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STRUCTURAL IDENTIFIABILITY OF SERIES-PARALLEL LCR
SYSTEMS

CASHOUS BORTNER AND SETH SULLIVANT

ABSTRACT. We consider the identifiability problem for the parameters of series-parallel
LCR circuit networks. We prove that for networks with only two classes of components
(inductor-capacitor (LC), inductor-resistor (LR), and capacitor-resistor (RC)), the param-
eters are identifiable if and only if the number of non-monic coefficients of the constitutive
equations equals the number of parameters. The notion of the “type” of the constitutive
equations plays a key role in the identifiability of LC, LR, and RC networks. We also in-
vestigate the general series-parallel LCR circuits (with all three classes of components), and
classify the types of constitutive equations that can arise, showing that there are 22 different
types. However, we produce an example that shows that the basic notion of type that works
to classify identifiability of two class networks is not sufficient to classify the identifiability
of general series-parallel LCR circuits.

1. INTRODUCTION

LCR circuits, also referred to as LCR systems or models, are electrical circuits consisting of
networks of inductors, capacitors, and resistors, which we call base elements. These circuits
have a wide array of applications, most notably in communications systems, such as filters
and tuners used in television and radio tuning [I5]. Also of interest are the circuits generated
by two base element types, for example simple LR circuits can be made into high-pass (or
low-pass) filters which pass high frequencies through the circuit with minimal dampening,
while low frequencies are not able to pass as a result of strong dampening [4].

Each of the base elements in an LCR system has a defining parameter which are referred
to as the inductance (L), capacitance (C'), and resistance (R) respectively. The system as
a whole also has measurable state variables called the voltage (V') and the current (7). A
natural question emerging from the study of LCR systems is whether or not we can determine
the parameter values of each of the base elements given the measurements of the voltage and
current over time over the whole system, and in particular if we can do so uniquely.

Structural identifiability is the study of which parameters of a model can be determined
uniquely from its input and output dynamics. If we are able to determine all of the model’s
parameters uniquely, we say that the model is globally identifiable. 1f, however, we are
only able to determine uniqueness of the parameters up to a finite number of values (or,
equivalently, in a small neighborhood of the original parameter values), we say that the model
is locally identifiable. If we cannot recover the parameters uniquely up to a finite number of
values, the model is said to be unidentifiable. The study of the structural identifiability of
models has been of interest since the work of Bellman and Astrém [I]. Since then, several
different systems ranging from physical to biological have been analyzed for identifiability
using various techniques [2] 6, [, [14].

In this paper, we study the structural identifiability of LCR circuits where the underlying

network of components is a series-parallel graph. In the cases where there is a series-parallel
1
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LCR network that only involves two types of components (i.e., inductor-resistor systems,
capacitor-resistor systems, or inductor-capacitor systems) we give a complete characteriza-
tion of when these models are identifiable. In particular, we have the following theorem.

Theorem 1.1. Let N be a series-parallel LCR network that involves only two types of
components. Then the network is locally identifiable if and only if the constitutive equation
of the model has as many non-monic coefficients as the there are parameters.

We also give explicit combinatorial conditions on the series-parallel constructions that
guarantee local identifiability in two component type LCR models, which are summarized in
certain “multiplication tables”. In each case (LC, LR, or RC), there are 4 types of systems
characterized by the shape of the constitutive equation, and identifiability of a series or
parallel combination is completely determined by which pairs of types are joined together.

We also begin the study of general series-parallel LCR circuits. These turn out to be much
more complicated because there are LCR systems where the number of non-monic coefficients
is larger than the number of parameters. As a result, in addition to the identifiability
problem, there are also interesting questions about the constraints on the coefficients that
arise. Our analysis of the structure of the constitutive equations shows that for general
series-parallel LCR systems, there are 22 different types of constitutive equations. With
that being said, it remains an open problem to determine complete identifiability rules of
general series-parallel LCR circuits.

Part of our motivation for pursuing this project comes from past work of Mahdi, Meshkat
and the second author [7], which characterized the identifiability of series-parallel viscoelas-
tic systems whose elements consists of springs and dashpots. The electromechanical analogy,
sometimes called the impedance analogy, shows that this is the same as studying identi-
fiability of the RL systems. We were interested in generalizing those results to the three
component systems whose study we begin in this paper.

The organization of this paper is as follows: Section [2 gives background on LCR systems.
Section |3| defines identifiability and introduces its study in the context of LCR systems.
Section [ discusses the perspective of projective geometry for studying circuit models, and
uses this to prove a duality result. Section [5| describes results of the two-element systems
containing only resistors and inductors, as well as the two-element systems containing only
resistors and capacitors. Section [f] presents results for the two-element systems containing
only inductors and capacitors. Section [7| describes results of the general LCR systems.
Section [§ introduces the problem of studying the equations that define the vanishing ideal
of an LCR circuit model. Section [0 outlines some paths for future study.

2. LCR SYSTEMS

The ideal resistor follows Ohm’s law which describes a relationship between the voltage
(V') across the resistor, and the current (/). In the case of the resistor, the voltage and current
are proportional with constant of proportionality R which is referred to as the resistance,
which we write as:

(1) V = RI.

Similarly, the ideal inductor exhibits the following relationship between the voltage and the
derivative with respect to time of the current:

(2) V =LI
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where L is called the inductance. The ideal capacitor is often considered the dual of the

inductor, where the relationship between the time derivative of the voltage and current is
described by

(3) V =CI

where C' is the inverse capacitance. Note that we use V = C1T instead of the more familiar
C'V = I for mathematical convenience. For this reason, C' in this paper is the inverse of the
capacitance. This change will not affect results of identifiability.

We call these equations relating the voltage and current of LCR systems constitutive
equations. In general, we can use Kirchhoff’s Current and Voltage Laws to generate a single
constitutive equation of circuits consisting of parallel and series combinations of these three
base elements.

Theorem 2.1 (Kirchhoff’s Current Law). The algebraic sum of the currents entering any
node s zero, i.e. the net current flowing into and out of any node must be zero.

Theorem 2.2 (Kirchhoff’s Voltage Law). The algebraic sum of the voltages around any loop
18 Z€ero.

Example 2.3. Consider the series combination of a resistor and an inductor.

L
R

By Kirchhoft’s Voltage Law, we get that the voltage over the whole system V' must be the
sum of the voltages over each element in the system, i.e.

V =V, + Vg = LI + Rlg.

Also, by Kirchhoft’s Current Law, we know that the net current of the system must be equal
to the current of each element, i.e. I, = Igr = I. Therefore, we get that the constitutive
equation describing this circuit is

V = LI+ RI.
Example 2.4. Now consider a parallel combination of a resistor and an inductor.
L
11000

R

By Kirchhoft’s voltage law, the sum of the voltage around the parallel loop must be zero,
hence V;, = Vg = V. Also, by Kirchhoff’s current law, the current of the system is the sum
of each of the currents, i.e. [ = I + I},
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Taking the time based derivative of this current sum, along with the time based derivative
of the resistor constitutive equation, we get

. . 1. 1
I=Ig+ 1, ==Vg+ =V,.

R L
Thus, the constitutive equation the system is
1.1
I ==-V+ -V
R L

A natural question to ask is how we can generate these constitutive equations for more
complex systems. Suppose S7 and Sy represent two circuits with respective constitutive
equations f1V; = foly and f3Vs = f4ls where f; are all linear differential operators. We can
write these differential operators as

dm dm
Ji =Gn1%+"‘+am1%

dm dm?

4 = by et by
( ) f2 th’ng + + 2dtm2
am ams

f3:Cn3%+"'+cm3%

dam ams

f4=dn4M+“'+dm4M

Now we will consider parallel and series combination of the systems S7 and S;, and derive
the resulting constitutive equation from those of S; and Ss.

Proposition 2.5 (Series Combination). The series combination of two LCR systems S
and Sy with respective constitutive equations f1Vi = faoly and f3Vo = fils has constitutive
equation

fifsV = (fifa + fafs)].

Proof. Let T" be the series combination of two LCR systems S; and Sy with respective
constitutive equations f1V; = fol; and f3Vo = fyls.

(=)
©

Note that by Kirchhoff’s Current Law, the node P between the two systems must have
a net zero incoming current. Therefore, the current of either system must be the same and
this current will also be the current of the new system 7', i.e. I; = I, = I. Similarly, by
Kirchhoff’s Voltage Law, the voltage on the loop, which in this case is the whole system,
must sum to the voltage of the system, i.e. V = V) + V5. If f; and f3 are relatively prime,
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then we get

V=V+V
J2 Ja
V==L +=—1I
R
(5) (fifs)V = (fifa + fof3)]
Thus, the series combination of the two systems S; and S, has constitutive equation of the
form in Equation 0

Proposition 2.6 (Parallel Combination). The parallel combination of two LCR systems S,
and Sy with respective constitutive equations f1Vy = foly and f3Vo = fils has constitutive
equation

(fifa + fof3)V = fofal

Proof. Let T be the parallel combination of two LCR systems S; and S, with respective
constitutive equations fiV; = foly and f3Vh = fuls.

