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AUBRY-MATHER THEORY FOR CONTACT HAMILTONIAN
SYSTEMS II
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ABSTRACT. In this paper, we continue to develop Aubry-Mather and weak KAM
theories for contact Hamiltonian systems H (z,u,p) with certain dependence on the
contact variable u. For the Lipschitz dependence case, we obtain some properties
of the Mané set. For the non-decreasing case, we provide some information on the
Aubry set, such as the comparison property, graph property and a partially ordered
relation for the collection of all projected Aubry sets with respect to backward weak
KAM solutions. Moreover, we find a new flow-invariant set S, consists of strongly
static orbits, which coincides with the Aubry set A in classical Hamiltonian systems.
Nevertheless, a class of examples are constructed to show S ; A in the contact
case. As their applications, we find some new phenomena appear even if the strictly
increasing dependence of H on u fails at only one point, and we show that there is a
difference for the vanishing discount problem from the negative direction between the
minimal viscosity solution and non-minimal ones.
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1. INTRODUCTION AND MAIN RESULTS

1.1. Motivation and assumptions. In the early 1990s, based on Tonelli variational
principle in Lagrangian systems, Mather [33/34] founded a seminal work on global
action-minimizing orbits generated by Hamilton equations. The method has a profound
impact on many fields, such as Hamiltonian dynamics, Hamilton-Jacobi equations and
symplectic geometry (see [21[3,22] for instance). In the mid-1990’s, Fathi developed
weak KAM theory to study the dynamics of Hamiltonian systems and Hamilton-Jacobi
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equations. Weak KAM theory provides an explanation for Mather theory from the PDE
point of view and thus builds a bridge between Mather theory and viscosity solutions
of Hamilton-Jacobi equation

H(z,Du) =c¢(H), z€M, (1.1)

where ¢(H) is the critical value of H. Under the assumption that H is a Tonelli Hamil-
tonian, it was shown that backward weak KAM solutions and viscosity solutions of
equation (I are the same (see [14}[16[30] for related issues on viscosity solutions).
The fundamental reference on weak KAM theory is [21].

Correspondingly, one has a natural generalization of Hamiltonian systems, the so-
called contact Hamiltonian systems [I]. In recent years, several applications of contact
Hamiltonian dynamics have been found, ranging from thermodynamics to classical and
statistical mechanics. For more details on contact Hamiltonian systems, we refer the
reader to [BHTI7I840] for a series of nice introduction and geometrical description of
these systems.

Recently, the Aubry-Mather theory for conformally symplectic systems was estab-
lished by Maro and Sorrentino in [32]. The conformally symplectic systems are closely
related to discounted Hamilton-Jacobi equations. The discounted Hamilton-Jacobi
equation is a specific example of contact cases, for which the weak KAM theory was
developed by Mitake and Soga in [36]. Both cases above were proceeded under Tonelli
assumption and 8H =A>0.

In [43], the authors generalized some fundamental results of Aubry-Mather theory
and weak KAM theory from Hamiltonian systems to contact Hamiltonian systems under
Tonelli assumption and 0 < 6 < A, where the analysis was owing to a new implicit
variational principle and a dynamical approach developed in [39,4T[42]. It is worth
mentioning that an alternative variational formulation was provided in [89L3T] in light
of G. Herglotz’s work [25], which is of explicit form with nonholonomic constraints.
See [45] for recent work on the implicit variational principle for contact Hamiltonian
systems in the time-dependent and non-compact case.

In this paper, we continue to study the global dynamics of the contact Hamiltonian
System

T = ap o (2,u,p),
p ==, u,p) - (e, u,p)p,  (v,u,p) € T*M xR, (CH)
i = 9 (z,u,p) - p — H(z,u,p).
under assumptions as follows. Let H : T*M x R — R be a C? function satisfying
(H1) Strict converity: the Hessian %zTg(m,u,p) is positive definite for all (z,u,p) €
T*M x R;
(H2) Superlinearity: for every (z,u) € M x R, H(z,u,p) is superlinear in p;
(H3) Non-decreasing: there is a constant A\ > 0 such that for every (z,u,p) € T*M xR,
OH
0 é %(ZE,U,p) é >\7
where M is a connected, closed and smooth Riemannian manifold, and 7% M denotes

the cotangent bundle of M. In order to deal with global dynamics of (CHJ), we assume
additionally

(A) Admissibility: the stationary Hamilton-Jacobi equation
H(z,u,Du) =0, z¢€ M, (HJ)



has a viscosity solution.

From the dynamical point of view ( [43]), under the assumptions (H1)-(H3), H is ad-
missible if and only if there exists a € R such that
inf sup H(x,a, Du) = 0.
ue(C'® (M,R) xeM

We are devoted to extend some fundamental results of Aubry-Mather theory and
weak KAM theory from Hamiltonian systems H (z,p) to contact Hamiltonian systems
H(z,u,p) under (H1)-(H3) and (A). Different from [43], this generalization is compatible
with classical Hamiltonian systems ( [21,B3L[34]). In order to deal with general cases,
we have the following new challenges:

e In classical Hamiltonian systems, due to its conservativity, the forward and
backward objects can be transferred from each other. One can obtain certain
“information” by considering either forward objects or backward objects, where
“information” can be provided by some tools like Lax-Oleinik semigroup, weak
KAM solution, action function and semi-static orbits etc. In contact cases,
the correspondence between the forward and backward “information” does not
hold any more. The assumption (H3) admits both conservative and dissipative
cases. Therefore, we need to consider both forward and backward objects. The
difficulties are closely related to the dependence of H(z,u,p) on u. If 0 < %—Ij <
A, the backward Lax-Oleinik semigroup contracts along the evolution in time,
while the forward Lax-Oleinik semigroup dissipates. If 0 < %—IZ < ), one has the
coexistence of contraction, conservation and dissipation, which increases certain
difficulties to the analysis on the dynamics generated by (CHI).

e In view of the coupling issue of (CHI), we have to consider the action minimizing
orbits and the flow invariant sets in T*"M x R instead of T*M. Moreover,
it is not natural to expect the compactness of action minimizing sets, since
(backward /forward) weak KAM solutions are not unique under the assumption
(H3). Due to the non-uniqueness of (backward/forward) weak KAM solutions,
the action minimizing sets with respect to the solutions are also necessary to be
involved.

_In this paper, we prove the existence of Mané sets N, Aubry sets A and Mather sets
M. Moreover, we provide more information on the Aubry set, such as the compari-
son property, graph property and a partially ordered relation for the collection of all
projected Aubry sets with respect to backward weak KAM solutions. Compared to the
definition of the static curve, we find a new flow-invariant set Sy consists of so-called
strongly static orbits, which coincides with the Aubry set A in classical Hamiltonian
systems. Nevertheless, a class of examples are constructed to show Sy ; A. Besides, A
is not chain-recurrent in these examples. As applications of these results, we show

e some new phenomena appear from both dynamical and PDE aspects, even if the
strictly increasing dependence on the contact variable u fails at only one point;

e there is a difference for the vanishing discount problem from the negative direc-
tion between the minimal viscosity solution and non-minimal ones.

1.2. Mané sets. The authors [43] introduced the Aubry set and the Mather set for
strictly increasing contact Hamiltonian systems. Due to the non-uniqueness of backward
weak KAM solutions, the notion of the Mané set is needed for non-decreasing cases.

Following Mané ( [13,[I5,35]), we have

Definition 1.1 (Semi-static curves).



o A curve (z(-),u(:)) : [0,400) — M x R is called positively semi-static, if it is
positively minimizing and for each t; < ty € [0,400), there holds

U(tg) = ;I;B hx(t1),u(t1)(x(t2)7 S)‘ (12)

o A curve (z(-),u(-)) : (—00,0] = M X R is called negatively semi-static, if it is
negatively minimizing and (L.2) holds for any t1, to € (—00,0] with t1 < t3. A
curve (z(-),u(-)) : R — M x R is called semi-static, if it is both positively and
negatively semi-static.

In the case with 0 < %—IZ < ), static curves are the same as semi-static ones (see
Remark [C.8 below). Let p(t) := %(m(t),u(t),:i(t)). Then (x(t),u(t),p(t)) is a solution
of equations (CHI). We denote

o &, :T*M xR — T*M x R, the local flow generated by (CH));

o m:T"M x R — M, the standard projection once and for all.
Moreover, one can define (positively, negatively) semi-static orbit of ®; from semi-static
curves by adding the p(t)-component.

Definition 1.2 (Maié set). We call the set of all semi-static orbits the Manié set of H,
denoted by N'. We call N := N the projected Marié set. We define N* (resp. N~)
as the set of all positively (resp. negatively) semi-static orbits.

By the definition of Mafié set, A is an invariant subset of 7*M xR by ®;. Let S_ and
S+ be the sets of all backward weak KAM solutions and forward weak KAM solutions
of H(xz,u, Du) = 0 respectively. Let v_ € S_, vy € S;. Define

N, =NnNG,_, /\~/'U+ =NnNnG N, :=7N,_, Ny, =
where G,, denote the Legendrian pseudographs of v, namely
Gu, = {(x,u,p) : Dvy(x) exists, u = vi(z), p= Dvi(x)}. (1.3)

By [43 Theorem 1.1], the contact vector field generates a semi-flow ®; (¢ < 0) on G,,_
and a semi-flow ®; (¢ > 0) on G, . Define

Y, = m d_4(G, ), im = ﬂ D (G, ), X, = W2U+, Yy =D, . (1.4)
>0 >0

V4 7TN0+7

Givenv_ € 8_, let vy (z) := limy oo T, v_(z). Thenv, € S,. Similarly, given v, € Sy,
let v_(x) := lim¢_,00 Ty v4+(x). Then v_ € S_. Let

I, i={reM|v_(x) = im Tru_(2)}, I, ={r €M |v(z) = lim T, v, (o)},

for each vy € Sy. It follows [43, Proposition 4.2, Remark 4.2] that both vy are of class
Ch! on Z,, . Define

Ly, ={(z,u,p): x €Ly, u=vs(z), p= Dvy(z)}. (1.5)

Given vy € Sy, if vi(z) = limysoo T, v_(z) and v_(z) = limy_eo T} v4 (), then
(v_,vy) is called a conjugate pair. v_ (resp. vy) is called a principal backward (resp.
forward) weak KAM solution.

Theorem 1.3. There hold
(1) Covering property:
/\N[_ - Uv,GS, GU77 N’+ — UU+€S+ Gv+-
Moreover, TN+ =M.



(2) Local characterizations:

Noo=1, =%, Ny =T, =%,
where I, and ¥, are defined as (14) and (I3) below. Moreover, if (v_,vy)
18 a conjugate pair, then
No =Ny, =Gy NGy,
(3) Global characterizations: N* and N are non-empty, closed and
N=Uyes N, = UU+GS+NU+-

Remark 1.4. Theorem still holds if the assumption (H3) is replaced by |%—IZ| <A\
We prove this theorem under the assumption ]%—Ij\ < X instead of (H3).

To prove Theorem [[3] a key ingredient is to construct a (backward/forward) weak
KAM solution by a (negatively /positively) semi-static curve. Since the non-expensiveness
of (backward /forward) Lax-Oleinik semigroup 77" fails under the assumption |%—IZ| <A,
it brings certain difficulties for the analysis on the asymptotic behavior of Tti. To deal
with this issue, we need to pay more attention on the evolution of the action function
along semi-static curves.

1.3. Aubry sets and Mather sets. By definition, for each v_ € S_, N,_ is an
invariant subset of T*M x R by ®;. By Theorem [[.3] N,_ is non-empty and compact.

