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Abstract

The Restricted 3-Body Problem models the motion of a body of negligible mass
under the gravitational influence of two massive bodies called the primaries. If one
assumes that the primaries perform circular motions and that all three bodies are
coplanar, one has the Restricted Planar Circular 3-Body Problem (RPC3BP). In
rotating coordinates, it can be modeled by a two degrees of freedom Hamiltonian,
which has five critical points called the Lagrange points Lq,..., Ls.

The Lagrange point Ls is a saddle-center critical point which is collinear with the
primaries and beyond the largest of the two. In this paper, we obtain an asymptotic
formula for the distance between the stable and unstable manifolds of L3 for small
values of the mass ratio 0 < p < 1. In particular we show that L3 cannot have (one
round) homoclinic orbits.

If the ratio between the masses of the primaries p is small, the hyperbolic
eigenvalues of Lz are weaker, by a factor of order ,/p, than the elliptic ones. This
rapidly rotating dynamics makes the distance between manifolds exponentially small
with respect to \/z. Thus, classical perturbative methods (i.e the Melnikov-Poincaré
method) can not be applied.

The obtention of this asymptotic formula relies on the results obtained in the
prequel paper [BGG21] on the complex singularities of the homoclinic of a certain
averaged equation and on the associated inner equation.

In this second paper, we relate the solutions of the inner equation to the analytic
continuation of the parameterizations of the invariant manifolds of L3 via complex
matching techniques. We complete the proof of the asymptotic formula for their
distance showing that its dominant term is the one given by the analysis of the
inner equation.
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1 Introduction

The Restricted Circular 3-Body Problem models the motion of a body of negligible mass
under the gravitational influence of two massive bodies, called the primaries, which
perform a circular motion. If one also assumes that the massless body moves on the
same plane as the primaries one has the Restricted Planar Circular 3-Body Problem
(RPC3BP).

Let us name the two primaries S (star) and P (planet) and normalize their masses so
that mg =1 — p and mp = u, with u € (O, %] Choosing a suitable rotating coordinate
system, the positions of the primaries can be fixed at gs = (u,0) and gp = (u — 1,0).
Then, the position and momenta of the third body, (¢,p) € R? x R2, are governed by
the Hamiltonian system associated to the Hamiltonian

| P A I AN € ) B p
o === (4 ) - ol la—-toy Y

Note that this Hamiltonian is autonomous. The conservation of h corresponds to the
preservation of the classical Jacobi constant.

For p > 0, it is a well known fact that (1.1) has five critical points, usually called
Lagrange points (see Figure 1). On an inertial (non-rotating) system of coordinates,
the Lagrange points correspond to periodic dynamics with the same period as the two
primaries, i.e on a 1:1 mean motion resonance. The three collinear Lagrange points, L1,
Lo and Ls, are of center-saddle type whereas, for small u, the triangular ones, L, and
Ls, are of center-center type (see, for instance, | ).

Due to its interest in astrodynamics, a lot of attention has been paid to the study
of the invariant manifolds associated to the points L and Ly (see | , ,

]). The dynamics around the points Ly and Ls has also been heavily studied
since, due to its stability, it is common to find objects orbiting around these points
(for instance the Trojan and Greek Asteroids associated to the pair Sun-Jupiter, see
[ , , ]). Since the point L3 is located “at the other side” of the massive
primary, it has received somewhat less attention. However, the associated invariant
manifolds (more precisely its center-stable and center-unstable invariant manifolds) play
an important role in the dynamics of the RPC3BP since they act as boundaries of

effective stability of the stability domains around Ly and L5 (see [ ) ). The
invariant manifolds of L3 play also a fundamental role in creating transfer orbits from
the small primary to L3 in the RPC3BP (see | , ]) or between primaries
in the Bicircular 4-Body Problem (see | , ).

Moreover, being far from collision, the dynamics close to the Lagrange point Lj
and its invariant manifolds for small u are rather similar to that of other mean motion
resonances which play an important role in creating instabilities in the Solar system, see
[ ]. On the contrary, since the points L; and Ly are close to collision for small
1, the analysis of the associated dynamics is quite different.

Over the past years, one of the main focus of study of the dynamics “close” to
L3 and its invariant manifolds has been the so called “horseshoe-shaped orbits”, first
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Figure 1: Projection onto the ¢g-plane of the Lagrange points (red) and the unstable (blue) and
stable (green) manifolds of Lg, for x = 0.0028.

considered in | |, which are quasi-periodic orbits that encompass the critical points

L4, L and Ls. The interest on these types of orbits arise when modeling the motion

of co-orbital satellites, the most famous being Saturn’s satellites Janus and Epimetheus,

and near Earth asteroids. Recently, in | ], the authors have proved the existence of

2-dimensional elliptic invariant tori on which the trajectories mimic the motions followed

by Janus and Epimetheus (see also | , , , , , , ,
).

Rather than looking at stable motions “close to” Lj as | ], the goal of this paper
(and its prequel | ]) is rather different: its objective is to prove the breakdown
of homoclinic connections to L3. Indeed, since L3 is a center-saddle critical point, it
possesses 1-dimensional unstable and stable manifolds, which we denote by W*"(u) and
W*(u), respectively, and a 2-dimensional center manifold. Theorem 1.1 below gives an
asymptotic formula for the distance between the stable and unstable invariant manifolds
(at a suitable transverse section) for mass ratio p > 0 small enough.

1.1 The distance between the invariant manifolds of Ls

The one dimensional unstable and stable invariant manifolds of L3 have two branches
each (see Figure 1). One pair circumvents Ls, which we denote by W™ () and WS (u),
and the other, W™~ (p) and W™~ (u), circumvents Ls. Since the Hamiltonian system
associated to the Hamiltonian h is reversible with respect to the involution

(p(qapv t) = (Q17 —q2, —P1, P2; _t)u



the + branches of the invariant manifolds are symmetric with respect to the — branches.
Thus, we restrict our analysis to the positive branches.
To measure the distance between W % (1), we consider the symplectic polar change

of coordinates
cos 0 cos 6 G [ sin6
a=r (sinH) ’ p=R (sin 9) o (— cos 9) ’ (1.2)

where R is the radial linear momentum and G is the angular momentum.
We consider the 3-dimensional section

E:{(T,G,R,G)ERXTXRQ : r>1,0:g}

and denote by (1}, 5, R}, G}) and (15, 5, RS, GY) the first crossing of the invariant manifolds
with this section.
The next theorem measures the distance between these points for 0 < p < 1.

Theorem 1.1. There exists g > 0 such that, for p € (0, uo),
_A 1
72, B, G — (2, B, G = Ve 0] + 0 ()],
|log 4|

where:

o The constant A > 0 is the real-valued integral

x

dz ~ 0.177744. 1.
=2V 3@+ 1)1 = 4z — 4g2) @ = 01777 (13)

o The constant © € C is the Stokes constant associated to the inner equation analyzed
in [ ] and in Theorem 3.13 below.

Remark 1.2. We can prove the same result for any section
3(6.) = {(r,0,R,G) eERxTxR? : r>1,0=0,},

with 0, € (0,00) and 6y = arccos (% — \@) (the value of po depends on how close to the

endpoints of the interval 0, is). The section 6 = 0y is close to the “turning point” of the
invariant manifolds (see Figure 1).

The constant A in (1.3) is derived from the values of the complex singularities of the
separatrix of certain integrable averaged system, which is studied in the prequel paper
[ ]. The results obtained in | ] about this separatrix are summarized in
Theorem 3.1 below.

The origin of the constant © appearing in Theorem 1.1 is explained in Theorem 3.13,
which analyzes the so-called inner equation. This theorem is also proven in [ ].
Moreover, in that paper it is seen, by a numerical computation, that |0 ~ 1.63. We



expect that one should be able to prove that |©] # 0 by means of rigorous computer
computations (see | ). Note that |©] # 0 implies that there are not primary
(i.e. one round) homoclinic orbits to Ls.

A fundamental problem in dynamical systems is to prove whether a given model
has chaotic dynamics (for instance a Smale horseshoe). For many physically relevant
models this is usually remarkably difficult. This is the case of many Celestial Mechanics
models, where most of the known chaotic motions have been found in nearly integrable
regimes where there is an unperturbed problem which already presents some form of
“hyperbolicity”. This is the case in the vicinity of collision orbits (see for example
[ , , , ]) or close to parabolic orbits (which allows to construct
chaotic/oscillatory motions), see | , , , , , , ].
There are also several results in regimes far from integrable which rely on computer
assisted proofs | , , , |. The problem tackled in this paper and
[ ] is radically different. Indeed, if one takes the limit ;4 — 0 in (1.1) one obtains
the classical integrable Kepler problem in the elliptic regime, where no hyperbolicity is
present. Instead, the (weak) hyperbolicity is created by the O(u) perturbation, which
can be captured considering an integrable averaged Hamiltonian along the 1 : 1 mean
motion resonance’.

One of the classical methods to construct chaotic dynamics is the Smale-Birkhoff
homoclinic theorem by proving the existence of transverse homoclinic orbits to invariant
objects, most commonly, periodic orbits. Certainly the breakdown of homoclinic orbits
to the critical point L3 given by Theorem 1.1 does not lead to the existence of chaotic
orbits. However, one should expect that Theorem 1.1 implies that there exist Lyapunov
periodic orbits exponentially close to Ls whose stable and unstable invariant manifolds
intersect transversally. This would create chaotic motions “exponentially close” to Lg
and its invariant manifolds (see [ D-

As already mentioned, Theorem 1.1 rules out the existence of primary homoclinic
connections to L3 in the RPC3BP for 0 < p < 1. However, it does not prevent the
existence of multiround homoclinic orbits, that is homoclinic orbits which pass close to
L3 multiple times. It has been conjectured (see for instance | |, where the authors
analyze this problem numerically) that multi-round homoclinic connections to Lz should
exist for a sequence of values {ji},c satisfying pg, — 0 as k — oo.

A first step towards proving Arnold diffusion along the 1 : 1 mean motion
resonance in the 3-Body Problem? Consider the 3-Body Problem in the planetary
regime, that is one massive body (the Sun) and two small bodies (the planets) performing
approximate ellipses (including the “Restricted limit” when one of planets has mass
zero). A fundamental problem is to assert whether such configuration is stable (i.e.
is the Solar system stable?). Thanks to Arnold-Herman-Féjoz KAM Theorem, many
of such configurations are stable, see | , |. However, it is widely expected
that there should be strong instabilities created by Arnold diffusion mechanisms (as

!The 1 : 1 averaged Hamiltonian has been also studied to obtain “good” approximations for the global
dynamics in the 1 : 1 resonant zone, see for example | , | and the references therein.



conjectured by Arnold in [ ]). In particular, it is widely believed that one of the
main sources of such instabilities dynamics are the mean motion resonances, where the
period of the two planets is resonant (i.e. rationally dependent) [ ].

The RPC3BP has too low dimension (2 degrees of freedom) to possess Arnold
diffusion. However, since it can be seen as a first order for higher dimensional models, the
analysis performed in this paper can be seen as a humble first step towards constructing
Arnold diffusion in the 1 : 1 mean motion resonance. In this resonance, the RPC3BP has
a normally hyperbolic invariant manifold given by the center manifold of the Lagrange
point Ls. This normally hyperbolic invariant manifold is foliated by the classical Lyapunov
periodic orbits. One should expect that the techniques developed in the present paper
would allow to prove that the invariant manifolds of these periodic orbits intersect
transversally within the corresponding energy level of (1.1). Still, this is a much harder
problem than the one considered in this paper and the technicalities involved would be
considerable.

This transversality would not lead to Arnold diffusion due to the low dimension of
the RPC3BP. However, if one considers either the Restricted Spatial Circular 3-Body
Problem with small @ > 0 which has three degrees of freedom, the Restricted Planar
Elliptic 3-Body Problem with small ¢ > 0 and eccentricity of the primaries eg > 0,
which has two and a half degrees of freedom, or the “full” planar 3-Body Problem
(i.e. all three masses positive, two small) which has three degrees of freedom (after
the symplectic reduction by the classical first integrals) one should be able to construct
orbits with a drastic change in angular momentum (or inclination in the spatial setting).

