in a short time. Using the correspondence (1.2) between MCF and RMCF we get that the
region close to the singularity in the MCF will be expanded to infinity at an exponential
rate in the RMCF. Thus pseudolocality enables us to get control of the dynamics of RMCF
over an exponentially growing domain where we can approximate the RMCEF using the linear
equation d;u = Lyu over a sufficiently long time. This part will be elaborated in Section 4,
where we prove Theorem 1.4.

1.3. Feynman-Kac formula. When the limit self-shrinker ¥ is compact, M; will be very
close to % when t is sufficiently large. In particular, the geometry of M; will be uniformly
close to ¥, and we can identify the function space of M; with the function space of ¥. In
[SX], this fact is crucial, and it allows us to use a Li-Yau type Harnack inequality, to show
that the positive solutions to (1.3) satisfy the estimates in the conclusion (2) of Theorem
1.5.

In the setting of noncompact shrinkers, Li-Yau estimate does not meet our purpose. The
new tool we introduce to prove Theorem 1.5 is a Feynman-Kac formula in the setting of
RMCF. The Feynman-Kac formula views the equation (1.3) from a dynamical and probablis-
tic perspective. Indeed, if we consider the dynamical system dyu = Lyu := (Ag—1(z, Vs-))u
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on a shrinker . The fact (following from the self-adjointness of Ly)

d z|? 2|2
- dp = /Lgu Tdu = —/ V1. Vu(t)e_%du =0
dt >

2

can be interpreted as that the dynamical system has e_%d,u as invariant measure. The
situation is then rather similar to the well-known Ornstein-Uhlenbeck process in R™. The
stochastic differential equation dX = —Xdt + dW, where W is the Brownian motion, has
the Ornstein-Uhlenbeck operator £ = A — (z,V:) as the generator and Gaussian as the
invariant measure. Feynman-Kac formula gives a representation of the solution to a linear
heat equation in the presence of a potential term, for example, the equation dyu = Au+ Vu
on R", with initial condition u(x,0) = f(x) as

(e, t) / F(@(0)) exp ( /0 tV(w(s))ds) v ().

where v, is a probability measure on the “space of all paths” 2 ending at = at time ¢. We
establish a Feynman-Kac type representation of solutions to (1.3) in Section 2. The path
integral feature is useful for localizing the linearized equation (1.3) to a neighborhood of
the shrinker and to a bounded domain, and enables us to establish the correct exponential
growth of the solution in Theorem 1.5. Details are presented in Section 3.

1.4. Asymptotically conical self-shrinkers. Our analysis in this paper in principle should
apply to general self-shrinkers and even singularities of other flows. However, we choose to
study the singularity modeled by asymptotically conical self-shrinkers for the sake of con-
creteness and simplicity.

Firstly, asymptotically conical self-shrinkers form an important class of self-shrinkers. In
fact, it is not known that whether other types of singularities really exist. Particularly in
R3, L. Wang | | shows that all noncompact shrinkers are only those with finitely many
cylindrical or conical ends, and the asymptotics are smooth. Ilmanen [I] conjectured that in
R3, any asymptotic cylindrical self-shrinker is actually a standard cylinder. If this conjecture
is true, then the self-shrinkers in R? can be classified into three classes: compact, cylinder,
and asymptotically conical. The cylinder is known to be generic. Therefore, together with
[SX], we know how to perturb away all types of first nongeneric singularities of MCF in R?
by generic initial perturbations.

Secondly, Chodosh-Schulze [('S] proved that the tangent flow of an asymptotically conical
self-shrinker is unique. Therefore, over any compact region, the RMCF can be written as a
graph over the limit shrinker for a sufficiently large time.

Thirdly, asymptotically conical self-shrinkers have some nice properties themselves. For
example, in [BW] Bernstein-Wang analyzed the spectrum and eigenfunctions on an asymp-
totically conical self-shrinker, and prove certain nice bounds. In Section 6, we proved that
if the RMCF converging to an asymptotically conical self-shrinker and it models the unique
singularity, some geometric quantities converge.
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Examples of asymptotically conical self-shrinkers are firstly constructed by Angenent-
[Imanen-Chopp in [AIC] using numerical methods, and later Nguyen [Ngu] and Kapouleas-
Kleene-Moller | | constructed examples theoretically. The theory of asymptotically
conical self-shrinkers is interesting and has been attracted mathematicians. We refer the
readers to [BW] for further detailed discussion on asymptotically conical self-shrinkers.

1.5. Convergence of eigenvalues and eigenfunctions. To apply Theorem 1.5, we have
to verify the assumptions on the convergence of eigenvalues. The problem of spectral flow,
i.e. how eigenvalues and eigenfunctions of parameter-dependent elliptic operators depend on
the parameter, is important in many applications and has been studied widely in literature
(c.f. [A, , U, 7] etc). However, our setting is rather special since a family of compact
manifolds M; converges to a noncompact one in the C7° sense and the L?*mnorm is defined
with a Gaussian weight.

In Section 6, we prove the following convergence result assuming (x), which may have an
independent interest.

Theorem 1.6. Assume (x), then we have as t — oo

(1) A (M) = M(X);
(2) there is a constant D > 0 such that \;(My;) — Ao(My;) > D.

Section 6 also contains further information on the convergence of eigenfunctions, etc.

1.6. Organization of paper. The paper is organized as follows. In Section 2, we establish
the Feynman-Kac formula in the setting of RMCF. In Section 3, we study the asymptotic
behavior of the solution to the variational equation using Feynman-Kac. In Section 4, we
study the dynamics in a neighborhood of the shrinker, hence completes the proof of the
main theorems stated above. In Section 5, we give some graphical estimates for the RMCF
close to the shrinker using pseudolocality and Ecker-Huisken, etc. In Section 6, we study
the convergence of the leading eigenvalue and eigenfunctions for the L-operator on M; as
t — o0. Finally, we have four appendices containing some technical ingredients. In Appendix
A, we give estimates for functions on M; pulled back to ¥ on a compact set that we call
transplantations. In Appendix B, we introduce polar-spherical transplantation adapted to
conical shrinkers and give estimates for the pullback of the L-operator. In Appendix C, we
give the proof of Proposition 4.6. In Appendix D, we prove the existence of heat kernel of L
on conical shrinker.

Acknowledgement. A.S. wants to thank his advisor Professor Bill Minicozzi for his en-
couragement and support, as well as many helpful comments. J. X. would like to thank
Professor Tobias Colding for introducing him to the subject. J. X. is supported by the grant
NSFC (Significant project No.11790273) in China and Beijing Natural Science Foundation
(Z180003).
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2. FEYNMAN-KAC FORMULA

In this section, we derive a Feynman-Kac formula adapted to the variational equation
uy = Lpg,u over the RMCF {M, }4cp0,00). Throughout this section, u,v are functions defined
on the RMCF M,.

2.1. Heat kernels. In this section we study the heat kernel of the equation
Owu = Ly,u = Ly,u+ V(x,t)u,

where {M; }1c[o,00) is the RMCF with limit My — ¥ in Cf, ast — oo, V' is a smooth potential
which is always chosen as 0 or |A|? +% in the paper and £y, is the drifted Laplacian, defined

by Lynu = Apu — 2z, Vu).

Definition 2.1. The heat kernel of the above equation is a function of the form H(x,t;y, s),
where x € My and y € M, and we always assume s < t, satisfying

(1) OH =L, HA+VH,

2

(2) limt\sH(-,t,y,s)e*% =0,.

With the heat kernel, we can express the solution to the initial value problem

0w = Lyju
2 {u(-, 9= /()
(2.2 ) = [ Aot e di )

Of particular importance for us is the following cocycle property.

Theorem 2.2 (cocycle property). Let H be the heat kernel for the equation Oyu = Lu+ Vu,
then for all x € M,,y € M,z € M, with r < s < t, we have

(2.3) / H(z ty, )My, sy, r)e W dpg = H(z, t,7).
M

The proof is to take s — 0 and apply item (2) of Definition 2.1. We refer the readers to
[C'C, Chapter 26] for the existence of heat kernel and related properties.

2.2. The Trotter product formula for evolving manifolds. The next ingredient is the
Trotter product formula. The classical Trotter product formula is as follows: let A and B
be two self-adjoint operators bounded from below on a Hilbert space H and suppose that
A + B is self-adjoint on D(A) N D(B), where D(e) is the domain of e, then e *A4+5) =
lim,, (e~ #“4e~%5)" in the strong operator norm on H.

To adapt this formula to our setting of evolving manifolds, we need a non-autonomous
Trotter formula, which was developed in [V, ]. Let T (¢, s) be the fundamental solution

to the variational equation (1.3), i.e. for all u(s) € C*°(M,), the function T (¢, s)u(s) :=
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u(t) : M; — R solves (1.3) with initial condition u(s). The fundamental solution is related
to the heat kernel by

Iul2
u(t) =Tt s)uls) = [ Hiz, by, s)uly, s)e” 4 dps(y).
M
So the fundamental solution 7(t,s) can be extended to a linear operator from L*(M,) to
L*(M,). Similarly, we let T (¢,s) be the fundamental solution to the equation dyu = Ly, u.
Then we get the following result by applying the non-autonomous Trotter product formula
in [V] in our setting.

Proposition 2.3. Let V(-,7): M, =R, 0<s <7<t <00 be asmooth function that is
also smooth in T and let T (t,s) and T (t,s) be as above. Denote t), = k(t — s)/n+ s. Then

we have
T(t,s)= hmH( (tgy1,tr)e =V t"))

in the strong operator topology as lmear operators from L*(M,) to L*(M).

2.3. Feynman-Kac formula. We next prove the Feynman-Kac formula in the setting of
RMCF.

Theorem 2.4. Let V(.,7) : M, - R, 0 < s <7 <t < oo bea smooth function that
is also smooth in 7. Then there exists a positive measure v, on the infinite product space
Q= [lo<r<; M- such that the solution of the Cauchy problem (2.1) is represented as follows

in the L*-norm
u(z,t) / f(w(0)) exp (/tV(w(s), s) ds) dvg 1 (w).

Proof. We follow the argument in Chapter X of [R5], which avoids using probabilistic
language. We introduce the space 0 := [[,., ., M; of all paths {w;} along the RMCF
such that w, € M, endowed with the product topology. For fixed t := (t1,...,t,) with
ty <ty < ... < tp, we introduce a subspace Q(t) of 2 defined as Q(t) = [\, M;,. Let
F : Q(t) — R be a continuous function on 2(t) and w € Q be a path along (M;). The
restriction map ¢ : Q — R is defined as p(w) := F(w(t1),...,w(tm)).

We denote by Ch,(€2) the set of all such functions on € with all possible choices of time
slices t and introduce a linear functional IL for each given point x,,,; on the t,, 1-slice
M

Tm+1 7tm+1

m—+1

Ligir it (0 / / (15 s o) H(Ton1s b 1; Tonsy b)) - - H (2, o 11, 1)
M, My,

sleolttlen ) gy, dp,,,

where H is the heat kernel for the heat equation d,u = Ly, u defined as in Section 2.1 with
V=0.
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The linear functional IL is well-defined on Cj,. Indeed, let t’ be a finite superset of t, then
F: Q(t) — R can be considered as a function F’ : (t’) — R which agrees with F' on the
time slices in t and constant on the times slices in t" \ t. Then the cocycle property of the
heat kernel enables us to integrate out the variables on the slices in t' \ t.

Then we obtain a bounded positive linear functional L, , ;.., on Cs,(£2), and by Stone-
Weierstrass theorem there exists a unique extension to C'(€2). Then by Riesz representation,
we obtain a unique Borel measure v,,, ;.. such that for all p € C(Q2)

me+17tm+1 (90) = /S;SD(('U) dl/-xm+17tm+1 ((.U)

This gives us a representation of solutions of the Cauchy problem (2.1) as follows: for each
xr € M, we have

:Jctf /f det ) f( ) (l’ t; y,()) yﬁdlu’y‘

Finally, the Trotter product formula shows that (denoting ty, = tk/n, z, =z, t, =1t)

u(z,t) = llmH< (test, t) 6nV(Z‘k7tk)> f

= hm /
M,

— 5 (ol ++|zn-1/?)

/ en 2k V(@kstr) H(x, t;Tp1,tn1) - H(z1,t1520,0) f(20)
Moy

—1

dpzg ** * Afla,,_,
/Qefo V)85 £(00(0)) dig o ().

This gives the Feynman-Kac formula. 0
Remark 2.5. The measure v s called Wiener measure.

