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SMOOTHNESS OF CLASS C? OF NONAUTONOMOUS LINEARIZATION
WITHOUT SPECTRAL CONDITIONS

N. JARA

ABSTRACT. We prove that smoothness of nonautonomous linearization is of class C2. Our ap-
proach admits the existence of stable and unstable manifolds determined by a family of nonau-
tonomous hyperbolicities. Moreover, our goal is reached without spectral conditions.

1. INTRODUCTION

The linearization problem was initially regarded locally by P. Hartman [9, Theorem I] in the
context of autonomous equations, later a specific type of those equations, namely a linear and a
quasi-linear system, were studied by C. Pugh [13] in order to achieve a global homeomorphism
between the flows of the systems. Next this result was adapted to the nonautonomous case by
K. J. Palmer [11], who implemented the concepts of exponential dichotomy in order to obtain its
linearization problem.

The homoeomorphisms with its properties that K.J. Palmer obtained are known as the concept
of topological equivalence which is useful to describe the asymptotic behaviour of solutions, even
when they may be unknown, for example, to find locally or global attractors, or more generally,
stable and unstable manifolds. Nevertheless, there are more dynamical properties that cannot
be described with purely topological tools and require a study of the the differentiability of such
homeomorphisms.

The study of the smoothness of homomorphisms has been a problem with a vast analysis in
both the autonomous and nonautonomous contexts: In the autonomous framework, S. Sternberg
[16, 17] proved that dynamical system given by C”—diffeomorphism can be C*—linearized locally
around hyperbolic fixed points that satisfy a nonresonant condition on its spectrum. This results
were later improved by G. R. Belickil [1, 2], still locally but giving more explicit conditions for the
derivatives of the conjugation. S. van Strein [18] was the first to obtain a similar result without
imposing resonance conditions, but his proof turned out to be wrong, as stated by V. Rayskin [14].

As far as the author has been able to ascertain of studying the differentiability of the topological
conjugacy between a linear and a quasilinear nonautonomous system was first regarded in the
work [6] by A. Castafieda and G. Robledo, who ensured the homeomorphisms are C? preserving
orientation diffeomorphisms if the linear system are exponentially asymptotically stable on R and
verified some conditions. This result was later improved in [3] to include more general decay
ratios other than exponential but in R*. In these results authors were able to construct a global
diffeomorphism in the same fashion as K.J. Palmer.

L. V. Cuong et. al. [7] obtained a smooth linearization in a similar way as S. Sternberg when the
linear part admits an exponential dichotomy on whole real line. Recently, D. Dragicevi¢ et. al. [8]
have proved Strein’s statement to be true, and further extended it to the nonautonomous case while
also improving Cuong’s result, under the assumption that the linear system satisfy a nonuniform
hyperbolicity and other technical conditions, which do not include nonresonance conditions but
impose spectral bounds.

In this paper we develop ideas hold many similarities with A. Castaneda, P. Monzon and G.
Robledo [5], since both study the topological equivalence of a linear and a quasi-linear systems on
the positive half real line. We improve their result in two senses: first we present a wider family
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of dichotomies accepted for the linear system, including both the exponential and the nonuniform
exponential under some technical conditions that will be expressed later. Secondly, and we allow
the existence of nonempty unstable manifolds for our linear system. We do not rely on of spectral
bounds or nonresonant conditions, but only in the interlacing of the properties of nonautonomous
hyperbolicity of the linear part, and boundedness and lipschitzness of the nonlinearities.

However, our work does not regard the continuity of the homeomorphism of topological equiv-
alence as a function of two variables, a property that A. Castaneda et al. called continuous
topological equivalence [5, Definition 1.4]. We neither obtain a strong topological equivalence, a
characterization introduced by J. Shi [15, Definition 2.4], which corresponds to the uniform con-
tinuity of the homeomorphism and was also achieved on [5, Theorem 2.1]. Nevertheless, as a
byproduct of the existence of an uniform bound for the derivative of the homeomorphism at any
fixed time, we obtain a weaker version of this.

In the third section of this work we present and prove the topological equivalence between our
systems, admitting a wide family of dichotomies, similar to those described by P. Gonzalez et.
al. [4] for the discrete framework, work from which we borrow important tools, adapted for the
continuous framework.

In the fourth section we prove under technical conditions that the homeomorphism that we
previously constructed is a C'—diffeomorphism and give an explicit form for its derivative. Fur-
thermore, we give examples of concrete dichotomies that satisfy our conditions. Finally, in the fifth
section we give enough conditions to ensure the second class of differentiability for the topological
equivalence, as well as an explicit way to achieve those conditions with an specific dichotomy.

2. PRELIMINARIES

We study the systems

(2.1) z = A(t)z,
and
(2.2) y=A)y+ ft.y).

Denote ¢ +— z(t,7,£) y t — y(t,7,m) to the solutions of (2.1) and (2.2) that pass through £ and
7 respectively on ¢ = 7. We also denote X (¢, s) the transition matrix of (2.1) such that for ¢t = s is
the identity. Moreover, A : RT — M (R) is continuous, non singular (i.e. has invertible images)
and uniformly bounded, that is to say, there exists M > 1 such that

max{ sup ||A(8)H , Sup

seRt seRt

Al(s)H} - M.