In the Restricted Planar Elliptic 3-Body Problem the change of angular momentum
would imply the transition of the zero mass body orbit from a close to circular ellipse
to a more eccentric one. In the full 3BP, due to total angular momentum conservation,
the angular momentum would be transferred from one body to the other changing both
osculating ellipses. This behavior would be analogous to that of | | for the 3:1
and 1 : 7 resonances. In that paper, the transversality between the invariant manifolds
of the normally hyperbolic invariant manifold was checked numerically for the realistic
Sun-Jupiter mass ratio g = 1073. Arnold diffusion instabilities have been analyzed
numerically for the Restricted Spatial Circular 3-Body Problem in | .

1.2 The strategy to prove Theorem 1.1

The main difficulty in proving Theorem 1.1 is that the distance between the stable and
unstable manifolds of L3 is exponentially small with respect to ,/z (this is also usually
known as a beyond all orders phenomenon). This implies that the classical Melnikov
Method | | to detect the breakdown of homoclinics cannot be applied.

To prove Theorem 1.1, we follow the strategy of exponentially small splitting of
separatrices (already outlined in | ) which goes back to the seminal work by
Lazutkin | , ]. See | | for a list of references on the recent developments
in the field of exponentially small splitting of separatrices. In particular, we follow similar
strategies of those in [ , .

In the present work the first order of the difference between manifolds is not given



by the Melnikov function. Instead, we must derive and analyze an inner equation which
provides the dominant term of this distance. As a consequence, we need to “match”
(i.e. compare) certain solutions of the inner equation with the parameterizations of the
perturbed invariant manifolds.

The first part of the proof, that was completed in the prequel | |, dealt with
the following steps:

A. We perform a change of coordinates to capture the slow-fast dynamics of the
system. The first order of the new Hamiltonian has a saddle point with an
homoclinic connection (also known as separatrix) and a fast harmonic oscillator.

B. We study the analytical continuation of the time-parametrization of the separatrix
of this first order. In particular, we obtain its maximal strip of analyticity and the
singularities at the boundary of this strip.

C. We derive the inner equation.

D. We study two special solutions which will be “good approximation” of the perturbed
invariant manifolds near the singularities of the unperturbed separatrix (see Step
F below).

The remaining steps necessary to complete the proof of Theorem 1.1 are the following;:

E We prove the existence of the analytic continuation of the parametrizations of the
invariant manifolds of Lz, W% (§) and W1 (§), in an appropriate complex domain
called boomerang domain. This domain contains a segment of the real line and
intersects a sufficiently small neighborhood of the singularities of the unperturbed
separatrix.

F. By using complex matching techniques, we show that, close to the singularities of
the unperturbed separatrix, the solutions of the inner equation obtained in Step
D are “good approximations” of the parameterizations of the perturbed invariant
manifolds obtained in Step E.

G. We obtain an asymptotic formula for the difference between the perturbed invariant
manifolds by proving that the dominant term comes from the difference between
the solutions of the inner equation.

The structure of this paper goes as follows. In Section 2 we perform the change
of coordinates introduced in Step A and state Theorem 2.2, which is a reformulation
of Theorem 1.1 in this new set of variables. Then, in Section 3, we state the results
concerning Steps B, C and D above (which are proven in [ |) and we carry out
Steps E, F and G. These steps lead to the proof of Theorem 2.2. Sections 4 and 5 are
devoted to proving the results in Section 3 which concern Steps E and F.



2 A singular formulation of the problem

The Lagrange point L3 is a centre-saddle equilibrium point of the Hamiltonian A in (1.1)
whose eigenvalues, as yu — 0, satisfy

p(w) = /% + 0w,

Spec — ,Hiw , with
pec = {Fy/pp(p), Fiw(p)} ¢ {w(ﬂ):1+gu+0(u2)-

The center and saddle eigenvalues are found at different time-scales. Moreover, when
1 = 0, the unstable and stable manifolds of L3 “collapse” to a circle of critical points.
Applying a suitable singular change of coordinates, the Hamiltonian h can be written as a
perturbation of a pendulum-like Hamiltonian weakly coupled with a fast oscillator. The
construction of this change of variables is presented in detail in Section 2.1 in | ].
In this section, we summarize the most important properties of this set of coordinates.

The Hamiltonian h expressed in the classical (rotating) Poincaré coordinates, ¢po; :
(N, L,n,&) — (q,p), defines a Hamiltonian system with respect to the symplectic form
dANdL +idn A dé and the Hamiltonian

HPOi — (1):’01 + MHfOi’ (21)
with
. 1 R
HYNL,n,€) = ST L +né and HY' = hy o ¢po;. (2.2)

Moreover, the critical point L3 satisfies
A=0, (L,n,§) =(1,0,0) + O(n)

and the linearization of the vector field at this point has, at first order, an uncoupled
nilpotent and center blocks,

0 -3 0 0
00 0 0
0o 0 i o |TOW-
0 0 0 —

Since ¢po; is an implicit change of coordinates, there is no explicit expression for H}°!.
However, it is possible to obtain series expansion in powers of (L — 1,7,£), (see Lemma
4.1 1in | | and also Appendix A).

To capture the slow-fast dynamics of the system, renaming

6 = Mi7
we perform the singular symplectic scaling

bse : (N, Az, y) — (N, L,n, £), L=1+6A, n=9odz, =96y (2.3)



and the time reparametrization t = 6 ~27. Defining the potential

1
V2 +2cos N\

the Hamiltonian system associated to HT°', expressed in scaled coordinates, defines a
Hamiltonian system with respect to the symplectic form d\ A dA + idx A dy and the
Hamiltonian

V(\) = H°(),1,0,0;0) =1 — cos A — (2.4)

H = Hy, + Hose + Hy, (2.5)
where
3 T
Hp()\a A) = *§A2 + V()\), Hosc(x7 Y; 5) = 57:'247 (26)
: 1
Hi(A A, @,38) = HY(X, 14 0%A, 62, 6y;0%) = V(A) + 5 Fp(6°A) (2.7)
and
Fo(2) = (g~ (142)) 4 4 222 = 0 (2.8)
2)=|—-———=— z —+ =z =0(2°). .
P 2(1 + 2)2 2 2
Therefore, we can define the “new” first order
Ho = Hp + Hoge. (2.9)
From now on, we refer to Hy as the unperturbed Hamiltonian and we identify H; as the
perturbation.
The next proposition, proven in | , Theorem 2.1], gives some properties of the

Hamiltonian H.

Proposition 2.1. The Hamiltonian H, away from collision with the primaries, is
real-analytic in the sense of H(A\, A, x,y;0) = H(\, A, y, z;0).
Moreover, for 6 > 0 small enough,

e The critical point L expressed in coordinates (A, A, x,y) is given by
£(6) = (0,82L4(0),6°L,(5),6°£,(3)) , (2.10)
with [£A(0)], |£2(0)], |£4(6)| < C, for some constant C' > 0 independent of .

e The point £(9) is a saddle-center equilibrium point and its linearization is

0 -3 0 0
7
~I 0 0 o0
8 X
C 0 o4& 0 +0(5)
0 0 0 —%

Therefore, it possesses a one-dimensional unstable and stable manifolds, W"(9)
and W5(9).

10



Figure 2: Phase portrait of the system given by Hamiltonian H,(\, A) on (2.6). On blue the
two separatrices.

The unperturbed system given by Hp in (2.9) has two homoclinic connections in
the (A, A)-plane associated to the saddle point (0,0) and described by the energy level
Hp(\, A) = —3 (see Figure 2). We define

1
Ao = arccos (5 - \/5) , (2.11)

which satisfies Hp,(A\g,0) = —% so that, for the unperturbed system, )¢ is the “turning
point” in the (A, A) variables. We will see that, in our regime, 6 ~ X and thus the value
of 0y introduced in Remark 1.2 is indeed close to the “turning point” of the invariant
manifolds (see Figure 1).

We rewrite Theorem 1.1, in fact the more general result in Remark 1.2, in the set of
coordinates (A, A, x,y). For A\, € (0, ), we consider the 3-dimensional section

S(\) = {()\,A,m,y) ERZxC? : A=\, A >0, xz@},

which is transverse to the flow of H, and we define the first crossings of the invariant
manifolds W™"*(§) with this section as (A, AL, zl, y¥) and (A, AS, 25, 5).

Theorem 2.2. Fiz an interval [A1, A2] C (0, Xg) with Ao as given in (2.11). Then, there
exists 09 > 0 and by > 0 such that, for § € (0,d0) and A\, € [A1,Ae], the first crossings
are analytic with respect to \* and

|AS| < by, |22, [y2| < bod?, o =u,s. (2.12)

Moreover,

st = a2l =yt — ] = Va5 [lel+ 0 ()]
|log 4
AL - A3 = O(6Fe5),

where A and © are the constants introduced in Theorem 1.1.

11



2.1 Proof of Theorem 1.1

To prove Theorem 1.1 (and Remark 1.2) from Theorem 2.2 we need to “undo” the
changes of coordinates ¢py; and ¢g. and adjust the section from A = constant to 6 =
constant.

First, we consider the change ¢s. given by (A, L,n,&) = (A, 1+ §2A, 0z, 6y), (see
(2.3)). For A\ € [A1, A2] we define

L°(\;0) = 1+ 02A2, n°(As; 0) = 622, €M\ 0) =6y, foro=u,s. (2.13)
Then, by Theorem 2.2, one has

u S 0 _4
AL 0)| = [L (A3 8) = I 6)] = O (85 e )

{|@|+ <|lo;(5|ﬂ (2.14)

w‘b

A 0)| = 18 (A; 8) — *(As 0)| = V285¢ 5

Next, we study the change ¢py;. In the following result, we give a series expression
of the polar coordinates with respect to the Poincaré elements. Its proof is a direct
consequence of the definition of the Poincaré variables (see, for instance, Section 4.1 in

[ D

Lemma 2.3. Fix 9 > 0. Then, for |(L—1,7,€)| < 1 and |Im )\ < o, the polar
coordinates (1,0, R, G) introduced in (1.2) satisfy

—iA\ P2

O(L —1,1,€)?,
f \f§+ (L —=1,1,¢)
0=\ + i\/§e_i>\ - Z\/>61A5 + O( - 17"775)23

—iA z)\
€+O( 1’7755)2’ G:L—T/f

r=1+4+2(L—-1)—

1€

V2 \f

Since in Theorem 2.2 the distance is measured in the section A = )\, whereas the
Theorem 1.1, and more generally Remark 1.2, measures it in the section 6 = 6*, we
must “translate” the estimates in (2.14) to the new section. By Lemma 2.3, let gy be
the function such that 8 = X + gg(\, L,n, ). Then, for © = u, s, we consider

FO()‘79a 5) =0-A+ 9o ()\7 LO()\; 6)7770()\; 6)750()\; 6)) .

Applying the Implicit Function Theorem, Lemma 2.3 and that, by (2.13), L°(\;0) =1
and 1n°(A;0) = £€°(X;0) = 0, then there exist function A®(#; §) such that FO()\O(G, 0),0,0) =
0 and

2o(0:6) =0 — iv2e~ 7 (0;6) + V2 €0 (6; 6)
+0/(2°(6:0) — 1,7°(6:0),€(0:9))”

12



(X°(0:6);0), £(0:0) = £°(X(6:6);0) and L°(0;0) = L*(X°(;0); ).
12) (plus Cauchy estimates for their derivatives) and (2.13),

with 7°(0;0) = n°
Notice that, by (2.

X°(6;8) = 6 + O(6Y).
Thus, for any [01,0:] C (0,¢) and ¢ small enough, there exists [A1, A2] C (0,Ao) such
that, for 6 € [01,02) one has A"5(6;0) € [A1, A2]. In addition,
L°(0;6) = L°(0;0) + O(6%) = 1+ O(8?),
7°(0;6) = n°(0;6) + O(8%) = O(6*), (2.16)
£(6;5) = £°(0;6) + O(5°) = O(8*).