Consequently, there exist Borel ®s;-invariant probability measures supported in N,_,
called Mather measures. Denote by 90 the set of Mather measures for all v_ € S_.
Mather set of contact Hamiltonian systems (CH]) is defined by

M=cdl | | supp(n)

peM

By the definitions of Aubry set and Mather set, both of them are invariant subsets
of T*M x R by ®;. Define

A, =ANG, . fiw = AN Go., Ay = T A, , Ay, = 7T./Zlv+,
M, =MNG, , My, :=MNG,,, M, =M, , M, =1M,,.
By definitions, M C N'* and A C N'=. Moreover, we obtain the following.
Theorem 1.5.
(1) Characterizations:
A=Uy es A, = Uv+€S+AU+7 M=Uy_es My_ = Uv+€$+-/\;lv+-
(2) Asymptotic behavior: For each v_ € S_ and each
(z1,01,p1) € Ny s (w9,02,p2) € NS,

the a-limit set of (x1,v1,p1) and w-limit set of (x9,v2,p2) are contained in A, .
Moreover, for each (x1,v1,p1) € N=, (w2,v9,p2) € N, the a-limit set of
(x1,v1,p1) and w-limit set of (x2,v2,p2) are contained in A.
(3) Inclusion relation: Aubry set A and Mather set M are closed. Moreover,
D#MCACN.
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1.4. More on Aubry sets. In this part, we provide more information on Aubry sets.
The first one is concerned with the comparison property of u_ € S_.

Theorem 1.6 (Comparison property). Given u_,v_ € S_, if u_ < v_ on A,_,
then u_ <wv_ on M. Moreover, ifu_ =v_ on A, UA,_ , thenu_=v_ on M.

In fact, one has a corresponding result in terms of the Mather set (see Remark [4.]
below). By a completely different approach, Jing, Mitake and Tran [29] introduced
adjoint measures and they proved that the closure of the union of all supports of those
measures plays a role as the uniqueness set of the HJ equations. It is also remarked
that those measures turn out to be projected Mather measures if H satisfies appropriate
conditions.

Let A be the dual Aubry set of A in TM x R by the Legendre transformation

= g—g(az,u,j;). Let

p:TMxR—TM, p":T"MxR—-T"M, TI:TM — M, II":T"M — M
be the standard projections. The second one is about the graph property of 11 restricting

on p(A).

Theorem 1.7 (Graph property). II: p(A) — M is injective.

In order to prove it, we need to show that for each static orbit (z(-),u(-),z(:)) : R —
TM xR, @(t) is uniquely determined by z(t) for each ¢t € R. In view of the complicated
structure of S_ under the assumption (H3), the injectivity of II is subtle to be confirmed.
In addition, due to the appearance of u-component in the Legendre transformation

p = g—é(:n,u,:i:), one can not expect the injectivity of the standard projection IT* from

p*(A) to M, except for the separated case with H(x,u,p) := f(x,u) + h(zx,p).
The third one is about the structure of the projected Aubry set A. Note that A =
Uu_es_Ayu_. We obtain a partially ordered relation for the collection {A,_},_es_-

Theorem 1.8 (Partially ordered relation). Givenu_,v_ € S_, ifu_ <v_ on A, _,
then A, C A, .

Comparably,

(1) for classical Hamiltonians H(x,p), the Aubry set A is independent of viscosity
solutions, in this case, there always hold A = A, = A, foranyu_,v_ € S_;

(2) for the case with discounted Hamiltonians Au+ H (z,p), A > 0 or more generally,
strictly increasing Hamiltonians 0 < %—IZ <\, we have A = A,_;

C A,_ for certain u_,v_ € S_ could

In general cases, a new phenomenon with A, &

emerge (see Proposition [LT3] below).

1.5. Strongly static set. Compared to the definition of the static curve, it is natural
to consider another kind of action minimizing curves.

Definition 1.9 (Strongly static curves). A curve (x(:),u(:)) : R — M x R is called
strongly static, if it is globally minimizing and for each t1,ts € R, there holds
u(ty) = sup h*E)U) (1(ty), 5). (1.6)
s>0
In the same way as Definition [[.2] one can define strongly static orbits (z(-),p(:),u()) :

R — T*M x R. Moreover, one has a new flow-invariant set defined as follow.
6



Definition 1.10 (Strongly static set). We call the closure of the set of all strongly
static orbits the strongly static set of H, denoted by Ss. We call S := w85 the projected
strongly static set.

Theorem 1.11 (Strong staticity and staticity). There holds
Ss C A

In particular, Sg = A if H is independent of .
Generally, S; may be a proper subset of A. For example, we have

Proposition 1.12 (Difference between S, and A). Let
1
H(x,u,p) = Mu+[pl* +p- V(@) (2,u,p) € T'TxR, (E1)

where T denotes a flat circle and V : T — R is a C3 function which has exactly two
vanishing points x1, o with V'(x1) > 0, V'(x2) < 0. Then

A={(2,0,0) | zeT}, & ={(x1,0,0), (£2,0,0)}.

From the conditions on V/, it is clear that A is not chain-recurrent. Nevertheless, Sq
is non-wandering.

1.6. Applications. First of all, we give an example to show certain new phenomena
appearing in contact Hamiltonian systems with non-decreasing dependence on u.

1
H(z,u,p) := 5lpl* + f(z)u,  (w,u,p) € T'T xR, (E2)

where T := R/Z denotes a flat circle, f : T — R is a smooth function with f(0) = 0
and f(z) > 0 for all z € [-1, 1)\{0}, where [-1,1) is a fundamental domain of T. It is
clear that u_(z) = 0 is a solution of H (x,u, Du) = 0.

Proposition 1.13. For the Hamilton-Jacobi equation
1
§\Dul2 + f(zx)u=0, z€T,

there exist an uncountable family of nontrivial viscosity solutions {v;}icr, and A, ;
Ay foreach i€ I.

The vanishing discount problem for discounted Hamilton-Jacobi equations has been
widely studied by using dynamical and PDE approaches, see [19,23/2426]-28/[3738]. Re-
cently, some new progresses have been made on the vanishing contact structure problem

(see [IT12,46l[47]) and the vanishing discount problem from the negative direction [20].
Consider the HJ equation

Auy + H(x,Duy) = c(H), x€ M, (1.7)

it was shown in [20] that if H is a C® Tonelli Hamiltonian satisfying H (z,0) < ¢(H), then
the minimal viscosity solution converges uniformly, as A — 07, to the same viscosity
solution of H(z, Du) = ¢(H) like the convergence as A\ — 0T established in [19]. It is
natural to ask what happens for non-minimal viscosity solutions. As an application of
the strongly static set, we give a partial answer to this question. In light of (EIJ), we
have

7



Proposition 1.14. Let V : T — R be a C? function which has exactly two vanishing
points x1, xo with V'(z1) > 0, V/(x2) < 0. Then uy = 0 is the mazimal forward weak
KAM solution of

1
Au + §]Du\2 +Du-V(z)=0, zeT, (HJE)

which converges uniformly to u = 0 as X — 0. Moreover, there is only one forward
weak KAM solution vj\', but vj\' converges uniformly to v with v(xs) <0 as A — 0T,

Remark 1.15. If we take V(z) := sinz in (HIE), then x1 = 0, zo = w. A direct
calculation shows vj\' converges uniformly to v(z) := 2cosxz —2 as A\ — 0.

Let us recall the correspondence between the viscosity solution and forward weak
KAM solution [43 Proposition 2.8]:

uy is a viscosity solution of equation (7)) if and only if —u) is a forward

weak KAM solution of equation —Auy + H(x, —Duy) = c¢(H).
By Proposition [[.T4] and the correspondence, we know that there is a difference between
the asymptotic behavior of the minimal viscosity solution and non-minimal ones for the
vanishing discount problem from the negative direction.

The paper is organized as follows. In Section 2 we prove Theorem [[3] for which
we need a technical lemma (Lemma 2.1]). Its proof is given in Appendix [B] and some
useful facts on the semi-static curve are collected in Appendix[Cl In Section [3, we prove
Theorem [l In Sectiond, we prove Theorem [[L6land Theorem [[.8l For the consistency,
the proof of Lemma [£3] is postponed to Appendix [Dl In Section [, we prove Theorem
[LTTl and Proposition In Section [0, we prove Proposition and Proposition
[[LT4l For the sake of completeness, we recall some basic tools for contact Hamiltonian
systems in Appendix [Al

2. MANE SETS

In this part, we prove Theorem First of all, we need to construct a backward
solution of H(z,u, Du) = 0 by using negatively semi-static curves. As complement, we
provide some facts on the semi-static curve in Appendix[Cl These facts can be obtained
by certain arguments similar to [43].

2.1. A Busemann backward weak KAM solution.

Lemma 2.1. Let (z(-),u(-)) : (—00,0] = M x R be a negatively semi-static curve. Let

w(z) = ig% ;1;% Po(—7)u(—7)(2,8), Vo€ M. (2.1)

There hold
(i) w is Lipschitz continuous on M ;
(ii) the uniform limit limy_ 1o T, w(x) ewxists, let woo () = limy_y 400 Ty w(z), then
Woo € S_;
(ill) Woo(x(—7)) = u(—7) for each T > 0.
The proof of Lemma [Z7] is standard. For the sake of consistency, we give it in
Appendix Bl For a classical Hamiltonian H(x,p), w(z) defined in ([2I)) can be reduced

to a Busemann backward weak KAM solution up to a constant «(0). In fact, by [I5]
Proposition 4-9.7], a Busemann backward weak KAM solution is given by

up(a) 1= inf{@(x (7). ) = D(a(=7),2(0))}
8



where z(-) : (—00,0] — M is a negatively semi-static curve and ®(y,x) denotes the
Mané potential. In the case with a classical Hamiltonian H(x,p), for each constant
c € R, we have the relation

O(y,x) = ;I>1f(; hyc(z,s) — c.
Compared to ([ZT]), there holds
w(z) = up(x) + u(0).
2.2. Covering property of N'*. In this part, we prove Theorem [[3(1):
N~ =Upes Go, Nt = Uy, es, Go, -
Proposition 2.2. For each v_ € S_, we have G, C N~. In particular, TN~ = M.
Proof. For each (zg,up,pp) € G,_ and t > 0, let

(@(=t), u(=t), p(=1)) := ®_4(z0, uo, Po)-
Since G,,_ is invariant by ®_; for each ¢t > 0, we have u(—t) = v_(z(—t)) for all ¢ > 0.
By (CHI), we have
0
u(0) = u(-0) = [ Lia(r).ulr).i(r)dr
—t
which implies for each ¢ > 0,

0
v-(7(0)) —v-(z(-t)) = /_t L(y(7), v-(v(7)),¥(7))dr.

It follows that v : (—o0,0] — M is (v_, L, 0)-calibrated. By Proposition[C.2} (x(-),u(-)) :

(—00,0] — M xR is a negatively semi-static curve. Let p(t) = %(x(t), u(t), (t)). Thus,

(a(—t), u(~t),p(~t)) € N~

for each ¢ > 0. In particular, (zg,ug,po) € N~. Note that v_ is Lipschitz continuous,
we have 7G,_ = M. Thus, tN~ = M. O

Lemma 2.3. Letv_ € S_. Then
D*v_(z) = {p € D"v_(2) | H(z,v_(x),p) = 0},
where we use D*u(x) to denote the set of all reachable gradients of u at x.

The proof of the lemma is similar to the one of Theorem 6.4.12 in [10], we omit it
here for brevity. The following lemma is similar to [43 Lemma 4.3].

Lemma 2.4. Let uw € C(M,R), z € M and t > 0. If v :[0,t] = M is a minimizer of
T, u(x), i.e.,

T u(x) = u(4(0)) + /0 Liy(r), T ul( (1)), 4(r))dr,

then oL
75 (1), T u(v(6)),7(2)) € DT} u)(~(t))-
In particular, if v : (—00,0] = M is (v—, L,0)-calibrated, then for all t > 0,

O (=), v- (=), A1) € D¥o- (=),
9



Proof of Theorem [I.3[(1). By Proposition 22 we have U, ¢s G, < N~. Thus,

it suffices to prove U, cs_ Gy, 2 N~. For each (20, uo,po) € N, we need to find a
v_ € §_ such that py € D*v_(z) and uy = v_(x¢).

