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VLASOV EQUATIONS ON DIGRAPH MEASURES

CHRISTIAN KUEHN AND CHUANG XU

Abstract. Many science phenomena are described as interacting particle systems (IPS).
The mean field limit (MFL) of large all-to-all coupled deterministic IPS is given by the solu-
tion of a PDE, the Vlasov Equation (VE). Yet, many applications demand IPS coupled on
networks/graphs. In this paper, we are interested in IPS on a sequence of directed graphs,
or digraphs for short. It is interesting to know, how the limit of a sequence of digraphs
associated with the IPS influences the macroscopic MFL. This paper studies VEs on a gen-
eralized digraph, regarded as limit of a sequence of digraphs, which we refer to as a digraph
measure (DGM) to emphasize that we work with its limit via measures. We provide (i)
unique existence of solutions of the VE on continuous DGMs, and (ii) discretization of the
solution of the VE by empirical distributions supported on solutions of an IPS via ODEs
coupled on a sequence of digraphs converging to the given DGM. Our result extends ex-
isting results on one-dimensional Kuramoto-type networks coupled on dense graphs. Here
we allow the underlying digraphs to be not necessarily dense which include many interest-
ing graphical structures such that stars, trees and rings, which have been frequently used
in many sparse network models in finance, telecommunications, physics, genetics, neuros-
cience, and social sciences. A key contribution of this paper is a nontrivial generalization of
Neunzert’s in-cell-particle approach for all-to-all coupled indistinguishable IPS with global
Lipschitz continuity in Euclidean spaces to distinguishable IPS on heterogeneous digraphs
with local Lipschitz continuity, via a measure-theoretic viewpoint. The approach together
with the metrics is different from the known techniques in Lp-functions using graphons
and their generalization via harmonic analysis of locally compact Abelian groups. Fi-
nally, to demonstrate the wide applicability, we apply our results to various models in
higher-dimensional Euclidean spaces in epidemiology, ecology, and social sciences.
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1. Introduction

Dynamical systems on networks are ubiquitous with wide applications in epidemiology,
ecology, physics, social sciences, engineering, computer science, economics, neuroscience, etc.
[36]. Networks can be dense or sparse. Almost all real world networks are sparse [31]. For
instance, social networks like friendship/collaboration network are sparse [2], since each person
is connected to a finite number m of other persons on the network of the entire population,
and such m is reasonably independent of the total population size on the earth. Generally,
these social networks are locally dense while globally sparse [38]. Particle systems with short
range interactions also form a sparse network [1].

Some network models are coupled on graphs which are undirected, since the bidirectional
interaction of two nodes is symmetric, e.g., the oscillator network [46], where these particles
can be indistinguishable. Other models admit directed network structure, e.g., the epidemic
network, where the functional response of healthy individual and unhealthy individual may be
different [36]. More importantly, these networks usually have a huge number of nodes, and it
can be intractable to study these networks analytically or numerically. Both, the heterogeneity
and density/sparsity of the network, may have a non-trivial impact on the dynamics on/of it.
Let us illustrate this point by a simple Kuramoto oscillator network [36, 43, 46]:

(1.1) φ̇i(t) = ωi +
1

N

N∑

j=1

aNi,j sin(φj(t) − φi(t)),

where ωi is the natural frequency of the i-th oscillator, and AN = (aNi,j) is the adjacency

matrix associated with a non-dense network GN of the following four types: ring, star, tree,
and ring of cliques1 (see Figure 1). These networks are widely used in modelling real-world

1A clique of a graph G is an induced subgraph of G that is complete.
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phenomena (electrical network, interbank networks, television/computer networks, genetic
network, social network) in finance, telecommunications, physics, genetics, neuroscience and
social sciences [24, 43, 38, 4]. It is noteworthy that the star network is neither sparse nor
dense while a tree network, a ring network or a ring network of cliques is sparse (all nodes
have uniformly bounded neighbors), c.f. [31] (see also Definition 3.16 and the comment that
follows in Section 3). An interesting yet natural question is: As the number N of oscillators
coupled on a graph GN tends to infinity, what is the dynamics of a typical oscillator? It is
known that the empirical distribution

µN (t) =
1

N

N∑

i=1

δφi(t),

is used to capture the dynamics of such a typical oscillator, where δφi(t) is the Dirac measure
at φi(t). The weak limit of µN (t) is the so-called mean field limit (MFL). Furthermore,
it is interesting to know how the typical dynamics of the network depends on the network
structure. In order to have some understanding of this question, it seems fundamental to
characterize the MFL of (1.1).

More generally, when the number of nodes of a sequence of graphs increases to infinity, a
dynamical system coupled on a sequence of graphs may also approach a limit system. If the
convergence is pointwise, then such a limit is the so-called continuum limit of the particle
system [33]. If the convergence is weak, then this limit is the MFL.

In the paper, we will try to address the arguably most fundamental topic regarding MFL
of networks: Well-posedness and approximation of the MFL of finite dimensional dynamical
systems on networks with heterogeneity ranging from dense to sparse. In subsequent works
that follow, we will address the question how the heterogeneity and density/sparsity have an
impact on the fine dynamics (e.g., synchronization, non-synchronization, bifurcation) of the
network, in more specific contexts (e.g., for Kuramoto oscillators).

Next, we will briefly review some of the relevant results on MFL of dynamical systems on
networks.

1.1. Brief review of MFL of networks on graph limits. Classical mathematical results
on mean field theory of interacting particle systems (IPS) can be traced back at least to
the 1970s [12, 22, 35], where the MFL of dynamical systems coming from particle physics is
studied. The relevant limit differential equation describing the MFL of the (all-to-all) coupled
particle systems is the so-called Vlasov Equation (VE) (on the complete graphs) [22, 35]. It
is worth mentioning that despite [22] and [35] addressed the same problem independently
with similar ideas, the metrics used in [22] and [35] are different: the Wasserstein metric is
used in [22] while the bounded Lipschitz metric is used in [35]. Systematic rigorous analysis
of MFL of dynamical systems coupled on heterogeneous graphs seems to appear rather late,
until the emergence of studies on limits of graph sequences [31, 29, 3]. In order to fully
understand the impact of a sequence of discrete objects (graphs) on the dynamical behavior
of the systems, one may need to find a way to represent these discrete objects in terms of
analytical forms, which has only been developed recently, e.g., by Lovász [31], Szegedy [44],
and Backhausz [3]. Most of these works focus on representing finite graphs and limit of
a sequence of dense graphs as a function, so-called graphons [44, 31]. With this analytical
representation of the discrete object, more works on MFL of dynamical systems (deterministic
or stochastic) on graphons (deterministic or random) started to appear, see e.g. [28, 5]. With
the most recent development of graphops (for precise definitions, see [3] or Section 3 below),
operator representation of graph limits which may include sparse graphs, dense graphs, and
those of intermediate density/sparsity, [25] investigated MFLs of Kuramoto networks. We
point out that thus far there have been several studies on MFLs of systems on graphons with
wide applications, in control theory [14], neural networks and machine learning [41], etc. It is
worth pointing out that [28] seems the first addressing the graphon MFL of dynamical systems



4 CHRISTIAN KUEHN AND CHUANG XU

1

2

3

4

5

6

7

8

9

10

1

2

3

4

5

6

7

8

9

10

11

1

2

4

8 9

5

10 11

3

6

12 13

7

14 15

1

4

7

10

13

16

19

22

25

28

2

5

8

11

14

17

20

23

26

29

3

6

9

12

15
18

21

24

27

30

Figure 1. Types of non-dense networks/graphs GN with N labelled nodes.
Top Left: Ring network. Top Right: Star network. Middle: Hierarchical
tree network. Bottom: Ring network of cliques of size 3. Every node of a
ring network has exactly two neighbors (degree 2). Every node except the
red central node of a star network has exactly one neighbor while the central
node has N − 1 neighbors. For the binary tree network, every node at all
levels except the first and the last has 3 neighbors while the red root node
has 2 neighbors and the blue nodes at the last level has 1 neighbor. For the
ring of cliques network, red nodes on the ring have 4 neighbors while nodes
off the ring have 2 neighbors.

introducing a fiber characteristic equation, at least in the context of Kuramoto models. In this
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paper, we will try to address the MFL problem from the viewpoint of measure theory, i.e.,
by treating the digraph limits as a measure-valued function (digraph measures as we name
below), which naturally includes limits of classes of sparse graphs. Note that it is not new to
regard limit of sparse graphs as measures [29, 3]. Nevertheless, it seems our paper is the first
to address MFL problem taking the measure analytic representation of graphs, by finding a
proper complete metric space to work with. To find a suitable complete metric space with a
good metric seems the arguably most crucial part in successfully addressing the MFL problem
with heterogeneity [28, 25].

Next, let us review two relevant papers [28, 25] in a bit more detail. In [28], by extending
Neunzert’s idea [35] and introducing a fiber characteristic equation, the aforementioned two
topics were investigated for a particular model (the Kuramoto oscillator model) coupled on
graphons with a one-dimensional circular phase space; in [25], the results of [28] were further
extended to graphops, where harmonic analysis on locally compact Abelian groups was used
to address the discretization of the graphops by graphons with kernels [25], under certain
assumptions. This paper is motivated by [35, 28, 25]. We would like to stress that the metric
for the analytical representation of graphs we use is different from [28, 25].

1.2. Contribution and main challenges. In this paper, we aim to generalize Neunzert’s
approach to study well-posedness and discretization of particle systems on arbitrary finite-
dimensional Euclidean space with a compact positively invariant subset coupled on generalized
digraphs. Despite the framework proposed in this paper is in the Euclidean space and the
underlying digraph measures are assumed to be continuous in the vertex variable, it can be
extended to IPS on Riemannian manifolds such as sphere or torus coupled on digraph meas-
ures with finite discontinuity points (see comments following the assumptions in Section 2.1
below), in a straightforward way with standard technicalities. Hence results in our paper
apply potentially to e.g., Kuramoto models of higher-order interactions [6], or the opinion
dynamics model on the sphere [15].

To provide some more intuitive understanding of digraph measures, let us revisit the graph
sequences with the above four heterogeneity types in Figure 1 and describe their weak limits
as a measure-valued function. For graphs GN with a heterogeneous structure given in one of
the four types in Figure 1, we assign uniform weight N whenever two nodes are connected
(i.e., aNij = 0 or aNij = N). These graphs can be represented either as graphons, or measure-
valued functions as proposed in this paper, both depending on the choice of the underlying
vertex space X as well as the reference measure µX assigned. To make a comparison, we list
two representations of GN in Table 1 to show the difference.

We list the limit of (GN )N∈N via different representations in Table 2. From Table 2, the
sequence of (GN )N∈N represented as measure-valued functions has a limit η on X and it
has at most three discontinuity points. In contrast, the sequence represented as graphons
WN ∈ L

p([0, 1]2) does not converge in Lp([0, 1]2) for any 1 ≤ p ≤ ∞.
We illustrate the power of our results to sparse networks via the model (1.1). Assume

(GN )N is a sequence of rings specified by (aNi,j) given in Table 1. The well-posedness as well

as the approximation of the MFL of the Kuramoto oscillator network (1.1) can be addressed
using the methods proposed in this paper with slight adjustment. To be more precise, we can
show that the mean field limit of (1.1) is given by the weak solution to the following VE:

∂ρ(t, x, φ)

∂t
+

∂

∂φ

(
ρ(t, x, φ)

(
ω + 2

∫

T

ρ(t, x, ψ) sin(ψ − φ)dψ
))

= 0, t ∈ (0, T ], x ∈ T,

(1.2)

m-a.e. φ ∈ T,

ρ(0, ·) = ρ0(·),
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Network
Type

aNij (1 ≤ i < j ≤ N) for

symmetric GN
WN X ηNx

Ring N1{1,N−1}(j − i)
∑N

i,j=1 a
N
i,j1IN

i
×IN

j
T

∑N
i=1 1AN

i
(x) 1

N

∑N
j=1 a

N
i,jδ j−1

N

Star N1{1}(i)
∑N

i,j=1 a
N
i,j1IN

i
×IN

j
[0, 1]

∑N
i=1 1IN

i
(x) 1

N

∑N
j=1 a

N
i,jδ j−1

N

Binary tree N1{i,i+1}(j − i)
∑N

i,j=1 a
N
i,j1IN

i
×IN

j
[0,1]

∑N
i=1 1IN

i
(x) 1

N

∑N
j=1 a

N
i,jδ j−1

N

Ring of
cliques





N1{1,2,3,N−3}(j − i),

if i+2
3 ∈ N,

N1{1}(j − i),

if i+1
3 ∈ N,

0, else.

∑N
i,j=1 a

N
i,j1IN

i
×IN

j
T

∑N
i=1 1AN

i
(x) 1

N

∑N
j=1 a

N
i,jδ j−1

N

Table 1. Comparison between graphon and graph measure. The unit circle

T is identified with [0, 1[ via the natural projection θ → e2πi. INi =
[
i−1
N , iN

[
,

for 1 ≤ i < N , INN =
[
N−1
N , 1

]
provides a partition for [0, 1] while ANi =

[
i−1
N , iN

[
, 1 ≤ i ≤ N , provides a partition for T.

Network Type W∞ X η∞
x

Ring – T 2δx

Star – [0, 1]

{
–, if x = 0,

δ0, if 0 < x ≤ 1,

Binary tree – [0,1]





2δ0, if x = 0,

2δ2x + δx/2, if 0 < x ≤ 1/2,

δx/2, if 1/2 < x ≤ 1.

Ring of cliques – T –

Table 2. Limit of representations of graph sequence (GN )N . Here ‘–’ stands
for the non-existence and λ is the uniform measure over [0, 1].

where m refers to the Haar measure on the circle T. Let X = T and µX = m. Using the
approach presented in this paper, one can characterize the weak limit of µNt as follows. Let

(1.3) (νNt )x =

N∑

i=1

1AN
i

(x)δφN
i

(t).

be a piecewise constant measure-valued function on X . Then formally, we can represent the
empirical distribution via an integral of the measure-valued function (νNt )x:

µNt =

∫

X

(νNt )xdµX(x).

We can show that νNt converges in a certain weak sense to the measure-valued function νt,
where (νt)x = ρ(t, x, ·)m is absolutely continuous w.r.t. m with density ρ(t, x, ·) being the
uniform weak solution to (1.2) (see Theorem C in the next Section for details), provided
(νN0 )x converges to the initial distribution (ν0)x with density ρ0(x, ·) uniformly in x ∈ X .
Hence the MFL µNt (·) converges in a certain weak sense to (

∫
X ρ(t, x, ·)µX(x))m(·), where
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the measure is well-defined via the integral of the density ρ(t, x, ·). In contrast, one fails to
capture the MFL of the oscillator network (1.1) on rings, by taking the underlying graphs
as graphons [28]. Similarly, if the sequence of the underlying networks are binary trees,
the approach presented in our paper also applies, by Table 2. This illustrates well that the
analytical way of interpreting graphs together with the metric/topology utilized does have an
impact on characterizing the dynamics of the MFL of the same network models.

Apart from the above, we like to mention that not all networks can be represented appro-
priately as measure-valued functions which admit another measure-valued function as a limit,
e.g, the sequence of stars or the sequence of rings of cliques (see Table 2). An appropriate rep-
resentation of these graph limits in a possibly larger space than the space of measure-valued
functions, is desirable. This question itself may be of independent interest in graph theory.
Moreover, it is also interesting to know, how much within the class of sparse networks can
be represented appropriately as measure-valued functions that converge to another measure-
valued function so that we may have an idea of the sharp boundary within the space of graphs
of our setup. We leave both questions for our future research.

We now comment on the condition on compact positive invariant regions. Systems without
compact positive invariant regions seem technically formidable to directly apply Neunzert’s
approach, since respective finite upper estimates via Gronwall inequalities may not be possible
without globally bounded Lipschitz functions in the vector field as assumed in [35, 28, 25].
Nonetheless, most applications, e.g. population models or chemical models of mass-action
kinetics are only locally Lipschitz but not globally Lipschitz, yet most of these dynamical
systems naturally admit a compact positively invariant subset (e.g., the density of population
or concentration of chemical species is reasonably bounded for all times). More importantly,
MFL of these models arising in diverse areas of science, e.g., population biology, molecular
biology, chemistry, etc, are interesting. Hence for the sake of the practitioners in these areas,
rather than introducing more crude techniques (e.g., by restricting the entire phase space to
be a large ball in the Euclidean space while controlling density flux leaving certain area in a
subtle way) we utilize the compactness of a positively invariant subset and confine the initial
distributions of the mean field equations to be supported on this subset.

Other than the above technical challenge, the arguably biggest difficulty which reflects
the novelty of this paper lies in the generalization from a dense graph (graphon) to a graph
limit that is not necessarily dense. As pointed out in [33], no matter for continuum limit
or mean field limit, the absolute continuity of underlying graph measures (i.e., a graphon-
type assumption or an approximation by graphons), was crucial for all the previous Vlasov
equations derived on graphs. It is believed [33] that results in [28] cannot be extended to
cases, where absolute continuity fails. The reason for this is that convergence results as in
[28] are established based on approximation theory of Lp-functions, and the existence of an
Lp-integrable kernel is precisely the Lp-graphon. That means the approach in dealing with
the approximation of VEs in [28] cannot be extended in any direct way. To overcome, or
rather get round this difficulty, tools from harmonic analysis for operators on locally compact
Abelian groups were used in [25]. They successfully reduced the problem for graphops, which
may not admit a kernel to the situation dealt with in [28], since under certain assumptions,
graphops can be approximated by graphons, and thus the approximation problem can be
solved. However, in general situations, the assumptions in [25] are not always easy to verify.

As highlighted before, a natural analytical representation of the graph limit to work with
in the context of dynamical systems is crucial and desirable. A smart choice of a complete
metric space together with a good metric for the graph limits represented analytically to lie
in is not trivial. To address this challenge, we consider in this paper graph limits purely from
the perspective of measure theory: We regard a graph limit as a measure valued bounded
(continuous) function. In doing so, the continuity on the vertex variable of the generalized
graphs, the so-called digraph measures (DGMs) (see Section 3 for the precise definition), is
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sufficient to guarantee well-posedness as well as discretization of Vlasov Equations on the
DGMs. For the discretization result, we build upon the recently established results on de-
terministic empirical approximation of measures on Euclidean spaces [48, 17]. We also point
out that the IPS we study allow for distinguishable particles in terms of a directed generalized
graph, whereas indistinguishable particles seem predominant in the literature where graphs
are assumed to be symmetric.

Once we have successfully addressed the two main technical challenges, we carefully demon-
strate how to apply our results to a wide variety of models ranging from epidemiology, ecology
to social sciences (see Section 6).

1.3. Comparison with works in the literature. We also compare our paper with the two
aforementioned most relevant papers [28, 25], from the technical perspective.

• In [28], the model is one dimensional and posed on a single underlying general-
ized graph, which is symmetric and absolutely continuous (i.e., the graphon case
is covered). In [25], the single underlying generalized graph is also symmetric (a cer-
tain class of graphops) with uniformly bounded fiber measures. In contrast, the main
results in this paper hold for multiple generalized digraphs which potentially are not
symmetric.

• The topology utilized in [25] which seems not easily metrizable, is also different from
the uniform weak topology defined in this paper. Furthermore, the space of solutions
of the VE is larger than those in [28], where all fiber measures (νt)x of the probability
solutions of the VE are assumed to be probabilities (with normalized total variation
norm) on the state space of the model. Indeed, (νt)x stands for the distribution of
particles at a location x, and in general particles may not be homogeneously distrib-
uted over all locations, e.g., one can even find no particles on certain locations in a
sparse graph.

• The reference probability measure on the vertex space X is the Lebesgue measure on
[0, 1] [28] or the Haar measure on a locally compact Abelian group [25]. In contrast,
in our work the reference measure is not necessarily absolutely continuous w.r.t. the
Lebesgue measure on the Euclidean space. Instead, the reference measure can be
singular and discrete (see the examples in Section 5). This demonstrates yet another
advantage of the measure-theoretic viewpoint.

• The local Lipschitz continuity of functions assumed in this paper is weaker than the
global ones generally assumed, e.g. in [28, 25]. Such local Lipschitz assumptions are
the only available ones in many applications (see Section 6).

In summary, we believe that a measure-theoretic approach can be extremely helpful to study
a very large variety of IPS on graphs, as it exploits a natural analytical viewpoint of graph
limits [3], namely studying the graph limit purely via fiber measures.

2. Overview of the main results

Here, we first provide an informal overview of the assumptions and the main results of this
paper. We also outline the general strategy in a bit more detail. Precise results will be stated
in Sections 4-5.

2.1. Summary of main results.

Assumptions. Let T = [0, T ] be the time domain of the dynamics for some T > 0, and
r1, r2, r ∈ N. Let m be the Lebesgue measure on Rr2 . Let B(X) be the Borel sigma algebra of a
metric spaceX , and M+(X) the space of all finite signed Borel measures on X . Let B(X1, X2)
(C(X1, X2), respectively) the space of bounded measurable (continuous, respectively) X2-
valued functions on the space X1. To provide the basic setup, we need to specify assumptions
regarding the vertex space X of the DGM η, the vertex dynamics phase space Y , the vector
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field h for the vertex dynamics, the interaction forces gi among different vertices, and the
nonlocal mapping V defining the VE. Our goal is to construct a measure-valued solution νt
to the VE and prove an approximation theorem of the VE via finite-dimensional ODEs. To
achieve this, we make the following assumptions.

(A1) (X,B(X), µX) is a compact Polish probability space equipped with metric induced by
the ℓ1-norm of Rr1 ⊇ X .

(A2) (t, ψ, φ) 7→ gi(t, ψ, φ) ∈ Rr2 is continuous in t ∈ T , and locally Lipschitz continuous
in (ψ, φ) ∈ R2r2 uniformly in t, i.e., for every (ψ, φ) ∈ R2r2 , there exists a neighbourhood
(ψ, φ) ∋ N ⊆ R2r2 such that

sup
t∈T

sup
(ψ1, φ1) 6= (ψ2, φ2),

(ψ1, φ1), (ψ2, φ2) ∈ N

|gi(t, ψ1, φ1) − gi(t, ψ2, φ2)|
|(ψ1, φ1) − (ψ2, φ2)| < ∞.

(A3) (t, x, φ) 7→ h(t, x, φ) ∈ Rr2 is continuous in t ∈ T , and locally Lipschitz continuous
in φ ∈ Rr2 uniformly in (t, x), i.e., for every φ ∈ Rr2 for some r2 ∈ N, there exists a
neighbourhood φ ∋ N ⊆ Rr2 such that

sup
t∈T

sup
x∈X

sup
φ1 6= φ2,

φ1, φ2 ∈ N

|h(t, x, φ1) − h(t, x, φ2)|
|φ1 − φ2| < ∞.

(A4) η = (η1, . . . , ηr) ∈ (B(X,M+(X)))r.

(A4)′ η = (η1, . . . , ηr) ∈ (C(X,M+(X)))r.

(A5) ν· ∈ C(T ,BµX ,1(X,M+(Rr2 ))) is uniformly compactly supported in the sense that there
exists a compact set Eν·

⊆ Rr2 such that ∪t∈R ∪x∈X supp (νt)x ⊆ Eν·
.

(A6) There exists a convex compact set Y ⊆ Rr2 2 such that for all ν· satisfying (A5) uniformly
supported within Y , the following inequality holds:

V [η, ν·, h](t, x, φ) · υ(φ) ≤ 0, for all t ∈ T , x ∈ X, φ ∈ ∂Y,

where ∂Y = Y ∩ Rr2 \ Y , υ(φ) is the outer normal vector at φ, and

(2.1) V [η, ν·, h](t, x, φ) =
r∑

i=1

∫

X

∫

Rr2

gi(t, ψ, φ)d(νt)y(ψ)dηix(y) + h(t, x, φ),

t ∈ T , x ∈ X, φ ∈ Rr2

(A7) (t, x, φ) 7→ h(t, x, φ) ∈ Rr2 is is continuous in x uniformly in φ:

lim
|x−y|→0

sup
φ∈Y

|h(t, x, φ) − h(t, y, φ)| = 0, t ∈ T ,

where Y is the compact set given in (A6). Moreover, h is integrable uniformly in x:
∫ T

0

∫

Y

sup
x∈X

|h(t, x, φ)|dφdt < ∞.

Let us provide some intuitive explanation for these assumptions. Assumption (A1) means
that the underlying generalized digraphs (DGMs) have the same compact vertex space X .
Such compactness is used in establishing discretization of DGMs. Note that if different DGMs
ηi have different vertex spaces X i ⊆ Rr1,i , then one can take X = ∪ri=1X

i ⊆ Rr1 with
the metric induced by the ℓ1-norm of Rr1 with r1 = max1≤i≤r r1,i. Assumptions (A2)-
(A3) are the standard Lipschitz conditions for the well-posedness of (non-local) ODE models.

2Here r2 is the smallest dimension l such that Y ⊆ Rl.
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Assumption (A4) means that we interpret the graphs as measure-valued functions; note
that we can think of ηx as describing the local edge density or connectivity near vertex
x. Next, we need the assumption for the approximation of the VE (i.e., the mean field
equation for the IPS) that the family of graph measures ηx are continuous in the vertex
variable x, which is encoded in assumption (A4)′ (essentially used in Lemma 5.6). We
would like to remark that (A4)′ is indeed not crucial for the approximation results. One can
relax this assumption by allowing x 7→ ηix (i = 1, . . . , r) to have finitely many discontinuity
points. Nevertheless, for the ease of exposition and to avoid arousing further difficulty in
understanding the approximation, we only present the result under the continuity assumption
(A4)′. In fact, such regularity condition does not exclude interesting situations, where the
graph limits can be sparse, dense, or neither sparse nor dense (see the examples in Sections 3
and 5). Assumption (A5) ensures the uniform boundedness of the time-dependent measures νt
in total variation norm, which is used to establish the well-posedness of the non-local equation
(2.2) of characteristics (see Theorem 4.3 below). Assumption (A6) is Bony’s condition [11]
(also called Nagumo’s condition [34]) for the existence of a compact positively invariant subset
Y of the equation of characteristics; for vast research on this classical topic of independent
interest, c.f., [11, 13, 49, 26, 39, 21, 32, 18, 16] and [47, Chap.10]. The compactness of Y in
(A6) is required in (A5) for bounds of νt. Assumption (A7) is technical, used to establish
the continuous dependence of solutions to the VE on h (see Proposition 4.5).

Equation of characteristics. Under (A1)-(A5), the Vlasov operator V given in (2.1) is well
defined.

Let t0 ∈ T and φ0 ∈ B(X,Rr2). For every x ∈ X , consider the following IVP of a measure-
induced differential equation

(2.2)
∂

∂t
φ(t, x) = V [η, ν·, h](t, x, φ), t ∈ T , φ(t0, x) = φ0(x).

The IVP of (2.2) confined to a finite time interval T is the so-called equation of characteristics
(or characteristic equation). When the underlying space X is finite, and the measures (νt)x
and ηix for all x ∈ X are finitely supported, (2.2) becomes a system of ODEs coupled on a
finite set of directed graphs in terms of {ηi}1≤i≤r. Hence, the characteristic equation forms
an intermediate bridge between a finite-dimensional IPS and the Vlasov equation, effectively
containing the information about both systems. The well-posedness of (2.2) is standard from
ODE theory.

Theorem A. Assume (A1)-(A5). Let φ0 ∈ B(X ;Rr2). Then for every x ∈ X and
t0 ∈ T , there exists a solution φ(t, x) to the IVP of (2.2) with φ(t0, x) = φ0(x) for all

t ∈ (T x,t0min , T
x,t0
max) ∩ T with (T x,t0min , T

x,t0
max) ⊆ R being a neighbourhood of t0 such that

(i) either (i-a) T x,t0max > T or (i-b) T x,t0max ≤ T and limt↑Tx,t0
max

|φ(t, x)| = ∞ holds, and

(ii) either (ii-a) T x,t0min < 0 or (ii-b) T x,t0min ≥ 0 and limt↓Tx,t0
min

|φ(t, x)| = ∞ holds.

