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ARITHMETIC VERSION OF ANDERSON LOCALIZATION
FOR QUASIPERIODIC SCHRODINGER OPERATORS
WITH EVEN COSINE TYPE POTENTIALS

LINGRUI GE, JIANGONG YOU, AND XIN ZHAO

ABSTRACT. We propose a new method to prove Anderson localization
for quasiperiodic Schrédinger operators and apply it to the quasiperi-
odic model considered by Sinai [33] and Frohlich-Spencer-Wittwer [16].
More concretely, we prove Anderson localization for even C? cosine type
quasiperiodic Schrodinger operators with large coupling constants, Dio-
phantine frequencies and Diophantine phases.

1. INTRODUCTION

Anderson localization of particles and waves in disordered media is one
of the most intriguing phenomena in solid-state physics found by Anderson
[5]. Mathematically, localization has already been extensively studied for
the random cases [1, 3, 4, 13, 30]. Anderson localization in quasiperiodic
media even has stronger backgrounds in physics [9, 32], which is known to
have strong connection with integer quantum Hall effect [2, 21, 31], and also
plays an important role in the emerging subject of optical crystals [28].

Although been studied for over sixty years, Anderson localization ' for
quasiperiodic operators has not been completely understood since it de-
pends sensitively on the frequency, the phase and amplitude of oscillation
of the potential. So far almost sure Anderson localization * for fized Dio-
phantine frequencies was rigorously proved only for the following cosine type
quasiperiodic Schrodinger operators with large coupling constants by Sinai
[33], Frohlich-Spencer-Wittwer [16] ® and Forman-Vandenboom [15]

(1.1) (Hv,0,6%)n = Unt1 + Un—1 + Av(0 + na)u,, Vn € Z,

with a € R\Q (the frequency), § € T := R/Z (the phase), A € R (the
coupling constant) and v € C?(T,R) (the potential) satisfying

° g—z = 0 at exactly two points, one is minimal and the other one is

maximal, which are denoted by z; and z».
e These two extremals are non-degenerate, that is, %(zj) # 0 for
j=1,2.
Anderson localization (AL) with precise arithmetic descriptions on both
the frequencies and full Lebesgue measure set of the phases, is referred as
to arithmetic version of Anderson localization, which is obviously stronger

Pure point spectrum with exponentially decaying eigenfunctions

2Anderson localization for almost every phase.

3Frohlich-Spencer-Wittwer [16] requires the potential to be even.
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than almost sure Anderson localization. The first arithmetic version of An-
derson localization was given by Jitomirskaya [23] who proved that for any
fized Diophantine frequency and any fired Diophantine phase, the almost
Mathieu operator * has AL for |A\| > 1. Such arithmetic description on
the frequency and the phase was explored in a sharp way by Jitomirskaya
and Liu, namely, for Diophantine phase, there is a sharp spectral transition
in frequency [25], and for Diophantine frequency, there is a sharp spectral
transition in phase [26]. Arithmetic Anderson localization for one dimen-
sional long range quasiperiodic operators with cosine potential was proved
in [7, 12]. Recently, a new nonperturbative proof of arithmetic theoretic
Anderson localization was given in [18], which applies to higher dimensional
long range quasiperiodic operators, based on nonperturbative reducibility
method and duality argument.

However, the proofs of all the above arithmetic Anderson localization re-
sults crucially depend on the assumption that the potential is exactly the
cosine function. It is not clear if arithmetic Anderson localization could be
expected for other potentials. The main purpose of this paper is to present a
new method from the point of view of dynamical systems to prove the arith-
metic version of Anderson localization for quasiperiodic Schrédinger oper-
ators. Applying our method to even cosine type quasiperiodic Schrédinger
operator, we give an improvement of Frohlich-Spencer-Wittwer’s result [16].
Compared to the methods of [15, 16, 33] which are based on certain kind
of multiscale analysis, our method is purely dynamical and gives concrete
description of the localization phases . We are also able to give almost
sharp estimate on the decay rate of the all eigenfunctions.

