2107.09844v2 [math.DS] 13 Jun 2022

arXiv

HISTORIC AND PHYSICAL WANDERING DOMAINS FOR
WILD BLENDER-HORSESHOES

SHIN KIRIKI, YUSHI NAKANO, AND TERUHIKO SOMA

ABSTRACT. We present diffeomorphisms of wild blender-horseshoes which be-
long to C™ (1 < r < co) closures of two types of diffecomorphisms, one of which
has a historic contracting wandering domain, and the other has a non-trivial
Dirac physical measure supported by saddle periodic orbit. It is a non-trivial
extension of Colli-Vargas’ model to the higher dimensional dynamics
with the use of wild blender-horseshoes.

1. INTRODUCTION

1.1. Historicity and physicality. Ruelle and Takens focused on dynamics which
is irregular under Lebesgue measure by introducing the concept of “historic be-
haviour” in [Rue01] [Tak0§|. Here, for a map f on a Riemannian manifold M, we
say that f or some orbit of f has historic behaviour if there is © € M such that the
forward orbit { fi(x) i > O} has non-converging Birkhoff averages. That is,

1 n
=0

dose not converge as n — oo in the weak*-topology, where dyi(,) is the Dirac
measure on M supported at fi(z). There have been sporadic studies of examples
of the non-existence of Birkhoff average, while the following open questions have
been proposed in order to study dynamical historicity from a unified point of view.

Takens’ Last Problem ([Tak08]). Are there persistent classes of smooth dynam-
ical systems such that the set of points whose orbits have historic behaviour has
positive Lebesgue measure?

Affirmative answers to the problem are already provided for non-hyperbolic sit-
uations. To explain it, recall the non-hyperbolic phenomenon given by Newhouse
[New79] that, for any C? diffeomorphism on a smooth manifold M of dim M = 2
with a homoclinic tangency of a saddle periodic point, there is an open set N' C
Diff?(M) whose closure contains f and such that any g € AV has a C?-robust ho-
moclinic tangency of some hyperbolic sets A, which is homoclinically related to
the continuation of the saddle periodic point. We say that such a C?-open set of
nonhyperbolic diffeomorphisms is a (C?-) Newhouse open set or domain. An affir-
mative answer was detected in any C2-Newhouse open set by the use of non-trivial
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wandering domains as follows. Here the non-trivial wandering domain for f means
a non-empty connected open set D C M with the following conditions:
o fi(D)N fI(D) = () for any integers i, > 0 with i # j;
e the union of w-limit sets of all x € D, w(D, f) = U, cpw(z, f), is not equal
to a single periodic orbit.

A wandering domain D is called contracting if the diameter of (D) converges to
zero as i — +o0o. Existence of contracting non-trivial wandering domains was first
brought to light by Colli-Vargas [CV01] for a prototype of wild hyperbolic set, that
is, an affine thick horseshoe with homoclinic tangencies. Kiriki and Soma [KS17]
not only generalised their results in any C?-Newhouse open set, but also identified
the presence of historic behaviour as follows: any Newhouse open set in Diff" (M),
dimM = 2 and 2 < r < oo, contains a dense subset every element of which has
a historic wandering domain, i.e. a non-trivial wandering domain of points whose
orbits have historic behaviour. Note that arguments in [KS17] are not extendable to
C*°-diffeomorphisms, but Berger and Biebler [BBar] overcome this difficulty with
completely different methods.

The arguments of [New79] would not be applicable to C*-diffeomorphisms on
2-dimensional manifold M. In fact, Diff' (M) with dim M = 2 contains a generic
subset where every diffeomorphism has no homoclinic tangency [Mor11]. Thus any
method similar to that in [KS17] might be irrelevant for Diff* (M) if dim M = 2.
On the other hand, if dim M > 3, Bonatti and Diaz [BD12] presented an open
set of Diff' (M) such that every diffeomorphism in the open set has a C'-robust
homoclinc tangency. Nowadays, it is called a C'-Newhouse domain.

Before stating our result, we recall the notion of classical regularity which is
quite opposite to that of historic behaviour. We say that f has a Dirac physical
measure v associated with a wandering domain D if for every z € D

. 1 <
ngr-lr-loo n+1 ;6fl(w) v

and the support of v is equal to a periodic orbit of f. Moreover such a v is non-
trivial if the periodic orbit is of saddle type. It implies that D is contained in
the basin of v, which has positive Lebesgue measure because D is a non-empty
open set. In this sense, it is traditional usage to refer to v as physical or SRB,
see [CTV19]. Dirac physical measures were studied for some transitive flows such
that the supports of measures are non-attracting orbits in [SSVI0, SVI3]. On
the other hand, for diffeomorphisms, using the prototype of wild hyperbolic set,
Colli and Vargas presented a non-trivial Dirac physical measure associated with a
wandering domain in [CV0I], which can be extended in some dense subset of the
C"(2 < r < oo)-Newhouse domain in [KS17]. In a C'-generic standpoint, several
negative observations about the existence of Dirac physical measures supported on
non-attracting periodic orbits and examples are provided in [San18| [GGS20].
We are now ready to state the main theorem.

Theorem A. There is a 3-dimensional diffeomorphism f in the C' Newhouse
domain such that every C" (1 < r < c0) neighbourhood of f contains two types of
diffeomorphisms, one of which has a historic contracting wandering domain, and
the others have mon-trivial Dirac physical measures supported by saddle periodic
orbits.
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Remark 1.1. The following scenario may come to mind to detect historic wan-
dering domains using several known facts in C! dynamics of dimension at least 3.
In fact, Barrientos [Bar] essentially implemented the scenario. In [BDP03|] Bonatti,
Diaz and Pujals gave C' open sets of diffeomorphisms with a C! dense subset of
diffeomorphisms admitting a periodic disk, that is, there is a large integer n such
that f™ is equal to the identity map on some disk. Then perturb f™ in order to get
a C2-homoclinic tangency in a smooth normally contracting surface 3 by [Rom95],
and apply [KST7] to get a historic wandering domain by perturbation of the restric-
tion f"|sx. However, the proofs in [KS17] are founded on some unbalanced weight
assumption to control dynamics, see [KS17, Remark 2.1]. Thus, one can use the
scenario to confirm the existence of non-trivial Dirac physical measure supported
on the saddle fixed point, but one cannot use it to confirm that on the 2-periodic
orbit. On the other hand, the direct way provided in this paper is not only useful
for both, but may be applied to non-trivial Dirac physical measure supported by
saddle periodic orbit of every period. See the final Remark

We believe that there exist a locally dense C! diffeomorphisms which satisfy the
same properties as in Theorem [Aland Remark[5.6l In particular, there will be Dirac
physical measures for periodic orbits of every period. While this paper is limited
to specific models, it will shed light on “pluripotentiality” of wandering domains,
that is, the existence of them whose orbits can approximate statistically to every
dynamics on given invariant sets.