In addition, assume (A6) and ν· is uniformly supported within Y , then (T x,t0min , T
x,0
max) ∩ T = T

for all x ∈ X, and there exists a set
{

Sxt,s[η, ν·, h]
}
t,s∈T of transformations forming a group

on Y such that
φ(t, x) = Sxt,s[η, ν·, h]φ(s, x), for all s, t ∈ T .

As a next step, we try to link the characteristic equation to the mean-field Vlasov equation.
Since

{
Sxt,s
}
t,s∈[0,+∞)

is a group, from Theorem 4.3, we have for all x ∈ X ,

(Sxt,0[η, ν·, h])−1 = Sx0,t[η, ν·, h], t ∈ T .
The pushforward under the flow Sxt,0[η, ν·, h] of an initial measure (ν0)x ∈ BµX ,1(X,M+(Y ))
defines another time-dependent measure in BµX ,1(X,M+(Y )) via the following fixed point
equation

Axν·(t) = (νt)x = (ν0)x ◦ Sx0,t[η, ν·, h], t ∈ T .
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In particular, if ν· ∈ C(T ,BµX ,1(X,M+,abs(R
r2 ))), then ν· ∈ C(T ,BµX ,1(X,M+,abs(Y ))) by

the positive invariance of Y . Hence the Vlasov operator can be represented in terms of the

density ρ(t, y, φ) : =
d(νt)y(φ)
dµX(y)dφ for every t ∈ T :

(2.3) V̂ [η, ρ(·), h](t, x, φ) =

r∑

i=1

∫

X

∫

Y

gi(t, ψ, φ)ρ(t, y, φ)dψdηix(y) + h(t, x, φ).

Let

L
1
+(X × Y, µX ⊗ m) = {f ∈ L

1(X × Y, µX ⊗ m) :

∫

X×Y
fdµXdm = 1},

be the space of densities of probabilities on X × Y . Conversely, for every function ρ : T →
L1

+(X × Y, µX ⊗ m),

d(νt)y(φ) = ρ(t, y, φ)dµX(y)dφ

defines ν· ∈ B(T ,BµX ,1(X,M+(Y ))). Hence (2.3) can be transformed to the Vlasov operator
(2.1) in terms of ν·.

Let ρ0 : X × Y → R+ be continuous in x for m-a.e. φ ∈ Y , and integrable in φ for every
x ∈ X such that ∫

X

∫

Y

ρ0(x, φ)dφdµX = 1.

Consider the VE

∂ρ(t, x, φ)

∂t
+ divφ

(
ρ(t, x, φ)V̂ [η, ρ(·), h](t, x, φ)

)
= 0, t ∈ (0, T ], x ∈ X, m-a.e. φ ∈ Y,(2.4)

ρ(0, ·) = ρ0(·).
With the above assumptions and under appropriate metrics, one can show that the operator
A = (Ax)x∈X : C(T ,BµX ,1(X,M+(Y ))) → C(T ,BµX ,1(X,M+(Y ))) is a contraction. Using
the Banach fixed point theorem, it follows that the unique solution ν· to the fixed point
equation exists. The fixed point equation was named by Neunzert [35] the generalized VE,
since in particular, (νt)x is absolutely continuous for all x ∈ X with its density solving the
VE (2.4), provided the initial measure (ν0)x is so for all x ∈ X . Hence we obtain the well-
posedness of the VE (2.4).

Theorem B. Assume (A1)-(A4) and (A6). Assume ρ0(x, φ) is continuous in x ∈ X for
m-a.e. φ ∈ Y such that ρ0 ∈ L1

+(X × Y, µX ⊗ m), then there exists a unique uniformly weak

solution3 to the IVP of (2.4) with initial condition ρ(0, x, φ) = ρ0(x, φ), x ∈ X, φ ∈ Y .

Based on (A1)-(A7) with (A4) replaced by (A4)′, we also establish continuous dependence
of solutions to the fixed point equation on the underlying DGMs ηi for i = 1, . . . ,m, on the
initial measure ν0, as well as on function h (see Proposition 4.5 in Section 4). Using this result
combined with the recently established results on deterministic empirical approximation of
positive measures [48, 17] (Lemma 5.4), we establish the discretization of solutions of VE
over finite time interval T by a sequence of discrete ODE systems coupled on finite graphs
converging weakly to the DGMs ηi.

Indeed, for any ν0 ∈ C(X,M+(Y )) and η satisfying (A4)′, by Lemmas 5.4-5.6 in Section 5,
there exists

• a partition {Ami }1≤i≤m of X and points xmi ∈ Ami for i = 1, . . . ,m, for every m ∈ N,
• a sequence {ϕm,n(i−1)n+j : i = 1, . . . ,m, j = 1, . . . , n}n,m∈N ⊆ Y and {am,i : i = 1, . . . ,

m}m∈N ⊆ R+,

• a sequence {yℓ,m,n(i−1)n+j : i = 1, . . . ,m, j = 1, . . . , n}m,n∈N ⊆ Y and {bℓ,m,i : i = 1, . . . ,

m}m∈N ⊆ R+, for ℓ = 1, . . . , r,

3See Definition 4.6.
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such that

lim
m→∞

lim
n→∞

d∞(νm,n0 , ν0) = 0,

lim
m→∞

lim
n→∞

d∞(ηℓ,m,n, η) = 0, ℓ = 1, . . . , r,

lim
m→∞

∫ T

0

∫

Y

sup
x∈X

|hm(t, x, φ) − h(t, x, φ)| dφdt = 0,

where

(νm,n0 )x : =
m∑

i=1

1Am
i

(x)
am,i
n

n∑

j=1

δϕm,n

(i−1)n+j
, x ∈ X,(2.5a)

ηℓ,m,nx : =

m∑

i=1

1Am
i

(x)
bℓ,m,i
n

n∑

j=1

δyℓ,m,n

(i−1)n+j

, x ∈ X,(2.5b)

hm(t, z, φ) =

m∑

i=1

1Am
i

(z)h(t, xmi , φ), t ∈ T , z ∈ X, φ ∈ Y.(2.5c)

Here we provide some heuristic intuition on how to understand the above approxima-
tions. Let us take η for an example (the other approximation for ν· is analogous). Note that
{Ami }1≤i≤m is a partition of X with uniformly vanishing diameter sup1≤i≤m DiamAmi → 0
as m → ∞. Since x 7→ ηx is continuous, we have sup1≤i≤m supx,x′∈Am

i
dBL(ηx, ηx′) is small

for large m, and one can choose any point xmi in Ami so that ηxm
i

is a representative for all
fiber measures ηx for x ∈ Ami . Then given m ∈ N, for every n ∈ N, one can look for uniform
n-approximations (i.e., the deterministic empirical approximation with at most n atoms) of

the finite positive measure ηxm
i

for each i, which is
bℓ,m,i

n

∑n
j=1 δyℓ,m,n

(i−1)n+j

, where bℓ,m,i is the

averaged total mass of ηℓx for x ∈ Ami provided Ami is not a µX -measure zero set, and is the
total mass of ηℓxm

i
otherwise. Equivalently, due to continuity of η, 1

n

∑n
j=1 δyℓ,m,n

(i−1)n+j

is a de-

terministic empirical approximation of the probability measure 1
bℓ,m,i

ηℓxm
i

, provided ηℓxm
i

is not

degenerate (i.e., bℓ,m,i 6= 0). The possibility that one can always construct such an approx-
imation for a probability measure in the Euclidean space is guaranteed by recent works on
deterministic empirical approximation of probabilities [17, 48]. This is why the approximation
seems different from those in e.g. [28], since all fiber measures ηx are probabilities therein
and the partition of X = [0, 1] is uniform (i.e., µX(Ami ) = 1/m for all i = 1, . . . ,m, where µX
is the Lebesgue measure on X).

Based on the above discretization of measures and functions, consider the following IVP
of a coupled ODE system:

(2.6) φ̇(i−1)n+j = Fm,ni (t, φ(i−1)n+j ,Φ), 0 < t ≤ T, φ(i−1)n+j(0) = ϕ(i−1)n+j ,

i = 1, . . . ,m, j = 1, . . . , n,

where Φ = (φ(i−1)n+j)1≤i≤m,1≤j≤n and

Fm,ni (t, ψ,Φ) =

r∑

ℓ=1

m∑

p=1

am,ibℓ,m,p
n2

n∑

j=1

1Am
p

(yℓ,m,n(i−1)n+j)

n∑

q=1

gℓ(t, ψ, φ(p−1)n+q) + hm(t, xmi , ψ).

For t ∈ T , let φm,n(t) = (φm,n(i−1)n+j(t)) be the solution to (2.6). Define the time-dependent

measures generated by the solutions to (2.6):

(2.7) (νm,nt )x : =
m∑

i=1

1Am
i

(x)
am,i
n

n∑

j=1

δφm,n

(i−1)n+j
(t), x ∈ X.
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Theorem C. Assume (A1)-(A3), (A4)′, (A6)-(A7). Assume ρ0(x, φ) is continuous in
x ∈ X for m-a.e. φ ∈ Y such that ρ0 ∈ L1

+(X × Y, µX ⊗ m) and

sup
x∈X

‖ρ0(x, ·)‖L1(Y,m) < ∞.

Let ρ(t, x, φ) be the uniformly weak solution to the VE (2.4) with initial condition ρ0. Let ν· ∈
C(T ; BµX ,1(X,Mabs(Y ))) be the measure-valued function defined in terms of the uniformly
weak solution to (2.4):

d(νt)x = ρ(t, x, φ)dφ, for every t ∈ T and x ∈ X.

Then νt ∈ C(T , CµX ,1(X,M+(Y ))). Moreover, let νm,n0 ∈ BµX ,1(X,M+(Y )), ηℓ,m,n ∈
B(X,M+(Y )), and hm ∈ C(T × X × Y,Rr2) be defined in (2.5), and νm,n· be defined in
(2.7). Then

lim
n→∞

d∞(νm,nt , νt) = 0.

Finally we are going to apply the above main results to models in epidemiology, ecology,
and social sciences (see Section 6).

2.2. Brief description of methods. Here we provide a new perspective from measure the-
ory rather than utilizing operator-theoretic methods from functional analysis. Instead of using
the weak topology of the space of measures on the product space, we introduce the so-called
uniform weak topology in terms of the uniform metric which induces this slightly stronger
topology (than the weak topology). We then define the uniform weak solution to the VE,
and show that the solution of a fixed point equation (in the sense of Neunzert [35]), coin-
cides with the solution of the VE, provided the initial distribution is absolutely continuous.
Such an approach can be viewed as a generalization of Neunzert’s in-cell-method [35]. With
this new setup, the additional assumption of continuity of solutions to the VE required in
[25] is proved, via the Banach fixed point theorem by confining the contraction operator to
the subclass C(T , CµX ,1(X,M+(Y ))) of continuous in time measure-valued functions which
is continuous in the vertex variable (see Proposition 4.4). We mention that to show this
contraction operator from the space C(T , CµX ,1(X,M+(Y ))) to itself is technically very chal-
lenging, since the pushforward of a given initial measure under the flow of the equation of
characteristics may not necessarily define an operator from a space of spatially continuous
measure-valued functions to the space itself.

A second difficulty comes from the compactness barrier. On the one hand, the compactness
of the underlying phase space is technically crucial in [28, 25], where this compactness con-
dition is automatically fulfilled since the phase space is the unit circle. The technical reason
for this assumption is that the arguments require a global bounded Lipschitz condition of
the functions appearing in the vector field of the dynamical systems. On the other hand,
Neunzert’s approach requires that the measure under the pushforward solution map (flow)
again lies in the space of measures supported on the same phase space, so that the operator is
from one metric space to the same metric space in order for the Banach fixed point theorem to
apply. That explains, why Neunzert’s method cannot immediately apply to Euclidean spaces,
which are not compact. Most importantly, this might explain why Neunzert’s approach has
rarely been generalized to other models than the Kuramoto type models, since other models
e.g., the epidemic models of mass-action kinetics for disease transmission and competition
models have local but not global Lipschitz functions in the vector field. We mention that as
Neunzert pointed out [35], as long as the functions in the vector field is not globally Lipschitz,
the solution to the VE may only exist for a finite maximal time locally (which in general is
numerically unknown). We deal with these problems by working on positively invariant com-
pact subsets of the phase space. We then carefully extend the approach in several different
arguments, e.g., by showing the absolute continuity of solutions of the generalized VE (i.e.,
the fixed point equation) via Rademacher’s change of variables’ formula, which classically
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also holds only on the entire Euclidean space. Then we construct the fixed point equation by
taking initial distributions supported on the positively invariant compact subset. In this way,
we overcome the above two difficulties.

In addition, there is another difficulty in the approximation of solutions to the VE. In
[28], the martingale convergence theorem is applied to the Hilbert space of L2-integrable
functions (graphons). In [25], such approximation relies on certain technical assumptions in
harmonic analysis from the viewpoint of operators (existence of summability kernels), which
are crucial for approximation of L1-integrable functions on locally compact Abelian groups.
However, for graphs which are not dense (with an L2 kernel) or graphops which are not limit
of graphons (e.g., when X is not simply the unit interval and µX the Lebesgue measure), the
two approaches aforementioned fail to help. In this paper, we use the continuity of DGMs
as well as the recently established results on uniform approximation of positive measures
[17, 48] (Proposition 5.1) combined with partitions of Euclidean space (Lemma 5.4) to derive
an approximation of the initial distribution of the VE as well as the DGMs (Lemma 5.5 amd
Lemma 5.6).

Outline of the paper. In the next section, we introduce notation, recall preliminaries on
metric spaces, measure theory, and graph theory, and establish properties of several spaces
of measure-valued functions, which play a crucial role in setting up the problem. The results
are subsequently used to obtain continuity properties of flows of characteristic equations. In
Section 4, we establish continuity and then also Lipschitz continuity of the vector field as well
as the flow of the equation of characteristics. In Section 5, we provide specific approximation
schemes for measure-valued continuous functions for several underlying vertex spaces, e.g.,
[0, 1], T1, S2, and [0, 1]2. Moreover, we provide discretization of VE on DGMs. In Section 6,
the main results are applied to models in epidemiology, ecology, and social sciences. A brief
discussion including possible future research topics is presented in Section 7. The proofs of
main results are contained in Section 8. Finally, proofs of propositions and lemmas as well as
a quadratic Gronwall inequality are appended.

3. Preliminaries

Notation. Let R+ be the set of nonnegative real numbers. For every x ∈ R, let ⌊x⌋, ⌈x⌉, and
〈x〉 ∈ R/Z be the largest integer not exceeding x, the smallest integer not smaller than x, and
the fractional part of x, respectively. For i = 1, 2, let Xi be a complete subspace of a finite
dimensional Euclidean space endowed with the metric di induced by the ℓ1-norm | · |. For
instance Xi can be a sphere or a torus in which case the metric induced by | · | is equivalent to
the standard geodesic distance on Xi. For i = 1, 2, let πi denote the natural projection onto
the i-th coordinate of the product space X1 ×X2. For any k ∈ N and x ∈ Rk, let |x| denote
the 1-norm of x, δx denote the Dirac measure at x, and m be the Lebesgue measure on Rk;

here we omit the dependence of m on the dimension k. For any set A ⊆ Rk, let A and
◦
A

denote its closure and interior, respectively. Let DiamA : = supx,y∈A |x − y| be its diameter
(for convention, DiamA = 0 if #A ≤ 1). We use λ|A to denote the uniform (probability)
measure over A whenever appropriate (e.g., when A is either bounded but uncountable or
finite and countable). Let 1A be the indicator function on A. Let B ⊆ Rk. We say A is

compactly embedded in B and denoted A ⊂⊂ B if A ⊆
◦
B.

Spaces of functions on metric spaces. A function f : X1 → X2 is bounded if f(X1) ⊆ X2

is bounded. Let (B(X1, X2), d∞) be the space of bounded measurable functions f : X1 → X2

equipped with the uniform metric

d∞(f, g) = sup
x∈X1

d2(f(x), g(x)).
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Let C(X1, X2) (Cb(X1, X2), C0(X1, X2), respectively) be the space of continuous functions
(bounded continuous functions, continuous functions with compact support, respectively)
from X1 to X2 equipped with the same uniform metric. Recall that both (B(X1, X2), d∞)
and (Cb(X1, X2), d∞) are complete provided (X2, d2) is a complete metric space. Hence
C(X1, X2) = Cb(X1, X2) is complete provided X1 is compact.

Let L(X1, X2) : = {g ∈ C(X1, X2) : L(g) = supx 6=y
d2(g(x),g(y))
d1(x,y) < ∞} be the space of

Lipschitz continuous functions from X1 to X2. Hence BL(X1, X2) = B(X1, X2) ∩ L(X1, X2)
denotes the space of bounded Lipschitz continuous functions. In particular, when X2 = R, we
suppressX2 in B(X1, X2) and simply write B(X1). Similarly, we write C(X1) for C(X1,R), etc.
Let B1(X1) = {g ∈ B(X1) : ‖g‖∞ = supx∈X1

|g(x)| ≤ 1}, L1(X1) = {g ∈ L(X1) : L(g) ≤ 1},
and BL1(X1) = {g ∈ BL(X1) : BL(g) = ‖g‖∞ + L(g) ≤ 1}.

Measure theory. Let i = 1, 2. With a Borel (probability) measure µXi on Xi, (Xi,B(Xi),
µXi ) becomes a Polish (probability) measure space. Let M+(Xi) be the set of all finite
positive Borel measures on Xi and P(Xi) the set of all Borel probability measures on Xi. Let
M+,abs(Xi) ⊆ M+(Xi) the set of finite positive absolutely continuous measures w.r.t. µXi .
Let L1(Xi, µXi) denote the set of integrable functions w.r.t. µXi . For every µ ∈ M+(Xi), let
suppµ be the support of µ. For f ∈ Cb(Xi), denote

µ(f) =

∫

Xi

fdµ.

Recall for µ1, µ2 ∈ M+(Xi), µ1 is absolutely continuous with respect to µ2 and denoted
µ1 ≪ µ2, if µ2(A) = 0 implies that µ1(A) = 0 for all A ∈ B(Xi).

Definition 3.1. Given a set A ⊆ X2
1 . The set A∗ = {(x, y) ∈ X2

1 : (y, x) ∈ A} is called the
dual of A.

Definition 3.2. Given a measure η ∈ M+(X2
1 ). The measure η∗ defined by

η∗(A) = η(A∗), ∀A ∈ B(X2
1 ),

is called the dual of η.

Measure metrics. For every η ∈ M+(X1), let

‖η‖TV = sup
A∈B(X1)

η(A) = η(X1)

be the total variation norm of η. Recall that ‖ · ‖TV is a norm for the Banach space of all
finite signed Borel measures [9].

The total variation norm induces the total variation metric:

dTV(η1, η2) = sup
A∈B(X1)

|η1(A) − η2(A)| = sup
f∈B1(X1)

∫
fd(η1 − η2), η1, η2 ∈ M+(X1).

For every η ∈ M+,abs(X1), let ρη : = dη
dµX1

denote the Radon-Nikodym derivative w.r.t.

the reference measure µX1 .

Proposition 3.3. For every η1, η2 ∈ M+,abs(X1),

dTV(η1, η2) = 1
2 sup
f∈B1(X1)

∣∣∣∣
∫

X1

f(x)(ρη1 − ρη2 )dµX1 (x)

∣∣∣∣ = 1
2 ‖ρη1 − ρη2 ‖L1(X1,µX1 ).

Proof. The proof is standard assuming η1 and η2 are probabilities [40]. Following a similar
argument as in [40], we rigourously prove this conclusion without this assumption. Let A =
{ρη1 > ρη2 }. Let g = 1A − 1X1\A. By definition, ‖g‖∞ ≤ 1.

dTV(η1, η2) ≥|η1(A) − η2(A)|(3.1)

= 1
2

∫

X1

(ρη1 − ρη2 )gdµX1
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= 1
2 sup
f∈B1(X1)

∣∣∣∣
∫

X1

f(x)(ρη1 − ρη2 )dµX1 (x)

∣∣∣∣

≥ sup
B∈B(X1)

|η1(B) − η2(B)| = dTV(η1, η2),(3.2)

where (3.2) holds since

|η1(B) − η2(B)| = 1
2

∣∣∣∣
∫

X1

(1B − 1X1\B)(ρη1 − ρη2)

∣∣∣∣

and |1B − 1X1\B| ≤ 1. In summary, we have shown that the two inequalities (3.1) and (3.2)
are also equalities. �

Define the bounded Lipschitz norm (on the space of all finite signed Borel measures):

‖ν‖BL : = sup
f∈BL1(X1)

∫

X1

fdν, ν ∈ M+(X1),

which induces the bounded Lipschitz distance: For ν1, ν2 ∈ M+(X1),

dBL(ν1, ν2) = sup
f∈BL1(X1)

∫
f(x)d(ν1(x) − ν2(x)).

In particular, if ν1(X1) = ν2(X1), then dBL is equivalent to the Kantorovich-Rubinstein metric
[9]:

dKR(ν1, ν2) = sup
f∈L1(X1)

∫
f(x)d(ν1(x) − ν2(x))

such that

dBL(ν1, ν2) ≤ ν1(X1)−1dKR(ν1, ν2) ≤ 2 min{dBL(ν1, ν2), dTV(ν1, ν2)}.
Moreover, dBL also metrizes the weak-∗ topology on M+(X1) [9, Theorem 8.3.2] and (M+(X1),
dBL) is a Polish space [9, Theorem 8.9.4].

Relation between measures on product spaces and measure-valued functions. The
reference measure of the product space X1 ×X2 is µX1 ⊗ µX2 via Carathéodory’s extension.
For every η ∈ M+(X1 ×X2) such that its first marginal η ◦ π−1

1 ≪ µX1 ,

η = µX1 ⊗ ηx

is understood in the integral sense [10, Chap.1]:
∫

X1×X2

fdη =

∫

X1

∫

X2

f(x, y)dηx(y)dµX1 (x), ∀f ∈ Cb(X1 ×X2),

where ηx is called the fiber measure.
When X1 is compact, we have Cb(X1,M+(X2)) = C(X1,M+(X2)). Let

BµX1 ,1
(X1,M+(X2)) = {η ∈ B(X1,M+(X2)) : ‖ηx(X2)‖L1(X1,µX1 ) = 1}.

Analogously, let CµX1 ,1
(X1,M+(X2)) = C(X1,M+(X2)) ∩ BµX1 ,1

(X1,M+(X2)).
By Proposition 3.6 below, one can identify every η ∈ B(X1,M+(X2)) with a finite measure

µX1 ⊗ ηx ∈ M+(X1 × X2), and η ∈ BµX1 ,1
(X1,M+(X2)) with a finite measure µX1 ⊗

ηx ∈ P(X1 × X2). Nevertheless, since the metric d∞ defined in (3.3) below is stronger than
dBL inducing the weak topology on M+(X1 × X2), two measure-valued functions η1, η2 ∈
BµX1

(X1,M+(X2)) identify with a same finite measure in M+(X1 ×X2) provided µX1 ({η1 6=
η2}) = 0. Hence, we will slightly abuse any measure-valued function η ∈ B(X1,M+(X2)) for
a measure µX1 ⊗ ηx in M+(X1 ×X2).

Therefore, every function in BµX1 ,1
(X1,M+(X2)) can be identified with a probability

measure in P(X1 × X2), i.e., BµX1 ,1
(X1,M+(X2)) →֒ P(X1 × X2). Analogously, we have

B(X1,M+(X2)) →֒ M+(X1 ×X2), etc.
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For η ∈ B(X1,M+(X2)), let

‖η‖ = sup
x∈X1

‖ηx‖TV.

Hence given η1, η2 ∈ B(X1,M+(X2)), define the uniform bounded Lipschitz metric:

(3.3) d∞(η1, η2) = sup
x∈X

dBL(η1
x, η

2
x).

Since (M+(X2), dBL) is complete, both B(X1,M+(X2)) and C(X1,M+(X2)) equipped with
the uniform bounded Lipschitz metric are complete.

We simply denote ηix for (ηi)x, and write dBL for the Lipschitz bounded metric for M+(X1×
X2).

In the following proposition, we compare the uniform bounded Lipschitz distance between
two measure-valued functions η1, η2 ∈ B(X1,M+(X2)) as well as the bounded Lipschitz
distance of the two measures in M+(X1 ×X2) identified with η1, η2.

Proposition 3.4. Let η1, η2 ∈ B(X1,M+(X2)). Then

d∞(η1, η2) ≥ dBL(η1, η2).

In other words, the convergence induced by the uniform bounded Lipschitz metric is no weaker
than the weak convergence.

Proof. For any f ∈ BL(X1 ×X2), x ∈ X1, we have f(x, ·) ∈ BL(X2). Note that

dBL(η1, η2) = sup
f∈BL(X1×X2)

∫

X1×X2

f(x, y)d(η1(x, y) − η2(x, y))

= sup
f∈BL(X1×X2)

∫

X1×X2

f(x, y)d(η1
x(y) − η2

x(y))dµX1 (x)

≤ sup
f∈BL(X1×X2)

∫

X

dBL(η1
x, η

2
x)dµX(x) ≤ sup

x∈X1

dBL(η1
x, η

2
x) = d∞(η1, η2).

�

Indeed, d∞ can induce a stronger topology than the weak topology in M+(X1 ×X2).

Example 3.5. Let X1 = X2 = [0, 1] with µX1 = µX2 = λ|[0,1]. For n ∈ N, let

f(x) = 1 −
√

1 − x2, fn(x) =

{
x, if 0 ≤ x ≤ 1 − 1/n,

−(n− 1)(x− 1), if 1 − 1/n < x ≤ 1,
x ∈ [0, 1].

Then f(x), fn(x) ∈ [0, 1] and {x ∈ X : fn(x) 6= f(x)} =]1 − 1/n, 1]. Let ηn = µX ⊗ δfn(x) and
η = µX ⊗ δf(x). It is easy to see that ηn, η ∈ C(X,M+(X)). Moreover,

d∞(η, ηn) = dBL(ηn1 , η1) = 1, for n ∈ N.

Hence limn∈N d∞(ηn, η) = 1. On the other hand,

dBL(ηn, η) = sup
g∈BL1([0,1]2)

∫ 1

0

(g(x, f(x)) − g(x, fn(x)))dx

≤
∫ 1

0

|f(x) − fn(x)|dx

=

∫

]1−1/n,1]

|f(x) − fn(x)|dx

≤2/n → 0, as n → ∞,

which implies that limn→∞ dBL(ηn, η) = 0. This shows that d∞ does induce a stronger
topology than dBL.
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Next, we provide some properties of the above function spaces which play an important
role in the proof of the main results in subsequent sections.

Proposition 3.6. For i = 1, 2, let Xi be a complete subspace of a finite dimensional Euclidean
space. Assume (X1,B(X1), µX1 ) is a compact probability space.

(i) For every η· ∈ B(X1,M+(X2)), ‖η‖ < ∞.
(ii) (B(X1,M+(X2)), d∞) and (BµX1 ,1

(X1,M+(X2)), d∞) are complete metric spaces. In
particular, (Cb(X1,M+(X2)), d∞) and (CµX1 ,1

(X,M+(X2)), d∞) are so.

Proof. (i). Let x ∈ X1. Since η· ∈ B(X1,M+(X2)),

sup
y∈X

sup
f∈BL1(X2)

∣∣∣∣
∫

X2

fd(ηx − ηy)

∣∣∣∣ = sup
y∈X1

dBL(ηx, ηy) < ∞.

