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Abstract

We consider order preserving C? circle maps with a flat piece, irrational
rotation number and critical exponents (¢1, ¢3).

We detect a change in the geometry of the system. For (¢1,/3) € [1,2]? the
geometry is degenerate and it becomes bounded for (¢1,¢3) € [2,00)%\ {(2,2)}.
When the rotation number is of the form [abab---]; for some a,b € N*  the
geometry is bounded for (¢1,¢3) belonging above a curve defined on ]1, +oc[2.
As a consequence we estimate the Hausdorff dimension of the non-wandering
set Ky = 8"\ Useg f7(U). Precisely, the Hausdorff dimension of this set is
equal to zero when the geometry is degenerate and it is strictly positive when
the geometry is bounded.
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1 Introduction

We study a certain class of weakly order preserving, non-injective (on an
interval exactly; called flat piece) circle maps which appear naturally in the
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study of Cherry flows on the two dimensions torus (see [8, 1T}, 14}, [15]), non-
invertible continuous circle map (see [7]) and of the dependence of the rotation
interval on the parameter value for one-parameter families of continuous circle
maps (see [I6]). The dynamics of circle maps with a flat interval has been
intensively explored in the past years, see [4, [5] [7] 14} 17, [18].

We discuss the geometry of the non-wandering set (set obtained by removing
from the circle all pre-images of the flat piece). Where the geometry is con-
cerned, we discover a dichotomy; which generalize the one found in [5]. Some
of our maps show a "degenerate geometry", while others seem to be subject to
the "bounded geometry".

Before we can explain more precisely our results, we introduce our class,
adopt some notations and present basic lemmas.

1.1 The class of functions

We fix ¢1,¢5 > 1 and we consider the class .Z of continuous circle maps f of
degree one for which an arc U exists so that the following properties hold:

1. The image of U is one point.

2. The restriction of f to S'\ U is a C3-diffeomorphism onto its image.

3. Let (a,b) be a preimage of U under the projection of the real line to S*.
On some right-sided neighborhood of b, f can be represented as

he((z — b)");

where, h, is C3-diffeomorphism on a two-sided neighbourhood of b. Anal-
ogously, on a left-sided neighborhood of a, f equals

hi((z —a)™);

In the following, we assume that h;(z) = h,(z) = z. In fact, it is possible
to effect C? coordinate changes near a and b that will allow us to replace
both h; and h, by the identity function.

Let F be a lift of f on the real line. The rotation number p(f) of f is defined
(independently of = and F') by

p(f):= lim %(mod 1).

Let (gn) be the sequence of denominators of the convergents of p(f) (irrational)
defined recursively by ¢1 = 1, g2 = a1 and ¢p4+1 = angn + gn—1 for all n > 3;
with,

p(f) = laoay -] = ap + ———F—

Additional Assumption
Let f € £. We say that Sf (the Schwarzian derivative of f) is negative if,

_ D) 3 (DQf(w)

Df(z) 2\ Df(x)

Sf(x): ) <0; Va, Df(z) #0; (A1)
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With, D™ f the n'" derivative of f; for n € N.
We will assume in the proof of the first part of Theorem 1 that f has a
negative negative Schwarzian derivative.

1.2 Notations and Definitions
The fundamental notations are established in [5] (p.2-3). Let f € Z.

1. For every i € Z, the writing i means f*(U).
2. Let I and J be two intervals. (I,J) is the interval between I and J.
[1,J):=1U(1,J)and (I,J]:= (I,J)UJ. |I|is the length of the interval
I |1, )| = I|+|(,J)| and |(I,J]| :=|J| + |(I, J)|. We say that I and
J are comparable when |I| and |J| are comparable. That means, there
1
is k > 0 such that, E'Il <|J| < k|I].

3. For any sequence I';,, and for any real d, we adopt the writings:

di
pd ) { rit i n=0[2) k) ] I n=0p2)
n T 5 . _ n L di
FZZ if n= 1[2] Fnlz if n= 1[2]

1.3 Discussion and statement of the results
Scaling ratios

The sequence

_ (=01 _ (" (U), U)]

=40, Q1 [(f= (), V)] + [f o (U)]

measure the geometry near a critical point. In fact, it serves as scaling relating
the geometries of successive dynamic partitions.

The geometry is said degenerate when «,, goes to zero and the geometry is
bounded, when «,, is bounded away from zero.

The study of this geometry is parametrised by rotation number and critical
exponents. In [5], for pairs (£,£); £ > 1 and p irrational number of bounded
type (i.e. max,a, < 00), the authors found a transition between degenerate
geometry and bounded geometry. In fact, they show under (A1) that, if 1 <
¢ < 2and p € R\ Q, then the geometry is degenerate and it is bounded
(independently of (AT])) if £ > 2 and p is irrational number of bounded type. In
[4], for ¢ > 1, the author proved that the class of function f of critical exponents
(1,2) or (£,1) have a degenerate geometry. In [I5], the authors show that, for the
maps in . with Fibonacci rotation number, when the critical exponents ({1, {2)
belong in (1,2)2, the geometry is degenerate. Let us note that, Differently from
other previous works, information on the geometry of the system is obtained by
the study of the asymptotic behaviour of the renormalization operator.