2.4. The localization. One notable difficulty in the study of singularities modeled by non-
compact self-shrinkers in MCF theory is that in general the manifold M; cannot be written
as a global graph over the limiting shrinker 3 no matter how large ¢ is, where {M;}icp0,00) is
the RMCF with M, — X in C% as t — oo. Therefore it is natural to consider the localized
Dirichlet boundary value problem. Let Br be a big open ball in R**!. When ¢ is sufficiently
large, we can write part of M; as a normal graph over Br N Y. We denote by M/ this part
of M, and by L} the restriction of Lyj,-operator to M, and introduce the evolutionary
Dirichlet boundary value problem

= LR
(2.4) O N, U
U(t, ')|8MtR =0

For problem (2.4), we can also introduce the heat kernel as in Section 2.1, which also has
the cocycle property (c.f. Lemma 26.12 of [('(]). Let us denote by H* its heat kernel, and
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by H the heat kernel for the Dirichlet boundary value problem with V' = 0. Then we can
repeat the argument of Theorem 2.4 to obtain a Wiener measure v® that is supported on
Q" = []y<r<; M such that the solution to (2.4) can be represented as

[TH(t, s)u(s, )](x) = /QU(SM(S))eXp (/:V(W(T)>T) dT) dvyy(w),

where we use T2(t, s) to denote the fundamental solution to (2.4).

One remarkable property of the Feynman-Kac representation is that we can compare the
solution of (2.4) to that of the original Cauchy problem without cutoff. Using parabolic
maximum principle, we have pointwisely H(x,t;y,s) > HF(x,t;y,s). Thus we get the
following proposition by comparing the argument of Theorem 2.4.

Proposition 2.6. Let v be the Wiener measure constructed in Theorem 2.4 and T (t,s) be
as above. Then we have pointwise

[ ats.otsey ( / V(). 7) dr) vy () > [TR(t 5)us, ) (z).

We remark that using the theory of local operator in [G] and [RR], it is possible to show
that

/Q (5. w(s)) exp ( / V(w7 df) L rnorsy i) = [T s)u(s, )](x)

where the stopping time 7z(w) := inf{t > 0 | w(t) ¢ M}. However, we avoid that compli-
cations since the statement in Proposition 2.6 is enough for our purpose.

3. ASYMPTOTIC BEHAVIOR OF THE SOLUTION TO THE VARIATIONAL EQUATION

In this section, we use the Feynman-Kac formula to study the asymptotic behavior of
positive solutions to the variational equation O,v* = Ljy,v*. We shall give the proof of
Theorem 1.5 in Section 3.2. We introduce the L?-norm and Q-norm on M, as follows.

, 1/2
Definition 3.1. (1) The L*(M,)-norm is defined by ||u| t2(a) = <fMt Ju(z)|?e 12! /4du>
for a function u : M; — R;
(2) the Q-norm is defined by

lelaony = ([ (19 + AuGe = 147+ Dute)? ) ) "

Here we pick A > sup, \(t) where A\i(t) is the first eigenvalue of Ly, on My. In the
case we study later, A\i(t) is uniformly bounded from above, so we can always pick
such a A.

(3) We abbreviate L*(t) for L*(M,;), and Q(t) for Q(M,).

(4) We also introduce L*(X) and Q(X) similarly and abbreviate as L? and Q respectively.



GLOBAL PERTURBATION OF MCF II 13

The conclusion item (2) of Theorem 1.5 is a corollary of item (1) and the energy estimate,
and the upper bound estimate lim 7 log [|v*(t)]| 12y < A1(E) is also an easy corollary of the
energy estimate. The main difficulty is to establish the lower bound lim } log [|v*(t)]| 2¢) >
A1(X), for which we use Feynman-Kac to localize to a bounded region and apply the result
in the next subsection.

3.1. The cone-preservation property. In this section, we study the asymptotic dynamics
of the evolutionary Dirichlet boundary value problem (2.4) with some large R fixed. For each
R > 0, there exists T' = T'(R) such that for all ¢ > T', we can write M/ as a normal graph
of a function m, over X := ¥ N By, i.e.

M} = Graph{z +m,(z)n(z), =z € X"}

This provides a diffeomorphism ¢; : X% — M via x — x + my(x)n(z), that converges to
identity in the C? norm as t — oo.

A function f: M — R is pulled back by ¢; to a function f* = foyp, : Lf — R. This is
called “transplantation” in [SX]. From the equation d,v* = L, v*, we obtain the equation
for v* ;= v* 0 @, as

(3.1) ov* = LEv* + P(v*, 1),

where LE is the restriction of Ly to ©# and P(v*,;t) — 0 as t — oo uniformly for all
|v*||c2 < 1. Because v* satisfies a linear equation, we have P(Av*,t) = AP(v*,t). Moreover,
we have the following estimate for P

(3.2) [P, )] < Cllmllc=(IV50"| + [V + [07]).

We next show the L*(M[F) and L*(X%) norms are equivalent under the transplantation.
Given v* € L?(ME), we have that v* € L*(X%). Indeed, in the definition of the L%(M;)-
norm, we introduce a coordinate change = +— ¢;(z). The Jacobian is close to identity. We

_letmy@n(@)|? my(@)? _ my(2)
4 2

— e a ! zn(z

next consider the Gaussian weight, we have e ). Since
z € ¥ and n(z) is the unit normal at =, we get 1z-n(z) = H(z). Restricted to Bg, we have
|H| < C and then we get the following estimate for |m;| sufficiently small over Bpg

_lztmy(z)n(@)|? ||
4

2|2
(1-— 8)6_% <e <(1+eg)e 7.

In this way, we have converted the fundamental solution 7(¢, s) to (2.4) over the RMCF
MPE into a non autonomous dynamical system (3.1) on the fixed manifold . Abusing
notation slightly, we still use T%#(t,s) to denote the fundamental solution to the system
(3.1).

Let a > 0 be a positive number. We introduce the cone of functions:

K (a) = {f € L*(Z%) | Imifllzmn) = allmafllrzmm}
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where m; means the L?(X%®)-projection to the direction of the first eigenfunction of LE and
7y is the L?(X%)-orthogonal complement of 7. The larger « is, the narrower the cone is
around ¢f, the leading eigenvector of L.

Proposition 3.2. (1) For each « and R, there exists T sufficiently large such that for
allt > s > T we have TH(t, s)KF(a) G K (a).
(2) For alle > 0,a > 0, and R > 0, there ezists T sufficiently large, such that for all
t>s>T and all v* € Kf(a) we have

* —s)(A\E— *
I (TRt 5)0") || rawmy > eI |my (07) ]| L2,
where M\ is the leading eigenvalue of LE.

Proof. We first consider t = s + 1 and the initial condition to the equation (3.1) to be v*(0)
at the time s. With the following Lemma 3.3, we get (denoting || - || = || - | z2(z#))

I (D)) > M mo*(O)],  [lmov* (D] < € mav*(0)]].
Taking quotient, we get that H:;ZEB” > e’\l_’\Q_Q‘SH:;z:%H.
taking 0 small and iterating the argument.

The statement then follows by

O

Lemma 3.3. Let v*(t) be a solution to the non-autonomous system (3.1) with initial value
v*(T') at the initial time t = T and the Dirichlet boundary value. Then for any § > 0, there
exists To > 0 such that for all T > Ty we have

* R * *
[V (T + 1) = e 0" (T) | 2(sm) < 8ll0"(T)l|2smy.

Proof. Suppose M} is written as the graph of function m; over %%, then we have the bound
(3.2), where the constant C' is a constant depending on the geometry of $%. Here we restrict
to a fixed ball of radius R, so C' is uniformly bounded. When ¢ is large, we have that M, is
sufficiently close to ¥ hence ||mq||c2 is very small.

To prove the lemma, we denote by w(t) = v*(t) — v*(t) where dp* = LEv* + P(v*t)
and 9;v* = LEv* with the same initial value v*(T)) at time ¢ = T, then we have duw =
LEw + P(v*t) and

2 2
|| =]

Ot/ lw|?e™ 7 dy = —/ |Vw]26_|z4!d,u+/ wP(v*, t)e” 4 du
YR YR YR
||

g/ w2e4du+/ P(v*,t)%’e” 1 du
nR nR

2 1 22
el/ \w(T+1)]267%du §/ et/ P(v*,T+t)267%dudt.
nR 0 nR

Next, for any d, we can choose t large enough so that C|lmy|c2 < J. Then we get from
(3.2) that |P(v*,t)] < §(|Hessy<| + |Vv*| + |[v*]). Then following Corollary A.9 in [SX]
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2|2
(also see | ] Lemma 5.4), we bound fol J(|Hess,+| + ]Vv*\)Qe"T‘d/L dt by a multiple of
z 2
J |v*(T)|2e~ " dp. This completes the proof. O

3.2. Feynman-Kac and the cone condition. With the Feynman-Kac formula, we give
proof of our main result of this section.

Proof of Theorem 1.5. We express v*(z,t), the solution to d;v* = Ly, v* with initial condi-
tion v; > 0, by Feynman-Kac formula as

(o) = [oitw)e ([ V()5 i) )

Here 2 is the set of all paths w : [0,t] — (Mj)o<s<: with endpoint w(t) = x.
We then pick a large T" such that for ¢t > T, M, is sufficiently close to > over a ball Bg for
some R large, and such that we have the preservation of the cone condition (see Proposition

0, t<T,
V(, ),tzT

exp (/{:V(w(s),s) ds) > exp (/Ot\N/(w(s),s) ds) — exp (/TtV(w(s), s) ds) , and

(et) 2 er [ aie) e ( / V(ls), ) 5 s

chanO . !
> i [ameonen ([ Vi) dr

where ¢1(T) is the eigenfunction associated to the leading eigenvalue of the operator Lyy,..
By the cocycle property of the heat kernel applied to the time interval [0, 7], the above
integral becomes

[ oo ([ Vi s)ds) donste) - oo ( [ Vlls)5)ds ) s

where € is the set of paths w: [T, t] — (Ms)r<s<;. We next use Proposition 2.6 to obtain

[ oo ( [ Vls)5)ds ) dr) 2 [ [ Vlls)5) ds ) o).

T T

3.2). We next modify V(-,t) to the function V(-,¢) = { . Then we get

By the Feynman-Kac formula, the RHS of the above formula is exactly the solution to the
variational equation with initial condition v*(-,T") = ¢1(T)] mz and the Dirichlet boundary
condition v*(¢, )|z = 0 for all t > T

Now we transplant the problem to X#. By the cone preservation property Proposition
3.2(1), if ¢1(T) lies in the cone KC(«), then all its future orbit lies in the cone. This implies
for all € > 0, limy_,o 1 log [0 ()l 22,5y > A — ¢ (see Proposition 3.2(2)). By Lemma 9.25 of

[ ] (see also Theorem 6.9 for 3 being asymptotically conical case), we have that At — \;
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which is the first eigenvalue of Ly, and the leading eigenfunction o of LE converges in the

°°_sense to ¢, the leading eigenfunction of Ly. Thus lim; ., > log [|[v* (1) z2(ar) > M — e

On the other hand, we have

—8t /Mt( *)2e -l du = /Mt (U*LMtU*—ﬁQ(U )2> e‘ﬁdu < A() /Mt(v*) s du,
)

and A;(t) is the leading eigenvalue of

where H is the rescaled mean curvature <H 2

Lyy,. By assumption, we have limsup, A\ (t) < A(X). This gives

< M@

||U ( )||L2 (M) HUoHL2 (Mo)

for ¢ sufficiently large, for any & > 0. Thus we get item (1).

We next work on item (2) of the statement. For any time ¢, we decompose v*(t) =
vi(t) + v3(t) + v3(t), where v} is the projection of v* to the eigenspace corresponding to
the leading eigenvalue of Lyy,, v} consists of Fourier modes with negative eigenvalues and v3
consists of the rest, and write

O 2ean) = 1012200y 92O 12200 = 103122 00),

* * * —ﬁ
st sy == [ oiLaoze ¥
M,
By Pythagoras theorem we have g1(t) + g2(t) < 1. Notice that with this notion, we have

[0 1an) < (A + gs() 0" 11720 -

Then we can write the time derivative of |[v*||7, (M) 8S follows:

1 * * 1z
§atHU H%2(Mt) S/ v Lyv e 4 dp
My

< max{0, Ao (t) g2 (D) 10" (D)1 Z2any + M (D1 0" O L2 ary — 95O 10" 720,
=[max{0, A () }g2(t) + 91 ()M (t) = g3 (®)]1v* (1220,

Then we claim that there exist ¢ > 0 and infinitely many ¢; — oo such that Ailg(ig) >c. In
fact, there exists ¢; > 0 and infinitely many ¢; — oo such that

(Ar(ti) = Xa(ti))gi(ti) — g3(ti) = e1 > Mi(ti) — Aa(ts).

Otherwise it violates the exponential growth in item (1). Then gi(t;) > 1+ (M (t) —

A\a(t;))1g3(t;). Thus we can pick ¢ small to get the desired time sequences. This shows that

[0 (601 (6) p2r, | o
llo* )l Q)

exist ¢ > 0 and infinitely many ¢; — oo such that

We need the following approximation of the RMCF equation and linearized RMCF equa-
tion in [SX].
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Proposition 3.4 (Proposition 3.3 in [SX]). Given an RMCF {M,}icpo1, there exists g > 0,
o >0, e9>0 and C so that for vy : My — R satisfies
|U0| + |VU0| S d S 607 |HeSSU0 | S ]-7
and v : [0,T] — R satisfies the RMCF equation, and v* : [0,T] — R satisfies the linearized
equation, with v(-,0) = v*(-,0) = vo. Then we have
[(v =) (-, T) | o < CEHH20.