Taking f = 1Z yields

‖η‖ = sup
y∈X1

ηy(X2) ≤ ηx(X2) + sup
y∈X1

dBL(ηx, ηy) < ∞,

since ηx ∈ M+(X2).
(ii). It suffices to show (BµX ,1(X1,M+(X2)), d∞) is closed. For any Cauchy sequence (ηn) ⊆
(BµX ,1(X1,M+(X2)), d∞), since B(X1,M+(X2)) is complete, there exists η ∈ B(X1,M+(X2))
such that d∞(η, ηn) → 0 as n → ∞. Since (ηn) is Cauchy, in the light of the proof of case (i),
there exists N ′ ∈ N such that for all m,n ≥ N ′,

sup
x∈X1

|ηmx (X2) − ηnx (X2)| ≤ sup
x∈X1

dBL(ηmx , η
n
x ) < 1,

which implies that

0 ≤ ηnx (X2) ≤ max

{
ηN

′

x (X2) + 1, max
1≤j≤N ′−1

ηjx(X2)

}
, ∀x ∈ X1.

Since ηj ∈ L1(X1, µX1 ) for all 1 ≤ j ≤ N ′, and
∫
X1
ηnx (X2)µX1 (x) = 1 for all n ∈ N, by

Dominated Convergence Theorem,∫

X1

ηx(X2)µX1 (x) = lim
n→∞

∫

X1

ηnx (X2)µX1 (x) = 1,

i.e., η ∈ BµX1 ,1
(X1,M+(X2)).

Since the intersection of closed sets are closed, (CµX1 ,1
(X1,M+(X2)), d∞) is also complete.

�

Definition 3.7. For i = 1, 2, let Xi be a complete subspace of a finite dimensional Euclidean
space. Assume (X1,B(X1), µX1 ) is a compact probability space. For

BµX ,1(X1,M+(X2)) ∋ η :

{
X1 → M+(X2),

x 7→ ηx,

η is weakly continuous if for every f ∈ Cb(X2),

C(X1) ∋ η(f) :

{
X1 → R,

x 7→ ηx(f) : =
∫
X2
fdηx.

Definition 3.8. For i = 1, 2, let Xi be a complete subspace of a finite dimensional Euclidean
space. Assume (X1,B(X1), µX1 ) is a compact probability space. Let I ⊆ R be a compact
interval. For

η· :

{
I → B(X1,M+(X2)),

t 7→ ηt,

η· is uniformly weakly continuous if for every f ∈ Cb(X2), t 7→ (ηt)x(f) is continuous in t
uniformly in x ∈ X1.
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By slightly abusing the notation, for η· ∈ C(I,B(X1,M+(X2))), let

‖η·‖ = sup
t∈I

sup
x∈X1

‖(ηt)x‖TV.

The following proposition unveils the relation between continuity and (uniform) weak con-
tinuity.

Proposition 3.9. For i = 1, 2, let Xi be a complete subspace of a finite dimensional Euclidean
space. Assume (X1,B(X1), µX1 ) is a compact probability space. Let I ⊆ R be a compact
interval.

(i) Let η· : I → BµX1 ,1
(X1,M+(X2)). Then η· is uniformly weakly continuous if and

only if η· ∈ C(I,BµX1 ,1
(X1,M+(X2))).

(ii) Assume η·, ξ· ∈ C(I,BµX1 ,1
(X1,M+(X2))), then ‖η·‖ < ∞ and t 7→ d∞(ηt, ξt) is

continuous.
(iii) Assume η ∈ C(X1,M+(X2)). Then η is weakly continuous.

Proof. (i)

Step I. Uniform weak continuity implies continuity. Assume η· is uniformly weakly conti-
nuous. Fix t ∈ I and I ⊇ tj → t. Since η· is uniformly weakly continuous, for every
f ∈ Cb(X2),

(ηtj )x(f) → (ηt)x(f) uniformly in x.

Since X2 is Polish, dBL metrizes the weak-∗ topology of M+(X2) [9, Thm. 8.3.2], and
we have

lim
j→∞

dBL((ηtj )x, (ηt)x) = 0,

and the convergence is uniform in x ∈ X1. This means that

lim
j→∞

sup
x∈X1

dBL((ηtj )x, (ηt)x) = 0,

i.e.,

lim
j→∞

d∞(ηtj , ηt) = 0.

This shows η· ∈ C(I,BµX1 ,1
(X1,M+(X2))).

Step II. Continuity implies uniform weak continuity. Assume η· ∈ C(I,BµX1 ,1
(X1,M+(X2))).

For every fixed t ∈ I and I ⊇ tj → t, we have

lim
j→∞

d∞(ηtj , ηt) = 0.

Hence

dBL((ηtj )x, (ηt)x) → 0, uniformly in x ∈ X1.

Since dBL metrizes the weak-∗ topology of M+(X2),

(ηtj )x(f) → (ηt)x(f) ∀ f ∈ Cb(X2),

also uniformly in x ∈ X1. This shows that η· is uniformly weakly continuous.

(ii) Since I is compact, and (BµX1 ,1
(X1,M+(X2)), d∞) is complete by Proposition 3.6(ii), we

have η· is uniformly bounded:

sup
t∈I

sup
x∈X1

sup
f∈BL1(X2)

∣∣∣∣
∫

X2

fd((ηt)x − (η0)x)

∣∣∣∣ = sup
t∈I

d∞(η0, ηt) < ∞.

Letting f = 1X2 yields

‖η·‖ ≤ ‖η0‖ + sup
t∈I

d∞(η0, ηt) < ∞,

since η0 ∈ BµX1 ,1
(X1,M+(X2)).
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Finally we show t 7→ d∞(ηt, ξt) is continuous, which directly follows from the following
triangle inequality: For s, t ∈ I,

|d∞(ξt, ηt) − d∞(ξs, ηs)| ≤|d∞(ξt, ηt) − d∞(ξt, ηs)| + |d∞(ξt, ηs) − d∞(ξs, ηs)|
≤d∞(ηt, ηs) + d∞(ξt, ξs) → 0, as |t− s| → 0,

since η·, ξ· ∈ C(I,BµX1 ,1
(X1,M+(X2))).

(iii) The argument in Step II in (i) applies by replacing t by x as well as |t− s| by |x− y|. �

Definition 3.10. For i = 1, 2, let Xi be a complete subspace of a finite dimensional Euclidean
space. Assume that (X1,B(X1), µX1 ) is a compact probability space. Let I ⊆ R be a compact
interval and α > 0. For ν1

· , ν
2
· ∈ C(I,BµX1 ,1

(X1,M+(X2))), let

dα(ν1
· , ν

2
· ) = sup

t∈I
e−αtd∞(ν1

t , ν
2
t )

be a weighted uniform metric.

These metrics are going to be used below to establish the contraction of a mapping used
in the unique existence of a fixed point equation.

Proposition 3.11. For i = 1, 2, let Xi be a complete subspace of a finite dimensional Eu-
clidean space. Assume that (X1,B(X1), µX1 ) is a compact probability space. Let I ⊆ R be
a compact interval and α > 0. Then (C(I,BµX1 ,1

(X1,M+(X2))), dα) and (C(I, CµX1 ,1
(X1,

M+(X2))), dα) are both complete.

Proof. Since the weighted uniform metric dα is equivalent to the uniform metric supt∈I e−αt

·d∞(ν1
t , ν

2
t ) between ν1

· and ν2
· , the conclusions yield immediately from Proposition 3.6, since

all continuous functions on I are bounded. �

Let X1 = X , X2 = X or X2 = Rr2 , and I = T . The spaces B(T ,BµX ,1(X,M+(Rr2 ))),
C(T ,BµX ,1(X,M+(Rr2 ))) and C(T , CµX ,1(X,Mabs(R

r2 ))) will serve as the underlying spaces
for initial probabilities of the generalized VEs (with the last in the sense of the classical VE),
and B(X,M+(X)) and Cb(X,M+(X)) will correspond to the space of generalized digraphs
(DGMs), as illuminated below.

Digraph measures. Let X be the vertex space. For any η ∈ B(X,M+(X)), the measure
ηx represents the “edge” from x to other vertices in X . For instance, supx∈X supp ηx < ∞
is interpreted as every vertex x has uniformly finitely many outward directed edges while
infx∈X supp ηx = ∞ means that every vertex connects infinitely many other vertices. Hence
η can be viewed as a digraph.

We now classify digraph measures into sub-categories according to their denseness. Similar
notions have appeared in the literature, in particular we mention the recent theory of graphops
(graph operators), where families of fiber measures associated to graphops, plays a key role in
this regard [3]. Our work is motivated directly by this theory, but as we have explained above,
staying purely on the level of operator theory as in [25] leads to relatively strong requirements
on the graphop, so a measure-theoretic viewpoint is a natural generalization/alternative.

Definition 3.12. Any measure-valued function in B(X,M+(X)) is a digraph measure (ab-
breviated as “DGM”).

Definition 3.13. Let η ∈ B(X,M+(X)). We say η is symmetric w.r.t. a reference measure
µX ∈ P(X) if µX ⊗ηx ∈ M+(X2) is symmetric. A symmetric DGM is called a GM for short,
which is also called a graphop.

That a GM can be also viewed as a graphop [3], is due to Riesz representation theorem [3].
Yet, it turns out to be crucial from a technical perspective in the context of Vlasov equations,
whether one works directly with measures or via operator-theoretic representations. Indeed,
it is a known theme in PDEs that the choice of solution space is critical, so our setting can
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be viewed as another manifestation of this problem. Furthermore, we remark that the DGM
slightly generalizes the notion of graphops to the asymmetric setting. Other notions in the
literature [3] can be also analogously extended to digraph measures.

Definition 3.14. A DGM η ∈ B(X,M+(X)) is called a digraphon w.r.t. a reference measure
µX ∈ P(X) if µX ⊗ ηx ∈ M+,abs(X

2). A symmetric digraphon is a graphon [3, Sec.8].

Remark 3.15. Let W ∈ L1(X2, µX ⊗ µX) be graphon. In [28], X = [0, 1], µX is the Lebesgue
measure on X , and it is assumed that W satisfies

(3.4) lim
z→0

∫

I

|W (x+ z, y) −W (x, y)|dy = 0, ∀ x ∈ X.

Then it is easy to show that x 7→ ηx is continuous since

dBL(ηx, ηx′) = sup
f∈BL1(X)

∫

X

fd(ηx − ηx′)

= sup
f∈BL1(X)

∫

X

f(y)(W (x, y) −W (x′, y))dµX(y)

≤‖W (x, ·) − W (x′, ·)‖L1(X,µX ),

as well as (3.4). This demonstrates that our main results that follow assuming only continuity
of DGMs does generalize the result in [28] (except that technically the underlying phase space
is different), where the network has a graphon limit, or continuous graphops which can be
approximated by graphons as in [25].

Let D(X) : = {η ∈ B(X,M+(X)) : supx∈X supp ηx < ∞}.

Definition 3.16. A DGM η ∈ D(X) is called a digraphing. A symmetric digraphing is a
graphing [31, 3, Sec.9].

In terms of denseness of a graph, a digraphon is dense while a digraphing is sparse [3].
In the following, we provide several examples to show the diversity of DGMs in C(X,M+(X)),

in terms of the denseness as well as heterogeneity of the graphs.

0 1/4 1/2 3/4 1

1/4

1/2

3/4

1

Figure 2. Example 3.17. The circle graphop η, when viewed as a measure
on the product space S1 × S1 = T2 ≡ [0, 1[2, is a uniform measure over two
disjoint circles (one thin and one thick) on T2.

Example 3.17 (Circle graphop). Let X = S1 be the unit circle, identified with [0, 1[ by the
mapping x 7→ e2πix. Define the circle graphop η by

ηx = δ〈x+1/4〉 + δ〈x−1/4〉, x ∈ X.
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By definition, the circle graphop is a graphing, and we can view it as an abstract graph
G = (X,E) with (x, y) ∈ E if and only if x ⊥ y. See Figure 2 for its illustration. One can
take η as a uniform measure over two disjoint circles on T2.

Example 3.18. (i) Let X = S2. For every x ∈ S2, let x⊥ : = {y ∈ S2 : y ⊥ x} be
the circle on S2 perpendicular to x and ηx = λ|x⊥ be the uniform measure over x⊥.
This definition yields a GM η : x 7→ ηx that can also be viewed as a graphop, called
the spherical graphop [3]. This graphop is neither a graphing nor a graphon. See
Figure 3(a).

(ii) Let X = [0, 1]. For every x ∈ X , let

Ax =

[
3

2
x, 1 − 3

2
x

]
1[0,1/3[(x) + {1/2}1[1/3,2/3](x) +

[
3

2
(1 − x), 1 − 3

2
(1 − x)

]
1]2/3,1](x),

and ηx = λ|Ax . Hence

ηx ∈
{

M+,abs(X), if x ∈ [0, 1/3[ ∪ ]2/3, 1],

D(X), if x ∈ [1/3, 2/3].

Moreover, it is straightforward to verify that

dBL(ηx, ηy) ≤ dTV(ηx, ηy) → 0, as |x− y| → 0,

which implies η ∈ C(X ; M+(X)). This DGM η is again neither dense nor sparse,
but can be viewed as a measure–a linear combination of an absolutely continuous
measure supported on ([0, 1/3] ∪ [2/3, 1]) × [0, 1] and a singular measure supported on
[1/3, 2/3] × {1/2}. See Figure 3(b).

(iii) Let X = S1. Let C be the Cantor set on [0, 1]. Let FζC
be the distribution function of

the uniform measure ζC over C. For every x ∈ X , define a uniform measure ηx over a
Cantor-like set (see Figure 4) within [x, x+ 3

4 [ mod 1 ( X by its distribution function

Fηx (z) = FζC

(
〈4

3
(z − x)〉

)
, z ∈ [x, x+ 3

4 [ mod 1.

For every f ∈ BL1(X), extend it to be a periodic function on R, we have
∣∣∣∣
∫
fd(ηx − ηy)

∣∣∣∣ =

∣∣∣∣∣

∫

[x,x+3/4[ mod 1

f(z)dFζC

(
〈4

3
(z − x)〉

)

−
∫

[y,y+3/4[ mod 1

f(z)dFζC

(
〈4

3
(z − y)〉

)∣∣∣∣∣

=

∫ 1

0

∣∣∣∣f
(
x+

3

4
z

)
− f

(
y +

3

4
z

)∣∣∣∣ dFζC
(z)

≤
∫ 1

0

dX(x, y)dFζC
(z) = dX(x, y),

where dX(x, y) = min{|x−y|, 1−|x−y|} is the arc length between x and y on X . This
shows that x 7→ ηx is continuous, by the supremum representation of the bounded
Lipschitz metric. Hence η ∈ C(X ; M+(X)) is a DGM which can be regarded as a

uniform measure over a curve of Hausdorff dimension (1 + log 2
log 3 ) on T2. Moreover, η

is a continuous (since ζC is so) but not absolutely continuous measure on T2.

Example 3.19. Let ζ−1
C

be the inverse measure of ζC, i.e., the quantile function of ζ−1
C

is FζC

[48]. Note that ζ−1
C

is discrete [48]. In an analogous way as demonstrated in Example 3.18(i),
one can construct the following measure-valued function:

Fηx (z) = Fζ−1
C

(
〈4

3
(z − x)〉

)
, x, z ∈ X.
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x

x⊥

(a) Example 3.18(i).

0 1/3 2/3 1

1/2

1

(b) Example 3.18(ii).

Figure 3. Illustration for Example 3.18(i)-(ii). (a): For every vertex x on
the sphere, ηx is the uniform measure over the circle x⊥. (b): the shaded
region is the support of the absolutely continuous part of the measure η in
Example 3.18(ii) while the thick line between (1/3, 1/2) and (2/3, 1/2) is the
support of its singular part.

x

x+ 1
4

x+ 2
4

x+ 3
4

x x+ 1
4 x+ 2

4 x+ 3
4

Figure 4. Illustration of Example 3.18(iii). Construction of a Cantor-like
set on [x+ 1/4, x+ 1[ mod 1.

Hence it is easy to verify that η ∈ C(X ; M+(X)) is a DGM which can be regarded as a
singular measure supported on countably smooth curves on T2. Note that in contrast to
Example 3.18(iii), η is not a continuous measure (in the sense of its joint distribution function)
on T2.

Remark 3.20. In general, the space of continuous functions C(X,Y ) is not dense in the space
of bounded functions B(X,Y ) in the uniform metric. For instance, take X = [0, 1] and Y = R.
Let f = 1X\Q. Then f cannot be approximated by any continuous function in the supremum
norm. Hence given any ξ ∈ Pabs(Y ), let x 7→ ηx = f(x)ξ. Then η ∈ BµX ,1(X,M+,abs(Y )). It
is obvious that η cannot be approximated by any sequence in CµX ,1(X,M+(Y )). This gives
us a clue that using the uniform bounded Lipschitz metric, one may not expect approximation
of VE on a DGM of arbitrary weak regularity (see Section 5).

Remark 3.21. From these examples one can see that given a sequence of graphs, there will
be different ways to represent each finite digraph as a digraph measure (a digraphon or a
digraphing), even when the vertex space X is prescribed. We here provide a specific situation
to illustrate this point. Let WN = (WN

i,j) be the adjacency matrix of the digraph GN for
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every N ∈ N. Assume supN∈N max1≤i≤N #{j : Wij 6= 0}, the supremum of the maximum
degree of the graphs, is finite. Let X = [0, 1]. Then one can take the following DMG (which
is a digraphing) as a representation of each WN :

ηW
N

x =

N∑

j=1

WN
i,jδi/N , x ∈ INi , i = 1, . . . , N,

where INi =
[
i−1
N , iN

[
for i < N and INN =

[
1− 1

N , 1
]
. With this representation, one can obtain

the limit of ηW
N

as a finitely supported measure valued function. In contrast, recall that there
is another graphon representation for each WN [31]. However, if represented as a graphon,
then the sequence of graphons converges to the zero digraphon defined on [0, 1]2. This also
shows digraphons are limits of dense digraphs, which may not be suitable to characterize
limits of non-dense digraphs.

4. Vlasov equation on the DGMs

In this section, we establish well-posedness of weak solutions to the VE (2.4). To do
this, we first study the equation of characteristics, namely (4.1) below. Then we construct a
fixed point equation via the solution map of the equation of characteristics. Using Lipschitz
properties of the flow of the equation of characteristics, we prove the existence of a unique
solution to the fixed point equation by the Banach contraction mapping theorem. Then, by
establishing the connection between solutions to the fixed point equation and weak solutions
of the VE, we prove the well-posedness of the VE in an indirect way. This idea originally is
due to Nuenzert [35] and we provide a generalization of his method incorporating DGMs and
carefuly associated choices of function spaces.

4.1. Characteristic equation. In this subsection, we will establish the Lipschitz continuity
and continuity of the Vlasov operator V [η, ν·, h] for the characteristic equation. Recall the
characteristic equation: For every x ∈ X ,

(4.1)
∂

∂t
φ(t, x) = V [η, ν·, h](t, x, φ), t ∈ [s, T ], φ(s, x) = φs(x), for 0 ≤ s < T,

where V [η, ν·, h] is the Vlasov operator defined by

V [η, ν·, h](t, x, φ) =
r∑

i=1

∫

X

∫

Rr2

gi(t, ψ, φ)d(νt)y(ψ)dηix(y) + h(t, x, φ),

for t ∈ T , x ∈ X , and φ ∈ Rr2 . We first establish properties of the Vlasov operator.

Proposition 4.1. Assume (A1)-(A5). Then V [η, ν·, h](t, x, φ) is

(i) continuous in t,
(ii) locally Lipschitz continuous in φ ∈ N for some bounded open set N ⊆ Rr2 uniformly

in (t, x) with Lipschitz constant L1:

sup
t∈T

sup
x∈X

|V [η, ν·, h](t, x, φ1) − V [η, ν·, h](t, x, φ2)| ≤ L1|φ1 − φ2|,

where

L1 = L1(η, ν·) : = ‖ν·‖
r∑

i=1

LN (gi)‖ηi‖ + LN (h) < ∞,

where LN (gi) (LN (h), respectively) is the Lipschitz constant of gi (h, respectively) restricted
to N . Additionally assume (A6) with the convex compact set Y , then V [η, ν·, h](t, x, φ) is

(iii) Lipschitz continuous in h with Lipschitz constant 1:

sup
t∈T

sup
x∈X

sup
φ∈Y

|V [η, ν·, h1](t, x, φ) − V [η, ν·, h2](t, x, φ)| ≤ ‖h1 − h2‖∞,
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where
‖h1 − h2‖∞ = sup

t∈T
sup
x∈X

sup
φ∈Y

|h1(t, x, φ) − h2(t, x, φ)|.

(iv) Lipschitz continuous in ν· with Lipschitz constant L2:

sup
x∈X

sup
φ∈Y

|V [ν1
· ](t, x, φ) − V [ν2

· ](t, x, φ)| ≤ L2d∞(ν1
t , ν

2
t ),

where L2 = L2(η) : = r2

∑r
i=1(BL(gi) + 1)‖ηi‖.

(v) continuous in η: Let
{
ηK
}
K∈N

=
{

(ηK,i)1≤i≤r
}
K∈N

⊆ B(X,M+(Y )), for i =

1, . . . , r. If limK→∞
∑r
i=1 d∞(ηi, ηK,i) = 0, then for every ξ· ∈ B(T ,M+(Y )),

lim
K→∞

∫ t

0

∫

Y

sup
x∈X

|V [η, ν·, h](τ, x, φ) − V [ηK , ν·, h](τ, x, φ)|dξτ (φ)dτ = 0, ∀t ∈ T ,

provided ν· ∈ C(T , CµX ,1(X,M+(Y ))). holds.

The proof of Proposition 4.1 is provided in Appendix A.

Remark 4.2. The technical property in Proposition 4.1(v) will be used in the proof of Pro-
position 4.4(iv) below.

Theorem 4.3. Assume (A1)-(A5). Let φ0 ∈ B(X ;Rr2). Then for every x ∈ X and t0 ∈ T ,
there exists a solution φ(t, x) to the IVP of (2.2) with φ(t0, x) = φ0(x) for all t ∈ (τ−

x,t0 , τ
+
x,t0) ⊆

T with (τ−
x,t0 , τ

+
x,t0) ∋ t0 such that

(i) either (i-a) τ+
x,t0 = T or (i-b) τ+

x,t0 < T and limt↑τ+
x,t0

|φ(t, x)| = ∞ holds;

(ii) either (ii-a) τ−
x,t0 = 0 or (ii-b) τ−

x,t0 > 0 and limt↓τ−

x,t0

|φ(t, x)| = ∞ holds.

In addition, assume (A6) and ν· is uniformly supported within Y , then τ+
x,t0 = T for all

x ∈ X, and there exists a family of transformations
{

Sxt,s[η, ν·, h]
}
t,s∈T on Y such that

φ(t, x) = Sxt,s[η, ν·, h]φ(s, x), for all s, t ∈ T .
The proof of Theorem 4.3 is provided in Section 8.
For every α > 0, let dα be the metric in Definition 3.10. Define the following operator: For

ν· ∈ (C(T ,BµX ,1(X,M+(Y ))), dα),

ν· 7→ A[η, h](ν·),

via
((A[η, h](ν·))t)x = (ν0)x ◦ Sxt,0[η, ν·, h], x ∈ X.

We will show there exists α > 0 such that A[η, h] is a contraction mapping and hence by
Banach fixed point theorem, the fixed point equation

(4.2) ν· = A[η, h]ν·, t ∈ T .
admits a unique solution. Beforehand, let us investigate properties of A.

Proposition 4.4. Assume (A1)-(A6). Let L1 and L2 be given in Proposition 4.1. Then
A[η, h] is

(i) is continuous in t: For every ν· ∈ C(T ,BµX ,1(X,M+(Y ))), we have t 7→ (A[η, h]ν·)t ∈
C(T ,BµX ,1(X,M+(Y ))). In particular, if ν· ∈ C(T , CµX ,1(X,M+(Y ))), then A[η, h]ν·
∈ C(T , CµX ,1(X, M+(Y ))). Moreover, the mass conservation law holds:

((A[η, ν·, h]ν·)t)x(Y ) = (ν0)x(Y ), ∀x ∈ X.

(ii) Lipschitz continuous in ν·: For all t ∈ T , and ν1
· , ν

2
· ∈ C(T ,BµX ,1(X,M+(Y ))),

d∞((A[η, h]ν1
· )t, (A[η, h]ν2

· )t)

≤eL1(ν2
·

)td∞(ν1
0 , ν

2
0) + L2‖ν1

· ‖eL1(ν2
·

)t

∫ t

0

d∞(ν1
τ , ν

2
τ )e−L1(ν2

·
)τdτ.
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(iii) Lipschitz continuous in h: For all t ∈ T , and h1, h2 both fulfilling (A3) with h replaced
by h1, h2, respectively,

d∞(A[η, h1](νt),A[η, h2](νt)) ≤ T ‖ν·‖eL3t‖h1 − h2‖∞,

where L3 = L3(ν·, h2) : = L1(ν·) + BL(h2)eL1(ν·)T .
(iv) Absolute continuity. If ν0 ∈ BµX ,1(X,M+,abs(Y )), then

(A[η, ν·, h]ν·)t ∈ BµX ,1(X,M+,abs(Y )), ∀t ∈ T .
The proof of Proposition 4.4 is provided in Appendix B.

Proposition 4.5. Assume (A1)-(A4) and (A6)-(A7). Let ν0 ∈ BµX ,1(X,M+(Y )), and
L1, L2, and L3 be given in Proposition 4.4. Then there exists a unique solution ν· ∈
C(T ,BµX ,1(X,M+(Y ))) to the fixed point equation (4.2). In particular, if ν0 ∈ CµX ,1(X,M+(Y )),
then ν· ∈ C(T , CµX ,1(X, M+(Y ))). Moreover, the solutions have continuous dependence on

(i) the initial conditions:

d∞(ν1
t , ν

2
t ) ≤ e(L1(ν2

·
)+L2‖ν1

·
‖)td∞(ν1

0 , ν
2
0 ), t ∈ T ,

where νi· is the solution to (4.2) with initial condition νi0 for i = 1, 2.
(ii) h:

d∞(ν1
t , ν

2
t ) ≤ 1

L3(ν2· )
‖ν1

· ‖eBL(h2)eL1(ν2
·

)T T e(L1(ν2
·

)+L2‖ν1
·

‖)t‖h1 − h2‖∞.

where νi· is the solution to (4.2) with functions hi for i = 1, 2.
(iii) η: Let {ηK}K∈N = {(ηK,i)1≤i≤r}K∈N ⊆ B(X,M+(Y )), for i = 1, . . . , r, such that

limK→∞
∑r

i=1 d∞(ηi, ηK,i) = 0. Assume ν0 ∈ CµX ,1(X,M+(Y )). Then

lim
K→∞

sup
t∈T

d∞(νt, ν
K
t ) = 0,

where νK· is the solution to (4.2) with DGMs ηK for K ∈ N.

The proof of Proposition 4.5 is provided in Appendix C.

4.2. VE. In this subsection, we will use properties in the previous subsection to show well-
posedness of VE (2.4).

First, let us define the weak solution to (2.4).

Definition 4.6. Let Y be a compact positively invariant subset of (2.2) given in Theorem 4.3.
We say ρ : T ×X×Y → R≥0 is a uniformly weak solution to the IVP (2.4) if for every x ∈ X ,
the following two conditions are satisfied:

(i) Normalization.
∫
X

∫
Y
ρ(t, x, φ)dφdx = 1, for all t ∈ T .

(ii) Uniform weak continuity. t 7→
∫
Y
f(φ)ρ(t, x, φ)dφ is continuous uniformly in x ∈ X , for

every f ∈ C(Y ).

