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Abstract

When a flux of Brownian particles is injected in a narrow window located on the surface of a
bounded domain, these particles diffuse and can eventually escape through a cluster of narrow windows.
At steady-state, we compute asymptotically the distribution of concentration between the different
windows. The solution is obtained by solving Laplace’s equation using Green’s function techniques
and second order asymptotic analysis, and depends on the influx amplitude, the diffusion properties as
well as the geometrical organization of all the windows, such as their distances and the mean curvature.
We explore the range of validity of the present asymptotic expansions using numerical simulations of
the mixed boundary value problem. Finally, we introduce a length scale to estimate how deep inside
a domain a local diffusion current can spread. We discuss some applications in biophysics.

1 Introduction

476v1 [math.AP] 20 Jul 2021

O) How far inside a domain an influx of Brownian particles entering through a narrow window can perturb
’ the steady-state bulk when the particles can escape through a neighboring window? We study here the
properties of diffusion inside a bounded domain between two narrow windows. In the classical narrow
— escape theory [I], 2 B, 4, 5], [6], a stochastic particle initially distributed at a point or uniformly inside a
C_\! bounded domain escapes through one of several narrow windows located on the surface. For that problem,
= asymptotic analysis and numerical simulations allow to study the relative contribution of the geometrical
N parameters on the mean escape time. Recently, the question of escape time has been extended to the
E fastest particles among many leading to an asymptotic formula that depends on the distance between the
initial position and the target and the reciprocal of the logarithm of the number of particles [7, [8 9].
Interestingly, when the distribution of initial particle overlays with the absorbing window, much faster
escape times are expected as described in [10), [11].
In the present article, we do not study the escape when a particle is placed inside the domain, but consider
a flow of particles entering through one window that spread inside a domain such as a ball, and can leave
through another ensemble of target windows (Fig. —C). This situation is inspired by the context of
cell physiology. Indeed, the membrane potential is modulated due to the influx and efflux of ions across
neighboring channels [12} [13, [14], 15]. These local influxes modify the local ionic concentrations and the
electric field in small nanoregions, difficult to access experimentally. We focus on estimating the size of
these regions where the concentration is perturbed, in the diffusion approximation for the motion of charged
ions. In particular, to evaluate the size of this nanodomain, we introduce a new length measured by the
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flow line going from the center of a window where particles are injected to the center of the neighboring
window where the flow is expelled.

We summarize the main asymptotic formulas that we derived for the difference of concentrations c(y;) —
c(y2) between two windows centered at points y; and yo, with ¢(y) solution of the Laplace’s equation (see
eq. (10)) when an influx I is entering at y;. Other parameters are the distance L = |jy; — 32| between
the center of two circular windows and the common radius e for all windows. Our main result is for a
Brownian motion with diffusion coefficient D:
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Figure 1: Schematic representation of the influx-outflux A: Influx/outflux diffusion on an arbitrary
domain. B: Spherical geometry with Neumann boundary conditions. C: Spherical geometry with mixed
Neumann-Dirichlet boundary conditions. D: Illustration of the a free tetrahedral meshing of a unit ball
with two windows generated by COMSOL Multiphysics Version 5.2a [16] used to solve numerically the
distribution of the concentration.

Two-term asymptotic formulas for an arbitrary closed and bounded domain (2 with smooth
boundary 9f2. When the isoperimetric ratio satisfies [09]/|Q2>/® ~ O(1), this excludes long corridors
with narrow necks of the order of e. We estimate the difference of concentration between two windows
located on the boundary 02 which depends on the geometrical characteristic length-scale of the domain
R ~ /|09, when the radii R(P) of osculating spheres at all points P on the boundary are of the same



order as R (kR < minpeyg R(P) < maxpegg R(P) < KR for two order one constants k and K). When
+ < 1, we have:

e for two small windows of radius € with Neumann boundary conditions (+/) at window 0f2,, (influx)
and (—1) at window OS2, (outflux), then

) —elm) = G (2= T eaog (£) +0 (7)) )

D R
where H(x) is the mean curvature at a point x.

e for two small windows of radius with an influx condition (+7) on 052, and absorbing boundary
condition on 0€2,, then

- (10§ 2O ()0 5) ®

e for an influx condition on 0€), surrounded by N — 1 circular patches 99, for j = 2,..., N with
absorbing boundary conditions, then

c(y) = % <1 + m — (H (y1) + ﬁz;}[(ylv ilog (%) +0 (%)) ) (3)

1=

For a ball B(R) of radius R:

e for two windows with a flux boundary conditions (influx +7 in 9, and outflux —I in 09,,),

== (2= (7)+ (1= 1 bes o £) 7o ()

e when the influx condition is prescribed on 0f2,, with an absorbing boundary condition on 0f2,,

=i (T )+ (22 s e 2) -0 ()

e when an influx condition is on 0€2, and there are N — 1 circular windows with absorbing boundary

conditions,
el m  Ne € N+1 log(2)
- N-14+Z_25 (-) —
) (N—l)D( IR *\R +( 8 1
N N 2 N 2
. C ee (2 Ba) ) B e (2 R €
+N—1;j;1<@j > Og<21~22+ R)) JZZ(LU > Og(2R2+ R)))R (6)

where Li; = [ly; — y;]|.

The manuscript is organized as follows: in Part 1, we introduce the diffusion model equations. In Part 2,
we derive the asymptotic formula for the difference of concentration between two neighboring windows in
two cases: for a Dirichlet boundary condition on the exiting hole or Neumann condition with a flux which
is the same with opposite sign as the influx. Numerical solutions are performed by COMSOL [I6] using a
mesh decomposition as shown in Fig[I[D. In Part 3, we discuss the case of the several windows and finally
in Part 4, we define the length of penetration using the flow line.
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2 Modeling diffusion from the fluxes to small circular patches
on a general domain

We consider a bounded domain €2 with boundary 0f2 divided into N — 1 small and disjoint absorbing
circular windows 99, (j = 2,...,N), centered at y; and of radius e. Each has area |09Q,| = O(¢*) (in
three dimensions). The total absorbing boundary is

00, = U,00., . (7)