1.1. Statement of the main results. Before formulating our results, we
first give precise arithmetic description on « and 6. A frequency a € R is
called (k, T)-Diophantine (denoted by a € DC(k, 7)) if
(1.2) dist(ka, Z) > ~|k|™", Vk € Z\{0}.
We will use the notation
DC= |J DC(x,7).
k>0;7>1

For a given irrational number «, we say 6 € (0,1) is (v, 7)-Diophantine with
respect to a (denoted by ©7) if

__r

Ikl +1)7°

for any k € Z, where |[z|g/z = dist(z,Z). Let © = -, ,~, ©7. Clearly, ©
is a set of full Lebesgue measure for any fixed irrational number a.

H29 + ka”R/Z >

Theorem 1.1. Given o € DC and an even C? cosine type potential v, there
exists Ao(a,v) such that Hy, o9 has Anderson localization for all § € ©
provided that A > \g.

40Operator (1.1) with v() = 2 cos 276.
5In [15, 16, 33], Anderson localization was proved for almost every phase without an
arithmetic description.
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Remark 1.1. To give a simple arithmetic description of the localization
phases (i.e., the Diophantine phases), the eveness condition seems to be
necessary.

Remark 1.2. If « is very Liouvillean or # is very a-Liouvillean (i.e., for
generic o and ), H)y, o0 has purely singular continuous spectrum [8, 26, 27].
Thus to prove localization type results, the arithmetic assumptions on both
« and 6 are necessary.

We also have a precise estimate on the decay rate of all eigenfunctions.

Theorem 1.2. Given o € DC, £ > 0 and an even C? cosine type potential
v, there exists Ao(a, v,€) such that all eigenfunctions of the operator Hy, o9
satisfy

— In (uf(n) + uj(n+1))

provided that A\ > Xg.

>(1—¢)lnA

Remark 1.3. For the almost Mathieu operator (a typical example), Jito-
mirskaya [23] proved

— ~In (uf(n) +uf(n+1))

=InA.

Thus, the decay rate in the above theorem is almost sharp.

We point out an interesting phenomenon based on Theorem 1.1: The
localization phases do not sensitively depend on the space of even C? cosine
type v. This phenomenon can be viewed as the robustness of localization
phases introduced in [18].

Definition 1.1. For fixed a, Hy 4 is said to have C" robust Anderson lo-
calization if there is a C" neighborhood B(V') of V' and a subset O, such
that

() {01Hp,, has AL} =9,
VeB(V)

moreover |©] = 1.

Theorem 1.1 proved that H), ¢ with even cosine like potential has C?
robust Anderson localization in the space of even potentials. It seems that
both the symmetry (eveness) and the profile (C? cosine type) of the potential
play key roles in robust Anderson localization.

We also mention some important results related to Anderson localization.
Eliasson [14] proved that if v is a Gevrey function satisfying non-degenerate
conditions, for any fixed Diophantine a, H), ¢ has pure point spectrum
for a.e. 6 and large enough A\ (depending on «). Bourgain and Goldstein
[10] proved that, in the positive Lyapunov exponent regime, for any fixed
6, Hyy a6 has AL for a.e. Diophantine o provided that v is a non-constant
real analytic function. See [11, 17, 20, 29] for more results.
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1.2. Strategy of the proof. As we mentioned above, our method is mo-
tivated by the methods introduced in [8, 18, 19, 24, 34]. In [8, 24], Avila-
You-Zhou and Jitomirskaya-Kachkovskiy gave criteria to prove almost sure
Anderson localization for quasiperiodic operators based on nonperturbative
reducibility method and duality argument. More precisely, there are two
steps. The first step is to construct a family of eigenvalues and eigenfunc-
tions for almost every phase based on reducibility and duality. The second
step is to show the family of eigenfunctions they constructed form a complete
basis of ¢2(Z). However, the arithmetic version of Anderson localization is
more difficult to be proved compared with almost sure Anderson localiza-
tion. In [18], Ge-You found a strategy to recover the phases lost in using the
method in [8, 24|, by introducing an auxiliary measure defined by reducibil-
ity, i.e. the R-measure. By using quantitative reducibility, they proved
stratified continuity of the R-measure with respect to the phase on the set
of Diophantine phases. Ge-You’s method was further developed and simpli-
fied by Ge-You-Zhao in [19] to give a new proof of the arithmetic transition
conjecture proposed by Jitomirskaya [22].