Then, since A > 0, by (2.13) one has that L"5(6;8) > 1 for 6 € [y, 63]. Moreover, by
Lemma 2.3 and taking ¢ small enough, one has r"*(4) — 1 > 0.

The difference between the invariant manifolds in a section of fixed 6 € [6;,605] is
given by

AN(0;8) = A"(0;5) — X3(6;6), AL(9;8) =L"(6;6) — L%(6;6),
Ad(6; 8) =7"(6; 8) — 7°(6; 6), AE(0;0) = E(0;6) — £(6;0).
Then, by (2.15) and (2.16), one has that
ANB; 8) = —iv2e P AR(0;0) + iv2e AE(0;0) + O (62AL(6;6), 5" Af(6; ), 5* AE(6; 6)) .
Moreover, by the mean value theorem, (2.14) and (2.16),
AL(6;6) = AL(X"(8;6); 8) + L3(\"(8; 6); ) — L3 (X°(6; 6); 6)

A

=0(0% e ) + 620 (AX(6:9)).

Analogously,
AR (0;8) = An(A(0;0);8) + 6°0 (AN(B;9)) ,
AE(0;0) = An(A(6;6); 0) + 6O (AX(6;9)) .
Therefore, using (2.14), one can conclude that
|AN(B; )| = O (536—%) , AG(0;0)] = V2oie 5t {|@| +0 <\1 ! |)}
AL =0 (55e#),  AL0:;8) = A7(6;9).

Once we have adjusted the transverse section, it only remains to apply Lemma 2.3 to
translate these differences to polar coordinates. That is,

' — 1S = —v/2cos @ Re ATj(6; 6) — V2 sin  Im A7(6; 6) + (’)(5?@_5%),
RY — R® = —\/2cos 0 Im A7j(6; ) + V2sin 0 Re Aj(6;6) + O(65 ¢~ 52),

GU G5 =065 e ),
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which implies

I R, GY) — (%, B2, G°)|| =V2|AR(0; 6)] + O(55 ¢ #7)
—vaste# [lol+o ()],
|log 4|

N

To conclude the proof of Theorem 1.1, it is enough to recall that § = p.

3 Proof of Theorem 2.2

In this section, we present the main steps necessary to prove Theorem 2.2 (see the
list in Section 1) and complete its proof. In Section 3.1 we summarize the results
concerning the analysis of the separatrix of the unperturbed Hamiltonian H,, (see (2.6))
done in | | (Step B). In Section 3.2, we prove the existence of parametrizations
of the perturbed invariant manifolds in suitable complexs domains (Step E). In Section
3.3, we study the difference between the perturbed manifolds near the singularities of
the perturbed separatrix. In particular, in Section 3.3.1, we summarize the results
concerning the derivation (Step C) and analysis (Step D) of the inner equation obtained
in [ | and, in Section 3.3.2, we compare certain solutions of the inner equation
with the parametrizations of the perturbed manifolds by means of complex matching
techniques (Step F). Finally, in Section 3.4, we combine all the previous results to obtain
the dominant term of the difference between the invariant manifolds and prove Theorem

2.2 (Step G).
3.1 Analytical continuation of the unperturbed separatrix

The unperturbed Hamiltonian
HO()\a Az, y) = Hp()\a A) + Hosc(xa y)

(see (2.9)) possesses a saddle with two separatrices in the (A, A)-plane (see Figure 2).
Let us consider the real-analytic time parametrization of the separatrix with A € (0, ),
c:R—>TxR

£ o(t) = (), An (D)), (31)

with initial condition o(0) = (Ag,0) where \g = arccos (% - \/i) € (3m,m).
The following result (which encompass Theorem 2.2, Proposition 2.3 and Corollary 2.4
in [ ]) gives the properties of the analytic extension of o(¢) to the domain

5% ={teC : Imt| < tanBRet+ A}U

(3.2)
{teC : |Imt| < —tanSRet + A},

with A as given in (1.3) (see Figure 3).
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Figure 3: Representation of the domain I15% in (3.2).

Ret

Theorem 3.1. The real-analytic time parametrization o defined in (3.1) satisfies:
o There exists 0 < o < § such that o(t) extends analytically to 114 g, .
e o(t) has only two singularities on 81_12‘7%0 at t = £iA.
o Thgre exists v > 0 such that, for t € C with |t —iA| < v and arg(t —iA) €
(=%3),

M(t) = 7+ 3ap(t —iA)3 + Ot —iA)3,

2 1
Aty =—"F = L O®t—iA)s,
3 (t—iA)s
with ay € C such that a3 = %
An analogous result holds for |t +iA| < v, arg (t +iA) € (—35,2F) and o = .

o Ay(t) has only one zero in H‘iftﬁo att = 0.

3.2 The perturbed invariant manifolds

In this section, following the approach described in | ) , ], we study
the analytic continuation of the parametrizations of the perturbed one-dimensional stable
and unstable manifolds, W"(6) and W*(9).

Since we measure the distance between the invariant manifolds in the section A = A,
(see Theorem 2.2), we parameterize them as graphs with respect to A (whenever is
possible) or, more conveniently, with respect to the independent variable u defined by
A= /\h (U)

To define these suitable parameterizations we first translate the equilibrium point
£(9) to 0 by the change of coordinates

beq 1 (N, Az, y) = (N A 2, y) + £(0). (3.3)

15



Second, we consider the symplectic change of coordinates

bsep : (w0, 2, y) = (A, 2,y), A=M(u), A=Ay(u)— ﬁ(u) (3.4)

We refer to (u,w,x,y) as the separatriz coordinates.

Let us remark that ¢gep is not defined for u = 0 since A;(0) = 0 (see Theorem 3.1).
We deal with this fact later when considering the domain of definition for w.

After these changes of variables, we look for the perturbed invariant manifolds as a
graph with respect to u. In other words, we look for functions

2%(u) = (w®(u), 2°(u), yo(u))T, for ¢ = u,s,

such that the invariant manifolds given in Proposition 2.1 can be expressed as

w°(u)

~ 3Au(w)’

We(4) = {(Ah(u),Ah(u) xo(u),yo(u)) + £(5)} , for o =u,s, (3.5)

with u belonging to an appropriate domain contained in Hi‘fgo (see (3.2)). The graphs
z% and z° must satisfy the asymptotic conditions

w*(u)

lim (X:EZ;,xu(u),yu(u)>: lim (Ah(u),xs(u),ys(u)>:0. (3.6)

Reu——o0 Reu—+o0

Remark 3.2. Since the Hamiltonian H is real-analytic in the sense of H(MNA z,y;0) =
H(\ A,y,z;0) (see Proposition 2.1), then we say that z(u) = (w(u),z(u),y(u))? is
real-analytic if it satisfies

w@) =w(w),  z@=y), Y@ =zw.

The classical way to study exponentially small splitting of separatrices, in this setting,
is to look for solutions z" and 2° in a certain complex common domain containing
a segment of the real line and intersecting a (O(6%) neighborhood of the singularities
u = +iA of the separatrix.

Recall that the invariant manifolds can not be expressed as a graph in a neighborhood
of u = 0. To overcome this technical problem, we find solutions z" and 2° defined in
a complex domain, which we call boomerang domain due to its shape (see Figure 4).
Namely,

Deg={ueC :|Imu| < A—ké*+tan fyRew, [Imu| < A — kd* — tan foRe u,

(3.7)
Imu| > dA — tan f1Reu},

where £ > 0 is such that A — k6% > 0, Sy is the constant given in Theorem 3.1 and
B € [Bo,5) and d € (%, %) are independent of 4.
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Reu

Figure 4: The boomerang domain D, 4 defined in (3.7).

Theorem 3.3. Fir a constant d € (%, %) Then, there exists 0y, ko > 0 such that, for
5 € (0,00), k > Ko, the graph parameterizations z* and z° introduced in (3.5) can be
extended real-analytically to the domain D, 4.

Moreover, there exists a real constant by > 0 independent of 6 and k such that, for
u € D, q we have that

b1 byt o b1 . b1

| < ) u)| < u)| <
u + A% 2 4 4205

|w®(u) < , < ——F.
u2 + A2 a2 + A2|3

Notice that the asymptotic conditions (3.6) do not have any meaning in the domain
D, 4 since it is bounded. Therefore, to prove the existence of 2" and 2° in D, 4 one has
to start with different domains where these asymptotic conditions make sense and then
find a way to extend them real-analytically to D, 4. We describe the details of these
process in the following Sections 3.2.1 and 3.2.2.

3.2.1 Analytic extension of the stable and unstable manifolds

The Hamiltonian H written in separatrix coordinates (see (3.3) and (3.4)) becomes

HSP = H3P 4 5P, (3.8)
with
sep xry sep sep
HO :w"_ﬁ, H]_ :HO(¢eqo¢Sep) _HO . (39)
Introducing the notation z = (w,z,y)’ and defining
; 0 0 0
A =olo1 0, (3.10)
00 -1
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the equations associated to the Hamiltonian H*P can be written as

{a:1+¢ww¢»

i = ASePy 1 fsep(u’ Z), (3’11)

where ¢°P = 9, H" and [P = (—8quep,i8nyep,—i@mﬂfep)T. Consequently, the
parameterizations z"(u) and z%(u) given in (3.5) satisfy the invariance equation

0u2° = AP2° + R%P[2°],  for o = u,s, (3.12)

with
_ P 0) — g*P(u, @) APp
1+ g°P(u, ) °

Remark 3.4. Note that one can use this invariance equation whenever

R*Plel(u) (3.13)

L+ g*P(u, @) = 14 0w Hy P (u,0) # 0

This condition is satisfied in the different domains that are considered in this section
and in the forthcoming ones and it is checked in Appendiz A (see (A.16) and (A.32)).
This fact is also used later in Section 3.5.

The first step is to look for solutions of this equation in the domains
Dy ={ueC : Reu< —p1}, Dy ={ueC : Reu>pi}, (3.14)
for some p; > 0, which allows us to take into account the asymptotic conditions (3.6).

Proposition 3.5. Fiz py > 0. Then, there exists 69 > 0 such that, for § € (0,dp),
the equation (3.12) has a unique real-analytic solution z° = (w®,x°,y®)T in Dy (for
© =u,s) satisfying the corresponding asymptotic condition (3.6).

Moreover, there exists by > 0 independent of § such that, for u € Dg’loo,

[w® (u)e 2| < byd?, |2°(u)e ™| < byd®, |y° (u)e ™| < byd®.

withuzﬁ% foro=nu (de:—\/% for o =s.

This proposition is proved in Section 4.1.

To extend analytically the invariant manifolds to reach the boomerang domain D, 4
we have to face the problem that these parameterizations become undefined at u = 0.
To overcome it, first we extend the solutions z" and z°* of Proposition 3.5 to the outer
domains (see Figure 5)

DM —{ueC : [Imu| < A— k62— tan GoReu,

K,d1,p2
Imu| > d1 A + tan S1Reu, Reu > —pa}, (3.15)
s,out . u,out
Dy, = {fueC: —ue Dmdl,pz},

where d; € (%,%) and po > p; are fixed independent of §, and x > 0 is such that
A— k6% >0.
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Imu Imu

u,out s,out
r,d1,p2 r,d1,p2

V4 o1 3 Reu

T

171/ T~

u,00 5,00
DPl DPl

\ :
/N

Figure 5: The outer domains Dzjg?fm and Dz(git ,, defined in (3.15)

Proposition 3.6. Consider the functions 2", z° and the constant p1 > 0 obtained in
Proposition 3.5. Fix constants ps > p1 and dy € (i, %) Then, there exist dg, k1 > 0 such
that, for 6 € (0,680), k > k1, the functions z° = (w®,2°,9°)", o = u,s, can be extended
analytically to the domain Dot

N7d17,02
Moreover, there exists bg > 0 independent of § and Kk such that, for u € Dz’zllltm,
b362 b364 badd badd
¥ (u)] < ; 2 - w [2%(u)] < 3747 ly°(u)] < 374
[ + A2] 2 4425 2 4 A2 2 4 A2

This proposition is proved in Section 4.2.
Notice that taking ps big enough, di < d and k1 < ko we have Dy, 4 C D;lmclltl -
Therefore, for the stable manifold 2%, Proposition 3.6 implies Theorem 3.3. However, we

still need to extend further 2" in order to reach Dy, 4.