On the boundary there is also an additional window 0f),, that receives an influx of Brownian particles
with a steady-state amplitude current /. The windows are not necessarily far apart so that non-linear
effects [I7] could be expected. The remaining boundary surface, 92, = 9Q \ {08, U 09}, is reflective
for the diffusing particles. Other models are possible, and instead of absorbing boundary conditions we
could consider partially absorbing (Robin) boundary conditions [18]. The concentration ¢(y, t) of Brownian
particles at position y at time ¢ satisfies the diffusion equation

80(8yt, ) = DAc(y,t) foryeQ,
Oc(y,t) _
W—O foryE@Qr, (8)
DM:I for y € 09, ,
on

c(y,t) =0 fory e 0Q,,

where D is the diffusion coefficient and n is the outward normal to the boundary. When there are N = 2
windows, with 0€)., receiving an influx I and 02, emitting an outflux of opposite amplitude —I, the
diffusion model becomes

oc(y, t
Cgi’ ) = DAc(y,t) foryeQ,
M:o for y € 092,
ac?n t) (9)
pZYl for y € 0Q, ,
on
t
DM =—1 forye 0.
on
The domain €2 could contain an initial distribution of Brownian particles at equilibrium, thus if there are
initially @) particles, the density will be po(y) = % with volume V' = vol(£2). Thus in that case, we will be

interested in a steady-state perturbation of the concentration p(y) = po(y) + p1(y) +. . ., where py(y) is the
first order term due to local changes in the concentration induced by the influx-outfluxes.
Ic(y,t)

At steady-state we have =3~ = 0, and thus for two windows receiving and emitting a flux of particles of

amplitude I, the steady-state concentration c satisfies the Laplace’s equation

DAc=0, ye
Oc Oc Oc (10)

pZ¥ o 0Q,, DXL =1, 00, DC— 7, o0, ,
on » YE on ye on ye

The solution is defined up to an additive constant, which will cancel out by taking the difference of
concentration between two points. The non-dimensionalization variable is given by
c(xR)D
u(z) = (zR) |
IR

Q. (11)

with x =

y
R



Thus u(z) is solution of

Au=0, ze€,

u Ju ou (12)
%:O, x € 09, , a—nzl, x € 0, , 8_71:_1’ x € 08, .

where we dropped the tilde symbol above €) to simplify notations. The remaining two parameters consist
of the normalized window radius € = ¢/R, in addition of the normalized distance between the centers of
the windows [ = L/R = ||z — 22]].

2.1 Asymptotic solution using Neumann-Green function

To obtain an explicit solution u(z) of eq. we use any of the Neumann-Green’s function G4(x;y) which
satisfies
1 0G5

AGS(w;y):ﬁ’ x € Q; 8n:5(:v—y), x € 09; (13)

with y € 0Q2. For arbitrary domains the Neumann’s function has the following expansion near the singular
diagonal x = y [19, 6] 20]

L L) l0g (i) + Vi), (14)

Glwi) = 57
(z:9) 27||lx — y|| 4w

where H(y) is the mean curvature computed at y € 992, and V;(z;y) is a bounded and regular function of
x and y in . Using Green’s second identity we have

ou 0G,
G;Au — ulAGy) dx = Gs— — dz 15
/Q( u—u )x/m( o uan)x (15)
and substituting and within , we obtain for two windows

Ou

u(y) =ﬂ+/ Gs(:v;y)@drﬁ/ Gs(x;y) dw=ﬂ+/ Gs(l‘;y)dfﬂ—/ Gs(x;y)dz, (16)
9%, on 0%, on 0%, 0%,

where

3
U= — udz . 17
2 Jo (17)

We shall next compute each integral term by considering y = 1 and y = x5 in ((16)). Taking the difference,
we get

u(ry) — u(zy) = /

09,

Gs(x; x1)dz +/

09,

Gs(x; x9)dx —/

09,

Gs(z; 2y )dx —/ Gs(z;xo)dr.  (18)

09,

To estimate the integrals of the Neumann Green’s function near a singularity, we use to approximate
Gy(x;2;) for x € 0S), as

Gs(zyay) ~ gi(r) +v;, r=le—uxll<e, j=12 (19)
where v; = Vj(x;;z;) is constant and g;(r) is the sum of the Coulomb and logarithmic singularities,

1 1

gi(r) = o EH(%‘) log (r) (20)
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A direct integration using polar coordinates yields

€ H . 1
Gy(zy2j)dx = 27?/ (gj(r)+v;)rdr =€ — ﬂaz/ log(su)udu + v;me?,
0 0

2
H(z;)
8

The last two terms in correspond to integrals of the Neumann’s function away from the singularity,
and can be approximated as

e

H(z;)

=€ — TE‘:Q log(s) + 82 + Uj7T€2 . (21)

/ Gy(z;zj)dx ~ Gy(xgxy)me®, i # 7], (22)
9.,

Finally, by adding up the different terms in , we obtain that the concentration difference between the
center of each window is given by

H) Z H($2)52 log(e) + (H(xl) —;g_ H(z,) + 7 (v1 + ve — 2G(x1; @))) g2 (23)

u(ry) — u(zy) = 2e —

To conclude, formula is an asymptotic approximation for the concentration difference between the
flux receiving and emitting windows. The circular patches of radius € could at most be tangent on a
smooth boundary. The second term originates from the logarithmic singularity of the 3D Neumann Green’s
function. Finally, the first two terms are independent of the distance between each window and do not
require an explicit solution for the Green’s function. Therefore, dropping the higher-order quadratic term
yields a general two-term asymptotic formula for the difference of concentration that only requires the
knowledge of the mean curvature at the center of each hole. In summary,

Result 1 For two circular windows of small radius € < 1 and separated by an order one distance ||x; —
xo|| ~ O(1), the normalized solution u(x) of in the domain 2 has a two-term asymptotic approzimation
for the concentration drop between the two windows given by

H(xq) + H(x2)

u(wy) — u(xry) = 26 — 1

e?log(e) + O(e?), (24)

where H(x1) and H(xs) are the mean curvature at xy and xo on the boundary OS).