In the present paper, instead of using reducibility and duality, we give a
new way to construct a family of eigenvalues with exponentially localized
eigenfunctions for C? cosine type quasiperiodic Schrédinger operators by
the induction scheme developed in [34]. The intuition is that if the inter-
section between asymptotic stable and unstable directions of the transfer
matrix persist in larger and larger time scale which eventually implies the
intersection of stable and unstable directions and the norm of the transfer
matrix grows exponentially, then one can construct an eigenfunction. When
a family of eigenvalues with exponentially localized eigenfunctions are con-
structed almost surely, almost sure Anderson localization follows directly
by the criteria in [8, 24]. To prove the arithmetic version of AL, i.e., AL
for all # € ©, one possible way is to prove that dpup’ 6 is continuous in ©.
However, this seems to be a difficult task and we don’t know how to prove
it directly since dugp sensitively depends on 6. Our strategy is to introduce
a new measure dvg via the localized eigenfunctions we constructed, which
is called £-measure, motivated by the R-measure defined in [18]. We will
prove that diy is absolutely continuous with respect to d,ugp . The advantage
of duy is its stratified continuity in ©, more precisely the continuity in ©7,
can be proved by quantitative estimates of the localized eigenfunctions. In
this way, we can approximate each lost phase in © by localization phases,
and prove dup’(R) = dvg(R) = 1 for all phases in ©.

2. WANG-ZHANG’S INDUCTION THEOREM

Inspired by [36], Wang and Zhang in [34] developed an induction scheme
to study the positivity and continuity of the Lyapunov exponent and Cantor
spectrum of quasiperiodic Schrédinger operators with C? cosine type poten-
tials [34, 35]. We observe that the induction theorem can also be used to
construct eigenfunctions, which is one of the corner stones in our proof of

6the pure point piece of the spectral measure
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the arithmetic version of Anderson localization. Now we briefly introduce
their induction theorem. The readers are referred to [34] for details.
For 0 € R/Z, let

R, — (€8 2m0 —sin 270
9= \sin270  cos2nb

> € SO(2,R).

Define
5:SL(2,R) — RP' = R/(rZ)
as the most contraction direction of A € SL(2,R), i.e., |A-3(A)| = || A"

for unit vector §(A) in the direction s(A). Abusing the notation a little,
define u(A) = s(A7!) and a(A) = 3(A~!). Then for A € SL(2,R), it is

clear that 1Al
0
A=R, - 1) Rz_g,
< 0 [l4] 1> 2

where s,u € [0,7) are angles corresponding to the directions s(A),u(A) €
R/(7Z).

The main object of the present paper is the following Schridinger cocycles
(v, S3?), where

S (x) = E= o) -1 , EeR.
1 0

Let A > Xg=Xo(v) > 1 and t = % € J = [infv — 2,supv + 2|. In this case,
there is B € C*(T x J, SL(2,R)) such that

(2.1) B (2 + a,t) (E AR _01> Bla,t) = Al 1),

where

Az, t) = (A(%’ t) )\_l?x,t)> “Ry(ep), coto(x,t) =1t—v(v).

(2.1) in fact gives the polar decomposition of the Schrodinger cocycles.