(iii) Integral identity: For all test functions w ∈ C1(T × Y ) with suppw ⊆ [0, T [×U and
U ⊂⊂ Y , the equation below holds:

(4.3)

∫ T

0

∫

Y

ρ(t, x, φ)

(
∂w(t, φ)

∂t
+ V̂ [η, ρ(·), h](t, x, φ) · ∇φw(t, φ)

)
dφdt

+

∫

Y

w(0, φ)ρ0(x, φ)dφ = 0,

where suppw = {(t, u) ∈ T × Y : w(t, u) 6= 0} is the support of w, and we recall

V̂ [η, ρ(·), h](t, x, φ) =

r∑

i=1

∫

X

∫

Y

gi(t, ψ, φ)ρ(t, y, φ)dψdηix(y) + h(t, x, φ).
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Remark 4.7. Definition 4.6 is well-posed, since from (4.3), by choosing suitable test functions
one can show that

ρ(t, ·) ∈ L
1
+(X × Y, µX ⊗ m), for all t ∈ T ,

provided ρ0 ∈ L1
+(X ×Y, µX ⊗m) and ρ(t, ·) solves (4.3). Hence this definition of a uniformly

weak solution can be slightly stronger than the weak solution defined in [35, 28], since (4.3)
is required to hold for every x ∈ X but not just µX -a.e. x ∈ X . This is because for every
t ∈ T , we regard ρ(t, x, φ) as densities of every point (νt)x on the continuous curve {(νt)x}x∈X ,
instead of the density of a probability in the space P(X × Y ).

Now we present the unique existence of solutions to the VE (2.4).

Theorem 4.8. Assume (A1)-(A4) and (A6). Assume ρ0(x, φ) is continuous in x ∈ X for
m-a.e. φ ∈ Y such that ρ0 ∈ L1

+(X × Y, µX ⊗ m), then there exists exists a unique uniformly
weak solution ρ(t, x, φ) to the IVP of (2.4) with initial condition ρ(0, x, φ) = ρ0(x, φ), x ∈ X,
φ ∈ Y .

The proof of Theorem 4.8 is provided in Section 8.

5. Approximation of time-dependent solutions of VE

In this section, we seek approximations of solutions of the VE in bounded Lipschitz distance
by probability measures with finitely supported piecewise defined measures generated from
solutions to discretized ODEs. More specifically, we construct approximation of the absolutely
continuous solutions of (4.2) by finitely supported probabilities on X×Y on atoms (xni , ϕ

n
i (t))

with (ϕn1 (t), . . . , ϕnn(t)) being the solution of the ODEs whose initial data are distributed
asymptotically converging to the initial distribution of (4.2). In terms of measures, we seek
for approximations by D(Y )-valued step functions on X .

To state the approximation result, let us first recall several recent results on approximation
of probability measures by deterministic empirical measures.

Proposition 5.1. [17, 48] Let q ∈ N and P(Rq) be the space of all Borel probability measures
on Rq. Let η ∈ P(Rq). Assume η is compactly supported. Then there exists a uniformly
bounded sequence {znj }j=1,...,n;n∈N ⊆ Rq such that

lim
n→∞

dBL(ηn, η) = 0,

where ηn = 1
n

∑n
ℓ=1 δzn

j
is a deterministic empirical approximation of η.

We first provide two one-dimensional examples to illustrate how these empirical approx-
imations are constructed, given a probability measure.

Example 5.2. Let X = [0, 1]. Let η ∈ C(X ; M+(X)) be defined in Example 3.18(ii). Hence
1

ηx(X)ηx ∈ P(X), for every x ∈ X . Note that

ηx(X) =





1 − 3x, if x ∈ [0, 1/3[,

1, if x ∈ [1/3, 2/3],

3x− 2, if x ∈]2/3, 1].

For every m ∈ N, let

xmi =
i

m+ 1
, for i = 1, . . . ,m,

ηm,nxm
i

=





1
n

∑n
j=1 δ 3

2x
m
i + j

n+1 (1− 3
2x

m
i ), for i = 1, . . . , ⌊m+1

3 ⌋ − 1,

δ1/2, for i = ⌊m+1
3 ⌋ + 1, . . . , ⌈ 2(m+1)

3 ⌉ − 1,
1
n

∑n
j=1 δ 3

2 (1−xm
i

)+ j
n+1 (1− 3

2 (1−xm
i

)), for i = ⌈ 2(m+1)
3 ⌉, . . . ,m.
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It is also straightforward to show that

lim
n→∞

dBL

(
1

ηxm
i

(X)ηxm
i
, ηm,nxm

i

)
= 0, for i = 1, . . . ,m.

Indeed, ηm,nxm
i

are the best uniform n-approximation of 1
ηxm

i
(X)ηxm

i
with at most n atoms [48].

Example 5.3. Let X = S1 and η be defined in Example 3.18(iii). Moreover, for every n ∈ N,
let ζn : = 1

n

∑n
i=1 δyn

i
be the best uniform approximation of the Cantor measure ζC [48].

Since supp ζn ⊂]0, 1[ and the distance on the circle is no greater than that on the real line,
for every x ∈ X , one can show that

ηnx : =
1

n

n∑

i=1

δ〈x+ 3
4y

n
i

〉,

is a uniform approximation of ηx such that limn→∞ dBL(ηx, η
n
x ) = 0.

Lemma 5.4 (Partition of X). Assume (A1). Then there exists a sequence of pairwise disjoint
partitions {Ami : i = 1, . . . ,m}m∈N of X such that X = ∪mi=1A

m
i for every m ∈ N and

lim
m→∞

max
1≤i≤m

DiamAmi = 0.

The proof of Lemma 5.4 is provided in Appendix D.

Lemma 5.5 (Approximation of the initial distribution). Assume (A1) and (A7). Let
{Ami }1≤i≤m be a partition of X for m ∈ N satisfying

lim
m→∞

max
1≤i≤m

DiamAmi = 0.

Let xmi ∈ Ami , for i = 1, . . . ,m, m ∈ N. Then there exists a sequence {ϕm,n(i−1)n+j : i =

1, . . . ,m, j = 1, . . . , n}n,m∈N ⊆ Y such that

lim
m→∞

lim
n→∞

d∞(νm,n0 , ν0) = 0,

where νm,n0 ∈ BµX ,1(X,M+(Y )) with

(νm,n0 )x : =
m∑

i=1

1Am
i

(x)
am,i
n

n∑

j=1

δϕm,n

(i−1)n+j
, x ∈ X,

am,i =





∫
Am

i

(ν0)x(Y )dµX (x)

µX (Am
i

) , if µX(Ami ) > 0,

(ν0)xm
i

(Y ), if µX(Ami ) = 0.

The proof of Lemma 5.5 is provided in Appendix E.

Lemma 5.6 (Approximation of the DGM). Assume (A1) and (A4)′. For every m ∈ N, let
Ami and xmi be defined in Lemma 5.5 for i = 1, . . . ,m, m ∈ N. Then for every ℓ = 1, . . . , r,

there exists a sequence {yℓ,m,n(i−1)n+j : i = 1, . . . ,m, j = 1, . . . , n}m,n∈N ⊆ Y such that

lim
m→∞

lim
n→∞

d∞(ηℓ,m,n, ηℓ) = 0,

where ηℓ,m,n ∈ B(X,M+(Y )) with

ηℓ,m,nx : =

m∑

i=1

1Am
i

(x)
bℓ,m,i
n

n∑

j=1

δyℓ,m,n

(i−1)n+j

, x ∈ X,

bℓ,m,i =





∫
Am

i

(ηℓ)x(X)dµX (x)

µX (Am
i

) , if µX(Ami ) > 0,

ηℓxm
i

(X), if µX(Ami ) = 0.
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10

1

0.5

0.5

Figure 5. Example 5.7. m = 10 and n = 7. Red dots: atoms of uniform
n-approximations of ηx for different x.

The proof of Lemma 5.6 is provided in Appendix F.
In what follows, we provide several concrete examples of the deterministic empirical approx-

imation of DGMs with different vertex spaces together with their partitions. All these ex-
amples can be used in the applications in Section 6.

The example below gives a high dimensional X with a reference measure µX supported on
a lower dimensional curve.

Example 5.7. LetX = {(z1, z2) ∈ R2
+ : |z| ≤ 1} be the triangle, and µX = λ|{(x1,x2)∈X : x1=x2}

be the uniform measure over the line segment from (0, 0) to (1/2, 1/2). Hence µX is singular
to the Lebesgue measure m on X . Let ηx = |x|λ|Ex , where Ex = {(z1, z2) ∈ X : z1x2 = z2x1}.
Hence Ex is a line through x provided x 6= 0, and E0 = X . It is easy to verify that x 7→ ηx
is continuous. Since supp ηx = ∞ for all x ∈ X \ {0} and η0 = 0, and ηx ⊥ µX for all
x ∈ X \ E(1/2,1/2) and ηx ≪ µX for all x ∈ E(1/2,1/2) \ {0}, we have that η is neither a
graphing nor a graphon. For x 6= 0, the uniform measure

ηnx =
1

n

n∑

j=1

δ j
n+1

x
|x|

over the equipartition of the line segment Ex is the best uniform approximation of 1
|x|ηx. For

every m ∈ N, we can take the uniform partition such that Am is no coarser than A⌊√
m⌋2

and no finer than A⌈√
m⌉2

with {Am2

i }1≤i≤m2 = {∆((p/m, q/m), ((p + 1)/k, q/k), (p/k, (q +
1)/k))}0≤p,q≤m−1 of X , consisting of m2 congruent triangles, where ∆(a, b, c) stands for the
triangle with vertices a, b, c. See Figure 5. Hence we can take xmi to be any point in Ami \ {0}
and

ym,n(i−1)n+j = j
n+1

xm
i

|xm
i

| , j = 1, . . . , n; bm,i =





∫
Am

i

|x|dµX(x)

µX (Am
i

) , if µX(Ami ) > 0,

|xmi |, if µX(Ami ) = 0.

In other words, bm,i is the ℓ1-norm of the barycenter of Ami w.r.t. µX , provided Ami has a non-
empty intersection with the line segment E(1/2,1/2), and bm,i is the ℓ1-norm of xmi otherwise.

Moreover, there are at most (1 + 2⌊2−1⌈√
m ⌉⌋) triangles Ami with a positive µX -measure (a

non-empty intersection with E(1/2,1/2)).

Indeed, one can also take X to be a discrete subset of the Euclidean space and the DGM
is neither sparse not dense.
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Example 5.8. Let X = {1/n}n∈N ∪ {0} ⊆ R. Let µX =
∑∞

i=2 2−i+1δ1/i, η ∈ B(X,M+(X))
be such that ηx = xλ|{y∈X : y≥x} for x ∈ X , where for convention 0λX = 0 denotes the trivial
zero measure. Since supx∈X #supp η = ∞ and suppµX ( sup η1, we have η ∈ C(X,M+(X))
is neither a digraphing nor a digraphon. Hence for every m ∈ N, let Ami = {1/i} for 1 ≤ i < m
and Amm = {y ∈ X : y ≤ 1/m}. Then it is easily seen that max1≤i≤m DiamAm = 1/m → 0

as m → ∞. Let xmi = 1/i for i = 1, . . . ,m. We have ηxm
i

=
xm

i

i

∑i
k=1 δ1/k, for i = 1, . . . ,m.

Therefore, for all n ≥ m,

ηm,nx =





δ1, if x ∈ Am1 ,
1
i

∑i
j=1 δ1/j , if x ∈ Ami , 1 < i < m,(∑∞
k=0 2−k−1 1

m+k

)
1
m

∑m
j=1 δ1/j , if x ∈ Amm.

Lemma 5.9 (Approximation of h). Assume (A3) and (A7).
For every m ∈ N, let

hm(t, z, φ) =

m∑

i=1

1Am
i

(z)h(t, xmi , φ), t ∈ T , z ∈ X, φ ∈ Y.

Then

lim
m→∞

∫ T

0

∫

Y

sup
x∈X

|hm(t, x, φ) − h(t, x, φ)| dφdt = 0.

The proof of Lemma 5.9 is provided in Appendix G.
Now we are ready to provide a discretization of the the VE on the DGM by a sequence of

ODEs. From Lemmas 5.4-5.6, there exists

• a partition {Ami }1≤i≤m of X and points xmi ∈ Ami for i = 1, . . . ,m, for every m ∈ N,
• a sequence {ϕm,n(i−1)n+j : i = 1, . . . ,m, j = 1, . . . , n}n,m∈N ⊆ Y and {am,i : i = 1, . . . ,

m}m∈N ⊆ R+,

• a sequence {yℓ,m,n(i−1)n+j : i = 1, . . . ,m, j = 1, . . . , n}m,n∈N ⊆ Y and {bℓ,m,i : i = 1, . . . ,

m}m∈N ⊆ R+, for ℓ = 1, . . . , r,

such that

lim
m→∞

lim
n→∞

d∞(νm,n0 , ν0) = 0,

lim
m→∞

lim
n→∞

d∞(ηℓ,m,n, η) = 0, ℓ = 1, . . . , r,

lim
m→∞

∫ T

0

∫

Y

sup
x∈X

|hm(t, x, φ) − h(t, x, φ)| dφdt = 0,

where

(νm,n0 )x : =

m∑

i=1

1Am
i

(x)
am,i
n

n∑

j=1

δϕm,n

(i−1)n+j
, x ∈ X,(5.1a)

ηℓ,m,nx : =

m∑

i=1

1Am
i

(x)
bℓ,m,i
n

n∑

j=1

δyℓ,m,n

(i−1)n+j

, x ∈ X,(5.1b)

hm(t, z, φ) =

m∑

i=1

1Am
i

(z)h(t, xmi , φ), t ∈ T , z ∈ X, φ ∈ Y.(5.1c)

Consider the following IVP of a coupled ODE system:

(5.2) φ̇(i−1)n+j = Fm,ni (t, φ(i−1)n+j ,Φ), 0 < t ≤ T, φ(i−1)n+j(0) = ϕ(i−1)n+j ,

i = 1, . . . ,m, j = 1, . . . , n,
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where Φ = (φ(i−1)n+j)1≤i≤m,1≤j≤n and

Fm,ni (t, ψ,Φ) =

r∑

ℓ=1

m∑

p=1

am,ibℓ,m,p
n2

n∑

j=1

1Am
p

(yℓ,m,n(i−1)n+j)

n∑

q=1

gℓ(t, ψ, φ(p−1)n+q) + hm(t, xmi , ψ).

Proposition 5.10. Then there exists a unique solution φm,n(t) = (φm,n(i−1)n+j(t)) to (5.2), for

m,n ∈ N.

The proof of Proposition 5.10 is provided in Appendix H.
For t ∈ T , let φm,n(t) = (φm,n(i−1)n+j(t)) be the solution to (5.2). Define

(5.3) (νm,nt )x : =

m∑

i=1

1Am
i

(x)
am,i
n

n∑

j=1

δφm,n

(i−1)n+j
(t), x ∈ X.

Theorem 5.11. Assume (A1)-(A3), (A4)′, (A6)-(A7). Assume ρ0(x, φ) is continuous in
x ∈ X for m-a.e. φ ∈ Y such that ρ0 ∈ L1

+(X × Y, µX ⊗ m) and

sup
x∈X

‖ρ0(x, ·)‖L1(Y,m) < ∞.

Let ρ(t, x, φ) be the uniformly weak solution to the VE (2.4) with initial condition ρ0. Let ν· ∈
C(T ; BµX ,1(X,Mabs(Y ))) be the measure-valued function defined in terms of the uniformly
weak solution to (2.4):

d(νt)x = ρ(t, x, φ)dφ, for every t ∈ T and x ∈ X.

Then νt ∈ CµX ,1(X,M+(Y )), for all t ∈ T . Moreover, let νm,n0 ∈ BµX ,1(X,M+(Y )), ηℓ,m,n ∈
B(X,M+(Y )), and hm ∈ C(T ×X ×Y,Rr2) be defined in (5.1), and νm,n· be defined in (5.3).
Then

lim
n→∞

d∞(νm,nt , νt) = 0.

The proof of Theorem 5.11 is provided in Section 8.

Remark 5.12. The uniform integrability condition supx∈X ‖ρ0(x, ·)‖L1(Y,m) < ∞ means that
the uniform measure ν0 lies in BµX ,1(X,M+(Y )). Although the continuity as well as the
uniform integrability of the initial density is technical, it does generalize the results in [28],
see Remark 3.15.

Remark 5.13. The continuity condition for DGMs (A4)′ can be further relaxed to

(A4)′′ η = (η1, . . . , ηr) ∈ (B(X,M+(X)))r such that ∪ri=1{z ∈ X : x 7→ ηix is disconti-
nuous at z} is finite.

Then X = (∪Kj=1Xj) ∪ (∪K′

k=1zk) for some K ′ ≤ K, where the function x 7→ ηix is discon-
tinuous at x = zk, while is continuous confined to each subset Xj. Hence one can further take
partitions of every Xj , and then choose an arbitrary point in each subset of the partition to-
gether with these discontinuity points zk to construct the approximation of DGMs and hence
the ODE approximations.

6. Applications

In this section, we apply our main results to several models in biology. To save the Arabic
numbers in the labels of assumptions, we point out that the labels of assumptions (together
with X,Y ) differ from subsection to subsection.
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6.1. A multi-group epidemic model without demography. In this subsection, we apply
our main results to an SIS epidemic model with heterogeneous group structure.

Assume

(H1) For (u1, u2) ∈ R2
+, let β(t, u1, u2) ≥ 0 be in general the disease transmission function

which may not respect mass-action kinetics, and β(t, u1, u2) = 0 provided u1u2 = 0. Moreover,
β is continuous in t, and locally Lipschitz continuous in u1, u2 uniformly in t.

(H2) For u ∈ R+, let γ(t, x, u) ≥ 0 be the recovery rate function, and for every x ∈ X ,
γ(t, x, u) = 0 provided u = 0. Moreover, γ is continuous in t, and Lipschitz continuous in
u ∈ R+ uniformly in t, and continuous in x uniformly in u.

For any fixed N ∈ N, let

(6.1) Y = {u ∈ R2
+ : u1 + u2 = N}.

(H3) ν· ∈ C(T ,BµX ,1(X,M+(R2))) is uniformly compactly supported within Y ⊆ R2
+.

Under (H1)-(H3), consider a general non-local multi-group SIS model on a DGM η:

∂Sx
∂t

= −
∫

X

∫

R2
+

β(t, ψ2, Sx)d(νt)y(ψ)dηx(y) + γ(t, x, Ix),

∂Ix
∂t

=

∫

X

∫

R2
+

β(t, ψ2, Sx)d(νt)y(ψ)dηx(y) − γ(t, x, Ix),

where Sx and Ix stand for the number of susceptible and infected individuals at location
x ∈ X (or interpreted as in the group with label x).

By (H3), let

g(t, ψ, φ) = β(t, ψ2, φ1)




−1

1


 , h(t, x, φ) = γ(t, x, φ1)




1

−1


 ,

V [η, ν·, h](t, x, ψ) =

∫

X

∫

Y

g(t, ψ, φ)d(νt)y(ψ)dηx(y) + h(t, x, φ),

and

V̂ [η, ρ·, h](t, x, φ) =

∫

X

∫

Y

g(t, ψ, φ)ρ(t, y, ψ)dψdηx(y) + h(t, x, φ).

Consider the VE

∂ρ(t, x, φ)

∂t
+ divφ

(
ρ(t, x, φ)V̂ [η, ρ(·), h](t, x, φ)

)
= 0, t ∈ (0, T ], x ∈ X, m-a.e. φ ∈ Y,

ρ(0, ·) = ρ0(·).

(6.2)

From Lemmas 5.4-5.6, there exists

• a partition {Ami }1≤i≤m of X and points xmi ∈ Ami for i = 1, . . . ,m, for every m ∈ N,
• a sequence {ϕm,n(i−1)n+j : i = 1, . . . ,m, j = 1, . . . , n}n,m∈N ⊆ Y and {am,i : i = 1, . . . ,

m}m∈N ⊆ R+,
• a sequence {ym,n(i−1)n+j : i = 1, . . . ,m, j = 1, . . . , n}m,n∈N ⊆ Y and {bm,i : i = 1, . . . ,

m}m∈N ⊆ R+,

such that

lim
m→∞

lim
n→∞

d∞(νm,n0 , ν0) = 0,

lim
m→∞

lim
n→∞

d∞(ηm,n, η) = 0,
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lim
m→∞

∫ T

0

∫

Y

sup
x∈X

|hm(t, x, φ) − h(t, x, φ)| dφdt = 0,

where

(νm,n0 )x : =

m∑

i=1

1Am
i

(x)
am,i
n

n∑

j=1

δϕm,n

(i−1)n+j
, x ∈ X,(6.3a)

ηm,nx : =

m∑

i=1

1Am
i

(x)
bm,i
n

n∑

j=1

δym,n

(i−1)n+j
, x ∈ X,(6.3b)

hm(t, z, φ) =

m∑

i=1

1Am
i

(z)h(t, xmi , φ), t ∈ T , z ∈ X, φ ∈ Y.(6.3c)

Consider the following IVP of a coupled ODE system:

(6.4) φ̇(i−1)n+j = Fm,ni (t, φ(i−1)n+j ,Φ), 0 < t ≤ T, φ(i−1)n+j(0) = ϕ(i−1)n+j ,

i = 1, . . . ,m, j = 1, . . . , n,

where Φ = (φ(i−1)n+j)1≤i≤m,1≤j≤n and

Fm,ni (t, ψ,Φ) =

m∑

p=1

am,ibm,p
n2

n∑

j=1

1Am
p

(ym,n(i−1)n+j)

n∑

q=1

g(t, ψ, φ(p−1)n+q) + hm(t, xmi , ψ).

Then by Proposition 5.10, there exists a unique solution φm,n(t) = (φm,n(i−1)n+j(t)) to (6.4),

for m,n ∈ N.
For t ∈ T , define

(6.5) (νm,nt )x : =

m∑

i=1

1Am
i

(x)
am,i
n

n∑

j=1

δφm,n

(i−1)n+j
(t), x ∈ X.

Theorem 6.1. Assume (A1), and (H1)-(H2). Then there exists a unique uniformly weak
solution ρ(t, x, φ) to (6.2). Assume additionally ρ0(x, φ) is continuous in x ∈ X for m-a.e.
φ ∈ Y such that ρ0 ∈ L1

+(X × Y, µX ⊗ m) and

sup
x∈X

‖ρ0(x, ·)‖L1(Y,m) < ∞.

Let ν· ∈ C(T ; BµX ,1(X,Mabs(Y ))) be the measure-valued function defined in terms of the
uniformly weak solution to (6.2):

d(νt)x = ρ(t, x, φ)dφ, for every t ∈ T , and x ∈ X.

Then νt ∈ C(T , CµX ,1(X,M+(Y ))). Moreover, let νm,n0 ∈ BµX ,1(X,M+(Y )), ηm,n ∈ B(X,
M+(Y )), and hm ∈ C(T ×X×Y,R2) be defined in (6.3), and νm,n· be defined in (6.5). Then

lim
n→∞

d∞(νm,nt , νt) = 0.

Proof. It is straightforward to verify that (H1) implies (A2), and (H2) implies (A3) and
(A7). It remains to show (A6) is fulfilled with Y defined in (6.1). This is a simple consequence
of the fact that this SIS model is conservative:

∂

∂t
(Sx(t) + Ix(t)) = 0.

�
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6.2. A multi-group epidemic model with demography. In this subsection we will apply
our main results to an SEIRS epidemic model with demography of heterogeneous group
structure. Before proposing the heterogeneous model, let us first revisit the single-group
SEIRS model [7] with the following flow chart:

S

bN

d1S

Birth

Death

E

d2E

Death

I

d3I

Death

R

d4R

Death

Infection

βSI/N

Latency

ιE

Recovery

γI

Loss of immunity

σR

The deterministic model is given by an ODE with mass-action disease transmission:

Ṡ =bN − βSI/N + σR− d1S

Ė =βSI/N − ιE − d2E

İ =ιE − γI − d3I

Ṙ =γI − σR− d4R

where b is the birth rate, di the death rates for different compartments, N the total population
size, β the transmission rate per capita, ι−1 the latency period, γ the recovery rate, and σ
the rate of losing immunity.

In the following, we will generalize the above model to a multi-group model with heterogen-
eous group structure. Let (X,B(x), µX ) be a compact probability space satisfying (A1). For
i = 1, . . . , 4, define the time-and-location-dependent death rate functions di : T × X → R+,
and

d(x) = inf
t∈T

min
1≤i≤4

di(t, x), x ∈ X.

The other constants become time-and-location-dependent as well. Let Λ: X → R+ be the
influx of newly born healthy susceptibles. Assume

(H1) Λ ∈ C(X); for i = 1, 2, 3, 4, di(t, x) is continuous in x, and d(x) > 0 for all x ∈ X .

(H2) M : = supx∈X
Λ(x)
d(x) < ∞.

(H3) For (u1, u2) ∈ R2
+, let β(t, u1, u2) ≥ 0 be in general the disease transmission function,

and β(t, u1, u2) = 0 provided u1u2 = 0. Moreover, β is continuous in t, and locally Lipschitz
continuous in u1, u2 uniformly in t.

(H4) For u ∈ R+, let ι(t, x, u) ≥ 0 be the reciprocal of the latency period function, and for
every x ∈ X , ι(t, x, u) = 0 provided u = 0. Moreover, ι is continuous in t, and Lipschitz
continuous in u ∈ R+ uniformly in t, and continuous in x uniformly in u.

(H5) For u ∈ R+, let γ(t, x, u) ≥ 0 be the recovery rate function, and for every x ∈ X ,
γ(t, x, u) = 0 provided φ3 = 0. Moreover, γ is continuous in t, and locally Lipschitz continuous
in u ∈ R+ uniformly in t, and continuous in x uniformly in u.

(H6) For u ∈ R+, let σ(t, x, u) ≥ 0 be the rate function of losing immunity, and for every
x ∈ X , σ(t, x, u) = 0 provided u = 0. Moreover, σ is continuous in t, and Lipschitz continuous
in u ∈ R+ uniformly in t, and continuous in x uniformly in u.

Let

(6.6) Y = {φ ∈ R4
+ : ‖φ‖1 ≤ M} ⊆ R4

+.
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(H7) ν· ∈ C(T ,BµX ,1(X,M+(R4))) is uniformly compactly supported within Y ⊆ R4
+.

Under (H1)-(H7), consider a general non-local multi-group SEIRS model on a DGM η:

∂Sx
∂t

=Λ(x) −
∫

X

∫

R4
+

β(t, ψ3, Sx)d(νt)y(ψ)dηx(y) + σ(t, x,Rx) − d1(t, x)Sx

∂Ex
∂t

=

∫

X

∫

R4
+

β(t, ψ3, Sx)d(νt)y(ψ)dηx(y) − ι(t, x, Ex) − d2(t, x)Ex

∂Ix
∂t

=ι(t, x, Ex) − γ(t, x, Ix) − d3(t, x)Ix

∂Rx
∂t

=γ(t, x, Ix) − σ(t, x,Rx) − d4(t, x)Rx.

By (H7), let

g(t, ψ, φ) =




−β(t, ψ3, φ1)

β(t, ψ3, φ1)

0

0




, h(t, x, φ) =




Λ(x) + γ(t, x, φ4) − d1(t, x)φ1

−ι(t, x, φ2) − d2(t, x)φ2

ι(t, x, φ2) − γ(t, x, φ3) − d3(t, x)φ3

γ(t, x, φ3) − σ(t, x, φ4) − d4(t, x)φ4




,

V [η, ν·, h](t, x, ψ) =

∫

X

∫

Y

g(t, ψ, φ)d(νt)y(ψ)dηx(y) + h(t, x, φ),

and

V̂ [η, ρ·, h](t, x, φ) =

∫

X

∫

Y

g(t, ψ, φ)ρ(t, y, ψ)dψdηx(y) + h(t, x, φ).

Consider the VE

∂ρ(t, x, φ)

∂t
+ divφ

(
ρ(t, x, φ)V̂ [η, ρ(·), h](t, x, φ)

)
= 0, t ∈ (0, T ], x ∈ X, m-a.e. φ ∈ Y,

ρ(0, ·) = ρ0(·).