In the present paper, we consider the cases where the critical exponents
(¢1,05) belong in a subdomain (containing the previous domains) of [1,00)?;
also, the rotation number is not necessarily Fibonacci type and the results do
not depend on the renormalization operator as in [9]. We use the formalism
presented in [5] which is based on recursive inequalities analysis of «,,. For tech-
nical reason, in the case of bounded geometry, we introduce the vector sequence

Q-
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v = (—Inay,, —Ina,—1) and, the new recursive inequality is controlled by a
2 x 2 matrix. When the rotation number is bi-periodic (p = [abab---];a,b € N),
the 2 x 2 matrix has two eigenvalues (depending on rotation number and critical
exponents) A\; € (0,1) and A\, > 0. The equation A\, = A, ((a,bd); (¢1,42)) =1
defines a curve Cy,—1 (presented above) which separates the (¢1,¢3) plan into
two components Cy,~1 (below the curve) and Cy, 1.

Au=1

Ch.<1

1 2

Main result Let f € % with critical exponents ({1, ¢2). Then,
1. the scaling ratio o, goes to zero when (£1,¢3) € [1,2]?, p € R\ Q and

(AT holds.

2. the scaling ratio a, bounded away from zero when (f1,¢2) € [2,00)? \
{(2,2)} and p is bounded type.

3. the scaling ratio «,, bounded away from zero when (¢1,£s) € C, <1 and
p is bi-periodic.

Estimation of Hausdorff Dimension of the non-wandering set. In the
symmetric case ({1 = o = £), in [§], for f € £ with bounded type rotation
number, the author shows that, if ¢ € (1,2], then the Hausdorff dimension of
the non-wandering set is equal to zero and that, if £ > 2, then the Hausdorff
dimension of the non-wandering set is strictly greater than zero. This result
generalizes the one in [19] where the author treats the maps in . with critical
exponents (1,1). Let us note that, the results in [8] are more general (they only
depend on geometry); precisely, if the rotation number is the bounded type,
then, the Hausdorff Dimension of the non-wandering set is equal to zero when
the geometry is degenerate and it is strictly greater than zero when the geometry
is bounded; so we have the following result which is proved at the end of the

paper.
Corollary 1.1. Let f € & with critical exponent ({1,02) with bounded type
rotation number. Then,
1. the Hausdorff dimension of the non-wandering set is equal to zero when
(01,0) € [1,2)? and (A1) holds and for the pairs (¢,1); £ > 1;
2. the Hausdorff dimension is strictly bigger than zero when ({1, ls) € [2,00)2\
{(2,2)};
3. the Hausdorff dimension is strictly bigger than zero when (¢1,02) € Cx, <1
and p is bi-periodic.
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The following remark will simplify statements and proofs of results.

Remark 1.2. Let us note that, our setting has some inherent symmetry. This
will simplify statements and proof of our results.

2 Tools
2.1 Cross-Ratio Inequalities
Notation 2.1. We denote by Ri, the subset of R* defined by
Ri = {(x1, 29, 23, 24) € R, such that 11 < xo < 23 < x4}.
The following result can be found in [I] (Theorem 2)

Proposition 2.2. The Cross-Ratio Inequality (CRI).
Let f € £. Let (a,b,c,d) € RL. The cross-ratio Cr is defined by

|b — alld — ¢|
C b,c,d) := ————
and the cross-ratio Poin is defined by
, |d — al|b — ¢
P b,c,d) i = —.
oin (a,b,c,d) c—alld—1
The distortion of the cross-ratio Cr and cross-ratio Poin are given respec-
tively by
Cr(f(a), f(b), f(c), f(d))
DC b,c,d) :=
r(a,b,c,d) Cr(a,b,c,d)
and

: _ Poin (f(a), f(b), f(c), f(d))
DPoin (a,b,c,d) := Poin (a.b,c.d) .

Let us consider a set of n + 1 quadruples {a;,b;,c;,d;} with the following
properties:

1. Each point of the circle belongs to at most k intervals (a;,d;);

2. The intervals (b;, c;) do not intersect U.

Then there is Cy, C}, > 0 such that the following inequalities hold

H DCr (a’ia bi7 Ci, dl) < Ck
i=0
and .
[1PPoin (ai,bi,ci,di) > C.
i=0
Observe that, Poin + Cr = 1. Thus, by the 1.5 Lemma in [2] we have the

following result.

Proposition 2.3. Let f be a C? function such that the Schwarzian derivative
is negative. Then, Cj, > 1; that is, C < 1.



2.2 Basic Results 2 TOOLS

Remark 2.4. Let I and J be two intervals finite and non-zero length such that,
INJ =0. We assume that, J is on the right of I and we put I := [a,b] and
J = [c,d], then

r =g = Cr(a,b,c
= i = Orleted
and
oin = DL T oin (a,b,c
Poin (I,J): TRl Poin (a,b, c,d).