3.2.2 Further analytic extension of the unstable manifold

Since by Proposition 3.6 the unstable solution z" is defined in D:’logf P2 To prove
Theorem 3.3 it only remains to extend it to the points in the boomerang domain Dy, 4

which do not belong to the outer unstable domain. Namely, we extend z" to

5,,%[ ={ueC : |Imu| < A— kd* — tan fyReu, (3.16)

Imu| < dA + tan f1Rew, [Imu| > dA —tanBiReu}, '
for suitable x and d (see Figure 6). Notice that 5,@61 C Dy, 4 and that 5,.“1 only contains
points at distance of u = +iA of order 1 with respect to 9.

As we have mentioned, to measure the difference between the invariant manifolds
WH(6) and W*(0) it is convenient to parameterize them as graphs (see (3.5)). However,
these graph parametrizations are not defined at u = 0. Moreover, since all the fixed point
arguments that we apply to obtain the graph parameterizations rely on complex path
integration, we are not able to extend them to domains which are not simply connected.
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Reu

Figure 6: The domain 5ﬁ,d defined in (3.16).

u,out

wodi,py WE need to switch to a different parametrization

Therefore, to reach En’d from D
that is well defined at v = 0.
The auxiliary parametrization we consider is the classical time-parametrization which
is associated to the Hamiltonian H in (2.5). (Recall that the graph parametrization z"
was associated to the Hamiltonian H%P = H o g © Psep)-
This analytic extension procedure has three steps:

1. We consider the outer transition domain (see Figure 7)

52203;% ={veC : [Imv| < A— ky6* — tan fyRew,
Imv| > d2A + tan S1Rew, (3.17)
Imv| < d3A + tan f1Re v},

where di < dg < d3 < % are independent of § and ko > k1 is such that A—rk262 > 0.

. Hu,out u,out
Notice that D,%d%d3 - Dm,dl,pz'

Since & = 1 + o(1) (see (3.11)), we look for a real-analytic and close to the
identity change of coordinates u = v + U(v) defined in DE’;SE 4, such that the
time-parametrization

(V) = ¢eq © Psep(v +U(v), 2" (v +U(v))) (3.18)

is a solution of the Hamiltonian H in (2.5). That is, © = 1 and I'*(v) € W"(¢) for
v e D™ See the details in Proposition 3.7 and Corollary 3.8 below.

K2,d2,d3”

2. We extend analytically the time-parametrization I'"(v) to reach the domain 5,“1.
In particular, we extend I'" to the flow domain

D!, ={veC : |Imv| < A—ré>—tan foRew,

. (3.19)
Imv| < dyA + tan f1Re v},
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Imwv

’LA — 5362 p-... .. U1

Reu Rewv

Figure 7: The domain D"°5' given in (3.17) (left) and D237d4 in (3.19) (right).

K2,d2,d3

where dy € (dg,d3) is independent of § and k3 > ko is such that A — k362 > 0.
Notice that,
DYt ADY , #£0,  and  Dya DI 4,

Ka,d2,d3 K3,d4

for ds € (dq1,ds) and kg4 > k3. See the details in Proposition 3.9.

3. We prove that there exists a real-analytic close to the identity change of variables
of the form v = u + V(u), u € Dy, 45, such that the function 2"(u) defined by

(112" (1)) = (deq © Puep) ™ (T (1 + V() ) (3.20)

gives an invariant graph of HP in (3.8). See the details in Proposition 3.10 and
Corollary 3.11 below.

As a consequence, we have extended analytically z" to 5&4,d5-
For the first step, we look for a function U such that (v+U(v), 2" (v +U(v))) is a
solution of the differential equations given by the Hamiltonian H*P in (3.8). Therefore,

U satisfies
Oy U(W) = 0 Hi® (v +U(v), 2" (v +U(v))). (3.21)

u,out

The next proposition ensures that ¢ exists and it is well defined for v € D7 ). ds-

Proposition 3.7. Let the function z" and the constants p2, di and k1 be as obtained in
Proposition 3.6 and consider constants da,ds € (dy, %) such that do < d3 and K9 > Kq.
Then, there exists dg such that, for § € (0,00), the equation (3.21) has a real-analytic

. . u,out
solution U : D,_%d%d3 — C.

Moreover, for some constant by > 0 independent of § and forv € 5:;(:2;,d37 U satisfies

U(v)| < byd? and  v+U(v) e DV

K1,d1,p2°

This proposition is proved in Section 4.3. Together with Proposition 3.7 implies the
following corollary.

21



Corollary 3.8. Under the hypothesis of Proposition 3.7, there exists dg > 0 such that,

~u,out

for 6 € (0,60), the function T in (3.18) is well defined and real-analytic in D", ds-

On the following, we use without mention that I'™(v) can be split as
I'(v) = Th(v) +T(v), with { . (3.22)

The next proposition extends the parametrization I'" to the domain Dgs 4, (see (3.19)).

Proposition 3.9. Let the function I'* and the constants do, ds and ko be as obtained in
Corollary 3.8 and Proposition 3.7 and fix dy € (da,ds) and k3 > ka. Then, there exists
do > 0 such that, for § € (0,00), T can be real-analytically extended to DEB Ay

Moreover, there exists a constant bs > 0 independent of 6 such that, for v € DU

K3,da’
IA)] < b5, [A(v)] < b56°, |&(v)] < bs6°, [9(v)] < bsd”.

This proposition is proved in Section 4.4.

For the third step, we “go back” to the graph parametrization z"(u) by looking for
a change v = u+ V(u) for u € 5n,d. Notice that, in order to satisfy equation (3.20) and
recalling (2.10), V must be a solution of

~

AMu~+V(u)) = Ap(u) — Ap(u+ V(u)). (3.23)

Then, one can easily recover the graph parametrization (w"(u),z"(u),y"(u)) using the
equations

()

Ap(u) — Ap(u+V(u)) — 35, (1) + 220 (8) = Au + V(u)),
2 (u) + 83L.(0) = &(u + V(u)), (3.24)
y"(u) +6°L,(8) = §lu + V(u)).

The next proposition ensures that V exists and it is well defined in 5,.“1 (see (3.16)).

Proposition 3.10. Let the function I'" and the constants d4s and k3 be as obtained
i Proposition 3.9 and the constant di as obtained in Proposition 3.6. Let us consider
constants ds € (dy,dy) and kg4 > k3. Then, there exists 69 > 0 such that, for § € (0,0dp),

equation (3.23) has a real-analytic solution V : D,., 4. — C satisfying

V(u)| < bgd? and  u+V(u) € DA

K3,da”
for some constant bg > 0 independent of § and u € 5,%,15.

Proposition 3.10 is proved in Section 4.5. Summarizing all the previous results we
obtain the following result.
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Corollary 3.11. Let the function V and the constants ds and k4 be as obtained in
Proposition 3.10. Then, there exists 69 > 0 such that, for 6 € (0,0y), equation (3.24)
has a unique solution 2" = (w", z%, y")T : 5,.@4,515 — C3.

Moreover, there exists a constant by > 0 independent of § such that, for u € 5,%(15,

[w" (u)| < b76%, |2 (u)| < brd”, |y (u)] < b76°.

To finish this section, notice that, taking ps big enough, d > ds and kg > k4 we have
that N _
Dyoa C D¥°Y  UDg 4.,  with D™ ND,, 4 #0,

K1,d1,p2 K1,d1,02
and then, Corollary 3.11 and Proposition 3.6 imply the statements of Theorem 3.3
referring to the unstable manifold z".

3.3 A first order of the invariant manifolds near the singularities
Let us consider the difference

Az = (Aw, Az, Ay)T =z" - 25

where z" and 2° are the perturbed invariant graphs given in Theorem 3.3. Since 2" and
2® satisfy the invariance equation (3.12), the difference Az satisfies the linear equation

Az (u) = AP Az(u) + B (u)Az(u), (3.25)

where AP is as given in (3.10) and
_ 1
B (u) = / D.R*P[o2" + (1 — 0)2°](u)do. (3.26)
0

Since z" and 2° are already defined in D, 4, gSpl(u) can be considered as a “known”
function.

In addition, since the graphs of z" and 2° belong to the same energy level of H®P
(see (3.8)), we have that

H®P(u, 2%(u); 6) — H**P(u, 2°(u);0) =0, for u € Dy 4.

Therefore, we can reduce (3.25) to a two dimensional equation. Indeed, defining T =
(11, T2, T3) such that

1
T(u) = / DLH*P (4,02 (u) + (1 — 0)2"(u)) do, (3.27)
0
and applying the mean value theorem we have that

T1(u)Aw(u) + To(u)Az(u) + Ts(u)Ay(u) = 0.
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Notice that Y1 (u) = 1+f01 OwHL™® (u,02"(u) + (1 — 0)2%(u)) do and therefore Y1 (u) # 0
for u € Dy, 4 (see Remark 3.4). Therefore, writing
TQ (u)

Aw(u) = () Azx(u) —

T, () Ay(u) (3.28)

and defining A® = (Az, Ay)?, the last two components of (3.25) are equivalent to

OuAD(u) = ASpl(u)A<1>(u) + BSpl(u)Aq)(u), (3.29)
where
1 spl spl ~>spl
a4 B 0 B! = B B iBh . (3.30)
0 52 + BSpl B:S))P21 Tg BSPI Tg BSPI

Next, we give an heuristic idea of how to obtain an exponentially small bound for
Ay(u) for u € Dy, 4. The case for Az is analogous. If we omit the influence of BP!, then
there exists ¢, € C such that Ay is of the form

Ay(u) = cy e 52"
Evaluating this function at the points

uy = i(A — k%), u_ = —i(A — k%),

one has Ay(uy) ~ cyeé%_”. Then, since Ay(uy) ~ 1, it implies that ¢, ~ e and,
as a consequence, Ay is exponentially small for © € R. However, we are not interested in
an upper bound of Ay but in an asymptotic formula. Thus we have to find the constant
¢y, or more precisely a good approximation of it.

To this end, we need to give the main terms of Ay at u = u. Likewise we need to

analyze Az(u) ~ ¢, ea?% at u = u_. To perform this analysis we proceed as follows:

1. We provide suitable solutions Zy®(U) of the so-called inner equation. The inner
equation, see | , ], describes the dominant behavior of the functions z"
and z° close to (one of) the singularities u = +£iA. In particular, it involves the
first order of the Hamiltonian H®P close to a singularity and it is independent of
the small parameter §. See Section 3.3.1.

2. We check how well z"*(u) are approximated by Z,*(U) around the singularities
u = +iA by means of a complex matching procedure. See Section 3.3.2.
3.3.1 The inner equation

In this section we summarize the results on the derivation and study of the inner equation
obtained in | |. We focus on the inner equation around the singularity u = iA,
but analogous results hold near u = —iA.
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To derive the inner equation, we look for a new Hamiltonian which is a good
approximation of H*P given in (3.8), in a suitable neighborhood of u = ¢A. First,
we scale the variables (u,w, z,y) so that the graphs z%*(u) become O(1)-functions when
u —iA = O(6?). Since, by Theorem 3.3, we have that

wo(u) =07 3),  2°(w) =0(3),  y°(u)=0(63), foro=u,s,
we consider the symplectic scaling ¢y, : (U, W, X,Y) — (u,w,z,y), given by
_iA
= 2Z 7 W:(;%%, leLv Y:1L7
g 205 6320 55V 2a

where ay € C is the constant given by in Theorem 3.1, which is added to avoid the
dependence of the inner equation on it. Moreover, we also perform the time scaling
T = 62T. We refer to (U, W, X,Y) as the inner coordinates.