(6.7)

Again from Lemmas 5.4-5.6, there exists

• a partition {Ami }1≤i≤m of X and points xmi ∈ Ami for i = 1, . . . ,m, for every m ∈ N,
• a sequence {ϕm,n(i−1)n+j : i = 1, . . . , m, j = 1, . . . , n}n,m∈N ⊆ Y and {am,i : i = 1, . . . ,

m}m∈N ⊆ R+,
• a sequence {ym,n(i−1)n+j : i = 1, . . . ,m, j = 1, . . . , n}m,n∈N ⊆ Y and {bm,i : i = 1, . . . ,m}m∈N ⊆
R+,

such that

lim
m→∞

lim
n→∞

d∞(νm,n0 , ν0) = 0,

lim
m→∞

lim
n→∞

d∞(ηm,n, η) = 0,

lim
m→∞

∫ T

0

∫

Y

sup
x∈X

|hm(t, x, φ) − h(t, x, φ)| dφdt = 0,

where

(νm,n0 )x : =
m∑

i=1

1Am
i

(x)
am,i
n

n∑

j=1

δϕm,n

(i−1)n+j
, x ∈ X,(6.8a)

ηm,nx : =
m∑

i=1

1Am
i

(x)
bm,i
n

n∑

j=1

δym,n

(i−1)n+j
, x ∈ X,(6.8b)
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hm(t, z, φ) =

m∑

i=1

1Am
i

(z)h(t, xmi , φ), t ∈ T , z ∈ X, φ ∈ Y.(6.8c)

Consider the following IVP of a coupled ODE system:

(6.9) φ̇(i−1)n+j = Fm,ni (t, φ(i−1)n+j ,Φ), 0 < t ≤ T, φ(i−1)n+j(0) = ϕ(i−1)n+j ,

i = 1, . . . ,m, j = 1, . . . , n,

where Φ = (φ(i−1)n+j)1≤i≤m,1≤j≤n and

Fm,ni (t, ψ,Φ) =
m∑

p=1

am,ibm,p
n2

n∑

j=1

1Am
p

(ym,n(i−1)n+j)
n∑

q=1

g(t, ψ, φ(p−1)n+q) + hm(t, xmi , ψ).

Then by Proposition 5.10, there exists a unique solution φm,n(t) = (φm,n(i−1)n+j(t)) to (6.9),

for m,n ∈ N.
For t ∈ T , define

(6.10) (νm,nt )x : =
m∑

i=1

1Am
i

(x)
am,i
n

n∑

j=1

δφm,n

(i−1)n+j
(t), x ∈ X.

Theorem 6.2. Assume (A1), and (H1)-(H6). Then there exists a unique uniformly weak
solution ρ(t, x, φ) to (6.7). Assume additionally ρ0(x, φ) is continuous in x ∈ X for m-a.e.
φ ∈ Y such that ρ0 ∈ L1

+(X × Y, µX ⊗ m) and

sup
x∈X

‖ρ0(x, ·)‖L1(Y,m) < ∞.

Let ν· ∈ C(T ; BµX ,1(X,Mabs(Y ))) be the measure-valued function defined in terms of the
uniformly weak solution to (6.7):

d(νt)x = ρ(t, x, φ)dφ, for every t ∈ T , and x ∈ X.

Then νt ∈ C(T , CµX ,1(X,M+(Y ))). Moreover, let νm,n0 ∈ BµX ,1(X,M+(Y )), ηm,n ∈ B(X,
M+(Y )), and hm ∈ C(T ×X×Y,R2) be defined in (6.8), and νm,n· be defined in (6.10). Then

lim
n→∞

d∞(νm,nt , νt) = 0.

Remark 6.3. When σ ≡ 0, the SEIRS model reduces to SEIR model. Similar results apply to
other types of epidemic models (e.g., SIRS, SIR, SIS models).

Proof. It is straightforward to verify that (H3) implies (A2); (H1) and (H4)-(H6) together
imply (A3) and (A7); It is easy to verify that the η· given in Example 5.8 satisfies (A4)′.
Let

It remains to show (A6) is fulfilled with Y defined in (6.6).

(i) For φ ∈ {z ∈ Y :
∑4

i=1 zi = M}, we have υ(φ) = (1, 1, 1, 1), and

V [η, ν·, h](t, x, φ) · υ(φ) =
∂(Sx + Ex + Ix +Rx)

∂t

∣∣∣
(Sx,Ex,Ix,Rx)=φ

=Λx − d1(t, x)φ1 − d2(t, x)φ2 − d3(t, x)φ3 − d4(t, x)φ4

≤Λx − d(x)

4∑

i=1

φi = Λx − d(x)M ≤ 0.

(ii) For φ ∈ {z ∈ Y : z1 = 0,
∑
j 6=1 zj = M}, we have υ(φ) = (−1, 0, 0, 0), and

V [η, ν·, h](t, x, ψ) · υ(φ) = −∂(Sx)

∂t

∣∣∣
(Sx,Ex,Ix,Rx)=φ

= −(Λ(x) + γ(t, x, φ4)) ≤ 0.
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(iii) For φ ∈ {z ∈ Y : z2 = 0,
∑
j 6=2 zj = M}, we have υ(φ) = (0,−1, 0, 0), and

V [η, ν·, h](t, x, φ) · υ(φ) = − ∂(Ex)

∂t

∣∣∣
(Sx,Ex,Ix,Rx)=ψ

= −
∫

X

∫

Y

β(t, ψ1, φ3)d(νt)y(φ)dηx(y) ≤ 0.

(iv) For φ ∈ {z ∈ Y : z3 = 0,
∑
j 6=3 zj = M}, we have υ(φ) = (0, 0,−1, 0), and

V [η, ν·, h](t, x, φ) · υ(φ) = −∂(Ix)

∂t

∣∣∣
(Sx,Ex,Ix,Rx)=φ

= −ι(t, x, φ2) ≤ 0.

(v) For φ ∈ {z ∈ Y : z4 = 0,
∑
j 6=4 zj = M}, we have υ(φ) = (0, 0, 0,−1), and

V [η, ν·, h](t, x, φ) · υ(φ) = −∂(Rx)

∂t

∣∣∣
(Sx,Ex,Ix,Rx)=φ

= −β(t, x, φ3) ≤ 0.

Hence (A6) is fulfilled. �

Remark 6.4. We remark that for this epidemic model, involved functions are locally Lipschitz
but not globally Lipschitz.

6.3. Lotka-Volterra multi-patch model. Let (X,B(X), µX) be a compact probability
space satisfying (A1). Assume that

(H1) 0 ≤ W1(u),W2(u) ≤ u for all u ∈ R+, and W1 and W2 are odd functions and locally
Lipschitz.

(H2) η1, η2 ∈ B(X,M+(X)).

Let Λ1, Λ2 > 0 be an arbitrary positive number satisfying

(6.11) Λ1 ≥ α

β
, Λ2 ≥ − ι

θ
+
σ

θ
Λ1.

Let Y = {φ ∈ R2
+ : φ1 ≤ Λ1, φ2 ≤ Λ2} be the cube in the positive cone, which is a convex

compact set.

(H3) ν· ∈ C(T , CµX ,1(X,M+(R2))) is uniformly compactly supported within Y ⊆ R2
+.

Under (H1)-(H3), consider the general Lotka-Volterra nonlocal patch prey-predator model
[30, 42, 20]:

∂φ1(t, x)

∂t
= φ1(t, x)(α − βφ1(t, x) − γφ2(t, x)) +

∫

X

∫

Y

W1(ψ1 − φ1(t, x))d(νt)y(ψ)dη1
x(y)

∂φ2(t, x)

∂t
= φ2(t, x)(−ι + σφ1(t, x) − θφ2(t, x)) +

∫

X

∫

Y

W2(ψ2 − φ2(t, x))d(νt)y(ψ)dη2
x(y)

(6.12)

where φ1(t) and φ2(t) stand for population densities of the prey and predator at time t,
respectively, and all given functions and parameters are non-negative.

Let

g1(ψ, φ) =



W1(ψ1 − φ1)

0


 , g2(ψ, φ) =




0

W2(ψ2 − φ2)


 ,

h(φ) =



φ1(α− βφ1 − γφ2)

φ2(−ι+ σφ1 − θφ2)


 ,
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and

V̂ [η, ρ·, h](t, x, φ) =

2∑

ℓ=1

∫

X

∫

Y

gℓ(t, ψ, φ)ρ(t, y, ψ)dψdηℓx(y) + h(φ).

Consider the VE

∂ρ(t, x, φ)

∂t
+ divφ

(
ρ(t, x, φ)V̂ [η, ρ(·), h](φ)

)
= 0, t ∈ (0, T ], x ∈ X, m-a.e. φ ∈ Y,

ρ(0, ·) = ρ0(·).
(6.13)

From Lemmas 5.4-5.6, there exists

• a partition {Ami }1≤i≤m of X and points xmi ∈ Ami for i = 1, . . . ,m, for every m ∈ N,
• a sequence {ϕm,n(i−1)n+j : i = 1, . . . ,m, j = 1, . . . , n}n,m∈N ⊆ Y and {am,i : i = 1, . . . ,

m}m∈N ⊆ R+,

• a sequence {yℓ,m,n(i−1)n+j : i = 1, . . . ,m, j = 1, . . . , n}m,n∈N ⊆ Y and {bℓ,m,i : i = 1, . . . ,

m}m∈N ⊆ R+, for ℓ = 1, 2,

such that

lim
m→∞

lim
n→∞

d∞(νm,n0 , ν0) = 0,

lim
m→∞

lim
n→∞

d∞(ηℓ,m,n, η) = 0, ℓ = 1, . . . ,

lim
m→∞

∫ T

0

∫

Y

sup
x∈X

|hm(t, x, φ) − h(t, x, φ)| dφdt = 0,

where

(νm,n0 )x : =
m∑

i=1

1Am
i

(x)
am,i
n

n∑

j=1

δϕm,n

(i−1)n+j
, x ∈ X,(6.14a)

ηℓ,m,nx : =
m∑

i=1

1Am
i

(x)
bℓ,m,i
n

n∑

j=1

δyℓ,m,n

(i−1)n+j

, x ∈ X,(6.14b)

hm(t, z, φ) =

m∑

i=1

1Am
i

(z)h(t, xmi , φ), t ∈ T , z ∈ X, φ ∈ Y.(6.14c)

Consider the following IVP of a coupled ODE system:

(6.15) φ̇(i−1)n+j = Fm,ni (t, φ(i−1)n+j ,Φ), 0 < t ≤ T, φ(i−1)n+j(0) = ϕ(i−1)n+j ,

i = 1, . . . ,m, j = 1, . . . , n,

where Φ = (φ(i−1)n+j)1≤i≤m,1≤j≤n and

Fm,ni (t, ψ,Φ) =

m∑

p=1

am,ibℓ,m,p
n2

n∑

j=1

1Am
p

(yℓ,m,n(i−1)n+j)

n∑

q=1

g(t, ψ, φ(p−1)n+q) + hm(t, xmi , ψ).

Then by Proposition 5.10, there exists a unique solution φm,n(t) = (φm,n(i−1)n+j(t)) to (6.15),

for m,n ∈ N.
For t ∈ T , define

(6.16) (νm,nt )x : =

m∑

i=1

1Am
i

(x)
am,i
n

n∑

j=1

δφm,n

(i−1)n+j
(t), x ∈ X.

Theorem 6.5. Assume (A1), (H1)-(H2), and Λ1, Λ2 satisfy (6.11). Then there exists a
unique uniformly weak solution ρ(t, x, φ) to (6.13). Assume additionally ρ0(x, φ) is continuous
in x ∈ X for m-a.e. φ ∈ Y such that ρ0 ∈ L1

+(X × Y, µX ⊗ m) and

sup
x∈X

‖ρ0(x, ·)‖L1(Y,m) < ∞.
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Let ν· ∈ C(T ; BµX ,1(X,Mabs(Y ))) be the measure-valued function defined in terms of the
uniformly weak solution to (6.13):

d(νt)x = ρ(t, x, φ)dφ, for every t ∈ T , and x ∈ X.

Then νt ∈ C(T , CµX ,1(X,M+(Y ))). Moreover, let νm,n0 , ηℓ,m,n for ℓ = 1, 2, and hm be defined
in (6.14), and νm,n· be defined in (6.16). Then

lim
n→∞

d∞(νm,nt , νt) = 0.

Proof. First note that (H1) implies (A2). It is readily verified that (A3) and (A7) are
fulfilled since Y is compact. In addition, (A4)′ follows from (H2). Hence it suffices to show
that (A6) holds with Y for some c,Λ > 0.

Note that ∂Y = {φ1 = 0} ∪ {φ2 = 0} ∪ {φ1 = Λ1} ∪ {φ2 = Λ2}. In what follows, we will
show that

V [η, ν·, h](t, x, φ) · υ(φ) ≤ 0, for all t ∈ T , x ∈ X, φ ∈ ∂Y,

where υ(φ) is the outer normal vector at φ. We prove it case by case.

(i) For φ ∈ {ϕ ∈ Y : ϕ1 = 0}, υ(φ) = (−1, 0), and

V [η, ν·, h](t, x, φ) · υ(φ) = −
∫

X

∫

Y

W1(ψ1 − φ1)d(νt)y(φ)dη1
x(y) ≤ 0.

(ii) For φ ∈ {ϕ : ϕ2 = 0}, υ(φ) = (0,−1), and

V [η, ν·, h](t, x, φ) · υ(φ) = −
∫

X

∫

Y

W2(ψ2 − φ2)d(νt)y(φ)dη2
x(y) ≤ 0.

(iii) For φ ∈ {ϕ : ϕ1 = Λ1}, υ(φ) = (1, 0). By (H1),

V [η, ν·, h](t, x, φ) · υ(φ)

=Λ1(α− βΛ1 − γφ2) +

∫

X

∫

Y

W1(ψ1 − Λ1)d(νt)y(φ)dη1
x(y)

≤Λ1(α− βΛ1) ≤ 0,

since Λ1 ≥ α
β .

(iv) For φ ∈ {ϕ : ϕ2 = Λ2}, υ(φ) = (1, 0). By (H1),

V [η, ν·, h](t, x, φ) · υ(φ)

=Λ2(−ι+ σφ1 − θΛ2) +

∫

X

∫

Y

W2(ψ2 − Λ2)d(νt)y(φ)dη2
x(y)

≤Λ2(−ι+ σΛ1 − θΛ2) ≤ 0,

since Λ2 ≥ − ι
θ + σ

θΛ1.

�

Remark 6.6. • Analogous results can be derived for models describing interaction between
an abundant prey and a rare predator with an Allee effect [30], by alternating the
sign of θ in (6.12) to represent the self-activation (i.e., Allee effect) instead of the self-
inhibition for the predator. In particular, application of our main results covers the
graphon model proposed in [20], where (6.12) with

∫
X

∫
Y
W1(ψ1 − φ1(t, x))d(νt)y(ψ)

dη1
x(y) replaced by

D1

∫

X

K(x, y)(φ1(y, t) − φ1(x, t))dy

and
∫
X

∫
Y W2(ψ2 − φ2(t, x))d(νt)y(ψ)dη2

x(y) replaced by

D2

∫

X

K(x, y)(φ2(y, t) − φ2(x, t))dy,

with X = [0, 1] and K the adjacency function.
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• When σ is negative, the system can be used to model sRNA pathways with hetero-
geneous structure [8], where it was shown that a convex compact positively invariant
set can be constructed.

• The integro-differential equation (6.12) can be regarded as a generalization of the
reaction diffusion Lotka-Volterra model.

6.4. Hegselmann-Krause opinion dynamics model. To model opinion dynamics of multi-
agents, consider the Hegselmann-Krause model [27]:

φ̇i =
1

N

N∑

j=1

G(|φj − φi|)(φj − φi), 0 < t ≤ T,

φi(0) =ϕi, i = 1, . . . , N.

where φNi ∈ Rd stands for the opinion of agent i, and G : R+ → R+ the interaction function.
Let (X,µX) be a compact measurable Polish space satisfying (A1). Assume that

(H1) G : Rd → R+ is locally Lipschitz continuous.

(H2) η ∈ C(X,M+(X)).
Let Λ > 0 be an arbitrary positive real number, and

(6.17) Y = {ϕ ∈ Rd : |ϕi| ≤ Λ, i = 1, . . . , d} ⊆ Rd

be a cube centered at the origin. Hence Y is a convex compact set.

(H3) ν· ∈ C(T ,BµX ,1(X,M+(Rd))) is uniformly compactly supported within Y .
To generalize this network model, consider the following non-local model with heterogen-

eous structure (in terms of η) under (H1)-(H3):

∂φ

∂t
(t, x) =

∫

X

∫

Rd

G(|ψ − φ(t, x)|)(ψ − φ(t, x))d(νt)y(ψ)dηx(y)

φ(0, x) =ϕ(x),

where φ(t, x) ∈ Rd.
Consider the VE

∂ρ(t, x, φ)

∂t
+ divφ

(
ρ(t, x, φ)V̂ [η, ρ(·)](t, x, φ)

)
= 0, t ∈ (0, T ], x ∈ X, m-a.e. φ ∈ Y,

ρ(0, ·) = ρ0(·),
(6.18)

where V̂ [η, ρ(·)](t, x, φ) =
∫
X

∫
Rd G(|ψ − φ(t, x)|)(ψ − φ(t, x))ρ(t, y, ψ)dψdηx(y).

From Lemmas 5.4-5.6, there exists

• a partition {Ami }1≤i≤m of X and points xmi ∈ Ami for i = 1, . . . ,m, for every m ∈ N,
• a sequence {ϕm,n(i−1)n+j : i = 1, . . . ,m, j = 1, . . . , n}n,m∈N ⊆ Y and {am,i : i = 1, . . . ,

m}m∈N ⊆ R+,
• a sequence {ym,n(i−1)n+j : i = 1, . . . ,m, j = 1, . . . , n}m,n∈N ⊆ Y and {bm,i : i = 1, . . . ,

m}m∈N ⊆ R+,

such that
lim
m→∞

lim
n→∞

d∞(νm,n0 , ν0) = 0,

lim
m→∞

lim
n→∞

d∞(ηm,n, η) = 0,

lim
m→∞

∫ T

0

∫

Y

sup
x∈X

|hm(t, x, φ) − h(t, x, φ)| dφdt = 0,

where

(νm,n0 )x : =
m∑

i=1

1Am
i

(x)
am,i
n

n∑

j=1

δϕm,n

(i−1)n+j
, x ∈ X,(6.19a)
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ηm,nx : =

m∑

i=1

1Am
i

(x)
bm,i
n

n∑

j=1

δym,n

(i−1)n+j
, x ∈ X,(6.19b)

hm(t, z, φ) =

m∑

i=1

1Am
i

(z)h(t, xmi , φ), t ∈ T , z ∈ X, φ ∈ Y.(6.19c)

Consider the following IVP of a coupled ODE system:

(6.20) φ̇(i−1)n+j = Fm,ni (t, φ(i−1)n+j ,Φ), 0 < t ≤ T, φ(i−1)n+j(0) = ϕ(i−1)n+j ,

i = 1, . . . ,m, j = 1, . . . , n,

where Φ = (φ(i−1)n+j)1≤i≤m,1≤j≤n and

Fm,ni (t, ψ,Φ) =

m∑

p=1

am,ibm,p
n2

n∑

j=1

1Am
p

(ym,n(i−1)n+j)

n∑

q=1

g(t, ψ, φ(p−1)n+q) + hm(t, xmi , ψ).

Then by Proposition 5.10, there exists a unique solution φm,n(t) = (φm,n(i−1)n+j(t)) to (6.20),

for m,n ∈ N.
For t ∈ T , define

(6.21) (νm,nt )x : =

m∑

i=1

1Am
i

(x)
am,i
n

n∑

j=1

δφm,n

(i−1)n+j
(t), x ∈ X.

Theorem 6.7. Assume (A1), and (H1)-(H2). Then there exists a unique uniformly weak
solution ρ(t, x, φ) to (6.18). Assume additionally ρ0(x, φ) is continuous in x ∈ X for m-a.e.
φ ∈ Y such that ρ0 ∈ L

1
+(X × Y, µX ⊗ m) and

sup
x∈X

‖ρ0(x, ·)‖L1(Y,m) < ∞.

Let ν· ∈ C(T ; BµX ,1(X,Mabs(Y ))) be the measure-valued function defined in terms of the
uniformly weak solution to (6.18):

d(νt)x = ρ(t, x, φ)dφ, for every t ∈ T , and x ∈ X.

Then νt ∈ C(T , CµX ,1(X,M+(Y ))). Moreover, let νm,n0 ∈ BµX ,1(X,M+(Y )), ηm,n ∈ B(X,
M+(Y )), and hm ∈ C(T × X × Y,R2d) be defined in (6.19), and νm,n· be defined in (6.21).
Then

lim
n→∞

d∞(νm,nt , νt) = 0.

Proof. Let g(ψ, φ) = G(|ψ − φ|)(ψ − φ). It follows from (H1) that g satisfies (A2). Indeed,

(H1) implies G is locally bounded Lipschitz, and hence for (ψ, φ), (ψ̃, ψ̃) ∈ N , where N is an
open set in R2d, we have

|G(|ψ − φ|)(ψ − φ) −G(|ψ̃ − φ|)(ψ̃ − φ)|
≤|G(|ψ − φ|)(ψ − φ) −G(|ψ − φ|)(ψ̃ − φ)| + |G(|ψ − φ|)(ψ̃ − φ) −G(|ψ̃ − φ|)(ψ̃ − φ)|

≤|G(|ψ − φ|)||ψ − ψ̃| +
|G(|ψ − φ|) −G(|ψ̃ − φ|)|

|ψ − ψ̃|
|ψ − ψ̃||ψ̃ − φ|

≤BL(G|N )(1 + max
(w,u)∈N

(|w| + |u|))|ψ − ψ̃|,

i.e., g is locally Lipschitz in ψ. Similarly, one can show g is locally Lipschitz in φ. Hence
g is locally Lipschitz in (ψ, φ). Moreover, (A3) and (A7) are automatically fulfilled with
a trivial h ≡ 0; (H2) implies (A4)′. Finally we show (A6) is satisfied with the Y given
in (6.17), under the assumption of (H3). To see this, let D+

j = {ϕ ∈ Y : ϕj = Λ} and
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D−
j = {ϕ ∈ Y : ϕj = −Λ}, j = 1, . . . , d. Hence ∂Y = ∪dj=1(∪D+

j ∪D−
j ). Let 1 ≤ j ≤ d. Then

for φ ∈ D+
j , υ(φ) = ej, where (ej)1≤j≤d forms the standard orthonormal basis of Rd. Hence

V [η, ν·](t, x, φ) · υ(φ) =

∫

X

∫

Y

G(|ψ − φ(t, x)|)(ψj − Λ)d(νt)y(ψ)dηx(y) ≤ 0.

Similarly, for φ ∈ D+
j , υ(φ) = −ej, we have

V [η, ν·](t, x, φ) · υ(φ) = −
∫

X

∫

Y

G(|ψ − φ(t, x)|)(ψj + Λ)d(νt)y(ψ)dηx(y) ≤ 0.

This shows that (A6) is satisfied. �

7. Discussion and outlooks

The approach in this paper naturally extends to the setting on a compact Riemannian
manifold, e.g., the torus Tm or sphere Sm, which are typically used in the Kuramoto models
of lower or higher order interactions [6], the swarm sphere model [37], as well as models for
opinion dynamics [15].

Nevertheless, the compactness of the vertex space X is technically crucial. Without this,
there may exist no sequence of partitions of X with the maximal diameters decreasing to zero.
This property is indispensable for the topology induced by d∞, as the continuity may not be
sufficient to ensure the pointwise convergence of the distances between the fiber measures
ηx and their (best) uniform discrete approximations. Nonetheless, such compactness can be
sacrificed, e.g., by adding some other mild condition on the homogeneity as well as uniform
boundedness in total variation norm of ηx for large x.

Although we only allow finitely many DGMs for the IPS, one may further consider IPS
on countably many DGMs. This may lead to a deeper understanding how complex the geo-
metry of digraphs (in other words, the interactions among different particles) will change the
dynamics of the IPS. One other crucial matter that may arise is that the union of underlying
vertex spaces may be of infinite dimensional (no longer a set in a Euclidean space).

In addition, the same topic remains open when we lose continuity (up to a finite set of
discontinuity points) of underlying DGMs as well as the initial measure of the VEs in the
vertex variable. Such continuity conditions seem crucial due to the topology induced by the
uniform bounded Lipschitz metric. Since allowing countably many discontinuity points means
the mass of fiber measures ηx for x ∈ X may not be uniformly bounded. Hence the distance
between the DGM η (even still in B(X,M+(X))) and any finitely supported approximation
(ηm,n) can be uniformly away from zero. For instance, consider the DGM in Remark 3.20.
This may indicate a nice weaker topology than the uniform weak topology given in this paper
will be helpful in further generalizations.

Moreover, to find a better analytical perspective or to enlarge the space of digraph measures
may allow us to address the MFL of dynamical systems on heterogeneous graphs (particularly
sparse ones). We will leave the above questions for our future work.

8. Proofs of main results

8.1. Proof of Theorem 4.3.

Proof. By Proposition 4.1, the Picard-Lindelöf’s iteration [45, Theorem 2.2] yields the unique
existence of solutions φ(t, x) to (2.2); moreover, it is standard to extend the solution φ(t, x)
to the maximal existence interval (τ−

x,t0 , τ
+
x,t0) ∩ T for every x ∈ X and t0 ∈ T satisfying the

dichotomy in (i)-(ii).
The positive invariance of Y follows directly from (A6), using Bony’s condition [11] (see

also [21, 39, 47]). This further yields that φ(t, x) ∈ Y for all t ∈ [t0, τ
+
x,t0) ∩ T and thus
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(i-b) is impossible. This shows (i-a) holds. Since t0 ∈ T is arbitrary, the solution maps{
Sxt,s[η, ν·, h]

}
t,s∈T form a group on Y such that

φ(t, x) = Sxt,s[η, ν·, h]φ(s, x), for all s, t ∈ T .
�

8.2. Proof of Theorem 4.8.

Proof. For ν0 ∈ BµX ,1(X ; M+,abs(Y )) defined in terms of ρ0, let ν· be the unique solution
to the fixed point equation (4.2) associated with ν0. Hence by Proposition 4.4(v)-(vi), νt ∈
BµX ,1(X ; M+,abs(Y )) for every t ∈ T . Let

(8.1) ρ(t, x, φ) =
d(νt)x(φ)

dφ
, t ∈ T , x ∈ X, m-a.e. φ ∈ Y.

To conclude the proof, (1) we show ρ(t, x, φ) is a weak solution to (2.4). (2) For every weak
solution ρ(t, x, φ) to the IVP of (2.4), let

d(νt)x(φ) = ρ(t, x, φ)dφdµX (x).

We show that ν· ∈ C(T ,BµX ,1(X,M+(Y ))), is a solution to the fixed point equation associated
with ν0. Then by the uniqueness of solutions to the fixed point equation, we obtain the
uniqueness of weak solutions to the IVP of (2.4).

Step I. We show ρ(t, x, φ) in (8.1) is a weak solution to (2.4). First, by Proposition 3.9(ii),
t 7→ ρ(t, x, φ) is uniformly weakly continuous. Moreover, by Proposition 4.4(v),

∫

X

∫

Y

ρ(t, x, φ)dφdx = 1, for all t ∈ T .

It remains to verify that ρ(t, x, φ) solves (4.3). Let w ∈ C1(T × Y ) with suppw ⊆
[0, T [×U and U ⊂⊂ Y . Then

∫ T

0

∫

Y

∂w(t, φ)

∂t
ρ(t, x, φ)dφdt

=

∫ T

0

∫

Y

∂w(t, φ)

∂t
d(νt)x(φ)dt

=

∫ T

0

∫

Y

∂w(t, φ)

∂t
d((ν0)x ◦ Sx0,t[η, ν·, h])(φ)dt

Sx
0,t[η,ν·,h]φ 7→φ

============

∫ T

0

∫

Y

∂1w(t,Sxt,0[η, ν·, h]φ)d(ν0)x(φ)dt

=

∫

Y

∫ T

0

∂1w(t,Sxt,0[η, ν·, h]φ)dtd(ν0)x(φ)

= −
∫

Y

w(0, φ)d(ν0)x(φ)

−
∫

Y

∫ T

0

∂2w(t,Sxt,0[η, ν·, h]φ) · V [η, ν·, h](t, x,Sxt,0[η, ν·, h]φ)dtd(ν0)x(φ)

Sx
t,0[η,ν·,h]φ 7→φ

============ −
∫

Y

w(0, φ)d(ν0)x(φ) −
∫

Y

∫ T

0

∂w(t, φ)

∂φ
· V [η, ν·, h](t, x, φ)dtd(νt)x(φ)

= −
∫

Y

w(0, φ)ρ0(x, φ)dφ −
∫ T

0

∫

Y

∂w

∂φ
(t, φ) · V̂ [η, ρ·, h](t, x, φ)ρ(t, x, ψ)dφdt,

i.e., (4.3) holds.
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Step II. Let T ×X ∋ (t, x) 7→ (νt)x ∈ M+(Y ) be such that

d(νt)x(φ) = ρ(t, x, φ)dφ, t ∈ T , x ∈ X, m-a.e. φ ∈ Y.