Note that the residual subset of blender-horseshoe causing historic behaviour in
ﬂm has zero Lebesgue measure, while the historic wandering domain given
in Theorem [Al has positive Lebesgue measure. We mention another novelty that
this paper contains. To prove Theorem [A]l we borrow the key idea called “critical
chain” from [CV01]. However Colli and Vargas proved their main technical results
(Linking and Linear Growth Lemmas) which support the proof of their Critical
Chain Lemma by using C2-robust homoclinic tangencies, and hence they did not
employ contexts of C'-robust ones. So, instead of their technical results, we present
an innovation (Lemma[ZTlwith Proposition23]in Section2]), which takes advantage
of the distinctive property of inverse dynamics of the cs-blender horseshoe. It should
also be emphasised that our proof might be considerably simpler than that of Colli-
Vargas.

1.2. Centre stable blender-horseshoes. In this subsection and the next, we
give a concrete construction of f in Theorem [Al All this can be extended to struc-
tures called blender-horseshoes, which can be defined for diffeomorphisms of all
dimensions greater than or equal to three. However, a 3-dimensional case contains
all essential properties on blender-horseshoes, and therefore we discuss them only
in this case.

Let Ags, Acso, Aes1 and A, be real positive constants with

(1.1) Ass < Aeso < 1/2 < Aes1 <1< Aeso + Aests 2 < Aye

Furthermore, we suppose that A.sg is relatively small compared to A.s1 and A, so
that

(1.2) AesoAesi A2 < 1,

which corresponds to the partially dissipative condition for 3-dimensional diffeo-
morphisms given below. We first consider the 2-dimensional affine horseshoe map
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F with
(AUI, ASsy) lf (.I, y) € [07 )\;1] X [07 1]7
F(z,y) = . 1
(Au(l_'r)vl_)\ssy) if ('rvy)e [1_)\11, 51] X [051]5
and the iterated function system consisting of the pair of contracting 1-dimensional
maps defined as, for z € [0, 1],

(138“) <0(Z) = /\csta <1 (2) = /\cslz + ﬁa

where = 1 — A\es1. Let B be the unit cube [0,1]% and let f : B — R3 be a local
diffeomorphism satisfying the following conditions:

e flv,uv, is the skew product F' x ((p, (1) given by
()\u.I, )\ssy; AcsOZ) if ({E, Y, Z) S VO;

(1.3b) fla,y,2) = { Au(L =), 1 = Ny, Aesaz + B8) if (,y,2) € V4,

where Vo = [0, A\ 1] x [0,1]? and V; = [1 — A1, 1] x [0,1]2.
e For G =B\ (VoUVy), f(G) is contained in R? \ B.
We now consider the hyperbolic set A = (), f*(Vo UVy) of f in B on which f is
conjugate to the full shift of two symbols, and besides A contains the saddle fixed
points

P =(0,0,0) € Vo f(Vo), @ = (Au(T4+ X)L (14 )71, 1) € VN f(Vy).

Remark 1.2 (Asymmetricity). The inequalities (L)) and (L2) imply a partially
dissipative situation for f|5, which gives asymmetrical contractions along the centre-
stable direction for the cs-blender horseshoe, see Figure[[LIl We will see that these
conditions are essential to show Lemma and Theorem L4l Note that these
conditions cannot be fulfilled if both {y and (; are close to the identity. Therefore,
the cs-blender horseshoe with partially dissipative situation might be C'-away from
usual one which can be derived from a heterodimensional cycle via some strongly
homoclinic intersection by an arbitrarily small perturbation in [BD0S, Section 4].
See also Remark

LV A
y/IgG
A

B )\CSO

Figure 1.1

Despite its asymmetric structure, A still satisfies all the standard properties of
blender. In fact, A is an example of cs-blender horseshoe, refer to [BD12, Definition
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3.9] for the precise definition. Note that there is a C'-neighbourhood N of f such
that every f € N has the continuation A 7 of A which is a cs-blender horseshoe
containing the continuations P; and Q 7 of P and @, respectively. Moreover it

follows from (L)) that 8 < Acso, that is, f still has a superposition region associated
with A7 and lying between W3 (P7) and Wyl (Qf). See [BD96, Lemma 1.11] and
[BD12, Lemma 3.10] for details.

1.3. Configurations of tangency. Next, to investigate homoclinic tangencies un-
der the setting of cs-blender horseshoe, we assume the following conditions on the
second iterate of f|g: for a given 0 < § < % — A1, the restriction of f2? to the
d-neighbourhood Uy of the 2-dimensional disc {x = 1/2} NG is given by

(14a)  f(z,y,2) = <—a1($ - %)2 + asz, ag(y - %) + %, a4(:1c - %) + %)

for (x,y, z) € Us, where the coefficients a1, as, as and a4 are nonzero real constants
with

(1.4b) ar > (1 =227 ag,a4 >0, Jaz| <1 -2\,

The first condition is used to show Proposition which leads to wandering do-
mains disjoint from A, and the second one is necessary to show Lemma The

last one assures that f2(G) N B has no intersection with f(Vo) U f(Vy), see Figure
Wi

Figure 1.2

We say that a blender horseshoe A is wild if there are points x,2’ € A such
that W'(z) and W*(2') have a non-transverse intersection. Let the f2-image of
(1/2,0,0) € G be written as X, which satisfies

X =(0,1/2 = a3/2,1/2) e WH(P) N W (P), TxW"(P) & TxWii.o(P).

That is, f has a homoclinic tangency of P € A. See Figure [[3}(a). Therefore the
cs-blender horseshoe A for (3D is wild. Furthermore, this homoclinic tangency is
robust for small C'' perturbation:

Lemma 1.3. Let f be a diffeomorphism with (L3B) and (TZa). Then f has a

C'-robust homoclinic tangency of the cs-blender horseshoe A.

The proof of this lemma is given in the Appendix [Al as it is just comfirmed that
[BD12l Theorem 4.8] can be applicable to our setting.
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oc (P)

Figure 1.3

Remark 1.4 (Generality of configuration). We here explain why the above setting
is a non-trivial extension of [CV0I], which is also the second novelty of the present
paper. For a certain map instead of ([L4al), we have another situation such that the
direction of Tx W"(P) is parallel to the ss-direction of A, as in Figure[[3}(b). This
is an actually trivial extension of Colli-Vargas’ 2-dimensional model with one more
dimension, and hence one might obtain similar results as in [CV01] with the help
of several techniques in [PV94]. However, such a strategy will not get us out of the
C?-category. Furthermore, with a little perturbation, it is possible to maintain the
tangency but make a direction different from the ss-direction. Thus, the tangent
directions at forward images of such a perturbed tangency are gradually close to the
cs-direction, since it is pressed strongly along the ss-direction. As a consequence,
the situation will be essentially the same as defined by ([4al) as in Figure [[3}H(a).
In this sense, the configuration of tangency in this paper is general. Combining this
situation with Lemma[[.3] we now obtain a diffeomorphism having both cs-blender
horseshoe and C'-robust homoclinic tangency simultaneously.