¢

Again, by Kirchhoff’s Voltage Law, we get that the total voltage around the parallel
combination loop must be net zero, i.e. V; — V5 = 0. Also the voltage around the entire
system must be net zero, thus V = V; = V5. Kirchhoff’s Current Law states that the node
P must have a net zero incoming current, i.e. I — Iy — I, = 0, hence [ = I} + I,. Thus, we
get that the parallel combination of two systems S; and S, has constitutive equation

(6) (fifa+ f2f3)V = (fafa)l.
O
Example 2.7. Consider the series combination of each of the three base elements of an LCR

system, namely a resistor with resistance R, a capacitor with inverse capacitance C', and an
inductor with inductance L.

I —A/N/\,
L R

Q__

The constitutive equation for this model is

(7) V = LI+ RI+CI.
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The special structure of series-parallel networks means that it is possible to use notation
purely in equations to represent a series-parallel LCR circuit, rather than necessarily using
a figure. Specifically, we can use the notation M v N to denote the parallel combination of
networks M and N, and M A N to denote the series combination. The base elements can
be written using the symbols for their respective parameters. For example, the network in
Example can be represented as

LARAC.

Note that the A and v operations are commutative and associative in terms of their relations
for producing new networks, but they do not satisfy a distributive law.

3. IDENTIFIABILITY

In the study of mathematical models, a common question is whether we can estimate the
values of parameters only from the measurable input and output into the system, and more
specifically can they be estimated uniquely. This is the question of structural identifiability.

In the case of LCR systems, we consider the identifiability of the coefficient map c: R” —
R™, mapping the parameters to the coefficients of the constitutive equation. Here we make
the standard assumption that it is possible with perfect data to recover the constitutive
equation. For a more precise understanding of the relationship between measured data and
the defining equation of a model, refer to Ovchinnikov et al. [5], [0, [IT]. Since this equation
is only determined up to a constant factor, we globally assume that one of the coefficients
is fixed to the value one, which makes the constitutive equation monic. We now formally
define identifiability:

Definition 3.1. Let ¢ be a function c: 6 — R™, where # < R"” is the parameter space. The
model is globally identifiable from c if and only if the map c is one-to-one. The model is
locally identifiable from c if and only if the map c is finite-to-one. The model is unidentifiable
from c if and only if c is infinite-to-one.

Remark 3.2. Suppose that an LCR system M has coefficient map c: R* — R™ where n
represents the number of parameters, and m represents the number of non-monic, nontrivial
coefficients in the constitutive equation. Note then that if m < n, that is, there are more
parameters than non-monic, nontrivial coefficients in the constitutive equation, then M must
be unidentifiable, since c is automatically infinite-to-one.

Example 3.3 (Example 2.7 continued). Recall that Example [2.7 has constitutive equation
of the series combination of each of the three base elements of an LCR system shown in
Equation |7, V' = LI + RI + CI. In this case, we get a simple coefficient map of

c: R[L,C, R] — Reg, c1, c]
{R,L,C}— {L,R,C}.
Thus, each of the parameters L, R and C are identifiable by the coefficient map.

4. PROJECTIVE GEOMETRY AND CIRCUIT DUALITY

In this section, we introduce a perspective based on projective geometry. This provides us
a useful framework for discussing identifiability that avoids the use of non-monic coefficients.
It also allows for a straightforward duality results about the interchange of capacitors and
inductors.
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Recall that the projective space PR" is defined as the set of lines through the origin in
R, Formally, we can take the set R"™\{0} and consider the equivalence relation ~ that
x ~ y if there is a A € R\{0} such that x = A\y. Then PR" is equal to the set of equivalence
classes:

PR" = (R™\{0})/ ~ .

In this paper, we consider linear differential equations. To this end, the set of all differential
equations with a given shape is naturally considered as a projective space. Indeed, if L;V =
Lo is a differential equation coming from a particular LCR circuit, and A is any nonzero
constant, then A1V = AL,V describes the same dynamics. In particular, it is only possible
to recover the underlying constitutive equation up to a constant. The typical way that this
is dealt with is to talk about non-monic coefficients in the constitutive equation— essentially,
picking one term to be the leading term and dividing through so the coefficient of that term
is equal to one. This is a satisfactory approach in most situations. We find the perspective
from projective geometry can also be useful.

To start with, we consider the constitutive equations of the three basic elements:

V = RI, V = LI, V =ClI.
Thinking about these projectively, we would have the basic constitutive equations:
(8) RV = RI, LV =LI  C,V=0ClI.

So in projective geometry language, our parameter space for an LCR model, goes from an
R* (in the case that there are k basic elements), to a (PR!)*.

Example 4.1. Consider the LCR circuit system from Example [3.3] which has three com-
ponents. Using the projective version of the parameters from (8) we get the constitutive
equation
ROLOCOV = ROLlcof + RlLOC()j + RoLyCHl.
This shows that the coefficient map is a map from (P*)? into P3, defined by
([RO . Rl], [Lo : Ll], [CO : Ol]> = (R()L()CO . R()LlCO : RlL()CO . RQL(]CI).

We arrive at the usual constitutive equation by dehomogenizing this one: specifically by the
substitution
R[):l, RlzR, L(]:l, leL, C[):l, ClzC

One useful application of the projective perspective is that it makes it possible to derive
a duality result for identifiability of LCR systems. The idea of duality of these systems and
those like it date back to the work of Alexander Russell in 1904 with inspiration from recipro-
cals found in geometry, and the goal of finding “convenient methods of making measurements
or even suggest novel instruments or machines of value in electro-technics” [12].

Definition 4.2. Let M be a series-parallel LCR circuit model, expressed as a formula in
terms of resistors Ry, Rs, ..., capacitors C, (s, ..., and inductors Lq, Lo, ..., using the series
and parallel operations A and v. Define the dual system M, to be expressed as a formula
in terms of Ry, Ry, ..., C1,C5, ..., and Ly, Lo, ... by the following rules:

(1) Swap each A with a v and vice versa

(2) Each R; is replaced with a R;

(3) Each Cj is replaced with a L;, and

(4) Each L; is replaced with a C;.
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FIGURE 1. A series-parallel LCR network and its dual network.

Example 4.3. Consider the series-parallel network model M = (R; A C1) v (Rz A Ly). The
dual network is M = (R; v L1) A (Ry v C7). The example is illustrated in Figure .

There is no formal difference between components of the original system M and the dual
system M, e.g. a resistor R; and R; are the same from a modeling standpoint. However,
when we want to talk about the identifiability of these systems, it is useful to distinguish
between the components of the original system and that of the dual system.

Theorem 4.4. Suppose that M is a series-parallel LCR system and let M be the dual LCR
system. Then M 1is (generically, locally) identifiable if and only if M is.

To prove this, we make direct use of the projective representation of the network. To each
basic component, denoted R;, L;, C;, we associated a projective constitutive equation

Ro;,V = R, Lo,V =L, Co,V =0

Then on the projective representation, the duality has the effect of swapping V and I and
L and C. So the dual basic constitutive equation in the projective representation becomes

RZV - Ro,i[, C’,V - CO,ij7 LZV - LO,iI'
Note that affinely this corresponds to R; = 1/R;, L; = 1/C; and C; = 1/L;.

Proposition 4.5. Suppose that M is a series-parallel LCR system with corresponding pro-
jective parameters R = (Ry,...,R.,Ro1,...,Roy), L = (L1,...,Ls, Lo1,-..,Los), and
C = (Cy,...,C,Con,...,Coy). Let M be the dual LCR system with corresponding dual
projective parameters R = (Ro1,...,Ror Ri,..., R), L = (Loa,---,Los, L1,..., Ls), and

C= (Co’l,. . .,00715,01,. . .,Ct). Let
AH(R,C L, 4)V = f,(R,C,L, £)I

' dt " dt
be the constitutive equation of M. Then

f2(R7E7 67 d%)‘/ = f1<ﬁ7 E? 67

|

)

<

t

is the constitutive equation of M.

Proof. The proof is by induction on the number of components. The statement is clearly
true if there is only one component by the definition of the duality operations.