2.2 Difference of concentration with a point inside the domain

To calculate the difference of concentration with a point inside the domain, we use a different Neumann’s
Green function [2], 6], defined as

AG(ry) = —d(x —y) v e,

0G(x,y) 1 (25)
on - Jaq CE%h

where the singularity y is not anymore restricted to the boundary. Using Green’s second identity, we obtain
for y € Q,

1
u(y) = == [ ude +/ G(z;y)de — G(z;y)dx . (26)
109 Jaq 00, 09,
We get
ue) —u) = [ Glagde— [ Gyt — [ Gade+ [ Gyt @)
00, 09, 00, 09,
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which becomes,

H(z1)

H
w(@y) — uly) =« — 2 2 A 2 4 ime? — Gy )00, | = Glar; )09, | + Gl )|000,] (28)

8

Thus when the point y is located at an intermediate position between x; and x9, such that G(z;z,) <
G(y;22), G(y; x1), we can use the expansion of the Neumann-Green’s function,

1 1
—— — —H(x;)log (|ly — z;||) + Vs(y;2;), j=1,2, 29

log(e) +

G(y; ;) =

to obtain the following asymptotic expansion for the difference of concentration,

B H(zy) , H(zq) ' 1 1
u(zy) —u(y) =¢— € log(e) + ( S — G (x9; 1) — My =] + 3y — 2l
+ﬁH(»’U1)10g(Hy—x1H) - %H(l’z)bg(“y—wz”) Vi(ys 1) +V(y~’172)) . (30)

2.3 Difference of concentration when the two windows are not far apart

We compute here the difference of concentration when the distance between the two windows 0€)., and
9., is small, of the order | = ||z; — z3]| ~ O(e). Even if the windows are not necessarily in the same
tangent plane on a Riemannian surface, they are located nearby and thus their projections deviate at
second order. The projected two windows are located on the same tangent plane. The calculation starts
from expression , and the first two terms are calculated exactly as before. However for the last two
terms we use the law of cosines to express the distance from the singularity, which gives

w(zy) — u(zy) =27 Z /05 g;(r)rdr — Z/o ' /06 gj(\/l2 + 12 — 2lr cos(0))rdrdd (31)

where the regular parts of the Green’s function have been omitted since they disappear in the difference.
After a change of variable, we get

u(zy) — u(ay) = 2me? Z /0E g;(w)udu — & Z/o ’ /05 9; (/12 + (ug)? — 2lue cos(0) )udud? . (32)

Next, using our result in , the first sum evaluates as

2me? Z /06 gj(u)udu = 2e — H{z) Z H<x2)52 log(e) + i) + H<x2)62 : (33)

Using [ = ne, with n > 2 to avoid overlapping, and defining w(u, 0,7) as
w(u,0,n) =n* — 2nu cos(8) + u?, (34)

we obtain that

9i (/22 + 12 =217 cos(0)) = gj(e/w(u,0,m)), (35)

and then calculating the integral yields

[ Lwrime [ omogs "Shntoer)os

ududd H(z;) H(z;
log(e) — ——2~ 1 0 dudf .
=78 /,T@,n c //Og )




Then, by switching the order of integration,

1 /27T V' ududh 1 /1 /2” udfdu 2 (1 ow (2# ) g (36)
_ = _ — U
2re Jo Jo Jw(u,0,n) 27 Jo Jo \/n? —2nucos(d) +u?  TE Jo ntu n+u
where K (+) is the complete elliptic integral of the first kind. Finally, by summing all the terms in , the
O(e?log(e)) terms cancel and we obtain the following expression

u(ry) — u(ze) =

(2 . %/01 ; i -K (iﬂ) du) e+ (% + % /0%/01 log (w(u, 8,7)) ududG) (H(z1) + H(2s)) €2,

(37)

which gives, at leading-order,

(@) — u(zs) = <2 - f/()l Uk (2\/”_“) du) 0. (39)

T n+u n+u

when 77 = 2 in , the two windows are tangent holes and we obtain a correction to the leading-order
term for the concentration difference: by numerically integrating using the built-in quadrature routine
from Matlab, we find

(u(x1) — u(x2)) |y=2 ~ 141676 + O(?) < 2¢ + O(e?) . (39)

Thus, at leading-order order we obtain weaker concentration differences than what the asymptotic theory
predicts for well-separated windows. Alternatively when 1 > 2 the two windows are far apart, and we
show below that we recover formula as a limiting case. By using the expansion K(-) ~ 7 for small
arguments of the elliptic integral, we obtam that

é/ol u (QW'_“)dUN_— fudu_ L (40)

T™Jo ntu  \n+tu T2 ) n 7

Similarly, if we express w(u,0,n) as

w(u,8,n) = n? (1 + (%)2 - 2% cos(9)> : (41)

then we can approximate the integral of the log term in as

2 1 1 2m 1 1
— / log (w(u, 0,n)) ududf =~ —/ / log (n*) ududf = o8 () : (42)
o Jo 87 Jo Jo 4

Now, recalling that n = é we find that

(@) — ulws) ~ 2 — 572 + (% + ilog (é)) (H(wy) + H(xs)) €2, (43)

which becomes, after rearranging the terms and dropping the O(&?) terms,

H(xq) + H(xs)

1 e?log(e) + O(e?) . (44)

u(zy) —u(zy) = 26 —
Hence, we have recovered formula , which was derived for well-separated circular windows.
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2.4 Asymptotic expression for the case of mixed Dirichlet-Neumann bound-
ary conditions

We now extend the previous analysis to an arbitrary domain 2 whose boundary is punctured with several

circular windows 0§, ;, each of radius € and centered at a point z; for j =1,2,..., N. An influx current
is applied on the first hole j = 1, while in the remaining windows we impose an absorbing boundary
condition. When ¢ < 1 and the windows are well-separated, the distances l;; = ||z; — x;|| between each

center is of O(1) compared to . For this case, the steady-state system is given by

Au=0, ze€,

45
g peon,, o1, seon.. u=0, zeo0.. j=2. . .N. (45)
on on J

Green’s identity applied to and yields for any y on the boundary 0f2

u(y)zﬂ—l—/mg1 xyda:%—Z/ .CEy—d.CE (46)

Our aim is to calculate the solution at a point z;, since we already have u(xz;) = 0 for j # 1. Before

proceeding, we recall that the normal derivative of the flux at each exiting window €., j = 2,..., N is
given by the classical Weber solution [21], [17]
ou(r) C;