It follows from the above definitions and facts that Theorem [Alis a consequence
of the next theorem.

Theorem A'. Fvery C"(1 < r < 0o)-neighbourhood of the above diffeomorphism f
with a wild blender-horseshoe contains a diffeomorphism which has a historic con-
tracting wandering domain. Moreover, it contains another diffeomorphism having
non-trivial Dirac physical measures supported by saddle periodic orbits associated
with a contracting wandering domain.

For the proof of Theorem [A] we need to prepare some tools associated with
the blender-horseshoes, and give key results (Lemma 2] Proposition [23)) for pro-
jected dynamics in Section[2 and some infinite sequence of perturbations in Section
Using the results, the existence of the wandering domain is proved by several
geometric steps in Theorem [£4] of Section Ml Finally, the existences of historic
behaviour (Theorem [5J)) and Dirac physical measure (Theorem [BH) are shown by
probabilistic approaches in Section
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2. CRITICAL CHAINS OF BRIDGES

The results given in this section are keys to this paper, which is associated with
several subsequences of u-bridges and its copies in the cs-direction.

2.1. Unstable bridges and gaps. Let f be a diffeomorphism with the cs-blender
horseshoe A by (L3H). We first extend the notations of bridges and gaps given in
[CV0T] as follows. For any integer n > 1, let w be an n-tuple of binary codes, that
is, w = wy - w, with w; € {0,1}. Define dynamically defined rectangular solids
as

B'(n;w) ={z€B : fH(z)€Vy,i=1,...,n},
G"(n;w) =B (n;w) \ (B*(n + 1;w0) UB"(n + 1;wl)) .

The former set is called an unstable bridge or a u-bridge, while the latter one an
unstable gap or a u-gap. Sometimes n and w of B*(n;w) are called the generation
and itinerary for the u-bridge, respectively. If there is no confusion, the number of
generation may be omitted and B" (n; w) and G"(n; w) may be written as B"(w) and
G"(w), respectively. Observe that if n is fixed, the family {B"(w) : w € {0,1}"}
consists of 2 mutually disjoint rectangular solids, which consequently contains 2"
mutually disjoint arcs of W2 (P). For every n > 1 and w € {0,1}", we denote by
B"(n;w) (or B"(w) for short) the arc B"(n;w) N W (P), which can be regarded
as a subinterval in [0, 1], that is,

B"(w) N Wige(P) = B*(w) x {(0,0)}.
Since G"(w) C B"(w), one can obtain the open interval G"(n;w) (or G"(w) for
short) on [0, 1] satisfying

G"(w) NWige(P) = G"(w) x {(0,0)}.
The closed interval B"(w) is called a u-bridge, while the open interval G"(w) is

called a u-gap of the u-Cantor set A, = AN W2 (P). Finally, we write Gfj =
[0,1]\ (B"(0) UB"(1)), and hence GNWE_(P) = G§ x {(0,0)}.

2.2. Projected dynamics. The following simple projection can be used, since our
model consists of the affine forms by (L.3D) with a tangency without any distortion
given in ([4a)). For any (x,y, z) € B and integer n > 0, we write

(2.1) " (z,2) = 7(f"(2,y,2))

if the value of the right-hand side of the equation does not depend on y, where
7 : B — R? is the projection defined by 7(z,y,2) = (z,2). By ([[Zal), we have

(2.2) ©%(1/2,2) = (asz,1/2).

First, we define sequences {B}} };>1 and {EE}kZO of unstable bridges as follows.
For any integer ng > 0 and any code @(O) € {0,1}™, let us define

BY = B"(ng, "),

which is a u-bridge contained in 7 o ¢*({1/2} x [0,1]). One can take ng so that
B C (0,a2), see Figure 21l Let BY, B} be the pair of maximal sub-bridges of By

such that Bf lies in the left side of B}, that is, max E‘f < min BY. Then they are
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represented as B} = B"(ng + 1,@(0)041) and BY = BY(ng + 1,@(0)&1), where a; is

either 0 or 1 and a; = 1 — ;. If we write @ a; = w™® and ¥Va; = iuv(l), then

B = BY(ng + 1,wV), B = B%(ng +1,a™").

For integer k > 1, we inductively define the sub-bridges B} and f?,;‘ of E};_l satis-
fying
By = B%(ng + k,w™), B} = BY(ng + k,a™),

where w®) = @(kfl)ak and @(k) = @(kfl)&k for some g,y with {og, ap} =
{0,1}. See Figure 211

‘ : | By : :
o - 0 >

x=1/2 0 Ejf‘— _éBi‘ as
By =By
By *F=DBY
Figure 2.1

Next, we define a sequence {J{*},>1 of ¢*-inverse images of B} as follows. For
every integer k > 1 and sub-bridge B} of By, let I® be the arc in {1/2} x [0, 1]
with

0 902(1125) = By,
where 71 : R? — R is the projection with 7 (z,2) = z. Define J& as the sub-
interval of [0, 1] such that
{1/2} x J2 = I;7,
and call it the es-interval associated with Bj. By (2.2,
(2.3) J& = a; "By,

For any code v = y172 -+ yn € {0,1}", the map ¢ (or ¢, for short) is defined

by : B

C§:C7no"'og72og71v

where each (,, is the function given in (I3al). Moreover, we define the length ‘1‘
of v as the total number of symbols in 7, that is, |y| = [v172 - Y| = n.
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Lemma 2.1. For any integer L > 0, any u-bridge B} (k = 1,2,...) with B} =
B%(ng +k + Lk, w*+L8)) € B} and any code u®) with |u*)| > 0, there exist codes
@% and sub-bridges B} = B”(ﬁk,@(k)) of B} satisfying the following conditions.

(1) o = w(k—i—Lk)Q(k)Z(k); where

® l(k) = Ymy Ym—1" V2715 Vi € {07 1} (Z = 15 27 o '7mk)) fOT some integer mp
satisfying 0 < my < No+ N1k, where Ng, N1 are positive integers independent
of k,

e cither y(k)

=u® or v® = uMq for some a € {0,1}.
(2) Cam(1/2) € JE and JE C Ji, where J. is the cs-interval associated
with By, ;.

Remark 2.2. The freedom of the choice of u*) in Lemma 2] is crucial in the
study of historic behaviour of wandering domains for diffeomorphisms C*-close to

f.