Suppose that M has more than one component. That means it can be broken up as
either a series or parallel combination of two other components. We handle the case of a
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series combination, the case of a parallel combination being analogous. So suppose that
M = M, A Ms. The corresponding dual LCR system is M = M, v M,. Let

fl(R C , L, dt) 1= f2(R7C7La dt>]1

f3(R C L7 dt) 2 = f4(R7C7L7 dt)IQ
be the constitutive equations of M; and M, respectively. Thus the constitutive equation of
M is
(fifs)(R,C, L, )V = (fifa + fofs)R,C, L, $)I

By induction, the constitutive equations of M; and M, are
f2(R L C> dt) 1 :fl<ﬁ7faca dt)‘ll
f4(R L C7 dt) 2 = f3<ﬁ7facu dt)IQ

Since M is a parallel combination of M; and M, its constitutive equation is

(fifs+ fof3)(R,L, C, dt) = (f1fs)R,L,C, dt)

This is clearly the desired correct form. This proves the result for series combinations, and
the proof for a parallel combination is similar. O

Proof of Theorem[{.4. By Proposition the coefficient map for M and M is the same
except for relabeling parameters and swapping the order of some of the coefficients. The
coefficient maps clearly have the same behavior in both cases in terms of being one-to-one,
generically one-to-one, finite-to-one, etc. 0

5. RL/RC SYSTEM ANALYSIS

In this section, we consider the identifiability of series-parallel circuits consisting of only
two types of base elements: either resistor-inductor (RL) networks or resistor-capacitor (RC)
networks. The electromechanical analogy establishes a bijection between identifiability prob-
lems for RL-networks and identifiability problems for viscoelastic mechanical systems consist-
ing of springs and dashpots. The results of [7] will be used to deduce the main identifiability
result for RL series-parallel networks. Then we use Theorem to deduce the analogous
identifiability result for RC series-parallel networks.

First, consider the case of the two-element system generated by parallel and series combi-
nations of inductors and resistors. The electromechanical analogy, specifically the Maxwell
or impedance analogy, yields that a system comprised of series and parallel combinations of
resistors and inductors is analogous to a mechanical system consisting of series and parallel
combinations of springs and dashpots [13]. The spring-dashpot system is commonly referred
to as the wviscoelastic model, and has many applications, including modeling various biolog-
ical systems. The problem of identifiability of the spring-dashpot system is well studied,
with the problem of determining local identifiability reduced down to counting the number
of elements in the system, i.e. parameters, and comparing that to the number of coefficients
[7.

Recall that in determining identifiability, an easy way to determine that a model is uniden-
tifiable by the constitutive equation is to see that there are fewer coefficients than parameters,
meaning a necessary condition for identifiability is that there are at least as many coefficients
as parameters. In the case of the viscoelastic system, it was shown in [7] that the number
of coefficients is bounded above by the number of parameters, thus the previous necessary
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condition for identifiability becomes that there must be exactly the same number of param-
eters as coefficients. It is then shown that this equality of the number of coefficients and
parameters is in fact a sufficient condition for local identifiability via the following theorem.

Theorem 5.1 (Theorem 2, [7]). A viscoelastic model represented by a spring-dashpot network
is locally identifiable if and only if the number of non-monic, nontrivial coefficients of the
corresponding constitutive equation equals the total number of its parameters.

Due to the electromechanical analogy, we can deduce the following equivalent statement
in terms of RL systems:

Corollary 5.2. An RL system is locally identifiable if and only if the number of non-monic,
nontrivial coefficients of the corresponding constitutive equation equals the total number of
1ts parameters.

Via the duality of Theorem [4.4] we also get the following corollary.

Corollary 5.3. An RC system is locally identifiable if and only if the number of non-monic,
nontrivial coefficients of the corresponding constitutive equation equals the total number of
1ts parameters.

Proof. The duality operation turns an RL system into an RC system and vice versa. Theorem
[4.4] shows that the RL system is identifiable if and only if the dual RC system is identifiable.
Since the duality preserves the number of coefficients, this follows from Corollary [5.2] OJ

In general, the problem of identifiability of a model is much more difficult to answer than
it is for the RC and RL systems. We will see in Section [7| that in the case of LCR systems,
we no longer have a bound on the coefficients by the number of parameters, making finding
identifiability criterion considerably more difficult.

In addition to these results on identifiability and relation to the number of coefficients in
the RC/RL models, it is also possible to import from [7] precise rules for identifiability of
series and parallel combinations of identifiable models. These are encapsulated in the iden-
tifiability multiplications for the types of combinations of constitutive equations of different
shapes. We do not reproduce the identifiability multiplication tables from [7] here, but we
will see analogous results for LC systems in the next section.

6. LC SYSTEM ANALYSIS

Now we consider the two-element systems which contain parallel and series combinations
of inductors and capacitors, i.e. LC systems. To analyze the identifiability of these LC
systems we first will classify these systems into four types dependent upon the structure of
their constitutive equations. Since the LC systems are specific cases of LCR systems, we
can state several general propositions about the structure of their constitutive equations,
which we prove in the next section. First, we recognize an upper bound on the number of
coefficients on either side of the constitutive equation of an LCR, and thus an LC system.

Proposition [7.1} The mazimum order of either side of the constitutive equation of an LCR
system 1s bounded above by the number of parameters, i.e. base elements, in the model.

Note that the previous proposition yields that the maximum number of non-monic, nonzero
coefficients in the constitutive equation of an LCR system is 2n + 1, where n is the number
of parameters. We can also make a statement relating the lowest and highest orders of the
left-hand and right-hand sides of the constitutive equation of an LCR system.



IDENTIFIABILITY OF SERIES-PARALLEL LCR SYSTEMS 11

Proposition [7.2l In an LCR system, the largest orders on either side of the constitutive
equation must be within one of each other. Similarly, the smallest orders on either side of
the constitutive equation must be within one of each other.

In the case of LC systems, we can actually make a slightly stronger statement.

Corollary 6.1. In an LC system, the absolute difference of the largest order of either side
of the constitutive equation is exactly one. Similarly, the absolute difference of the smallest
order of either side of the constitutive equation of an LC system is exactly one.

Proof. This is true by the exact same argument in the proof of Proposition where the
base cases are only the single inductor and single capacitor systems, and replacing any “less
than or equal to” statements with “equal to” statements. U

Now we make a statement about how many of the coefficients on either side of a con-
stitutive equation of an LC system must be zero. We introduce the idea of a constitutive
equation alternating, that is, every coefficient of even or odd order in the equation is zero.

Definition 6.2. We say that a polynomial alternates if all odd degree or all even degree
coefficients are zero. We say a polynomial is saturated if every coefficient between the smallest
and largest degree is nonzero.

Remark 6.3. Note the difference between describing a polynomial as “not alternating”
and “saturated.” In the case of a polynomial not alternating, we could possibly still have
coefficients of zero between the largest and smallest degree, we just do not have that every
other coefficient is zero.

Note that the product of two polynomials, both of which have this alternation prop-
erty, also must alternate. With this in mind, if both sides of two LC systems’ constitutive
equations alternate, we must have that one side of their series or parallel combination also
alternates, namely the side with a single product of two previous differential operators by
Propositions and [2.6, With that being said, it is not immediately clear that the side
which consists of a sum of two products of the previous differential operators also alternates.
This is because although each of the products in the sum must alternate, it is possible that
the powers in either alternating product have different parity, so when summed together the
result does not alternate. In the case of LC systems, we show that this parity mismatch
cannot occur.

Proposition 6.4. An LC system must have both sides of its constitutive equation alternate.

Proof. We proceed by induction. Note that by our definition of alternating, the base ele-
ments inductor and capacitor are inherently alternating, since one side of either constitutive
equation has a single odd power, and the other has a single even power in either case.
Suppose two LC systems N; and Ny have the alternating property on either side of their
constitutive equations f1V; = foI; and f3Vs = fy4l5 respectively. From Corollary we
know that f; and f, have difference of highest order of one, hence have different parity,
and similarly f3 and f; have different parity. Note that because of the remark before the
statement of this proposition, to show that both sides of the constitutive equation of a
combination of two LC systems alternate, we need only show that f; f, and fs f3 do not have
different parity. However, we know that f; and f, have different parity and f3 and f; have
different parity. Then f; fsf5f4 has to have even parity, so fif, and fof; have to have the
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same parity. Thus, by induction, both sides of the constitutive equation corresponding to
an LC system, must alternate. 0

Note now that we can place an upper bound on the number of nonzero coefficients in an
LC system, similar to the bound in the RC and RL systems.

Theorem 6.5. The number of non-monic, nontrivial coefficients of an LC' constitutive equa-
tion is bounded above by the number of base elements.

Proof. First, note that by Proposition [7.I] the maximum order of either side of the con-
stitutive equation of an LC system with n base elements is n. Also, by Corollary [6.1], the
maximum order of the other side of constitutive equation of an LC system is n — 1. By
Proposition 6.4, we know that every other coefficient on either side of the constitutive equa-
tion of an LC system must be zero, i.e. if the maximum order on one side is n, then at most
[ coefficients must be nonzero. Thus, if both sides of a constitutive equation have their

2
maximal orders n and n — 1, then the total number of nonzero coefficients is bounded above

by
{n;—ﬂ—i—[g]:nle.