= , for |lx—uz||<e, j#1, 47

where Cj is a constant and thus the outflux ®; across d€)., is defined as

Ou(x) / °  rdr ,
b, = dr = 2nC; ——— =27C¢e, 1. 48
J /395j on 7, NEE J J# (48)
The contribution from all exiting fluxes must compensate the total influx ®; = 7we?. Therefore, the

comptability condition (divergence theorem) to insure that the unknown constants C; are linked by

N 9
7j=2

Next we set y = x; for : = 2, ..., N within , and since u(z;) = 0 from the boundary conditions, we
obtain

0 Z—d 50

ﬂ~|—/ (x;z;)dx +
o Z

Away from a singularity x; on a patch 0€2., with j # i, we approximate the Green’s function by a constant
owing to the fact that ||z; — ;]| ~ O(1) and € < 1 (see also section §2.1)). Therefore, using the boundary

BQE

condition g—z = 1 on 0f).,, we obtain
ou 9 ou
Gs(z; ;) —dx ~ e Gy(z1; x;) Gs(x;x;) —dr ~ 2meGy(z;;2;)Cy (51)
8951 071 8. 071
which reduces (50)) to
N
“ (9i i)rd
0 =u+ me?Gy(zy; 25) + 27TC’Z»/ (gi(r) + viJrdr + 27e Z CiGy(zj;24) , (52)
0 g2 —r2 =
J#i



where g;(r) and v; = V(z;; x;) are the singular and regular parts of the Green’s function as given in .
The integral in expression is directly computed as

“(gi(r) + v)rdr ! < 1 = u >
9 — — H(x;)log (eu) + 2mev;——— | du,
7T/0 Ve —r? 0 \WV1—u2 2V1—u? (i) log (eu) : V1—u?
H(z; 1 —log(2
2 2 2
Next, by defining the quantity d; as
H(x; 1 —log(2
di=— (f J1og(c) + %”H (w:) + 270, (54)

and combining with the compatibility condition , we get the following system of equations for the
constants C; and the average concentration w,

N
™ o 2 ) C_
C; <§ +di€> + 27rsZQC’st(mj,a:i) = —u—7me"Gg(xy;2;) for i=2,...,N, (55)
i
al 5
7j=2

We then write under matrix form as follows,

(gJNfl + 5M> C = —Tly_, — b, (57)

where Iy_; is the identity matrix of size N — 1 and 1y_; is a column vector with each element equal to 1.
The matrix M is further defined by

ds 2nGy(xs;x2) - 20Gs(zn; 22)
M= ' : : (58)
21Gy(zo;xy) 27mGy(xg;xy) -+ - dy
and the vectors C and b by
& Gy(21; 22)
S U R 5 - (59)
Cn Gs(r1;2N)

The matrix equation is defined as the sum of the identity with an O(e) perturbation, thus it is
invertible and we get

€ =2 (hva+ EM) (@t m) =2 (Z (%) M“) (@i 7) (60

m v
n=0

and then keeping the first two terms of the geometric series yields

2 2 2 2
C=-= (IN_l — —€M> (Wly_y +7me’b) = —= (a (1N_1 — —€M1N_1> + 7r52b) +0(%. (61
™ ™ ™

™
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Summing over all the rows of and using the compatibility condition on the left-hand side leads
to an equation for the average concentration ,

—g = —% <H(N (Zd —|—47TZ Z Gy(zj;x; > +W€2;Gs($l;xi)> +O0(%), (62)

=2 j=i+1
and then upon rearranging terms we obtain

e N o
4(N — 1) N -1 Zi:2 Gs(f’fl,ﬂfz)

7= - , (63)

N N N .
b= (N —1) (Zi:Z di +4m Y50 D i Gslay; Jiz)>

which can be further expanded into

u = (4(]\77T€— 0 - Nﬂi 1 ZGS(%;%)) (1— (Zd +47rz Z Gs(xj; ) +O(52)> (64)

=2 =2 j=i+1

Finally, by dropping all the O(g?) terms in we find that w satisfies

2 N 2 N N 2
e € 2me e
! 4(N—1)+2(N—1)2,Z +(N—1)2Z'Z (j320) — = zi) +0(e7). (65)
=2 1=2 j=i+1
Next, we calculate the constants C; with j = 2, ..., N that control the outfluxes at each window. From
eq. (61 we obtain that
2  4de al
Ci=u|——+—|d+ > Gilwix)) | | = 2Ga(@nizy) + O, (66)
i=2
i#]

and then by substituting the expression for u within and dropping higher order cubic terms yields

3 22 I ) 2 N 2
C—— (1) — 262G (2 d y
R D e DL
4¢? NoX 9:2 N ,
N (N — 1) Z Gs(xk’xz)"‘N_lst(l'n%)-l-O(é )
1=2 k=1+1 2;3

Next, by grouping all quadratic terms together and simplifying the summation terms we get

2 N N
€ £
0, = SN =T T =17 ; (d; — dj) + 27 (N — 1) ; sy my) — Goln; 2) — Go(; 25))
i#] i#]
N N
—|—47TZ Z Gs(xk;xi)> + 0(53). (67)
=2 k=i+1

At leading-order, we found that the outflux is the same for all exiting windows. The organization of the
windows holes influences only via the higher order terms which depend on the Neumann-Green’s function.
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However, for an arbitrary closed and bounded domain €2, the logarithmic singularity provides a correction
that depends on the mean curvature function H(z). Indeed, using the expression

d; = —@log(a) +0(1), for i#1, (68)
we find that (]@ becomes
C, = —Q(Ng_ 5 Q;ﬁg_(i))z Z:; (H(x:) — H(z)) + O (69)
i#j

This correction term vanishes for a boundary 0 with constant mean curvature (see section §3| for the
unit sphere). We can now use our expressions for the average concentration @ and for the constants C;
controlling the outfluxes at each window to calculate the steady-state concentration value at the center of
the patch 0€., receiving an influx current. Upon setting y = x; in , we find

ou
u(x :E+/ (x;21)dr + (x;21)=—dz, 70
(=) 09, 2 Z 9., 1)871 (70)

and then by using the expansion given in . for the 1ntegral of the Green’s function near a singularity,
we get

H () H(zy)

N
3 g2 + vyme? + 2me Z CiGy(zj;21) (71)