Fact 2.5. Let f € Z. Let I(U) and r(U) be the left and right endpoints of U
(the flat piece of f) respectively. There are a left-sided neighborhood I' of I(U),
a right-sided neighborhood I of r(U) and three positive constants K1, Ko, K3
such that the following holds

1. Ifye I with 1y = [, ly:=r, then
K |li(U) =yl < If(li(%}) — f(y)] < Ka|li(U) —y|",
Ki|l;(U) —y|t < a(y) < Kolly(U) —y|it,

2. Ify € (z,2) C 1Y, with z the closest point to the flat interval U then

F@ — F@)] _ oz -yl
F@ =) = e

The first part of Fact implies that,
Ji = kiz': i =1,2. We assume that, ki = ko. (A2)
We need this assumption to prove that a, goes to zero (Lemma and
Lemma [3.2).

2.2 Basic Results
Proposition 2.6. Letn > 1.

o The set of “long” intervals consists of the intervals
Ap = {(i,qn +19); 0 <@ < gpy1 — 1},
e The set of “short” intervals consists of the intervals
By = {(gnt1 +,4); 0<i<gq, —1}.

The set Py, := A, UB,, covers the circle modulo the end points and the flat piece
and it is called the nt" dynamical partition.

The dynamical partition produced by the first gn4+1 + gn pre-images of U is
denoted P™. It consists of

@n::{j; OSiSQn+1+Qn*1}

together with the gaps between these sets. As in the case of P, there are two
kinds of gaps, “long” and “short”:
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e The set of “long” intervals consists of the intervals

A" i ={(=gn — 4, =0) = I}'; 0< i < gny1 — 1}

e The set of “short” intervals consists of the intervals
B" :={(=i, —gni1 — i) = I 0<i < g — 1}

Proposition 2.7. The sequence |(0,qn)| tends to zero at least exponentially
fast.

Proposition 2.8. If A is a pre-image of U belonging to P™ and if B is one of
the gaps adjacent to A, then |A|/|B| is bounded away from zero by a constant
that does not depend on n, A or B.

Lemma 2.9. The sequence

(L gn +1)]

Fon) = s 1 L1

18 bounded.

The proofs of these results can be found in [5] (proof of the Proposition 1,
Proposition 2 and Lemma 1.3).
A proof of the following Proposition can be found in [3] theorem:3.1 p.285).

Proposition 2.10 (Koebe principle). Let f € £. For every ¢, a > 0, there
exist a constant ((s,a) > 0, such that, the following holds. Let T and M C T
be two intervals and let S, D be the left and the right component of T\ M and
n € N. Suppose that:

1) <,

2. fr: T — f™(T) is a diffeomorphism,

L Lon] o

IREINTER
Then,
1 Df"(x)
i M,
that is,
1A _ (A4 |A] : _
o) 1Bl < (B) <{(s,a) - B VA, B (intervals) C M;
where,
(s, @) = “;Taecg

and C' > 0 only depends on f.

Remark 2.11. Let f € £. Givenn > 1, T and M as before. f*: T — f*(T)

is diffeomorphism if only if, for all 0 < i < n—1, f{(T)NTU = 0; where, U
designates the closure of U.
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3  Proof of results

Let us put together (parameter) sequences which are frequently used in this
section.

S 0 (7 P00 | [ (W]
"TTEwol 7T o 0 T e
and |(=gn + kgn1,0)|
*QH‘F anla_
Bp(k) = === = 0,1, .
) = e + Fans, 0 :

3.1 Proof of the first part of main result
3.1.1 A priori Bounds of «,
Proposition 3.1. Let n € N and ({1, /2) € Qo = [1,2]%.

For all o,
£1.62
an® < 0.55;
for at least every other ay,
£1,02
an® <0.3
If
01,09
an? >0.3,

then either,
£1,L2 £1,L2

oan? <044 or o, <0.16.

Proof. Foreveryn € Nand k=0,1,---a,_1, we define the parameter sequences

n(k
() = (=g + ka1 0y Vi = Y (0), (k) = 1—”
Y2 k o k
Bl (k) = a (k) if ne2Z and y11%)(k) = k) if ne2Z+1.

62 el
Min—1 Mn—1

These notations simplify the formalization of the following lemma which will
play an important (essential) role in the proof of Proposition [3.71

Lemma 3.2. For n large enough and for every k = 0,1,---a,—1 — 1, the fol-
lowing inequality holds

(B (k)12 4 a2 102 (1)) (1 4 A1) (1))
(1+ a2 8012) (1)) (B, (k) ote 4+ 4012 (k)

< 50 Bn(k 4 1). (3.1)

Proof. Let n be an even non negative integer large enough. For fixed k =
0,1,---an—1 — 1, according to the assumption (A2)), the left hand side of (3.1])
is equal to the cross-ratio

Poin (—q, + k¢n-1+1,—gn—1 + 1).