Thus, after normalizing, there are at most n non-monic, nontrivial coefficients in the
constitutive equation of an LC system. O

Remark 6.6. Note that to recover all n parameters from an LC system with n base ele-
ments, we need the constitutive equation defining the system to have at least n nontrivial
coefficients. This, coupled with Theorem implies that, as in the case of RL and RC
systems, a necessary condition for identifiability of an LC system with n parameters is that
the constitutive equation has n non-monic, nontrivial coefficients. We spend the rest of this
section showing that, in fact, this is also a sufficient condition.

Now we can classify identifiable LC systems into four different “types” depending on the
difference in the largest orders and smallest orders of the left and right-hand sides of their
constitutive equations. We will define the type of the LC system with constitutive equation
f1V = fol where

Ji = an, d™/dE™ 4 - g, d™ /™
fo = by, d™/dt™ + -+ + by, d™ /dt™

by the ordered pair (m; —ms, n1 —ns). Note that by Corollary we know that there are
only four possible such pairs, which we define as the following types:

A:=(-1,-1), B:=(-1,1), C:=(1,-1), D:=(1,1).

We now consider how to build identifiable LC systems from identifiable LC systems. We
do this by considering the shape of each of the differential operators of an identifiable LC
system which we define as the ordered pair [a, b] representing the smallest and largest order
respectively of the differential operator. Note that depending on the parity of the number of
parameters n of an LC system, certain types cannot be identifiable. For example, consider
an LC system of type A, then for the constitutive equation to have enough coefficients to
potentially be identifiable, the shape in V' must be [0,n — 1] and the shape in I must be
[1,n], so we know that n must be odd by Proposition . Similarly, LC systems of type D
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must have an odd number of parameters to potentially be identifiable, while LC systems of
types B and C' must have an even number of parameters to potentially be identifiable.

The following two tables give the identifiability results of the series and parallel combina-
tions of all of the identifiable LC system types, with a count of the number of non-monic,
nontrivial coefficients, as well as the resulting type. Note that in the column “Identifiable?”,
if there is a “no” we already can see that this model is unidentifiable, as there are not enough
coefficients as compared to the number of parameters. On the other hand, we still need to
prove that the “yes” entries are actually identifiable. Proving that this is the case will occupy
the rest of the section and complete the proof of Theorem [6.12] which is the main result of
this section.

Type | Shape in V Shape in [ Non-monic coefficients | Identifiable? | Type
(A, A) [ [0,ny +ne—2] | [L,ny +ng—1] | ng +ng— 1 No A
(A,B) | [0,n1 +mng — 1] | [1,n1 + ng] ni + ng Yes A
(A,C) [1 n1+n2—2] [0,n1+n2—1] n1+n2—1 No C
(A, D) | [1,n1 +ng — 1] | [0,n1 + na] ny + noy Yes C
(B,B) | [0,n1 + ns] [1,71 +ng — 1] | ny + no Yes B
(B,C) | [1,n1 +ng — 1] | [0,n1 + na] ny + noy Yes C
(B, D) | [1,n1 + na| [0, + 1o — 1] | ny + no Yes D
(C,C) [2 n1+n2—2] [1,n1+n2—1] n1+n2—2 No C
(C,D) | [2,n1 +ng— 1] | [1,n1 + na] ny+mng—1 No C
(D, D) | [2,n1 + na] [1,n1 +ne— 1] [ ng +ny— 1 No D

TABLE 1. All identifiable series combinations of the four types of LC systems,
with resulting shapes, number of coefficients, identifiability, and type.

Type | Shapein V Shape in [ Non-monic coefficients | Identifiable? | Type
(A, A) [O ny + nNg — 1] [2, ny + '17,2] ny + nNg — 1 No A
(A, B) | [1,n1 + no [2,n1 +no— 1] [ ny +no— 1 No B
(A,C) | [0,n1 +ng — 1] | [1,n1 + ng] ny + no Yes A
(A, D) | [0,n1 + na| [1,m1 +no — 1] | ny + no Yes B
(B,B) | [1,n1 +ny — 1] | [2,n1 + 12 — 2] | ng + ng — 2 No B
(B,C) | [0,n1 + na] [1,71 +ng — 1] | ny + ng Yes B
(B,D) |[0,n1 +ny— 1] | [1,n1 +n2—2] | ny +mp — 1 No B
(C,C) | [1,n1 +ng — 1] | [0,n1 + na] ni + no Yes C
(C,D) | [1,n1 + ns| [0, + 1o — 1] | ny + no Yes D
(D,D) [1 n1+n2—1] [O,n1+n2—2] n1+n2—2 No D

TABLE 2. All identifiable parallel combinations of the four types of LC sys-
tems, with resulting shapes, number of coefficients, identifiability, and type.

Remark 6.7. Checking for identifiability of a parallel or series combination of LC systems
can be done in polynomial time via Tables [I] and [2] Similarly, checking for identifiability
of a series or parallel combination of RL, and thus RC, systems can be done in polynomial
time via tables found in [7].
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The Alternating Shape Factorization Problem. We now define the alternating shape
factorization problem, which is analogous to the shape factorization problem as defined in
[7], though this time for alternating polynomials.

Definition 6.8. The alternating shape factorization problem for a quadruple of shapes

Q = ([m1>n1]7 [m27 n2]> [m3>n3]7 [m47 n4])

is defined as follows: for a generic pair of alternating polynomials (f, g) with f monic such
that shape(f) = [mi+mg, ny +n3] and shape(g) = [min(m; +my, mo+ms), max(n, +ng, no+
n3)], do there exist finitely many quadruples of alternating polynomials (f1, fa, f3, f1) with
shape f; = [m;, n;], f1, fs monic, and such that f = fif3 and g = f1fs + fofs? A quadruple
of shapes @) is said to be alternating good if the alternating shape factorization problem for
that quadruple has a positive solution.

Proposition 6.9. Let M be the series combination of two LC systems Ny and Ny with
respective constitutive equation f1Vy = foly and f3Vo = fuly and let f; have shape [m;,n;].
Then the LC system M is locally identifiable if and only if

(i) N1 and Ny are locally identifiable, and
(ii) ([m1,n1], [me, na], [ms, n3], [ma, n4]) is an alternating good quadruple.

We now work toward necessary and sufficient conditions for the series combination of two
LCR models to yield a good alternating quadruple, inspired by the work done following
Proposition 10 in [7] for the viscoelastic case.

Let h and g be two alternating polynomials, and note that for fixed shapes [mq,n;] and
[mg3,n3], there are at most finitely many factorization h = f;f3, with alternating f; and
f3 having shapes [my,n;| and [mg, n3] respectively. Thus, in fixing one of these finitely
many choices of f; and f3, the equation g = f1f4 + f5f2 is a linear system in the unknown
coefficients of alternating fo and f;.

For a particular polynomial f = j,a™ + -+ + j,, 2™ with shape [m,n], we can denote the
coefficients of f in an n — m + 1 dimensional vector as

Jn
L= :
Jm
Again, if the f; have respective shape [m;, n;], then the vector of coefficients of f; fy and
faf3 can be written as the following matrix products:

G, 0 - 0 Cig 0 o 0
D g, 0 D Cpg 0
Uy - e : dp, O bn,
[fifadl=1 0 am, - 0 s Ufsfl=] 0 eny oo 0 :
: 0 Cny Ay : 0 Cns by
0 0 Gy 0 0 e

We refer to the matrix containing the coefficients of f; as G” and the matrix containing
the coefficients of f3 as H”, hence the above matrix products can be represented by G”| f4]
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and H"[fy] respectively. Note that this matrix G” has dimension n; + ny —m; —my + 1 by
ng —my + 1, while H” has dimension ny + n3 — mg — mg + 1 by ng — mg + 1.

We can nearly represent the coefficients of g by adding these two products, however there
could be a difference in the dimension of the largest and smallest orders of f;fy and fsf3.
Note however that this difference is well understood, as by Corollary [6.1], the difference in
the largest and smallest orders of f; and f, must be at exactly one, and likewise for f3 and
f1. Thus, either the largest order of f;f; is the same as the largest order of f5f3, or it is
exactly two larger or smaller. The same is also true for the smallest orders of f; f, and fsf3.

Thus, we will let G and H' represent the matrices G” and H” where either has an addi-
tional two rows of zeros added to the top or bottom of their respective matrix, if necessary.
Therefore, we can now represent the coefficients of g as

lg] = [f1fa+ fofs] = G'Lfs] + H'[fo] = (G" H) (Hﬂ)

Note then that this matrix (G' H') has dimension

max{n; + ny,ng + nz} — min{my + my, ms + mz} + 1 by ng — mg + ngy —my + 2.