Let ($(_7—)7u(_7—)7p(_7)) = <I>—T($07u07p0) with ($0,U0,p0) = (m(O),u(O),p(O)) for
each 7 > 0. Let y(t) := x(t) for each t € (—o0,0], By Proposition [C2] there exists
v_ € S_ such that v : (—o0,0] — M is (v_, L, 0)-calibrated. In view of [43, Proposition
4.1], we have for all 7 <0,

H(’Y(_T%u(_T)ap(_T)) = 0.
In particular, H(zg,ug,p9) = 0. From Lemma and Lemma 2.4] we have py €
D*v_(xp). This completes the proof. O

2.3. Local characterizations. In [43] Lemma 4.7,Remark 4.2], we obtain that

Lemma 2.5. For each v_ € §_, let vy = limy_, | va_. For any given x € M with
v_(x) = vy(x), there exists a curve v : R — M with v(0) = z such that v_(y(t)) =
vy (y(t)) for each t € R, and

ve(y(t) — v (v (1) = /t L((s),v£(v(s)),7(s))ds, Vt<t €R. (2.2)

Moreover, vy are differentiable at x with the same derivative Dvy (x) = %(m, vy (z),7(0)).

Proof of Theorem [1.3](2). We prove for each v_ € S_, vy € Sy,

-/\N/'vf = iv, :ivfa -/\N[v+ = iv+ :Iv+-

We only need to show the first part, since the second one can be obtained by a
similar argument. For any given v_ € S_, let vy = limy_y 4 T v_. We first show that
N, C 3%, . For each (xg,ug,po) € N,_, since N,_ is invariant by ®;, we have

(x(t),u(t),p(t)) = (I)t(x07u07p0) € -/\N/’v, C Gy
for all ¢ € R. Thus, we have (xg,ug,po) € P_+(G,_) for all t € R, which implies

(%0, u0,p0) € Ni<o®i(Gy_) =5y _.
Since v_(z) = v4(x) for all z € 3, ( [43] Proposition 4.5]), then by Lemma 2.5 we get

S, CI, . (2.3)

Next, we show Z, C N, . For each (x,u,p) € 7, , there exists vy = limy oo Ti v
such that v_(x) = v (2) = u, p = Dug(z). By Lemma 2] there exists a curve v:R—
M with v(0) = x such that v_(v(t)) = vy(v(t)) for all t € R and p = ax L (x,u,4(0)).
Let z(t) := v(t), u(t) := v_(y(t)). By Proposition [C3] (z(-),u(-)) : R — M xR is a

semi-static curve.
By definitions, if (v_,v4) is a conjugate pair, then

Z, =1,, =G, NGy,
The completes the proof of Theorem [[L3}2). O
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2.4. Global characterizations. By Theorem [[3[1) and NCN * we have
-/\7' = Uv,es,/\?v, = UU+ES+N’U+'

It remains to prove N is closed, since the closedness of N= are similar to be obtained.
Let {(zn, un, Pn) tnen C ./y' with (2, upn, pn) — (0, w0, po) as n — oco. It is sufficient to
show that (zg,ug,po) € N. Let

(zo(t), u0(t),po(t)) := P¢(x0, 10, Po)-
For each n € N, let

($n(t)7 un(t)7pn(t)) = <I>t($n7 unypn)‘
Note that (2, un, pn) — (2o, ug,po) as n — +oo. By Proposition [CH ®4(x,, un, pr)
is uniformly bounded for each n € N. By the continuity and differentiability of so-
lutions of ordinary differential equations with respect to initial values, the solution
(xo(t),uo(t),po(t)) exists for all ¢ € R. Thus, we only need to prove (xo(t),uo(t)) is a
semi-static curve.

For each t1, to € R with t; < t9, take K > 0 such that [t1,ts] € [~ K, K|. Note that
the sequence of (x,,(t), un (t), pn(t)) converges uniformly to (xo(t), uo(t), po(t)) asn — oo
on [~K, K]. Thus, we get (z,(t;),un(t:), pn(ti)) = (wo(ti), uo(ti), po(ti)) as n — oo for
=1, 2.

Fix s > 0 and by the Lipschitz continuity of hg, 4, (2,t) w.r.t. 20, u,z, for each € > 0
there is NV € N such that

|hmn(t1),un(t1)(xn(t2)7 S) - hxo(tl),uo(t1)($0(t2)v S)| <g, Vn > N.

Since (zy,(t), u,(t)) is semi-static, then we have

hxo(tl),UO(h)(xO(t?)v s) > hxn(t1)7un(t1)(xn(t2)7 ) — € > up(t2) — e
Letting ¢ — 0 and n — oo, we get

hxo(tl),uo(h) ($0(t2), S) > UO(tg).

Hence, infs>0 hggt)uo(tr) (To(t2),8) > uop(t2). On the other hand, by the minimality
property of hyg (2, t), we have

o (1), u0(t2) (To(t2), t2 — t1) < uo(t1),

which gives rise to infso Ay (41),u(t1) (To(t2), ) < uo(tz).
Since (zy(t),un(t)) is globally minimizing, then it is straightforward to see that
(xo(t),uo(t)) is also a globally minimizing curve. Therefore, (xo(t),uo(t)) is semi-static.
This completes the proof of of Theorem [[3](3).

3. AUBRY SETS AND MATHER SETS

This part is devoted to proving Theorem Item (1) follows from Theorem [I.3](1)
directly. We prove Item (2) and Item (3) in the following. At the beginning, we
generalize Peierls barrier and Mané potential to contact Hamiltonian systems and show
their uniformly Lipschitz properties.

Proposition 3.1 ( [39]). For each ¢ € C(M,R), the uniform limit lim;_, 1 T} ¢(z)
exists. Let
Usele) == lim T} p(a)

for each x € M. Then ux () is a viscosity solution of equation (HJ).
11



Thus, the following function

hl‘muo (LZ', +OO) = tljl-gloo h:co,uo (‘Tat)7 reM (31)

is well defined. It can be viewed as Peierls barrier of (CH)). Accordingly, infs~q Ry (2, S)
is also well defined, which can be viewed as Manié potential of (CH).

Proposition 3.2. The function (zo, g, ) — hggu, (@, +00) is uniformly Lipschitz con-
tinuous on M x R x M.
Proof. Given (xg,x) € M x M, by Proposition [A3] wuy — hg .y, (@, +00) is uniformly
Lipschitz continuous on R.

Next, we prove that « — hgg (2, +00) is Lipschitz continuous. By [43] Theorem
B.1], for a given 6 > 0, (z,t) + hyg (2, t) is bounded by K > 0 on M x [§,4+00). Note
that for any ¢ > 24, we have

|hmo,uo (l‘, t) - hwo,uo (y, t)|

inf hz7h:c0,u0 (z,t—0) (337 5) — inf hz,hxo,uo (z,t=9) (ya 5)‘

zeM zeM
< sup hz,hzoyuo(z,t—& (337 5) - hz,hxoyuo(z,t—& (ya 5)‘ :
zeM

Since h..(-,d) is uniformly Lipschitz on M x [-K, K] x M with some Lipschitz constant
K, then
|ho,uo (T:8) = haguo (¥, t)| < K d(z,y), V> 24,
which means
[ g (%, 400) = harg g (3, +00) | < 5 d(, y).

Finally, we prove that o — hg 4, (2, +00) is Lipschitz continuous. Given z1,z2 € M,
let v : [0,d(x1,x2)] — M be a geodesic connecting x; and x9, parameterized by arclength
with constant speed [¥(s)|,) = 1. By [4Il Lemma 3.1 and Lemma 3.2], we have
Py g (7(8), 8) = up as s — 0. Combining with the uniform boundedness of hy, (-, )
on M x [0, +00), it follows that hg, . (7(5), s) is bounded by C for each s > 0. Let

Cy :=sup{L(z,u,v) | x € M, |u] <C4, ||v]. =1}
Since [|§(s)ly(s) = 1 for all s € [0, d(w1,22)] and |hzy u,(V(s),8)| < C1, we have

L(Y(8); Py o (7(5), 8),7(s)) < Ca, Vs € [0, d(x1, 22)].
Let At := d(z1,x2). By definition, we have

At
osno(2: 80 o+ [ L), Ry o0(0). ). 35)) s,
< g + ChAt.
Moreover,
Py o (@, T+ At) < hxz,h,cl,uo(xz,At) (z,t)
< hay o+ cane (T, 1)
< hay g (2, 1) + CoAt.

It follows that
Py g (2, 4+00) < gy g (2, +00) + Cad(21, 2).
By exchanging the roles of 21 and x5, we know that zg — hy, y, (2, +00) is also Lipschitz

continuous. O
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Proposition 3.3. The function (xg,ug, ) — infgsq hyyuo (2, s) is uniformly Lipschitz
continuous on M x R x M.

Proof. This proof is similar to Proposition Given (zg,z) € M x M, t > 0, by
Proposition [A3] wy + hyg 4, (2, t) is uniformly Lipschitz continuous on R. Moreover,

| inf hroml (33’ S) — inf hro,uz(x’ S)| < Sup |h9007u1 (33’ S) - hro,uz(x’ S)| < |u1 - u2|-
s>0 s>0 s$>0
Next, we prove that z +— infgsq hgg (2, s) is Lipschitz continuous. By the proof of

Proposition B2 h"(+,0) is uniformly Lipschitz on M x [—K, K| x M with some Lipschitz
constant x, Namely

| o (2, 8) — haguo(y, 1) < Kk d(z,y), Vt> 26,

which means

inf hg g (2, 8) = I0f hgg g (Y, 8) | < SUD [Py g (T, 8) — P uo (¥, 8)| < K d(,y).
>0 >0 $>0

Finally, we prove that xo — infs~o hyg (2, s) is Lipschitz continuous. Given 1,z €
M, let At :=d(z1,22). By the proof of Proposition [3.2] we have

hwhuo (‘/Ev 1+ At) < hmz,uo (ZE, 75) + CyAt.
It follows that
i1>1£ hay o (2, 8) < igg hag o (2, 8) + Cod(z1, x2).

By exchanging the roles of z; and z9, we know that zg + infssg hag (2, s) is also
Lipschitz continuous. ]

Let (z(-),u(-)) : R = M x R be a static curve. By Proposition B.1],
hx(s),u(s) ($(t)7 +OO) = TEI_EOO hx(s),u(s) (l‘(t), 7_)
is well defined for each s,t € R. By [43] Proposition 3.2], there holds
Proposition 3.4. If (z(-),u(-)) : R = M x R is static, then
u(t) = hx(s),u(s) (a;(t), +OO), Vs, t € R.

3.1. Asymptotic behavior. We only need to prove that for each (xg,vg,po) € N +,
the w-limit set of (0, vo, pON) is contained in A. Based on the invariance (resp. forward
invariance) of A,_ (resp. N," ), for each (zq,vo,po) € N,' , w-limit set of (zg,vo,po) is
contained in A, .

Let z := (z0,v0,p0) € N*. Denote (z(t),u(t),p(t)) = ®;(z) for each t > 0. Then
(z(+),u(+)) : [0,400) — M x R is positively semi-static. Let z, be an w-limit point of

the orbit passing through z. Denote (z(t),uy,(t), pu(t)) = P¢(z,). By Theorem [[3]
(24 (t), uw(t)) is semi-static, namely for each t; > to,

Ueo(t1) = 10f P (1) 0 (12) (T (B1), 8)- (3.2)
It remains to show that for each t; < t9, ([B:2]) still holds. One can find (z(s,), u(s,))
and (x(ty), u(t,)) with
Sp < Sp+ (ta —t1) =1ty < Spt1,  Snytp — +00, as n — oo,
and

2(sn) = xu(t1), ul(sn) = uy(ty), =z(tn) = zw(ta), u(ty) — uy(t).
13



Since (x(+),u(+)) : [0, +00) = M X R is positively semi-static, we have
u(spy1) = ;2% hw(tn),U(tn)($(3n+1)’ s).

Take a limiting passage as n — oo, then ([B.2]) can be verified by Proposition
This completes the proof of Theorem [[5]2).

3.2. Closedness of A. Let {(n,un,pn)tn C .%Lwith (Tpy Uns D) — (T0,u0,p0) as
n — oo. It is sufficient to show that (xg,ug,pg) € A. Let

(xo(t), U()(t),p()(t)) = <I>t(a;0, UQ,pQ).

Note that A C N. Tt follows from Proposition and the continuity and differen-
tiability of solutions of ordinary differential equations with respect to initial values,
(xo(t),uo(t),po(t)) exists for all ¢ € R. Thus, we only need to prove (zo(:),ug(+)) : R —
M x R is static.