The function f : Rt x R? — R? is such that there exist sequences u,v : Rt — R* that satisfy
that for every s € RT and every pair (y,7) € R? x R?

[f(s,y) = f(s, D < ols)ly =1 5 [f(s,9)] < uls).

Furthermore, allow us to consider the following hypothesi:

(c1) (2.1) admits a non uniform dichotomy, i.e. there are two invariant complementary pro-
jectors P(-) and Q(-) such that P(t) + Q(t) = I for every ¢t > 0, a continuous function
K : [0, +00[— [0,00[ and a decreasing C! function h : [0, 00[—]0, 1], such that h(0) = 1
and lim;_, o, h(t) = 0 and they satisfy

Jx(e P < K6

=
~

(t
(s)

S

(t)

>

), VE>s>0

>
—~
~

HX(t,s)Q(s)H < K(s) < ) , V0O<t<s.

>

(c2)

/0 | X (t, s)P(s)|| u(s)ds + /tOOHX(t, $)Q(s)||u(s)ds < p < oo, for every t € RT.



(c3)
/0 | X (¢, 5)P(s)]| v(s)ds + /tooHX(t,s)Q(s)H o(s)ds < q< 1, for every t € RT.

(c4) The map u +— f(t,u) and its derivatives respect to u up to the order r (r > 1) are
%(t,u)H < 400 is bounded.
(c5) For every fixed 7 € RT, the functions K, h and v satisfy

[ wGmes e ([ 40 + wiryar) <+

continuous functions of (t,u) € R* x R? and sup,,cga

Remark 2.1. The projectors P and Q have been called invariant for (2.1), which means that for
every t,s € RY they verify:

P)X(t,5) = X (1, $)P(s) and Q)X (t,5) = X(1,5)Q(5).
Definition 2.2. Green’s operator associated to (2.1) and the dichotomy (c1) is the matriz function
G :RT x RT — My(R) given by:

X(t,s)P(s) Vt>s>0,
g(t,s) =
—X(t,9)Q(s) VO<t<s,

and it is easily deduced that

oG
E(t, s) = A@t)G(t, s).

Remark 2.3. With this notation, conditions (¢2) and (c8) are rewritten as:
(c2)
/ ||Q(t, S)H u(s)ds < p < oo, for everyt € R,
0

(c3)
/ |G(t, )| v(s)ds < q <1, for everyt € RY.
0

3. TOPOLOGICAL EQUIVALENCE

In this section we prove that the linear system (2.1) and (2.2) are topologically equivalents on
the positive half line. In order to state this result, we first recall the following definition.

Definition 3.1. Let J C R an interval. Systems (2.1) and (2.2) are J-topologically equivalent if
there is a function H : J x R® — R that satisfies

i) If x(t) is solution of (2.1), then H[t,x(t)] is solution of (2.2).
it) H(t,u) —u is bounded on J x R
iii) For every fized T € J, the map u +— H(7,u) is an homeomophism of RY.

Moreover, the function u — G(1,u) = H (7, u) verifies conditions i) and iii) and maps solutions
of (2.2) on solutions of (2.1).

Theorem 3.2. If conditions (c1), (c2) and (c83) hold, then (2.1) and (2.2) are topologically
equivalent on R,

Proof. We develop the proof in several steps.
Step 1: Augziliary functions. We define w* : Rt — R? for (7,1) € RT x R? by

s = - [ Gt ) f (s, y(s,7m))ds
(3.1)

- / X(t, 5)P(s) (s, y(s, 7)) ds + / X (1, 9)Q(s)f (s, y(s,7m))ds.



We also define T : BO(RT,R%) — BCO(R*,R?) for (7,¢) € RT x R? by
T(0)(t:(r.€) = [ 0(t.)F(s.a(s,7.€) + o).
0
T is well defined by (c2). Using condition (c3) we obtain

T()(t: (7,€)) = T()(t: (7, €))]| /OOOIIQ(L‘, s)|| [¢(s) — 1 (s)| v(s)ds

IN

A

< qll¢ =l

hence, using Banach’s fixed point Theorem, we obtain the existence of an unique fixed point
(€)= [ 08 (sl )+ (s (R )i,
It is easy to verify ¢t — w*(t; (7,7m)) is solution to the initial value problem
w(t) = A)w(t) — f&yEt,mn))
w(0) = —/ X(0,5)Q(s)f(s,y(s,7,m))ds,
0

while ¢ — z*(t; (7,€)) is respectively solution to the initial value problem:

t) = Al)z(t) - [t 78 + 2(1))

z(0) = —/ X(0,9)Q(s)f(s,x(s,7,&) + 2*(s; (7, £)))ds,
0
furthermore, by using (c2), the maps t — w*(¢; (¢,7)) and t — 2*(¢; (t,€)) are uniformly bounded.

Step 2: Construct maps H and G. By uniqueness of solutions

(3.2) z(t,7,6) = 2(t, s,2(s,7,€)) , for every t,s,7 € R,
and
(3.3) 2*(t; (1,€)) = 2*(t; (s, 2(s,7,€))) , for every t,s,7 € RT.