[f2]
In fact, every other entry of [f3] and [fy] are zero, hence we can eliminate both these
(ng — mg + ng — my)/2 rows in the vector and the corresponding columns in the matrix
(G" H'), yielding the same information. The resulting matrix which we now call (G H) has
dimension

Now, note that since both f5 and f; alternate, many of the entries of ([f 4]) are zero.

No — Mg + Ny — M
2 2 4 4+2‘

max{nj + ny, no + nz} — min{my + my, my + ms} + 1 by

Note that every other row of the (G H) matrix will consist of only zeros, since the alter-
nation property of the polynomials f; and f3 yield every other diagonal of (G’ H') consists
of only zeros. Thus, we can eliminate (max{n; + n4, no + ng} — min{my + my, ms + ms})/2
rows of (G H) and retain the same information. We define this final reduced matrix to be
(G H), and note that it has dimension:

maxi{ni + ng, ne + N3} — min{my + my, ms + m n
(9) {1 4, T2 3} 5 { 1 4, M2 3}+1by 2 . 19

We now determine when the alternating shape factorization problem has finitely many
solutions.

— Mo + Ny — My

Proposition 6.10. The quadruple ([my,n1], [me, nal, [ms, ns], [ma, n4]) for the four alter-
nating polynomials is alternating good if and only the matriz (G H) is invertible.

Proof. We can write the shape factorization problem of ([my, n1], [me, nal, [ms, ns], [ma, n4])
in the matrix factored form G'[ f4] + H'[ fo] = [g], where every other coefficient will be zero.

Thus, we can actually reduce this factored form to G[fi] + H[f2] = [g] where [f] is the
coefficient vector of the alternating function f with the zeros removed, that is

This system has a unique solution if and only if (G H) is invertible for a generic choice of
parameter values, i.e. generically invertible. O
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Note that for the matrix (G H) to be generically invertible, it needs to be square and
have full rank. Recall that the Sylvester matriz associated to two polynomials f(z) =
AnT" + Q12"+ ayx + ap and g(x) = by x™ + by 1™+ -+ T + by is the n +m
by n + m matrix that has columns of the coefficients of f(x) repeated m times, and columns
of the coefficients of g(z) repeated n times as:

a 0 -+ 0 b, 0 - 0
Ca, - 0t b, - 0
ap L - i by i
0 a -~ 0 0 b -+ 0
0 - a, 0 - by,
0 0 -« a 0 0 - b

The determinant of the Sylvester matrix of two polynomials is zero if and only if the
two polynomials have a common root. Thus for generic polynomials f and g, the Sylvester
matrix is invertible (see Chapter 3 of [3] for relevant background on resultants).

Note that in the case of (G H), this matrix is nearly the Sylvester matrix of two polyno-
mials, though not exactly f; and f3, but it possibly contains extra rows and columns.

The following proposition and proof mirror that of Proposition 13 of [7].

Proposition 6.11. If the matriz (G H) is square, then it is generically invertible.

Proof. Suppose (G H) is square. We claim that the columns of (G H) can be ordered in
such a way that the block form of the matrix is

S0 0
X SY
0 0 95

where S is the Sylvester matrix of f; and f; where f for an alternating polynomial f is the
polynomial with lowest degree zero and coefficient vector m That is, f is a polynomial
which does not alternate, with the same coefficients as f (associated to different powers).
We will show that either (G H) is exactly the Sylvester matrix of generic polynomials fi
and f3, hence has full rank, or that one or both of S’ and S” are 1 by 1 matrices with nonzero
entry, and S is the same Sylvester matrix, meaning that (G H) continues to have full rank.
Note that the Sylvester matrix S of these two polynomials f; and f3 will have dimension
(ny —mq + ng —mg3)/2 by (n; —my + n3 —mg)/2. Recall from Equation |§| that (G H) is a
matrix of dimension
max{n; + ng,ng + ng} — min{m; + myq, me + ms} 1 by Ng — Mg + Ny — My Yy
2 2
Without loss of generality, we assume that max{n; + n4,ny + nz} = n; + ny. This occurs
in one of three ways by Corollary
(i) n1 = ne2 + 1 and ny = n3 — 1, (in which case the two sums are equivalent)
(ii) ny = no — 1 and ny = n3 + 1, (in which case the two sums are equivalent) or
(iii) ny = ng + 1 and ny = ng + 1.

(10)
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In the first two cases, we do not add any zero rows above either G” or H” (described above)
in making the matrices G’ and H'. In either of these cases, we remove the row and column
involving S’ from the block matrix.

In the last case, we add exactly two rows of zeros above the H” matrix to make the matrix
H', and add no rows of zeros above G” to make G’, hence we will have that S’ will be a 1 by
1 matrix with nonzero entry a,,, and X is the remaining coefficients of fl followed by zeros.

Now we consider the two possible cases of min{m; + my, ms + ms}.

First, suppose min{m + my, mg + ms} = my + my. This implies that the dimension of
the (G H) matrix is (n; + ny — my — my)/2 + 1 by (ng + ng — mo — my)/2 + 2.

This can occur one of three ways by Corollary [6.1}

(a) my = mg + 1 and my = m3 — 1, (in which case the two sums are equivalent)

(b) my = mg — 1 and my = m3 + 1, (in which case the two sums are equivalent) or

(¢) my =my—1and my = mg — 1.
In the first two cases, we do not add any zero rows below either G” or H” in making the
matrices G’ and H'. In either of these cases, we remove the row and column involving S”
from the block matrix above.

In the last case, we add exactly two rows of zeros below the H” matrix to make the matrix
H’, and add no rows of zeros below G” to make G’. Thus, we will have that S” will be a
1 by 1 matrix with nonzero entry a,,,, and Y will continue with the other coefficients of fi
with zeros above.

Similarly, consider the case when min{m; + mg4, mo + ms} = ms + ms. Here, we have that
the dimension of (G H) is (ny + ny — mg —m3)/2 + 1 by (na2 + ny —mg — my)/2 + 2. This
can occur one of three ways by Corollary

(A) my =mo+ 1 and my = m3 — 1, (in which case the two sums are equivalent)

(B) m; = msy — 1 and my = m3 + 1, (in which case the two sums are equivalent) or
(C) my =my+ 1 and my = m3 + 1.

In the first two cases, we do not add any zero rows below either G” or H” in making the
matrices G’ and H'. In either of these cases, we remove the row and column involving S”
from the block matrix above.

In the last case, we add exactly two rows of zeros below the G” matrix to make the matrix
G', and add no rows of zeros below H” to make H’. Thus, we will have that S” will be a
1 by 1 matrix with nonzero entry ¢,,,, and Y will continue with the other coefficients of fg
with zeros above.

In any case, we have that S is the Sylvester matrix of two polynomials with generic
coefficients, namely fi and fg, hence has full rank, and if S” or S” are in the block matrix,
then they are 1 by 1 matrices with nonzero entries, hence have full rank. Thus the matrix
(G H) has generic full rank, i.e. is generically invertible. O

Theorem 6.12. An LC system is locally identifiable if and only if the number of non-monic,
nontrivial coefficients in the constitutive equation is equal to the number of parameters.

Proof. Here, we show that if the number of parameters equals the number of non-monic,
nontrivial coefficients, then the (G H) matrix is square, hence by Propositions , , and
the model is locally identifiable.

Suppose M is an LC system which consists of a series combination of two smaller LC
systems N7 and N, with respective constitutive equations fiV; = foly and f3Vh = fils
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where f; and f3 are monic. Also, suppose f; has shape [m;, n;]. By induction, we suppose
that the number of parameters equals the number of nontrivial, non-monic coefficients in
both systems N7 and N. This implies that Ny has (nq + ny — my — ms)/2 + 1 parameters,
and Ny has (ng + ny — mg —my)/2 + 1 parameters.
Assume the number of parameters equals the number of coefficients in the whole system,
ie.
Ny +No +N3+Ng — M1 — Mo — M3 — My

5 +2
_ max{n; + ny,ng + ng} — min{my + my, mo + ms} +ny + ng —my —ms ‘1
2
Subtracting (n; + ng —my — ms)/2 from both sides, we get
Ng + Ny — Mo — My oo max{n, + ng,na + nz} — min{my + my, mg + mg} ‘1
2 2

This occurs exactly when the matrix (G' H) is square via Equation @ The argument for
a parallel combination is identical, and omitted. 0

7. LCR SYSTEM ANALYSIS

Now we consider the systems containing series and parallel combinations of all three
base elements, that is LCR systems. We are not able to derive a complete classification
of identifiability of these models, and there already seem to be some significant challenges
to generalizing the results for two element systems to arbitrary LCR. For example, there
are general series-parallel LCR systems where there are more coefficients than the number
of parameters. Thus, there can be nontrivial relations between the coefficients in a general
series-parallel LCR system. We will explore those equations in Section In this section,
we look at basic properties of the general LCR systems, including the numbers of types of
systems in terms of the structure of the constitutive equation. We will show that there are
22 different types.