Since ρ is a weak solution to (2.4), it is ready to show that ν· ∈ C(T ,BµX ,1(X,
M+(Y ))), by Definition 4.6(i)-(ii) as well as Proposition 3.9(i).

Then it remains to show that νt satisfies the fixed point equation. For x ∈ X , for
every w ∈ C1(T × U) with suppw ⊆ [0, T [×U and U ⊂⊂ Y , we have

∫ T

0

∫

Y

∂w(t, φ)

∂t
d(νt)x(φ)dt

= −
∫

Y

w(0, φ)d(ν0)x(φ) −
∫

Y

∫ T

0

∂w(t, φ)

∂φ
· V [η, ν·, h](t, x, φ)dtd(νt)x(φ)

= −
∫

Y

w(0, φ)d(ν0)x(φ)

−
∫

Y

∫ T

0

∂2w(t,Sxt,0[η, ν·, h]φ) · V [η, ν·, h](t, x,Sxt,0[η, ν·, h]φ)dtd(ν0)x(φ)

=

∫

Y

∫ T

0

∂1w(t,Sxt,0[η, ν·, h]φ)dtd(ν0)x(φ)

=

∫ T

0

∫

Y

∂1w(t,Sxt,0[η, ν·, h]φ)d(ν0)x(φ)dt

=

∫ T

0

∫

Y

∂w(t, φ)

∂t
d((ν0)x ◦ Sx0,t[η, ν·, h])(φ)dt,

Let v = ∂1w. Since w ∈ C1(T × U) with suppw ⊆ [0, T [×U , we have v ∈ C(T × U)
with supp v ⊆ [0, T [×U satisfying

(8.2)

∫ T

0

∫

Y

v(t, φ)d(νt)x(φ)dt =

∫ T

0

∫

Y

v(t, φ)d((ν0)x ◦ Sx0,t[η, ν·, h])(φ)dt.

Let t ∈ T , x ∈ X , and f ∈ C(Y ). Let u = 1{t} and

v(τ, φ) = u(τ)f(φ), τ ∈ T , φ ∈ Y.

Since C(T ) is dense in L1(T ), it is easy to construct mollifiers {un}n∈N ⊆ C(T ) of u
with suppun ⊆ [0, T [ and 0 ≤ un ≤ 1 such that

lim
n→∞

∫ T

0

|un(τ) − u(τ)|dτ = 0.

Let vn(τ, φ) = un(τ)f(φ). Then vn ∈ C(T ×U) with supp v ⊆ [0, T [×U . Substituting
vn into (8.2) and taking the limit as n → ∞, by Dominated Convergence Theorem,
we have ∫

Y

f(φ)d(νt)x(φ) =

∫

Y

f(Sxt,0[η, ν·, h]φ)d(ν0)x(φ).

Since x ∈ X and f were arbitrary, we have

(νt)x = (ν0)x ◦ Sx0,t[η, ν·, h].

Hence ν· is a solution to the fixed point equation.

�
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8.3. Proof of Theorem 5.11.

Proof. We first show that ν· ∈ C(T , CµX ,1(X,M+(Y ))) and then prove the approximation
result.

• ν· ∈ C(T , CµX ,1(X,M+(Y ))). Since x 7→ ρ0(x, φ) is continuous for m-a.e. φ ∈ Y and

sup
x∈X

‖ρ0(x, ·)‖L1(Y,µY ) < ∞,

by Proposition 3.4 and Dominated Convergence Theorem,

dBL((ν0)x, (ν0)y) ≤ ‖ρ0(x, ·) − ρ0(y, ·)‖L1(Y,µY ) → 0, as |x− y| → 0,

which implies that ν0 ∈ CµX ,1(X,M+(Y )). Since C(T , CµX ,1(X,M+(Y ))) is complete
by Proposition 3.11, applying Banach fixed point theorem as in the proof of Proposi-
tion 4.5 to C(T , CµX ,1(X,M+(Y ))) as well as using the uniqueness of solutions to VE
yields ν· ∈ C(T , CµX ,1(X,M+(Y ))).

• Approximation of the VE. We prove the approximation result in four steps. Roughly,
we first show νm,n· is the solution to a fixed point equation. Then constructing solu-
tions to two other auxiliary fixed point equations, using continuous dependence of
solutions of the fixed point equation on η·, h, as well as the initial measure, we show
the approximation result by triangle inequalities.

Step I. νm,n· defined in (5.3) is the solution to the fixed point equation associated with
ηm,n and hm:

(8.3) νm,n· = A[ηm,n, νm,n· , hm]νm,n· .

To prove this, we calculate A[ηm,n, νm,n· , hm] explicitly and show νm,n· satisfies
(8.3). By uniqueness of solutions, we prove that νm,n· is the unique solution to (8.3).
We express the Vlasov operator first. For x ∈ Ami ,

V [ηm,n, νm,n· , hm](t, x, φ)

=
r∑

ℓ=1

∫

X

∫

Y

gℓ(t, ψ, φ)d(νm,nt )y(ψ)dηℓ,m,nx (y) + hm(t, x, φ)

=

r∑

ℓ=1

bℓ,m,i
n

n∑

j=1

∫

Y

gℓ(t, ψ, φ)d(νm,nt )ym,n

(i−1)n+j
(ψ) + hm(t, xmi , φ)

=

r∑

ℓ=1

bℓ,m,i
n

n∑

j=1

m∑

p=1

am,p
n

1Am
p

(yℓ,m,n(i−1)n+j)

n∑

q=1

gℓ(t, φ
m,n
(p−1)n+q(t), φ) + hm(t, xmi , φ)

=Fm,ni (t, φ,Φm,n(t)),

where Φm,n(t) = (φm,n(i−1)n+j(t))1≤i≤m,1≤j≤n.

Consider the equation of characteristics for every x ∈ X :

∂φ(t, x)

∂t
= V [ηm,n, νm,n· , hm](t, x, φ),

and let Sxt,0[ηm,n, νm,n· , hm] be its flow. Let (φm,n(i−1)n+j(t))1≤i≤m,1≤j≤n be the solution

to the coupled ODE system (5.2) subject to the initial condition

(ϕm,n1 , . . . , ϕm,nn , . . . , ϕm,n(i−1)n+1, . . . , ϕ
m,n
(i−1)n+n, . . . , ϕ

m,n
(m−1)n+1, . . . , ϕ

m,n
mn ).

We first show that for i = 1, . . . ,m, for x ∈ Ami , j = 1, . . . , n,

(8.4) φm,n(i−1)n+j(t) = Sxt,0[ηm,n, νm,n· , hm]ϕm,n(i−1)n+j .

Indeed,

ϕm,n(i−1)n+j +

∫ t

0

V [ηm,n, ηm,n· , hm](τ, x, φm,n(i−1)n+j(τ))dτ
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=ϕm,n(i−1)n+j +

∫ t

0

Fm,ni (τ, φm,n(i−1)n+j(τ),Φm,n(τ))dτ = φm,n(i−1)n+j(t),

for φm,n(i−1)n+j(t) is the solution to (5.2). This verifies (8.4), from which we can conclude

that

(8.5) (νm,nt )x = (νm,n0 )x ◦ Sx0,t[ηm,n, ηm,n· , hm], x ∈ X,

and hence (8.3) holds. To see this, pick an arbitrary Borel measurable set B ∈ B(Y ),
let f = 1B. Then for x ∈ Ami ,

∫
fd(νm,n0 )x ◦ Sx0,t[ηm,n, ηm,n· , hm]

=

∫
f ◦ Sxt,0[ηm,n, ηm,n· , hm]d(νm,n0 )x

=
am,i
n

n∑

j=1

f
(

Sxt,0[ηm,n, ηm,n· , hm]ϕm,n(i−1)n+j

)

=
am,i
n

n∑

j=1

f
(
φm,n(i−1)n+j(t)

)
=

∫

Y

fd(νm,nt )x,

which shows that (8.5) holds since B was arbitrary and X = ∪mi=1A
m
i .

Step II. Construct an auxiliary approximation based on continuous dependence on
DGMs. Since ν0 ∈ CµX ,1(X,M+(Y )), let ν̂m,n· be the solution to the fixed point
equation confined to C(T , CµX ,1(X,M+(Y )))

ν̂m,n· = A[ηm,n, ν̂m,n· , h]ν̂m,n·

with ν̂m,n0 = ν0. By Proposition 4.5(iii),

(8.6) lim
m→∞

lim
n→∞

d∞(νt, ν̂
m,n
t ) = 0,

since

lim
m→∞

lim
n→∞

d∞(ηℓ, ηℓ,m,n) = 0, ℓ = 1, . . . , r.

Step III. Construct another auxiliary approximation based on continuous dependence
on h. Let ν̄m,n· be the solution to the fixed point equation

ν̄m,n· = A[ηm,n, ν̄m,n· , hm]ν̄m,n·

with ν̄m,n0 = ν0. By Lemma 5.6 and Lemma 5.9,

sup
m,n∈N

‖ηm,n‖ + sup
m∈N

|hm| < ∞

are uniformly bounded. Hence supm,n∈N ‖ν̄m,n· ‖ < ∞ is also uniformly bounded.

Moreover, d∞(ν̂m,nt , νt) → 0 also implies

sup
m,n∈N

‖ν̂m,n· ‖ < ∞.

By Proposition 4.5(ii),

d∞(ν̄m,nt , ν̂m,nt ) ≤ C‖h− hm‖∞,

where

C = sup
m,n∈N

1

L3(ν̂m,n· , h)
‖ν̄m,n· ‖eBL(h)eL1(̂ν

m,n
·

)T T e(L1(ν̂m,n
· )+L2(ηm,n)‖ν̄m,n

· ‖)T < ∞.

Step IV. Since νm,n· is the solution to the fixed point equation

νm,n· = A[ηm,n, νm,n· , hm]νm,n·
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with initial condition νm,n0 , by Lemma 5.5 and Proposition 4.5(i),

(8.7) d∞(νm,nt , ν̄m,nt ) ≤ e(L1(ν̄m,n
· )+L2‖νm,n

· ‖)td∞(νm,n0 , ν0) → 0, as n → ∞,m → ∞.

In sum, from (8.6)-(8.7), by triangle inequality it yields that

lim
m→∞

lim
n→∞

d∞(νt, ν
m,n
t ) = 0.

�
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Appendix A. Proof of Proposition 4.1

Proof. Let Eν·
be as in (A5). Then

V [η, ν·, h](t, x, φ) =

r∑

i=1

∫

X

∫

Eν·

gi(t, ψ, φ)d(νt)y(ψ)dηix(y) + h(t, x, φ),

t ∈ T , x ∈ X, φ ∈ Rr2 .

We prove the properties of the Vlasov operator case by case. For i = 1, . . . , r, let gi =
(gi,1, . . . , gi,r2).
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(i) V [η, ν·, h](t, x, φ) is continuous in t ∈ T . It suffices to show that for all i = 1, . . . , r
and j = 1, . . . , r2,

∫
X

∫
Rr2

gi,j(t, ψ, φ)d(νt)y(ψ)dηix(y) is continuous in t. Take any
sequence (tk)k ⊆ T converging to t. By (A5) and Proposition 3.9(ii), we have ν· is
weakly continuous on T , and hence

∫
Rr2

gi,j(t, ψ, φ) d(νt)y(ψ) is continuous in t ∈ T ,
for every y ∈ X . Moreover, by (A5) and Proposition 3.9(ii) again,

sup
y∈X

∣∣∣∣
∫

Rr2

gi,j(tk, ψ, φ)d(νtk )y(ψ)

∣∣∣∣ = sup
y∈X

∣∣∣∣∣

∫

Eν·

gi,j(tk, ψ, φ)d(νtk )y(ψ)

∣∣∣∣∣
≤‖gi(·, φ)‖∞ sup

τ∈T
sup
y∈X

(ντ )y(R
r2 ) < ∞,

where by (A1)

‖gi(·, φ)‖∞ = sup
τ∈T

sup
ψ∈Eν·

|gi(τ, ψ, φ)| < ∞.

Hence ∫

Rr2

gi,j(tk, ψ, φ)d(νt)y(ψ)

is integrable w.r.t. ηx since ‖η‖ < ∞ by (A1) and Proposition 3.6. By Dominated
Convergence Theorem, we have

lim
k→∞

∫

X

∫

Rr2

gi,j(tk, ψ, φ)d(νt)y(ψ)dηix(y) =

∫

X

∫

Rr2

gi,j(t, ψ, φ)d(νt)y(ψ)dηix(y).

(ii) We will show V [η, ν·, h](t, x, φ) is locally Lipschitz continuous in φ, uniformly in (t, x).
We first show that

G(t, x, φ) =
r∑

i=1

∫

X

∫

Eν·

gi(t, ψ, φ)d(νt)y(ψ)dηix(y)

is locally Lipschitz in φ, uniformly in (t, x). Since Eν·
is compact, and gi are locally

Lipschitz in (ψ, φ), uniformly in t ∈ T , by finite covering theorem, for a neighborhood
N ⊆ Rr2 of φ, gi(t, ψ, φ) are locally Lipschitz in φ with Lipschitz constant LN (gi),
uniformly in ψ ∈ Eν·

and t ∈ T , where

LN (gi) = sup
t∈T

sup
x∈X

sup
ψ∈Eν·

sup
φ1 6= φ2,

φ1, φ2 ∈ N

|gi(t, ψ, φ1) − gi(t, ψ, φ2)|
|φ1 − φ2| < ∞.

This shows that for φ1, φ2 ∈ N ,

|G(t, x, φ1) −G(t, x, φ2)| ≤
r∑

i=1

∫

X

∫

Eν·

|gi(t, ψ, φ1) − gi(t, ψ, φ2)|d(νt)y(ψ)dηix(y)

≤
r∑

i=1

LN (gi)|φ1 − φ2|(νt)y(Rr2)ηix(X)

≤‖ν·‖
r∑

i=1

LN (gi)‖ηi‖|φ1 − φ2|,

where ‖ηi‖ < ∞ by Proposition 3.6(i) and ‖ν·‖ < ∞ by (A5) and Proposition 3.9(ii).
Similarly, for φ1, φ2 ∈ N ,

|h(t, x, φ1) − h(t, x, φ2)| ≤ LN (h)|φ1 − φ2|,
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where

LN (h) = sup
t∈T

sup
x∈X

sup
φ1 6= φ2,

φ1, φ2 ∈ N

|h(t, x, φ1) − h(t, x, φ2)|
|φ1 − φ2| < ∞.

Hence V [ν·, η, h](t, x, φ) is locally Lipschitz in φ uniformly (t, x). Altogether it yields

sup
t∈T

sup
x∈X

|V [η, ν·, h](t, x, φ1) − V [η, ν·, h](t, x, φ2)| ≤ L1(ν·)|φ1 − φ2|,

where

L1(ν·) : = ‖ν·‖
r∑

i=1

LN (gi)‖ηi‖ + LN (h) < ∞.

We assume (A6) for the rest. For all t ∈ T and x ∈ X , we can rewrite V as

V [η, ν·, h](t, x, φ) =

r∑

i=1

∫

X

∫

Y

gi(t, ψ, φ)d(νt)y(ψ)dηix(y) + h(t, x, φ),

t ∈ T , x ∈ X, φ ∈ Y.

Since gi and h are local Lipschitz, again by finite covering theorem, when restricted to Y ,
they are globally bounded Lipschitz with

L(gi) = sup
t∈T

sup
(ψ1, φ1) 6= (ψ2, φ2),

(ψ1, φ1), (ψ2, φ2) ∈ Y 2

|gi(t, ψ1, φ1) − gi(t, ψ2, φ2)|
|ψ1 − ψ2| + |φ1 − φ2| < ∞,

L(h) = sup
t∈T

sup
x∈X

sup
φ1 6= φ2,

φ1, φ2 ∈ Y

|h(t, x, φ1) − h(t, x, φ2)|
|φ1 − φ2| < ∞,

‖gi‖∞ = sup
t∈T

sup
(ψ,φ)∈Y 2

|gi(t, ψ, φ)|, ‖h‖∞ = sup
t∈R

sup
x∈X

sup
φ∈Y

|h(t, x, φ)|,

BL(gi) = ‖gi‖∞ + L(gi), BL(h) = ‖h‖∞ + L(h).

(iii) V [η, ν·, h](t, x, φ) is Lipschitz continuous in h, since

|V [η, ν·, h1](t, x, φ) − V [η, ν·, h2](t, x, φ)| = |h1(t, x, φ) − h2(t, x, φ)|,
which implies

sup
t∈T

sup
x∈X

sup
φ∈Y

|V [η, ν·, h1](t, x, φ) − V [η, ν·, h2](t, x, φ)| ≤ ‖h1 − h2‖∞.

(iv) We will show V [η, ν·, h](t, x, φ) is Lipschitz continuous in ν·:

(A.1) sup
x∈X

sup
φ∈Y

|V [ν1
· ](t, x, φ) − V [ν2

· ](t, x, φ)| ≤ L2d∞(ν1
t , ν

2
t ),

for some positive and finite constant L2.
For all x ∈ X and φ ∈ Y ,
∣∣V [ν1

· ](t, x, φ) − V [ν2
· ](t, x, φ)

∣∣

=

∣∣∣∣∣

r∑

i=1

∫

X×Y
gi(t, ψ, φ)d((ν1

t )y(ψ) − (ν2
t )y(ψ))dηix(y)

∣∣∣∣∣

≤
r∑

i=1

(BL(gi) + 1)

∫

X

∣∣∣∣
∫

Y

gi(t, ψ, φ)

BL(gi) + 1
d((ν1

t )y(ψ) − (ν2
t )y(ψ))

∣∣∣∣ dη
i
x(y)

=
r∑

i=1

(BL(gi) + 1)

∫

X

r2∑

j=1

∣∣∣∣
∫

Y

gi,j(t, ψ, φ)

BL(gi) + 1
d((ν1

t )y(ψ) − (ν2
t )y(ψ))

∣∣∣∣ dη
i
x(y)
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≤r2

r∑

i=1

(BL(gi) + 1)

∫

X

dBL((ν1
t )y, (ν

2
t )y)dηix(y)

≤r2

r∑

i=1

(BL(gi) + 1)ηix(X) sup
y∈X

dBL((ν1
t )y, (ν

2
t )y) ≤ L3d∞(ν1

t , ν
2
t ),

where L2 : = r2

∑r
i=1(BL(gi) + 1)‖ηi‖ < ∞ by (A1). This shows (A.1) holds.

(v) Assume ν· ∈ C(T , CµX ,1(X,M+(Y ))). We will show V [η, ν·, h](t, x, φ) is continuous
in η. Since ν· ∈ C(T , CµX ,1(X,M+(Y ))), by Proposition 3.9, for every t ∈ T , (νt)x is
weakly continuous in x: For every f ∈ C(Y ), x 7→ (νt)x(f) is continuous.

Let (ηK,i)K ⊆ B(X,M+(Y )) for i = 1, . . . , r such that

lim
K→∞

dBL(ηK,i, ηi) = 0, i = 1, . . . , r.

The rest is to show that for every ξ· ∈ B(T ,M+(Y )),

lim
K→∞

∫ t

0

∫

Y

sup
x∈X

|V [η, ν·, h](τ, x, φ) − V [ηK , ν·, h](τ, x, φ)|dξτ (φ)dτ = 0, ∀t ∈ T .

Note that for every given t ∈ T ,
∣∣V [η, ν·, h](t, x, φ) − V [ηK , ν·, h](t, x, φ)

∣∣

=

∣∣∣∣∣

r∑

i=1

∫

X

∫

Y

gi(t, ψ, φ)d(νt)y(ψ)d
(
ηix(y) − ηK,ix (y)

)
∣∣∣∣∣

=

∣∣∣∣∣∣

r∑

i=1

r2∑

j=1

∫

X

Gi,j(t, y, φ)d
(
ηix(y) − ηK,ix (y)

)
∣∣∣∣∣∣
,

where Gi,j(t, y, φ) : = (νt)y(gi,j(t, ·, φ)). By (A4) and Proposition 3.9, we have ‖ν·‖ <
∞.

By ν· ∈ C(T , CµX ,1(X,M+(Y ))) and Proposition 3.9(iii), we have Gi,j(t, y, φ) is
continuous in y for each j = 1, . . . , r2.

Next, we construct bounded Lipschitz approximations of Gi,j(t, ·, φ).
For every n ∈ N, let

Gni,j(t, y, φ) = inf
z∈X

(Gi,j(t, z, φ) + n|y − z|), y ∈ X.

It is readily verified that

BL(Gni,j(t, ·, φ)) ≤ n+ sup
z∈X

|Gi,j(t, z, φ)| ≤ n+ BL(gi)‖νt‖

and Gni,j(t, ·, φ) ∈ BL(X) converges to Gi,j(t, ·, φ) uniformly. Hence for ε > 0, there

exists N = N(t, φ) ∈ N such that for all n ≥ N ,

sup
y∈X

|Gni,j(t, y, φ) −Gi,j(t, y, φ)| < ε.

By Proposition 3.9(ii), we have ‖ν·‖ < ∞. Let

an : = n+ ‖ν·‖ sup
1≤i≤r

BL(gi) < ∞.

Hence
∣∣V [η, ν·, h](t, x, φ) − V [ηK , ν·, h](t, x, φ)

∣∣

≤
r∑

i=1

r2∑

j=1

(∣∣∣∣
∫

X

GNi,j(t, y, φ)d(ηix(y) − ηK,ix (y))

∣∣∣∣

+

∣∣∣∣
∫

X

(Gi,j(t, y, φ) −GNi,j(t, y, φ))d(ηix(y) − ηK,ix (y))

∣∣∣∣
)
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≤
r∑

i=1

r2∑

j=1

(
aN sup

f∈BL1(X)

∣∣∣∣
∫

X

fd(ηix − ηK,ix )

∣∣∣∣+ ε(ηix(X) + ηK,ix (X))

)

≤
r∑

i=1

r2∑

j=1

(
aNdBL(ηix, η

K,i
x ) + ε(ηix(X) + ηK,ix (X))

)

≤
r∑

i=1

r2∑

j=1

(
(ε+ aN)dBL(ηix, η

K,i
x ) + 2εηix(X)

)

=r2

r∑

i=1

(
(ε+ aN )dBL(ηix, η

K,i
x ) + 2εηix(X)

)
,

which further implies that

sup
x∈X

∣∣V [η, ν·, h](t, x, φ) − V [ηK , ν·, h](t, x, φ)
∣∣

≤r2(ε+ aN )

r∑

i=1

d∞(ηi, ηK,i) + 2εr2

r∑

i=1

‖ηi‖,

Since

lim
K→∞

r∑

i=1

d∞(ηi, ηK,i) = 0,

we can further choose K0 ∈ N large enough such that for all K ≥ K0,

r2(ε+ aN )

r∑

i=1

d∞(ηi, ηK,i) < ε.

This shows

lim
K→∞

sup
x∈X

|V [η, ν·, h](t, x, φ) − V [ηK , ν·, h](t, x, φ)| = 0.

For every ξ· ∈ B(T ,M+(Y )), it yields from Proposition 3.6(iii)4 that

sup
t∈T

ξt(Y ) < ∞.

This shows that for K ≥ K0,
∫

Y

sup
x∈X

|V [η, ν·, h](τ, x, φ) − V [ηK , ν·, h](τ, x, φ)|dξτ (φ)

≤ε(1 + 2r2

r∑

i=1

‖ηi‖) sup
t∈T

ξt(Y ) < ∞,

by Dominated Convergence Theorem, we have

lim
K→∞

∫

Y

sup
x∈X

|V [η, ν·, h](τ, x, φ) − V [ηK , ν·, h](τ, x, φ)|dξτ (φ) = 0, ∀τ ∈ T .

Since T is compact, it follows from the Dominated Convergence again that

lim
K→∞

∫ t

0

∫

Y

sup
x∈X

|V [η, ν·, h](τ, x, φ) − V [ηK , ν·, h](τ, x, φ)|dξτ (φ)dτ = 0, ∀t ∈ T .

�

4Here we replace the compact space X by the compact interval T .
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Appendix B. Proof of Proposition 4.4

Proof. We will suppress the variables in V [η, ν·, h](t, x, ψ) and Sxs,t[η, ν·, h] whenever they
are clear and not the emphasis from the context. The properties of A follows from that
of Sx0,t[η, ν·, h]. Hence in the following, we will first establish corresponding continuity and
Lipschitz continuity for Sx0,t[η, ν·, h] and then apply the results to derive respective properties
for A.

(i) • Let ν· ∈ C(T ,BµX ,1(X,M+(Y ))). We will show

t 7→ A[η, h]νt ∈ C(T ,BµX ,1(X,M+(Y ))).

For every x ∈ X and t ∈ T , since Y is positively invariant under the flow
Sxt,0[η, ν·, h] by Theorem 4.3, we have

Sxt,0[η, ν·, h]Y ⊆ Y, Y ⊆ Sx0,t[η, ν·, h]Y,

Sx0,t[η, ν·, h]A ⊆ Rr2 \ Y, for any Borel set A ⊂ Rr2 \ Sxt,0[η, ν·, h]Y.

Hence

(A[η, h]νt)x(A) = (ν0)x(Sx0,t[η, ν·, h]A) = 0,

which implies that

supp (A[η, h]νt)x ⊆ Sxt,0[η, ν·, h]Y ⊆ Y,

i.e., supp (A[η, h]νt)x ∈ M(Y ). Moreover, since Y ⊆ Sx0,t[η, ν·, h]Y , we have

(B.1) (A[η, h]νt)x(Y ) = (ν0)x(Sx0,t[η, ν·, h]Y ) = (ν0)x(Y ),

i.e., the mass conservation law holds. Since νt ∈ BµX ,1(X,M+(Y )), integrating
both sides of (B.1) with respect to µX on X yields A[η, h]νt ∈ BµX ,1(X,M+(Y )).

• Now we show the continuity in t. Indeed,

d∞(A[η, ν·, h]νt,A[η, ν·, h]νs)

= sup
x∈X

dBL((ν0)x ◦ Sx0,t[η, ν·, h], (ν0)x ◦ Sx0,s[η, ν·, h])

= sup
x∈X

sup
f∈BL1(Y )

∣∣∣∣
∫

Y

(
f ◦ Sxt,0[η, ν·, h]φ− f ◦ Sxs,0[η, ν·, h]φ

)
d(ν0)x(φ)

∣∣∣∣

≤ sup
x∈X

∫

Y

∣∣Sxt,0[η, ν·, h]φ− Sxs,0[η, ν·, h]φ
∣∣ d(ν0)x(φ)

= sup
x∈X

∫

Y

∣∣∣∣
∫ t

s

V [η, ν·, h](x, τ,Sxτ,0[η, ν·, h]φ)dτ

∣∣∣∣ d(ν0)x(φ)

≤ sup
x∈X

∫

Y

∫ t

s

(
r∑

i=1

∫

X

∫

Y

BL(gi)d(ντ )ydη
i
x(y) + BL(h)

)
dτd(ν0)x(φ)

≤ sup
x∈X

∫

Y

∫ t

s

(
r∑

i=1

BL(gi)η
i
x(X)‖ν·‖ + BL(h)

)
dτd(ν0)x(φ)

≤|s− t|
(

r∑

i=1

BL(gi)‖ηi‖‖ν·‖ + BL(h)

)
‖ν0‖ → 0,

as |s− t| → 0. This shows that

t 7→ A[η, h]νt ∈ C(T ,BµX ,1(X,M+(Y ))).