For every fixed t € R* we define H(t,-) : R? — R? and G(¢,-) : R? — R9 by

H(tE) = €+ / TGt 9) (5,205, 1,6) + 2 (s (1, €)))ds

(3.4)
= §+Z*(t;(t7§))
and
Gt) = n- / G(t,5)f (5, y(s, t.m))ds
(3.5) 0

n+w*(t; (t,n))-

Using (c2), it follows immediately that H(t,¢) — & and G(t,n) — n are bounded on R x R9,
hence H and G satisfy condition ii) from Definition 3.1. In order to study additional properties of
the map G, note that for 7 > ¢

it o) = Xt~ [ "X (t,5) (s, y(s, 7)) ds,

or equivalently

X(rtyltrn) = n- / "X (7, 8) (s, y(s,7,m))ds

0~ " X(r,5)P(s) f s,y (s, 7.m))ds — / " X(r,$)Q(3) (5, y(5, 7, ) ds,



in particular, for t = 0 we obtain

X(r.0)y(0,7.n) = / X (7,8)P(s) (s, y(s, 7.m))ds — / X (7, 5)Q(s) (5, y(s, 7,m))ds
- /Xm F(s. (s, 7.m))ds
/ X (7, 9)Q(s) (5, y(5, 7, ) ds — / X (7, 5)Q(s)f (s, y(s, 7.m))ds
— - / G(r, )1 (s,y(s,7.1m))ds
To/XOS F(5,y(s,7,m))ds

= G(r,n) — X(r,0)w* (0; (1,7)),

thus

(36) G(Ta 7]) = X(Ta 0) {y(O, T, 77) +w* (07 (7-7 77))} :

Step 3: H maps solutions of (2.1) on solutions of (2.2) and G maps solutions of (2.2) on
solutions of (2.1). By uniqueness of solutions, by simple differentiation we obtain

(3.7) H[t,x(f,T, 5)] =y(t, 7, H(1,£))
and
(38) G[ta y(tv T, 77)] = Z‘(t, 7, G(Tv 77)) = X(ta T)G(Ta T])v

hence both maps satisfy condition i) of Definition 3.1 respectively.
Step 4: ur— G(t,u) and u— H(t,u) are bijective for every fized t > 0.

First we show H (¢, G(t,n)) = n for every t > 0. Using (3.4) and (3.5)

H(t, Gt y(t, 7 m))) Glt,y(t, m,m)]

/ Gt 5., Gl y(t, 7)) + 2*(s: (1, Glt y(t, 7))

y(t,,m) / G(t (s,y(s,7,m))ds
+/0 G(t,5)f(s,x(s,t, Glt, y(t, 7, m)]) + 2" (s; (¢, Glt, y(t, 7,m)])))-
Define w(t) = |H[t, G[t,y(t,T,n)]] — y(t,7,n)|. Note that

w(t) < [H[t, Glt,y(t,7,n)]] — Glt, y(t, 7. 0)]| + |Gt y(t, 7, )] — y(t, 7,m)| < oo



since both H and G satisfy condition ii) of Definition 3.1. Thus, using (c3), along with the previous
expression and the identities (3.3), (3.4) and (3.8), for an arbitrary ¢ € RT we have

/oo G(t,s) {f(s,x(s,t, G[t,y(t, 7, 0)]) + 2" (s (¢, Glt, y(t, 7 m)])) — f(s,y(s,7,m)) } ds

< /|wtsn (s, Glt (e, 7))+ (55 (6 Glt (e 7 )]) = s, )] s
< / G, s)|| v(s) |x(s, t, z(t, 7, G(1, 1)) + 2*(s; (t, x(t, 7, G(7,)))) — y(s,7,n)| ds
gl/\wtsu 2(s,7,G(r,m) + 2*(s: (s,2(5,7,G(r,m)))) — y(s,7.m)| ds

- /|wtsn )| Hs, Gls,y(s, 7)) — y(s, 7, m)]| ds

- /\mtsu wls)ds <9 sup {w(s))

Thus w(t) = 0 for every ¢ € RT, otherwise we get a contradiction. In particular, taking ¢t = 7
we obtain H(1,G(1,n)) =n. Now we show G(t, H(t,£)) = £. Indeed, using (3.2), (3.3), (3.4), (3.5)
and (3.7) we get

Gt Ht 2t 76 = HIt,2(t, 7)) / Gt 5)f(s,y(s,t, HIL o(t, 7, €)]))ds
— H[ta(t,7.9) / G(t.3) (s,y(s. . y(t, 7, H(r,€))))ds
= H%%@ﬂfﬂ—l G(t, )1 (s y(s.7, H(7,€)))ds
- x@T£%+AwQGJV@w@Jﬁ@ﬁ£D+ZW$G@@J@DD%
—Amgw@ﬂaManvamw
- dtﬂ@+Awgw®ﬂ&d&ﬂdﬂﬂﬁﬂwW$@m@ﬂﬂﬁws

_Amgwﬁﬂ&M&ﬂHﬁfm“

= x(t, 1,8
+/Ooog(t,s) {f(s,x(s,T,ﬁ) + 2%(s; (s, 2(s,7,8)))) — f(s,y(s, 7, H(T,£))) }ds
= z(t,7,§) —l—/ooog(t,s) {f(s,H(s,x(s,T,f))) f(s,y(s,, H(T,§)) }ds

::mmn@+lwmugwww@nﬂv@m F(s.y(s,7 H(r,€)) ds

= x(t, T, 5)7
evaluating on ¢t = 7 we obtain G(7, H(7,§))

¢.