Proof of Lemma[Z1. Take ; € {0,1} with Ji%; C Image (¢y,), where Image(¢y, )
is the image of (,,. Define

S 1
T = G-

For any integer i > 1, define the interval Jki(? in [0, 1] inductively if JZ;; D

Image ((y,) holds for at least one 7; of 0,1. Suppose that this process finishes my,

chs(mk 1)

times. Accordingly, J; '

is contained in Image (¢, ). We here note that

‘Bk-i-l’ _ )no+k+1+L(k+1)

and B
mTLoY ({1/2} X k+1) Bjiq.
Then, by 22),

| k+1 = |a2 |( )n0+k+1+L(k+1)

Thus, there are integers m,(co)l, m(ljl with my, — 1= m(o) + m,(cl)1 such that

mk )1)\ mgjlq 71|( )n0+k+1+L(k+1)) -8

cs0 csl

cs(m 1)
T =

where A.s0 and .51 are derivatives of (y and (7, respectively, see (IEEI) Since
Aeso < Aes1 < 1, we have

_ log |as|(1 — B)Amo+1+L L log )\HLI@,
B log A 10g Ao
Thus the smallest integers Ny and N; with
Ny > log |az|(1 — B)Ano+1+L LN > log ALTE
- log )\cso 7 ~ log )\cso

fulfill the required condition on my.

From the definition of my, neither Jzi(;n’“) C Image (¢o) = [0, Aeso] nor J;i(;nk) C

Image (¢1) = [, 1] occurs. It follows that
max {J,zi(lnk)} > Aeso, min {Jgfﬂnk } <B.

So Jii (™) contains the interval [, Aeso]. In the case when Cutrrri o (1/2) €
[[3, CSQ], we set y(k) = g(k). When Cw(k+Lk)E(k) (1/2) S [0, ﬂ) (resp. Cw(k+Lk)E(k) (1/2) S
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(Aeso; 1)), we set 7 = 41 (resp. ) = u(*)0). Since 1/2 < Ao < 1, we have in
either case €, t+zr 0 (1/2) € [B, Acso]. Hence the code

@™ = w1 am

satisfies our desired conditions. O
Proposition 2.3. For any integer L > 0, let f?}j = B“(ﬁk,@(k)) (k=1,2,...) be
the sub-bridges ofB}Cl = Bu(no—l—k—l—Lk,y(k"'Lk)) and Ji¥, | the cs-interval associated
with §113+1 gwen in Lemma[21l Then there exists a ty+1 € R such that

o (T, 1/2) = (1/2,2551)— (0, a5 "tii1), where T and 255, are the centres

~

of By and f,‘éil, respectively,
o [tpsr| < Ap (O HRHIFLGHD).

Remark 2.4. Note that E}j C B} C B}, and B} will be used to specify the domain
of a perturbation. On the other hand, E}; determined from B}C‘ controls the size
of the perturbation, and it will be important in the proof of Proposition B.1] that
its size, which is exactly |tx+1| above, can be much smaller than the size of B} by
taking a sufficiently large L.

Proof of Proposition[Z3 Since [a™| = 7y, we have 7 o O™ (28,1/2) = 1/2 and
hence, by Lemma 2711 there is the cs-interval J* C J£* and

o (@, 1/2) = (1/2, € (1/2)) € {1/2) x Ty = T

See Figure Furthermore,

Z A

—

Figure 2.2

25 € IS, C I
We here set
(2.4) ter1 = a2(Z5%1 — Cgm (1/2)).
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Since both ¢z (1/2) and 5%, belong to Ji=, it follows from (23) that

thg1| < aolJSS || = | By, | = Mg (RothtitLk+1)) 0
+ k+1 k+1 “

3. PERTURBATIONS

We construct some map arbitrarily C"-close to f by countably many small per-
turbations near homoclinic tangencies.

For any integer k > 1 let B} = B"(ng + k,w™) be the u-bridge and Ji® the
cs-interval associated with B;' defined in the previous section.

Proposition 3.1. For any e > 0, there is a diffeomorphism g which is contained in
the e-neighbourhood of f in the C"-topology (1 < r < o00) and satisfies the following
conditions:

° 9|U3°5/2 = [ for any 0 < & < (1 —2X\;"), where Ussjo is the 36/2-
neighbourhood of the 2-dimensional disc {x = 1/2} N B and Uss /o is the
complement of Uss/o in B.

o For every k> 1 and (x,y,2) € [§ — 6,5 + 6] x [0,1] x J&,,

9*(@,y,2) = (tr+1,0,0) + f* (2,9, 2),
where tgy1 is the number given in Proposition [2.3

Proof. The idea of the proof is already described in Remark 224l Here we prove it
in practice.

Let b : R — R be a non-negative, non-decreasing C" function such that b(z) = 0
if # < —1 while b(z) = 1 if z > 0. Using b, we consider the bump function b,
with b, 1 =1 on I as follows:

T —a x—0b
br(z)=b( L2 +b<——>—1,
p1(7) <p|f|> o

where p is a positive constant and I is the interval [a,b] with a < b. The function
satisfies

1
(ol I)"
where || -|| ¢ is the supremum norm of the derivatives of corresponding maps. Next
we set

1bp. 1]l < 1llc-

bu = b1 (15146 bss = b1 0] bese = b 1 e,

3Tcs

where 7.s = A;1/(1 — 2\, '), which is independent of k.
For every k > 1, let tx+1 be the constant given in Proposition [Z3] the absolute
value of which has an upper bound depending on a given L > 0. We write

i(L) = (tQa' o atk+1a' ")a

and define the perturbation map hyz) : R3 — R3 as

(31) hL(L) (‘Tu Y, Z) :(:I;7 Y, = + az_lbu(x) Z tk-l-lbss(y)bcs,k-i-l (2)) .
k=1



12 SHIN KIRIKI, YUSHI NAKANO, AND TERUHIKO SOMA

Then we have

[ sz — id|

cor T

aglbu (z) Z thr1bss(Y)bes k+1(2)
k=1

C’l"
oy [(18TssTes \ N [trra]
< lag|™? (%) bl e T
k=1 k+1

Moreover, it follows from ([23]) and Proposition 23] that

00 /\—(n0+k+1+L(k+1))

o [tht]
(3.2) ML < S
;U 2 (lag A0 1y

k+1 k=1

|a72«|Agn0+l)(T—l) ) ( N )k |a£|A7§n0+1)(r_1)+T

Y =\ AL =)

Consequently, hyr) can be taken arbitrarily C"-close to the identity map if L is
sufficiently large as long as r is fixed.
By using the perturbation map, we define

(3.3) 9= fohyw,

which is arbitrarily C'-close to f if L is large.
We first note that [% — 5,% + 6] x [0,1] x Jg&, C Ussjp for every k > 1 and

hynylug, ,, s equal to the identity. That is, 9|U§5/2 = f. On the other hand, for any

35/2

(z,y,2) €[5 — 0,5 + 6] x [0,1] x J%,, we have
g(.’II,y,Z) = f © hE(L)(xvyuz) = f(xuyaz + agltk-i-l) € U§5/2'
Since hé(L)|U§5/2 = id, it follows from (L4al) that

92(3371% Z) = fz(xa Y, 2+ aglthrl) = (thrla 07 0) + f2(Ia Y, Z)
This ends the proof. (I

Remark 3.2. As r = oo, the evaluation ([B.2) is useless. Hence the regularity
condition in Proposition 3] does not reach infinity.