To begin our study of general LCR systems, we first consider several bounds on the orders
of the constitutive equation.

Proposition 7.1. The mazimum order of either side of the constitutive equation of an LCR
system 1s bounded above by the number of parameters, i.e. base elements, in the model.

Proof. We will prove this statement inductively. As the base case, note that the statement is
true for each of our one element systems containing either a resistor, capacitor, or inductor.

Suppose that for LCR systems with less than k base elements, the resulting constitutive
equation has largest power less than or equal to the number of base elements.

Now consider some LCR system M with k base elements, which is a series combination of
two smaller (in number of base elements) models which have m and n parameters respectively
where m + n = k. By the inductive hypothesis, we know that the largest order of either
side of the constitutive equations of the two smaller models are m and n respectively, i.e. if
fiVi = fol; and f3V, = f4l5 are the constitutive equations of the two models respectively,
then deg(f1), deg(f2) < n and deg(fs), deg(fs) < m.

Recall by Proposition that the series combination of two systems with constitutive
equations f1Vi = fol; and f3V, = fyl5 yields constitutive equation:

fifsV = (fifa + fofs)1.
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Therefore, the largest power of either side of the constitutive equation is n + m = k. By
duality, we also have the result when M is a parallel combination. 0

Proposition 7.2. In an LCR system, the largest orders on either side of the constitutive
equation must be within one of each other. Similarly, the smallest orders on either side of
the constitutive equation must be within one of each other.

Proof. We prove the proposition using induction on the number of base elements in the
system. As the base case, note that in both the inductor, and the capacitor base element,
the difference in the largest power between the two sides of the constitutive equation is one.
Similarly, since the smallest power is the largest power, that difference is also one. In the
case of a single resistor, both sides have a single element of order zero.

Suppose then that the statement of the proposition is true for LCR systems with less than
k base elements. Then suppose that M is an LCR system with k£ elements which is generated
by, without loss of generality, a series combination of two strictly smaller (in terms of number
of base elements) systems N; and Ny. Suppose that N7 and N, have respective constitutive
equations f1Vi = fol; and f3Va = fyI5 where each f; is defined just as in Equation [4

By the inductive hypothesis, since N; and Ny have less than k base elements, then we know
that [ny —no| < 1, |my —me| <1, |ng —nyg| < 1, and |mg —my| < 1. Note that by Equation
[, the constitutive equation of the system M generated by combining N; and N in series is

(11) fufsV = (fufa+ fofs)l.

Thus, we have that the maximal order of the left-hand side of the Equation [11]is n; + ns,
while the maximal order of the right-hand side is max{n; + n4,ny + ns}. Therefore, the
difference in the largest order of either side of the constitutive equation of M is

|n1 4+ ng — max{ny + ny,ng + nz}| = |min{n; + ng —ny; — ny, Ny + Nz — ng — N3}
= | min{ns — ny, Ny — na}|

Note that in either case, we have that [n; —ne| < 1 and |n3 — ny| < 1, thus the difference of
the maximal order of either side of the constitutive equation of M is at most one.

The bound for the minimal order is similar (with maximums and minimums swapped) and
is omitted. The bounds also follow for parallel combinations by circuit duality.

Thus, by induction, LCR systems have the difference of the largest order of either side of
their constitutive equations at most one, and the difference of the smallest order of either
side of their constitutive equations at most one. 0

Remark 7.3. The main difference between all of the two element systems and the three
element system is that we no longer have a bound on the number of coefficients of the
constitutive equation by the number of parameters. In fact, by the previous two propositions,
we can have up to 2n + 1 nonzero, non-monic coefficients in the constitutive equation of an
LCR system with n base elements. As a result of this lack of a bound, we could have
systems with more coefficients than base elements which are locally identifiable. This is
not entirely surprising, however the existence of systems with more base elements than
coefficients which are not locally identifiable leads us to believe that to find a sufficient
condition for the identifiability of an LCR system, we need to look beyond comparing the
number of coefficients to the number of parameters.

Example 7.4. Consider the LCR system depicted in Figure 2
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FIGURE 2. An LCR system L; v (R A (Cy v (Lo v C%)))).

This system has constitutive equation:

(ClLng + CQLlLQ)V(S) + (CngR + CQLQR)V + (Clchl + ClcQLQ)V + C1C3RV
— (CLL LyR + CoLy LyR)I® + C1Cy Ly Lyd + C1CoLy RI.

Note that this LCR system has five parameters and after normalization has six non-monic,
nonzero coefficients in its constitutive equation. If we consider the Jacobian matrix of the
map from the space of parameters to the space of coefficients of the constitutive equation
corresponding to this example, we see that the rank of the Jacobian is non-maximal, meaning
the system is not identifiable. This example first shows that the number of coefficients in
a constitutive equation of an LCR system is not bounded by the number of parameters,
and moreover having at least as many coefficients as parameters in an LCR system is not a
sufficient condition for local identifiability.

We now introduce a similar notion of types as in the LC systems to more general LCR
systems.

Definition 7.5. Let M be an LCR system with constitutive equation f1V = fyI where
fi=ap ™ + -+ ap, 2™ and fy = by, 2™ + - -+ + by,x™2. Then we define the type of M
as the quadruple (my — mg, n; — ng, ¢, d) where ¢,d = 1 if f; and f; have the alternating
property respectively, and are 0 otherwise.

Example 7.6. The three base elements can be characterized by type, where because there
is only a single nonzero coefficient on either side of the constitutive equation, each side of
all three constitutive equations are defined as alternating. More explicitly, by Equations [T}
, and (3] we have that the resistor, inductor, and capacitor have respective types (0,0, 1,1),
(—1,-1,1,1) and (1,1,1,1).

Remark 7.7. The four types, A, B,C,D of LC systems described in Section [0] can be
generalized as A = (—1,-1,1,1), B = (-1,1,1,1), C = (1,—1,1,1) and D = (1,1,1,1) as
LCR types.
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Note that there are certain restrictions on what this type quadruple can look like. For
example we know that because of Proposition [7.2] the first two entries of the type must both
be in the set {—1,0,1}. We have not yet shown that for an LCR system that the left and
right-hand sides of the constitutive equation must strictly have the alternating property or
the saturated property. More precisely, it is not obvious that a differential operator in the
constitutive equation of an LCR system cannot skip an order without having the alternating
property, i.e. have an order with zero coefficient, but not have the remaining even or odd
orders also have zero coefficients. We now prove that this is in fact the case, and conclude
that all LCR systems fall into one of these types. To do this, we first need the following
Lemma.

Lemma 7.8. No LCR system can have constitutive equation of type (x,—1,0,1) for any
entry of =.

Proof. Suppose M is an n base element LCR system with type of the form (, —1,0,1), and
constitutive equation f1V = foI. Note that f; must alternate since the fourth entry of the
type quadruple is 1, and also f; must have largest order one larger than f; since the second
entry of the type quadruple is —1. Similarly, f; must not alternate since the third entry of
the quadruple is 0.

Recall that the three base elements, the resistor, inductor, and capacitor, have respective
types (0,0,1,1), (—1,—1,1,1) and (1,1, 1, 1), hence M cannot be a base element, i.e. n > 1.
Therefore, M must be made of some series or parallel combination of two systems with
strictly fewer elements, say A; and A,. Let A; and A, have constitutive equations g1 V7 = go13
and g3Vs = g4l5 respectively.

First, if we suppose M is a series combination of A; and A,, then we have that f; = g1g3
and fy = g194+ g2g3. Note that since f; must alternate, then all four of ¢y, go, g3 and g4 must
alternate (and have some parity conditions), however f; must not alternate meaning that
one of g; or g3 cannot alternate, a contradiction. Thus, an LCR system of type (x, —1,0, 1)
cannot be constructed via a series combination of other systems with fewer elements.

Now suppose M is a parallel combination of A; and As. In this case, we have that
f1 = 9194+ g293 and fo = go2g4. Since f; must have one higher largest order than f;, we must
have that deg(g;) < deg(g2) and deg(gs) < deg(g4). Thus, by Proposition [7.2] we have that
deg(ge) = deg(g1) + 1 and deg(gs) = deg(gs) + 1, meaning that A; and Ay have respective
types with second entry both being —1.

Given that f5 is alternating, we must have that both g» and g4 are alternating, i.e. both A,
and As have a 1 in the last entry of their types. Similarly, given that f; is not alternating, we
must have either g; or gs not alternating, or that ¢g; g4 and g,g3 have opposite parity (the sum
zips together). Note though that g;g4 and gog3 must have the same parity, since the pairs
g1, g2 and g3, g4 must have different parity (because their maximal orders have a difference
of exactly one from above), meaning ¢;¢4 has even (odd) parity if and only if g,g3 has even
(odd) parity. Thus, A; and Ay must have types of the form (x,—1,7,1) and (x,—1,79,1)
where at least one of r{ or 75 is equal to 0.