Step 5: u — G(t,u) is continuous.

It is enough to show n — w*(¢; (¢, 1)) is continuous for every ¢ > 0, since G(t,n) = n+w*(t; (¢, 7).
Let n € R? and {n, }nen C R? be a sequence such that lim, o 7, = 7. Fix t,7 € RT and define
(an)nen the sequence of functions over RT given by

an(s) = G(t,s)f(s,y(s,7,mn)),
notice that
lan(s)| < Hg(t,s)H u(s) , for every s € R and n € N.
On the other hand, as u — f(s,u) and & — y(s, 7, ) are continuous, it is clear (a, )nen converges
pointwise to a : Rt — R? given by
a(s) =G(t,s)f(s,y(s,7.n)).

Thus, by Lebesgue’s dominated convergence Theorem we have

lim w*(¢;(1,m7,)) = lim —/OOO G(t,s)f(s,y(s,T,mn))ds

n—oo n—00
= — lim an(s)ds = —/ a(s)ds = w*(t; (7,m)).
n—oo 0 0

Hence 1 +— w*(¢; (7,7)) is continuous and in particular n — w*(¢; (¢,7)) is also continuous.
Step 6: u— H(t,u) is continuous.
It is enough to show & — 2*(¢; (¢,€)) is continuous for every ¢ > 0.

Let ¢ € R? and a sequence {&,}nen C R? such that lim,, o &, = £ Let u + ¢(t; (1,u)) be a
continuous function for ¢,7 € RT fixed. We define
bu(s) = G(t,8)f(s,2(s, 7. &) + (55 (T,€0))),
note it satisfies
by ()| <[|G(t,5)|| u(s) , para todo s € RT y n €N,
and

Tim by (s) = G(t,9)f(s,2(s,7,) + 6(s; (7,€))) = b(s).

Using Lebesgue’s dominated convergence Theorem we have

oo

lim (To)(t; (1,6,)) = lim ) G(t,8)f(s,2(s,7,&n) + B(55(1,€0)) )ds
= i [ bals)ds = /mb(S)dsz(Tﬁﬁ)(t;(ﬂé)%
0 0

thus € — (T¢)(t; (1,€)) is continuous, and hence it’s fixed point & — z*(¢; (7,£)) is continuous as
well, which allows us to conclude H is continuous and so it is an homeomorphism. In conclusion
(2.1) and (2.2) are topologically equivalent on RY. O

4. DIFFERENTIABILITY OF TOPOLOGICAL EQUIVALENCE UNDER A DICHOTOMY

In this section we prove that the topological equivalence is of class C*. Our approach does not
impose resonance conditions or spectral gaps.

We recall of the definition, introduced on [4], of C"— topologically equivalent on the positive
half line .

Definition 4.1. The systems (2.1) and (2.2) are C"-topologically equivalent on R if they are
topologically equivalent on RT with the map u — H(t,u), which is a diffeomorphism of class C",
with r > 1, for every fized t > 0.

Lemma 4.2. If conditions (¢1)-(¢5) hold, with r =1 on (c4), then n+— w*(0; (7,n)) defined on
(3.1) is a C* map.



Proof. Fix n € R? and let (6,)nen C R? be a properly convergent to zero sequence. Fix 7 € R
and define
F(s,y(s,mm+00)) = F(5,5(s,7m)) — 5L (5,5(s,7,1)) 52 (5, 7, 1)
0] '
As n — y(s,7,m) is continuous, then lim, . y(s, 7,1 + 0,) = y(s,7,7n). Using (c4) it follows
from classic results of differentiability respect to the initial conditions (see for example Theorem
4.1 in [10]) that n — y(s,7,n) is differentiable. Again by (c4) we obtain

¢n(s) =G(0,s)

11_{1;0 ©n(s) =0.

n

Also note
0 6) —
Ha_i(s’“) -l 2 |§| HE < i o) = ().
hence
|F(s,5(s,7,m+60)) = f(s,y(s, 7 m)| + | 5L (sy(s,7,m)) 5L (s, 7,m)6n
|‘Pn(3)| < ||g(0,8)|| |5|
0(s) [y(s 7. + 0n) = (s, 7.m)] + 0(s) | 3 57, m)0,
< ||G(0,s)]
|5n|
ly(s,7,n+60) —y(s,7,m)| ||dy
< ||g<o,s>||n<s>< - +|2smn]).