For each n € N, let (x,(t),u,(t), pn(t)) denote the solution of equations (CHI) with
initial value (z,, un, ). For each t1, t2 € R, take K > 0 such that ¢1,ts € [-K, K]|. By
a similar argument as the global characterizations of Mané sets, we have

;gg hmo(t1),uo(t1)(x0(t2)v 8) > uo(t2)'

On the other hand, by Proposition B4l A, () u, (1) (Tn(t2), +00) = up(t2). Combin-
ing with Proposition B.2] we have
P (1) 0 (1) (To(t2), +00) = ug(t2),
which implies infs>0 R (t1),u0 (1) (To(t2), 8) < uo(ta)-
Since (z,(t), u,(t)) is globally minimizing, then it is clear to see that (xg(t),ug(t)) is
also a globally minimizing curve. Therefore, (xo(:),uo(-)) : R — M x R is static.

3.3. Inclusion relations. The Mather set is defined by

M=c | | supp(p) |,

peM

where 9t denotes the set of Mather measures. By definition, A C N. It remains to
show B B

M C A
By definition, A is closed. Note that Mather measures are invariant Borel probabilities
measures. Given y € 9. By the Poincaré recurrence theorem, one can find a set
A CT*M xR of total p-measure such that if (xg,ug, pg) € A, then there exist {t,, }men
such that

d ((wo,u0,po), Pt,, (To,u0,p0)) = 0 as t, — 400,

where d(-, -) denotes the distance induced by the Riemannian metric on 7*M x R. Let

(@(t),u(t), p(t)) = Pi(z0,u0,p0), VtER.
Since A is closed and A is dense in supp(y), then we only need to show that (x(-),u(-)) :
R — M x R is a static curve. By the definition of M, (z(-),u(-)) : R - M x R is
semi-static. Let p(t) := g—é(x(t),u(t),x'(t)). By assumption,
d((z(t2),u(ta),p(t2)), Py, (x(t2),u(te),p(t2))) = 0 as t,, — +oo.

We only need to prove

ultz) = I ha(ry) u(er) (€(t2). 5)- (3.3)
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Without loss of generality, we assume t; > to. Since (z(-),u()) : R = M x R is
semi-static, we have

u(ty) = ;I;% Psta) o) (T (1), 8).- (3.4)
Let A =ty — to. By B4), if ¢, > A, we have
u(te +ty) = ;I>1f(; Po(tr)utr) (2 (t2 + tn), 5)-
Let t,, — +o0o. It follows from Proposition B.3] that
ultz) = 10 haiy) uien) (2(t2), 5),

which together with ([B.4]) implies (z(-),u(-)) : R — M x R is a static curve.
This completes the proof of Theorem [[5]3).

4. MORE ON AUBRY SETS

This part is devoted to proving Theorem and Theorem

4.1. Comparison property. By contradiction, we assume that there exists xg € M
such that v_(x¢) < u—(xg). Let v : (—00,0] = M be a (v_, L,0)-calibrated curve with
~v(0) = xg. Let

F(s) = u_((s)) = v-(7(s))-
By assumption, we have F'(0) > 0. Note that F(s) is continuous, we have a dichotomy
as follows.

(1) There exists so < 0 such that F(sg) =0 and F'(s) > 0 for any s € (sq,0];
(2) F(s) >0 for all s € (—o0,0].

For Item (1), we have

v-(v(s)) = v-(7(s0)) = /sL(W(T)W—(V(T))W(T))dﬂ

S0

u—(7(s)) = u—(v(s0)) < /sL(V(T),U—(V(T))W'(T))df

S0

It follows that

F(s) <\ | F(r)dr,
50
which implies F'(s) = 0 for any s € [sg,0]. This contradicts F'(0) > 0. It means u_ < v_
on M.

It remains to prove this theorem for Item (2). Let ug := v_(x0), po : 696 L (0, u0,7(0)_),
where 4(0)_ denotes the left derivative of v(¢) at ¢ = 0. According to Proposition [C.2]
let x(t) := ~(t), u(t) := v_(y(t))), then (z(-),u(-)) : (—00,0] - M x R is negatively
semi-static. Let a(xg,ug,po) be the a-limit set of (wo,uo,po). By Theorem [[H(2), we
have

a(xg,up,po) C Ay_.
By definition, one can find a subsequence {s;, },en such that v(s,) - z € A,_ as s, —
—00. Since u— < wv_ on A,_, then u_(z) < v_(z), which yields limg, ooF(sn) <0.
Note that

0

v (z0) — v_((s)) = / L(y(r), v (4(r)), 4 (r))dr,
0

u_ (o) — u_(1(5)) < / L(y(r), u_(7(r)), 3(r))dr.
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By (H3), there holds for each s € (—o0,0],

u—(zo) —v-(z0) < u_(7(s)) —v-(7(s)). (4.1)
In particular, (A1) still holds for {s,}nen. Let s, — —o0, we have u_(xg) — v_(xg) <
0, which contradicts the assumption v_(xg) < u_(zg). This completes the proof of
Theorem

Remark 4.1. By the definition of the Mather set, the a-limit set of (xg,up,po) carries
Mather measures. Consequently, there exists a sequence t, — +oo such that v(t,) —
I € M,_, where

M, = 77(./\;( N GL).
Gwen u_,v_ € S_. Following from the same argument as the proof of Comparison

property, if u_ < wv_ on M,_, then u_ <wv_ on M. Moreover, if u_ =v_ on M,_ U
My _, thenu_ =v_ on M.

4.2. Static curves and positively semi-static curves. As a preparation to prove the

injectivity of I : p(A) — M, we show that for certain minimizing orbits (x(-), p(-), u(+)) :
R — T*M x R, p(t) is uniquely determined by (z(t), u(t)) for each ¢t € R.

Lemma 4.2. If (z,u,p1) € A, (z,u,p2) € N, then p1 = ps.
Proof. For each t € R, let

(x1(t),ur(t),p1(t)) :== Py, u,p1).
For each t > 0, let

(xa(t),us(t), p2(t)) == P¢(x, u, pa).

Since (x,u,ps) € N7T, then (z9(t),uz(t)) is positively semi-static. Fix § > 0, by the
Markov property, we have

Py (—8)u1 (—8) (2(6), 26) = in]\f4 hyvhm(fa),ul(—a)(y,é) (z2(0),9).

Note that
Py (<) ur (—5) (T, 6) = u.
It follows that
Py (=8),u1 (—6) (£2(0), 26) < heu(22(6),6).
We assert that the equality holds. If the assertion is true, then by Proposition [C.1] the

curve defined by
[ z(c—=9), o€]0,4],
V(o) = { (o — &), o€ [5,20],
is a minimizer of h, (_s) 4, (—s)(72(0),25) and thus is of class C'. Thus,

oL .
p1 = %($7u77(0)) = P2

It remains to verify the assertion. By contradiction, we assume that there exists
A > 0 such that

hx1(—5),u1(—5) (1’2(5), 2(5) = hLu(l’g((s), (5) — A.
By assumption, for each € > 0, one can find sy > 0 such that

|heu(21(=0), s0) —u1(—6)| <e.
From Proposition [A.3]

Py (=8) b (1 (=8),0) (72(6)5 20) — Py (=) 1 (=) (22(9), 20)| < e.
16



It follows that
uz(d) = ;I;f(’] hau(z2(0),T)
< hm7u($2(5), Sg + 25)
< Py (—6) b (1 (—6) 50 (22(6), 20)
< Dy (=6) 1 (—5) (£2(0),20) + €
= hm,u($2(5), 5) —A+e.

Note that A is independent of &, we have

UQ(5) < hx7u(1’2((5), (5) — = uz(é) —

)

A A
2 2

which is a contradiction. O

4.3. Graph property of the Aubry set. Lemma implies that p-component is
uniquely determined by (z,u) € M x R. It follows that the standard projection from
Ato M xR is injective. In the following, we move one more step to show that wu-
component can be neglected if we consider the dual Aubry set A in TM x R. Namely,
Z-component is uniquely determined by x € M. Let us recall that p: TM xR — TM
and IT: TM — M denote the standard projections.

Lemma 4.3. Let (z(-),u(:)) : R — M x R be a static curve. Let ug := u(0), xg := z(0)
and

U(t) = H;% hmo,vo ($(t)7 T)'
If vo > wg, and hyg 4, (0, +00) = vg, then (z(-),v(-)) : R — M x R is also static.
The proof of Lemma is standard, which is given in Appendix Lemma (4.3

implies IT : p(A) — M is injective. In fact, let (x;(-),u;(-)) : R — M x R be static,
where i = 1,2. We prove that if 21(0) = x2(0) = =z, then x1(t) = x2(¢) for all
t > 0, which implies #1(t) = @5(t) for each ¢t > 0. Let uy := u1(0), ug := uz(0) and

Ug(t) = infes0 haygus (z1(t), s). Then
’L_LQ(O) = ;I;f(; hwo,u2 (‘/El(o)’ S) = ;gg hxz(O),uz(O) (x2(0)7 8) = Uu2.

We assume uy > uq, the other case is similar. By Proposition B4} Ay 4, (20, +00) =
ug. By Lemma E3] (z1(t), us(t)) is static, then there is a solution of equations (CHI)
denoted by (x1(t), us(t), p2(t)) with

OL .
pa(t) = - (21 (1), 42(t), 41(2)),

and (29, ug, p2(0)) € A. Since (z2(t),u(t)) is static, there is a solution of equations
(CH) denoted by (z2(t),us(t), p2(t)) with
oL .
pa(t) = - (22(t), u2(t), #2(1)),

and (z9, u2, p2(0)) € A. By Lemma B2, we have pa(0) = po(0), which implies that for
all £ > 0,
(1(2), w2 (t), p2(t)) = (w2(t), ua(t), p2(t))-
In particular, i1(0) = 22(0). Namely, IT: p(A) — M is injective.
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4.4. Partially ordered relation. Given z € A, . We prove T € A,_. By definition,
one can find a static curve (z(-),u(-)) : R — M X R such that z(0) = z and u(t) =
u_(z(t)) for each t € R. Let v(t) := v_(x(t)) for each ¢t € R. It suffices to show that
(z(-),v(+)) : R — M x R is also a static curve.

Since u— < wv_ on A,_, then u(0) < v(0). It follows that for each s > 0, we have

ha(0),0(0) (2(0), 8) = h(0),u(0) (2(0), 5) < v(0) — u(0). (4.2)

By Lemma 3.4, hy0)u(0)(7(0), +00) = u(0), then hyg)w(0)(2(0), +00) < v(0). Since
v_ € 8§_, then for each t > 0,

v(0) = v—(2(0)) = T v—(2(0)) < hy(0)v(0) (£(0), 1), (4.3)

which gives rise to hy(g),0(0) (#(0), +00) = v(0).
Let o(t) := infr0 hy(0)00)(z(t), 7). By @2), 9(0) < v(0), which combining with
([@3)) yields v(0) = v(0). By Lemmad3l (z(t),v(t)) is static and

(t) — 5(0) = v(t) — v(0) = u(t) — u(0). (4.4)

It remains to show that o(t) = v(t). Since v_ € S_, then v(t) = v_(z(t)) < v(t).

We prove v(t) > 9(t) in the following. By contradiction, we assume that there exists
to € R such that v(tp) < v(tg). Note that u_ <wv_ on A, , we have u(tg) < v(tp). For
each s > 0, we have

P (t0),0(t0) (2(t0), 8) = P(t0) u(to) (T (t0), 8) < v(to) — u(to)- (4.5)

Since Dy (i) u(t) (T(to), +00) = u(to), we have hyy) (o) ((to), +00) < v(tg). On the
other hand, since v_ € §_, then for each ¢t > 0,

v(to) = v-(x(to)) = Ty v—(2(t0)) < Pa(to)w(to) (% (t0), 1), (4.6)

which gives rise to Ny () v(t) (7 (t0), +00) = v(to). Let
@(t) = 71_I>1% hx(to),v(to)($(t)7 T)'

By ({5) and (4], we have 0(tg) = v(tg). By Lemma 3] (x(t),0(t)) is also static and
0(t) — v(tg) = u(t) — u(ty) for each t € R. Thus, we have

0(0) = o(to) = u(0) — ulto). (4.7)
By (@4]), we have

v(to) — v(0) = u(to) — u(0), (4.8)
which together with ([@71) and 9(ty) = v(tg) implies

v(to) — v(to) = v(0) — v(0). (4.9)

Note that v(tg) > v(to), then v(0) —(0) > 0. On the other hand, using v_ € S_ again,
for each 7 > 0,

U(t) = v_(x(t)) =T v (‘T(t)) < hx(to),v(to)(x(t)ﬂ—)v

which yields v(t) < o(t) for each ¢t € R. In particular, we have v(0) — 9(0) < 0, which
contradicts v(0) — v(0) > 0.
This completes the proof of Theorem [L.8
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5. STRONGLY STATIC SET
In this part, we prove Theorem [L.T1] and Proposition [[L12

Proposition 5.1. Let x1, 2 € M and uy, ug € R. If ug = supy,oh™ " (z2,s), then
uy = infys0 hayu, (21, 8).