Therefore, the only way to generate a system of type (, —1,0, 1) is by a parallel combina-
tion of two systems, one of which has type (x,—1,0,1), but since none of the base elements
have this type, then this type must not exist.

O
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Proposition 7.9 (Skipping but not alternating). Let M be a series-parallel LCR system.
Then each side of the constitutive equation must either be alternating or saturated.

Proof. We prove this statement by induction on the number of base elements in the system.
As the base case, note that in each of the one-element systems, the statement is certainly
true, as each side only has a single nonzero coefficient.

Now, suppose the statement is true for LCR systems with less than k base elements, that
is, either side of the constitutive equation for LCR systems with less than k base elements
cannot skip an order without having that side alternate. Also, suppose M is an LCR system
with k£ base elements, which is generated by a series combination of two smaller systems /Ny
and N, with strictly less than k base elements. Let Ny and Ny have constitutive equations
fiVi = fol; and f3V, = ful5 respectively, and note by the inductive hypothesis, fi, f2, f3
and f; cannot skip a coefficient without alternating. Therefore, each of N; and N, can be
characterized by a type as described in Definition[7.5] Let us define each polynomial fi, fa, f3
and f; as in Equation [4

By Proposition [7.2, we know that the first two entries of each N; system’s type is either
—1,0 or 1.

Also, we have that the constitutive equation of M is f1f3V = (fifs + fofs)I. Note that
for each of the three products of two f;, if both polynomials in the product alternate, then
the resulting product alternates. Also, if at least one of the polynomials in the product is
saturated, then by Lemma [7.10, we know that the resulting product is saturated. Thus,
we immediately have that the left-hand side of the constitutive equation, i.e. the product
f1f3, cannot skip without alternating. We also know that each element of the sum of the
right-hand side cannot skip without alternating, hence to finish the proof we need only show
that their sum cannot skip without alternating.

Note that by Proposition [7.2] we know that the absolute difference in the largest orders,
and the absolute difference of the smallest orders of f;f, and f5f3 are both at most two.

Thus, the only way that the right-hand side of the constitutive equation for M could skip
an order without alternating is if one of the elements of the sum had maximal (or minimal)
order two larger (smaller) than the other, and the one with larger maximal order alternates
while the other is saturated. This would result in skipping the second largest (smallest)
order of the sum, but the rest of the sum having nonzero coefficients.

Suppose without loss of generality that f;f, has largest order two larger than f,f; and
suppose fi and f; alternate, while at least one of f, and f3 is saturated. Thus, the third
entry of the type of Ny and the fourth entry of the type of Ny must be 1. Also, either the
fourth entry of the type of N; or the third entry of the type of Ny must be zero. Without
loss of generality we suppose that it is f3 that is saturated. Note that for f; f, to have largest
order two larger than fsf3, we must have that n; = no + 1 and ny = n3 + 1, i.e. f; and
f1 have largest order one larger than f, and f3 respectively by Proposition [7.2| Thus, the
second entry in the type of N; must be a 1, while the second entry in the type of Ny must
be a —1. Therefore, N7 must have type (x, 1,1, *) and Ny must have type (x,—1,0,1) where
the = represents any possible entry.

Since the only way to have a constitutive equation which skips but does not alternate is to
have an element of type (x,—1,0,1) which does not exist by Lemma [7.8] then there cannot
be a constitutive equation which skips but does not alternate with k£ base elements. Thus,
by induction, no LCR system can skip but not alternate.

The case of a parallel combination follows from circuit duality. OJ
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Lemma 7.10. If f and g are polynomials with non-negative coefficients such that f is
saturated and g is alternating, then the product fg is saturated.

Proof. Suppose f is saturated, and g is alternating, such that they have form

m+1

-1
f=a,2" +ap_ 12"+ -+ apx + a ™

G = by’ + by_ox”" %+ -+ byyox® T + byt

Note that the product of f and g has form

n+v
fg= Z ( Z aibj) z~.
k=m+u \i+j=k

Thus, to show the statement of the Lemma is true, we need only show that for each k,
there is some nonzero combination of coefficients from ¢ and f with corresponding degree
adding to k. Given that g alternates and f is saturated, and all coefficients are non-negative,
this problem equates to the following: Given the sets of non-negative integers F = {n,n —
1,...,m+1,m}and G = {v,v—2,...,u+2,u}, for every integer k with m +u < k < n+w,
can we find a sum of an element ¢ € F and an element j € G such that ¢+ j = k? The answer
to this question is yes, as we can generate every number from m + u to n + v as

m4u, (m+1)+u,m+(u+2), (m+1)+wu+2),...,(n—1)+(v-2),n+(v-2), (n—1)+v,n+v.
Thus, for each k there is some a; and b; such that a;b; # 0 and @ + j = k, hence fg is
saturated, as desired. O

Corollary 7.11. Every LCR system has one of the types as defined in Definition [7.5

Proof. The only way that we could not classify an LCR system with a type would be if it had
a constitutive equation which did not alternate, but also was not saturated by our definition,
i.e. that skipped without alternating. By Proposition this cannot happen. Thus, every
LCR system can be characterized by a type. 0

We can now make several more statements about the type characterization we propose for
LCR systems.

Proposition 7.12. We can characterize the type of a series combination of two LCR systems
of types (a,b,c,d) and (e, f, g, h) respectively as

(12) (a,b,c,d)® (e, f,g,h) = (max{a, e}, min{b, f}, cg, cdgh(l — ||a| — |e]])) .

Proof. Suppose M is generated by a series combination of two smaller LCR systems N; and
Ny with respective constitutive equations f1V; = foly and f3Vs = f4ls. Note then that the
constitutive equation of M is f1f3V = (fifs + fofs)I.

Let us define each polynomial fi, fo, f3, and fy just as in Equation [4]

Note that the first entry in the type of M is the difference in the smallest orders of both
sides of its constitutive equation, i.e.

(mq 4+ m3) — min{m, + myg, ms + mz} = max{m, +mg — my —my, my +mg — my — ms}
= max{ms — my, My — Mo}

= max{e, a}.
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Similarly, the second entry in the type of M is the difference in the largest orders of both
sides of its constitutive equation, i.e.

(ny + ng) — max{ng + nyg, ne + nz} = min{n; + ng —ny — ny, Ny + Nz — ng — N3}
= min{n3 — Ny, N1 — ’I”LQ}
= min{ f, b}.

Also, fif3 alternates if and only if f; and f3 both alternate, i.e. the third entry of the type
of M is 1 if and only if both third entries of the types of N; and N, are 1. This is true
exactly when ¢ = g = 1, equivalently if and only if cg = 1.

Finally, the right hand side of the constitutive equation of M alternates if and only if all
four of the f; alternate, and f; f4 has the same parity as f>f3. Note that these two products
have the same parity if and only if either all f; have the same parity, or if f; and f; have
different parity and f; and f; have different parity. More explicitly, we can consider the
smallest order of all of the alternating f; and note that these two products have the same
parity if and only if either each of a = e = 0, or |a|] = |e] = 1. Thus, the fourth entry of
the type of M is 1 if and only if all of the third and fourth entries of N; and N, are 1 and
lla] — |e]] = 0, i.e. 1 —|la|] —|e|]| = 1. OJ

By circuit duality, we also get a similar formula for parallel combinations.

Proposition 7.13. We can characterize the type of a parallel combination of two LCR
systems of types (a,b,c,d) and (e, f, g, h) respectively as

(13) (a,b,c,d) @ (e, f,g,h) = (min{a, e}, max{b, f}, cdgh(1l — ||a| — |e||), dh).

Given our type characterization and the restrictions imposed on the type by Propositions
and [7.9] there are 36 possible types of the form ({—1,0,1}, {-1,0,1}, {0,1}, {0,1}).
Note however that not all 36 of these quadruples correspond to types of LCR systems which
are generated by series and parallel combinations of the three base elements. We can gener-
ate all possible types by implementing a recursive algorithm starting with a generating set
consisting of the three base element types (0,0, 1,1), (=1,—1,1,1), and (1, 1,1, 1), generating
every possible combination of these types, and adding these combinations to the generating
set. Repeating this process until no new quadruples are added to the generating set, we then
have all possible types.

Proposition 7.14. The following 22 quadruples are the only possible LCR types:
(1707070); (_Loaoa 0)7 (Oa 07171); (17_171a0)7 <0717071)7 (07_17070);
(1717070); (_Llalal): (1717171); (0707071)7 <0707170)7 (_17_17070)7

(1,-1,0,0), (0,1,0,0), (—1,1,0,1), (0,—1,1,0), (0,0,0,0), (—1,—1,1,1)
(1,-1,1,1), (1,0,1,0), (-1,0,0,1), (—1,1,0,0).