Let 77 € R? and s > 7. We know

y(smn)=y(7mn)+/s (rTn)dT—nJr/S (r, 7, m)dr,

hence )
s, mon) = (s m) =n =i+ [ itrorn) = i i)r
Defining 3(s) = (s, 7,n) — y(s,7,7), the previous expression implies
s, mon) ~ (sl <ln =l + [ llar
Note

y(s T, 77) (S T, 77) A(S) [y(s, T, 77) - y(sa T, ﬁ)] + f(S, y(s, T, 77)) - f(S, y(s, T, 77));

from where it follows that

5 < A yCsmom) = yls.m D] + 1 (s, (s, mm) = £ (5. (s, 7.70)]
< A y(s,mm) — y(s, 7, )| + 0()ly(s, 7, m) — y(s, 7, 7)]
< ([4G) + o)) ly(s. 7 m) — y(s. 7. 7)
< (A6l o) fla=il+ [ selar)

Define Z(s) = |n— 17|+ [ [3(r)|dr. Note s > 7 = Z # 0, thus, the previous expression becomes

2/(s)
20 < (4O +06)

Z(s) °
77—77|) S/T ||A(T‘)H+U(T‘)d7‘

from where

log (2(s))  log (Z(r)) = log (|



hence

o7 — s, <y =1+ [ 1e0ldr = 20) < = Alex ( [ 1o+ n(r)dr) ,

so, for s > 7
571 °
ly(s,7,m) |g(<|9,7',77 ) < exp </ ||A(T)H U(r)dr),

which in particular implies

Hg—z(s,T,n)H < exp (/TSHA(T)H +n(r)dr) .

In conclusion, for s > 7 we have

enle) < [90,9)]|v(s) ('y(“’" to) et il | B 77)H>
< 2/|(0, ) o(s) exp (/TSHA(T)H ¥ n(r)dr)
< 2K(s)h(s)v(s)exp </SHA(T)|| + U(r)dr) .
On the other hand, on the compact [0, 7] the sequence of continuous functions s |y(5777n+(|5g3‘_y(5’7m)|

converge pointwise to s — g—g(s, T, 77)H when n — oo, which is also continuous, hence the conver-

gence is uniform, i.e. there exist 7 € N such that n > 7 and s € [0, 7] we have

ly(s,7,n+6n) —y(s,7,m)| ||dy
160 ] Hlan®

Hence, for n > 7 and s € [0, 7] we have

190.9)]o(5) ('y(s’T’n+T§3|_y(s’T’ = +H§—i“”’”’H>

o=

ln(s)]

IN

IN

K (s)h(s)o(s) <2H@(s,r, n)H + 1) .
n
Summarizing, if we define F : RT — R by

K(s)h(s)v(s) <2Hg—Z(S,T, 77)H + 1) T>5>0,
F(s) =
26 (s)h(s)o(s) exp (J7 [ A() | +o(r)dr) Vs>,

we get |pn(s)] < F(s) for every n > n. Note that using (¢5)

/OOO]-"(S)dS < /OTK(s)h(s)n(s) (2”%(3,7,”)}’“) ds
—|—2/ K(s exp(/HA )| + o(r dT)ds<—|—oo

Thus, using Lebesgue’s dominated convergence Theorem we obtain

. w*(0; (1,m + 05)) — w*(0; [fo G0, s) au (s,y(s,, n))a—y(s,T, n)ds} On
lim
n—o00 |5n|
= nhﬁrréc) ; —pn(s)ds = _/0 <nh%rr;o @n(s)> ds =0,

hence n — w*(0; (7,n)) is differentiable. O
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Corollary 4.3. If conditions (¢1)-(¢5) hold, with r =1 on (c4), then for every fized T € RT we
have

8w( / G(0,s) == sM&ﬂm%%&ﬂm%-

Theorem 4.4. If conditions (01)-(c5) hold, with r =1 on (¢4), then the systems (2.1) and (2.2)
are C-topologically equivalent on R .

Proof. By Theorem 3.2 we know they are topologically equivalent. By Lemma 4.2 we know
n + w*(0;(r,n)) is a C* map and by classic results of differentiability respect to the initial
conditions (see for example Theorem 4.1 in [10]) we know n + y(0,7,7) is as well a C! map, which
along with the expression (3.6) allows us to conclude 1~ G(r,7) is a C* map.

Furthermore, as G is a topological equivalence, then & — G(7,€) — £ is bounded, thus G(7,¢&) —
oo when |£| — oco. This fact, along with the previous discussion implies by [12, Corollary 2.1] that
& G(1,€) is a C! diffeomorphism. Moreover, as G(T H(t,&)) = &, we have

9 ¢ Hrne) (0 =

o¢ o¢
-1

and so —(T &) = %(7, H(r, 5))} , which completes the proof. O

Corollary 4.5. If (c4) is satisfied with v = 1. Furthermore, suppose (2.1) admits an exponential
dichotomy, i.e. P and Q are constant complementary projectors, K(s) = K > 0 for every s € R
and h(s) = e™*, with A > 0. Suppose v(s) = v > 0 and u(s) = u > 0 for every s € R*. Then, if
2Kv < X and M + v < )\, the systems (2.1) and (2.2) are C'-topologically equivalent on RT.