4. CONTRACTING WANDERING DOMAINS
4.1. Two conditions in freedom term. From the results for B}} = B" (7, ™)

. . . . (k)
obtained in Lemma [2.1I one can make some further conditions. Since w( ) =

wF LR (k) (K) " we have
}Q(kJrLk)} =ng+k+ Lk = O(k), b(k)} =my = O(k).
Also, as in Remark 2 the sub-code u(®) of v*) can be chosen freely. Thus, we
may assume that the length of v*) is quadratic for k such that
(4.1a) y(k)‘ = k?,

which is called the quadratic condition. Note that the same condition was already
used in [CVOI]. Tt follows from ([@Ia)) that
k1 (k+1)24+0(k+1)
n. k2 4+ O(k)

— 1 as k — +oo.
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That is, we have the subexponential growth in generations of E; (k=1,2,...) as
follows:

Lemma 4.1. For any n > 0, there is an integer ko > 0 such that for any integer
k 2 k07
g < ﬁk-ﬁ-l < (1 + n)ﬁk. O

In addition to ([ZIal), we have to make another condition on E“ B (7, ™).
From the freedom of the choice of u(¥) again, one can assume that the total number
TNy (0) of zeros in w( ) is greater than or equal to the number 7i;(;) of ones, that is,
(4.1b) Nk(1) < T(0)s
which is called the majority condition.

Remark 4.2. Both ([@Ia) and (£ID) are indispensable to show Lemma [L.5 which
is a key to Theorem [E4l On the other hand, (£IL) may be an obstacle to realise
some type of dynamics of wandering domain. See also Remark [5.4]

In order to see the region in the code occupied by each symbol, we sometimes

(k)’ (k)’ , respectively. So we have

‘w(k>’ ‘@(k)‘ '

denote 7,0y and ng(1) by ’w and ’w

(4.2) i = o) + Ay = (29

4.2. Identifying of wandering domains. In the same way as in ([2.1I), the fol-
lowing similar notations are useful here. For any (z,y,z) € B and integer n > 0,
we write B
(@, 2) = 79" (2,y,2)), ¥"(y) = m2(g" (2, y,2))

if the value of the right-hand side of the former (resp. latter) equation does not
depend on y (resp. on z or z), where 7 is the projection as in [Z)) and 72 : B — R
is the projection defined by ma(z,y,2) = y.

To show the existence of our desired wondering domain, we have to prepare some
notations. The first one is the following. For every integer k > kg, we set

b = a; "M EZo /2
It implies that
(4.3) A D202 = by,

which will be useful for some evaluations later. The next one is the following. Let
Yio = [Asss 1 — Ass] and, for each integer k > ko,

(4.4) Vi = 120 22 o o o2 (Y ).
Using these items, for each integer k > kg, we define

bk . bk 1 L 1 N
2 Ik+?:| XYkX {5_751@75_"21@}7

where Z}! be the centre point of E; = B(fig, @%) (k=1,2,...) given in Proposi-
tion 2.3l and

(4.5) 2i = 20a; *asb?.

Wi = |2 —

From the above definition of Wy, we can immediately see that
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Proposition 4.3. For every k > ko,
T o ®(Wy) C G = G*(7ig, @).
Proof. By (1)), (L4H) and ny < nky1, we have
(A= P2 AP < an (1= 20 A,

and hence R ,
b= ap = < (L2 O = (G,

Moreover, since the centre point Z}} of E; is identical to that of CAJ}C‘, the claim of
this proposition has been shown. O

Moreover for the diffeomorphism g given in Proposition [3.1] the following result
is obtained:

Theorem 4.4. There is an integer kv > ko such that, for every integer k > k1,
Dy = Int(Wy) is a contracting wandering domain for g satisfying

9" 2(Dy) C Dy

The proof of this theorem can be obtained immediately from Propositions [4.7],
and 9 To show them, we need two technical lemmas as follows. As mentioned
in Remark[I.2] this is the place where the partially dissipative condition (I2)) comes
into play.

Lemma 4.5.

k(o) \ k(1) _x
lim a‘2/\csO >\csl k =0
k—r+o0 bk+1/2
Proof. By [3) and [{3), we have

k(o) \ k(1) _x

a2/\ A ¥4 1/2 n n — 2%, 1—3/2
csO1 csl k — 40(11/ a2a4>‘csk(§0)/\c:1(l)>\u2nkbk /
27 by

1/2 Ng(0) \ k(1) \ —27 320 Akti/27\3/2
= 40a, CLQCL4)\CSO Aesi A ”’“(a1>\u =0 ) /2,

Let 1 be any positive integer. By Lemma [] based on the quadratic condition
([@Ia), there exists ko > 0 such that, for any integers k > ko and i > 0, ngq; <
(1 + ). Thus we have the following evaluation.

3 ZOO s 3k =/1+n\" 30 _
2= 2 2 ( 2 1=n e

where 11 = 31/(1 — 7). Recall that Aesodes1A2 < 1 by (L2). One can take n > 0

sufficiently small so that 7; satisfies )\CSO%\\CSI)\i(lJﬂh) < 1A Since Acs1Ay > 1 by
(D) and 71y < Agoy by EID), (Aes1Aa)™ D < (Aes1Au)™ @ It follows that

Tk(0) (1) x
‘a2)‘csO )‘csl 2%

n n 5
T < 40af]azaa|Acly” Aeay” AL
27 by

cs0

_ 40a§|a2a4|(Acso/\gHm))ﬁk(o) (Acsl)\glJFnl))ﬁk(l) ,
< 4Oa%|a2a4|()\cso)\csl)\i(H"l))ﬁk(O) —0 ask — oo.

Thus the proof is now completed. (I
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We denote by Vs the §-neighbourhoods of {# = 1/2} N [0,1]? in the zz-plane.
From (21 and B3), we have

o ¥(5,2) = 9l 2) i (2.2) € 0,12\ V.

VA (2,2) = (@, 2 +ag trar) if (2,2) € Vs
Let z}} be the centre point of E}C‘ = B"(ng,w a™* )) (k=1,2,...) given in Proposition
23

Lemma 4.6. For any (T} + x,1/2+z) € E}; x [0, 1],

cs0 csl

YUF(E 4 1/2 4 2) = (Thy1,1/2) + (—al)\iﬁ’“x2 + as AR AT 2,
a4(—1)ﬁk<1u§kx).