• Finally, we show the continuity in x. Assume ν· ∈ C(T , CµX ,1(X,M+(Y ))). We
will show A[η, h]ν· ∈ C(T , CµX ,1(X,M+(Y ))). Based on the above properties
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of A[η, h], it suffices to show that the continuity of measures in x is preserved:
x 7→ (ν0)x ◦ Sxt,0[η, ν·, h] is continuous. Indeed,

dBL((ν0)x ◦ Sxt,0[η, ν·, h], (ν0)y ◦ Syt,0[η, ν·, h])

= sup
f∈BL1(Y )

∣∣∣∣
∫

Y

f ◦ Sxt,0[η, ν·, h]φd(ν0)x(φ) − f ◦ Syt,0[η, ν·, h]φd(ν0)y(φ)

∣∣∣∣

≤
∫

Y

∣∣Sxt,0[η, ν·, h]φ− Syt,0[η, ν·, h]φ
∣∣ d(ν0)x(φ)

+ sup
f∈BL1(Y )

∣∣∣∣
∫

Y

f ◦ Syt,0[η, ν·, h]φd((ν0)x(φ) − (ν0)y(φ))

∣∣∣∣ .

By Proposition 4.1(ii), Syt,0[η, ν·, h]φ is Lipschitz continuous with constant 1 +
L1T . Indeed,

|Syt,0[η, ν·, h]φ− Syt,0[η, ν·, h]ϕ|

≤|φ− ϕ| +

∫ t

0

|V [η, ν·, h](t, y,Syτ,0[η, ν·, h]φ) − V [η, ν·, h](t, y,Syτ,0[η, ν·, h]φ)|dτ

≤|φ− ϕ| + L1

∫ t

0

|Syτ,0[η, ν·, h]φ− Syτ,0[η, ν·, h]ϕ|dτ,

which implies by Gronwall’s inequality that

|Syt,0[η, ν·, h]φ− Syt,0[η, ν·, h]ϕ| ≤ eL1t|φ− ϕ| ≤ eL1T |φ− ϕ|.
Hence

f ◦ Syt,0[η, ν·, h]

1 + eL1T
∈ BL1(Y ).

In addition,

|V [η, ν·, h](τ, x,Sxτ,0[η, ν·, h]φ) − V [η, ν·, h](τ, y,Syτ,0[η, ν·, h]φ)|
≤|V [η, ν·, h](τ, x,Sxτ,0[η, ν·, h]φ) − V [η, ν·, h](τ, x,Syτ,0[η, ν·, h]φ)|

+ |V [η, ν·, h](τ, x,Syτ,0[η, ν·, h]φ) − V [η, ν·, h](τ, y,Syτ,0[η, ν·, h]φ)|

≤
r∑

i=1

∫

X

∫

Y

∣∣∣gi(τ, ψ,Sxτ,0[η, ν·, h]φ) − gi(τ, ψ,Syτ,0[η, ν·, h]φ)
∣∣∣d(ντ )z(ψ)dηix(z)

+ |h(τ, x,Sxτ,0[η, ν·, h]φ) − h(τ, x,Syτ,0[η, ν·, h]φ)|

+
r∑

i=1

∣∣∣
∫

X

∫

Y

gi(τ, ψ,Syτ,0[η, ν·, h]φ))d(ντ )z(ψ)d(ηix(z) − ηiy(z))
∣∣∣

+ |h(τ, x,Syτ,0[η, ν·, h]φ) − h(τ, y,Syτ,0[η, ν·, h]φ)|

≤
r∑

i=1

∫

X

∫

Y

L(gi)|Sxτ,0[η, ν·, h]φ− Syτ,0[η, ν·, h]φ|d(ντ )z(ψ)dηix(z)

+ L(h)|Sxτ,0[η, ν·, h]φ− Syτ,0[η, ν·, h]φ| + sup
ϕ∈Y

|h(τ, x, ϕ) − h(τ, y, ϕ)|

+

r∑

i=1

∣∣∣
∫

X

∫

Y

gi(τ, ψ,Syτ,0[η, ν·, h]φ)d(ντ )z(ψ)d(ηix(z) − ηiy(z))
∣∣∣

≤
(

L(h) + ‖ν·‖
r∑

i=1

BL(gi)‖ηi‖
)

|Sxτ,0[η, ν·, h]φ− Syτ,0[η, ν·, h]φ|

+ sup
ϕ∈Y

|h(τ, x, ϕ) − h(τ, y, ϕ)|
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+

r∑

i=1

∣∣∣
∫

X

∫

Y

gi(τ, ψ,Syτ,0[η, ν·, h]φ)d(ντ )z(ψ)d(ηix(z) − ηiy(z))
∣∣∣

This implies that

|Sxt,0[η, ν·, h]φ− Syt,0[η, ν·, h]φ|

=

∫ t

0

|V [η, ν·, h](τ, x,Sxτ,0[η, ν·, h]φ) − V [η, ν·, h](τ, y,Syτ,0[η, ν·, h]φ)|dτ

≤
(

L(h) + ‖ν·‖
r∑

i=1

BL(gi)‖ηi‖
)∫ t

0

|Sxτ,0[η, ν·, h]φ− Syτ,0[η, ν·, h]φ|dτ

+ sup
ϕ∈Y

∫ t

0

|h(τ, x, ϕ) − h(τ, y, ϕ)|dτ

+

r∑

i=1

∫ t

0

∣∣∣
∫

X

∫

Y

gi(τ, ψ,Syτ,0[η, ν·, h]φ)d(ντ )z(ψ)d(ηix(z) − ηiy(z))
∣∣∣dτ.

By Gronwall’s inequality,

|Sxt,0[η, ν·, h]φ− Syt,0[η, ν·, h]φ|

≤
(

sup
ϕ∈Y

∫ t

0

|h(τ, x, ϕ) − h(τ, y, ϕ)|dτ

+

r∑

i=1

∫ t

0

∣∣∣
∫

X

∫

Y

gi(τ, ψ,Syτ,0[η, ν·, h]φ)d(ντ )z(ψ)d(ηix(z) − ηiy(z))
∣∣∣dτ
)

eC1t,

where C1 = L(h) + ‖ν·‖
∑r
i=1 BL(gi)‖ηi‖. This further shows

dBL((ν0)x ◦ Sxt,0[η, ν·, h], (ν0)y ◦ Syt,0[η, ν·, h])

≤
∫ t

0

∫

Y

|V [η, ν·, h](τ, x,Sxτ,0[η, ν·, h]φ) − V [η, ν·, h](τ, y,Syτ,0[η, ν·, h]φ)|d(ν0)x(φ)dτ

+ (1 + eL1T )dBL((ν0)x, (ν0)y)

≤
(

L(h) + ‖ν·‖
r∑

i=1

BL(gi)‖ηi‖
)∫

Y

∫ t

0

|Sxτ,0[η, ν·, h]φ− Syτ,0[η, ν·, h]φ|d(ν0)x(φ)dτ

+ ‖ν0‖
∫ t

0

sup
ϕ∈Y

|h(τ, x, ϕ) − h(τ, y, ϕ)|dτ

+

r∑

i=1

∫ t

0

∫

Y

|
∫

X

∫

Y

gi(τ, ψ,Syτ,0[η, ν·, h]φ)d(ντ )z(ψ)d(ηix(z) − ηiy(z))|d(ν0)x(φ)dτ

+ (1 + eL1T )dBL((ν0)x, (ν0)y)

≤
(

L(h) + ‖ν·‖
r∑

i=1

BL(gi)‖ηi‖
)∫

Y

∫ t

0

|Sxτ,0[η, ν·, h]φ− Syτ,0[η, ν·, h]φ|d(ν0)x(φ)dτ

+

r∑

i=1

∫ t

0

∫

Y

∣∣∣
∫

X

∫

Y

gi(τ, ψ,Syτ,0[η, ν·, h]φ)d(ντ )z(ψ)d(ηix(z) − ηiy(z))
∣∣∣d(ν0)x(φ)dτ

+ ‖ν0‖
∫ t

0

sup
ϕ∈Y

|h(τ, x, ϕ) − h(τ, y, ϕ)|dτ + (1 + eL1T )dBL((ν0)x, (ν0)y)

≤‖ν0‖
(

L(h) + ‖ν·‖
r∑

i=1

BL(gi)‖ηi‖
)∫ t

0

eC1τdτ
(∫ t

0

sup
ϕ∈Y

|h(τ, x, ϕ) − h(τ, y, ϕ)|dτ
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+

r∑

i=1

∫ t

0

∣∣∣
∫

X

∫

Y

gi(τ, ψ,Syτ,0[η, ν·, h]φ)d(ντ )z(ψ)d(ηix(z) − ηiy(z))
∣∣∣dτ
)

+
r∑

i=1

∫ t

0

∫

Y

∣∣∣
∫

X

∫

Y

gi(τ, ψ,Syτ,0[η, ν·, h]φ)d(ντ )z(ψ)d(ηix(z) − ηiy(z))
∣∣∣d(ν0)x(φ)dτ

+ ‖ν0‖
∫ t

0

sup
ϕ∈Y

|h(τ, x, ϕ) − h(τ, y, ϕ)|dτ + (1 + eL1T )dBL((ν0)x, (ν0)y).

Since ν· ∈ C(T , CµX ,1(X,M+(Y )), by Proposition 3.9(iii), (νt)x is weakly conti-
nuous in x. Since By (A2), gi is bounded Lipschitz, and Syτ,0[η, ν·, h]φ is conti-

nuous in φ, we have gi(τ, ψ,Syτ,0[η, ν·, h]φ) is bounded continuous in φ. Hence∫
Y gi(τ, ψ,S

y
τ,0[η, ν·, h]φ)d(ντ )z(ψ) is continuous in z. Moreover

|
∫

Y

gi(τ, ψ,Syτ,0[η, ν·, h]φ)d(ντ )z(ψ)| ≤ BL(gi)‖ν·‖ < ∞

is also bounded on X , since ηi ∈ C(X,M+(X)), using Proposition 3.9(iii) again,
we know

lim
|x−y|→0

∣∣∣
∫

X

∫

Y

gi(τ, ψ,Syτ,0[η, ν·, h]φ)d(ντ )z(ψ)d(ηix(z) − ηiy(z))
∣∣∣ = 0.

Since
∫ t

0

|
∫

X

∫

Y

gi(τ, ψ,Syτ,0[η, ν·, h]φ)d(ντ )z(ψ)d(ηix(z)|dτ ≤ BL(gi)‖ν·‖‖η‖T < ∞,

By Dominated Convergence Theorem,

lim
|x−y|→0

∫ t

0

∣∣∣
∫

X

∫

Y

gi(τ, ψ,Syτ,0[η, ν·, h]φ)d(ντ )z(ψ)d(ηix(z) − ηiy(z))
∣∣∣dτ = 0.

Similarly,

lim
|x−y|→0

∫ t

0

∫

Y

∣∣∣
∫

X

∫

Y

gi(τ, ψ,Syτ,0[η, ν·, h]φ)d(ντ )z(ψ)d(ηix(z) − ηiy(z))
∣∣∣d(ν0)x(φ)dτ = 0.

Moreover, by (A8) as well as the Dominated Convergence Theorem,

lim
|x−y|→0

∫ t

0

sup
ϕ∈Y

|h(τ, x, ϕ) − h(τ, y, ϕ)|dτ = 0.

Since ν0 ∈ CµX ,1(X,M+(Y )),

lim
|x−y|→0

dBL((ν0)x, (ν0)y) = 0.

All these limits together yield

lim
|x−y|→0

dBL((ν0)x ◦ Sxt,0[η, ν·, h], (ν0)y ◦ Syt,0[η, ν·, h]) = 0.

(ii) To show this Lipschitz continuity, we first need to show that Sxs,t[ν·]φ(x) is Lipschitz
continuous in φ(x). Note that

|Sxt,0φ1(x) − Sxt,0φ2(x)|

≤|φ1(x) − φ2(x)| +

∫ t

0

|V (τ, x,Sxτ,0φ1(x)) − V (τ, x,Sxτ,0φ2(x))|dτ

≤|φ1(x) − φ2(x)| + L1(ν·)
∫ t

0

|Sxτ,0φ1(x) − Sx0,τφ2(x)|dτ.

By Gronwall’s inequality,

(B.2) |Sxt,0φ1(x) − Sxt,0φ2(x)| ≤ eL1t|φ1(x) − φ2(x)|.
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Similarly, one can show

|Sx0,tφ1(x) − Sx0,tφ2(x)| ≤ eL1t|φ1(x) − φ2(x)|.
Next, we show Sxs,t[ν·] is Lipschitz continuous in ν·. Observe that

dBL((ν0)1
x ◦ Sx0,t[ν1

· ], (ν0)2
x ◦ Sx0,t[ν2

· ])

≤dBL((ν0)1
x ◦ Sx0,t[ν1

· ], (ν0)1
x ◦ Sx0,t[ν2

· ]) + dBL((ν0)1
x ◦ Sx0,t[ν2

· ], (ν0)2
x ◦ Sx0,t[ν2

· ]).(B.3)

We now estimate the first term.

dBL((ν1
0 )x ◦ Sx0,t[ν1

· ], (ν1
0 )x ◦ Sx0,t[ν2

· ])

= sup
f∈BL1(Y )

∫

Y

f(φ)d(((ν1
0 )x ◦ Sx0,t[ν1

· ])(φ) − ((ν1
0 )x ◦ Sx0,t[ν2

· ])(φ))

= sup
f∈BL1(Y )

∫

Y

((f ◦ Sxt,0[ν1
· ])(φ) − (f ◦ Sxt,0[ν2

· ])(φ))d(ν1
0 )x(φ)

≤
∫

Y

∣∣Sxt,0[ν1
· ](φ) − Sxt,0[ν2

· ](φ)
∣∣ d(ν1

0 )x(φ) : = λx(t)

=

∫

Y

∣∣∣∣
∫ t

0

(V [ν1
· ](τ, x,Sxτ,0[ν1

· ]φ) − V [ν2
· ](τ, x,Sxτ,0[ν2

· ]φ))dτ

∣∣∣∣ d(ν1
0 )x(φ)

≤
∫

Y

∣∣∣∣
∫ t

0

(V [ν1
· ](τ, x,Sxτ,0[ν1

· ]φ) − V [ν2
· ](τ, x,Sxτ,0[ν1

· ]φ))dτ

∣∣∣∣ d(ν1
0 )x(φ)

+

∫

Y

∣∣∣∣
∫ t

0

(V [ν2
· ](τ, x,Sxτ,0[ν1

· ]φ) − V [ν2
· ](τ, x,Sxτ,0[ν2

· ]φ))dτ

∣∣∣∣ d(ν1
0 )x(φ)

≤
∫

Y

∫ t

0

∣∣V [ν1
· ](τ, x,Sxτ,0[ν1

· ]φ) − V [ν2
· ](τ, x,Sxτ,0[ν1

· ]φ)
∣∣ dτd(ν1

0 )x(φ)

+

∫

Y

∫ t

0

∣∣V [ν2
· ](τ, x,Sxτ,0[ν1

· ]φ) − V [ν2
· ](τ, x,Sxτ,0[ν2

· ]φ)
∣∣ dτd(ν1

0 )x(φ)

=

∫ t

0

∫

Y

∣∣V [ν1
· ](τ, x,Sxτ,0[ν1

· ]φ) − V [ν2
· ](τ, x,Sxτ,0[ν1

· ]φ)
∣∣ d(ν1

0 )x(φ)dτ

+

∫ t

0

∫

Y

∣∣V [ν2
· ](τ, x,Sxτ,0[ν1

· ]φ) − V [ν2
· ](τ, x,Sxτ,0[ν2

· ]φ)
∣∣ d(ν1

0 )x(φ)dτ

≤
∫ t

0

∫

Y

∣∣V [ν1
· ](τ, x, ψ) − V [ν2

· ](τ, x, ψ)
∣∣ d(ν1

τ )x(ψ)dτ

+

∫ t

0

∫

Y

∣∣V [ν2
· ](τ, x,Sxτ,0[ν1

· ]φ) − V [ν2
· ](τ, x,Sxτ,0[ν2

· ]φ)
∣∣ d(ν1

0 )x(φ)dτ,

which implies by Proposition 4.1 that

λx(t) ≤L2

∫ t

0

d∞(ν1
τ , ν

2
τ )(ν1

τ )x(Y )dτ

+ L1(ν2
· )

∫ t

0

∫

Y

|Sxτ,0[ν1
· ]φ− Sxτ,0[ν2

· ]φ|d(ν1
0 )x(φ)dτ

≤L2‖ν1
· ‖
∫ t

0

d∞(ν1
τ , ν

2
τ )dτ + L1(ν2

· )

∫ t

0

λx(τ)dτ.

Applying Gronwall’s inequality (see e.g., [28, Lemma 2.5]), we have

λx(t) ≤L2‖ν1
· ‖eL1(ν2

·
)t

∫ t

0

d∞(ν1
τ , ν

2
τ )e−L1(ν2

·
)τdτ.(B.4)
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Next, we estimate the second term. For f ∈ BL1(Y ), from (B.2) it follows that

L(f ◦ Sxt,0[ν2
· ]) ≤ L(f)L(Sxt,0[ν2

· ]) ≤ L(f)eL1(ν2
·

)t, ‖f ◦ Sxt,0[ν2
· ]‖∞ ≤ ‖f‖∞.

Hence BL(f ◦ Sxt,0) ≤ eL1(ν2
·

)t. For every x ∈ X ,

dBL((ν1
0 )x ◦ Sx0,t[ν2

· ], (ν0)2
x ◦ Sx0,t[ν2

· ])

= sup
f∈BL1(Y )

∫

Y

(f ◦ Sxt,0[ν2
· ])(φ)d((ν1

0 )x(φ) − (ν2
0)x(φ))

≤eL1(ν2
·

)tdBL((ν0)1
x, (ν0)2

x) ≤ eL1(ν2
·

)td∞(ν1
0 , ν

2
0).(B.5)

Combining (B.4) and (B.5), it follows from (B.3) that

d∞(A[η, h]ν1
t ,A[η, h]ν2

t )

= sup
x∈X

dBL((ν0)1
x ◦ Sx0,t[ν1

· ], (ν0)2
x ◦ Sx0,t[ν2

· ])

≤eL1(ν2
·

)td∞(ν1
0 , ν

2
0) + L2‖ν1

· ‖eL1(ν2
·

)t

∫ t

0

d∞(ν1
τ , ν

2
τ )e−L1(ν2

·
)τdτ.

(iii) Lipschitz continuity of A[η, h] in h.
We first need to establish the Lipschitz continuity for Sxs,t[h]. It follows from

Proposition 4.1 that

|Sx0,t[h1]φ− Sx0,t[h2]φ|

≤
∣∣∣∣
∫ t

0

(
V [h1](τ, x,Sx0,τ [h1]φ) − V [h2](τ, x,Sx0,τ [h2]φ)

)
dτ

∣∣∣∣

≤
∫ t

0

∣∣V [h1](τ, x,Sx0,τ [h1]φ) − V [h2](τ, x,Sx0,τ [h1]φ(x))
∣∣ dτ

+

∫ t

0

∣∣V [h2](τ, x,Sx0,τ [h1]φ) − V [h2](τ, x,Sx0,τ [h2]φ)
∣∣ dτ

≤
∫ t

0

∣∣h1(τ, x,Sx0,τ [h1]φ(x)) − h2(τ, x,Sx0,τ [h1]φ(x))
∣∣ dτ

+ L1(ν·)
∫ t

0

∣∣Sx0,τ [h1]φ− Sx0,τ [h2]φ
∣∣ dτ.

By Gronwall’s inequality, we have

∣∣Sx0,t[h1]φ− Sx0,t[h2]φ
∣∣ ≤eL1t

∫ t

0

|h1(τ, x,Sx0,τ [h1]φ) − h2(τ, x,Sx0,τ [h1]φ)|dτ.

Note that

dBL((ν0)x ◦ Sx0,t[h1], (ν0)x ◦ Sx0,t[h2])

= sup
f∈BL1(Y )

∫

Y

f(φ)d((ν0)x ◦ Sx0,t[h1] − (ν0)x ◦ Sx0,t[h2])

= sup
f∈BL1(Y )

∫

Y

(
(f ◦ Sxt,0[h1])(φ) − (f ◦ Sxt,0[h2])(φ)

)
d(ν0)x(φ)

≤
∫

Y

∣∣Sxt,0[h1]φ− Sxt,0[h2]φ)
∣∣ d(ν0)x(φ) =: αx(t)

≤eL1t

∫ t

0

∫

Y

|h1(τ, x,Sx0,τ [h1]φ) − h2(τ, x,Sx0,τ [h2]φ)|d(ν0)x(φ)dτ

≤eL1t

∫ t

0

∫

Y

|h1(τ, x,Sx0,τ [h1]φ) − h2(τ, x,Sx0,τ [h1]φ)|d(ν0)x(φ)dτ
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+ eL1t

∫ t

0

∫

Y

|h2(τ, x,Sxτ,0[h1]φ) − h2(τ, x,Sxτ,0[h2]φ)|d(ν0)x(φ)dτ

≤eL1t

∫ t

0

∫

Y

|h1(τ, x, φ) − h2(τ, x, φ)|d(ντ )x(φ)dτ

+ BL(h2)eL1t

∫ t

0

∫

Y

|Sxτ,0[h1]φ− Sxτ,0[h2]φ)|d(ν0)x(φ)dτ,

which implies that

e−L1tαx(t) ≤
∫ t

0

∫

Y

|h1(τ, x, ψ) − h2(τ, x, ψ)|d(ντ )x(ψ)dτ + C2

∫ t

0

e−L1ταx(τ)dτ,

where C2 : = BL(h2)eL1T . Applying Gronwall’s inequality yields that

αx(t) ≤e(L1+C2)t

∫ t

0

e−C2τ

∫

Y

|h1(τ, x, φ) − h2(τ, x, φ)|d(ντ )x(φ)dτ

≤‖ν·‖eL3t‖h1 − h2‖∞

∫ t

0

1dτ,(B.6)

where L3 = L3(ν·, h2) : = L1(ν·) + C2, which further implies that

d∞(A[η, h1](νt),A[η, h2](νt))

= sup
x∈X

dBL((ν0)x ◦ Sx0,t[h1], (ν0)x ◦ Sx0,t[h2]) ≤ T ‖ν·‖eL3t‖h1 − h2‖∞.

(iv) Absolute continuity. Assume ν0 ∈ BµX ,1(X,M+,abs(Y )) →֒ BµX ,1(X,M+,abs(R
r2)).

For every x ∈ X , let

ρ0(x, φ) =
d(ν0)x(φ)

dφ
, m-a.e. φ ∈ Rr2 ,

be the Radon Nikodym derivative of (ν0)x. Since Sx0,t[η, ν·, h]|Sx
t,0[η,ν·,h]Y is Lipschitz

continuous, by [23, Thm. 3.1], one can extend Sx0,t[η, ν·, h]|Sx
t,0[η,ν·,h]Y to a Lipschitz

continuous function S̃x0,t[η, ν·, h] from Rr2 to Rr2 such that

S̃x0,t[η, ν·, h] = Sx0,t[η, ν·, h] on Sxt,0[η, ν·, h]Y,

L(S̃x0,t[η, ν·, h]) ≤ √
r2L(Sx0,t[η, ν·, h]|Sx

t,0[η,ν·,h]Y ).

By Rademacher’s Differentiability Theorem [23, Thm. 3.2] (see also [19, Thm. 3.4.3]),

we have S̃x0,t[η, ν·, h] is differentiable m-a.e. in Rr2 . Using the change of variables for-
mula for Lipschitz continuous maps in Rr2 [23, Thm. 3.9], for any Lebesgue integrable
function f on Rr2 ,

(B.7)

∫

Rr2

f(φ) det

(
∂

∂φ
S̃x0,t[η, ν·, h]φ

)
dφ =

∫

Rr2

∑

φ∈(S̃x
0,t[η,ν·,h])−1(ψ)

f(φ)dψ,

where det( ∂
∂φ S̃x0,t[η, ν·, h]φ) is the determinant of the Jacobian of S̃x0,t[η, ν·, h] for m-

a.e. φ ∈ Rr2 . Let g ∈ Cb(Rr2 ) such that supp g ⊆ Sxt,0[η, ν·, h]Y . Then It is easy to
show that

f(φ) = g(φ)ρ0(x, φ), φ ∈ Rr2 ,

is integrable on Rr2 . For all ψ ∈ Rr2 \ Y , we have

(S̃x0,t[η, ν·, h])−1(ψ) ⊂ Rr2 \ Sxt,0[η, ν·, h]Y.

Since
(Sx0,t[η, ν·, h])−1 = Sxt,0[η, ν·, h] on Y,

(Sxt,0[η, ν·, h])−1 = Sx0,t[η, ν·, h] on Sxt,0[η, ν·, h]Y,
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substituting this function f into (B.7) yields that
∫

Sx
t,0[η,ν·,h]Y

g(φ)ρ0(x, φ) det

(
∂

∂φ
Sx0,t[η, ν·, h]φ

)
dφ

=

∫

Y

∑

φ∈(S̃x
0,t[η,ν·,h])−1(ψ)∩Sx

t,0[η,ν·,h]Y

g(φ)ρ0(x, φ)dψ,

=

∫

Y

∑

φ=Sx
t,0[η,ν·,h](ψ)

g(φ)ρ0(x, φ)dψ

=

∫

Y

g(Sxt,0[η, ν·, h](ψ))ρ0(x,Sxt,0[η, ν·, h](ψ))dψ

=

∫

Sx
t,0[η,ν·,h]Y

g(φ)ρ0(x, φ)dSx0,t[η, ν·, h](φ).

This shows
(B.8)

ρ0(x, φ)dSx0,t[η, ν·, h](φ) = ρ0(x, φ) det

(
∂

∂φ
Sx0,t[η, ν·, h]φ

)
dφ, m-a.e. φ ∈ Sxt,0[η, ν·, h]Y.

Since

d(ν0)x(φ) = ρ0(x, φ)dφ, (A[η, h]νt)x = (ν0)x ◦ Sx0,t[η, ν·, h],

we have

d(A[η, h]νt)x(φ) = d(ν0)x(Sx0,t[η, ν·, h]φ)

=ρ0(x,Sx0,t[η, ν·, h]φ)dSx0,t[η, ν·, h]φ, for φ ∈ Sxt,0[η, ν·, h]Y,

which implies from (B.8) that

d(A[η, h]νt)x(φ) = ρ0(x,Sx0,t[η, ν·, h]φ) det

(
∂

∂φ
Sx0,t[η, ν·, h]φ

)
dφ, m-a.e. φ ∈ Sxt,0[η, ν·, h]Y,

i.e., (A[η, h]νt)x ∈ M+,abs(Y ), x ∈ X with

d(A[η, h]νt)x(φ)

dφ
= ρ0(x,Sx0,t[η, ν·, h]φ) det

(
∂

∂φ
Sx0,t[η, ν·, h]φ

)
, m-a.e. φ ∈ Y.

�

Appendix C. Proof of Proposition 4.5

Proof. We will again suppress the variables in V [η, ν·, h](t, x, ψ) and Sxs,t[η, ν·, h] whenever
they are clear and not the emphasis from the context.

We first use the Banach contraction principle to show that the solution

ν· ∈ C(T ,BµX ,1(X,M+(Y )))

to (4.2) exists uniquely. Then by Proposition 4.4(vi), we have

νt ∈ BµX ,1(X,M+,abs(Y )), ∀t ∈ T ,
provided ν0 ∈ BµX ,1(X,M+,abs(Y )).

It remains to show that A[η, h] is a contraction mapping from (C(T ,BµX ,1(X,M+(Y ))),
dα) to itself.