This proposition is a consequence of the fact that the nonlinear term in RMCF is quadratic.

With this proposition, we can prove that if the initial positive perturbation is sufficiently

small, then the solution to RMCF equation on M, will also drift to the first eigenfunction
direction.

Proposition 3.5. Assume the setting of Theorem 1.5. Suppose vy > 0 is a C? positive
function on My. Then there exist 1 > ¢ > 0 and C > 1 and a sequence t; — oo, such
that for any fixed t;, there exists ¢; > 0, such that for € < €;, the perturbed RMCF starting
from {x + evo(x)n(x) : = € My} can be written as a graph of function v(-,t) over M, for
t €10,;], such that

(0(t), 61tz | _

[o(t) [l
3.3. Cone condition with cutoff. In this section, we show that conclusion (2) in Theorem
1.5 holds also if we restrict to a bounded part of the manifold M;,. This will be useful in the
next section when studying the dynamics in a neighborhood of ¥, considering that M; can
not be written as a global graph over .

Theorem 3.6. There exists Ry > 0 and C' > 0 such that for R > Ry, for the sequence of t;
in Theorem 1.5, we have |[v*(t:)|[r2(as,) < Cllv* ()l 2(p)-

[vllou) < Cllvllzz,), and

Proof. Theorem 6.11 shows that there exists Ry > 0 and n > 0 such that when R > R,
[¢1(t) — non|r2mry = 0 as t — oo. Here ¢y(t) is transplanted to X when ¢ is sufficiently
large. From Theorem 1.5, we have

[(v* (), d1(t:)) L2

lo* ()l

o™ l@u) < Cllv*llz2qy), and

Hence (we choose ¢1(t) > 0)
0"l L2ty < (o™ (t:), @1(Ea)) 12(r) = (W™ (8), d1(ti)XBr) 121y + ¢V (1), P1(8) (1 = XBg)) 12t -
Corollary 6.10 implies that ||¢1()(1 — xr)||r2(m,) < CR™ for sufficiently large R, t. Thus,
t

[0* ([ L2y < (V™ (t3), d1(ti)XBr) 220) + OB [V 1200
So if R is sufficently large,

[0 22y < O™ (), d1(ti)xBr) 2ty < ClIU™ [ L2qarfyy-



18 AO SUN, JINXIN XUE

Corollary 3.7. There exists Ry > 0 and C' > 0 with the following significance: in the setting
of Theorem 1.5, we have

{0 (i), @1(te)) 20|

¥l < ClIo*2qarry. and o
QME) L2 (M) [v* ()l Qa,)

4. DYNAMICS IN A NEIGHBORHOOD OF THE SHRINKER

In this section, we show that the RMCF in a neighborhood of the shrinker is approximated
by the linear equation dyu = Lyu.

Consider (M;) is an RMCF converging to a conical shrinker ¥ in the C}2 sense as t — o0
and we perturb the initial condition slightly to give a new RMCF (M;). We choose the initial
perturbation so small that the perturbed flow will stay close to the unperturbed flow for a
long time until they both enter a §-neighborhood of the shrinker in the C%®-norm over a large
compact ball Bgr. This is the red curve in Figure 1, which is controlled by the variational
equation. The main body of this section is devoted to the blue curve that is the dynamics
in a neighborhood of the shrinker to be approximated by the linear equation d,u = Lyu.
As we have discussed in the introduction, the main difficulty is created by the fact that M,
and M, cannot be written as global graphs over ¥ so that a cutoff is not avoidable. The
time span running the blue curve of local dynamics depends on the smallness ¢ of the initial
perturbation (roughly loge™!), so that the linear approximation has to be done over growing
domain since otherwise the discarded information by the cutoff will accumulate large error
over loge™! long time. In Section 4.1, we state a result on the exponential growth of the
graphical domain to be proved in Section 5. In Section 4.2, we derive the equation governing
the dynamics of the blue curve. In Section 4.3, we give the necessary cone condition and
boundary condition to initiate the blue curve. In Section 4.4, we show that the dynamics on
the blue curve can be approximated by the solution to the linear equation. In Section 4.5,
we show that the cones become narrower and narrower under the dynamics, which enables
us to complete the proof of the main theorem in Section 4.6. In Section 4.7, we show the
perturbation can be generic and in Section 4.8, we consider ancient solutions.

4.1. Exponential growth of the graphical domain. Denote by A, ,, the closure of the
annulus region B,, \ B,, for 9 > rq.

Definition 4.1. Let us fix an integer £ > 3 and r > 0, g9 > 0. We define the graphical
scale r(M;) as the largest radius R such that M; can be written as a graph of a function
w: B — R satisfying

(1) flullc2a(sr < eo, ‘

(2) IVullcosra, 1) < s Hlep, i=10,1,2, r < s < R.

Here r, g and C,, are uniform constants independent of R.

We will fix ¢y and (), later, such that the following Proposition 4.2 holds. Proposition 4.2
will be proved in Section 5.1.
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Proposition 4.2. Fixz ¢ > 3. There exist eg and C,, > 0 form = 0,1,--- £, T > 0 and
C > 0 such that for allt > T we have r(M;) > Cet/?,

We define r(M;) to be the minimum of the above 7(M;) and Ce*/?. Sometimes we simply
write r(t) for simplicity. On ¥NB,q), M, can always be written as a graph with an appropriate
decay rate.

4.2. The evolution equation governing the difference of two nearby RMCFs. We
consider the following setting: Let {M;}ic(0,00) be an RMCEF as in (x). Suppose M, is a small
perturbation of My and ]\Z is the rescaled MCF with initial condition ]\N/[O.

We first write M, as the normal graph of a function v(-,t) over M, i.e.

(4.1) M, = {z + v(z,t)n(z) | € M,}.
Then taking the difference of the RMCF equations for ]\A/[/t and M; we get
(4.2) 0w = L, v + Q(v),

where Q(v) is quadratically small in ||v][c2 (see [ , Lemma 4.3] and [SX, Appendix A]).
Suppose t is sufficiently large so that the graphical scale of M; can be defined as in
Definition 4.1. We can introduce a diffeomorphism ¢ between ¥*® and M; ™ 50 that a

@ can be transplanted to a function on ¥*® as the pullback p*v. Note

function v on M,
that the difference between the two manifolds Mtr(t) and X® grows linearly in the radial
direction, since the C° norm in item (2) of Definition 4.1 does so. Instead of using the
normal graphical function in Definition 4.1 to define the diffeomorphism ¢, we adopt a
polar-spherical coordinates approach. Let C := {rf | r > 0, § € S C S™*(1)} be the cone
such that AYX — C as A — 0,4, where S is a codimension 1 submanifold of S*(1). On each
spherical slice S™(r), both M; NS"(r) and ¥ N S™(r) can be written as a normal graph over

rS.

Definition 4.3. We define the diffeomorphism ¢, : ¥*) — Mtr(t) by mapping each point in
Yr® NS (r) to the point of M A S™(r) on the same normal of rS.
2|2
Note that the diffeomorphism preserves the Gaussian weight e~ . We next use ¢ to pull
back functions on M, to ¥ to rewrite the equation as a nonautonomous system over ¥ as

(4.3) Oww* = Lyv* 4+ Q(v*,t), with v* = (¢;)"v, and

(4.4) Qv t) = P(v™, 1) + ((¢)*Q)(v"),  P(v",1) = (1) (Lagv) — Lyv™.

We emphasize that (4.3) is the equation satisfied by the restriction of v* = (¢;)*v to the
graphical part ¥*) where v solves (4.2). Equation (4.3) itself is not an autonomous evo-
lutionary equation since the solution over the region ¥ is influenced by the part outside
Bry(n,) according to (4.2). The error term Q is estimated in Appendix B (see Lemma B.2).
Similarly to Proposition 4.2, we have the following estimate for the perturbed RMCF.
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Proposition 4.4. For any large r > 0 and small 6, > 0, there exists e; > 0 with the following
significance. Suppose M, is a perturbed RMCF where My = {z +vo(x)n(z) | © € My}. If
[vollc2a < €3, then there exist T > 0 such that M, N By can be written as a graph of
function u(-,t) on X0 with ||u(-,t)||c2zry < 61 on X7 fort € [T, T + 1].

Proof. M, converging to X in Cf° sense implies that for any fixed r, when 7" is sufficiently

large, M, can be written as a small graph over >". If the initial perturbation is sufficiently
small, then by the smooth dependence on the initial data of RMCF equation, we have MT
can be written as a graph over M7 which is sufficiently small. Then Theorem A.1 implies
that MT can be written as a small graph over ¥". The fact that ]\Z N By can be written as
the graph of u over X*® follows from the following Proposition 4.5(2) and Theorem A.1. [

4.3. The cone condition to initiate the local dynamics.

Proposition 4.5. Let § > 0 be a small number and r be a large number, then there exist Ty
and 1 with the following significance:

(1) Fort > Ty, M; can be written as the graph of a function m(-,t) : X*® — R with
[m(- 1) llcze(sry < 6/2; .

(2) For all 0 < € < €1, suppose M, is the RMCF written as the normal graph of v(-,t)
over My as in (4.1) and with initial condition vy > 0 and ||vo|lc2emy) < €. Let
v* be the transplantation of v to ") which satisfies (4.3). Then at time Ty, the
transplanted function v*(-,T}) is defined on YT and

_r(tl)3/2
o Txeplla > sup 0 (s om0
tIE[Tu—l,Tu-i-l]

<U* (Tﬁ)Xr(Tu)v¢l>L2(E)
o (T)xe(y o)

>cd > 0.

Proof. The item (1) follows from the definition of the graphical scale and r(¢). We only need
to choose gy in Definition 4.1 to be /2.

Next we prove the item (2). We first prove the desired inequality for v*, the solution to the
linearized RMCF equation. From Theorem 3.6 and Corollary 3.7 we know that there exists
Ry > 0 and a sequence of ¢; such that the Qg,(t;)-norm of v* dominates the L?(¢;)-norm of
v*, which grows exponentially by Theorem 1.5 (1). On the other hand, parabolic maximal
principle shows that v* grows exponentially, meanwhile e~ Tt decays super exponentially
since r(t) grows exponentially by Proposition 4.2. So we can choose a T such that

_r(t/)3/2

1
v llow = 5 sup [0 ek e
t,G[Tu—l,Tuﬂ-l]
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Now we fix such Tj. From Proposition 3.4, namely the approximation of v* and v, we
know that if € is sufficiently small, v and v* will be sufficiently close to each other, and thus

_ r(t/)3/2

2
lo(T)Xrolloeny = 5 sup (ot leza,pn apenine
3 t/G[Tﬁfl,T‘rl’l]

Finally, Lemma A.2 implies that after trasplantation, we will have
* * )32
||U (Tﬁ)XROHQ(E) Z Sup ||U (tl? .)||C2(Ar(t/)71,r(t/))e 4
tIE[Tu—l,Tﬁ-‘rl]
When T} is sufficiently large, r(7}) > Ry. Then we obtain item (2).
Item (3) follows from Theorem 3.6 and Corollary 3.7. Notice that the choice of T} satisfies
(0" Ty 1 (12)

o Tl

LQ(Tﬁ)‘

> ¢. Meanwhile, from Theorem 6.9, ¢1(t;) — ¢1 on Bg. So when T}

<U* (Tﬁ )XRO 7¢1>
[o*(T)xe(zp lQem)

L2(%)

is chosen sufficiently large, we have > Lc applying (B.1). Again, if € is

*(T;
<v ( ﬁ)X’“<Tﬁ)’¢1>L2(E) Lo — ¢
o (T)xe(zp Q) 3 )

O

sufficiently small, Proposition 3.4 and Lemma A.2 imply that

4.4. Approximate the local dynamics by linear equation. We next consider the orbit
of M, for t > T;. We will compare v*(t) with the solution of the autonomous equation d,v =
Lysv. Note that the linear equation is globally defined on 3, but M; is not a global graph, so
we choose the initial condition v(0) for the linear equation satistying v(0) = v*(T} + n)xr,
R = r(Ty +n), where xg : R — R is a smooth function that is 1 for || < R —1, 0 for
|z] > R and |x’z| < 2. Then we solve the initial value problem

{8,:% = Lyv,

(4.5) .
Un<0) = (Tﬁ + n)Xr(Tn—f—n)-

tions to this linear equation in Appendix D. The following lemma shows that the solution
of the above equation (4.3) can be well-approximated by the linearized equation.