Jj=2

w(xy) =u+e¢e—

Because we seek a general three-term asymptotic approximation for the concentration drop, we only keep
the leading-order term of the expression for the constants C’j, and this yields

) N

u(z)) =u+e— s(xj;21) +O(e 3, (72)

and by substituting the expansion for u we get,

H H e«
U(;El) = (1 + ﬁ) £ — %52 10g(€) + %52 + U17T€2 — Nﬂ- 1 Z Gs(l’j; 371)

9 N
2(N —1)? Zd+ N —1)2 ZZG SaED) Nilst(ivl;xi)+O(53).

1=2 j=i+1 1=2

(73)

Using the expression for d; found in we compute that

2lo 1—1022N me? a

and by collecting the various terms in €, 52 log(s) and % in ([73)), we obtain the asymptotic expansion given
below,

’U,($1> = (1 + ﬁ) g — (H(Qﬁ) + ﬁ ;H(IJ) 642 log( )




As in , the first two terms of the asymptotic approximation depend on the mean curvature at
the center of the patches )., and are independent of the distances [|x; — z;||. Hence, by dropping the
third quadratic term, we obtain a two-term asymptotic expansion for the concentration drop resulting from
influx diffusion, valid for arbitrary domains with smooth boundaries. In summary, we have

Result 2 For N well-separated circular windows 0S).; of small radius ¢ < 1, all absorbing except for
j = 1, which receives an influx current, the normalized solution u(z) of in the domain €2 has a
two-term asymptotic approximation for the concentration drop given by

u<x1)_a<1+ﬁ—<ﬂ( o ZH ) log( )+0(g)>. (76)

where H(xz;) for j =1,...,N are the mean curvature at x; on the boundary 0). For the special case of
N = 2 patches, the formula reduces to

H H
u(ry) =€ (1 + % _ @) 1— (m2)510g(5) + O(e)) : (77)
Furthermore, the outward flur ®; at each exiting window 0€).; j =2,..., N is approximated by
& = 2o = — T 2 los() f: (H(z;) — H(z;)) + O j#1 (78)
ST TN ) TN p e J 7
i#]

3 Unit Sphere Domain

In this section, we provide explicit three-term asymptotic formulas for the normalized concentration differ-
ence on a unit sphere domain Q = {z|||z|| < 1}, that we compare against numerical solutions [16]. Earlier,
we found an exact formula for a general surface using the Neumann-Green’s function.

3.1 Asymptotic expression for the concentration in a unit ball

For the unit sphere, the Green’s function G(x;y) solution of [5] is given explicitly (with a zero mean)
by
1 1 1 2 7
5 T g (el +1) + —log -,
2l o] 4 P\ = [lzf cos(y) + [lz =yl /) 107
where 7 is the angle between z and y. In order to evaluate formulas and , we shall compute

Gs(z;y) for x on the boundary 0. By setting ||z]| = 1 in and using that cos(y) = 1 — ||z — y[|?/2
from the cosine law, we find that

1 1 log(2) 9
Pyl Sl =yl - - — = =1 . (80
onle —y] i Og(gilfv ull® + e yH)+ 5o el =yl =12 #y. (80)

Gs(ziy) =

Iyl =1, (79)

Go(z;y) =

To recover the expansion given in ((19)) we use that r = ||z — y/|| in and we further obtain

1 1 r? log(2) 9
Golowiy) = 5~ o 0g(2+r)+ ir 207 (81)
Finally, we expand the logarithmic singularity for r small
1 1 log(2) 9
s(@wy) ~ o— — 1 ~ 50+ ) 2
o) ~ g = 3= loe ) + 22— - 00) (52)
o(r) k3
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where g(r) is the sum of the coulomb and logarithmic singularities while v stands for the regular part of
the Green’s function. For the unit sphere, the mean curvature on the boundary is constant, H = 1 and
near the singularity, the integral of the O(r) term using polar coordinates behaves like

27 /6 O(r)rdr ~ O(&%), (83)

and can thus be neglected. The present asymptotic formulas for the steady-state concentration drop due
to influx diffusion on the unit sphere and for an exiting flux at each absorbing window are summarized as
follows:

Principal Result 1 For the unit ball Q@ = {z|||z| < 1} with two well-separated circular patches of radius
e < 1 on its spherical boundary, with one of them receiving while the other is emitting a normalized influx
current, a three-term asymptotic solution for the normalized concentration drop is given by

u(ry) — u(zy) = 2e — %Qlog (e) + <i — % + %log (g + l>) 2+ 0, (84)

where | = ||z1 — x| ~ O(1) is the distance between the centers of each patch. Alternatively if there
are N identical, well-separated, circular patches on the boundary, all absorbing with the exception of the
first one which receives a normalized influx current, then the three-term asymptotic approximation for the
normalized concentration drop is given by

7 N N+1 log(2)
ulzy) = (1 T 1)) A on)” s (S(N —1) 4N -1)

N 2 1 (1 1, [ (85)
QZ Z (__log <§+lij)> —mz (7_51 g(; _l'lzl))) e+ 0(e%),
1=2 j=i+1 1=2 il
where l;; = ||x; — x;|| ~ O(1) corresponds to the different distances. This formula reduces to
m g2 3 log(2) 1 1 I? ) 5
when there are N = 2 circular patches on the boundary OS).
Finally, we recall that the total flur at each exiting window 0S)., j =2,..., N is given by
0
o; = / Mdaz =2mCie, j#1, (87)
o0, . 871

and thus using the expansion for the constants C; given in (67)) and from the fact that the mean curvature
and the reqular part of the Green’s function are constant on the sphere, we have

0, = —ﬁ - Z; (9(ly) — g(ls) — g(Liy)) +(N2_ ) ;kglg(lik)> (1\726— o OE).  (88)
=

For the total flurx ®;, we therefore obtain the two-term expansion

2 N 2
TE 1 1 1 1 217 + 4l
A 2 PR T W77 (-

i#] (89)
N N
2 11 2 2¢3
+ ——=lo ZkHZ)) +0(e"), j#1.
(N—1)ZZ;]€_1,+1<11»,c 2 g(z ) ) v o) 07
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We find that the concentration difference is independent of the regular part of the Green’s function. This
is obvious when there are only N = 2 circular patches, but for general N it follows from the fact that

N N 2 N
u< e Zl+ —1)Z,Zl_ﬁ 21):0.