Proof. For simplicity, let us here write @(k) = wiws ... w;...ws,. Let &, & be
the functions on R defined by &o(z) = A,z and & (x) = Ay (1 — ). Then, for any
Z,r € R,

fo(/,’E\—f'Ji) = )\u(j’E\—FfE) = fo(fﬂ\) + )\u,’E, 51(§+$) = )\u(l -7 — JJ) = gl(fﬂ\) — )\uJJ

Similarly, by (3al), for any «, z such that o 4+ z and z are in the domains of the
corresponding functions,

CO(a+Z) :CO(CV)+)\05027 Cl(a+z) :Cl(a)+)‘cslz-
Hence, by the first equation of ([&6) together with (L3D) and (2I), for each i €
{1,..., 0k},

(4.7) 7/}1(5% +z,1/242) = (gwl 0...0&w, o&u (T}) + )\m(o)( Au )ﬁi(l)za
G © -0 Gy © Gy (1/2) + AL AL 7).
Since Z}, is the centre point of BE,

gwﬁ © "o§w2 ngl(@\z) = 1/2

k

Moreover, by (2.4,
Com, 0+ Cun 0 Cun (1/2) = oo (1/2) = 551 — a3 Va1,
Since Ny, = ‘@(k)‘ + ‘@(k)‘ = Ny + N1y by @2), the equation (A1) shows
that (0) (1)
Y (T 4a,1/242) = (1 J2ANEO (=A@, 585 —ay tk+1+AZ;g°>AZ;fl>z) €V;.
By the second equation of (.6,
V2o p (F} + 2,1/2 + 2) = ? (g[}ﬁ’“(%k +2,1/242) + (O,a;ltk+1)>
=2 (1/2 + /\Zk(o) ESWIZIOES 250 —ay teyr + )\Z;éo) /\::1(1)2 + a;ltk+1)
= ¢ (1/2+ (1) AT a, 25, + A0 ALP2)
by ([L4a), @) and @.2),
= (—al)\iﬁ’“:c2 +a )\ZS'“(;[” )‘::1(1)2 +a2ZP 1, ag(—1)" Ny 1/2) :



16 SHIN KIRIKI, YUSHI NAKANO, AND TERUHIKO SOMA

Since apzi’ |, = 7}, from ([Z3), we have obtained the equation required in this
lemma. g

For each k > 0, we have the rectangle Wy, = 7(Wy) with the sides 0. W) =
T(Wen{z =1/2+2}}), 0. Wi, = 7(W N {z = Z}} £ b/2}) and the central line
c(Wy) =7(Wi N {z =2}}). See Figure 1]

c(Wy)
0. Wy, E
L2
i g2
S SRR I8 S FUSRN Do
2 :
owp| e 0, Wi
E 02Wk+1
E be br41
' 2 2
" :
8zVVk .
Ty z Ti
Figure 4.1

Proposition 4.7. There is an integer ké > ko such that, for any integer k > ké,
T (YR (W) € m (W),
where T is the projection with m (z,z) = x.

Proof. From the form (LZal), ¢¥™**2(0.W}) consists of two quadratic curves. See
Figure @l Points of ¢™*T2(W},) furthest from ¢(Wj1) are endpoints of one of the
quadratic curves. By Lemma [£8 and ([@3]), we have

dn (e(Wiea), 0™ F2 (W) ) = a1 (A bi/2)? +

41 Tk (0) \ k(1) _x
=4 bk+1+‘a2/\cso >\csl 2k

Ng(0) \Pr(1) _x
a2)‘csO )‘csl 2L

)

where dp, is the Hausdorff distance of the two subsets. It follows from (@3] and
Lemma that the width comparison along the z-direction is the following:

dp (e(Wip1), 9™ 2 (Wy)) 1

dp (e(Wis1), 0 Wii1) 2

k(o) \ k(1)
az AcsO >\csl Z

bit1/2

Note that, from Lemma EH the right-hand side of the inequality is less than 1 if
one takes k sufficiently large. This proves the desired assertion and completes the
proof of the proposition. (I
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Proposition 4.8. There is an integer k:g > ko such that, for any integer k > kg,
3 (2 (W) € w3 (W),
where T3 is the projection with ws(z, z) = z.

Proof. By the same reason stated in the beginning of the proof of Proposition E.7]
it is sufficient to evaluate how the endpoints of components of ™ +2(9,W},) are
far from {z = 1/2}. More concretely, it follows from Lemma that it suffices to
prove that the following inequality:

lag Ay b /2] < 24 1/2.
By (1), it is equivalent to
ar N2 b2 < 400Dy 1.

This is established from (3] and the proof is accomplished. (]

Now let us turn our attention to Y defined in ([@.A4]).

Proposition 4.9. For every integer k > kg, Yj is contained in (% - %, % + a—;)
and

lim |Yj| = 0.

k—+oo

Proof. For the generation ny, of E}C‘D = B"(fig,, @), we have

P70 (Vi) | = AL [Vig| = AL (1 — 2),).

From (LIG) together with (B, Yi, 1 = 9702 (Vi,) © (3 — %, 3 + %) and
Vi1 = las|Ass® [Yio| = [as|Ass® (1 — 2Xs5).
By inductive steps, one can show that, for every integer k > kg, Y3 C (%— <, %—i—“—;‘)
and
k—ko =~
V3| = |ag|FForZi=0 ™ (1 — 2),,).
Hence, it converges to 0 as k — +o0. 0

Proof of Theorem[.7} From Propositions 7] and [L.8] there is an integer k1 > ko
such that, for any integer k& > k1,

P2 (W) C Int(Wiep1),

and moreover

lim diam(Wg41) = 0.
k— o0
On the other hand, Proposition implies that, for any k& > k;, diameter of
Y}, converges to zero as k — 4o00. Since Wy x Y} is equal to Wy, the proof is
complete. O



18 SHIN KIRIKI, YUSHI NAKANO, AND TERUHIKO SOMA

5. PROBABILISTIC REPRESENTATIONS

Let g be the diffetomorphism defined in B3]), Dy = Int(Wy) the contracting
wandering domain of g and ki the integer obtained in Theorem €4l Also with
Proposition [£3] for each k > k1,

(5.1a) g t2(Dy) C Dpyy, m o7(Dy) C BY = BY (g, ™),
where 7 and 7 are the projections given as in (Z1) and Proposition 7] respec-

) ‘ )

tively, and Ny = ‘ w The itinerary @' consists of three parts as

(5.10) B0 = IR () B,

where the sub-code v* is a k2-tuple k) = (v1vg ... vg2), at least k% — 1 elements
of which can be chosen freely, and the other parts satisfy

(5.1¢) ‘w(kJrLk)

= no+ k + Lk,

l(k)‘ = Mk,

where ng + k + Lk and my are integers given in Lemma 21l Let us now take
advantage of this freedom of v(*) to realise historicity and physicality.