Applying f2-171 by expanding cross-ratio property, we get the inequality. [
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l1,82

The left hand side is a function of the three variables 3, (k)‘**2, a; " and

’yr(fl “2)Observe that the function increases monotonically with each of the first
two variables. However, relatively to the third variable, the function reaches a
minimum. To see this, take the logarithm of the function and check that the
first derivative is equal to zero only when

iy < Ba
n ly,82 7
Qp1

By substituting this value for 77(161‘22) in (B3], we get that

21,09 £1,42 2
Pu(k) 2" +a,2y

£,69 ff2

1 + Bn(k) 2 an—21

< $pBa(k+1). (3.2)

Put:
. £q,€o % 1,02
p(k) == min{B, (k)72 ,a,2% } and yu(k) :=B.(k) 2 .
Since fp(k+1) < yn(k+ 1), substituting the above variable into (3.2]) gives
rise to a quadratic inequality in x, (k) whose only root in the interval (0, 1) is
given by

Snyn(k + 1)

1+\/1—snyn(k+1),

that is,

Y )
(k) = min{ B, (k) 2, 0. 5} < snyn(b+D
14+ /1 —=spyn(k+1)

Lemma 3.3. There is a subsequence of a, including at least every other a,,
such that

(3.3)

£y,42

limsupa, ? <0.3.

Proof. We use the following elementary lemma in [5].
Lemma 3.4. The function

SnZ
C144/1- Sn2

moves points to the left, h(z) < z, if z > 0.3 and n is large enough.

hn(z)

We select the subsequence.
£1,62

1. The initial term: there exists n — 2 € N, such that «,, %, < 0.3. This
comes directly from the properties of the function h,, (Lemma [3.4) and

from (B.3)).

2. The next element: suppose that «,_s has been selected. If

£9,L2 £1,02

zn(k)=a,?, or a,% <0.3,

n—1 n—1

for some kK = 0,1,---a,—1 — 1, then, we select a,,—1 as the next term.
Otherwise, «, is the next term. Thus, the sequence is constructed.
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Corollary 3.5. For the whole sequence () we have

£1,L2

limsupan? <0.3

Moreover,

- if a1 does not belong to the subsequence (o) defined by the Lemma [3.3
then either

£1,42 21,42

a, 2 <044 or apn? <0.16

n—1
Proof. Observe that the function

B s+t
14st

H:(s,t) € R% s F(s,t)

is symmetric and for fixed s, the function F(s,-) reaches its minimum in zero
by taking the value s. Therefore, for every s,t > 0,

s+t
s,t < .
1+ st
So,
£9,42 £y,
£1,L2 £1,£2 an?® +a ?
) 5 n—1
O, ’ an—l — £1,09  £1,09 ° (3'4)

1+an?® a,2

Thus, according to that a,_o is an element of the sequence and suppose that
a,—1 do not belong to the previous subsequence of the Lemma [3.3] then, it
follows from ([B.2]) that the right member of ([3.4)) is estimated as following

£1,L2 £1,¢2
2 2
Qin, + o, 7

< \/8nBa(1) 72 & \/5,1(1)% <03. (3.5)

£1,£2  £1,63 —

1+an? a,2
Also,
£1,62 £1.¢2 1,42
min{an? ,a,% }=an? <0.3. (3.6)
L1,

Thus, if a, 2 > 0.16, then by combining this with ([8.5]) and ([3.6]), we obtain
the desired estimate. O
The Proposition [3.1]is proved. O

3.1.2 Recursive formula of «,

Proposition 3.6. Let n be integer large enough,
1. if b1, b5 > 1, we have

ayl, < Ma(£1)03, 5 and of ) < Mani1(€2)a3, q; (3.7)
where,
2 1 1 n
Mu(f) =s2_, - = . . 9n
¢ 200 — 1) l—ap2 on-2
1+ 1- Tsnflanfl
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2. ngl = 62 = 1, then
angWi- In

_o. 3.8
On—2 n—2 ( )
Proof. We treat the case n even and the case n odd is treated in a similar way.
Recall that,
[(=n, 0)|

" =@ 0)
For every n even large enough, by Proposition 2.7 and point 2 of Fact [2.5]
applying f to the equality, we get

0 [(=gn +1,1)|

o =

R
which is certainly less than the cross-ratio

Poin(—¢, +1,(1, —qn—1 + 1]).

Since the cross-ratio Poin is expanded by f-1~! then,

ozfll < 6n(1)sn(1); (3.9)
with,
5 (k}) — |(*Qn + anflkanflﬂ
" ' |[_qn +kgn—1, kqn—1)| .
and
—Un +k n— ;Q
R =

[(=@n + kgn_1,0]|"

If a,,_1 = 1, by multiplying and dividing the right member of ([3.9]) by a2_,,
we obtain directly (B.11).

Suppose that a,—1 > 1 and estimate 6, (k). By the Mean Value Theorem
(Lagrange), f transforms the intervals defining the ratio d,, (k) into a pair whose
ratio is e

o on (k)

with uy, being the derivative of f (1) at a point in the interval

Uk = (_Qn + an—la an—1),

and v, being the derivative of f (z/1) at a point in the interval

Vk = [_qn + an—la kqn—l)-

Note that, for n sufficiently large,
U < vy <ugz <V < Vg, -
We see that the image of 6, (k) by f is smaller than:

POin(f(In +kgpn_1+1, (anfl +1,—qn1+ 1])

11
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Once again, by expanding cross-ratio property (f-1~1) it follows that,