U=

(3.31)

Proposition 3.12. The Hamiltonian system associated to (3.8) expressed in the inner
coordinates is Hamiltonian with respect to the symplectic form dU AdW +idX AdY and

H™ =H + HP, (3.32)
where
HU,W,X,Y) = H™U,W,X,Y;0)|s=0 = W + XY + K(U,W, X,Y),
with
KU, W, X,Y) = — Suiw? - L ( ! —1),
4 3U5 \V1+J(UW,X,Y)

AaW? 1 1 AX+Y 2
gwwxy) =" O AR (. 2

- + +
Ui o7Us  81U? elof 3U3

4i(X-Y) X?4+Y? 10XY
o 2 B T T 4
3Us 3U3 9U3

Moreover, if ;' < |U| < ¢1 and (W, X,Y)| < ¢ for some ¢y > 1 and 0 < ca < 1, there
exist bg,y1,v2 > 0 independent of 9, c1,co such that

|HI™(U, W, X,Y;6)| < bsc] c}253. (3.33)

This result is proven in | | in Proposition 2.5.
Now, we present the study of the inner Hamiltonian #. Denoting Z = (W, X,Y)7,
the equations associated to the Hamiltonian H, can be written as

U=1+g"(U,2),
Z=A"Z+ f™U,2),
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H_
/K ReU

Figure 8: The inner domain D% for the unstable case.

where
. 0
A" = 0], (3.34)

o O O
O = O

—1

and fin = (—0uK,ioy K, —i@XIC)T and ¢ = Oy K. We look for invariant graphs Z =
Zy(U) and Z = Z(U) of this equation, that satisfy the invariance equation also called
mner equation,

duZS(U) = AZ5 + R™[Z5)(U),  for o =u,s, (3.35)
e U, ¢) - " (U, 0) A
in MU ) — 9" (U, p) A"
R"[p)(U) = : . 3.36
[p](U) L+ (U p) (3.36)

These functions Zj and Zj will be defined in the domains
DN = (U € C: [ImU| > tan BoRe U + K}, DSIn — _puwin,

respectively, for some x > 0 and with 3y as given in Theorem 3.3 (see Figure ).
Moreover, we analyze the difference AZy = Zj — Z§ in the overlapping domain

En—prnapsnn (e C : ImU < 0}.

Theorem 3.13. There exist r5,bg > 0 such that for k > ks, the equation (3.35) has
analytic solutions Z$(U) = (WE(U), X$(U), Y (UN)T, for U € D™, o = u,s, satisfying

USWS(U)| <bo,  |USXSU)| <bo,  |USYS(U)] < bo.
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In addition, there exist © € C, byg > 0 independent of k, and an analytic function
X = (x1,x2,x3)" such that, for U € £,

AZy(U) = Z§(U) = Z3(U) = 077 ((0,0,1)7 + x (1)),
with |(U3x1(U), Uxa(U), Uxs(U)] < buo.

This result is Theorem 2.7 of | ]

Remark 3.14. To obtain the analogous result to Theorem 3.13 near the singularity

u = —1iA, one must perform the change of coordinates
A . N N
V:#, W =45 wQa X=—+"—, V="',
) 202 5320 8320
where a— € C is a— = ax (see Theorem 3.1). Then, for V € Dg’in, one can prove the

existence of the corresponding solutions
Z8WV) = (Ws (V). X5(V), 5 (V)" where o =u,s.

Due to the real-analyticity of the problem (see Remark 3.2) we have that )/(\0(1) =Y°(U).
Therefore, the difference AZy = Z§} — Z§, is given asymptotically for U € E™ by

AZy(V) =0e" ((o, 1L,0)" +¢ (V)),

where ¢ = ((1,C2,(3)T satisfies |(V%C1(V),V{g(V),VQC;:,(V)\ < C, for a constant C
independent of k.

3.3.2 Complex matching estimates

We now study how well the solutions of the inner equation approximate the solutions
of the original system given by by Proposition 3.6 in an appropriate domain. As in the
previous section, we focus on the singularity u = ¢A, but analogous results can be proven
for u = —iA (see Remark 3.14). Let us recall that the functions z"° are expressed in
the separatrix coordinates (see (3.4)) while the functions Z;* are expressed in inner
coordinates (see (3.31)).

We first define the matching domains in separatrix coordinates and, later, we translate
them to the inner coordinates. Let us consider §o, (3, and  independent of § and k,
such that

3
O<B2<BO<B3<gv and ’Y€|:5a1>7

with By as given in Theorem 3.1. Then, we define u; € C j = 2,3 (see Figure 9), as the
points satisfying:

e Imu; = —tan S;Reu; + A — ré2.
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Imu Imu

*h,u - -
D mch,s
K Dh

Reu

Figure 9: The matching domains DM and DM in the outer variables.

e |u; —uy| = 8?7, where uy = i(A — kd?).
e Reus < 0 and Reus > 0.

We define the matching domains in the separatrix coordinates as the triangular domains

DMt =Ty, DR = uy (—ug) (—1).

Let dy, po and k1 be as given in Proposition 3.6. Then, for k > k1 and § > 0 small
enough, the matching domains satisfy

pmehu ¢ prowt and Dppehs ¢ prot (3.37)

K,d1,p2 K,d1,p2”

and, as a result, z" and z° are well defined in ngh’u and D,r{nCh’s, respectively.
The matching domains in inner variables are defined by

D?Ch,o _ {U cC : 2U+iAc Dﬁmch’o} , for ¢ = u,s, (3.38)

with A
U; = %, for j = 2,3. (3.39)
Therefore, for U € Dy Ch’o,

C
F{,COSIBQ S |U| S m

By definition,
’ ( 7- a ) ( 7.
DmC] u Du m nd DI];:HC S DS ll’l’

for k > k5 (see Theorem 3.13). Thus, Z;” is well defined in prchus,
In order to compare z"%(u) and Zy*(U), we translate z™° to inner coordinates

T
<& & <
Z°(U) = (W°, X°,Y° T(U)—(a‘éw v Y ) (32U +iA), (3.40)
( ) 37 S aay $vaas
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with o = u,s and 2° = (w®,2°,5°)T are given in Proposition 3.6. Therefore, by (3.37),

Z° is well defined in the matching domain D?Ch’o (which is expressed in inner variables).
Next theorem gives estimates for Z"* — Z*°.

Theorem 3.15. Consider k1 and k5 as obtained in Proposition 3.6 and Theorem 3.13,
respectively. Then, there exist v* € [%, 1), kg > max{k1,K5} and &g > 0 such that, for

v € (v*, 1), there exists bi1 > 0 satisfying that, for U € DENC o> ke and § € (0,dp),
STV 2(1—) o 2(1—) o 2(1—)

UsWr(U)] <budst", JUXTU)[ <bnds ", [UYP(U)] < bnds ",

with (W, X2, YOV = 29 = Z° — Z§ and o = u,s.
This theorem is proven in Section 5.
3.4 The asymptotic formula for the difference
We look for an asymptotic expression for the difference
AD = (Az, Ay)T = (2% — 25, y* — )7,

where (z%,y") and (2°,9y°) are components of the perturbed invariant graphs given in
Theorem 3.3. Recall that, by (3.29), Ad satisfies

DuAD (1) = AP (u)AD(u) + B (u) Ad(u), (3.41)

with A%P! and B! as given in (3.30). The equation is split as a dominant part, given
by the matrix AP! and a small perturbation corresponding to the the matrix BP.
Therefore, it makes sense to look for A® as A® = APy + h.o.t with a suitable dominant
term A®y = (Axg, Ayg)” satisfying

OuAD (1) = AP (1) Adg(u). (3.42)

A fundamental matrix of (3.42), for u € Dy, 4, is given by

M(U)=<m$(u) 0 ) (3.43)

0 my(u)
with i v
my(u) = eﬂ%BI(u), B, (u) = exp (/uz B;?Ql(s)ds> , o1
my(u) = e " By(u), By(u) = exp </U* ggf’g(s)ds> :

and a fixed u, € Dy g NR. Then, A®y must be of form

AdDy(u) = (A%(u)> = (Cgmx(u)> : (3.45)

Ayo(u) cgmy(u)
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for suitable constants c2, cy € C which we now determine.

By Theorems 3.13 and 3.15 and using the inner change of coordinates in (3.31), we
have a good approximation of Ay(u) near the singularity u = iA given by

1 u—1A
Ay(u) ~ V20,53 AY, (52) .
Then, taking u = u, = i(A — k6?), we have that
1 uy —iA 1, .
Ay(ug) = Ayo(uy) = V2a,63AY, ) = V2a,.83¢ 701 + x3(—ik)).

Then, using that Ay(us) ~ Ayp(us) = cgmy(u+), and proceeding analogously for the
component Az at the point u_ = —i(A — xk6?) (see Remark 3.14), we take

Q=520 V2a_B; Y (u_) and &= 6%6_6%9\/§Q+By_1(u+). (3.46)

T Y

To prove Theorem 2.2, we check that A®g(u) is the leading term of A®(u), for u €
RN D, 4, by estimating the remainder A®; = A® — Ad,.

In order to simplify the notation, throughout the rest of the document, we denote
by C' any positive constant independent of § and k to state estimates.

3.4.1 End of the proof of Theorem 2.2

We look for A®; as the unique solution of an integral equation. Since A® satisfies (3.41),
by the variations of constants formula

cxmx(u)> / my ' (s)m (B (5)Ad(s)) ds

Ad(u) = )
( ) (cymy(u) / mfl Bspl( )A(I)(S)) ds

(3.47)

where M(u) is the fundamental matrix (3.43), s belongs to some integration path in
D, 4 and ¢, and ¢, are defined as

cr = Ax(u)mz(u-), ey = Aylup)my ™ (uyg). (3.48)
For k1, ko € C, we define
Tlkr, ko) (u) = (kn mg(u), ko my ()", (3.49)

and the operator

mafw) [ m (B7(5)65)) ds
Elp)(u) = r : (3.50)
my(u)/ my t(s) mo (BSpl(s)cp(s)) ds



Then, with this notation, A®y = Z[c2, cg] (see (3.46)) and equation (3.47) is equivalent

to A® =T[c,, cy] + E[AP]. Since € is a linear operator, AP, = AP — Adg satisfies

A®(u) = Tley — 2, ¢y — cg](u) + E[AD))(u) + E[ADP1](u). (3.51)

)

To obtain estimates for A®q, we first prove that Id — £ is invertible in the Banach
space XSPh = 5Pl s XsPl with

A—|Im u|
= {<P¢Dn,d—>C el = sup 6”2 (u) <+°°},
ueD,.i,d
endowed with the norm
spl spl spl
I3 = Nleal™ + w2l (3.52)

for ¢ = (¢1, p2). Therefore, to prove Theorem 2.2 it is enough to see that A®, satisfies
that [|A® || < €53 [logd| .
First, we state a lemma whose proof is postponed to Appendix B.1.

Lemma 3.16. Let kg, 0y be the constants given in Theorem 3.5. Then, there exists a
constant C' > 0 such that, for k > ko, 6 € (0,00) and u € D, 4, the function T in
(3.27), the matriz B! in (3.30) and the functions By, By, in (3.44) satisfy for k > ko,
5 €(0,600) and u € Dy, q,
C Cé Cé
Ti(w) =1 < —, [T <——7, [T <—"7, (353)
K |U2 _|_A2|3 |’LL2 _|_A2|3
C §?

| < m: i,j € {1,2}.

Cl' <|B.(w)|<C, *=u=xy, and |Bfg’1(u)

In the next lemma we obtain estimates for the linear operator £ (see (3.50)).