Proof. For an arbitrary ¢t € Rt we have

/ 162, 5)]] uds
0

t ]
/HX(t,s)PHuds+/ X (¢, 5)Q| uds
0 t

t [e%e]

< / e_’\(t_S)Kuds—i—/ e M) Kyds
0 ¢

< Kul—e_kt+Ku< 2Ku

- A ) U W

thus (c2) is satisfied. Analogously
2Kv
/ gt )] wds < 222 <1,

thus (¢3) is verified. Finally, for an arbitrary 7 € RT we have

o] s 0 s
/ Kve *exp (/ HA(’/‘)H + ndr) ds / Kve *exp (/ M + t)dr) ds

[o.¢]
/ Kne—kse(M+n)(s—‘r)dS
r

(o]
= e(M+°)TKn/ eMFP=Nsgg « 400,
T

IN

so (c5) is satisfied. Applying Theorem 4.4 the systems are C''-topologically equivalent on R*. [J

Corollary 4.6. Suppose (2.1) admits a nonuniform exponential dichotomy, i.e. there are two
complementary invariant projectors P(-) and Q(-) and constants constanes C, A\, e1 > 0 such that

X(t,s)P(s)|| < CeMt=9)ters > 5> 0
| |

[[X(t,s)Q(s)| < Cert=lters v <t <s.
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Furthermore, suppose that for each t € RY u s f(t,u) is a C* map such that u %(t, u) is a
bounded map that satisfies

(4.1) |f(s,u)| < ke ®0°
and
(4.2) H%(s,u) < ve

for given v,k >0 yeg >e1 — . Then, if M < X, for v > 0 being small enough the systems (2.1)
and (2.2) are C'-topologically equivalent on RT.

Proof. Condition (c1) is easily verified with K(s) = Ce®** and h(s) = e~**. Note that condition
(4.2) implies

|f(87y) - f(S, g)' < Veials|y - g'a
hence our general conditions are verified with v(s) = ve °* and u(s) = ke °°. Thus condition

(c2) is satisfied inmedietly and, for small enough v, (c3) is as well, meanwhile (c4) is granted by
hypothesis. Denote

. (s) = exp (/ 14| + n(r)dr) |
It is easy to see s > 7 >t implies W;(s) < ¥, (s), hence for a fixed 7 € RT
U, (s) < Wp(s) < eMF2)s,
Thus

IN

/00 K(s)h(s)o(s)¥-(s)ds /000 Cve W (s)ds

IN

Cv /OO eMHv=X)s g
0

which, as M < ), is finite as soon as v is small enough, particularly 0 < v < A\ — M. Thus,
condition (c5) is verified. Applying Theorem 4.4 the corollary follows. O

5. SECOND CLASS OF DIFFERENTIABILITY FOR THE TOPOLOGICAL EQUIVALENCE

We once again consider the expression (3.6) in order to study the second derivative of the
homeomorphism of topological equivalence. Taking in account classic results of differentiability
respect to the initial conditions (see for example Theorem 4.1 in [10]), we know the map n —
y(0,7,m) has the same class of differentiability as u — f(7,u) for every 7 € R* when conditions
(c1)-(c4) are satisfied; hence the class of differentiability of the homeomorphism relies on the
differentiability of the map 1 — w*(0; (1, 7)).

Lemma 5.1. Suppose conditions (c1)-(c5) hold, with r =2 on (¢4 ). Furthermore, suppose there
are functions U : R™ — RY and 7, : RT — R such that

0% f
(5.1) W(s,u) <(s) , for every s € RT
and

0%y
(5.2) 8—172(S’T’ || < 7 (s) , for every s > 7.

If for every fized T € R the previous functions verify

2

(5.3) / K(s)h(s) { m-(s)o(s) +D(s) lexp (/SHA(T)H + n(r)dr)] ds < +o0,

then n — w*(0; (1,m)) is a C? map.
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Proof. We follow the same strategy as in Lemma 4.2. In Corollary 4.3 we established

Ow*(0; (7, 1)) dy
— [ o0 s e,

for every fixed 7 € R, Wthh is granted by conditions (c1)-(c5). Denote
0? 0?

2
Ol = G (suntsc ) 4 o) + S untser) (G )

Fix n € R? and let (§,)nen C R? be a properly convergence to zero sequence. Choose 7 € Rt
and define the sequence of functions (Fy, 7, )nen over RT given by

STL7T7’I7(S) -
We now define (v, )nen by

of 9y of 9y
8'[1/ (8) y(S, T, + 577«)) 877 (57 TN + 577«) 8'[1/ (57 y(S, T, 77)) 877 (85 T, 77)

Yn(s) = G(0, 5) Sn,rn(s) — Orpn(s)dn

which by (c4) verifies
g, ¥nld) =0
On the other hand, it is easy to deduce from (5.1) and (5.2) that

of of

8u( ,u) — 8u( )| < B(s)|u—1al, for every s € RT

and

9y dy _ _
_ -7 < — > T
Han(svTv 77) 87](877—7 77)” > 7TT(£)|77 77| ,for s > 7

Thus, for s > 7
2

0 < || Zhtsrn |5 s.vtsrann + %@,y@,w\y]g—z@mm
S :
< me(s)o(s) +0(s) lexp ( / ||A<r>u+n<r>dr)] ,
and
[nrael] < | Geats, i a) G sron+8.) = G s ptoran 46,0 G5, o)
|Gt 8 G = S v, )|

) 5 ,
< H—ai(s,y(smw%))HH—az(s,T,nwn) _ 8_7?;(877777)“
) 5 ,
+H 3£(S,y(s,7,n +6n)) — —8£(s,y(s,7, n))HHa—Ty](s,T, 77)”

< 0(s)mr (8)|0n] +D(s)ly(s, 7,1+ 6n) — y(s, 7,m)| exp </S||A(T)|| + "(’")d’">

2
(0(8)777-(5)4—%(5) lexp ( / ||A(T)H—|—n(r)dr)] )|5n|.