5.1. Historicity. The following theorem guarantees half of the claim in Theorem
[A] the part about historicity.

Theorem 5.1. There exists a sequence v = (v™*))ysp, of codes such that Dy is a
historic contracting wandering domain for g = g, .
To show this claim we needs the following two conditions:

Era condition: We consider an increasing sequence (ks )sen of integers, which
satisfies the following condition: for every s € N,

k3+1—1 ksfl
(5.2) S>> kK
k=ks k=Fk1

Note that this setting provides us with a situation that the new era from
ks until k541 — 1 to be so dominant as to ignore the old one from k; until
ks — 1, see Claim (521
Code condition (for historic behaviour): On the era condition, for any
integer k = k(s) with ks < k < kgy1, we consider each entry of y(k) =
(v1v2 ... vy2) satisfying (IID) and the following rules:
e if s is even,

(5.3) 0 fori=1,...,|3k(s)*/4]
o YT 1 fori= [3k(s)2/4],. .., k(s)?,
[3K2/4]  [k?/4]
—T—
that is, v®) =000...... 01...1,
e if 5is odd,
(5.3b) 0 fori=1,...,|Tk(s)*/8]
' YT 1 fori = [Th(s)2/8], ... k(s),

| 76278 [K?/8]
—N—
that is, v =000...... 01...1,
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where || and [-] indicate the floor and ceiling functions, respectively.
Note that both (5.3a)) and (5.3D]) satisfy the quadratic condition ([EIal) and the
majority condition (ZID)).

It may be obvious that historic behaviour appears under (5.3a) and (5.30). In-
deed, in [CV0IL [KS17] they gave constructions similar to ours, but did not provide
detailed proofs. However, we here describe a proof in detail for the convenience of
readers.

Proof of Theorem [51]. The proof is carried out under the era and code conditions,
which are required to show Claims and

For given non-negative integers n, m with n < m and x € Dy,, the empirical
probability measure is defined by

1
(n,m) _ 8
Vy m—n ; g*(x)
For any integer ks > 0, we write
R ks—1
N, = Y (Ak+2).
k=k;

Let B be a compact subset of R? containing U?:o ¢'(B). For any & € C°(B,R), we
have

Nks+1 -1

(5.4) /@d (Mg Nbopn) _ — S dogi(a
k

s+1 s i= Nks

Claim 5.2. For any x € Dy, ,

/qsduiNk besr) —/@d 0.8k, )| _

Here we show the claim. Consider

lim
s——+o00

N N
A+ By| = /@d e S*l’—/qsdyff )|
where
) Ny —1 Neypy—1
As = = — Z dog'(x) Z dog(x
Nks+1_Nks =N Nks+1 i— Nk
1 N}c5+1*1 N Nigyr—1
o Y sege- S aes
Nt =N k s+l =0

Thus, the proof will be complete if |A4| and |Bg| converge to 0 as s — 0. In fact,

|A | < (Nks+1 - Nks)(Nks+1 - (Nks+1 - Nks))H@”CO
B (Nks+1 - Nks)Nks+1

Ny, 1
= =2 —|| P
|@llco < 1 l12lco

kst1
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where the last inequality follows from (52). On the other hand,

(Nks+1 - Nks) - Nks+1 ”ngCO B Nks

|Bs| < _ —
Ny,

—

1
P —||D||co.
Blleo < = [12lco

s+1 kst1

Hence, |As|, |Bs| — 0 as s = +o0o. This ends the proof of Claim [5.21

Based on the result of Claim 5.2 we focus only on (4). So we divide it into
three parts as follows:

1 Mearr =1 1

—_—= @(gz(.f)) = /\7/\(‘91 + S2 + Sg),

Nks+1 — Ng Z_Zﬁk ksy1 — Nks

where
Nio+(no+ks+Lks)—1 Nio+(no+ke+Lks)+k2—1
S1= > (g (z)), S2= > (g (),

=Ny, =Ny, +(no+ks+Lks)
N 1

S3 = > b(g' ().

i=Ny, +(no+ke+Lks)+k2
Note that the number of terms in the sum of S; and S3 is O(ks), while that of S,
is k2. Since
Niooy — Ny, = Tig, +2 = (n0 + ks + Lks) + k2 + my, +2 = k2 + O(k,),

we have

N
. 1 kst1 . 5,2
(5.5) lim |=——— Z b(g'(x)) — 2

s—+00 ]\/kaJrl - Nks Y

= lim 51 + K & + 53 - %
R E—— ﬁks +2 ﬁks +2 kg ﬁks +2 k2

S

=0.

For simplicity, write 7 := gﬁk+("°+ks+LkS)(I) and hence

k2—1

S = (g (@),

§=0
It is sufficient to prove the following claim for Theorem [B.1}

Claim 5.3.

s—+o00 k?

lim Sy _ | (38(Py) +2(Qg))/4 if s is even,
(T0(P,) + B(Q,))/8 if 5 is odd,

where Py and Q4 are the continuations of the fizved points P and Q, respectively.
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To prove this claim, define
NP = NP (p )=max{N >0: ¢'(@) € U,(P,) for 0 <Vi < N},
N(P)*max{N>O g'(@) € Vo for 0<Vi <N},
N@s) = N(@)(p) = max {N >0: ¢'(F) € Uy(Q,) for NIFo) <vi < N},

where U,(P,) and U,(Qg) are the p-neighbourhoods of P, and @, respectively,
for a given constant p > 0, and Vj is the component of g~ (B) N B containing P,.
Using them, we have

K2-1 NF N

M dgi@) = >, g@N+ >, @)

i=0 i=0 N (Fa)
N‘gQQ)—l k?*l
+ ) @)+ Y Bg'@).
=N =N{®o

(Pg) . N£Q9)7 R
Yk, (@) > e (¢ (@)
: (P,) _d)(Pq) <é, 7(QS) ~(Py) ( g)| <€
Ng? Ng*?% — Ng ?
It implies that
— A N(Pg) N (Pg) 1 ngpg)fl )
= Z <z T @E) ) by Y g @)
iy s s S NP
k-1 (Qg) (P,) 2 _ (P)
1 : NL@) k2 g
s ,L-:NS(QQ) S s S
and
i R N{Po) 77(Po) N1
Y @) > e @) sy Y #@)
5 =0 S NP
k1 Qo) _ NP0 12 _ N(Po)
1 ) N _ NP g2 (s
+ = Z D(g'(x)) 2 NP 2 (2(Qg) —¢)
s ,L-:NS(QQ) S s S
Since p is already fixed, it follows from code conditions (5:3al) and (5.3H) that
NP @) jP)
lim = lim —> =1,
s——+00 N(Pg) s——+o00 k? _ NS(PQ)
and
N [ 3/4 ifsis even, . k2 N [ 1/4 if sis even,
soto k2 7/8 ifsisodd,  sote k2 | 1/8 ifsis odd.
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Moreover,
1 N9 -1 k2—1
Jim | D0 o)+ Y 2(g'(@) | =0
F =N i=N{Q9)

This finishes the proof of Claim [(£.3]
Finally, by Claims and 53] together with (&3]),

. (0.8e,,) { (3(Py) +B(Qy))/4 if s is even,
lim Ddv, = e
(T0(P,) + 9(Qg))/8 if sis odd.

s——+o0
We complete the proof of Theorem .11 O

5.2. Physicality. The final discussion in this paper concerns the existence of non-
trivial Dirac physical measure associated with a contracting wandering domain in
Theorem[A] To show it we need not to take any era condition as (5.2)) into account.
Moreover instead of (53al) and (5.3h) we adopt simpler code condition, which is
the same as that in [CVOI] Section 9], as follows:

Code condition (for Dirac physical measure supported on F,): Fora
given integer k > 0, we suppose that the freedom part v*) of the itinerary
@) in (GID) consists of k2 zeros, that is,

]C2
———
(5.6) o™ = 0¥ =0000...00.
Note that ([5.6]) is not contradict to the quadratic condition {@Ia) and the majority

condition (EID).