Lemma 3.17. Let kg, dg be the constants as given in Theorem 3.3. There exists bio > 0
such that for 6 € (0,00) and k > Ko, the operator £ : Xipl — Xipl in (3.50) is well
defined and satisfies that, for ¢ € Xipl,

b12
K

spl

IELIIE < = el

In particular, 1d — &€ is invertible and
_ spl S
1(0d - &)l < 21llellF

Proof. Let us consider & = (£1,&)7, ¢ € Xipl and v € D, q. We only prove the estimate
for E[¢](u). The corresponding one for & [p](u) follows analogously.
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By the definition of m, in (3.44) and Lemma 3.16, we have that

Imu

|Ea2lp](u)] < Co%e 52

/” e L (s) + !wzz(S)!dS
Ut ‘S2+A2‘

U |Ims|—Ims ds
© " arap
Ut ‘S =+ A

Let us consider the case Imu < 0. Then, for a fixed ug € RN Dy 4, we define the
integration path p; C D, 4 as

1
< C8% T ||

Juy 4+ 2t (uo — uy) for t € (0, 1),
= uo + (2t — 1)(u — ug) for t € [3,1).
Then,
1 2[Im py |
|Im 2 1 2 im o) -
alilu)] < ot ol [ [TE < S
0 |pt —iA| L olpe +iA] K

If Imu > 0, we consider the integration path p; = uy + t(u — uy) for t € [0,1] and we

obtain
S 1 | u C [Imu|—A s
I e T a T
Therefore, [|E2[¢]]|* < € [|o|3. O
Notice that, by (3.51), A®; satisfies
(Id — E)AD (u) = Z[cy — 2y ey — 02] (u) + E[ADg](u). (3.54)

Since, by Lemma 3.17, Id — & is invertible in X5 we have an explicit formula for A®;.
Nevertheless, we still need good estimates for the right hand side with respect to the
norm (3.52).

Lemma 3.18. There exist k«, 0o, b13 > 0 such that, for k = k. [logd| and § € (0,dp),

prl b13 5%

A (I) Spl
<oyl €A@Y <

|Z[ca — ey —

with T, (2, ¢)), (ca,¢y), € and A®q defined in (3.49), (3.46), (3.48), (3.50) and (3.45),
respectively.
Proof. By the definition of the function Z,

Izes — ey = GIIIT" = few = Bl lmal™ + Je, = | lmy ™",

T y‘ ||my”
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where m, and m, are given in (3.44). Then, by Lemma 3.16,

Im u+|Im u|

A A
Ima|[*P' = e3> sup [ o m)@ <Ced?,  |my|T < Cei?,
and, as a result,

|Z[ca — ey — cg]Hipl < Cest (Jce — Al +ley — ). (3.55)

Y

We now obtain an estimate for |¢, — ¢J|. The estimate for |c, — c)| follows analogously.
By the definition of m,, (see (3.44)), one has

_A _
ey — 02’ —e 2th |B, 1(u+)’ |Ay(uy) — Ayo(uy)|. (3.56)
Let us denote AY = Y" — Y® where Y"™* are given on (3.40). Recall that Y"5 =

Yy + Y] where Y, is the third component of Z;*, the solutions of the inner equation
(see Theorems 3.13 and 3.15). We write,

Ay(uy) = V20,65 AY (“*52 ZA) = V20,63 [AY) (—ik) + Y} (—ik) — Y7 (—ir)].

By the definition of Ay in (3.45) (see also (3.46)), we have Ayg(u4) = ﬂouré%@e_”
Then, by (3.56) and Lemma 3.16,

ley — ) < oaée—%+“[}AY0 (—ik) — O] + [V (ir)| + |V} (—ir)| }
and, applying Theorems 3.13 and 3.15, we obtain

\cy — cg| < 05%6_5%+H

|x3(—ir)e "‘|+ Csz0- 7)} 0536 32 (1—1—53(1 Nek )

where v € (y*,1) with v* € [2,1) given in Theorem 3.15. Taking x = k. [logd| with
2

0 < ks« < 5(1 — ), we obtain

1

3
icy - 62| < ‘10g5|

This bound and (3.55) prove the first estimate of the lemma.
For the second estimate, it only remains to bound A®y and apply Lemma 3.17.
Indeed, by the definition of A®q in (3.46), Lemma 3.16 and (3.55), we have that

1AD|[P! = ||Z[c2, [ < Cei? (|2 + |2]) < €.

el

oa\»—A
U

Since k = k. [log 8| with 0 < k. < 2(1—~), Lemma 3.17 implies HE[A<I>0]|| < £ o

=

g
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With this lemma, we can give sharp estimates for A®; by using equation (3.54).

Indeed, since the right hand side of this equation belongs to Xipl, by Lemma 3.17,
A®y(u) = (Id = &) (Z[ex — ¢, ¢y — ) (u) + E[AD](u)) -

Then, Lemmas 3.17 and 3.18 imply
AR < (3.57)

To prove Theorem 2.2, it only remains to analyze B, (u_) and By (u4.).

Lemma 3.19. Let k4 be as given in Lemma 3.18. Then, there exists 0g > 0 such that,
for 6 € (0,60) and k = k4 |logd|, the functions B, By defined in (3.44) satisfy

1,y ‘“(rrxh(u*))( <1)>
B, (u_)=e€"9 1+0 Togo]/) )

B—l 4 (m—=An(ux)) <1 ( ))
y (uy) =eo +0 7‘1 3] ,

where ux = +i(A — kd?).

This lemma is proven in Appendix B.2.

Let us € Dy g NR. We compute the first order of A®q(u.) = (Amo(us), Ayo(us))T.
Since, by Theorem 3.1, (a;)? = (a_)? = %, and applying Lemma 3.19 and (3.46), we
obtain

1_A 1
|Azo(u)| = |Ayo(us)| = V2|0 43¢5 (1 +0 (Ilog5l)) '

Moreover, by (3.57),

Cobe 3
log 6|

| Az (us) = Azo(us)], [Ay(us) — Ayo(us)| <

Finally, notice that the section u = u, € Dy 4 N R translates to A = X" 1= Ap(u.) (see
(3.4)). Moreover, since A\, = —3A;, (see (3.1)), one deduces that Ap(u) > 0 for u > 0.
Therefore, by the change of coordinates (3.4), Theorem 3.3 and taking ¢ small enough,

w (us)
3Ah(u*)

A° = Ap(uy) — = Ap(us) + O(6%) >0,  with o =u,s,

and, therefore using formula (3.28) for Aw and Lemma 3.16, we obtain that

_A

A" — AS| < C'|Aw(w)| < C8 |Az(w,)| + C8 |Ay(uy)| < Co3e 2.
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4 The perturbed invariant manifolds

In this section, we prove Theorem 3.3 by following the scheme detailed in Sections 3.2.1
and 3.2.2.

Throughout this section and the following ones, we denote the components of all
the functions and operators by a numerical sub-index f = (f1, fo, f3)7, unless stated
otherwise.

4.1 The invariant manifolds in the infinity domain

The first step is to prove Proposition 3.5, which deals with the proof of the existence of
parameterizations z" and z° satisfying the invariance equation (3.12) and the asymptotic
conditions (3.6). We only consider the —u— case, being the —s— case analogous.

Consider the invariance equation (3.12), 9,2" = A%Pz" + R*P[2"], with AP and
R5P defined in (3.10) and (3.13), respectively. This equation can be written as

L2" = R*P[2Y], with Lo = (0, — A*P)o. (4.1)
In order to obtain a fixed point equation from (4.1), we look for a left inverse of £ in a

suitable Banach space. To this end, for a fixed p; > 0 and a given a € R, we introduce

XS = {gp : D — C @ @ real-analytic, [[¢l|y = sup [e”p(u)| < oo},

u,00
u€Dp]

and the product space X° = A5 X X% X X2°, with v = 4/ % endowed with the weighted
product norm

el = S llallz + lle2ll” + sl

Next lemmas, proven in | ], give some properties of these Banach spaces and
provide a left inverse operator of L.

Lemma 4.1. Let a, 8 € R. Then, the following statements hold:
1. Ifa> B >0, then X3° C X5°. Moreover |lo||5” < |l¢lls -
2. If o € X3° and ¢ € X§°, then ¢ € X3 5 and [|C]1 555 < llellg IS5 -
Lemma 4.2. The linear operator G : X° — X3° given by
u u i u i T
Glelw = ([ s, [ e s, [ et onsis)
—0o0 —0oQ —00

is continuous, injective and is a left inverse of the operator L.
Moreover, there exists a constant C independent of 6 and p1 such that, for ¢ € XZ°,

IGTNIE < C (lenll3y + 6% 2l + 6% lleslly) -
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Notice that the eigenvalues of the saddle point (0,0) of Hy(A,A) (see (2.6)) are
i\/%. Then, the parametrization of the separatrix o = (Ag, Ap,) (see (3.1)) satisfies

Ap € X°  and Ay € AC. (4.2)

Therefore, z" is a solution of (4.1) satisfying the asymptotic conditions (3.6) if and only
if 2" € AL° and satisfies the fixed point equation

p = Flgl = G o R*[¢].
Thus, Proposition 3.5 is a straightforward consequence of the following proposition.

Proposition 4.3. There exists 69 > 0 such that, for 6 € (0,0¢), equation ¢ = F|p] has
a solution z" € X2°. Moreover, there ezists a real constant biy > 0 independent of §
such that [|2"|| < b146°.

To see that F is a contractive operator, we have to pay attention to the nonlinear
terms R5P.

Lemma 4.4. Fiz 9 > 0 and let R*P be the operator defined in (3.13). Then, for 6 > 0
small enough? and |¢|| < 083, there exists a constant C' > 0 such that

IRl < C8, RSPl < C6, 5 =23
and

10, RPNy < €%, 10RIPIAN < Co, |9, RIP[e]], < €,
10LRFP[AZ, < €0, RIS <C, 10,RFPIelll” <€, j=2,3.

The proof of this lemma is postponed to Appendix A.1.

Proof of Proposition 4.3. Consider the closed ball
B(o) = {p € &% : |lol¥ < o}
First, we obtain an estimate for F[0]. By Lemmas 4.2 and 4.4, if ¢ is small enough,
oo Se o Se o Se o ]'
IFI]I < CORIPI0]]l5,, + Co2 (IR0 + O [REPI0][1,° < 551453, (4.3)

for some b4 > 0.
Then, it only remains to check that the operator F is contractive in B(b146°). Let
©,p € B(b1463). Then, by the mean value theorem,

1
R L] - RSP(@] = VO DRP[s¢ + (1 s)@lds| (9 — @), j=1,2.3.

2To simplify the exposition, in this lemma and in the technical lemmas from now on, we avoid referring
to the existence of §p and just mention that é must be small enough. We follow the same convention for
k whenever is needed.
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Applying Lemmas 4.1 and 4.4 and the above equality, we obtain
IRTPle] = RIP[Ell5, < sup [Ilw Sl 10wRIP[C N
CEB(b1453)

+llp2 = Gl 1R + lles — @l 19y Rsep[dllﬂ < Clle — @l

IR 6] = REPIAINE < sup [l = Bull5s 10w RSP,
CEB(b1463)

+ 2 = Gall;° 10:REP[CIG + llps — @ally? HayR;ep[dHSO} <Clle—-2lY-

for j = 2,3. Then, by Lemma 4.2 and taking 6 small enough,

IFle] = FIANS < CIRT L] — RYP(E]ll5, + C5QZIIRsep — RV
Jj=2 (44)

- 1 -
<Ol -2l < 5l =2l

Then, by the definition of ¢ in (4.3) and (4.4), F : B(b146%) — B(b146°) is well defined
and contractive. Therefore, F has a fixed point 2% € B(b146%). O

4.2 The invariant manifolds in the outer domain

To prove Proposition 3.6, we must extend analytically the parameterizations z" and 2°
given in Proposition 3.5 to the outer domains, Dﬁ’zllmm and Dz(ﬁt »,» Tespectively. Again,
we only deal with the unstable -u- case, being the -s- case analogous. We prove the
existence of z" by means of a fixed point argument in a suitable Banach space.