From now on, let A(z,t) be as above and
A () = { Az + (n — Da,t) - Az + o, t) Az, t), n>0 ‘
e ANz +na, ) ANz + (n+ Da,t) - A7z —a,t), n<0
Abusing the notation a little bit, for n > 1, we define
sn(z,t) = s[An(x,t)], un(z,t) = s[A_p(z,1)].

We call s, (respectively, u,,) the n-step stable (respectively, unstable) direc-
tion.

Set Iy = R/Z and gi(z,t) = s1(x,t) — ui(z,t) = tan~ [t — v(x)] for all
te J. Let {%}nZl be the continued fraction approximants of a. Fix a large
N = N(v). [34] proved the following conclusion by induction. Assume that
for ¢ > 1, the following objects are well defined:

(1) i-th step critical points :

Ci(t) = {ci1(t), cia(t)}

with ¢; ;(t) € Iy j(t) minimizing {|g;(x,t)|, = € Ii—1 ;(t)}.
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(2) i-th step critical interval :
1
Lij(t) ={z : [x — ci j(t)| < oo} and Ii(t) = Lia(t) U 1 o(t).
2'qN i1
(3) i-th step return times :
qNtio1 S ri(mt)  L(t) — ZF

are the first return times (back to I;(t)) after time qyy;—1 — 1. Here
i (z,t) is the forward return time and r; (z,t) is backward. Let
r;(t) = min {rj(t),ri_ (t)} with ch(t) = mingey, ch(x,t).
(4) (2 + 1)-th step angle g;4; :
gi+1(x,t) = Sry(t) (m,t) — Upy(t) (x,t) D — R]P’l,
where

D;:={(x,t):x € L;(t),t € J}.

The next theorem, which is from [34]’s induction theorem, gives the pre-
cise description of the several important quantities mentioned above.

Theorem 2.1 (Theorem 3 of [34]). Given o € DC(k,7), € > 0 and a C?
cosine type potential v, there exists Ao(a, v,e) such that the following holds
for A > Xg.

(1) For each i > 1 and t € J, it holds that
(2.2) s (8) — g ()] < CATa710) 5 — 1 2,
(2) For eachi>1,t € J, and all x € I;(t), it holds that
(23) 1At oy (@, Ol > A0 2 A0S,
(3) For eachi>1,te J, and all x € I; ;(t), it holds that
(2.4) |gi(z,t)] > ez —c;j(O)]* §=1,2.

(4) For each i > 1 and t € J. If |c;1(t) — cia(t) — ka| > —=— for all

2T
AN+i—1

|k| < qn+i-1, then
—§r-,
(2.5) lgic1(ot) — gi(-, )]l cz < CA™ 210,

Theorem 2.1 is a simplified version of Theorem 3 in [34]. See (57)-(59) in
Theorem 3 and Lemma 6 of [34].

3. CONSTRUCTION OF EIGENFUNCTIONS

In this section, we construct sufficiently many “good” eigenfunctions of
H)y.a,0 by Theorem 2.1. We denote by ¥y, o the spectral set of Hy, o9 (It
does not depend on 6 since « is irrational).



3.1. The critical points and growth of the transfer matrix.

Theorem 3.1. Let o € DC(k,7) and v be an even C? cosine type potential.
For any € > 0, there exists \o(e, a,v) such that if X > X, and t € A1), 4,
then there exists a strictly increasing continuous surjection

(3.1) Coo(t) : A B rp0 — [0,1/2],

and there exist 5o0(Coo(t), 1), Uoo(Coo (), 1) € RP! if coo(t) € OF with
(32) Soo(Coo(t), 1) = tso(cos(t), 1),

such that

(3.3) | A (Coo (), 1) 800 (Coo (2), 1)]| = eA=73I wn e 72,

where ¢ = c(k,7y,T,v,€) > 0 and So(coo(t),t) is the unit vector in the direc-
tion Seo(Coo(t),1).