2k 5 (k) < sn(k + 1) 0, (k + 1), (3.10)
Vg

Multiplying (B10) for k¥ = 0,...,a,—1 — 1, and substituting the resulting esti-
mate of d,(1) into ([B.9]) , we obtain:

aél S 6n (an—l)

n

Observe that, s,(1) - sp(an—1) < s, and

l1—1
—4n— 7Q —Yn— )Q
Van_s S<|( G2 )I) a2, 01

u1 |(Qn—17 0)| |(qn,1,Q)|
Thus,
—Un— 7Q
O‘fll S Sn |( 4 = )| : 6n(an71);
|(Qn—179)|
which can be rewritten in the form
afll < Snl/n—Qluln—QOé%fQ; (311)
with,
|[_Qn—27g)| |[_qn—2,Q)|
Vp—2 = :
l(gn-1,0)]  [[=gn-2,8n-1qn-1)|
and
|(7qn72; anflqn71)|
Hn—2 1=

[(=¢n—2,0)]

It remains to estimate v, _s and p,—o to end this part. For v,_o, observe
that,

[(=¢n—2,0)] < [(gn-3,0)|

so that,
1 1

On—10n—2 1- Qpn—2

(3.12)

Un—2 S

The estimation of p,—_o is facilitated by the following elementary lemma in [5].

Lemma 3.7. Let £ € (1,2). For all numbers x > y, we have the following

inequality: , ,
T ;y ><xy> {E L6 —1) <zy)]
x x 2 T

Now, apply f into the intervals defining the ratio p,_s. By Lemma B.7]
the resulting ratio is larger than

66— 1)

9 ,U/n—2)-

Mn—2(f1 -

The cross-ratio Poin

Poin (—¢,—2 + 1, (gn—1 +1,1));

12
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that is,
|(_Qn—2 +1,qp—1+ 1)”[_(171—2 + 1;l)|

=2+ 1,dn—1 + D|[(=gn—2+ 1,1)|

is larger again. Thus, by expanding cross-ratio property on f9 -2, we obtain:

01(64 — 1)

2 /Ln72) S Sn—10n0n—1- (313)

Mn72(€1 -

By solving this quadratic inequality, we obtain

2
1+ \/1 - f_(gl - 1)5n710—n0—n71

1
: 14
- (3.14)

Thus, by combining the (3.13]) and (3.14]), we obtain

Hn—2 Z

1

2(¢1 — 1
1+ \/1 — Msn_lanan_l
1%

Sp—10n0n—1- (3.15)

2
Hn—2 < E_

Since, 0,051 < Qpn_1, the first inequality in (B.7) follows by combining the

inequalities (B.11)), (B12]) and B.I8)). Likewise, the second inequality in ([B.7])
is obtained by following suitably the same reasoning as previously.
O

3.1.3 «, go to zero

If /{ = /5 = 1, then by Proposition [3.1] lez; W} goes to zero; thus, by
composing the inequality obtained by f, since f(o,) is bounded ( Lemma
), then the result follows.

Note that, the cases where the critical exponents are of the form (1,¢) or
(¢,1); with £ > 1, are treated in [4].

Now, Let us suppose that £, f5 > 1.

Technical reformulation of the Proposition

Let W,, be a sequence defined by

On

M, (0) =W, (¢) p—
Let
M (€) :== M, (£)a®~5 and W/ (£) := W, (£)a2~"

n—2

The recursive formula ([B.7]) can be written for n even in the form:

On A

21<W/£
Ay = n(1>0_

S0,
k=n o
V4 ! 4
ap < [ wittn) =g
k=2 90

"= W (1) goes to zero

13
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Observe that, the size of W) (¢1) is given by the study of the function

1 y%_Q

60 200, - 1)

242 1=
2+2 %

W/z(‘rayafl) =

l—y%

2
xt2

The meaning of variation of W) (z,y, ¢1) relative to the third variable is given
by the following lemma in [5]).

Lemma 3.8. For any 0 < y < ﬁ, z € (0,1) and 1 € (1,2] the function
W/ (x,y, 1) is increasing with respect to ¢7.

Analyse the asymptotic size of W/(2)

Since the hypotheses of the Lemma [3.8] are satisfied (Proposition [3.7]),
the only remaining point is the verification of the convergence of []"_; W/(2).

- If oy < (0.3)%, then W'(2) < W(0.55,0.16,2) < 0,9.

- If not, then by the Proposition B.1] W'(2) < W’(0.3,0.44,2) < 0,98 or
else, W/, (2)W/(2) < W'(0.55,0.16,2)W’(0.16,0.55,2) < 0,85

Corollary 3.9. Let (1,0 € [1,2]. If 1 < {1 < 2 respectively 1 < {3 < 2,
then aay, respectively as,11 goes to zero least double exponentially fast. And, if
{1 = 2 or 1 respectively o = 2 or 1, then ag, respectively aan,y1 goes to zero
least exponentially fast

Proof. Let n := 2p,, € N. From the analysis of the asymptotic size of W/(2), it
follows that, when n goes to infinity, [T}, W/(¢1) goes to zero and o, does so.
Therefore,

11 Micen)
=0

goes to zero when n goes to infinity. Thus, by the Proposition [3.6] for n even,
there is A\g such that

-ifl <ty <2,
(%)Pn
o < )\0 B ;
- and if /1 = 1,2,
an < AG.
The case n odd is treated the same way. O

3.2  Proof of the second part of main result

In this section we find a bounded geometry domain.