3.2 Comparing asymptotic vs numerical simulations

In this section, we compare various asymptotic formula to numerical simulations for various window con-
figurations on the unit ball. We study how the radius of each window and the distances between them
affect the concentration drop. We will use the asymptotic formulas , and against numerical
simulations performed with COMSOL [I6], where the center of the window 0., receiving an influx cur-
rent is conveniently located at the North pole. To measure the discrepancy between the asymptotic and
numerical solutions, we compute the relative error

5uasym - 5unum

Re = 100 x

5unum ’ (90>
where du = u(z1) — u(z;) with j # 1. Our results are presented in Fig. [2]- 7| below. The best agreement
between the asymptotic and the numerics is obtained for well-separated as opposed to closely located
windows.
Qualitatively similar results are obtained in Fig. |2l and |3|for N = 2 holes. For a fixed radius, we observe a
weak interaction between the two windows when they are far apart. Furthermore, smaller concentration
differences are obtained when the exiting window has an absorbing boundary condition, as opposed to
prescribing the outward flux via a Neumann boundary condition. This follows from the leading-order term
of being bigger than in , as seen from the inequality (1 + %) € < 2e.
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Figure 2: Concentration drop in a unit ball with two windows with Neumann boundary
conditions (formula ) A: An influx and an outflux currents are applied respectively on two patches
centered around the North (z7) and South (z2) Poles. B: Concentration difference as a function of the
radius €. C: Relative error as a function of the radius €. D: By increasing the colatitude of a patch centered
in x5 on the trivial azymuth, we study the effect of varying the distance [ = ||x; — 23||. E: Concentration
difference as a function of the distance [ for ¢ = 0.02, 0.05, 0.1. F: Relative error as a function of the
distance .
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Figure 3: Concentration drop in a unit ball with a single absorbing window (formula (86)).
A: The absorbing window is centered at the South Pole (z3). B: Concentration difference as a function
of the radius €. C: Relative error as a function of the radius €. D: By increasing the colatitude of a
patch centered in x5 on the trivial azymuth, we study the effect of varying the distance [ = ||z; — z5]|.
E: Concentration difference as a function of the distance [ for ¢ = 0.01, 0.05, 0.1. F: Relative error as a

function of the distance [.

For a configuration with several exiting holes, we found a good agreement between the asymptotic and
numerical solutions (Fig. —C), for either two, four or six windows located at the North and South poles,
and equidistantly on the equator. A smaller concentration difference is to be expected as the number of
holes increases. The pattern of holes is different in Fig. dD-F, where we vary the radius of a concentric ring
where the exiting windows are located. As the radius of the ring increase, the concentration drop slowly
increases. We reported a similar relation with the distance in Fig. [2] and [3| for N = 2 windows.
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Figure 4: Several absorbing holes (formula ) A: There are 6 equidistant holes on the sphere,
located at the North and South Poles with the last four on the equator. B: Normalized concentration drop
as a function of the radius € for N = 2, 4, 6 holes. C: Relative error as a function of €. D: We consider
9 holes located on a concentric ring of radius | centered at the North Pole (where the usual influx patch
is located). E: Concentration drop as a function of the distance [. F: Relative error as a function of the
distance .

We also explored different types of clustering on the concentration drop across the domain: for a lineic
(Fig. [f) window configuration and for exiting windows that form circular clusters (in Fig. [6). We obtain
similar results for both configurations and as previously observed, higher concentration differences are
obtained when exiting windows move away from the influx location. When exiting windows form clusters,
the concentration drop across the domain tends to be slightly larger as shown in Fig. [fD-F and [6D-F. This
result suggests that absorbing windows are more effective in catching diffusing particles when they are well
separated and widely distributed on the boundary.
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Figure 5: Concentration drop due to a linear configuration of absorbing windows (formula
). A: There are 5 absorbing windows located on the trivial azymuth, with a distance of 2.5¢ between
each neighbor. B: Concentration drop as a function of the distance from the North pole to the center of
the nearest window on the line. C: Relative error as a function of the distance {. D: Here [ represents
the distance between each neighboring window. The center of the second window remains fixed on the
Equator. E: Concentration drop as a function of [. F: Relative error as a function of /.
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Figure 6: Concentration drop due to a cluster of absorbing windows (formula (87])). A: Here
[ represents the distance from the North Pole to the center of a cluster of radius 2.5¢. B: Concentration
drop as a function of [. C: Relative error as a function of [. D: Here [ corresponds to the radius of a cluster
centered on the Equator. E: Concentration drop as a function of /. F: Relative error as a function of [.

In Fig. m, we increase the number of absorbing windows while keeping fixed the total window area to be %,
including the influx receiving window, with all exiting windows located on the equator at equal distances
from each other. To compensate the higher number of absorbing windows, the radius ¢ must decrease and
thus lower concentration differences across the domain are observed.
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Figure 7: Variation of the number of absorbing windows (formula ) A: The usual influx hole
is located at the North Pole and the absorbing windows are equidistantly located along the Equator. B:
Concentration drop as a function of the number of holes N, from 2 to 20. The total window area remains
constant and equal to 7/5. C: To compensate the addition of windows along the Equator their radius
must decrease.

Finally in Fig. 8 we show that the exiting fluxes are affected by the geometrical organization of the
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absorbing windows: in that case, the total flux magnitude is higher for holes that are located near the
window receiving the influx.
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Figure 8: Total influx versus exiting fluxes (formula ) A: The influx window is located at the
North Pole, the second window has colatitude %, while the third one is centered at the South Pole. B: Total
window fluxes vs the radius €. C: Relative error between the asymptotic formula and numerically
computed fluxes for each window.

4 Penetration length: a spatial scale to quantify the flow be-
tween two neighboring windows using

In this final section, to estimate how deep inside a medium a concentration change can propagate following
an influx from one window and an outflux from a second one, we introduce a length scale that we call the
penetration length L,.. We evaluate how this length depends on the distance between the windows, the
current I of particles entering through window 1 and the diffusion coefficient D of the moving particles.
The penetration length is defined for a given window configuration and an influx I as the maximal distance
to the boundary of the trajectory associated with the steepest concentration descent starting at the center
of window 1 and exiting at the center of window 2. When the two windows are located at the North and
South poles respectively of a ball of radius R, then L,. = 2R and the length is independent of the influx
I and the radius ¢ of the two windows. However, in general it is not clear how this distance depends on
the local geometry of the two windows. To estimate how L,. depends on various parameters, we employ
an explicit solution of Laplace’s equation.