Proof. By (2.2) in Theorem 2.1 (See also Theorem 3 [34] and Theorem 2 in
[35]), for any t € A715,, 4, for all j > 1 and m = 1,2, we have

(3.4) Icit1m(t) — ¢jm(t)] < CA—1m1(0) < C)\_l_l()QN+j727
thus there exists ¢ 1, (t) such that
Coom(t) = T ¢y (1),

We first prove coo,1(t) = —Cx0,2(t), this is because of (2.3) in Theorem 2.1,
we have

[ Ay, (1) (Cim (), )| > A7 (0)
this implies
14r ) (€5 (8),2) - 51,0y (cjm (), D] < A~0750),
A=) (Cim (E), £) - s 1) (o (£), E)]] < A\~ (1=e)r; (D)
Since v is even, we have
T
4,0 (C3m():8) - (5 = 0 (cim(®):0) |
= Ay (0 (Ciam(E), ) Uy (cjm (), 8) ]| < A7),
this implies that

: 3,
(3.5) ‘5 — Upj(1) (Cj,m(t),t) — Srj(t)(—cj,m(t),t)‘ <AT2 ](t)’
similarly
(3.6) ‘E — Sr ) (Cim(t) ) — Uy (1) (— € (t) t)‘ <\
) 2 Tj(t) 7,m ) T’j(t) Gm , < )

(3.5) and (3.6) imply
3,
19756 (¢5m (1), 1) = gr 1) (—Cjm (8), )] < o\ 27 (1)
By (2.4) in Theorem 2.1,

clejm(t) = (—eim@)® < 1gr; ) (cm(t), 1) = gry 1y (—Cm (t), D).
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Hence
(3.7) ljm(t) = (—cjm(t)] < CA™2"0),
By (3.4), we have

coovl(t) = _60072(t)'
We simply denote coo(t) = €o01(t). By the induction theorem (Theorem

2.1) we have
0 t=infA " '2)\,.q,
Coo(t) = { " .

% t = sup )\_12)\1,,@.

Note that coo(t) is continuous on A~1% Av,as Since ¢;1(t) converges uniformly
t0 Coo(t) on A7IY Av,a and ¢; 1 is continuous, combine these together, we get
that co(t) is a continuous surjection from A~15), 4 to [0, ].

Now we prove ceo(t) is increasing on A7'X), ., we need the following
result: for t € )\_12)\%0‘ with ¢ (t) € ©7, e,

~
|2¢00 (t) — kat| > ————, Vk € Z,
(H+ 1)
by (3.4), there exists jo(7), such that for all j > jo
1
(3.8) lcj1(t) = ¢j2(t) = kal| 2 ———, [k] < qnyj-1,
N+j-1

thus by Corollary 3 in [35],

d(¢ja(t) — cja(t))
dt

in a small neighborhood of ¢t. In view of (3.7) and (3.9), for any sequence

ty >+ >ty >+ with t, = t, we have cx(t,) > co(t) for all n sufficiently

large.

We are now ready to prove the monotonicity of ¢y (t). We prove this by
contradiction, otherwise, there exists t; < t such that coo(t1) > coo(t2),
for v < Jeso(t1) — coo(t2)|, there exists y € ©F N (coo(t2), coo(t1)), let ¥ =
sup{t € (t1,t2) : co(t) = y} and for ¢ € (¢, t3), we have

Coo(t) <y.
Thus there exists sequence t; > --- > t, > --- with ¢,, — t/, such that
Coo(tn) < coo(t') for all n sufficiently large which is a contradiction.

We omit the dependence on t in the following. For any n > qjl\??r%ll, let
Jo < j1 < --- < jr = n be the return times of ¢ (t) to In4j,, by (2.3), (2.4)
in Theorem 2.1 and (3.4), we have

(3.9) >c>0,7

k—1
1An(coo) | = T I1Aj—jims (oo + Jimr @) lafET jo AT = eIl
1=0

for some ¢ = ¢(k,v,T,v,e) > 0. Thus we have proved (3.3). Finally, (3.2)
follows from (2.5) in Theorem 2.1.
U

In case of (3.8), p;(t) = ¢;1(t) — ¢;2(t) in [35].
8Here we use the fact that n —jr-1] < qjc\;ﬂ-o,h it follows from Lemma 3 of [6].