14



3.2  Proof of the second part of main result 3 PROOF OF RESULTS

3.2.1 Recursive Affine Inequality of order two on «,

Let
(0, gn)|

(0, —=gn—1)[
Remark 3.10. Since the point q,—o lies in the gap between —g,—1 and

—Qn_1 + qn_2o of the dynamical partition P,_o, then by the
Proposition 2.8, 7,/an—1 and k, are comparable.

Kp 1=

Proposition 3.11. For any bounded type rotation number, there is a uniform
constant K so that

aon+1 a2n+1+1
1 — ggen 10

Kon > K (Oégnfl) ly—1 and Kop+t1 > K (Oégn) -1

Proof of the Proposition: If a, = 1, it comes down to showing that the
sequence K, is bounded away from zero; which becomes relatively very simple.
In fact, suppose that, [(¢n, —gn—1)| < |(0, gn)|, then

0, gn
(5 Y
-2

else, k,, is greater than
|7Qn+1|

(=gt =)l

which by the Proposition 2.8]is bounded away from zero.
In the following part of the proof, we suppose that a,, > 1 and the following
lemma in [5] (Lemma 4.1.) is used.

Lemma 3.12. The ratio

|*Qn + iQn71|
1-8() = 77
"= Tt ig-0.0]
is bounded away from zero by a uniform constant for all i =0, -+ ap_1.
Lemma 3.13. For everyn € N and for alli=0,--- ,a,_1, there is a uniform

constant K such that
Bn(i)%2 > B, (i +1).

Proof. For n large enough and for fixedi =0, - - , a,,_1, by the Proposition[2.7]
and the Fact [2.5] we have:

[(=gn + kg1 +1,1)|

Nl .
n\? = - N
B = g ¥ iga + LD

which is greater than,

Cr([_Qn—Q + 1; —dn + iQn—l + 1); (_Qn + iQn—l + Ll))-

15



3.2  Proof of the second part of main result 3 PROOF OF RESULTS

By applying the cross-ratio inequality under f9-2~1 by the Fact the re-
sulting ratio is greater than

Cr([—gno2+1, ¢y +ign_1+ gn2+ 1),
(—qn +iqn-1+ Gn-2+1,gn—2+1))

times a uniform constant. We now repeat this sequence of steps a,_s — 1
times: Apply f9»—2~1, discard the interval containing 0 and use the point 2
of the Fact [2.5] and replace the result by a cross-ratio spanning the intervals
—@n—o + 1. At the end, this will produce the cross ratio

Cr([_qn—2 +1,—qn +iqn_1+ an_2Gn 2+ 1);
(7(171 + Z.anl + (p—2Qn—2 + 17 Qn—2qn—2 + l))

And finally, by applying f9—3~1, since by the Lemma [B.12] the interval con-
taining —¢,_2 + ¢n—3 bounded away from zero, then resulting ratio is

|(*qn + (Z + 1)(]7171; qn71)|
(=0 + (4 D1, qn-1)l

times a uniform constant. Thus, since —q, + ¢,—1 lies between
—qn + (i + 1)gn—1 and ¢,,—1, then, by the Lemma[3.12] this ratio is comparable
to Bn(i +1). O

Back to the proof of the Proposition .11t Observe by the Proposi-
tion that
[(=gn + (0 + 1)gn—1,0)]

and
I[=gn +ign—1,0)|

are comparable. Therefore, x,,_1 is comparable to the product
ﬂn(l) e ﬂn(anfl - 1)

By combining this with the Lemma [B.13] we have the Proposition B.111

Recursive Affine Inequality of order two on «,

Proposition 3.14. If p(f) is of bounded type, then there is a uniform constant
K so that,

by 1 — 05

- - eia‘Z‘n,—l

o, > K (Oéznq)ﬂl ta—1 (a2p—2)™

and
—a2n+41
01—
—a2n

aont1 > K (Oé2n)£2 -1 (0427171)22

16



3.2  Proof of the second part of main result 3 PROOF OF RESULTS

Proof of the Proposition If n is even and large enough, then

0 [(=gqn +1,1)]
ol — .

"o =gt LD
which in turn is larger than the product of two ratios

|(7qn+lal)| |(_qN+1a_Q’n—1+1)|
— and &, =
[(=@n+1,=gn-1 +1)] [=n+1,—gn1 + 1)

€1,n =

Lemma 3.15. For all n even large enough
€1,n Z KTn-
Proof. Observe that &, is greater than

Cr((=gn+1,1), =gn-1 + 1)

By applying CRI on f%-1~! and discarding the intervals containing 0. Repeat
this a,,_1 — 1 times more: By the Fact [2.5] the resulting ratio is large than

Cr ((_qn—2 — (qn—1 + 1) (an—l - 1)Qn—1 + 1)7 (la —Qn—-1 + 1]))

Apply f9—1~1 and discard the intervals containing the flat interval. Apply f,
replace the resulting by the cross-ratio