Given a, 8 € R, we consider the norm

1 52
lellgss = sup g5 (w) (u? + 42)" o), g5(u) = + ,
Y eni, A 2 23
and the associated Banach space
out Du ,out C - l- 1 out 4.5
X5 = { widips ¢ real-analytic, [l¢][, <oo}. (4.5)

These Banach spaces have the following properties, which we use without mentioning
along the section. Their proof follows the same lines as the proof of Lemma 7.1 in

[ J

Lemma 4.5. The following statements hold:

1. If p € X3, then o € XY, for any B2 € R and

{H‘PHZ&EQ < Cllelles, Jor B2 — 1 >0,
lellats, < C(r6%)2=P lp||9%, ,  for B2 — 1 < 0.
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2. If o € XU | then o € XU . for any B2 € R and

a,B1’ a—1,B2
lello) 5, < Clilles, for B2 — p1 > 2,
)-8
lelioty g, < CO*(k8%) P25 ol . for B — 51 < §.
3. If o € XMy and ( € XNy | then o¢ € AN, 5 5, and

1eCI0™, y iamy < 05, ISR, -

4 1Ifp € X&%t—irl and ¢ € X(ilzgt_s_%; then ¢ + 6%C € Xﬁ%t and

o+ 62C12% < Npllgityy + Gl s

Let us recall that, by Proposition 3.5, the invariance equation (3.12) has a unique
solution 2" in the domain D);> satisfying the asymptotic condition (3.6). Our objective

is to extend analytically z% to the outer domain D:’Z?tpz. Notice that, since p; < po,
) ) t 11 ) ) t

Dy N D", # 0 (see definitions (3.14) and (3.15) of Dp™ and D" ).
As explained in Section 4.1, equation (3.12) is equivalent to L£z" = R*P[z"] with

Lo = (0y — A%P)p and R*P given in (3.13). In the following lemma we introduce a

right-inverse operator of £ defined on X O‘?‘g

Lemma 4.6. Let us consider the operator G| = (Gi[¢1], Galal, Gales])”, such that

Gll(u) = ( | es, [Cemt I sas, [ ?eé“—“%og(s)ds)T,

—p2 U1

where uy and Wy are the vertices of the domain D:’Z?tpz (see Figure 5). Fiz 3 > 0. There
exists a constant C' such that:

1. If o € XPY, then Gilp] € X%y and |Ga[]9'_1 < C llell]%-

2. If o € AQY, then Gilo] € X3, j = 2,3, and ||G;[¢llgs < C8* llellgs-

The proof of this lemma follows the same lines as the proof of Lemma 7.3 in

[ J

Consider u; and uy as in Figure 5 and the function

i ; T
Fo(u) = (wu(_92>7 xu(ﬂl)e_??(ul—u), yu(ul>65—2(u1—u))

Notice that, since 0 < p; < pa, we have {—pa, u1,u1} € Dp;”°. Therefore, by Proposition 3.5,
z% is already defined at these points. We define the fixed point operator

Flo] = FO 4 G o R*P[y], (4.6)
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where the operator RSP is given in (3.13). Since £L(F°) = 0, by Lemma 4.6, a solution
2" = F[z"] satisfies L£z" = R%P[2"] and by construction is the real-analytic continuation
of the function z" obtained in Proposition 3.5.

We rewrite Proposition 3.6 in terms of the operator F defined in the Banach space

out out ou out
XM = AP XO’ x Xy v

endowed with the norm

out out out

t
lell%™ = & llenllTo + lleallgs + llesllgs -

Proposition 4.7. There exist §y, k1 > 0 such that, for § € (0,00) and k > k1, the fized
point equation 2z = F[z"] has a unique solution 2% € X", Moreover, there exists a real
constant bys > 0 independent of § and k such that Hz“”ollt < b150°.

We prove this proposition through a fixed point argument. First, we state a technical
lemma, whose proof is postponed until Appendix A.2. Fix ¢ > 0 and define

Blo) = {p e a2« ol < o}

Lemma 4.8. Fiz 9 > 0 and let R*P be the operator defined in (3.13). For 6 > 0 small
enough and r > 0 big enough, there exists a constant C > 0 such that, for ¢ € B(06?),

IR <08 IR <08 j=23
and,
[0uRIPIITE < C0% 1 RIIllos < 5 19,RYIello < O,
10, REPIAIIS < 0o RSP 2 < € lo,REAIRY < O
l0.REP LIl < €6, R Iellgs < Co, |0, REP LIS > < C.

The next lemma gives properties of the operator F.

Lemma 4.9. Fiz o > 0 and let F be the operator defined in (4.6). Then, for § > 0
small enough and x > 0 big enough, there exist constants big,bi7 > 0 independent of 0
and Kk such that

IFIO][1™ < bigd®.
Moreover, for ¢, p € B(063),

1) -
S 1Fle] — BB < bir (5 llor — Bl +llon — a3 + lles — @l )
bi7 . .
176l - BRI < Mo -G, for =23
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Proof. First, we obtain the estimates for F[0]. By Proposition 3.5, we have that
W' (=po)| < C&2, |a*(@)| < C8°, |y"(w)| < O,
and, as a result, ||F°[|9%* < C63. Then, applying Lemmas 4.6 and 4.8, we obtain

u out se ou sSe ou
IFONIE™ < [[FOIIS" + COIRTPIONITY + €% i, IRFP0)l5 < C8°.

For the second statement, since F = F 04 GoR%P and G is linear, we need to compute

estimates for R%P[p] — Rsep[ p|. Then, by the mean value theorem,

R[] — REP[P) U DR}™[sp+ (1= s)@lds| (¢ — @),  j=1,2,3.

In addition, by Lemmas 4.5 and 4.8, for j = 2,3, we have the estimates

C

10w R ellon < 50 [0RIPLAITE <

C
sep out sep out
||8w7?,j [QO]H_L% < 25 Haij lelllon < 252"

We estimate each component separately. For j = 1, we have that

RPN <

> Q

I

19, R5P IS < 53

IRl = RIPIGINTY < sup 8| llor — @ull§h 110wRTPCIIo Y
C€B(033)

t t
+llp2 = @251 10RIPICT 1 + lloos — @sllgs 18, RIPICIITE s

cs
<5 ler = allys + Cllgz — @allg’s + Cllos — Bsllo s

out

Analogously, for j = 2,3, we obtain

IRS™lel = REPIES < sup [ ller = illSE 10uREPICT I o
¢€B(06%) '3

+llp2 — G2llgd 10:RFPICNGE + s — Esllgs 18, RIS ]H‘“‘t]

||0ut
)

C
252 ||<70 -

and, using Lemma 4.6, we obtain the estimates for the second statement.

o
>

O]

Lemma 4.9 shows that, by assuming « big enough, operators F»2 and F3 have Lipschitz
constant less than 1 with the norm in X%". However, we are not able to control the
Lipschitz constant of F;. To overcome this problem, we apply a Gauss-Seidel argument

to define a new operator

~ ~ fl[w,fg[z],fg[z]]
Flel = Fllw, 2, y)] = BF] :

which turns out to be contractive in a suitable ball and has the same fixed points as F.
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End of the proof of Proposition 4.7. We look for a fixed point of F. First, we obtain an
estimate for || F[0]||2"". We rewrite it as

T
Flo] = F[0] + (F1[0, F2[0], Fs[o]] - F1[0],0.0) .

and we notice that, by Lemma 4.9, [|(0, F2[0], F3[0])[|%* < [|F[0]]|3 < C&3. Then,
applying Lemma 4.9, there exists constant by5 > 0 such that

IFL0]1S < [IF (011" + || 71 [0, F2[0], F5[0)) — Fr (0]
(4.7)
< | FO]I5" + C || F2[0 ]Hout +C || 750 ]HO“t < 61553

Now, we prove that the operator F is contractive in B (b1563). Indeed, by Lemma 4.9,
we have that, for o, $ € B(b150°),

- ou 6 ou ou ou
Sl — Flgllg < (ﬁw1¢mtﬂmm RIS + 1 7sle) - Fl2lIgY )
06 ~ ou ou ou
<= ller—@llyy + o -l < gHso Bl
o W C .
el - BRI = 1556l - BRI < Sl -, forj=23

Then, for £ > 0 big enough, we have that || F[e] — F[@][|2" < Sl — @2 . Together

with (4.7), this implies that T B(b156%) — B(b156°) is well defined and contractive.
Therefore, F has a fixed point 2% € B(b156%). O

4.3 Switching to the time-parametrization

In this section, by means of a fixed point argument, we prove Proposition 3.7. That is,
we obtain a change of variables U satisfying (3.21), that is

OU = RU] where R[U] = 0, H;" (v+U(v), 2" (v +U(V))). (4.8)

To this end, we consider the Banach space

yout _ {(p : 52’;2;d3 — C : preal-analytic, ||¢|sup := sup |[U(v)| < oo}. (4.9)

First, we state a technical lemma. Its proof is a direct consequence of the proof of
Lemma 4.8 (see also Remark A.7 in Appendix A.2).

Lemma 4.10. Fiz ¢ > 0. For § > 0 small enough and p € Y such that ||¢||sup < 062,
there exists a constant C > 0 such that ||R[¢]||sup < C6? and | DR[¢]||sup < C2.
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Let us define the operators

Glyl(v) = /U p(s)ds, and F=GoR, (4.10)
p

3

where p3 € R is the rightmost vertex of the domain Dz Ozllt ds (see Figure 7). Then, a

solution U = F[U] satisfies equation (4.8) and the initial condition U (p3) = 0.
Proof of Proposition 3.7. The operator G in (4.10) satisfies that, for ¢ € YUt

1Gle]llsup < Cllollsup- (4.11)

Then, by Lemma 4.10, there exists by > 0 independent of § such that
1
”F[O]Hsup < CHR[O]Hsup < §b452- (4.12)

Moreover, for ¢, € B(b46%) = {¢ € Y°™ : ||¢|lsup < b46?}, by the mean value theorem
and Lemma 4.10,

o = @llsup < 052"90 — @llsup-
sup
Then, by Lemma 4.10, (4.11), (4.12) and taking ¢ small enough, F' is well defined and
contractive in B(b402) and, as a result, has a fixed point U € B(b46?).

It only remains to check that v + U(v) € D:lost ), for v e 522025 s

U ||sup < b46% and 52203; & C Dy Z?tm taking § small enough the statement is proved[.]

1Rle] — Riglloup = H / " DRlsp + (1 8)@lds

Indeed, since

4.4 Extending the time-parametrization

In this section, we extend analytically the parametrization I'* given in Corollary 3.8

from the transition domain Dgzg?fpz to the flow domain Dg 4, (see (3.19)).

Since I' satisfies the equations given by H in (2.5), I = I'" — T, (see (3.22)) satisfies

O\ = —3A + 9y H, (T}, + T;0),

9,A = -V (\n + X + V(M) — O\Hy (D, + T 6),
Dy = 52 5 + 0y H) (T, + T30),
| 0u) = _Zﬁ i0, Hy (T, + T 0),

which can be rewritten as £8T = R[T], where

0 -3 0 0
—V"(A(®) 0 0 0
i, _ (9 _ Af fle,y — h )
Ll =(0,— A'w))p,  Av) 0 0 & 0 | (4.13)
0 0 0 —%
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and

T ]() 8H(F (v)+ (v);0)
¥1 M11(L A sg) : (4.14)

with T[(pl] = —V,(/\h + S01) + V,(/\h) + V”()\h)tpl.
We look for T' through fixed point argument in the Banach space Xfl = (X ﬂ)4, where

xf = {gp : Dg&d4 — C : preal-analytic, ||o|t:= sup |o(v)| < oo},
veDl
K3,dyg

endowed with the norm

fl fl fl fl fl
el = dlleall™ + dlleall™ + 1@l + [leall.