3.2. Construction of good eigenfunctions. Recall that ¢t = \7'E.

Definition 3.1. For any v > 0 and C' > 0, a normalized eigenfunction ? u(n)
is said to be (C,~)-good, if

lu(n)] < Ce 7
for any n € Z.
Proposition 3.1. Assume o € DC(k,7) and v is an even C? cosine type
potential, for any e > 0, there exists \o(e, a,v) and C(k,~y,T,v,&) such that

if A > Ao and cwo(t) € OF, then Hyy ey has a (C,(1 — €)In X\)-good
etgenfunction corresponding to eigenvalue E = \t.

Proof. We denote by APA(9) = (E B i\v(e) _01>, for n > 0, by (2.1), we
have
AT (o) - (B oo (1) - sus1 (oo (1):1)) | £ C | Ansa (e (). 1)] 7

AT (eselt)) - (B e 0),8) - sulewc(8),)|
= A5 oo t) + n) AE (e (1)) - (B (e (£),) - sn(ec (£),1) |
<C || Anlese(t), )|
Hence
|(B ( (), ) - 3n+1(600(t)7t)) - (B_l(coo(t),t) : Sn(COO(t)at))‘
<20 || An(coo (), )] | Ansr (coo (£), )] 1
This implies that

[(B™ (eoo(t),t) * Soo(Coo(t), 1)) — (B (eoo(t), t) - Snlcao(t), 1)) |
<3720 || Ao (DI 1 Aps (e (872

k>n
We have

A5 o) - (B e (1),) - ool (1), 1))

<O [[An(coo () )| 71+ || AT eoo () - (BT (eoo (), 1) - (sn(eoo(t), 1) = s00(eao(t), 1)) H

C AR ®, )17 + [ An(eao ), S 1Ak (oo (O, O 1 Arsa (o8, 87 -
k>n
By (3.3), we have
3 1 Ak(eoo (), )7 1Akt (eso (£), )| 7F < CA=20-)I1

k>n

for some C' = C(k, 7, T,v,€).

IWe say u(n) is normalized if 3 |u(n)|* = 1.
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Similarly,

[AZ (00 - (B™H(eoo (£),) - s0c (e (1), 1))
<C [ A-n(eo(®), 1) +HA“ <t>>-(B—1<coo<t>,t>-<un<cm<t>,t>—uoo<coo<t>,t>>>H
<C [ 1A-n(eao() DI + [ A-n(eao(: DI D 1Ak (@), I 4411 (enc®), D] 7

k>n
For E = At, we denote by
uE(n+1) . ’)\C ~1(c s c
(150 = AEA el B e (0,1) sl (0,1,
then for n € Z, by (3.2), we have
("2 D) | = 1AEN e )8 ). ) sl 01,01

up(n)

< o\~ (A=alnl,
Thus (ug), is a (C, (1 — ) In A)-good eigenfunction for Hy, o ¢ (1)- O

4. COMPLETENESS ARGUMENTS

4.1. L-measure. In [18], the authors introduced R-measure to prove the
arithmetic version of Anderson localization. Inspired by the idea, we intro-
duce similarly a measure by Proposition 3.1 in stead of reducibility in [18].
The measure, we call it £L-measure, will play an important role in the proof of
arithmetic version of Anderson localization. We next define £ : T — Xy, o

as the following:

Ao (0) 6 €0, 3],

E(0) = —1 1 >

Ao (1=6) 0¢€(5,1].