Remark 5.4. On the other hand, since the itinerary 1¥° does not meet (@11), the
other saddle fixed point @), may not be a support of the Dirac physical measure.
See also Remark

Theorem 5.5. There exist an integer ko > 0 and a sequence v = (Q(k))k>max{k1,k2}
of codes such that g = g, has the non-trivial Dirac physical measure supported on
Py associated with the contracting wandering domain Dy,.

Proof. For any given integers u, s > 0, we take an integer ko which satisfies
k3 > u+s.
Moreover, we write
B®(s;w) = {z €B : g (x) €Vy,, i= L,...,s}.
Hereafter, we suppose that the code condition (&.6]) holds for every
k > max{k1, ko},

where k; is the integer given in Theorem [£4]l Consider the wandering domain Dy
with (BIal). First, observe that, for any integers u, s > 0,

P, e B“(U;Q(“)) N BSS(S;Q(S)),

where P, is the saddle fixed point of the cs-blender horseshoe A, and B"(u; 0") is
the u-bridge given in Subsection 2.11
Next, verify the following facts:
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e It follows from Proposition 3] that
Dy, € G (g, ™),

where G (7, @) is the u-gap given in Subsection 1l
e Thus, under the code condition (5.6)), at least & — (u+ s) of the first 7y, — 1

iterates of Dy, are contained in the interior of B"(u;0%) N B*(s; 0%).
The corresponding fact for a 2-dimensional horseshoe is stated by Colli-Vargas
[CVO01l Section 9]. The cs-blender horseshoe, on the other hand, is a 3-dimensional
object, but this fact is actually the same as for the 2-dimensional horseshoe. Based
on this, the following evaluations will be conducted.

For any integer k> 0, we here define

Then for any = € Dy, the empirical probability measure from ]\Afgfl to ]\Afg is

(N R 1 Ni 1 N
2 L Z 591'(1) = = Z 5gi(z).
N@ — NE—I N ng g+ 2 i
Hence, for any @ € CO(@,R),
(Nz_,.Np) 1 Nl Pl
By T - T @ o @ o ,
/ g +2 Z @) = nk+k+2 Z a )

_NA 1

where v = gﬁ #-1(x). Taking (EId) into account, let us divide the sum from 0
k—1
to 7, 4 + 1 into the following three parts:

My tl Ktu-1
S Gogleg )= S #ogs )
=0 i=0
K+(k+k)?—s Ay ntl
J (o~ J(p
S g e S e
j=K+u j=K+(k+k)2—s+1

where K =ng + (k + k) + L(k + k). Note that
s =K+ (k+k)?+my 7= k+E?+0k+k).

Therefore, for any € > 0, there exist integers ug, so > 0 such that, for any u > wg
and s > s,

ﬁk+E+1

Y Fog(ay )< (K +u)|eleo

(b + )2 =5 —u+1) (B(P) +2) + (my 5+ ) [ co,
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and
ﬁk+;+1

> dogilag )= (k4R —s—u+1)(@FP,)—e).
§=0

In consequence, it follows from the code condition (B8] that for any sufficiently

large E,
Rpyptl
9 < J (o~ <
P(P,) — 2 < A Z Dogl(ry 71) < D(Py) + 2e,
7=0
and hence o
’/qﬁdyiN“’N@’ - /@d(Spg <2
. (Nz_,.Np) ~ . %

That is, vy converges to dp, as k — 400 in the weak*-topology. 0

Remark 5.6. Instead of (&), for any positive integer k& and n > 2, consider a
n-periodic itinerary such that

]i}2
v* =000...01000...01...... 000...01 000...00,
——— —— —_——— ——
n n n k2—|k?2/n|n

where|-| stands for the floor function. Since

k—+o00 k2

v®) still satisfies both (@Ial) and @ID). Then, for such a v®), by the same pro-
cedure as in proof of Theorem 5.5 one can obtain the non-trivial Dirac physical
measure associated with the wandering domain supported by the n-periodic orbit.

APPENDIX A.

To show Lemma [[L3] we only need to verify the existence of a folding manifold
which is contained in W*(A), because it implies that f has a C'*-robust homoclinic
tangency of A from [BD12| Theorem 4.8]. Here the folding manifold of A is a
2-dimensional manifold with the following conditions:

* S =Uep_ s, St where ty € R with t_ < ¢, and S; is a (1-dimensional)
ss-disc of B;

e both S;_ and S, intersect W3 (P);

e for any t € (t_,ty), S lies between W _(P) and W2 _(Q).

Proof of Lemmal[l3 Let ¢y and ¢; be the parallel edges of B given as
by =1[1/2—10,1/2+ 6] x (0,0), ¢, =[1/2—0,1/2+ 0] x (1,1).

By [Z&), ¢o = f2(fo) and ¢; = f2(¢,) are contained in the quadratic curves,
respectively, as

_9 1\2 1 as _9 1\2 1 as
T = —ajay (z—i) ,y:§—7 , (T = —ajay (2—5) +a2,y:§—|—7 .

See Figure [A1]
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0, Wise(@) /1 {
Q i

Figure A.1

For a given 0 < zg < ag, we write

1 _
ty(zo) = 5 +4/a; 1a4(a2 — ).

By the second condition in (L4h)), the value inside the root is positive. For any
t € [t_(x0),t+(xo)], consider the vertical ss-disc defined as

S! = 8!(wo) = {wo} x [% - “—23 % + %] x {t}.
Note that S} (x¢) can be contained in W _(A) if one chooses x¢ appropriately. Let &’
be the collection of all of S; with ¢ € [t_(x¢),t+(x0)]. Observe that the intersection
of 8" and £, consists of two transverse points. It implies that S; (,,) and S, ()
intersect W (Q). Moreover, it follows from (L3D) and (I4al) that f preserves the
y-direction. Thus S; = f~1(S}) is an ss-disc. In consequence, S = f~1(S’) is a
folding stable manifold of A. O
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