We focus on the half-space domain Q = {(x,y,2) € R* 2 > 0}, with two circular patches of radius € on
its planar boundary 9Q = {(x,y,z) € R3|z = 0} separated by a distance [, and centered at (—é, 0,0)
and (é, 0, 0) respectively. Then the steady-state solution u(x,y, z) of the diffusion equation when an
influx [ is fixed on window one is obtained by integrating Laplace’s equation

0’y *u  O*u
+ —

Ox? + oy? 022 0, (91)
with mixed boundary conditions
( I 2
I (ZE + 5) +y?2<c¢
ou
A B ARVACE RS (92)
L0 elsewhere
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The solution has an integral representation (see appendix)

00 2 2
u(z,y,z) = ug+ 5]/ e "™ Ji(me) | Jo m\/<x + é) +y2 | —J m\/<x — %) + y? dﬁm ,(93)
0

where ug is an arbitrary positive constant and J,(x) is the Bessel function of order n [22]. We study now
the trajectory of a flux of particles starting at the center of the influx window (—%, 0, 0). A trajectory is
shown in Fig. [9JA-B with the associated vector field. Three trajectories are represented in Fig. PIC, showing
that the penetration length L,. decays with the radius e.

A Normalized gradient —V(u)/||V (u)|| B Gradient —V (u) C Predicted trajectories, [ = 0.2
e=0.051=02 e =005, 1=02 1
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Figure 9: Flow lines and influx trajectories. A: A trajectory (purple) from a boundary follows the
concentration gradient vector field (normalized blue arrow) for a distance [ = 0.2 between the windows
of size ¢ = 0.05. B: Same as Panel A for a non-normalized gradient vector field. The arrow length
is proportional to the magnitude of the gradient. C: Examples of 3 different trajectories associated to
different radius € = 0.01 (black) 0.05 (blue) and 0.1 (red), for a planar boundary with a distance [ = 0.2
between the start and end points. As the window radius ¢ increases the length of penetration decays.

We start by generating a 3-D curve (z(t),y(t), z(t)) tangent to the concentration gradient Vu, and thus is
solution of

(=
@ |10 ] =T, (94)

where the minus sign imposes that the gradient vector field points from high to low concentration areas.
The center of the exiting window is (é, 0,0), and by symmetry the trajectory lies in the y = 0 plane. A
parametrization of the 2-D curve C(t) = (2(t), 2(t)) starting at C(0) = (—£,0) and tangent to the vector
field satisfies

ou
dC(t) Ox
AN 95
4 N , (95)
92/ 1(x(t),0,2(t))
which can be written using eq. as an integro-differential equation
x(t) J e di(me) (Ji (m (L +2)) + Jy (m (5 —2))) dm
=el : (96)
£(t) Jo~ e i (me) (Jo (m (5 +x)) = Jo (m (5 = x))) dm
The penetration length L,. and the travel time duration 73, between the two centers are defined by
l [
L, = I£1>aoxz(t) Ti, = inf {t >0 ‘C’(t) = (5,0) given that C(0) = <—§,O> } : (97)

22



By definition, and using the symmetry of the domain, the penetration length L,. is achieved at equal
distance of the two windows at x = 0, for exactly half of the travel time, and thus we have C(T}./2) =
(0, Lye). At this point, the tangent vector is parallel to the z = 0 plane, and thus 2(7},/2) = 0. Furthermore,
the amplitude of the current only affects the time-scale of the trajectory, and not the penetration length,
as it can absorbed by a change of time in system . However, for an influx with weak amplitude I, we
expect longer travel times 7T},., and vice-versa for larger amplitudes 1.

To estimate L,. and T}, for a range of different window radii and distances, we solved eq. |95 numerically
as shown in Fig. and found that L, is quasi-linear with [ but decays smoothly with ¢. Our plot also
suggests that the dependence of the travel time T}, follows a power law with € and [. We thus propose
empirical expressions for both L, and T}, that we fitted to our numerical results (Fig. —D). In summary:

Result 3 Our numerical solution suggests that the penetration length Ly is given by the expression

52

Ly(l,e) = al— 7 (98)

for e < 1 is the window radius, | > 2¢ is the distance between the centers that should not be too large, with
a ~ 0.8610 (99)

We fitted the travel time Ty, with the power law

l3
ﬂr(l,é‘,I) = bl_gz (100)
where I 1s the amplitude of the current, and
b~ 1.7445. (101)
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Figure 10: Properties of penetration length L,. and travel time 7},. A: L,. decays with the window
radius €. B: The travel time T}, decreases with respect to the radius €. C: L, increases linearly with the
distance [. D: T}, increases with the distance fitted by a cubic power law. The amplitude of the current is
set to I = 1.
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The previous analysis can be applied under the same condition as above, except that the second window
is absorbing. In that case, the solution of Laplace’s equation (see appendix) is given by

u(@,y,z) =
mel o 1\’ sin(me 1\’ dm
T+€I/O e ™m* Jl(m€)J0 M\/(IE+§> + 12 _%JO m\/(x_é) + 92 E’
(102)
and the integro-differential equation describing the trajectory by
(j;u)) (I e (hlme) (m (5 42)) + =G Ty (m (§ ) ) dm (103)
(1) Jo e (Ji(me)Jo (m (L + ) — —Sin(QmE) Jo(m (L —z)))dm

In Fig.|11|we compare the trajectories obtained by numerically solving eq. and for e = 0.01, 0.05
and 0.1. Our results suggest that the choice of boundary conditions does not affect the penetration length,
at least for € small. However, in contrast to the Neumann case, we observe the end point of the trajectory
to slightly drift away from the center of the exiting window when it has absorbing boundary condition.
The travel time T}, is also seen to increase.

Predicted trajectories, [ = 0.2

0.2
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0.15¢ c=0.0
e=0.1

017
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0.05 ——Dirichlet N
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O L L L ¥
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x

Figure 11: Exit window with Neumann versus absorbing boundary conditions. The trajectories
are obtained by numerically solving and with the initial condition (z(0), 2(0)) = (—%,0) using
the Matlab ODE solver ode23 (MathWorks, Natick, MA). The solver is stopped when z(t) reaches 0 again.
Here the amplitude of the current is I = 1 and the distance is [ = 0.2.