Proposition 4.6. Let v*, v, and Ty be as defined above. Suppose that ||v*(Ty + n +
t)HCQVQ(Er(Tﬁjantt)) < 4§ fort €[0,1]. Then we get
(1) lv*(T; + n+ DXe(myansr) — va(D)[l < 0l0™ (T3 + n)Xr(Tg—i-n)/HQ;
* * —r nN3/2
@) [ (T)xeaplle = sup 0" (', ) lezage e
V' E[Ty—1,T4+1]

We postpone the proof to Appendix C. The proof is similar to that of Proposition 4.3
of | ]. The main difficulty created by the noncompactness is that the boundary terms
behave badly when performing integration by parts. The key observation is that the graphical
domain grows exponentially with respect to t (Proposition 4.2), so the Gaussian weight
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decays superexponentially like e_cet/Q, and on the other hand, the difference between two

nearby RMCFs grows at most exponentially (Proposition 4.4). Thus we use the item (2) in
the definition of T} in Proposition 4.5 to absorb the boundary term.

4.5. Tterating the local dynamics. Let £ be the Banach space of C*“ functions on X.
We consider an orthogonal decomposition £ = E; @ E5 with respect to the (Q-norm, where
E1 = R¢; and F5 the orthogonal complement of E;. Next, let x be a positive constant. We
define the cone

K(r) ={u=(u1,uz) € By ® Es | [Jur]g = klluzllo} -
This is a cone containing F; = R¢; and larger x implies narrower cone.

Proposition 4.6 implies the following cone preservation property.

Lemma 4.7. Let k > 0 be a fixed number. For all €, there exists 0 sufficiently small such
that the following holds. Let v* be as in (4.3) with v*(Ty)Xr() = (v1(0),v2(0)) € K(k) and
[0 (T} + )|z e(zy+0)) < 0 fort € [0,m] for any m € N, then we have

U (Ty + 1) Xe(1y1m) = (v1(n),v2(n)) € K(k), VO0<n<m.
Moreover, we have

D oo > & mOly
v2(ntl)llQ (A2—A1+e) lv2(n)llQ rtl
(2) lvi(n+1)][q < e IERGOIE +5( K )

Proof. We have the following from Proposition 4.6 and the assumption (v1(0),v2(0)) € (k)

. 1+ kK
lea(Wllg < P+ un(0) g + 5 ( ) I (0) o

1+ &

lor (Mg = e~ |vr(0) g — & ( ) [01(0)l-

Taking quotient, we get both items with n = 1, which implies (v;(1),v5(1)) € K(x). Then
the lemma follows from iterations. O

With this lemma, we prove the following result.

Proposition 4.8. Let §,¢ and T} be as in Proposition J.5. Then there exists time Ty (> T)
of order |log(d/e)| such that after the evolution of the RMCF for time T}, the function
v*(T%, ) is defined over S*0) satisfying

(1) [v* (T, ) Xe(m) | c2iar2 = 6;

(2) [0 (T%, ) xe(ry lg = 6%, for some d > 0 independent of 4;

(3) v*(T3, )xr(ry) € K(1/(C9)).

Proof. The conclusions (1) and (2) will be proved in Section 5.3. Item (3) follows from
Lemma 4.7(2). Indeed, the inequality in Lemma 4.7(2) gives that for large time n, the ratio

leetntDlle 7§ stabilizes. This translates to the cone condition in item (3). O

estimate T—F——r=
lvi(n+1)]lq
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4.6. Proof of the main theorem. Now we prove the following theorem.

Theorem 4.9. Let My and M; be as in (x). There exists dg > 0, 01 > 0 and r > 0 with
the following significance: after a small initial positive perturbation on the initial data Mo,
there is a time T' such that at time T', the perturbed RMCF M, can be written as a graph
of function uw on X*T) | and decomposing u = uy + us in E = Ey @ Ey we have

(1) [Jullhy > Cllullc2asns,) = do, where d is in Proposition 4.8;
N Nugllo > Ot |us or some constant C' independent of 6,01 or r.
Q 0 Q

Proof. Step 1: Let us fix an integer ¢ > 4. At first we will choose a large radius r such that
Y\ B, is very close to regular cones, say 3 can be written as a graph over these cones with
C*-norm of the graph is less than 1071°6;. See [('S, Section 2] for details. We first choose T
sufficiently large such that My is a graph of a function f over X N B, with || f{|c2.e ) < 61,
and we also assume T is sufficiently large such that item (3) in Theorem 1.5 holds for T (we
choose R(t) = r). We will also choose T sufficiently large such that after transplantation,
@7 (T) is very close to ¢; on X, in the sense that [|¢7(T) — ¢1/|c2a(zry < 1. In the definition
of r (see Proposition 4.2) we can choose C so that r(T") = r. We will fix §y and ¢, later, but
they are both very small constants.

Let ug > 0 be a positive pertubation solution on M;,. We pick € small, to be determined.
Let u be the solution to the perturbed RMCF on M; and u* be the solution to the linearized
RMCF, both with initial data eug. By the approximation of RMCF equation and linearized
RMCF, we can pick e sufficiently small, such that

[u(-T) = (-, T) [ c2eaar) < COtllul, Tl 2o (s

|<U*(T)7¢X(T)>L2(]u§;)|
H“*(tz‘)”Q(M;)
[(u(T)$1(T)) L2 aaz)|
RIS
constants which may vary line to line. Let u(7T") be the transplantation of u(T') to X¥. Then
()T 12 |

el Eveyes:

Step 2: By Theorem 1.5, we have > /. Then when §; is sufficiently

> ¢/, where C’ and ¢ are some

small, we can use triangle inequality to get

> (. Finally, because we have assumed

‘(E(T))¢1>L2(M%)|
||E(T)||Q(M;)
This implies that w(7") lies in a cone K (k) for a k depending on ¢§; (See Section 4.5).
Step 3: Now we can use Proposition 4.8 to show that after a definite amount of time

T ~ log|do/||uxy|lql, we have

by Lemma C.1 in [SX], we also have

/
Y

that 7T is sufficiently large so that ||¢}(T) — ¢1]|2 < 1, we have

o [uxeiryllczem.ns) = do, (X llo = &',
. ﬂXr(TT) € K(l/(C(SO))
This implies the desired bound on u(7%).
Step 4: It remains to show that if we write the perturbed flow as a graph of function v

over XN Byr,), v satisfies the same bound as . This is a consequence of the transplantation
bound.
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O

Theorem 4.9 can be used to describe the local feature of MCF after a positive perturbation.
In particular, we have the following local description of MCF near a singularity modeled by an
asymptotic conical self-shrinker: under the assumption (x), after a sufficiently small positive
perturbation on initial data, there is a spacetime neighbourhood A of (0,0) in which there
is no singularity modeled by X.

Recall that the positive perturbation on a non-generic self-shrinker is not the only pos-
sible direction of perturbation that can decrease the Gaussian area of a non-generic self-
shrinker. Colding-Minicozzi | | have proved that infinitesimally translations (correspond-
ing to eigenfunction (x,€) for any unit vector €) and infinitesimal dilation (corresponding to
eigenfunction H) also decrease the Gaussian area of a non-generic self-shrinker.

For {M,}, the translations and dilation on the initial data will move the singularity (0, 0)
in the spacetime to somewhere else. We can show that the positive perturbation can perturb
the asymptotic conical singularity better than translations and dilation. We are ready to
give the proof of the conclusion of the main Theorem 1.1 for positive initial perturbations.

Proof of Theorem 1.1 for positive initial perturbations. Using the volume growth estimate
%TBR) < C (for all ¢t large and all R) for RMCF (c.f. Lemma 2.9 of | ]), we get
the estimate F'(M,\Bg) < CR"e /4,

Fix § ahead of time and let T} be as in Proposition 4.8. By choosing the C** norm ¢
of the initial perturbation sufficiently small, we may allow 7T} sufficiently large and we pick
R =r(My,) ~ e"/? so that

F(Mp,\Bg) < CR"e™ ™/t < 68

and fix it in the following. Next we write Mﬁ as a graph of a function u* over ©#, and
suppose |[u*(T%,-)|lg = 04 with d’ < d by Proposition 4.8(2). Here we can guarantee that

d' > 1 is sufficiently close to 1 (see the interpolation formula in Section 5.3).
By the second variation formula, we get

(4.6) F(ME) — F(£) = — /E ' Lsu'e™ T+ 0(87).

By Theorem 4.9(2), we get that the projection of u* to the ¢; component dominates, so we
get
F(Mf) — F(Z) < —(M — 0(8))5*" + 0(5°).
Lemma 7.10 of | | shows that the entropy of ¥ is attained, so we have F(X) = \(X). It
was proved in | ] (c.f. Theorem 4.30, 4.31 of | |) that perturbation in the direction
of ¢, strictly decreases the F-functional, despite of translation or dilations. So if we have a
translation or dilation R of size §, the same calculation as Theorem 4.30 of | | gives the
estimate F(RM7)) — F(X) < —6>°.
This completes the proof.
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Similarly, we have Corollary 1.2 holds for positive initial perturbations.

Proof of Corollary 1.2 for positive initial perturbations. By the avoidance principle of MCF,
M, has distance at least e'e to M, for all ¢ > 0 since \; > 1. Meanwhile, the translation
and dilation of the MCF has exactly scale e/?c and e'e respectively, under RMCF. The
conclusion then follows from the “Moreover” part of Theorem 1.1. 0J

4.7. Generic perturbations. In this section, we complete the proof of Theorem 1.1 and
Corollary 1.2 by allowing generic initial perturbations that are not necessarily positive.

Completing the proof of Theorem 1.1 and Corollary 1.2. We only need to prove Theorem 4.9
holds. The proof is similar to [5X, Theorem 3.11] so we only sketch the proof here. The key is
to prove Step 2 in Theorem 4.9 for an open dense subset S of {u € C**(My) | ||ul|c2.e = 1}.

Let S be the subset of {u € C**(My) | ||ul|c2.« = 1} such that for any ug € S Step 2 in
Theorem 4.9 holds. By well-posedness of RMCF, openness of S is straightforward. So we
only need to prove the denseness of S. In fact, for any u with ||ug||c2.e () = 1, let u be the
solution to the linearized RMCF equation with initial data wug, there are two possible growth
rate of u:

Case 1: |lul|z2(ar,) grows faster than e )t for any € > 0. Then the proof of Theorem
1.5 implies that Theorem 1.5 also holds for such u. This implies that such uy € S.

Case 2: ||ul|r2(ar,) grows slower than e~ for some € > 0. Then we can add a small
positive function to ug, and normalize it to get a nearby initial condition uj. Because the
positive function grows faster than e~ for any ¢ > 0, it will dominate the whole
function. Thus uj € S.

Combining both cases above we know that S is dense. O

A (E)—e

4.8. Ancient solution. In the proof of the main theorem, we use only the finite time
dynamics without establishing a stable/unstable manifold theorem. The existence of the
stable manifold for noncompact shrinkers is an interesting open problem with the main
difficulty again the failure of writing M, as a graph over Y. Similar argument as Theorem
4.1 of [SX] gives ancient solution dictated by Theorem 1.3. We refer readers to [5X] for more
details.

5. GRAPHICAL ESTIMATES NEAR SHRINKER

In this section, we give necessary graphical estimates for an RMCF close to a shrinker on
a large compact set. The proofs of Proposition 4.2 and Theorem 4.9(1) will be completed
in this section. This section is organized as follows. In Section 5.1, we use pseudolocality
to complete the proof of Proposition 4.2. In Section 5.2, we estimate the C?“-norm of
the perturbed flow M,. In Section 5.3, we bound the C?“norm by the Q-norm using an
interpolation argument as well as the higher derivative estimate by Ecker-Huisken, hence
complete the proof of Theorem 4.9(1).
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5.1. Pseudolocality. In order to handle the non-compactness of the limit self-shrinker X2,
we use a pseudolocality lemma to extend the graphical scale of M;. We use the formulation
of [C'S, Proposition 5.1], which is reformulated from Theorem 1.5 in [INS].

Lemma 5.1. Given 6 > 0, there exists v > 0 and a constant p = p(n,0) > 0 such that if a
mean curvature flow {My }icp,1) satisfies that M_y N B,(x) is a Lipschitz graph over the plane
{nt1 = 0} with Lipschitz constant less than v and 0 € M_y, then M; N B,(x) intersects
Bs(x) and remains a Lipschitz graph over {z,+1 = 0} N Bs(x) with Lipschitz constant less
than o for all t € [—1,0].

We next reformulate this Lemma in the context of RMCF. Note that the Lipschitz constant
of a graph is invariant under dilation and that an RMCF (M), t € [0, 00) is related to an
MCF (M.,), 7 € [~1,0] through M, = ezM_, .

Lemma 5.2. Given 6 > 0, there exist v > 0 and a constant p = p(n,d) > 0 such that if
an RMCF {Mi}ieqr,o) satisfies that My N B zr () is a Lipschitz graph over the plane L

passing x with Lipschitz constant less than v and x € My, then MtﬁB\/;tp(\/ et=Tx) intersects

B as(Ver=Tx) and remains a Lipschitz graph over LN B, /z5(V e!~Tx) with Lipschitz constant
less than 6 for allt € [T, 00).

We will use Lemma 5.2 in the following way to control the gradient of graphs.