Since ¢, is increasing in the spectrum, E() takes one value
For every 7 > 1 and v > 0, we define £ = E(O]). For any E € &7, we

define a vector-valued function up : £ — (%(Z) as the following,
vp(n)
lvgllz:’

(4.1) ug(n) =

where v¥ is the eigenfunction of H Av,a,co0(f) CORStructed in Proposition 3.1.
For any fixed § € ©7 = U,~007, we denote by E,(f) = A H(T™0). We
can define the following £-measure,

Definition 4.1 (L-measure). vg : B — R is defined as:

[ug,, o) (M) + |ug,, o) (m + 1)?
v(B)= Y T ,

mENgB
for all B in the Borel o-algebra B of R, where NP = {m|E,, () € B}.

The L-measure is well defined since the eigenvalues are simple and has
the following property.
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Lemma 4.1. For a.e. 0,
vi(E]) > (6]
where | - | is the Lebesque measure.

Proof. Note that vy(€]) is measurable in 6 and 1(E7) = vg1a(£]). Thus
vy(E]) = C for ae. 0.

For any 6 € T, let Ny = {m|E,,(0) € £]}. For any m € Z, if m ¢ N,
let P, (0) = 0. If m € Np, let P,,(0) be the spectral projection of H)yy a0
onto the eigenspace corresponding to E,,(0). By the definition of E,,(#),
U, (6) (n) is an normalized eigenfunction of Hy, o 7mg, thus T_mug,, ) (n)
10'is an normalized eigenfunction of H av,a,0- Now we define a projection
operator for any 6§ € T,

PO)= > Pnl0).
TmHeO]

Note that all these E’s in &7 are different and all Pp,(0) are mutually or-
thogonal. It follows that P(#) is a projection. Moreover, we have

(P(0)do, do) + (P(0)d0,00) ., (P (0)d0, 60) + (Pm(6)do, do)
/T 5 df = /T > : de.

Tmyeor
By Fubini theorem, we have

/ Z (Pm(8)d0, 00) + (Pm(9)51,51>d9

2
Trmocer

:/ Z <PmT_m(9)(50,(50> —;— <Pm(T_m9)(51,(51>d9'

T MEZL
Since Tr Hyy o, 7-moT—m = Hxy,a,6, We have
Hyyor-moT-mug,, ) = T-mHxa0UE,, @) = En(0)T-mug,, @)
= Em(T_mH)T_muEm(g).

It follows that T_,,ug,, (f) belongs to the range of P,,(T~"™6), and for each
Sn € 12(Z), we have

(P (T7™0)0n, 6p) > |<T—muEm(0),5n>|2-
This implies that
Z / <PmT_m(9)(50, 50> + <Pm(T_m9)(51, 51>d9
o5

meZ 2
T So)|2 + T 012
=9 [(T—mug,, ), %0)|° + {(T-mug,,@) 61| "
o 2
meZ ¥
_Z/ |(TmuEm(e),5o>|2+|(T—muEm(9)a51>|2d9
— ) 5 .
meZ ¥

107 is a translation defined by T_mu(n) :==u(n 4+ m).



12 LINGRUI GE, JJANGONG YOU, AND XIN ZHAO

Since ug,,(g) is a normalized eigenfunction, i.e.,
> (T, 0):00)F = D [(Tmug, 0, 60 = 1.
MEZL meZ

Hence we have

/ (P(0)do, do) + <P(9)51’51>d9
T

2
- / (Tmug,, (), %) +2|(T—muEm(9),51>|2d9
mez” 9%
=|©]].
Thus
vp(E7) > |©]]
for a.e. #. This finishes the proof. O

4.2. Arithmetic version of Anderson localization.

Lemma 4.2. For any € > 0, there exists Ny(~y,T,v,c,€) > 0 such that for
all 0 € ©F, we have

, g, 0)(m)|> + ug,, o) (m + 1)
Rugo(€]) = Y 2 ) <e

m|>No:T™HecOT
3

Proof. Note that for any 7™6 € 7, by Proposition 3.1,

2 2
g0 (M)|° + \2UEm(e) (m +1)] < Ce- A,
Thus for any € > 0, there exists Ny(v, T, v, a, €) > 0 such that for all € e,