Proof. For each s > 0, we have ug > h*""1 (x4, s), then u; < hyy 4, (21, s), which means
up < ;I;f(; g us (z1,5).

We assume by contradiction that there exists § > 0 such that for each s > 0, hgy y, (21,5) >
uy + 0. Since

) )

By iy (11, 8) = Py, 3 (21,8) S g — (w2 = 5) = 5,
then we have )
hxz,ug—%('xlas) > uy + 5,

which implies
o 5
up = 5 2 W2 (g, 5) = BT (22, 5).
It contradicts us = supy~ o h™ " (x2, ). O

By Proposition 5.1, we have S; € A. Then, we show S; = A if H is independent of
u. In classical cases, the action function is defined by

b (ao,a) = inf [ L) A

where the infimums are taken among the absolutely continuous curves ~ : [0,s] — M
with v(0) = zo and y(s) = z. In terms of the notations in contact cases, if H(z,u,p) is
independent of u, then

hao o (T, 8) = ug + h®(zo, ), h""(x,s) = ug — h*(z, o). (5.1)

In view of Proposition 5.1, we only need to prove if u; = infgsq gy u,(21,s), then
Uy = SUPgsqh""(z2,s) for each x1, x9 € M and uy, ug € R. That is a direct
consequence of (G5.1]).

We complete the proof of Theorem [Tl

In the remaining part of this section, we prove Proposition [[.I2l The contact Hamil-
ton equation reads

z=p+V(x),
p=—pV'(z) — Ap, (5:2)
u=p(p+V() - H(z,u,p)

Obviously, u— = 0 is the unique viscosity solution of H(z,u, Du) = 0. Note that if x(t)
satisfies & = V (x) for each t € R, then (z(t),0,0) satisfies (5.2]). It follows that

A =N1<0®4(Gy_) = Gy = {(2,0,0) | z € T}.
We assert that )
SS - {(1'1, 07 0)7 (‘T27 07 O)}
By Legendre transformation,
1
L(z,u,v) := —Au+ 5]1) ~V(z)?, zeT.
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By definition, a direct calculation shows
¢

o (3. 4) = Mug — inf | M2 [(s) — V(y(s))[2ds. (5.3)
v((tg)ﬂo 0 2
vy =T

Then we have

0 =sup h® Oz, 7), i=1,2.
>0

It follows that {(x1,0,0), (22,0,0)} C S,.
Let [z1,y0) be a fundamental domain of T. In order to complete the proof, it remains
to show that
[21,90)\ {21, 22} NSy = 0.
Let
I:=[z1,y0), I := (21,22), I2:= (22,90).
Note that Sy is flow-invariant. Then we need to exclude the following three cases:
(1) Ss = {a:l,azg} U Iy,

(2) Ss = {a:l,azg} U I,
3) S, =1.
We prove that Case (1) does not happen. The other cases are similar.

Let (z(:),u(:)) : R — I; x R be a static curve. If Case (1) holds, then (z(:),u(-)) :
R — I} x R is also strongly static. By [43, Lemma 4.8], u(t) = u_(x( )) = 0 for all
t € R. Given gy > 0 small enough, take x(t1),z(t2) € [BE22 — g, B2 + 9] and
x(t1) < z(t2). By definition, there holds

u(te) = sup hm(tl)’“(tl)(:n(tg), 7).
>0

Since z(t1) # x(t2), by (H2), there exists 6 > 0 such that
u(ts) = sup ) (o (t2), 7).
T>0

It follows from wu(t;) = u(te) = 0 that
T 1 .
_iaf As © o 2
0—;1;§1151f/0 e S1E(s) = VI(E(s))["ds, (5.4)

where ¢ is taken among all Lipschitz continuous curves with £(0) = z(t2) and &(7) =
x(t1). By the variational principle, given 7 > 4, the infimum is achieved at ~ : [0, 7] —
M, which is of class C!. Let

v(s) = B0 (y(s),7 = ), pls) := 55 (1(8),0(s),7(5)),
Then (y(s),v(s),p(s)) satisfies equations (5.2]) with
10 =2(t2), () =aft), T o(s) =0,

which implies

p(s) =(s) =V((s)), Vs e (0,7). (5:5)
If there exists sg € [0,7) such that ¥(sg) < 0 and y(so) € [z(t1), z(t2)]. Based on the
construction of V(z), there exists Cy > 0 independent of 7 such that V(z) > Cy > 0
for all z € [z(t1), z(t2)] C [BF%2 — o, 522 + ¢¢]. By (B3),

p(s0) = F(s0) — V(W(So)) < =V(7(s0)) < —Ca.
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Otherwise, one can find s; € [0,7) such that (s1) > 0 and y(s;) € [L2L — g, 22580 4
g0]. Based on the construction of V' (z), there exists Cs > 0 independent of 7 such that
V(z) < —C3 <0 for all z € [T — g, 2240 4 o], By (B5),

p(s1) =(s1) = V(v(s1)) > =V (v(s1)) > C5 > 0.
It follows that for each 7 > 6,

) T 81 . T 81 )
it [ A5~ Ve = [T - Vias)Pas > ¢ > o
where Cj is a constant independent of 7. This contradicts (5.4)).

6. APPLICATIONS
In this part, we prove Proposition [[.LI3] and Proposition [[.14]
6.1. Proof of Proposition [I.13l
Lemma 6.1. Given u_,v_ € S_, let
w-(z) := minfu_(z),v-(2)}.

Then w— € S_ and both u_ and v_ are of class CY' on A, . Moreover, for each
re Ay,
oH OH

ap (& u-(@), Du(@)) = 5

o x,v_(x), Dv_(x)).

In particular, if
H(xz,u,p):= f(x,u) + h(z,p),
then Du_ = Dv_ on A,,_.

Proof. Let u_ and v_ € S_. Denote

w_(z) = mnélj\l/l[{u_ (x),v_(x)}.

It follows from Lemma [B.Il that w_ € S_. Then S # (. Since w < u_ and w < v_ on
M, by Theorem [I.8 we have A, C A, N A, . Thus, both u_ and v_ are of class

Chlon A, .
Note that
Ay C A
By Theorem [[.7] for each 2 € A,,_,
%—;j(x,u_(a;),Du_(a:)) = %—i(m,v_(a:),Dv_(a:)).
This completes the proof. O

We prove Proposition [[LI3l First of all, we assert that for each xy € [—%, %),
(z(t),u(t)) = (x0,0) is a static curve.

In fact, it is easy to verify that (x(t),u(t),p(t)) = (x0,0,0) satisfies (CH]). Fixing
s > 0, by the minimality of hg, o(z0,s), we have hyo(zo,s) < u(s) = 0. On the
other hand, for each s > 0, 0 = u_(z9) = T, u_(z9) < hygyo(zo,5), then we have
infg0 hgg.0(z0,s) = 0. Thus, we have

11 ~
{(.’L’,0,0) ‘Vaz S [—5,5)} = .Au7 - A.
21



Second, for each u; < 0, (z(t),u(t)) = (0,u;) is also a static curve. In fact, it is easy
to verify that (x(t),u(t),p(t)) = (0,u;,0) satisfies (CHJ). In addition, since u; < 0, then
hoo(0,s) — hou;(0,5) <0 —w; for each s > 0. Hence, we have hg ,(0,s) > u;. Besides,
by the minimality, it is clear that hg,,(0,s) < u(s) = u;. Then for each s > 0, there
holds hq, (0, s) = u;. It follows that infgsq ho,(0,s) = u;.

Moreover, we have

Au | (Uier £(0,45,0) [ wi < 0}) C A

By Theorem [[.3] for each u; < 0, one can find v; € S_ such that v;(0) = u;. Hence,
there exist an uncountable family of nontrivial viscosity solutions.

Note that A, =T = A. It remains to show A,, ; T for each 7 € I. We conclude it
by two steps.

Step 1. We prove v;(z) < Oforeachi € I andx € [—3,1). Let v;(yo) = max,c_1 1) 0i(y)-
272

Note that v;(0) = u; < 0. By contradiction, we assume v;(yo) > 0, then yg €

[—3,3)\{0}. There exists ¢ > 0 such that v;(y) > 0 for each y € (yo — &, 90 + €).

Note that v; is Lipschitz continuous, one can find y; € (yo — €,y + €) and y; # 0 such

that v; is differentiable at y;. Then we have

%\Dvi(yl)!Q + f(y)vi(yr) =0,
which contradicts v;(y1) > 0.
Step 2. We prove A,, ;Cé T = A,_. By contradiction, we assume
A, =T.
Since v; < u_ =0 on T, then

vi() = min{v;(2), u-()}.

By Lemma 6.1l Dv; = Du_ on A,, = T. It gives rise to Dv; = 0. Moreover, v;(z) =
u; < 0, which contradicts that v; satisfies

1

§|Dvi(x)|2 + f(z)vi(x) =0, VzeT.
This completes the proof.

6.2. Proof of Proposition [[LT4L Similar to Lemma [BIl we have

Lemma 6.2. Let {u;}icr be a family of continuous functions on M. Then

sup T i (z) = T;F <sup uz(az)> , Vxe M.
i€l icl

The following results hold under the assumption (H1), (H2) and the moderate in-
creasing assumption 0 < %—Ij < A. In this case, we have the unique backward weak
KAM solution, denoted by u_ (equivalently, viscosity solution) of H(x,u, Du) = 0, if

H is admissible. Moreover,
A=Zy_uy ={reM]|u_(r)=ui(z)},

where u denotes the maximal forward weak KAM solution of H(x,u, Du) = 0.
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Lemma 6.3. For each y € A, let

hy(z) == limsup h¥*= W) (z,t), Vo e M.

t——+o0

Then hy, € Sy.

Proof. Let (z(-),u(-)) : R = M x R be a static curve with z(0) = y. Then u(t) =
u_(x(t)) for all t € R. By LemmalC.6, h¥*~®)(-, ) is uniformly bounded on M x (0, 4+-00)
and the family {h¥%-®)(z,t)},5¢ is equi-Lipschitz continuous with respect to z. Thus,
hy(x) is well defined. Note that for a given ¢ > 0, the forward semigroup T, satisfies

1Ty o = T lloe < Xl = Yoo

for any ¢,1 € C(M,R). Combining with Lemma 62 7;" commutes with limsup. It
follows that

Tithy(z) = limsup T; bYW (2, ) = limsup AY"~ W) (z, s + ) = hy (2),

s— 400 Ss——+400
which implies h, € S. O
Proposition 6.4. If the forward weak KAM solution is unique, then Sy = A.

Proof. Tt suffices to prove A C S,. Let (z(-),u(:)) : R — M x R be a static curve, we
only need to show for each t1,%9 € R, there holds

u(ty) = sup K" (5(ty), 5).
s>0

Since the forward weak KAM solution is unique, denoting it by u, we have
u(t) =u_(z(t)) =us(z(t)), VteR.