Corollary 5.3. Suppose ¥ is a conical shrinker, and M, is an RMCF. Let R be sufficiently
large. Then when T is sufficiently large, suppose Mr is a graph of u(-,T) on Ag_1 R NE with
[Vu(-, T)| <7, then Mry; is a graph of u(-, T +1t) on Acjz(g_q)etr2g N X with [Vu(-,t)] <6
fort > 0.

Proof. Suppose at time T very large, My is a graph of function m(-,T") over X in the ball of
radius R, such that |[Vm(-,T)| < v/3. Then we know that My is a graph on the tangent space
T, % with Lipschitz constant less than /2. Then we can decompose Br\Bg_1 into several
small balls Bf/ﬁp(x) with radius ve=Tp. On each B7(z) we use pseudolocality Lemma 5.2,

we see that My, N Ve DB/, , 5(et/ 21r) is a graph on the same plane with Lipschitz constant
0 for t > 0.

If we assume ¥ is conical, then the tangent space T, should be very close to the tangent
space of ¥ near e*/2z. Moreover, this Lipschitz constant can be translated to the gradient of
My, as a graph mq., over the ball of radius roughly e’/?R. So we obtain the corollary. [

The above results are concerning the Lipschitz bound of the graph. Next we use Fcker-
Huisken’s interior estimate to get a higher order estimate of the graph. The following Lemma
is a consequence of Ecker-Huisken’s interior estimate of MCF (c.f. [H, Section 4]).

Lemma 5.4. Under the assumptions of Lemma 5.1, for any integer £ > 0, there exists a
constant Cy depending on 0,7 and p, such that for allt € [—1/2,0], we have that M; N By is
a C* graph with C*-norm less than C.
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Similarly, this Lemma has a reformulation for RMCF, and has a consequence for RMCF.

Lemma 5.5. Given 6 > 0, there exist v > 0 and a constant p = p(n,d) > 0 such that
if an RMCF {Mi}ieqr,0) satisfies that My N B /r,(x) is a Lipschitz graph over the plane
L passing x with Lipschitz constant less than v and x € M_y, then for any integer ¢ >
0, My N Bz, (Ve=Tx) intersects B z;(Ve'"Tx) and is a C* graph with (-th derivative is

bounded by Cy(vVet=T)~ for all t € [T +1/2,00), where Cy is a cosntant depending on 6,7
and p.

Corollary 5.6. Suppose X is a conical shrinker, and M; is an RMCF converging to X. Let R
be sufficiently large, and suppose My is a graph of u(-,T) on Ar_1 g NE with |Vu(-,T)| <~
for some T sufficiently large. Then for any integer £ > 0, Mryy is a graph of u(-,T +1t) on
Agrpryerog N2 with |[Vou(-, T 4 t)|lco < (e'2)71Cy fort > 1/2.

Remark 5.7. We give a remark about the Corollary 5.3 and Corollary 5.6. Note that in
Lemma 5.2 and Lemma 5.5, the statement is about M; being a graph over a fized tangent
space. Meanwhile in Corollary 5.0, the statement is about M; being a graph over . In fact,
here we use the structure of an asymptotically conical self-shrinker. In particular, we use
the fact that the curvature decays on X, and there exists Ry > 0 such that for any R > Ry
and C > 1, any x on 0BrRNX, T,X and Te#,Y only different by a very small rotation 6 (we
use C*x to denote the point on ¥ whose projection to the asymptotic cone is C times the
point on X which is the projection of x). The existence of such Ry is a consequence of the
structure of an asymptotically conical self-shrinker, see [BW] and [CS].

We next work on the proof of Proposition 4.2.

Proof of Proposition /.2. Suppose {M,} is an RMCF. Fix R > 0 from Corollary 5.6. We
assume 71" is sufficiently large such that M, is a graph of a function m; over ¥ N Byr with
7]l ct(snByg) < 7> Where 7 comes from Corollary 5.6. Such T' exists because M; converges
to X in O, sense.

Corollary 5.6 implies that My, is a C* graph over (Aggi/2 oget2) NS for ¢ > 1/2. Mean-
while, for ¢ < 2, we know that Ag.i/2 yp./2 N Bag is always nonempty. So for ¢ € [1/2,2],
My, is a C* graph over Byp./2 MY, with C%norm satisfying the bound in Corollary 5.6.

Now we repeat the above process, starting from ¢ = 1,2,3,---. Then the graphical region
expands at the rate 2Re!/?. This concludes the proof. O

5.2. Regularity estimates for the perturbed flow. In the last section, we see that
once the RMCF is very close to %, the graphical region expands exponentially. For M,
converging to ¥ in CF° sense, it is always close to %7, hence the expansion will last for all
time. In our setting, the perturbed RMCF M; will not be close to Y2 for all time. We need
a quantitative characterization of the closeness of M, and L.

In this section we study some estimates of the RMCF as a graph over a part of . In
particular we generalize the Holder estimates in | | to non-compact asymptotically conical
self-shrinker setting. We will always fix a conical self-shrinker > and R, large such that on
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Bgr, N, there exists Cy > 0 such that |[V*A| < C(1 + |z|) % for k =0,1,--- , £+ 1, and
3N OBg, is the union of several submanifolds in R,S"™, which are sufficiently close to the
cross sections of the asymptotic cone of the conical ends, and the tangent space on XN 0Bg,
is very close to the tangent space of the asymptotic cones.

The main goal of this section is to prove the following proposition:

Proposition 5.8. Given €, > 0, there exist 01, C, € and o > 0, so that the following holds.
Suppose {M;} is an RMCF with v(Mr) > R, for some large T, and My, t € [0,T*], can
be written as a graph of function u on X satisfying

(1) [w(T)| + |Vu(T)| <6 < b1, and |Hess,1) | < 01.

(2) flu(, T +1t)|lc> < 6y on B fort < T,
then MVTH can be written as a graph of function u on LT+ for t € [0,T*] and

(1) on =¥+ we have the estimates

lu(z, T +t)] < C0 +e)(1+|z]), [Vu(T +1t)| < C' (0 +€1), | Hessy(rgr | < Coy,

(2) on X we have ||u(-, T +t)| czamry < CHI+ €))7,
(3) for any integer £, ||u(-, T + )| cewrey < Cp for some constant Cy depending on 6, .

Lemma 5.9. Suppose {]\Z} is an RMCF. Given ¢; > 0, there exists 61 > 0, 7 > 0, and

C > 0 such that the following holds. Suppose that MT can be written as a graph of function
u(-,T) over X7, v > R, with |[u(-,T)|lc1zr) < 6 < 61, then fort € [0, 7], we have

sup |u(-, T+ t)| < Csup|u(-,T)| + €.
s s

Proof. First we prove this bound on A,_;, NX. We use the pseudolocality argument. We
choose sufficiently small §; > 0, such that we can use Corollary 5.3. More precisely, we pick
¢ in Lemma 5.2 to be €;, and we pick T' in Lemma 5.2 to be 0, and we pick p < e ! in
Lemma 5.2. Corollary 5.3 applies to show that on A,_;, N¥, the RMCF M, can be written
as a graph, whose supremum is bounded by e*/?e;p < €.

Next we consider the bound on ¥""!. Let 1 be the cut-off function which is 1 on Y"1
and 0 outside ¥". Let us consider the supremum of nu. Suppose the supremum of nu(-,t)
is attained at p. If |[p| > r — 1, then we can use the previous pseudolocality argument to
prove that supy.—1 |u| < €;. Otherwise, we know that p is a local maximum of u(-,¢). Then
we use maximum principle (c.f. Lemma 3.13 of | ]) to show that supgr—1 |u(-, T + )| <
C'supsy—1 [u(-, T)| + €1. Combining two cases together we get the desired bound. O

We next have the following local curvature estimate near a conical singularity.

Lemma 5.10. For any €3 > 0, there exists 0, n,7 and Co with the following significance.
Suppose {M, }icjo,r) s an MCF with max 5 |AX(2,0) < C < Gy, 7 > R., and satisfies

zEMoN
° Mo N Bs(x) is a graph over some hyperplane L, with Lipschitz constant less than 1,
for any x € My NA, 4.
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Then fort € [1/2,7], we have max, gz p  |A[*(z) < 2C + 26,.

Proof. We extend the argument of | , Corollary 3.26] to the noncompact setting. By pseu-
dolocality argument, if 7 is sufficiently small, there exists 7 > 0 such that on MtﬂATH /30412
when ¢ € [7/2,7], we have |A|? < €. Next we define m(t) = MaX, c¥1,05, ., , |A|?(z,t). We
have two cases: if m(t) < e for all ¢ € [7/2,7], then the inequality is proved. Otherwise,
m(t) is attained at somewhere on M, N B,1/5. Using the inequality (9, — Agp AP < AL,
we can use the interior maximum principle to show that m/(t) < m(¢)?. This implies that
m(t) < min{2C, 2ey}, if ¢t € [0, 7], where 7 is a constant depending on C' and é€s. O

Proposition 5.11. Given €; > 0, there exist T > 0, 51,2, e and o > 0 so that the following
holds. Suppose M, is an RMCF with v(T) > R,, and My, can be written as the/vgmph of
function w on XN By satisfying |w| + |Vw| < § < 61, and |Hess,, | < &1, then My, can
be written as a graph of function u on X*TFY for t € [7/2, 7] with u(-,0) = w and

(1) On 2*T*) and for t € [7/2,7], we have

lu(z, t)| < CO+e)(1+2]), [Vu(,t)| < CY2/(0+ 1), |Hessurims | < Cé,
(2) on X' we have |[u(-, 7)|| ez grry < C(6 + €1)°.

Proof. Lemma 5.9 shows the first bound in (1) and Lemma 5.10 shows that third bound
(with the relation between MCF and RMCF) in (1). The second bound in (1) comes from
interpolation on X*7+7/2) and from pseudolocality on ¥ N (Apr)r(r4r/2))-

The above statement in (1) implies that u is a strictly parabolic equation on [7/2, 7], on
(™). Then (2) follows from similar argument as | , Proposition 3.28|, with the only

difference being that we need to use interior Schauder estimate (c.f. Theorem 3.6 of [('5]).
0

We next give the proof of Proposition 5.8.

Proof of Proposition 5.8. Whenever ||u(-,T +t)|/c2(xr) < 1, we can repeatly use Proposition
5.11, each time in ™). Outside =*7) we repeatly use pseudolocality arguments. Notice
that although at each step we only prove the desired bound for ¢ € [7/2, 7], we can start
from 7/2 to iterately use the argument, and therefore the desired bound can be obtained for
all t € [1,T*]. For item (3), we use higher order estimate of curvature by Ecker-Huisken (c.f.
[[E11, Theorem 3.4]). More precisely, Ecker-Huisken proved that the higher order continuous
norm of v is uniformly bounded by a constant depending on §;. U

5.3. Bounding the C**norm by the Q-norm. In application, we want to iterate Propo-
sition 4.6 on a long period of time, which requires that |u(-, T +1)|c2a < § on X7 for ¢ in that
period of time. However, |u(-, T + t)|c2.« may become very large if ¢ is large, so Proposition
4.6 can only be used on a short time period [T,7T + 7]. It may happen that the @-norm
did not acquire sufficient growth over such time interval. To overcome this difficulty, in this
section, we prove items (1) and (2) of Proposition 4.8. The key point is to interpolate the



30 AO SUN, JINXIN XUE

higher derivative estimate of Ecker-Huisken with the @-norm to bound the C%*®norm. Sim-
ilar argument was used in [Sc], | ] and [C'S]. We cite the following interpolation Lemma
from | , Appendix B]J. It is mentioned in | , Appendix B] that the result also extend
to a hypersurface with scale-invariant curvature bound.

Lemma 5.12. There exists C' only depending on ¥ and r such that, if u is a C* function

r _ ¢ _ =1 _ =2
on X7, then we have for arn = ¢, bon = 75y Con = 5o

n 1 n
lull e ry < C{llull sy + Nl i 1Vl 2550y 1

( ) )
b 1 n

IVullzmsry < Clllullgsry + ull g [Vl .

g 1 n
IV2ull ooy < Clllull ey + lull ey IV ull oy 3
We use x, to denote the characterizing function on 3", i.e. x, = 1 on X" and 0 elsewhere.

Lemma 5.13. ]f]\Z is a graph of function u on XN By and ||u(-,t)||cesry < Cp. Then we

have [|u(-,t)||c2ommy < CHu(-,t)Xr(t)Hg(é), where a(l) = ﬁf and C' is a constant depending

only on X3, 61 and /.

Proof. The interpolation lemma 5.12 together with C* uniform upper bound proved in Propo-
sition 5.11 imply that |jul[c2.emr) < OHU”%g()ErH) < CHUXr(t)Hg@- 0

Item (1) and (2) of Proposition 4.8 follow from this lemma.