Cr ((_Qn—Q + 17 dn—1 + 1); (lv —Adn-1 + 1]))

Thus, by CRI on f%-2~1 and the inequalities above, we obtain

The first factor on the right hand side of B.16]is greater than

| —Gn—3| )
(0, —gn—3]|’
which by the Proposition 2.8 goes away from zero. The Lemma is proved. [

Lemma 3.16. There is a uniform constant K so that, for all n

—agp_—1+1

&o0n > K ((3427172)61

—agp+1

¢
and 29041 > K (an-1)"
Proof. If ap—1 =1, then &, is greater than

Cr ([_Qn—2 + 1; —qn + 1)) (_Qn + 1) —Qn-1*+ 1))

By applying CRI (g,—2 — 1), the ratio resulting is greater than

Cr ([7(17172 +1,—qn1+ 1), (7Qn71 +1,—qn—3+ 1))

times a uniform constant. Thus, by applying CRI to this ratio with fan—-3=1
inequalities above and the Proposition [2.8] the result follows.

17



3.2  Proof of the second part of main result 3 PROOF OF RESULTS

Now, suppose that a,,—1 > 1 then & ,, is greater than

Cr ([_qn + Gn—1 + 13 —dn + 1)) (_Qn + 13 —(qn—1 + 1))

By applying f9-1~1! to this ratio, it follows from the Lemma [3.12] that

€2,n Z K/ﬁn(l)-

And the lemma follows from this by using Lemma [3.13] modulo the fact that

ﬂn (anfl) = Op—2.
O

Combining the Lemma [3.15, the Lemma [B.16] the Proposition [3.11]
and the Remark [3.10] the result of the Proposition [3.14 follows.

Remark 3.17. By the inequality obtained from the Proposition the
sequence vy, defined by
v, = —Ina,

verifies the following Recursive Affine Inequalities of order two for every n > 0

4 —a —~
Van S 6_2 : t2(a2n)y2n71 + gl 2n711/2n72 + K’ (317)
1
and ’

Vopy1 < é “ti(agnt1)Von + €5 M van—1 + K7 (3.18)

with )

1— ¢

ti(j) = ———.

(J) 1

3.2.2 Analysis of Recursive Affine Inequality

We will prove that the sequence v, is bounded. Let us consider the sequence
of vectors (vy,) defined by

the vector given by

and the sequence matrix

e t ” K—GZn—l
Ap e, (2n) = | 4 2(aza) 6
1 0
and
b ti(agny1) Lo “"
Ap e, (2n+1)= | £, nr 2 ;

1 0

18
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say associated matrix to the Recursive Affine Inequalities (.17 and (B.I8])
respectively; in this sense that ([B.17]) and (B.18]) can be rewritten respectively
in the form:

Von < Agy 0,(2n)v2n—1 + K and  vapg1 < Agy (20 + 1oy, + R (3.19)
Therefore, for every n := 2p,, + ry; with p, € N* and r,, € {0,1}, we have
Un SZ@L@ (n>zll,l2 (TL - 2) e 'Zﬁ,@ (2 =+ Tn>v277‘n+
(Id + Z Z&,fz (n)zéhéZ (7’L - 2) e 'Z@hfz (U) K.
i1=44r,

where,

Z41142 (n) - Aél7£2 (n)All,& (TL - 1)
Observe that, if (¢1,£2) is very close to an element of the set
{(a,00), (00,b), (00,00), a,b € R}

Ay, 0,(n) is diagonalizable with nonnegative eigenvalues and at most one is
strictly positive; that is, 1/¢; or 1/fy and as £1,fy > 2, then, Ay, 4,(n) con-
tracts the Euclidean metric; therefore, v, (also v, and a,,) is bounded. In the
following analysis, we suppose that 1 < ¢1,¢s < C < oco; for some C in Ry.

Lemma 3.18. Fiz ({1,02) € [2,00)%. The sequence
ZZL,ZQ = 261762 (n>zfl,l2 (TL - 2) e '241142 (4)
is bounded (uniformly) by max{ly/ls,02/01}.

Proof. Observe that, for all n € N,

_ _ b1 _ _
Ay ,(n) < ( . %"((12?(;,,_1?35)1(2» Al bb:_(j();inﬂ@) ) =: By, 0,(n);

with,
an(f) = bgn = f;a2n and b2n+1(£) _ b2n+1 — ﬂl—agnJrl.

Let be a sequence (2, )nen defined by:
(Zn)nen := {1 — b,(2),b,(2);n € N}.

Remark that for every n € N, x,, € [27%,1 — 27?]; where, a := max{a,,n € N}.