By Lemma [6.3] hy € Sy for each y € A. Then hy = u4 on M for each y € A. It yields
for any 7,7 € R,

u(72) = uy(z(72))
= hx(n)($(7—2))
= lim sup hm(”)’“*(m(”))(a:(m), s)

S§——+00
= lim sup A7) ((1y), 5).

s—+00

In particular, u(t1) = uy (w(t1)) = hy,)(z(t1)). It remains to show

lim sup A0 (2:(85), 5) = sup A*E)E0) (1(85), 5).

s—+00 5>0
It is clear that the left hand side is not bigger than the right hand side. Since h, € Sy
for each y € A, then

hy(@) = T hy(2) = sup h") (z,5) > sup bWz, s),
zeM s>0
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which implies

lim sup hx(tl)’“(tl)(iﬂ(tz), 8) = hy(y)(2(t2))

S——+00

> sup A0 hae) @) (1), 5)
s>0

= sup hx(t1)7u+(x(t1))(x(t2)7 s)
5>0

= sup pE(t)u(ty) (z(t2), s).
s>0

This completes the proof. O

In the following, we prove Proposition[[.T4l Note that u) = 0 is the classical solution,
then u;\r = u, is the maximal forward weak KAM solution. It is clear that u;\r converges

uniformly to uw = 0 as A\ — 07. Obviously, u = 0 is a classical (also viscosity) solution
of

1
§|Dw|2 +Dw-V(z)=0, xeT. (6.1)

The remaining proof is divided into two steps.
In the first step, we show that there is only one forward weak KAM solution except
J’_
uy .
The existence of the forward weak KAM solution except u;\r follows from Proposition
1.12] and Proposition Let v;\r € S, which is different from u;\r Thus, v;\r < 0 and
there exists zo € T such that v} (zg) < 0. Considering

Ivj ={z €T |vy(x) =0},

By [43, Theorem 1.3], Ivj is invariant by 7®;, where 7 : T*M x R — M denotes the
standard projection. Consequently, there are several possibilities for Ivi restricting on
a fundamental domain of T denoted by [z1,y0):

{1}, {z}, {z1, 22}, [21,22], [22,90) U{x1}, [21,90)-

We assert that xo ¢ Iv;. Then Iv;L = {z1}. In fact, if z9 € Iv;, then vy (22) = 0.

Let zp be the minimum point of vy. We assume Dv) (z) exists at = 29, which means
Duv(z9) = 0. Note that there exists zo € T such that v} (zg) < 0, then vy (z9) <
vy (z) < 0. It follows that

1
My (z0) + §]Dfuj{(zo)]2 + Dvyf (20) - V(20) <0,

which contradicts the definition of vy". Therefore, vy (z) is not differentiable at x =

z9. Let v : [0,+00] = T be a (vy,Ly,0)-calibrated curve with v(0) = zy, where Ly

denotes the Legendre transformation of H)(x,u,p) := Au + %|p|2 + p - V(x). Namely,

Ly(w,u,&) == —Au+ | — V(z)|%. Let u(t) :== v (y(t)) for all t > 0. By Proposition

[C3l (v(+),u()) : [0,400) — M x R is positively semi-static. By definition, it is also
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globally minimizing. For each § > 0, there holds

5o

u(8) = e Mu(0) + irglf/ e)‘silf(s) —V(&(s))|ds
L. . (6.2)

= inf {e‘Atu(O) + i]gf/ eAs§|§(s) - V(ﬁ(s))|2ds} ,

t>0 0

where the infimum is taken among the Lipschitz continuous curves ¢ : [0,d] — T with
€(0) = v(0) = zp and £(0) = v(d). We assume zy € (21, z2) without loss of generality,
since the argument is similar for zy € (z2,yp). Similar to [20, Proposition 10], () — x2
and u(t) — 0 as t — 4o00. Thus, for § > 0 large enough, v(J) € (20, z2). Moreover, the
infimum in (G2)) can be achieved by a curve £ : [0,] — T satisfying £ = V(€). Tt gives
rise to

e Mu(0) = %gg {e_)‘tu(O)} . (6.3)

Note that u(0) = vy (29) < 0, then we have a contradiction. Therefore, we complete
the proof of the assertion xy ¢ Ivj’ which means Ivf has only one possibility, namely,
Ivir = {xl}

It is easy to check {(z1,0,0)} is a hyperbolic fixed point of ®;. Similar to [20,
Proposition 10], we obtain that v;\r is the unique forward weak KAM solution except
+ —
U)\ ==

In the second step, we show that fu;\r converges to v as X\ — 07, where v is different
from u = 0.

Since u = 0 is the maximal forward weak KAM solution, then fu;\r < 0. In view of
Ivj = {21} and uj =0, we have v} (z1) = Dv{ (21) = 0 and v} (z) < 0 for = € (z1,yo).

Hence, a direct calculation shows
Do (z) = -V (z) — \/V2(x) —2X\vy (z), Yz € 31, 32). (6.4)
By [6.4] we have

ot (22) = — / PV (@) da — / 7 VR@) - 200 (@)da (6.5)

1

Since vy < 0, then vy (22) is decreasing as A — 0%. By [20, Lemma 3.1], the family
{fu;\r},\e(oﬂ is uniformly bounded and equi-Lipschitz. Note that V(z) > 0 for x €
(1, x2). By the Dominated Convergence Theorem,

z2
vy (z2) = —2/ V(z)dr <0, asX— 0%, (6.6)
a1
In addition, we know that 0 = vy (z1) — 0 as A — 0.

To prove the convergence, we consider the projected Mather set of (61)). The La-
grangian associated to (G is formulated as

L(w,v) = %w V@)

Let Mg be the projected Mather set of L. Note that the Mather set is recurrent. One
has Mg = {x1,z2}. The argument above shows for each subsequence \,, the limit of
vj\'n takes the same value on Mj. It follows that vj\' does convergence uniformly to v.
By (@.6]), v(z2) < 0, which is different from u = 0.
This completes the proof of Proposition [[.14]
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APPENDIX A. GENERALITIES

The contact Lagrangian L(z,u,v) associated to H(x,u,p) is defined by

L(%,’U,,U) ‘= Ssup <U7p> _H(‘Tauap)}‘
peTF M
Since H satisfies (H1), (H2) and (H3), we have:

9%L

5.7 (,u,v) is positive definite for all (z,u,v) €

(L1) Strict convexity: the Hessian
TM x R;
(L2) Superlinearity: for every (z,u) € M x R, L(x,u,v) is superlinear in v;

(L3) Non-increasing: there is a constant A > 0 such that for every (z,u,v) € TM xR,
L
-2 < g—u(x,u,v) <0.

A.1. Action functions.

Theorem A.l. For any given xg € M, ug € R, there exist two continuous functions
hao uo (2, 1) and K™%0 (x,t) defined on M x (0,400) satisfying
¢

hag o (@, 1) = up + W(églf ; L(’y(T), R o (Y(T), T), "y(T))dT, (A.1)
=x0
y(t)=z
t
h*OU (1) = ug — (i?f L(’Y(T), h*o0 (y(7),t — T),"y(T))dT, (A.2)
Y(t)=z0 Jo
7(0)=z

where the infimums are taken among the Lipschitz continuous curves v : [0,t] — M.
Moreover, the infimums in (A1) and (A2) can be achieved. If 41 and 2 are curves
achieving the infimums (A1) and (A2) respectively, then 1 and 2 are of class C*.
Let
oL .
z1(s) == 71(s), () := haoue(11(5), 5), pa(s) = 5~ ((s) ua(s), 1(s)),

w2(s) = a(s),  ug(s) = """ (vi(s),t —s),  pals) := 2—5(72(8)&2(8),7'2(8))-
Then (x1(s),u1(s),p1(s)) and (z2(s),ua(s), p2(s)) satisfy equations (CHI) with

1171(0) = Zo, :El(t) =, lim ’LLl(S) = ug,
s—0+

1’2(0) =, l'g(t) = Xy, lim ’U,Q(S) = Uugq.
s—t~

We call hgguo(z,t) (resp. h¥0%(z,t)) a forward (resp. backward) implicit action
function associated with L and the curves achieving the infimums in (A7) (resp. (A2))
minimizers of Ay, (2, t) (resp. h*"0(x,t)). The relation between forward and back-
ward implicit action functions is as follows:

Proposition A.2. Given zg, x € M, up, u € R and t > 0, then hy, o (z,t) = u if and
only if h*"(zg,t) = ug.
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If up < ug, then hyy y, (z,t) —us < hgy u, (z,t) —uy for all (x,t) € M x (0,400), which
together with the monotonicity of hg v, (2,t) in ug implies

Proposition A.3.
|haou(®,1) = hag (@, )] < |u— vl
for all u, v € R and all (x,t) € M x (0, +00).

By Proposition [AL3] we have
Proposition A.4. Given (xg,x,t) € M x M x (0,+00), u,v € R. If u > v, then
h*ot(z, t) — h™0V(x,t) > u — v.
Proof. By reversibility, one can find ug,vg € R such that
ha o (x0,t) =, hga(0,t) = 0.
If w > v, then ug > vg. It follows from Proposition [A.3] that
e o (05 ) — R e (T0, ) < ug — o,
which together with Proposition implies
h*o M (x,t) — W™ (z,t) > u — .
This completes the proof. O
By [44] Proposition 3], we have

Proposition A.5. For each (zg,up,z,t) € M x R x M x (0,400),

Py g (T, 1) = —h™0 740 (2, 8),  R™OM0(2,t) = —hyy —uo (T, 1), (A.3)
where l_zmo,ug(x, t) and h*o"o(z,t) denote the forward and backward action functions with
respect to H(x,u,p) := H(x, —u, —p) respectively.
For the discounted case L(z,u,v) := —Au+ l(x,v), hgyuy(z,t) can be reduced to
t
aga(:t) = ¢ M+ inf [ U020, 5(5))ds, (A4)
0

where the infimum is taken among the Lipschitz continuous curves = : [0,¢] — M with
7(0) = z¢ and (t) = z. h™"0(x,t) can be reduced to
t
hEouo (1. 1) = eMug — inf/ eM1(v(s),4(s))ds, (A.5)
7 Jo
where the infimum is taken among the Lipschitz continuous curves v : [0,¢] — M with
~v(0) = x and ~(t) = xo.
In [43], the authors introduced

Definition A.6 (Globally minimizing curves). A curve (z(-),u(:)) : R - M x R is
called globally minimizing, if it is locally Lipschitz and for each ty, to € R with t1 < to,
there holds

u(t2) = hx(tl),u(tl)(x(t2)at2 - t1)7 (AG)

where h. .(-,-) denotes the forward action function associated with L (the Legendre trans-
formation of H, see (A1) below).

Moreover, one can define
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Definition A.7 (Static curves and orbits). A curve (z(-),u(-)) : R — M X R is called
static, if it is globally minimizing and for each t1,ty € R, there holds

U(tg) = ;I;B hx(t1),u(t1)(x(t2)7 S)‘ (A7)
If a curve (z(-),u(-)) : R — M x R is static , then (x(t),u(t),p(t)) with t € R is an
orbit of ®;, where p(t) = g—ﬁ(a:(t),u(t),aé(t)). We call it a static orbit of ®;.

Definition A.8 (Aubry set). We call the set of all static orbits the Aubry set of H,
denoted by A. We call A := w A the projected Aubry set.

APPENDIX B. PROOF OF LEMMA 2.1

Lemma B.1. Let {u;}icr be a family of continuous functions on M. Then

£ T (x) = T, ( inf . Yz e M.
T =7 (gfuie) v

Proof. Let us recall

T;t_ (12; Ui ($)> = ylenl\f;l hy,infiej ui(y) ($7 t)'

Note that the monotonicity of hy ,(z,t) w.r.t. u, it follows that

inf hy inf

t) = inf infh, ,,. t).
Jnf, ) = inf in y7ul(y)(x,)

zEIui(y)(x’ yEM icl
Since y is independent of 4, then

Jnf inf Ay (@ 8) =10 0 By, (@,1) = i0f T, wi(2).

This completes the proof of Lemma [B.11 O

For each 7 > 0, let
w(z, ) = ;I>1g Po(—7)u(=7) (T, 5).
Then w(x) = inf;>pw(x, 7).
Item (i): We divide the proof of Item (i) into three steps.

Step 1: We prove that for each 0 <7 <7/, x € M, w(z,7") < w(z,7). Let A :=7"—7,
by Markov property, we have

w(ZE’T/) < inf hx(—T’)m(—T’)(x,S)
= ;22 R0 oty iy (=), 23) (8 = D)

= Slilg h x(—7),u(—7) (a;, S — A)
= %Eg hm(—T),u(—T) ($7 t)

= w(x, 7).