6. CONVERGENCE OF GEOMETRIC QUANTITIES

In this section, we prove the convergence of eigenfunctions and eigenvalues under assump-
tion (%), hence verifies the assumptions of Proposition 1.5 in the case of conical singularities.
In Section 6.1, we prove the convergence of the leading eigenvalue \;(M;), hence verifies
assumption (1) of Proposition 1.5. In Section 6.2, we prove the convergence of the leading
eigenfunction. In Section 6.3, we prove the spectral gap, hence verifies assumption (2) of
Proposition 1.5.

Given a hypersurface M (possibly with boundary), we define the first eigenvalue A;(M)
of the linearized operator Ly := Ay — 2(z, Vi) + (JA]* 4+ 1/2) to be the number

AM(M):=— inf LIV = (AP + 1/2)f2]€7%d,u
Feminan fM fze_* !

where the W 2(M) is the weighted W12 space, i.e. the completion of the following space

{reczon: [ (@i <o},

If M has a boundary, A\;(M) is called the first Dirichlet eigenvalue of Lj;. Notice that if M
is non-compact, then A\ (M) could be co. We remind readers that compared with the many
other contexts in MCF like | | and [BW], our definition has a minus sign.
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We first list some important properties of the first eigenvalue.

Proposition 6.1. Suppose X is a self-shrinker with finite entropy.

e ([ ) M(X) > 1. If ¥ is neither a sphere S"(V/2n) nor a generalized cylinder
Sk(V2k) x R™F then A\ (X) > 1.
o ([BW]) If ¥ is an asymptotically conical self-shrinker, then A\ (¥) < +oo.

6.1. Convergence of the leading eigenvalues. In this section, we will always fix an
asymptotically conical self-shrinker X, and A/, is an RMCEF converging to X in Cf% sense as
t — 00. We define A;(t) := A (M) to be the first eigenvalue of the linearized operator Ly,
on M;, and we define A\; = A\1(X) to be the first eigenvalue of the linearized operator Ly on
Y. We will also localize the eigenvalues on the hypersurfaces. For any hypersurface M, and
radius R > 0, we define A¥(M) to be the Dirichlet eigenvalue of Ly, on M N Bg. By simple
comparison argument we have (M) > \;(M).
Our goal is to prove the following theorem:

Theorem 6.2. Suppose (), then A\j(M;) — A\ (X) as t — oc.

We need several lemmas to prove Theorem 6.2. The first Lemma shows that the RMCF
M, has a similar curvature bound as the self-shrinker 3.

Lemma 6.3. Suppose (x), then there exist constant 0 < Ty < 0o and 0 < C' < oo only
depending on the MCF M, such that fort > Ty, p € M, we have |A|(p,t) < C(1 + |p|)~*.

Proof. We divide R™! into three parts. The first part is Bg, for a sufficiently large Rj.
Then when Ty is sufficiently large, on Bg,, for t > Ty, M, is a graph over ¥ and the C*-norm
of the graph is small (depending on Tj). Then we can see that when t > Ty, inside Bg,, M,
has uniformly bounded curvature |A].

The second part is B,i/25\Bg,, where 6 > 0 is a constant. Using the pseudolocality of
RMCEF, by the similar argument as Proposition 5.8 (also see [('S, Section 9]), inside this
part |A] is be bounded by C(1 + |z|)~!.

The thrid part is the domain outside B.,:/25. We fix this constant ¢ > 0, and we consider
the MCF M,. Outside Bs(0), M, has no singularity when 7 < 0, thus M,\Bs(0) has
uniformly curvature upper bound (say C’) when 7 < 0. Now we change the view back to
RMCF, which says that outside B,./25, the curvature on M, is bounded by e~*/2C’. On the
other hand, because M, is an MCF of closed hypersurface, diam(M,) is uniformly bounded
(say C"). Hence M, has diameter at most C”e’/2. As a consequence, outside B,/25(0), the
curvature of M, is also bounded by C'(1 + |z])~L.

Combining three parts together gives us the desired curvature bound. O

Next Lemma shows a uniform lower bound for the A;(M;).

Lemma 6.4. \{(M,;) < C < +o0.
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: . . z|? .
Proof. Suppose u is any smooth function on M;, with | M, uQe*‘Td,u = 1. By the uniform
curvature upper bound, when t > Ty,

_l=? _l=?
Saa[IVuP = (AP +1/20w)e” dp_ [,,,(C +1/2)ue” " dy
|2 - ||

Jog, v dp Jar, v dp

<C+1/2.

O

In the following we start to prove the convergence of A\j(M;) — A(X). First we need some
convergence properties for compact domains.

Proposition 6.5. We have the following convergence properties:

(1) Suppose M is a hypersurface with bounded entropy, then A\F(M) — X\ (M) as R — oo.
(2) For fized R > 0, NE(M;) — M\{(Z) as t — oo.

Proof. Item (1) was proved in Section 9 of | ]. Item (2) is a corollary of the following
more general result. 0

Proposition 6.6. Suppose (3,0%) is a manifold with boundary (in our case it is ¥ N Br),
{g:} is a family of metrics on 3, converging to a limit metric go in C?, and {V;} is a family
of positive smooth functions converging to a limit function Vs, in C°. Suppose dyu, is the
volume measure with respect to g;. Then the leading eigenvalue of the self-adjoint operator
L; with respect to the functional fz |Vu|§t — Viuldp, converges to the leading eigenvalue of
L =1Ly, ast — oo.

Proof. Let A\{(t) be the first eigenvalue with respect to the time ¢ moment, and A\; be the
first eigenvalue with respect to the limit.
On one hand, suppose ¢ is an eigenfunction of A; on the limit, then

fz ‘V¢‘2w - oo(de,uoo
fz P djioo
By our assumption and the minimizing property of the leading eigenvalue, we have
“ ) < fz |v¢|527z 2_Vt¢2d“t N fz |v¢|g27oo Q_Vooq52dﬂoo _
fz P*dpu fz P*dfio
as t — 0o. Thus we get limsup, ., —A1(t) < —A;.

On the other hand, let ¢; be the leading eigenfunction with respect to g;. We will assume
that ¢, > 0 and [, ¢7dpiee = 1. Then

S IV@l2 . — Vied®dpioo
5 Pt Oloo

fz |v¢t ZOO - Voo ?dﬂ/oo . fz ’v¢t f]t - W¢Z2dUt
s didpo Js ddp

- —)\1.

(6.1) M\

Let us estimate
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Since g — goo in C?, we have

dy,t
7 dp

e dy; — dpise in C°. Moreover = 1+4o0(t). When we write o(t) we mean a quantity
— 0 as t — oo;

o [[Vor|2 —|Vel2 | < o(t)|Vey|2_ where o(t) — 0 in C°. Similarly, we can write
IVul;, = [Verl;. (1+o(t));

e We can also write V; = V(1 + o(t)) (note V,, is positive).

From the above items, we conclude that

fz |V¢t gt - ‘/tgb?d#’t _ fz |V¢t 300 - Voogb?dﬂ'oo
fz} gb?dﬂt fg Qs%d:uoo
We remark that o(t) is a quantity depending on how much g; and V; are close to g, and Vi

respectively, but does not depend on ¢;. In conclusion, we have —\;(t) > =\ (1 + o(t)). As
a result, liminf; .o, —A;(¢) > —A;. Thus we conclude that lim A\ (¢) = ;.

(1+o0(t)).

Lemma 6.7. For all € > 0, there exists 0 < T < 0o, such that \(M;) > M\ (X) —€ ift > T.
As a consequence, we have iminf, ., A1(t) > A1 (2).

Proof. The proof is similar to the proof of Theorem 6.6. First, by (2) in Proposition 6.5, we
can show M(M;) — MY(X) for any fixed R, as t — oco. Second, we have (M) < A\ (M),
and (1) in Proposition 6.5 shows that A(X) — X\(Z) as R — oo. Thus we conclude this
lemma. 0

Lemma 6.8. For all € > 0, there exists 0 < T < 0o, such that A\ (M) < \(X) +eift >T.
As a consequence, we have limsup,_, . A1(t) < A (2).

Proof. We choose two constants R and s to be determined later, and we assume ¢ is suffi-
ciently large such that AN2%(M;) > (1 — k) A\2E(2) > (1 — k) A (X).
Suppose ¢} is a first eigenfunction on M;. Then
_l=?

S IVELP = (AP + 1/2)(¢)%)e™ 4 dp

Iz :

Ja, (012 dp

We also assume 7 is a smooth cut-off function, which is constant 1 on Bg, and 0 outside
Bsg, with |[Vn| < C/R. Define v = ¢} - and w = ¢} - (1 — n). Then v is supported on
M, N Bg, and w is supported on M\ Bg, and v + w = ¢¢. Then

)\1 (Mt> -

Vo2 — (|A]? + 121}267#(1
LullH A Y

fM Tdp

Jar [IVw]? = (|A|2+1/2) fM C(1+|z))~2 + 1/2)w?]e T du
|m\2

wae du wae du

—C(1+R)~

2_1/2.
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Also,
V'U Vw 2d,u = / [(‘bﬁvn + nV(bi) . (_qblivn + (1 _ n)v(bti)]e*%d,u
M "
:/M gbt |V77|2 +n(l — )|v¢§|2 i ¢t1(1 oV ngtl]e—%dlu
> [ GG Vol E
M
/M RVl = K(JA]? +1/2)) (¢})?
(VAL — (AP + 1/2)(60)2) e dy
(6.3) |

(ote [93] < CR™Y) = ~(COIR -+ AP + w2 = n0) [ (o T
My

> —cr [ (ote

In the last inequality we assume that R is sufficiently large. Let m := min{—-\3*(M;), —C(1+
R)~2—1/2}. Then m < 0 and when R is sufficiently large, —A$#(32) < 3(—=C(1+R)2—1/2),
therefore when ¢ is very large, —\2%(M;) < (—=C(1 + R)™2 — 1/2). Hence m = —\2%(M,).
We have

(6.4) /M (Vo2 = (AP + 1/2)0%e " dy + /M (Vawl? — (|AP + 1/2)u?le % dp >

212 2|2
m (/ 2)26_4du+/ w2e™ T d,u) / (gzﬁﬁ)Qe_%du.
M; M M

Together with (6.2) and (6.4), we get

S IV = (AP +1/2)(¢1)%]e”
fus (6425 du
>m—Cr =-NE(M,) — Cr > (1 - k)A\(Z) — COk.

So for any € > 0, we can choose s small such that —\;(M;) > —A{(X) — e. This shows the
desired result. O

Proof of Theorem 6.2. Combine Lemma 6.7 and Lemma 6.8. O

_ =2

4d'LL

-\ (M) =

6.2. Convergence of the leading eigenfunctions. In this section, we prove the following
theorem:

Theorem 6.9. After normalization, the first eigenfunction ¢} on My converges to ¢1 as

t — oo in CYX sense, where ¢, is the first eigenfunction on 3.
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Proof. By the standard elliptic theory, ¢! is smooth and positive on M;. For any fixed ball
of radius R, when t is very large, a part of M; can be written as a graph over > N Bg. So
if we fix a point P on ¥ with |P| < v/2n, and we denote by P; the corresponding point on
M; (P; is well-defined when ¢t is sufficiently large). We can divide ¢! by a constant so that
¢ (P;) = 1. Then standard Harnack inquality and Schauder estimate show that ¢! converge
locally smoothly to a limit function ¢;. Finally, because \i(t) — A1, ¢ must satisfy the
equation Loy = A\ (X)¢;. Thus ¢y is exactly the first eigenfunction if it belongs to the space

. 2
{u . wle= " dp < oo} (see [BW, Proposition 4.1]).

On M;, ¢! satisfies the equation Ly, ¢t + (JA]* + 1/2 — A (£))¢! = 0. So by maximum
principle, max ¢! is attained at somewhere |A|? + 1/2 > X\(f). By the decay of |A| (see
Lemma 6.3) and the convergence of the first eigenvalues, when ¢ is sufficiently large, max ¢!
is attained only in M; N B,, with some fix 7y > 0. Then by the Harnack inequality and

212

entropy bound of the flow, we know that fMt<¢t1)2ei%d/i is uniformly bounded. Hence
322

fz(¢1)2€_%d,u is finite. -

We may also assume that the normalization is ¢! || z2(a,) = 1, and similarly ¢} converges
to a limit ¢, which is a first eigenfunction on ¥. At this moment, we do not know that
whether [|¢1]|2(xy = 1. Our goal is to show that ||¢1]/2(x) = 1.

Corollary 6.10. There exists Ry > 0 and a functionn : [Ry,00) — Ry such that limg_,oo n(R) =
0, and ”¢§(1 — XR)HLQ(Mt) < CR™!.

Proof. From the decay rate of ¢; in [3\W, Proposition 4.1}, there exists Ry > 0 such that for
p €3, |p| > R > Ry, ¢1(p) < C|p|~'. Then by the locally smooth convergence Theorem
6.9, ) — ¢1 on XN Br, 1 for some constant 7 > 0. Thus, ¢! < Clp|~ on X N IBg, as well,
when t is sufficiently large.