)

To conclude this section, we give an example that shows that type analysis, as was per-
formed to analyze the two component systems, is not sufficient to characterize the identifia-
bility of general series-parallel LCR systems.

Example 7.15. Consider the model M = (R; v C) A (Ry v L). This model has constitutive
equation

R\LV + (CL + R1Ry)V + CRyV = LR Ryl + (LCRy + LCRy)I + CR R, 1.
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This model is saturated on both sides, and the shapes of the differential operators are [0, 2]
and [0,2]. Since the constitutive equation has the same highest and lowest order on both
sides, this model has type (0,0,0,0).

Now consider the model N = M A R3 obtained by joining M in series to a new resistor
R3. The model of a single resistor has type (0,0,1,1), so the model N will also have type
(0,0,0,0)®(0,0,1,1) = (0,0,0,0), and the differential operators also have shapes [0, 2] and
[0,2]. In this case there are five parameters and five non-monic coefficients, and a direct
calculation shows that the model is locally identifiable.

Finally, consider the new model N’ = N A R, obtained by joining N in series to a new
resistor Ry. Again this model N’ will have type (0,0,0,0) ® (0,0,1,1) = (0,0,0,0) and
the differential operators also have shapes [0,2] and [0,2]. But now the model cannot be
identifiable because there are six parameters and there continue to be only five non-monic
coefficients. This shows that the combinations of types (0,0,0,0) ® (0,0,1,1) may or may
not be identifiable depending on the structure of the underlying model.

8. EQuUATIONS DEFINING LCR MODELS

General LCR models can have more non-monic coefficients than the number of parameters.
Hence, the set of constitutive equations consistent with a particular model M will be a subset
of all possible differential equations of a given type. Understanding the algebra and geometry
of these sets of constitutive equations is an interesting problem, and might be useful for
addressing identifiability questions for general LCR circuit systems.

Example 8.1. Consider the LCR system M = (R v C') A L. The constitutive equation in
this case is

RV +V = RLI + LI + RCI.

Note that there are three parameters and four non-monic coefficients. Hence, not every
constitutive equation of shape

Clv + Cov = dg[ + dll + do]

with positive coefficients can arise from some choice of R,C, L. To describe the relations
that arise, we find it useful to work in the projective representation, as this will produce
homogeneous equations. In this case, the projective version of the constitutive equation is

LoCoR\V + LoCoRoV = LiCoRy I + LiCoRol + LoCi R, 1.
Note that these coefficients satisfy the relation: c;d; = cods.

Example 8.2. Consider the four element model M = (R; A C) v (Ra A L). The constitutive
equation is
RiLV + (CL + RiRy)V + CRyV = R\RoLI + (CRyL + CR,L)I + RiR,C1.

There are six coefficients and four parameters. In the projective version, we expect a single
homogeneous equation that defines the relations on the coefficients. It is

C(Q)dg — Clc(]dgdl + CQCOd% + 202C0d2d0 — CQCldldO + ng% = 0.

This polynomial is remarkably similar looking to the resultant of the two quadratic polyno-
mials cox? + c12 + ¢ and dox? + dyx + dy. However, the sign of the underlined term is wrong.
It is unclear if this polynomial can be expressed as the resultant of related polynomials. We
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also do not know if every 6-tuple (¢, ¢1, o, da, dy, dy) of positive numbers that satisfies this
equation can come from some choice of positive values for C, L, Ry, and R,.

Examples [8.1] and just give a small taste of the types of equations that can arise. We
do not have a general theory of what those equations should look like, but we can try to
derive properties of the ideals in the hopes of understanding their structure.

In general, associated to any series-parallel model M is a homogeneous ideal

Iy < R[C,d] = R[Co,cl,‘..,Cm,do,dl,...,dm].

For example, in Example [8.1 we get that I, = {c1di — cods). In fact, beyond being just an
ordinary homogeneous ideal, I, satisfies some other homogeneities as well.

Call a polynomial p(c,d) € R[c,d] bihomogeneous, if it is homogeneous in each set of
variables,; that is p(Ac,dd) = N""p(c,d) for some m and n. The pair (m,n) is called the
bidegree of p. An ideal I € R[c,d] is bihomogeneous if it has a generating set consisting of
bihomogeneous polynomials. The notion of bihomogeneity of ideals also can be interpreted
naturally in terms of the corresponding variety, at least when [ is radical. Let V =V (I) <
R?"*2 he the corresponding variety of pairs (c,d) coming from the model. Bihomogeneity of
the radical ideal I < R[c, d] is equivalent to the following condition on the variety V' = V(I):
for any pair (¢,d) € V' and any nonzero A, € C, (Ac,dd) is also in V.

Proposition 8.3. For any series-parallel circuit network M, the vanishing ideal Iy is bi-
homogeneous in ¢ and d.

Proof. We proceed by induction on the number of components in the network. The statement
is clearly true if the networks have just one component, since the vanishing ideal is the zero
ideal in that case.

By symmetry, we can suppose that the model is a series combination M = M; A Ms. By
induction, we can suppose that M; and M satisfy the bihomogeneity assumption. For two
sequences ¢ = (g, ¢1,Ca,...) and d = (do, dy, ds, . ..) let ¢ = d denote the convolution

cxd = (Codo, Cldo + Codl, ngo + Cldl + Codz, .. )
Then, with this operation defined, we have that
M={(cxc,cx+d +c'+d): (c,d) e My, (c,d") e M}

So, we need to show that if (c+c’,c+d’+c'+d) € M and if A\, € C* then (A(c=c’),d(c+d'+
¢’ «=d)) € M. But by the inductive hypothesis, we know that if (c,d) € M;, (¢’,d’) € M,
and A\, 6, ), ¢ are nonzero then

(M= A'c=d + Ndoc' =d) e M.
Taking A =\, ' =1,0 = ¢ and ¢’ = 6/ gives the desired result. O
A second type of homogeneity also holds for the vanishing ideals of circuit models. We
introduce a grading on the polynomial ring R|[c,d] by setting deg(c;) = deg(d;) = . The
degree of a monomial deg(c®d®) is the sum of the degrees of all variables in the monomial,
counted with multiplicity. So, for example,
deg(cicsdody) =1+ 1+3+0+4=09.

A polynomial in R[c,d] in the degree grading is called homogeneous if every monomial
appearing has the same degree. An ideal I, is degree homogeneous if it has a generat-
ing set consisting of degree homogeneous polynomials. The notion of degree homogeneity
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can also be interpreted in terms of the corresponding variety, at least when the ideal is
radical. Degree homogeneity of the radical ideal I < R[c,d] is equivalent to the follow-
ing condition on the variety V' = V(I): for any pair (c,d) € V and any nonzero A € C,
(Ao, Aler, A2ey, ..., A0y, Aldy, A%ds, ) is also in V. Denote the operation of applying A to
(c,d) in this way by A - (c,d) = (A-c,A-d).

Proposition 8.4. For any series-parallel circuit network M, the vanishing ideal Iy is degree
homogeneous in ¢ and d.

Proof. We proceed by induction on the number of components in the network. The statement
is clearly true if the networks have just one component, since the vanishing ideal is the zero
ideal in that case.

By symmetry, we can suppose that the model is a series combination M = M; A M;. By
induction, we can suppose that M; and M, satisfy the degree homogeneity assumption. As
in the proof of Proposition [8.3, we need to show that if (c*c/,c+d’+c’+d) € M and X € C*
then (A (c*c'),\ - (c*d’ +c’+d) e M. Note that - and = interact in the following way:

A-c)+x(A-c)=X-(c=c)

with similar expressions holding for other combinations of c¢,d,c’,d’. Since \ - (c,d) =
(A-c,A-d)e My and A - (c,d') = (A-c/,A-d') € My we get that

(Ae)=(A-c),A-c)+(A-d)+(A-c)=(A-d)=A-(c+c), A (c+d +c'+d)e M
which is the desired result. [l

9. FUTURE WORK AND DISCUSSION

In general, determining local identifiability of LCR systems appears to require novel tech-
niques as compared to those of the two base element subsystems. Due to the lack of an
upper bound on the number of coefficients of the constitutive equation by the number of
parameters, it seems that the problem of determining identifiability of LCR systems must
extend past the counting of parameters and coefficients.

Another approach to studying identifiability via a single constitutive equation is to consider
the generation of the coefficients themselves, and consider the Jacobian of the map from the
parameter space to these coefficients [§]. In the case of the LCR system, this initially seems
difficult due to the lack of an obvious pattern in the coefficients based on the graph structure,
though more study could be done on this subject. Perhaps the electromechanical analogy
of the LCR system into a mechanical system could lead to a more natural study of the
coefficients of the related constitutive equation.
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