Thus, by setting
dl,n f_de,n
Eon _ el
ly,62 — g_;d&n dn )

it follows that for every i € {1,2,3,4}, there is ay, ;, j = pn_2,--- ,n — 2 such
that:

n—2
di,ng Z zki,l""rk"<1

2] —
J=Pn—2

This proves the lemma. [l
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3.2  Proof of the second part of main result 3 PROOF OF RESULTS

Proposition 3.19. When ({1,02) € [2,00)*\ {(2,2)}, then ZZ”,@ contracts the
Euclidean metric provided n is large enough. The scale of the contraction is
bounded away from 1 independently of £1 and {2 and the particular sequence by,

whereas the moment when the contraction starts depends on the upper bound of
bn -

Proof. For fixed n € N, putting

—on < dl’"(zl,ZQ) g—;dg’"(zl,zg) )

A =
btz %dQ’"(Zh 29) d4’"(2’1, z2)

with 23 = 1/(¢1 — 1) and 2o = 1/(f3 — 1) Thus, d*"(z1, 22), i = 1,2,3,4 are
polynomials of respective degree n — 2, n — 3, n — 3 and n — 4; whose coefficients
belong to the interval [(~%,1 — ¢7¢]; with, ¢ = max{/{,¢}. For fixed i €
{1,2,3,4}, we denote by d;" the coefficients of d" (21, z2). Let us put:

di(2)=1 and di(i)=0; i=1,34
d(3)=1 and da(i) =0; i=1,24.
Then by the Lemma [3.18] the sums

Pn—2
ST a0 021234
§=0

are uniformly bounded. Therefore, for every i € {1,2,3,4}

SO 0, hen ko

=k

Lemma 3.20. For every i € {1,2,3,4}, the sequence (d;n) tends to zero at
least exponentially.

Proof. By a simple calculation, we have

Pn—2 Pn—2
d""(0,0) = [ bn-2it1, @*"(0,0) = ] bn—2i, d>"(0,0) = d*"(0,0) = 0.
1=1 1=1

Now, suppose that, for given 0 <n —1 and 0 < j < n — 1 all the coefficients
d;ﬁn*l 1 €{1,2,3,4}, tend to zero at least exponentially fast. Then, since

—on —on—1

Aél,@ = le,éz (”)Ael,@

and by the form of the coefficients of Ay, ¢,(n), the Lemma is proved and there-
fore, the Proposition [3.19] O

O
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3.3 Proof of Corollary 3 PROOF OF RESULTS

3.2.3 Particular case of Bounded Geometry

Proposition 3.21. Let f € £ with critical exponents (¢1,¢3) and rotation
number p(f) = [abab---]; for some a,b € R. If the inequality

VI = 62 + (1 0)ta(a) + 2067 + 641 (b)ta(a) +
+t1(b)ta(a) + €70 + 05 — 2 < 0;

holds, then the geometry of f is bounded.
Proof. It p(f) = [abab- - -], then

V4
_ t1(b)ta(a) + £1° 6—25%2(&)
Aéhéz 61 1
[tl(b) £y
2

and these eigenvalues A; and A, are defined as following

20 = /(7 = )7 + (B (B)ta(a) + 20" + £ )1 (B)ta(a)+
+t1(D)ta(a) + 070 + €5

and

200 = /(7" — 0502 + (11 (D)tala) + 2067 + 1) (D)ta(a) +
+t(b)ta(a) + 07" + 6

Observe that, A\s € (0,1). Thus, if A\, < 1, then A, 4, contracts the Euclidean
metric.
This proves the proposition. ([l

3.3 Proof of Corollary
Lemma 3.22. Let

|(*QH + (Z + 1)(]7171; —qn + Z.q'nfl)|
|_qn + iQn—ll

wy (i) =

be a parameter sequence with, i =0---ap—1 — 1. wp(i), i =1---ap_1 — 1 and
w2 (0) are comparable to cu,_1.

Proof. Suppose that a,_1 > 1 and let ¢ = 1,--- ;ap,_1 — 1. We apply the
Proposition 2.10] to

-T=[=qu+(+1)gn-1,—qn + (i = 1)gn-1],

- M=(=gn+ (+1)gn—1,—Gn + (i — 1)gn—1),

-S=—qu+ (i +1)gn1,

-D=—qu+(i—1)gn_1,

- fq’ﬂf(iil)anl .

1. For every j < qn — (i — Dgn_1, fA(T)NT = §; so fo—(=Dan-1 jg
diffeomorphism on 7' (Remark [2.77]);
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2. the set U?":B(i_l)q"’l (T') covers the circle at most two times;
3. for n large enough, and by the Proposition 2.8 we have
fon=(=Dan-a(pry  pen=(=Dan-1 (7). [(0, —2¢n-_1)|

. . = < K.
an,_(Z_l)Qn—l(S) < f‘Zn_(l_l)Qn—l(D) |_2qn_1|

Therefore, it follows from the Proposition 2.10] and Proposition [2.8]
(|-gn-1] and |(0, —gy—1]| are comparable) that w, (¢) and «,_1 are com-
parable.

For ¢ = 0 (which is the only case when a = 1), we apply the Proposition [2.10
to

T =[gntam-1+1—Gn—gu1 +1],
- M=(—gy+qu-1+1,~Gn — go1 +1),
-S=—qn+qn-1+1,

- D:_QH_Qn—1+17

- frrmdn-1—l

As before, the hypotheses are satisfied. And for n large enough,

l1,02 o |(_Qn+qn_1 + 1’_Qn+1)|
w7 (0) = ’
=@ +1]

which is also uniformly comparable to oy, 1.
This concludes the proof. [l

The rest of the proof of Corollary is as in [§] (Theorem 1.4 and Theorem
1.5).
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