In the proof of Theorem 6.9, we have showed that by maximum principle, max ¢} is
attained at somewhere |A|* +1/2 > \;(¢). This is also true is we replace maximum by local
maximum. Thus, when R is sufficiently large, we know that ¢! < CR™' on M;\Bg. This
implies that

||

1/2
165 (1 — xR)| 200y < (/ CR264) < CR™,
M{\Bgr

where in the last inequality we use the fact that the entropy of M, is uniformly bounded.
This yields the desired inequality. 0

As a consequence, we can show that ¢} actually converges to ¢; with ||¢q]|r2(x) = 1. Tt isa
consequence of the following theorem.

Theorem 6.11. There exists Ry > 0 with the follo@ng significance. Let us normalize ¢}
such that ||¢t|| L2y = 1. Then for any R > Ry, ||¢% — ¢1llr2(mnBr) — 0 as t — oo and
|p1]|22(xy = 1. Here ¢} is the function ¢} pulled back to X.
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Proof. The proof is the same as Theorem 6.9. Recall that max ¢} is attained only in M;N B,,
with some fix o > 0. Also, ||¢}]/12(a,) = 1 implies that max ¢} > A(t)"! > C for some
constant C', inside M;N B,,. Again, by Harnack inequality, we know that ¢! has an uniformly
lower bound ¢y on M; N B,,. As a consequence of Arzela-Ascoli theorem, ¢! smoothly
converges to a limit on M;NDB,,. From Theorem 6.9, this limit ¢; must be a first eigenfunction
on .

It remains to show ||¢y]/2xy = 1. Corollary 6.10 implies that [|¢{(1 — xr)|r2(m) <
CR™" when t is sufficiently large. Thus ||¢}xr|lz2am) > 1 — CR™'. This implies that
o1l r2(mnBr = 1 — CR™', and as a consequence [|¢1| 2y > 1. On the other hand,
[61l[r2(z) < limsup |¢1]|z2(ar) = 1. So [|61] r2(s) = 1. o

6.3. Spectral gap between the first two eigenvalues. In this section, we study the gap
between the first eigenvalue and the second eigenvalue. We denote by Ao(t) = Aa(M;) and
)\2 == )\2(2)

Theorem 6.12. Suppose (x). Then there exists C' > 0 such that
A(t) — Aa(t) > C.

Proof. We prove by contradiction. Assume A;(t) — Ao(t) — 0 as t — oo. Then since
A1(t) = A1(2), we have A\o(t) — A1 (X) as t — oo. Let @b be a second eigenfunction of Lyy,,
namely ¢} satisfies the equation

Lo ¢h+ (JAP +1/2 = Aa(t)) ¢ = 0.

Suppose p; is the maximum point of ¢4 and ¢ is the minimum point of ¢5. By elliptic
theory, ¢ must change sign, so ¢k(p;) > 0 and ¢4(q;) < 0. Moreover, by maximum principle,
|A]? +1/2 — Xa(t) > 0 at p; and g, When ¢ is sufficiently large, A\o(t) is close to A;(2) > 1.
Therefore Lemma 6.3 implies that |p;| and |¢;| are bounded by some uniform constant Ry > 0.

By multiplying a constant, we may assume ¢(p;) = 1, and by the gradient estimate of
¢? on a bounded domain M; N Bg,, we have ¢4(q;) > —C where C is a constant. This
also implies a global L™ bound of ¢}, hence a weighted W12 bound. Then elliptic theory
shows that after passing to a subsequence, ¢} converges to a limt ¢, on 3 in C{2, sense, and if
p: — p, we have ¢o(p) = 1. Moreover, ¢, satisfies the equation Lsgo+(|A|*+1/2—A;)¢s = 0.
As a consequence, ¢, must be a first eigenvalue of Ly. This means that ¢o > 0 everywhere,
which contradicts to the fact that ¢4(¢;) < 0 for all . O

APPENDIX A. TRANSPLANTATION OF FUNCTIONS

In this section we fix a radius R sufficiently large, and we only consider ¢ sufficiently large,
such that a part of M, can be written as a smooth graph of a function f on XN Bg. We denote
this part by M. Recall that in Section 3.1 we introduce the notion called transplantation,
namely for any function g defined on M, we defined a function ;g defined on XN By, such
that ¢7g(z) = g(x + f(x)n). For simplicity, sometimes we just write g to denote ¢} g.
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Suppose N is a graph of function g over M. If f and g are sufficiently small (in C*
norm for £ > 4), then NF can be viewed as a graph of function v where v is defined on X.
The following lemma is similar to Theorem C.2 in [SX] and we omit the proof here.

Lemma A.1 (Theorem C.2 in [SX]). For any £ > 0, there exists € > 0 with the following
significance: if for || fllcesnpr,) < €5 and ||9llceznpg,,) < €, then

v = (f + Dllcesnar < € NTllctsnba,)

The above bound requires || f||cc and ||g||c¢ are sufficiently small. On the asymptotically
conical part, f and g may not have a small C* norm. So we also need the following estimate,
in the spirit of pseudolocality theorem.

Lemma A.2. For any & > 0 and integer { > 0, there exists € > 0 with the following
significance: suppose M; and ]\Z are two RMCFs as in Section 4.2, and m(-,t) is the graph
function of M, over ¥ and v(-,t) is the graph function of]\/z over M. Suppose at t = 0,
[v(-; 02y < € and [[m(-,0)|lc2anp,) < €. Let u(-,t) be the graph function of M, on
XN Brayy- Then on (Beuy\Br) NY, at time t, forr+1 < R <r(M;) — 2, we have

||Vk(u(v t) - (m<7 t) + a))HCO((BRH\BR)ﬁE) < Cel|Vkﬂ|co((BR+2\BR71)ﬁE)
fork=0,1,2,--- /.

The proof uses Lemma A.1 on the asymptotically conical region of 3. In fact, the asymp-
totically conical region is a part of MCF after rescaling. Before the rescaling, the MCF is a
graph very close to a cone. Thus the desired estimate is just the usual transplantation after
a rescaling.

APPENDIX B. POLAR-SPHERICAL TRANSPLANTATION AND THE L-OPERATOR

As we have explained in Section 4.2, we introduce a polar-spherical coordinates approach
to transplant functions on M, ™) to $r®. In this appendix, we shall study this transplantation
in more details and in particular give the estimate of the error term Q in (4.3) (see Lemma
B.2 below).

Suppose X is a fixed asymptotically conical shrinker. Then ¥ is very close to a cone

={rf, 0 € S C S*(1), r > 0} far away from the origin, where S is a codimension one
submanifold of S”(1). Then there is R sufficiently large such that ¥\ Bg can be identified
with C\ Bg. In the following we will use (r,0) to describe the points on X\ Bg, such that for
x = (r,0), |x| =r and x/|z| is perpendicular to 6 on the unit sphere.

In the following, 7 = 7(r) is a smooth function which identifies with the » when r > R+1,
and equals to 0 when » < R. Then any function m defined on ¥\ Bg can be written as
c(r,0)r+ f(x). Now suppose M is a hypersurface which is very close to ¥ so that M can also
be written as a graph over C outside Bg (but possibly inside a much larger ball). Then we
can write M as a graph of m(x) = ¢(r, )7 + f(z), where f is supported on Bg;. Here m is
defined as follows: inside Bgr, M can be written as a graph of function f over Y, and outside
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Bpr.1, m is the difference between them when they are both viewed as spherical graphs over
C.

We consider an RMCF M, converging to a conical shrinker in the C}% sense as ¢ — oo.
We next estimate the function ¢ in the representation c(r, 8)r + f above. Let A, ,, denote
the annulus with inner radius r; > R and outer radius r5. Suppose M is a graph of m(x) =
c(r,0)r over CNA,, ,,, with ||m||c2.a < e. Then aM, the rescaling of M by a, is a graph of the
function ¢(r/a, 0)F over CN Ay, ary- As a consequence, the C**-norm of ¢ is unchanged after
rescaling (actually, the derivative terms become better). If M is a graph of m(x) = ¢(r, 0)7
over ¥ NA,, ,, rather than CNA,, ,,, similar analysis holds true when R is sufficiently large.
In fact, from [BW] and [C'S] we know that the geometry of XNA, 4r, converges to CNA4, ar
as a — o0.

As a consequence, the pseudolocality estimates for the graph of RMCF do hold for this
setting. We have the following lemma arguing as Section 5.1:

Lemma B.1. Suppose ¥ is an asymptotically conical shrinker, and M; is an RMCF con-
verging to . Let R > Ry sufficiently large. Then when T sufficiently large, suppose My is
a graph of function u(-,T) = c(-,T)F on Ag_1 rNE with |Ve(-,T)| < v, then for any integer
€>0, Mry is a graph of u(-, T +1t) on Apzp_y)er2p NS with

IVic(-, T+t)[[co < e 2Co, | Vie(-, T +1)||co < Co,
fort > 1/2. Moreover, Cy — 0 as vy — 0.

We next define ¢ as in Definition 4.3. It is clear that ¢ preserves the Gaussian weight.
We next show that the weighted Sobolev norm behaves well under this pullback. Suppose
M can be writen as a graph of function m(z) = c(r,0)7 + f(z) over ¥*®), with || f|c2e < ¢,
|c]lc2.e < e. This actually implies that [Dp~!| < (1 + Ce). Suppose v is a function over M
and define u* = ¢*v. Then we have

_l=? . ey tai? B
[ P S dute) = [ )Pe = der( Dy duly
(Bl) Mr(t) sr(t)
|y
< (1+C8)/ lu*Pe™ "1 du(y).
sr(t)

This implies that the weighted L?-norm is comparable after pulling back the functions on
M to ¥. We have similar conclusions for weighted higher order Sobolev norms.

We next discuss the difference between the two operators ¢*(Lyv) and Ly (p*v) under
the transplantation. We have the following Lemma.

Lemma B.2. Suppose M satisfies

(1) the function m : ¥ — R can be written as m(z) = c(r,0)7 + f(x), where ||c||cze < €
and || f|lcze < &
(2) the second fundamental form decays as |V’ Al(x) < C\$|}+1> j=0,1,2.
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then for all smooth v: M — R, we have the following pointwise bound
0" (Larv) = L (9™0)|(z) < Ce(1+ [V v(z)| + [V u(2)] + |z] - [Ve™u()]).

Proof. For simplicity we denote by u = ¢*v. Inside Bgr,; the calculation is the standard
computations on the normal bundle, similar to (3.2).

Let us do the computations outside Br1, namely we only care about the situation where
m = c¢(r, )7, which is the distance between M and ¥ as two sections of the conical neigh-
bourhood of C.

Firstly, we consider a graph N over the cone C, locally given by ¢(r, 8)r. Temporarily we
use ¢ to denote the retraction to C. Let 70 € C. We define 7y () to be the exponential curve
of 6 € C N S™(1) inside the unit sphere, along the unit normal direction at 6. We also view
it as a curve in R"™!. Then N is the submanifold given by {rvs(c(r,0))}. By rescaling, we
may assume (r,60) = (1,0).

Now we are going to use Fermi coordinate near (r,0) € C. For the definition of Fermi
coordinate, see [.Z, Lemma A.2]. It is canonical to define a Fermi coordinate near (r,0) € C
by conically extending the Fermi coordinate of § € C N S™(1) in the unit sphere. With
this coordinate, the term [p*((Ax + |A|* + 1/2)v) — (An + |AP? + 1/2)(p*v)|(x) can be
computed by using a slightly twisted metric of the Euclidean metric at (r,8), while the
error is estimated in [.Z, Appendix A], implies that we have the desired bound. Similarly,
lo*((v,2)) — (p*v, x)|(x) is straight forwardly bounded by Ce|z| - |V¢*v(x)]|.

To extend the above estimate to the situation that M being a graph over Y, we can first
write both of them as graphs over C. Then the calculations are mostly verbatim. Thus we
get the desired bound. O

APrPENDIX C. PROOF OF PROPOSITION 4.6
In this appendix, we give the proof of Proposition 4.6.

Proof of Proposition /.6. We shall compare the solutions to the equation (4.3) and (4.5).
The proof is similar to Proposition 4.3 of | ]. The main difficulty is that we do not have
the Dirichlet boundary value condition for v*. Thus, there is a boundary term when doing
integration by parts that need to be absorbed.

For simplicity and without loss of generality, we consider only n = 0 and suppress the
subscript of v,,. We consider first the L? bound. Define w = v*x — v where y is a smooth
function that is 1 on the set {|z| < r(t) — 1} and 0 on {|z| > r(¢)} with r(t) := r(Mz, ).
Hence 2 is of order O(e'/?) and supported on the annulus A,y := {r(t) — 1 < |z| < r(t)}
and V,x and V2y are bounded by a constant and supported on the boundary of By).