Finally, for multiple absorbing windows the penetration length can be defined as the maximum of the
penetration length between the source and each of the absorbing windows.

5 Concluding remarks

The present model and analysis are motivated by the propagation of ions entering through a receptor or a
channel and moving inside the cytoplasm of a cell until they reach a pump. In the diffusion approximation,
where we modeled pumps or channel as small windows, an influx of ions generates a local difference
of concentration between the source and a neighboring target window. Our formula reveals that the
concentration difference depends at first order on the size of the window, the current I and the diffusion
coefficient D, while at second order it also depends on the mean curvature computed at the center of the
windows. At third order it depends on the geometrical organization of all the windows via the explicit
solution of the Neumann Green’s function. A qualitatively similar structure is obtained for the asymptotic
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expansion of the exiting fluxes. Interestingly at leading-order the exiting flux is the same for all absorbing
windows, and here also the geometrical organization has an effect only at third order: the magnitude of
the flux is larger for exiting windows located near the influx receiving window.

Then to understand how an influx can perturb the concentration within the domain, we solve the Laplace’s
equation in the infinite half-space and introduce a novel length scale (the length of penetration) that
measures how deep the flow line penetrates inside. The penetration length is independent of the intensity
of the field, but depends on the radius and on the distance between the inflow and outflow windows. Our
numerical simulations also reveal some scaling laws that should be derived analytically.

Finally, this present approach reveals fundamental relations for the biophysics of ionic conduction that
elucidate how the concentration could change around voltage-gated channels, a key property for controlling
the channel open probability by voltage in dendrites or small protrusions of neuronal cells [23].
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A Appendix: Integral solution of the Laplace’s equation with
two narrow windows in half-space

In this appendix we present the integral solutions of Laplace’s equation in the three-dimensional half-space
that are used in section §4. Two cases are considered: 1-when an influx and an outflux are imposed on the
first and second windows, and 2- when an absorbing boundary condition is imposed on the exiting window.

A.1 Solution with Neumann boundary conditions on the two windows

The solution u(z,y, z) of Laplace’s equation

Pu  0*u  O*u
ax2+8y2+822207 —OO<$,y<OO, Z>0, (104)

with reflective boundary conditions everywhere on the plane z = 0 except for a disk of radius £ on which
an influx current is applied, and that is constant at infinity, satisfies the boundary conditions

p 1 2?4y’ <e
_(9_u = , and wu=wuy for /22+y?+22—>00, with 2z>0. (105)
z

#=0 0 Va2+y?2>e¢
The exact solution to (104)) and (105) [211 24], is given by

dm

u(z,y,z) = ug + 5/ e " Jo(m/ 22 + y?)J1(me)— (106)
0 m
where J,(z) are the Bessel functions of order n. Using the identity

0 r>¢

/ Jo(mr)Ji(me)dm = . , (107)
0 - r<e
£
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the solution satisfies the boundary conditions on the z = 0 plane. The solution decays at infinity like

1
u~u0+2—+0(p_3) as p— 00, (108)
P

where p = /2% + y? + 22. For two circular patches of radius € whose centers are located at a distance [
away on the y = 0 line on 02, with the boundary conditions,

4

1 (t+1)* +y2<e
Joul : , (109)
Zloo |21 - +p <

\ 0 elsewhere

the solution is computed by subtracting the solution of eq. (106]) for each window

> A% A% d
u(g’ Y, Z) = 5/ e_mZJl(ms) JQ m\/(x + —) + y2 - J() m\/(m - —> + y2 —m . (110)
0 2 2 m

A.2 Solution with an absorbing boundary condition on the exiting window

When an absorbing boundary condition is imposed on a disk of radius ¢ centered at the origin

0
“ =0, for a?+y?>>e, and ul,.o=0 for 2?2+y><e, (111)

8Z z=0

on the plane z = 0 with u = ug at infinity, i.e. as p = /22 +y? + 22 — oo, then u(z,y, z) satisfying
eq. (104) is solution of the classical Weber’s electrified disk problem (1874) [21], 5, 20]. The solution of
(104) and (111) is represented by

2 [ d
u(,,7) = U0 (1 -2 [T e amy sin(me)—m) , (112)
T Jo m
and decays at infinity like
2
U = ug (1_7r_p+0<p_3)> , as p— 0. (113)

Using the identity

/ Jo(m/x? 4+ y?) sin(ms)d—m =—, for V2?24+y?2<e, (114)
0 m

the solution ([112]) satisfies u = 0 on the disk 0. = {(x,y,2) | /2?2 + y?> < e, z = 0}. The flux across the

boundary of the window is
2U0 1 5 5
ou 2ug [ ' — VIE Yyt <e
— = — Jo(mn/x? + y?) sin(me)dm = \/52 —r? +y? , (115)
0z|,_, T Jo
0 Vi +yr>e

B

By extending the boundary conditions to

1 Ty <
_ (z + )2+y =° . , (116)
2=0 0 ([E—|— ) +y?2>¢ and (x—é) +y?>¢

_Ou
0z

N |~

D[~
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and

2
u=0, for \/(:L‘—é) +y2<e, (117)

we can add solutions (106)) to (112)), and we get

> A% d
w(x,y,z) = 5/ e "™ Jy (m\/(x + —) + 2 Jl(ms)—m
0 2 m

2 [ _ A% , dm
+ug [ 1—— e "Iy | my/(x—=| +y? ] sin(me)— | . (118)
T Jo 2 m

Here the unknown constant ug is evaluated from the constraint that the total outflux must cancel the total
influx, thus giving

2 °ord
0= _ﬂgﬂ _rar 1+ ore? = —4upe + e’ ) (119)
™ 0 g2 —r2

from which we readily obtain uo = %7. Therefore, (118 becomes

u(z,y,2) =

e > A sin(me) 1> dm
—mz - 2 _ _ _ 2 _ 12
. +5/0 e Ji(me)Jy m\/(x+ 2) +y 5 Jo m\/(x 2) +y ot (120)

which we used in eq. (102)).
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