Step 2: We prove that the family {w(z,7)};>0 is uniformly bounded. By Step 1,
’LU($, 7_) < ’LU($, 0) = ;I;f(; hx(O),u(O) (l‘, S) < hx(O),u(O) (l‘, 1)7

which implies {w(x,7)};>0 is uniformly bounded from above.
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On the other hand, by definition and Markov property, for each s > 0,
’LL(O) = ;gg h:c(—'r),u(—r) (l‘(O), 8)
< hx(—'r),u(—r) (.Z'(O), s+ 1)
S hxvh:c(fr),u(f-r)(xvs) (I’(O), 1)’
which together with Proposition implies
hm(—T),u(—T) (LZ', S) > hx(O),u(O) (LZ', 1).
By the arbitrariness of s, it yields {w(z, T)}r>¢ is uniformly bounded from below.

Step 3: We prove that the family {w(z, 7)},>2 is equi-Lipschitz continuous. For 7 > 2,
by Markov property,

inf < inf —1) = inf " =
;I>11 hx(—r—l),u(—'r—l) ($7 8) = ;gl h:c(—'r),u(—r) ($7 S ) sl’I;O h:c(—'r),u(—r) ($7 S ) w(m, T)a
which together with the definition of w(z,7) implies for each x € M,
wl(l‘,T) = ;gfl. hm(—T—l),u(—T—l) (l‘, S) < w(l‘,T) < ;I;fi h‘.CE(—T),u(—T) ($7 8) =: T,UQ(QL‘,T).
It follows that for each 7 > 2,
jw(@,7) —w(y, 7)| < max{|wa(z,7) — wi(y, )|, [w2(y, ) — wi(z,7)[}.
Note that for each t > 0,

inf R (—p),u(~0) (@, 8) = E T1 hy(—g) u(-n) (2,5 = 1)

s>1
=0 ;I;{i ha(—t)u(-1) (€, s = 1)
- z%%/[ Rz jnt o hz(ft),u(ft)(z@_l)(x, 1)
= ziéll\g Pzint oo bty u(ny(z8) (T 1)
= Ziélf/[ hz,w(z,t)(x, 1).

In particular, there hold
wq (.Z', T) = zlélj\f;[ hz,w(z,r+1)(x7 1)7 w2 (ya T) = zlélja hz,w(z,r) (ya 1)
Then we have

|wa(, 7) = wi(y,7)]

:| Zlgja hz7w(z7T) (xy 1) - Zlg]& hz,w(z,q—+1)(y, 1)|

< sup ’hz,w(z,ﬂ-)('x7 1) - hz,w(z,T—i-l) (ya 1)‘
zeM

By Step 2 in the proof of Item (i), there exists K > 0 independent of ¢ such that
lw(z,t)||sc < K for each ¢ > 0. Since h..(-,1) is Lipschitz on M x [-K, K] x M with
some Lipschitz constant x > 0. It follows that

lwa(z,7) —wi(y, 7)| < Kd(z,y), Y1 =>2.
Similarly, we have
lwa(y, 7) —wi(x,7)| < kd(z,y), V7 >2.

Thus, the family {w(x,7)},>2 is equi-Lipschitz continuous.
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Combining with Step 1 and Step 2 in the proof of Item (i), it follows that
w(r) = inf inf hy 7y yon)(2,8) = lim w(z,7), Voe M,

7>05>0 T—400

which is Lipschitz continuous on M.

Item (ii): Under the assumptions (H1)-(H2), this item follows from Proposition B
directly. In light of Remark [[4] we prove it under |%—IZ| < X instead of (H3).

We prove wo, € S—. Namely, T, woo = Woo for each ¢ > 0. First of all, we show
w(z) < T, w(z) for all t > 0 and € M. By Lemma [B.1] for each t > 0,

T, w(x) = inf inf Tt_hm(—T),u(—T) (z,s)
o3

= inf inf Ay )W n(z,s")

7>0 8>t

>
=z 71—2%;2{(;]1 (—7), u(—'r)($7s)

= w(x).

It remains to verify that the family {7, w(x)};>0 is uniformly bounded and equi-
Lipschitz continuous. Note that w is Lipschitz continuous and 7, w > w on M,

{T; w(x) }+>0 is uniformly bounded from below. On the other hand, by Markov property
and Lemma [B.1]

<
ggh (—t)u(—t) (567 t+s)

<111fh 2(0), ()(1’ S)
< hx(O),u(O) (z,1),

which implies {7, w(z)}+>0 is uniformly bounded from above.
The equi-Lipschitz continuity follows from the boundedness of {7, w(z)}¢>0. In fact,
for t > 1,
T3 w(z) =T w(y)| = Ty o T_yw(x) =Ty o Ty~ jw(y)|

= | 1é1}'4hzT lw(z)(x, 1) — mf h, 1w(z)(y, 1)]

< ZSélj\I/)[ |hz,T7;1w(z) (5177 1) - hz;f;lw(z)(y, 1)|

There exists K > 0 independent of ¢ such that |7, w(z)| < K for each t > 0 and z € M.
Since h..(-,1) is Lipschitz on M x [-K, K] x M with some Lipschitz constant x > 0. It
follows that

1Ty () - Trwl)| < sd(z,y), Ve 1.
Item (iii): We prove that weo(x(—7)) = u(—7) for each 7 > 0. We divide the proof
into two steps.

Step 1: We prove w(z(0)) = u(o) for each o < 0. On one hand, since (z(-),u(-)) is a
negatively semi-static curve, for all o < 0, we have

w(z(o)) < _iilgfa ;I;% Po(—7)u(—7)(2(0), 5) = —ipgfa u(o) = u(o).
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On the other hand, we attempt to prove w(z(c)) > u(o) for each o < 0. Let
vr(z) = ;I>1g P u(=7) (T, 8).

We first show v, (x(0)) > u(o) for all 0 > —7 > 0. Suppose not. There is —7" > o such
that v,/ (z(0)) < u(o). Then there exists s > 0 such that hy () ) (2(0),s") < u(o).
Since (z(-),u(-)) : (—o0,0] = M x R is a negatively semi-static curve, then we have
! — , , !
u(=7") = 1f by (- (2(=T), 5)

< hx(—T’),u(—T’) (33‘(—7'/), S/ - T/ - 0)

< (o) by o ()5 (@(=T), =T = 0)

< h:v(cr),u(o) ($(_7—/)7 -7 = 0)

= u(_T/)7
which is a contradiction. Therefore, by definition, for any o < 0 we have

w(a:(a)) = 71_%% ;I;g hx(—T),u(—T) (LZ'(O’), 3)
il en(a(o), il on(a(o))

= min{ inf v (z(0)
> min{_iilgfa vr(z(0)),u(o)}.

Since
in<f vr(x(0)) = inf inf hy_r)y—r)(2(0),s) = inf u(o) = u(o),

< —7<0 5>0 —71<0o
then we have w(z(o)) > u(o) for all o < 0.

Step 2: We show T, w(z(0)) = w(x(o)) for each ¢ > 0. By the proof of Item (ii), we
have T, w(z(0)) > w(xz(o)) for each t > 0. Note that for ¢ > 0, o <0,

T%_w(l‘(d)) = yiél]\f;[ hy,w(y) (z(0),1)

< g (o—t) w(w(o—t)) (2(0), 1)

< hy(o—t) u(o—t) (2(0), 1)

u(o)

w(z(a)).

Hence T, w(z(0)) = w(z(o)) = u(o) for each t > 0 and o < 0. Moreover, we have

Woo(x(—7)) = lim T, w(x(—71)) = t—liﬁloo u(—7) =u(-71), Yr>0.

t—-+o0

This completes the proof.

APPENDIX C. ON SEMI-STATIC CURVES
Proposition C.1. Given any x, y and z € M, uy, us and uz € R, t, s > 0, if
hz,ul (y, t) = U2, hy,ug (27 5) = us, hz,ul (Z7t + 3) = us,

then
| m(o), o€ [0,t],
(o) = { volo —1t), o €t t+ 9],
is a minimizer of hy ., (z,t+s), where v1 : [0,t] = M is a minimizer of hy ., (y,t) and
72 : 0,8] = M is a minimizer of hyu,(2,5).
31



Proof. By Markov property, we have
hauy (7(0),0) < hyhy (w0 (V(0), 0 = 1) = hyuy (7(0),0 — 1), Vo € [t,t+s].
We assert that the above inequality is in fact an equality, i.e.,
hewu, (V(0),0) = hy uy (v(0), 0 —t), Vo €[t t+s]. (C.1)

If the assertion is true, then

t+s
i + /0 L1(0), oy (1(0), 0), 5 (0))dor
—u t /0 L(11(0), hgs (11(0), 7),1.(0))dor
t+s
+ / L(4(0), b (1(0),0), 5 (0)) do
t+s
g (1) + / L1(0), hy s (1(0), 7 — 1), 5(0))do

—_—_— /0 " L(2(r): hyy (12 (1), 7). (7))

:hy7u2 (z7 s)
=hgu, (2, t+5),
which shows that v is a minimizer of hy ,, (2, + s).

Therefore, we only need to show (C.IJ) holds. Suppose not. There exists tg € [t,t+ $)
such that

hae s (Y(t0), t0) < hy,uy (7(t0), to — 1)
From Markov and Monotonicity properties, we get
ug = hy oy, (2,6 + 5)

< hy(to) o v (t0) t0) (2 F 5 = o)

< Py (t0), g (A(t0),t0—1) (2 + 5 = o)

= hy,uz(z’ S) = us,
which is a contradiction. The proof is complete. O
Proposition C.2. Let (z(-),u(-)) : (—00,0] — M x R be a negatively semi-static
curve. Let y(t) := z(t) for each t € (—00,0]. Then there exists v— € S_ such that
v :(—=00,0] = M is (v—, L,0)-calibrated. Conversely, given v_ € S_, let v : (—o0,0] —

M be (v_,L,0)-calibrated and let x(t) := ~(t), u(t) := v_(y(t)) for each t € (—0,0].
Then (z(-),u(-)) : (—00,0] = M X R is a negatively semi-static curve.

Proof. Let (z(-),u(-)) : (—o00,0] = M x R be a negatively semi-static curve. Let y(t) :=
x(t) for each t € (—o0,0] with v(0) = z(0). Let

w(x) = ;1%% ;I>1f(; hoy(—r)u(=7) (2, 8),  v_(x) = t_13+moo T, w(z), YreM

By Lemma 1] v— € S_ and v_(y(—7)) = u(—7) for each 7 > 0. By the definition of
(z(+),u(-)), we have



which implies for each ¢ > 0,
0

o (1(0)) — v_(a(—1)) = / L(y(r), v— (4(r)), 4 (r))dr.

—t
It follows that v : (—o0,0] — M is (v_, L,0)-calibrated.

Conversely, given v_ € S_, let v : (—00,0] — M be (v_, L,0)-calibrated and let
x(t) = ~v(t), u(t) := v_(y(t)) for each t € (—00,0]. For each t; < to < 0, we need to
prove (z(-),u(-)) : (—o00,0] — M x R is negatively semi-static. Namely,

u(tz) = gg Pty i) (T(t2), ) u(tz) = ho@)ue) (T(t2), t2 — t1).

On one hand, in view of [43, Proposition 4.1], (z(t), u(t), p(t)) satisfies equations (CHI)

on (—00,0), where p(t) = %(x(t), u(t), @(t)). By the minimality of hy, 4, (z,t), we have

u(ta) > hygy)ue) (@(te), ta —t1) > inf Pa(ty)utn) (T(t2), 8). (C.2)

On the other hand, since v_ € S_, then T, v_(z) = v_(z) for all s > 0 and z € M.
Thus, v_(y) = infeers Py o (2)(y, s) for all s > 0, which implies that for each s > 0 and z,
y € M, wehave v_(y) < hyo_(2)(y,5). In particular, v_(z(t2)) < hy) o (@) (@(t2), s)
for each s > 0 and t1, to < 0. It follows that

v-(z(t2)) < I0f Porr) v (a(er)) (2(t2), 5)-
Since u(t) = v_(z(t)) for all t < 0, we have
ultz) < I o) u(er) (2(t2). 5)- (C.3)
By (C2) and (C3)), we have for each t; < to <0,
ultz) = 10f hae)ui) ((t2), 8), ult) = hag)uin) (@ (t2),t2 — t1)-
This completes the proof. ]
By a similar argument as Proposition [C.2] we have

Proposition C.3. Let (z(-),u(-)) : R — M xR be a semi-static curve. Let y(t) := x(t)
for each t € R. Then there exist v— € S_ (resp. vy € Sy ) such that u(t) = v_(y(t))
(resp. u(t) = vy (vy(t)) for each t € R and v : R — M s (v_, L,0)-calibrated (resp.
(v4, L,0)-calibrated). Conversely, we suppose that there exist v_ € S_ (resp. vy € Sy),
v :R — M such that ~ is (v—, L,0)-calibrated (resp. (vy,L,0)-calibrated). Let x(t) :=
y(t), u(t) == v_(y(t)) (resp. u(t) := vy (v(t))) for each t € R. Then (z(-),u()) : R —
M x R is a semi-static curve.