From the proof of Proposition 4.4(i), we have

A[η, h] : (C(T ,BµX ,1(X,M+(Y ))), dα) → (C(T ,BµX ,1(X,M+(Y ))), dα).

It then suffices to show that A[η, h] is a contraction.
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By the mass conservation law given in Proposition 4.4(i), let M = ‖ν1
0‖ and BMµX ,1(X,

M+(X)) = {µ ∈ BµX ,1(X,M+(X))) : ‖µ‖ ≤ M}. For ν2
· ∈ BMµX ,1(X,M+(X)), let α ≥

L1(ν2
· ) + L2M + 1. Setting ν1

0 = ν2
0 and multiplying e−αt in Proposition 4.4(ii) yields

dα(A[η, h](ν1
· ),A[η, h](ν2

· ))

≤ sup
t∈T

L2‖ν1
· ‖eL1(ν2

·
)t

∫ t

0

d∞(ν1
τ , ν

2
τ )e−L1(ν2

·
)τdτ

≤L2‖ν1
· ‖ sup

t∈T
e(L1(ν2

·
)−α)t

∫ t

0

dα(ν1
· , ν

2
· )e−(L1(ν2

·
)−α)τdτ

≤ L2‖ν1
· ‖

α− L1(ν2· )
dα(ν1

· , ν
2
· ) ≤ 1

1 + (L2‖ν1· ‖)−1
dα(ν1

· , ν
2
· ),

i.e., A is a contraction mapping from C(T ,BMµX ,1(X,M(X))). That the solution ν· ∈ C(T ,
CµX ,1(X,M+(Y ))) provided ν0 ∈ CµX ,1(X,M+(Y )) follows from Proposition 4.4(i).

Next, we prove continuous dependence.

(i) Continuous dependence on initial conditions.
Substituting νit = A[η, h](νi· )t into Proposition 4.4(ii) yields

d∞(ν1
t , ν

2
t ) ≤ eL1(ν2

·
)td∞(ν1

0 , ν
2
0) + L2‖ν1

· ‖eL1(ν2
·

)t

∫ t

0

d∞(ν1
τ , ν

2
τ )e−L1(ν2

·
)τdτ.

Applying Gronwall’s inequality again to d∞(ν1
t , ν

2
t )e−L1(ν2

·
)t yields

d∞(ν1
t , ν

2
t ) ≤ e(L1+L2‖ν1

·
‖)td∞(ν1

0 , ν
2
0), t ∈ T .

(ii) Continuous dependence of solutions of (4.2) on h.
Let νi· ∈ C(T ,BµX ,1(X,M+(Y ))) for i = 1, 2 such that ν1

0 = ν2
0 .

dBL((ν0)1
x ◦ Sx0,t[ν1

· , h1], (ν1
0 )x ◦ Sx0,t[ν2

· , h2])

≤dBL((ν0)1 ◦ Sx0,t[ν1
· , h1], ν1

0 ◦ Sx0,t[ν1
· , h2]) + dBL(ν1

0 ◦ Sx0,t[ν1
· , h2], ν1

0 ◦ Sx0,t[ν2
· , h2]).

It follows from (B.6) that

dBL((ν1
0 )x ◦ Sx0,t[ν1

· , h1], (ν1
0)x ◦ Sx0,t[ν1

· , h2]) ≤ ‖ν1
· ‖‖h1 − h2‖∞eL3t

∫ t

0

1dτ.

It suffices to estimate dBL((ν1
0 )x◦Sx0,t[ν1

· , h2], (ν1
0 )x◦Sx0,t[ν2

· , h2]), which follows from
(B.4) that:

dBL((ν0)1
x ◦ Sx0,t[ν1

· , h2], (ν0)1
x ◦ Sx0,t[ν2

· , h2]) ≤ L2‖ν1
· ‖eL1(ν2

·
)t

∫ t

0

d∞(ν1
τ , ν

2
τ )e−L1(ν2

·
)τdτ.

Hence

dBL((ν1
t )x, (ν

2
t )x)

≤L2‖ν1
· ‖eL1(ν2

·
)t

∫ t

0

d∞(ν1
τ , ν

2
τ )e−L1(ν2

·
)τdτ + ‖ν1

· ‖‖h1 − h2‖∞eL3t

∫ t

0

1dτ.

Since L3 − L1 = BL(h2)eL1T > 0, by Gronwall’s inequality,

dBL((ν1
t )x, (ν

2
t )x) ≤e(L1+L2‖ν1

·
‖)t‖ν1

· ‖‖h1 − h2‖∞eBL(h2)eL1TT

∫ t

0

e−L3τdτ,

This shows

d∞(ν1
t , ν

2
t ) ≤ 1

L3
‖ν1

· ‖eBL(h2)eL1TT e(L1+L2‖ν1
·

‖)t‖h1 − h2‖∞.
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(iii) Continuous dependence on η. Since ν0 ∈ CµX ,1(X,M+(Y )), we have ν· ∈ C(T , CµX ,1

(X,M+(Y ))). Let νK· ∈ C(T ,BµX ,1(X,M+(Y ))) such that ν0 = νK0 be the solutions
to the fixed point equations

νt = A[η, h]νt, νKt = A[ηK , h]νKt , t ∈ T .
Assume

lim
K→∞

d∞(ηi, ηK,i) = 0, i = 1, . . . , r.

In the following, we show

lim
K→∞

d∞(A[η, h]νt,A[ηK , h]νKt ) = 0, t ∈ T .

By triangle inequality,

dBL((νt)x, (ν
K
t )x) =dBL((ν0)x ◦ Sx0,t[η, ν·], (ν0)x ◦ Sx0,t[ηK , νK· ])

≤dBL((ν0)x ◦ Sx0,t[ηK , ν·], (ν0)x ◦ Sx0,t[ηK , νK· ])(C.1)

+ dBL((ν0)x ◦ Sx0,t[η, ν·], (ν0)x ◦ Sx0,t[ηK , ν·]).

From (B.4) it follows that

dBL((ν0)x ◦ Sx0,t[ηK , ν·], (ν0)x ◦ Sx0,t[ηK , νK· ])

≤
∫

Y

|Sxt,0[ηK , ν·]φ− Sxt,0[ηK , νK· ]φ|d(ν0)x(φ) =: βx(t),

≤L2,K‖ν·‖eL1,K(νK
·

)t

∫ t

0

d∞(ντ , ν
K
τ )e−L1,K(νK

·
)τdτ,(C.2)

where the index K in the constants indicates the dependence on K.
We now estimate the second term.

dBL((ν0)x ◦ Sx0,t[η, ν·], (ν0)x ◦ Sx0,t[ηK , ν·])

= sup
f∈BL1(Y )

∫

Y

fd((ν0)x ◦ Sx0,t[η, ν·] − (ν0)x ◦ Sx0,t[ηK , ν·])

= sup
f∈BL1(Y )

∫

Y

(
(f ◦ Sxt,0[η, ν·])(φ) − (f ◦ Sxt,0[ηK , ν·])(φ)

)
d(ν0)x(φ)

≤
∫

Y

|Sxt,0[η, ν·]φ− Sxt,0[ηK , ν·]φ)|d(ν0)x(φ) =: γx(t)

=

∫

Y

∣∣∣∣
∫ t

0

(V [η, ν·](τ, x,Sxτ,0[η, ν·]φ) − V [ηK , ν·](τ, x,Sxτ,0[ηK , ν·]φ))dτ

∣∣∣∣ d(ν0)x(φ)

≤
∫

Y

∣∣∣∣
∫ t

0

(V [η, ν·](τ, x,Sxτ,0[η, ν·]φ) − V [η, ν·](τ, x,Sxτ,0[ηK , ν·]φ))dτ

∣∣∣∣ d(ν0)x(φ)

+

∫

Y

∣∣∣∣
∫ t

0

(V [η, ν·](τ, x,Sxτ,0[ηK , ν·]φ) − V [ηK , ν·](τ, x,Sxτ,0[ηK , ν·]φ))dτ

∣∣∣∣ d(ν0)x(φ)

≤
∫

Y

∫ t

0

∣∣V [η, ν·](τ, x,Sxτ,0[η, ν·]φ) − V [η, ν·](τ, x,Sxτ,0[ηK , ν·]φ)
∣∣ dτd(ν0)x(φ)

+

∫

Y

∫ t

0

∣∣V [η, ν·](τ, x,Sxτ,0[ηK , ν·]φ) − V [ηK , ν·](τ, x,Sxτ,0[ηK , ν·]φ)
∣∣ dτd(ν0)x(φ)

≤L1(ν·)
∫ t

0

∫

Y

∣∣Sxτ,0[η, ν·]φ− Sxτ,0[ηK , ν·]φ
∣∣ d(ν0)x(φ)dτ

+

∫ t

0

∫

Y

∣∣V [η, ν·](τ, x,Sxτ,0[ηK , ν·]φ) − V [η, ν·](τ, x,Sxτ,0[ηK , νK· ]φ)
∣∣ d(ν0)x(φ)dτ
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+

∫ t

0

∫

Y

∣∣V [η, ν·](τ, x,Sxτ,0[ηK , νK· ]φ) − V [ηK , ν·](τ, x,Sxτ,0[ηK , νK· ]φ)
∣∣ d(ν0)x(φ)dτ

+

∫ t

0

∫

Y

∣∣V [ηK , ν·](τ, x,Sxτ,0[ηK , νK· ]φ) − V [ηK , ν·](τ, x,Sxτ,0[ηK , ν·]φ)
∣∣ d(ν0)x(φ)dτ

≤L1(ν·)
∫ t

0

γx(τ)dτ + L1(ν·)
∫ t

0

∫

Y

∣∣Sxτ,0[ηK , ν·]φ− Sxτ,0[ηK , νK· ]φ
∣∣ d(ν0)x(φ)dτ

+

∫ t

0

∫

Y

∣∣V [η, ν·](τ, x, φ) − V [ηK , ν·](τ, x, φ)
∣∣ d(νKτ )x(φ)dτ

+ L1,K(ν·)
∫ t

0

∫

Y

∣∣Sxτ,0[ηK , νK· ]φ− Sxτ,0[ηK , ν·]φ
∣∣ d(ν0)x(ψ)dτ

=L1(ν·)
∫ t

0

γx(τ)dτ + (L1(ν·) + L1,K(ν·))
∫ t

0

βx(τ)dτ

+

∫ t

0

∫

Y

∣∣V [η, ν·](τ, x, φ) − V [ηK , ν·](τ, x, φ)
∣∣ d(νKτ )x(φ)dτ.

To obtain further estimate, let

ζKx (τ) : =

∫

Y

∣∣V [η, ν·](τ, x, φ) − V [ηK , ν·](τ, x, φ)
∣∣ d(ντ )x(φ).

By triangle inequality,
∫ t

0

∫

Y

∣∣V [η, ν·](τ, x, φ) − V [ηK , ν·](τ, x, φ)
∣∣ d(νKτ )x(φ)dτ

≤
∫ t

0

ζKx (τ)dτ

+

∫ t

0

∣∣∣∣
∫

Y

∣∣V [η, ν·](τ, x, φ) − V [ηK , ν·](τ, x, φ)
∣∣ d((νKτ )x(φ) − (ντ )x(φ))

∣∣∣∣ dτ.

Recall that

sup
x∈X

ηK,ix (Y ) ≤ sup
x∈X

ηix(Y ) + d∞(ηi, ηK,i), i = 1, . . . , r.

This shows that there exists some b > 0 independent of K such that

sup
K

(L1(η, ν·) + L1,K(ηK , ν·)), sup
K

(L2(η) + L2(ηK)) ≤ b,

since
r∑

i=1

(|‖ηi‖ − ‖ηK,i‖|) ≤
r∑

i=1

d∞(ηi, ηK,i) → 0, as K → ∞.

Moreover, it follows from Proposition 4.1(ii) that
∣∣∣
∣∣V [η, ν·](τ, x, ϕ) − V [ηK , ν·](τ, x, ϕ)

∣∣ −
∣∣V [η, ν·](τ, x, φ) − V [ηK , ν·](τ, x, φ)

∣∣
∣∣∣

≤ |V [η, ν·](τ, x, ϕ) − V [η, ν·](τ, x, φ)| +
∣∣V [ηK , ν·](τ, x, ϕ) − V [ηK , ν·](τ, x, φ)

∣∣
≤(L1 + L1,K)|ϕ− φ| ≤ b|ϕ− φ|.
Further, by Proposition4.1(ii), one can show that

fK(τ, x, ϕ) : =
∣∣V [η, ν·](τ, x, ϕ) − V [ηK , ν·](τ, x, ϕ)

∣∣

is bounded Lipschitz in ϕ with some constant b̂ > 0 such that

sup
K∈N

sup
τ∈T

sup
x∈X

BL(fK(τ, x, ·)) ≤ b̂.
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Hence
∣∣∣
∫ t

0

∫

Y

∣∣V [η, ν·](τ, x, φ) − V [ηK , ν·](τ, x, φ)
∣∣ d((νKτ )x(φ) − (ντ )x(φ))dτ

∣∣∣

≤b̂
∫ t

0

dBL((νKτ )x, (ντ )x)dτ.

This further implies that

γx(t) ≤L1

∫ t

0

γx(τ)dτ + b

∫ t

0

βx(τ)dτ + b̂

∫ t

0

dBL((νKτ )x, (ντ )x)dτ +

∫ t

0

ζKx (τ)dτ.

By Gronwall’s inequality, we have

γx(t) ≤ eL1t

(
b

∫ t

0

βx(τ)dτ + b̂

∫ t

0

dBL((νKτ )x, (ντ )x)dτ +

∫ t

0

ζKx (τ)dτ

)

Hence by (C.1), (C.2) and monotonicity of
∫ t

0 e−L1,Kτd∞(ντ , ν
K
τ )(νKτ )x(Y )dτ in t, we

have for t ∈ T ,

dBL((νt)x, (ν
K
t )x) ≤ βx(t) + γx(t)

≤βx(t) + eL1t

(
b

∫ t

0

βx(τ)dτ + b̂

∫ t

0

dBL((νKτ )x, (ντ )x)dτ +

∫ t

0

ζKx (τ)dτ

)

≤L2,K‖ν·‖
∫ t

0

eL1,K(t−τ)d∞(ντ , ν
K
τ )(νKτ )x(Y )dτ

+ eL1tb

∫ t

0

βx(τ)dτ + b̂eL1t

∫ t

0

dBL((νKτ )x, (ντ )x)dτ + eL1t

∫ t

0

ζKx (τ)dτ

≤(b− L2)‖ν·‖
∫ t

0

e(b−L1)(t−τ)d∞(ντ , ν
K
τ )(νKτ )x(Y )dτ

+ eL1tb

∫ t

0

(b− L2)‖ν·‖
∫ τ

0

e(b−L1)(τ−s)d∞(νs, ν
K
s )(νKs )x(Y )dsdτ

+ b̂eL1t

∫ t

0

dBL((νKτ )x, (ντ )x)dτ + eL1t

∫ t

0

ζKx (τ)dτ

≤(b− L2)‖ν·‖(1 + eL1tbt)

∫ t

0

e(b−L1)(t−τ)d∞(ντ , ν
K
τ )(νKτ )x(Y )dτ

+ b̂eL1t

∫ t

0

dBL((νKτ )x, (ντ )x)dτ + eL1t

∫ t

0

ζKx (τ)dτ

≤(b− L2)‖ν·‖(1 + bT )eL1t

∫ t

0

e(b−L1)(t−τ)d∞(ντ , ν
K
τ )(ντ )x(Y )dτ

+ (b− L2)‖ν·‖(1 + bT )eL1t

∫ t

0

e(b−L1)(t−τ)d∞(ντ , ν
K
τ )|(νKτ )x(Y ) − (ντ )x(Y )|dτ

+ b̂eL1t

∫ t

0

dBL((νKτ )x, (ντ )x)dτ + eL1t

∫ t

0

ζKx (τ)dτ

≤(b− L2)‖ν·‖(1 + bT )e(2b−L1)t

∫ t

0

e−2(b−L1)τd∞(ντ , ν
K
τ )dBL((ντ )x, (ν

K
τ )x)dτ

+ (b− L2)‖ν·‖(1 + bT )ebt
∫ t

0

e−(b−L1)τd∞(ντ , ν
K
τ )dτ + eL1t

∫ t

0

ζKx (τ)dτ,

This further shows

wK(t) ≤ L4

∫ t

0

wK(τ)2 + L4wK(τ) + cK ,
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where L4 = (b−L2)‖ν·‖(1 + bT )ebT , wK(t) : = e−(b−L1)td∞(νt, ν
K
t ) is continuous by

Proposition 3.9, and cK = emax{0,2L1−b}T supx∈X
∫ T

0 ζKx (τ)dτ . Applying Lemma I.1
to wK(t) yields

wK(t) ≤ cK
eL4t

1 + cK(1 − eL4t)
, t ∈ T ,

provided cK < 1
eL4T −1

.

The rest is to show limK→∞ cK = 0. For every t ∈ T , define ν̂t ≡ supx∈X(νt)x:

ν̂t(E) = sup
x∈X

(νt)x(E), ∀E ∈ B(Y ).

Since νt ∈ B(X,M+(Y )), it is easy to show that ν̂t ∈ M+(Y ). Hence

sup
x∈X

ζKx (τ) =

∫

Y

∣∣V [η, ν·](τ, x, φ) − V [ηK , ν·](τ, x, φ)
∣∣ d(ντ )x(φ)

≤ sup
x∈X

∫

Y

∣∣V [η, ν·](τ, x, φ) − V [ηK , ν·](τ, x, φ)
∣∣ dν̂τ (φ)

≤
∫

Y

sup
x∈X

∣∣V [η, ν·](τ, x, φ) − V [ηK , ν·](τ, x, φ)
∣∣ dν̂τ (φ),

by Proposition 4.1(v) (note that ντ ∈ CµX ,1(X,M+(Y ))), we have

sup
x∈X

∫ T

0

ζKx (τ)dτ ≤
∫ T

0

sup
x∈X

ζKx (τ)dτ

≤
∫ T

0

∫

Y

sup
x∈X

∣∣V [η, ν·](τ, x, ψ) − V [ηK , ν·](τ, x, ψ)
∣∣ dν̂τ (ψ)dτ → 0, as K → ∞,

i.e., limK→∞ cK = 0. Hence limK→∞ supt∈T wK(t) = 0, i.e.,

lim
K→∞

sup
t∈T

d∞(νt, ν
K
t ) = 0.

�

Appendix D. Proof of Lemma 5.4

Proof. By (A1), X ⊆ Rr1 is compact, there exists R > 0 such that X ⊆ [−R,R]r1. Let
(Bmi )1≤i≤⌊m1/r1 ⌋r1 be the equipartition of [−R,R]r1 into ⌊m1/r1⌋r1 copies of small cubes with

Diam (Bmi ) = 2r1R
⌊m1/r1 ⌋ . Since ⌊m1/r1 ⌋r1 ≤ m, one can further partition some of these Bmi so

that one obtains a possibly finer partition (B̂mi )1≤i≤m of [−R,R]r1 with Diam (B̂mi ) ≤ 2r1R
⌊m1/r1 ⌋ .

Let Ami = B̂mi ∩X for i = 1, . . . ,m. Then

Diam (Ami ) ≤ 2r1R

⌊m1/r1⌋ → 0, as m → ∞.

�

Appendix E. Proof of Lemma 5.5

Proof. Since ν0 ∈ CµX ,1(X,M+(Y )), by Proposition 3.6(i) we have (ν0)x(Y ) < ∞ for all
x ∈ X .

First, it is easy to verify that
∫

X

(νm,n0 )x(Y )dµX(x) =

m∑

i=1

∫

Am
i

(νm,n0 )x(Y )µX(x) =

m∑

i=1

am,iµX(Ami )

=
∑

µX (Am
i

)>0

∫

Am
i

(ν0)x(Y )dµX(x) =

∫

X

(ν0)x(Y )dµX(x) = 1.
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Since ν0 ∈ CµX ,1(X,M+(Y )), we have νm,n0 ∈ BµX ,1(X,M+(Y )).
By Proposition 5.1, for every m ∈ N and i = 1, . . . ,m, there exists {ϕm,n(i−1)n+j : j =

1, . . . , n} ⊆ Y such that for 1 ≤ i ≤ m with µX(Ami ) > 0,

lim
n→∞

dBL


(ν0)xm

i

âm,i
,

1

n

n∑

j=1

δϕm,n

(i−1)n+j


 = 0,

where âm,i = νxm
i

(Y ). Define ν̂m,n0 ∈ B(X,M+(Y )) as follows:

(ν̂m,n0 )x : =

m∑

i=1

1Am
i

(x)
âm,i
n

n∑

j=1

δϕm,n

(i−1)n+j
, x ∈ X.

Next, we show
lim
m→∞

lim
n→∞

d∞(νm,n0 , ν0) = 0.

It then suffices to show that for every m ∈ N,

(E.1) lim
m→∞

lim
n→∞

d∞(ν̂m,n0 , ν0) = 0

and

(E.2) lim
m→∞

lim
n→∞

d∞(νm,n0 , ν̂m,n0 ) = 0.

We first show (E.1).
By definition,

(ν̂m,n0 )y ≡ (ν̂m,n0 )xm
i
, y ∈ Ami ,

which implies that for y ∈ Ami ,

d∞(ν0, ν̂
m,n
0 ) = sup

y∈X
dBL((ν0)y, (ν̂

m,n
0 )y)

≤ max
1≤i≤m

(
dBL((ν0)y, (ν0)xm

i
) + âm,idBL

((ν0)xm
i

âm,i
,

(νm,n0 )xm
i

)

âm,i

))
.

Since x 7→ (ν0)x is continuous and X is compact, we have x 7→ (ν0)x is uniformly conti-
nuous. Due to this uniform continuity of x 7→ (ν0)x as well as

lim
m→∞

max
1≤i≤m

DiamAmi = 0,

we have

lim
m→∞

lim
n→∞

max
1≤i≤m

dBL((ν0)y, (ν0)xm
i

) = lim
m→∞

max
1≤i≤m

dBL((ν0)y, (ν0)xm
i

) = 0.

Moreover,

max
1i≤m

âm,idBL

( (ν0)xm
i

âm,i
,

(νm,n0 )xm
i

)

âm,i

)
≤ sup

y∈X
νy(Y )dBL

( (ν0)xm
i

âm,i
,
(νm,n0 )xm

i
)

âm,i

)
,

which yields that

lim
m→∞

lim
n→∞

max
1≤i≤m

âm,idBL

((ν0)xm
i

âm,i
,

(νm,n0 )xm
i

)

âm,i

)
= lim

m→∞
0 = 0.

Hence
lim
m→∞

lim
n→∞

d∞(ν0, ν̂
m,n
0 ) = 0.

Since 1 ∈ BL1(Y ), by the uniform continuity of x 7→ (ν0)x,

|(ν0)x(Y ) − (ν0)y(Y )|

=|
∫

Y

1d((ν0)x − (ν0)y| ≤ dBL((ν0)x, (ν0)y) → 0, as |x− y| → 0, ∀x, y ∈ X.

This implies that x 7→ (ν0)x(Y ) is uniformly continuous in x.



VES ON DGMS 67

Now we show (E.2). By the definition of νm,n0 and ν̂m,n0 , for x ∈ Ami with µX(Ami ) > 0,

dBL((νm,n0 )x, (ν̂
m,n
0 )x) = sup

f∈BL1(Y )

∫

Y

fd((νm,n0 )x − (ν̂m,n0 )x)

= sup
f∈BL1(Y )

1

n

n∑

j=1

f(ϕm,n(i−1)n+j)(am,i − âm,i)

≤|am,i − âm,i| =

∣∣∣∣∣

∫
Am

i
(ν0)x(Y )dµX(x)

µX(Ami )
− νxm

i
(Y )

∣∣∣∣∣

≤
∫

Am
i

|(ν0)x(Y ) − (ν0)xm
i

(Y )|dµX(x)µX(Ami )

≤ sup
x∈Am

i

|(ν0)x(Y ) − (ν0)xm
i

(Y )|,

For x ∈ Ami with µX(Ami ) = 0,

dBL((νm,n0 )x, (ν̂
m,n
0 )x) ≡ 0.

Since x 7→ (ν0)x(Y ) is uniformly continuous in x and max
1≤i≤m

DiamAmi → 0 as m → ∞, we

have

d∞(νm,n0 , ν̂m,n0 ) = sup
x∈X

dBL((νm,n0 )x, (ν̂
m,n
0 )x) ≤ max

1≤i≤m
sup
x∈Am

i

|(ν0)x(Y ) − (ν0)xm
i

(Y )| → 0,

i.e., (E.2) holds. �

Appendix F. Proof of Lemma 5.6

Proof. The proof is analogous to that of Lemma 5.5 by simply replacing Y in Lemma 5.5 by
X . �

Appendix G. Proof of Lemma 5.9

Proof. Since X is compact, (A3) and (A7) imply that h is uniformly continuous in x. Since

lim
m→∞

max
1≤i≤m

DiamAmi = 0,

for every ε > 0, there exists σ > 0 such that max1≤i≤m DiamAmi < σ for all m ≥ M for some
M ∈ N, and for t ∈ T , φ ∈ Y ,

|h(t, x, φ) − h(t, y, φ)| < ε, x, y ∈ X, |x− y| < σ.

Hence for every z ∈ X , we have z ∈ Ami for some 1 ≤ i ≤ m, and |z − xmi | ≤ DiamAmi < σ,
for all m ≥ M . Then for all m ≥ M ,

|hm(t, z, ψ) − h(t, z, ψ)| =|h(t, xmi , ψ) − h(t, z, ψ)| < ε,

which implies that

sup
x∈X

|hm(t, z, ψ) − h(t, z, ψ)| ≤ ε, m ≥ M,

since z is independent of ε. This shows

lim
m→∞

sup
z∈X

|hm(t, z, φ) − h(t, z, φ)| = 0, t ∈ T , φ ∈ Y.

Moreover, by the definition of hm,

sup
z∈X

|hm(t, z, φ) − h(t, z, φ)| ≤ 2 sup
z∈X

|h(t, z, φ)|, t ∈ T , φ ∈ Y

which yields the conclusion by the Dominated Convergence Theorem as well as integrability
of h in (A7). �



68 CHRISTIAN KUEHN AND CHUANG XU

Appendix H. Proof of Proposition 5.10

Proof. Analogous to the proof of Proposition 4.1, one can show that the vector field of (5.2)
is Lipschitz continuous, and hence unique existence of a local solution to (5.2) is obtained
by Picard-Lindelöf’s iteration [45, Theorem 2.2]. The rest is the same as in the proof of
Proposition 4.1, since Y is positively invariant owing to (A6). �

Appendix I. A quadratic Gronwall inequality

Lemma I.1. Let a, b, c > 0 and w ∈ C(T ,R+). Assume

(I.1) c <
b

a(ebT − 1)
.

If w satisfies

(I.2) w(t) ≤ a

∫ t

0

w(s)2ds+ b

∫ t

0

w(s)ds+ c, t ∈ T ,

then

w(t) ≤ bcebt

b+ ac(1 − ebt)
, t ∈ T .

Proof. Let u(t) =
∫ t

0
w(s)2ds + b

∫ t
0
w(s)ds + c, for t ∈ T . Then u(t) ≥ c for all t ∈ T since

w(t) ≥ 0. It follows from (I.2) that for all t ∈ T , w(t) ≤ u(t) and

(I.3) u′(t) ≤ au(t)2 + bu(t).

Let v(t) = −u(t)−1. It is easy to verify that

v′(t) ≤ a− bv(t), t ∈ T .
Using the auxiliary function h(t) = ebtv(t), one can show that

v(t) ≤ e−bt(v(0) +
a

b
(ebt − 1)),

i.e.,

−u(t)−1 ≤ e−bt(−c−1 +
a

b
(ebt − 1)).

It then follows from (I.1) that

w(t) ≤ u(t) ≤ bcebt

b + ac(1 − ebt)
.
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