<
|52, 7,m) = $2(5,mm + 60)

Now, consider the sequence of continuous functions s — defined

|5n|

2
on [0, 7]. As they converge pointwise to the continuous function s — H g—ng(s, 7,1n) H on the compact
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domain [0, 7] the convergence is uniform. Thus, there is # € N such that

|22, — B mn+ 60| o2y
|5n| < 8—772(5,7,17) +2forevery 0 < s<T7;n>n.
Thus, for0<s<7Tandn>n
>’y dy ?
||S77«,T,77(S)H < 0(8) 6—772(8 T, 77) +2 +m( ) 8_77(8,7-, 7]) |577«|7
while for s € [0, 7]
>y Ay ?
||OTa77(S)H S Hang (S T, 77) ( )+m(8) 6_77(577-777)

Let us define

2|60, 5)[ | v

2||g (0,s || ( (s) <Hgirfé(s,r,n)H —|—1) +Q?(S)Hg%(s T, 7])H2> ,0<s<rT
2
o(s)m, (s) + V() [exp (f;‘HA(r)H +n(r)dr)} ) s>
Z.

It is casy to see||tn(s)| < F-(s) for every s € R* and n > 7. Now, using (5.3) we have

/Ooﬁ}(s)ds < 2/T||Q(0,s)|| o(s) (H (s,7,m) +1)+%(s) @
0 0

a5
+2 /O" K(s)h(s) | v(s)m-(s) +U(s) [exp (/SHA(r)H + U(T)dT)‘| ds < +o0.

Finally, using Lebesgue’s dominated convergence Theorem we obtain

2
ds

B0 (o 6a)) — B0 () + [ [T 910, 5)0r, (5)ds| e
lim = — lim Pn(s)ds
n—oo |5n| n=eJo
= _/0 <nli_>ﬂgo ¢n(5)) =0,
which implies n — 8“’ - (0; (7,m)) is differentiable, hence 1 — w*(0; (7,7)) is a C? map. O

Corollary 5.2. If conditions from Lemma hold 5.1, then for every fived T € RT

2 * 2 2 2
e [ (s, 3 27 + G st o) (G 7o) ] ds.
Theorem 5.3. If conditions (c1)-(c5) hold, with r =2 on (c4), and conditions from Lemma 5.1
are satisfied, then (2.1) and (2.2) are C?-topologically equivalent on RY.

Note that Theorem 5.3 follows easily in the same fashion as the proof of Theorem 4.4. Now we
proceed to study some technical results in order to establish a concrete example of above Theorem.

Lemma 5.4. If conditions (c1)-(c4) hold, with r =2 on (c4), then

0% rmy=2% 1)
858 77-777 _87]85 77—777'
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Proof. Note that

0 Jy

o s, (X674 55 [ X0t rmyar)

9
0s -
% <X(S,T) + /SX(S,T)%(T,Z/(T, T, n))g—%(r, T, n)dr)

_ ’ of dy of dy

= ) (x4 [ xSt i) + G syt G s )

0 0 0
= A G mn) + G syl ) G )

= 2@(37)
~ OnOs R

where the second equality is verified using Lebesgue’s dominated convergence Theorem. 0

Corollary 5.5. If conditions (¢1)-(c5) hold, withr =2 on (c4), thent — z(t,7,n) = %;i(t,r, )
18 solution to the matriz initial value problem:

20 = A0+ Lm0

z(t) = 1.

Lemma 5.6. Suppose conditions (¢1)-(c5) hold, with r =2 on (c4). If s — U(s) satisfies (5.1),
then for every s > T

‘ ) . (/TSHA(P)H N U(p)dp) _/TS {qy(p) exp (2 /TPHA(T)H + n(r)dr) } dp.

2
Y
8_172(8’7’ n)
Proof. Let 1,7 € R™ and fix 7 € RT. Denote s — 2(s,7,7) := a—%(s,r, n) and s — z(s,7,7) =

Q

g—g(s, 7,7). By Corollary 5.5 we know

o) = | 405)+ G syt )| (o,
hence
/ / - - of
z (57 T, 77) -z (57 T, 77) = A(S) (Z(S, T, 77) - Z(S, T, 77)) + %(57 y(s, T, 77))2(57 T, 77)
2L (s gl (s )
= a6+ Zsats.rn] Gsrn - 26s.m)

+ {%(Sayﬁsm m) — %(S’y(“’ ﬁ))} A
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Thus

IN

||Z/(S,T,77)—Z/(S,T,77)|| z(svTvn)_Z(SaTaﬁ)H

HA(S) + %(s,y(sm n)

2(s,7,7)]|

0 0
+| S st o) = S syt

(HA(S)H + U(s)) ||Z(S, 1) — z(s, T, f])H

IN

Ry 5) |y(877—7 77) - y(S,T, ﬁ)‘HZ(S,T, ﬁ)”

IN

(A + o()) 1257 m) = 25,7 )|
s) exp <2/ ||A(7“)H + U(’/‘)d’/‘) [n—7),
or equivalently, for p € [r, s]

HZ’(p,T,U)—Z:(p,T777)|| < (HA(I?)H +U(p)) ||Z(p,T,77)—Z~(p,T,T7)|| + B(p) exp (2/p||A(’I")H +n(r)dr) .