We have 9,v* = Lyv* 4+ Q(v*) over ¥*®) (equation (4.3)) and d,v = Lxv over ¥ (equation
(4.5)), so we get

Oyw = xO* + v Oy — 0w = x(Lxv™ + Q(v*)) + v*Ox — Oy
(C.1) = Lyw + xQ(v*) + (—=2Vx - Vo™ — 0" Ly x + v*0px)
= Lyw + xQ(v*) + B.
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Here the term B is supported on the annulus A, and is bounded by O(||v*||c1es))€)-

We next estimate Q(v*) = P(v*) + ¢;Q(v*) over the ball By (c.f. (4.4)). The estimate
|P(v*)| < 0(|Hessy+ |+ |[Vv*| +|v*| +|z||Vv*|) is given in Lemma B 2. We also have the same
estimate for ¢;Q(v*), following from Lemma 4.4 of | ]. In the following, we shall use
the abbreviation V = |A[* 4+ . We will need the following estimate of Ecker (see also [3W]
Lemma B.1)

2
|

(C2) /ﬁﬂ@ﬁ u<g/mﬂ+AWﬂ%a@du

to suppress the slow linear growth term §|z||Vv*| in Q.
Then we compute

2

8t /|w (t)|e - /w@twe = :/w(ng-i-XQ-l—B)e_
Z
:=/(ﬂVwF+V%)+wa(ﬂD 4 O, 02y, e

—& l=1Z % —r(t)2
< [P + [ 1007 FxeF + 010" vl e

B r(t)?
< c/ lwo(t) 2 + 5/(|Hessv*| + V0] + o) 2xe ™ 5 + O(I|v", vl|2aa,,, e
D > ‘

)

where we use a constant C' to bound V' and in the last <, we use Lemma B.2 and (C.2).
We next have

1 2|2 -
3t§/(!Vw\2 — Vud)e T dp = /(Vw - Voyw — Vwdaw)e™ + du
¥ P

= / —(LE’w)(sz + XQ(U*) + B)@_%dﬂ

(C.4) z Py

S /(—!LEUJlQ + Lyw - Q(v*))xe™ *+ du + O(||v*, U||202(Ar<t)>€7r(t) /4
b

* _lel? * —r ()2
: /22|Q(U )IPxe™ +dp+ O(|Jv aU||2C2(Ar<t))e W7
<[5
)
Combining (C.3) and (C.4), we get

wm%somwwé+éa

Integrating over the time interval [0, 1], we get (noting ||w(0)||qg = 0)

* * _le? * —r(t)?
[+ [ )*xe 5 dp+ Ol 0l2a,, e "),

* * _lei? * —r(t)?
|+ [0*)*xe” % du + O(Jv 7U||202(Ar(t))€ R}

1 2
Jz|
Hw(l)Hé < /0 eCA! /z §(|Hessy| + [Vo*| + [v*])*xe™ * dudt + O(Hv*,UHQCQ(Ar(t))e’r(t)Q/‘l).
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|2
Let us next estimate [ (|Hess,- *\—|—|v*\)2xe’%du. First we recall that drifted Bochner
formula | Hess, |* = £ £|Vu|*~Ric_y2/4(Vu, Vu)—(V Lu, Vu). Notice that the Bakry-Emery
Ricci on the conical shrinker ¥ is always bounded, so we have

X~ dp S/ (éclw*l2 +C|Vv' | - <vw,w*>) xe i dp
X
1 .2
= [ (CIVo* P+ (Lv)2)xdp + | (GVIVO* 2+ Lo"V0") - Vxe T dp
2
= )
* * _ﬁ % _r 2
:/E(C|VU 4+ (Lo*)*)xe™ + dp+ O(|Jv HQCQ(Ar(t))e (1?/4),

Next we calculate

2
=]

/]VU ?xe -4 _%d,ug /((V@w*,Vu*)x—% ]VU*\an)e_Tdu
by
s . e
/E (VL Vo' xe™ 5 dp+ 00" 2 e O*)
||
- / (—£0* P + CIV0 P + CloPxe 5 dpa + O(1|o* 2, e ).
So by adding these two inqualities we get

J

Integrate this, we get

/T+1

T+1
—CT/ Vo (-, T) [2xe 5 du+c/ /|v 2xe " dudt + O(|[v* B2, e "),

||2 || ||
xe Fdproy [ VP Tdp <€ [ 190 ek Ofo [Bag e O
P %

_%dudt + ¢+ / \Vo*(-, T + 1)|2X€_%dp,

We then absorb O(]|v*, v||02(A m
4.5) as well as the Proposition D.5 on v. This completes the proof.

—r(02/4) by [v*||%) using the definition of T} (Proposition

O

APPENDIX D. HEAT KERNEL OF L ON CONICAL SHRINKER

In this subsection, we sketch the existence of the heat kernel of the linearized operator Ly,
on a conical shrinker 3 and give the necessary gradient estimate for the solution to the heat
equation 0;v = Lywv.
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D.1. Existence of the heat kernel. We prove the following result on the existence of the
heat kernel in this subsection.

Proposition D.1. There exists heat kernel H(x,y,t) := >, e "i'u;(x)u;(x) defined on X x
¥ x (0,00), satisfies

( ) (x y’ ) = LxH($7 y7 t)?
(2) (3? y,t) =H(y,z,1),

(3) the reproducing property (2.2),
(4) the semi-group property (2.3).

In Section 2.1, we have discussed the properties of heat kernel on a closed RMCF, where
the existence comes from the classical theory of heat kernel of self-adjoint elliptic operators.
For non-compact hypersurface, there is no classical theory, and we need to show the existence
of the heat kernel.

The proof is very similar to Colding-Minicozzi’s proof of existence of drifted heat kernel on
a noncompact shrinker, see | , Section 5]. We will only sketch the essential modifications
here, and the rest of the steps are verbatim from | ]

The key step is to estimate the eigenfunctions of the linearized operator L. Suppose ¢;

is the ¢-th eigenfunction on the conical ¥ with [ ¢7e =1 In [BW], Bernstein-Wang
proved that ¢; decays at infinity. Here we show similar results for higher eigenfunctions.

Suppose ¢ satisfies Lo = pu¢ on 2. Note that by the elliptic spectral theory, there are only
finitely many p > 0. Then we have L|¢] + (|A|* + 1/2)|¢| > p|¢|. Since the conical shrinker
has uniformly bounded curvature, we conclude that L|¢| > (u — C)|¢| = p/|¢]. Then we
write ¥; = v/—tX to be the MCF associated to the shrinker ¥, and let

(D.1) vl = (01l ().

Then similar to the computations in | , Lemma 2.4], we have (9; — Ay, )v < 0. Moreover,
since in our case v > 0, | , Lemma 2.11] still holds, hence the proof of | , Theorem
2.1] is still true. In particular, we can show that

|61 (z) < CLAE) T2y (4 + )~

Here C,, is a dimensional constant and A(X) is the entropy of X. Thus, we get the following
pointwise estimate:

Lemma D.2. Suppose ¢ satisfies Lo = pup on 3, then |¢|(z) < C||¢|| 2w (4 + |z]?) W=

From now on, we will assume {¢;}2, are eigenfunctions of L on ¥, with |¢;|lr2x) = 1.
With our notation, p; is non-increasing in ¢. Let us define the spectrum couting function
N (i) to be the number of eigenvalues p; > p counted multiplicity. In order to study N (u),
we introduce the space of functions defined on a ancient MCF M;:

Pyi={u| (0 — Ap)u <0, |u(z,t)] < O + |z|¢ + |t|¥?) for all z € M,,t < 0}.
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Compare with the space Py defined in | |, P4 consists of subsolutions to the heat equation
on the MCF. However, subsolutions still fit in | |. Repeat Colding-Minicozzi’s proof, we
have the following theorem, which is | , Theorem 0.5]:

Theorem D.3. There exists a dimensional constant C,, so that for ancient MCF M; with
AMMy) < X and d > 1, then dim Py < Cp\od™. Here A\(M,) is the entropy of M.

The proof is exactly the same as the proof in | ]. Although now the space consists
of subsolutions, one can see that the discussions in | | (like [ , Lemma 3.4], | :
Lemma 4.1] - actually in the paper cited there, the lemma was stated for subsolutions) are
also valid for subsolutions.

Once we have Theorem D.3, let M; = \/—t3 and we notice that by (D.1) we can transfer
a eigenfunction ¢; to a subsolution v; of heat equation on /—t% which belongs to 7572;&20-
Thus, a consequence of Theorem D.3 is the following Theorem, which is the analogy of
Theorem | , Theorem 0.7].

Theorem D.4. There exists C, so that N (u) < CoA(E)(—(u—C)" for —(up—C) > 1/2.

This theorem immediately shows the following properties of the spectrum of L on X:

e the spectrum of L on X is discrete,
e the eigenvalues p; — —o0 as i — oo.

Now let us sketch the proof of Proposition D.1. The proof is the same as proof of | ,
Theorem 5.3]. The only change is to replace £ with L. All the previous Theorems suggest
that the proof is almost verbatim.

Oy = Lyv
D.2. Estimate of v. Let v be the solution to the equation 'E *" . Here vg > 0 1is
Vlt=T = Vo

supported on By(y,). We can solve v by convoluting the initial data with the heat kernel
of Ly,. Equivalently, we can expand v into Fourier series in the weighted L? space, namely
v =37 eMad;, if vg =D o0 a;¢;. We want to estimate vy near the boundary of By(asy.,,)
where t < 1.

Proposition D.5. There exists a constant C only depends on the shrinker ¥ such that

[v]lo2m) < Ce“llvollcr By -

Proof. First we prove ||v||co(s) < C'@tHUOHCO(Br(MT))- First we prove that |v|(z) — 0 as x — 0.
In fact, we can always choose +A¢p, as the upper barrier and lower barrier of the initial data
v, where A is a large constant. Then v(x) < e*?A¢(z) (this can be seen from expressing
the solutions to the linearized equation by convoluting with the heat kernel), and since
o1(z) = 0 as x — oo (see [BW]), |v](x) — 0 as z — oo.

Then the maximum of v is attained at some bounded region, so we can use maximum
principle to show that 9,(maxv) < (|A]? +1/2) maxv. We also have the similar estimate for

minimum. Therefore, ||v]|co) < Ce'|[vollco(s, -
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Next we estimate the gradient of v. f := %\VUP satisfies the equation:
of = Lf +2(JAP +1/2)f — |V*]* — (Ric +Vz)(Vov, Vv) + v(Vu, V|A]*).

Observe that on X, Ric+Vz, |A]? and V|A|? are all bounded from above. Moreover from
previous discussion ||v]|co is bounded by Ce!||vg||co. Therefore, d,f < Lf + C'f + Ce'||v|co,
where C only depends on . As a consequence, g := e “'f — C"e%||vy||2, satisfies the
equation d,g < Lg < Lg. Then use the same argument as above for maximum shows that

9 < Cellgllen s,y Hence £ < Ce (|| fllons,anyy + ltologs, ,, ) Thus.

Hchl(aBr(MT-‘rt)) < CemHUOHCI(Br(MT))'

Finally we prove the C? estimate of v. The idea is similar to C* estimate. Let f = $|D?v|?,
then

0.f = (D%, D*) = (D, D*Av) — (D%, Dz, Vo) + (D%, DX(|AP +1/2)0).

Then similar to the calculation of previous C! case, we have
Of <Lf+Cf+Ch)*+C|Vu> <LF+Cf+C|v||2:.

Here C' depends on the curvature and derivative of the curvature on the shrinker, and
we know they are uniformly bounded. Then just like above, but now we choose g :=
e 9t f — C"e%||vg||%,:, then g is an upper barrier and maximum principle shows that g <
C’et||g||co(3r(MT)). So again we obtain f < CeCt(||f||CO(Br(MT)) + HUOH%l(Br(]\/IT))>7 and as a

< C@Ct||Uo||CQ(B |:|

consequence we get ||U||CQ(BBF(MT+1§)) <

r(]\/IT))'

We use the integration by parts formula in the proof of Proposition 4.6. To verify that we
can do integration by parts of higher order derivatives of v, we need the following Lemma:

o2
Lemma D.6. We have [(|[v]* + |[Vv|* + Lof2)e T dp < oo.

. 2
Proof. Proposition D.5 implies that [(|v[>+ |VU!2)6’%d,u < 00. So it only remains to show

- 2
5 \ﬁvPe"Tldu < 00, and we only need to prove that

/ HUHCQ(Z)(?_%d,U/ < 00, and / |(x, Vv>|2€_%d,u < 0.
s s

For the first integral, we use Proposition D.5 [[vlc2x) < C€Ct||UO||C2(Br(MT))7 so the first

integral is finite; for the second integral, we use Cauchy-Schwarz inequality to see that
|(z, Vu)|? < |z|*|Vv|?, so the second integral is finite. O

As a consequence, we have the following corollary.
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zl2
Corollary D.7. For any u satisfies [5(|ul* + IVul?)e= " dp < oo, we have

1,2 12 12
/Vu . Vve_%du = —/uﬁve_4du = —/vﬁue_4dp, and
s )

)
/ Vu - Vﬁve’%du =— / Lu - Eve’%du.
2 2

Proof. This is a consequence of the previous lemma together with Corollary 3.10 of | ]
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