Proposition C.4. Every negatively (resp. positively) semi-static curve (z(-),u(-)) is
bounded on (—o00,0] (resp. [0,+00)) with a bound only depending on u(0). Moreover,
Every semi-static curve (xz(-),u(-)) is bounded on R with a bound only depending on
u(0).

Proof. We only need to show every negatively semi-static curve (z(-),u(-)) is bounded
on (—o0,0] with a bound only depending on u(0). By the compactness of M, it suf-
fices to prove u(t) is bounded on (—o0,0]. For ¢ > 0, by definition, we get u(0) =
Pa(—)u(—t) (7(0),t). By the Markov property,

u(=t) = nf ha(g)u(-1)(2(=1),8) < ha()u-0) (@(=1),t + 1) < hu(o) uo) (2(~1), 1)

Thus, u(t) is bounded from above on (—oo,0].
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On the other hand, by definition, we have
u(0) < ha(—p)u(—s (2(0),1),

which implies u(—t) > h*©):%0) (z:(—¢), 1). Thus, u(t) is bounded from below on (—o0, 0].
U

Proposition C.5. Given (zg,ug) € M xR. Let (z(-),u(-)) : R = M xR be a semi-static
curve with x(0) = xo and u(0) = ug. Let

(1) == T2 (a0), u(t), #(1)

for each t € R. Then (z(t),u(t),p(t)) is bounded for t € R and the bound only depends
on Ty, ug.

Proof. By Proposition [C.4] (z(t),u(t)) is bounded for ¢t € R with a bound only depend-
ing on xg,ug. By Proposition and [43, Theorem 1.1], we have

H(x(t), u(t),p(t)) =0,

which together with the assumptions (H2) and (H3) implies p(t) is bounded for ¢ €
R. O

Lemma C.6. Let (z(:),u(-)) : R = M xR be a semi-static curve. Then for each § > 0,
o Uniform Boundedness: there exists a constant K > 0 independent of t such that
fort > 6 and each x € M, s € R, |h*()u0) (2, 1) < K;
o FEqui-Lipschitz Continuity: there exists a constant k > 0 independent of t such
that fort > 20 and s € R, x — hx(s)’“(s)(m, t) are k-Lipschitz continuous on M.

Proof. Since (z(-),u(:)) : R — M xR is a semi-static curve, for any (x,t) € M x (0, +00)
and s € R, by Markov property,

o 1= 1) = B ey 1)),
. ) (1) (z(s —t—1),1),

which implies
hrE)uls) (5 1) < P(s—t—1)u(s—t—1) (5 1).

By Proposition [T4] (z(-),u(-)) : R — M x R is bounded. So, h*()-%()(. .} is bounded
from above on M x (0,400) for each s € R. On the other hand, by Markov property,
for any t > 0, we have

B (2 1) = sup WA w9, )

yeEM 2
z(s),u(s 5
> o(s—t4+2),he)u®) (p(s—t+2),t—2) 0
S D (e, 5)
_ pals—t+)u(s—t+3) . 9
h 2 2 (LU, 2)

By Proposition [C.4], u (s —t+ %) is bounded. Since h" (-, g) is locally Lipschitz on
M x R x M, then h*®):4()(. .) is bounded from below on M x [§,400). Thus, there
exists a constant K > 0 independent of ¢ such that for ¢ > § and each x € M, s € R,

|h=)u) (2 1)) < K.
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Note that for any ¢ > 24, we have

B u(s) (g ) — pa(s)hus) ()

z(s),u(s) (5 t— z(s),u(s) (5 t—
sup hz,h (2,t—96) (l‘,é) — sup hz,h (2,t—9) (y,é)‘
zeM zeM

< sup [ D) (g ) - O )

zeM

Since h'(+,d) is uniformly Lipschitz on M x [ K, K] x M with some Lipschitz constant
K, then

hx(s),u(s) ($’ t) o hm(s),u(s) (y’ t) <K d(gj, y), YVt > 206.

This completes the proof. ]

Remark C.7. In classical Hamiltonian systems, the Mané potential (see [13] for in-
stance) is defined by

t
R t e . o . .
O(xg,x) := %ggh (xo,x) = %gglngL(y) = %Eglgf/o L(y(7),5(7))dr,

where the infimums are taken among the absolutely continuous curves 7 : [0,t] — M
with v(0) =z and y(t) = x. h'(zg,z) = inf, AL(7) is called Mather’s action function.
Moreover, an absolutely continuous curve v : R — M is called semi-static if for each
t1 <t

AL(fY’[tl,tz]) = (p(fY(tl)a’Y(tQ)) (04)

An absolutely continuous curve v : R — M s called static if it is semi-static and for
each t1 < to,

D(v(t1),7(t2)) + @(v(t1),v(t2)) = 0. (C.5)

In our considerations, if H(x,u,p) is independent of u, then
P o (T, 1) = ug + h'(zg, ), h*0M0(2,t) = ug — h'(x, 7).
By Definition [I1], we have
u(ty) = u(ty) + (z(t1), x(t2)),

which together with u(t) = L(x(t),u(t), & (t)) implies (CA) holds. By Definition[A.7, we
have

u(te) = u(ty) + ®(x(t1), z(t2)), wult1) = u(te) + @(x(t2),z(t1)),

which implies (CA) holds.
Therefore, the Aubry-Mather theory developed in present paper is compatible with the
classical case.

Remark C.8. If 0 < %—IZ < A, we have A = N. In fact, by definition, a curve
defined by (A7) is semi-static in Definition [I1. On the other hand, we verify the
inverse implication is also true. Let u_ be the unique viscosity solution of (HIl). Let
(x(+),u(-)) : R = M x R is semi-static. By Lemma [21), u(t) = u_(x(t)) for all t € R.

By [43, Lemma 4.8], (z(:),u(-)) : R = M x R satisfies (AT).
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APPENDIX D. PROOF OF LEMMA 3]

The proof is divided into three steps.
Step 1: We prove that for each ¢t € R,
v(t) —vg = u(t) — ug.
Note that vy > ug. It follows from Proposition [A.3] that for each s > 0, we have
hu’co,vo(w(t)7 S) - hxo,Uo(x(t)v 3) < Vo — Uo,
it gives rise to
u(t) == iI>1£ R w0 (x(t), s) < iI>1£ R o (2(t), 8) + v — up = u(t) + vo — uo.
We need to show that for each ¢ € R, the inequality above is an equality. By contradic-
tion, we assume that there exist tg € R, 0y, > 0 such that
hxoﬂ)o(x(to), 00) = u(ty) +vo — ug — 9. (D.1)
Denote 0(tg) := hag v, (2(t0), 00). Since vy > ug,
0(to) 2 hao,us (2(t0), 00) 2 1 g uy (2(t0), 7) = ulto).
Since (x(-),u(-)) : R — M xR is static for each ¢ € R, then inf; 0 hy (1) u(te) (T0, T) = uo-
Hence, for each £ > 0, one can find 7y > 0 such that
h:c(tg),u(tg)($0y 7'0) < wug+e. (D.Q)
Note that v(tg) > u(tp), it follows from Proposition that
Pas(to),5(t0) (205 T0) = hato) u(te) (T0, T0) < 0(to) — ulto). (D.3)
Combining (D.TJ), (D.2) and (D.3]), we have
Pa(to),5(t0) (70, T0) < Pa(to) u(to) (To, T0) + 0(to) — ulto)
< (uo +¢€) + (u(to) + vo —up — 0) — u(to)
=vg+e—06.
By Markov property, we have
g w0 (20, T0 + 00) < Rir(t9) hag g (2(t0),00) (205 T0) = Rar(t) (o) (0, To) < vo + € — 0.

Since € > 0 is arbitrary, taking 0 < e < g, we have

)
hwo,vo (330,7'0 + UO) <y — 5 (D,4)

On the other hand, we assert
v < P e (T, T0 + 00),

then vy < vy — %, which is a contradiction.
It remains to prove the assertion. By contradiction, we assume vg > hy 4, (20, T0+00)-
It follows from Markov property that

Pz 00 (205 2(T0 + 00)) < R b o (20,70-+00) (Z05 T0 + 00)
< higg v (20, To + 00) < vo.
Repeating the procedure for n times, it yields that
R w0 (20, +00) < hag v (T0, T0 + 00) < Vo,

which contradicts hgg v, (0, +00) = vg.
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Step 2: Let vs(t) = infr50 hy(s)u(s) (2(t), 7). We prove v(t) > vs(t) for each s, t € R.
For each 7 > 0, s € R, we have

P (s),0(5) (205 T) = () u(s) (20, T) < 0(s) — u(s).
By Step 1, we have v(s) — u(s) = vg — up > 0. Then
P (s),0(s) (X0, T) — V0 < hg(s),u(s) (T0, T) — o,
which implies hy () (s) (20, +00) < vy for each t € R. By Proposition 3.4]
Py () u(s) (T0, +00) = uo,

it yields that for each & > 0, there exists 71 > 0 such that hy ) () (20, 1) < vo +¢. By
Markov property and Monotonicity property, we have

Pes(s),0(s) (@) TL A+ T) < Ry 000y (20m) (T(E), T)
< hmo,vo+e($(t)’7_)
< hag(z(t), 7) + €.
It follows that
vs(t) < H;fo Pass)w(s) (@(t), 71 +7) < ir;% hag o (x(t), T) +€ = 0v(t) + €.
Since € is arbitrary, we have v(t) > v,(t) for each s,t € R.

On the other hand, we prove that v(t) < vs(t) for each s, t € R. By the definition of
v(t), for each € > 0, there exists 79 > 0 such that

hro,vo($(8)’72) < U(s) +e.
By Markov property and Monotonicity, we get
g0 (2(), T2 + T) < ha(s) g g (2(5),72) (B (), T) < Pg(s) w(s) (2(8), T) + €
It follows that
v(t) < i}% hag o (x(t), 71 +7) < i}% Pao(s),u(s)(T(t), T) + € = vs(t) +&.

Since ¢ is arbitrary, we have v(t) < vs(t) for each s,t € R. Therefore, we obtain that
for each s,t € R,

U(t) = 71_1;% hx(s),v(s) (‘T(t)7 T)' (D5)
Step 3: It suffices to show (z(t),v(t)) is a globally minimizing curve. For any t1, t2 € R,

by (D.5) we have

U(t2) = 71_1;% hm(t1),v(t1)(x(t2)7 T)’
Note that v(t) — u(t) = vg — ug > 0 for all t € R. It follows from Proposition [A.3] that

hm(tl),v(tl)($(t2)7 T) - hm(h),u(tl)(x(t?)v 7—) < U(tl) - u(tl)v
which means that

It B ),0(0) (2(E2), ) = 0(81) < 10E gay) o) (2(E2), 7) — ulty)-
Since (z(-),u(-)) : R — M x R is static, then we get
vlt2) —v(tr) = f Py, o) (2(t2), 7) —0(t1)
< f hay) uen) (@(t2), 7) = ulth) (D.6)

= u(tg) — u(tl).
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By exchanging the roles of t; and ty, we have

v(t2) — v(t1) = u(tz) — u(tr). (D.7)
If t1 < tg, it follows from (D.G]) that
v(t2) = v(t1) < ha) o) ((t2), ta —t1) —v(t1)
< h (x(tg) to — tl) — u(tl)

= U(tz) - U( 1)

which combining with m implies U(tz) h 2(ty)w(ty )(ZE(tg),tg — tl).
This completes the proof.
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