In — ] In — 7
On the other hand

s = (smi) = nr+ [ Fomnde-snnd) - [ i

= / zl(paTan)_zl(vavﬁ)dpv
hence
z(s,7,m) — z(s,7,7)|| 2 (p,7,m) — 2 (p, 7,7)
sy | <[ I
In — 1] |77 nl

thus, we can deduce

s < /Ts {(HA(]D)H n n(p)) d(p) + V(p) exp (2 /TPHA(T)H + U(T)dr) } dp,

or alternatively, writing for s > 7
s) =||A(s)|| + v(s)

= [ wwesn (2 [ a0 + oty ) o

w@smg+/3@W@@

T

and
we have

by using Gronwall’s Lemma we have

os) < ﬁwwxp<[fa@yw)

-/ {w exo (2 [ 140 + o(r)ar) } ip-exo ([ 140+ v(o1ap).

which by definition ong%g(s, T, n)H, concludes the proof. O

Corollary 5.7. Suppose conditions (c1)-(c5) hold, with r = 2 on (c4). If v(s) = ve '* and
U(s) = (e~ =2 satisfies (5.1), then for s > T

—3r(M+v
g ‘g(s ol < ((e ( : ) |:e(3(M+z/)—s2)s - e(2(M+l/)—52)‘r+(M+l/)s:| .
n T T 2(M4v) —es
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Proof. By Lemma 5.6 we have

exp (/TSHA(p)H + n(p)dp) - / {m(p) exp (2 /TPHA(T)H + n(r)dr) } dp

e(s—T)(M+v) /5 {<6_52p62(p—7-)(M+u)}dp
e2(M+v)—e2)s _ (2(M+v)—ez)T

2(M—|—l/) — €9

0%y
5F@Jm)

IN

IN

Ce(s—S‘r)(M+u)

C673T(M+l/)

[e(B(MJrV)fag)s - e(2(M+V)7€2)T+(M+V)s:|
2(M + l/) — €9

O

Theorem 5.8. Suppose (2.1) admits a nonuniform exponential dichotomy, i.e. there are two
complementary invariant projectors P(-), Q(-) and constants C, \,e1 > 0 such that

X(t,s)P(s)|| < CeMt=9)ters > 5 >0
I I

X(t,5)Q(s)|| < Cert—9)ters o<t <s.
X (¢, 5)Q(s)|

Furthermore, suppose that for each t € RT w s f(t,u) is a C? map satisfying
|f(s,u)| < Ke™=0%,

0
2

S Ve*Els

and

(5.) |5 - S

< (el —al,

for given kv, > 0 andeg > €1 — A If3M < A+ €9, 2M < A+¢e9 —e1 and M < A, then for
small enough v > 0 the systems (2.1) and (2.2) are C*-topologically equivalent on R*.

Proof. By Corollary 4.6 we know conditions (c1)-(c5) are verified, this the systems are C*-
topologically equivalent on R, with v(s) = ve 1. It is easy to see (5.4) implies (5.1), with
B(s) = Ce~=2*. As in Corollary 4.6, denote

U, (s) = exp (/ 1A + n(r)dr> ,
and note that s > 7 >t implies W;(s) < ¥, (s), thus for every fixed 7 € RT
U, (5)% < Wy(s)? < e2(M+v)s,

Hence

IN

/OO K(s)h(s)0(s)¥,(s)*ds /000 K (s)h(s)0(s)¥o(s)*ds

IN

CC /OO 6[_)\_62+51+2(M+V)]Sd5.
0

As 2M < A+ g9 — €1, then for a small enough v we have

(5.5) /Too K (s)h(s)B(s) [exp ([HA@«)H + n(r)dr)r ds < +o0.

Now, by Corollary 5.7, we know

T (S) — CeigT(MJrV) |:e(3(M+1/)752)s _ 6(2(M+V)7€2)T+(M+V)S:|
T 2(M + I/) — &9

satisfies condition (5.2) from Lemma 5.1. Note that

3

0o 0o (S(M4+v)—r—2) e(M+u—A)s
— V)—€g— S
/T K(s)h(s)mr(s)o(s)ds = /T R, [eBM ~ G ds < +o0,
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a small enough v, where R, = % The previous argument, along with (5.5) imply that

conditions (5.3) from Lemma 5.1 is satisfied. Finally, applying Theorem 5.3 the result follows. O

Remark 5.9. In the previous result, if eg = €1 = €9 = €, then the conditions €9 > €1 — A,
M < A+e9,2M < A+e3 —e1 and M < X\, may be reduced to 2M < \ and 3M < A+ €.
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