Z lug,, @) (M) + |ug,, @ (m+ 1) <

€.
5 =
|m|>No:T™0€O7,

We define €7 = J,.( €7. Then

Lemma 4.3. For any N > 0 and € > 0, there exists §(~y,7,v,a, N, e) > 0
such that

[Tave(ET) — Tnvg (E7)| < e
for any 0,0" € ©F with |0 — ¢'| <& where Tnvp(ET) = 1y(E7) — Rnvp(E7).

Proof. For any fixed N and any ¢ € ©7, we have

g S+ N)TT
(k+nl+1)" = (n|+1)7 "~

Thus T%0 € O for |k| < N. By Proposition 2.1, we have

”vEm(G) ”62 < C(V? T, U, a)'



13
By telescoping and Lemma 4.2, there exists §(v, T,v,«, N,€), such that if
|0 — 6’| <4, then
0—4
4.2 2, — NP A g —
(12) ool = e 2] < 555

eC™4

(4.2) and (4.3) imply for any |k| < N,

vg ) (k) vp0) (k)
U k) —u n(k)| = -
lug, () (k) — ug, o) ()| log, @l [vE.o)lle

v Rlve, o) le = ve @) F)llvs,@)lle|
B 1vE, @) lle2 [|VE, 07) lle2

eC™4 vE,@)lle +C
= 5002N + 1) lvg, @)l llve.o)lle

Thus we have
€

[ug, ) (k) — ug, @) (k)] < 002N + 1)
By Definition 4.1 and (4.1), one has

[Tnve(E7) — Tnve (E7)

= Z |uggrrg) (k) — Z |uprrery (k)]

|k|<N |k|<N

D luprgy b+ D = D Juperegy (k+ 1))
|k|<N |k|<N

€
< ¢ @GN+l <e
SN N Tl se

O

Lemma 4.4. For any 0 € O, we have 0 is @'17(}%0' homogenous, i.e.,

(0 —0,0+0)N (9}/(}%0] > o for any o > 0.
P’I"OOf. Let @k = {9 € [0, 1) : ||29 + kaéHR/Z < W}, then @}Yo/(igo =
[0,1)\ Ugez ©k. Thus for any o > 0 sufficiently small, we have
(60— 0,0 +0)NOYNG, = (0 — 0,0 + 0)\ Upez O
Notice that if ©; N (0 — 0,0 + o) # (), then

~
< ||k + 26 <o.
(|k‘|+1)T —H -+ HR/Z_ o

It follows that |k| > (%)%, thus |Ox] < C (v, 7)o which implies that
(0 —0,0+0)NONY>20— Y >0

k>(2)7
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O

Proof of Theorem 1.1: For any fixed 6 € O], by Lemma 4.4 and Lemma

4.1, for any 1 < /100, there exists a sequence 6, € @}Y?OT such that 6, — 0
and

v, (€5,°7) = |07 .
By Lemma 4.2, there exists No(v1,7,,a) > 0 such that
Rnovo, (E1°7) < .

By Lemma 4.3,
TNol/g(cf’lOOT) = lim Ty,vp, (51007).
k—o0
Thus
1/9(51007—) > TNOI/Q((SIOOT) > lim sup TNol/gk (5;?07—)
k—00
> |03 =y > 1 — 291
Let y1 — 0, we have
1 < 1/9(51007—) < Mgp(gIOOT) < Ma(glOOT) < 1’11

where 119 is the spectral measure of H)y, o ¢ defined by

1
3 ({00, xB(Hxv,0,0)00) + (01, XB(Hxv,0,6)01)) = /RXBd,Ue,

and p5” is pure point piece of pg. It follows that pp = pp’ for any 6 € or.
Thus we finish the proof. O
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