A fundamental matrix of the linear equation & = All(v)¢ is

3An(v)  3fa(v) 0 0
—Ay(v) =1 (v 0 0 v
D (v) = 3() fg() Gy | vt A0 =M [ 22"
0 0 0 e 52°

Note that fj,(v) is analytic at v = 0.
To look for a right inverse of operator £ in (4.13), let us consider the linear operator

i@ = ([ erors, [ eatorts, [ estorts, [ puisras)

0 0 1 1

where vg, v; and T; are the vertexs of the domain Df (see Figure 7). Then, the

linear operator g[ ] = ®G[®~1¢] is a right inverse of the operator £, and, for ¢ € X',
satisfies

K3,d4

1G LA™ + 18l < € (llpal® + llgal®) 1G5l < Co2lliy | for j = 3,4. (4.15)

Next, we state a technical lemma providing estimates for R, Its proof is a direct
consequence of the definition of the operator in (4.14) and Corollary A.2, which gives
estimates for HT° in (2.1) (see also the change of coordinates (2.3) which relates H{°!
and Hy).

Lemma 4.11. Fiz ¢ > 0 and consider ¢ € XL with |¢||s < 063. Then, for § > 0 small
enough , there exists a constant C' > 0 such that the operator R in (4.14) satisfies

IRV RS < Co®, RS 1RSI < Co,
ID; RV < 05, 4le{1,2,3,4}.
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Denote by e;, j = 1,2, 3,4, the canonical basis in R*. Noticing that, by Corollary 3.8,

the function I' = (X, A, 2, ) is already defined at {vo, v1,71} € DE;E; 4, We can consider
the function

FO(v) = ®(v) [® " (vo) (A(vo)er + A(vo)es) + &(01) @~ (T1)es + §(v1) D~ (v1)es] .

Then, since G\ (FO) =0, it only remains to check that F = F0 + 3 o R is contractive in
a suitable ball of Af.

End of proof of Proposition 3.9. First, we obtain a suitable estimate for F[0]. Applying

u,out

Propositions 3.6 and 3.7 and using (3.18) we obtain that, for v € D™

K2,d2,d3’
Aw)| <C8% |A()| <082, i) <C8, )| < O

. _ ~u,out
Therefore, since {vg,v1,71} € D s

IF% < ClA(vo)| + C3|A(vo)| + Cl&(@1)| + Clglv)| < CF,
and, applying (4.15) and Lemma 4.11, there exists b5 > 0 independent of ¢ such that
1
IFO1% < IE°I% + 116 o RUO][ < S b50%. (4.16)
Let us define B(bs0°) = {p € X o)t < b50°}. By the mean value theorem and

Lemma 4.11, for ¢, $ € B(b56%) and j = 1, .., 4, we obtain

4

IRY ] — R[] < Z v (DRI} o —

<Cly -l

Then, by (4.15) and taking § small enough,

2
IFle] = FLElll <06 | YIRSl - RYAIM| + C6?

J=1

4
SR - R?muﬂ]
(4.17)

=3
~fl 1 ~nfl
<Cdllp — @llx < slle— @llx-

Therefore, by (4.16) and (4.17), F is well defined and contractive in B (b50%) and, as
a result, has a fixed point I' € B(b50?). O

4.5 Back to a graph parametrization

Now we prove Proposition 3.10 by obtaining the change of variables V : Eﬁ ds — C as
a solution of equation (3.23). This equation is equivalent to V = N[V] with

Nlgl(u) =

3A;(u) [5‘(“ + () + An(u+@(u)) — Ap(u) + SAh(u)cp(u)} .
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We obtain V by means of a fixed point argument in the Banach space

Y= {gp : l~),€47d5 — C @ ¢ real-analytic, [|¢[lsup == sup  [p(u)] < oo}.

UGD,m,ds
Proof of Proposition 3.10. Let us first notice that, by Theorem 3.1,
Cil S HAhHSup S C. (418)

Since d5 < d4 and k4 > k3, we have that 5,.;47(15 C Dgs 4,0 (see (3.16) and (3.19)).
Then, applying Proposition 3.9, there exists bg > 0 independent of § such that

1 _ . 1
[N 0] loup < S 11CAR) ™ loupllMlsup < 5068

Next, we compute the Lipschitz constant of A" in B(bgé2) = {p € Y : [ollsup < b60? }.
By the mean value theorem, for ¢, » € B(bgd?) and ¢s = (1 — s)p + sp, we have that

INTg) = N@lllowp < sup

ueD

1
/o DN ps)(u)ds| |l — P |lsup-

Kyg,ds

For u € 5;{4@5 and ¢ small enough, we have that u + @,(u) € D? Therefore, by

K3,dq”
Proposition 3.9, (4.18) and recalling that A\, = —3Ay,

o {10 )]+ 1A ) = An(u)]} < OB

| DN [s](u)| < 3[An ()|

and, taking & small enough, [N [e] —N[@]|lsup < 3/l — @|lsup- Therefore, the operator N
is well defined and contractive in B(bgd?) and, as a result, has a fixed point V € B(bg6?).
Besides, since l~?,$47d5 C Dgg,d4’ we obtain that u + V(u) € Dg3,d4 for u € 5&4@5 and

¢ small enough.
O

5 Complex matching estimates

This section is devoted to prove Theorem 3.15 which provides estimates for Z}"° =
Z™S — Zy® in the matching domains DRI and DM given in (3.38). We only prove
the theorem for Zj', being the proof for Zj analogous.

5.1 Preliminaries and set up

Proposition (3.12) shows that the Hamiltonian H®°P expressed in inner coordinates, that
is H™ as given in (3.32), is of the form H™ = W + XY + K + H{". Then, the equation
associated to H'™ can be written as

{ U=1+g¢"U, Z2)+ g™™U,Z2),

Z=A"Z+ f™NU,Z)+ frNU, 2), (5.1)

45



where A" is given in (3.34) and
1" = (~ouK.ioy K, —ioxK)" | 9" = oWk, (5.2)
5.2
i . in . in T mc in
fmCh = (—8UHin,layH1 ,—Zale ) s g h = aWHl .

Notice that, since (u,z"(u)) = o (U, Z%(U)) (see (3.40)), (U, Z*(U)) is an invariant
graph of equation (5.1). Therefore, Z" satisfies the invariance equation

aUZu — AinZu + Rin[zu] + RmCh[Zu],
with R as defined in (3.36) and

Ain(p+fin( a(p) +fmCh(Uva SD) i i
Rochr o] = G — Ahp — R[], 5.3
(] T+ 0" (U.0) + 4" (U, 0) @ (] (5.3)

Similarly Z satisfies the invariance equation 9y Zy = APZE + R[ZY] (see Theorem
3.13) and, therefore, the difference Zj' = Z" — Z must be a solution of

ouZy = AMZY 4+ B(U)Z} + R™B[2Y], (5.4)

with
1 .
BU) = /0 DzR"[(1 - 8)ZY + sZ%(U)ds. (5.5)

The key point is that, since the existence of both Zj and Z" is already been proven, we
can think of B(U) and R™"[Z")(U) as known functions. Therefore, equation (5.4) can be
understood as a non homogeneous linear equation with independent term R™E[Z%](U).
Moreover, defining the linear operator £™¢ = (9 — A™)¢p, equation (5.4) is equivalent
to

LPZNU) = BU)Z}NU) + R™P[Z(U). (5.6)

We prove Theorem 3.15 by solving this equation (with suitable initial conditions). To

this end, we define the Banach space Xmeh = ych 5 ymch o ymch with
3

a

xmeh — {cp DN C ¢ g real-analytic, ||| ™" = sup  |[U%(U)| < oo},

UeDrﬁnch,u
endowed with the product norm [j¢||2" = ||301H1%mh + (|2l + [leps | 7"

Next lemma gives some properties of these Banach spaces.
Lemma 5.1. Let v € [%, 1) and «, 8 € R. The following statements hold:

1. If o € X2N then ¢ € Xémh for any B € R. Moreover,

mch _ mch
ol < Crb=e |l for a> B,
o3t < OB p|=h - for a < B.
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2. If o € X and ¢ € X, then ¢ € XY and [|oC|[25h < [lel| 2 (115"

This lemma is a direct consequence of the fact that, as explained in Section 3.3.2, U
satisfies

jeos iy < U] < o (57)

(1=)"

Now, we present the main result of this section, which implies Theorem 3.15.

Proposition 5.2. There exist v* € [%, 1), kg > max{k1,ks5}, 6o > 0 and big > 0 such
that, for v € (v*,1), £ > g and 6 € (0,00), Z}' satisfies || 23| 2% < byg 55017

5.2 An integral equation formulation

To prove Proposition 5.2, we first introduce a right-inverse of £ = gy — A™.

Lemma 5.3. The operator G*[¢] = (giln[gol],g;“[goz],ggn[@g])T defined as

G el(U) = (

where Uy and Us are introduced in (3.39), is a right inverse of L.
Moreover, there exists a constant C > 0 such that:

1. Let a > 1. If o € X2V then Gi"[p] € X2 and ||G[¢] HmCh C |||

a—1 —

U u o U T
/apl(S)dS, e=i(5~1) sy ()dS, e’(SU)cpg(S)dS>, (5.8)

Us Us Uz

meh < O |2

Ia

2. Leta>0,j=2,3. Ifp € X™N then g}n[w] € xXmeh gnd Hg}n[ap]

The proof of this lemma follows the same lines as the proof of Lemma 20 in | ]-
Using the operator G, equation (5.6) is equivalent to

Z1(U) = "MV 4 G B- 21] (U) + (67 0 R™M(2]) (U),
where Ch = (Cmich omch cmehyT' g defined as
Cit =Wi(Us),  CRP=e X (Us),  CP" =ePyi(Ua).
Then, defining the operator T[¢](U) = G [B - ¢] (U), this equation is equivalent to
(Id = T)Z} = Cm<heA™V 4 (g o R [2Y]) (5.9)

and therefore, to estimate Z}', we need to prove that Id — 7 is invertible in X7 mch,u

Lemma 5.4. Let us consider operators B and G™ as given in (5.5) and (5.8). Then,
for~ € [%, 1), k > 0 big enough and § > 0 small enough, for ¢ € X2,

Il = 6715 ol 1" < 5 ol
and therefore

1ad = T) 7 ]| 2" < 2l et
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To prove this lemma, we use the following estimates, whose proof is a direct result
of Lemma 5.5 in | ].

Lemma 5.5. Fiz 9 > 0 and take k > 0 big enough. Then, there exists a constant C
(depending on ¢ but independent of k) such that, for ¢ € XmCh with H(pHmCh < o, the
functions g™ and f™ in (3.36) and the operator R™ in (5.2) satisfy

lo"colz" <o el <o el <o i=23
and

lowRPl; ™ <€ loxRYEIF™ <. [lavRYAIIT" <

lowRFlRE" <0 oxRPlell;™ <. v R < ¢ g =23,

Proof of Lemma 5.4. Let Z" be as given in (3.40). Then, by Proposition 3.6, estimates
(5.7) and taking v € [2,1), we have that, for U € pmebu

c 0§55 C

W) < —5 + T <
o UL o

IxvEet <o, yEt <o (5.10)
3 3

Then, using also Theorem 3.13, we obtain that (1 — s)Z8 + sZ% € X2 for s € [0, 1]
and v € [2,1) and ||(1 — s)Z} + sZ“||TCh < C. As a result, using the definition of B in
(5.5) and Lemma 5.5,

1BLalg <€, Bl <O, [BiglF < C,
7 meh meh o (5.11)
1B;, 1” <O, B2y <O, |IBslly < C, for j =2,3.

Therefore, by Lemmas 5.3 and 5.1 and (5.11), we obtain

ITiRlIE < Cllms (Be)l[T

mch

T @2l + (1Brsl T sl

<C| mch+|

Il

h h h h
Hsmllmc *Ilwzllmc Ellwsllim Sgll@ll‘i}c :

Proceeding analogously, for j = 2,3, we have

C’
h h h h h h
T3 < C{IBA 5" leal[3 + Z 1Bjallo™ leel™ | < — [l -
1=2
Taking x > 0 big enough, we obtain the statement of the lemma. O
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5.3 End of the proof of Proposition 5.2

To complete the proof of Proposition 5.2, we study the right-hand side of equation (5.9).
First, we deal with the term C™"eA"V | Recall that Uy and Us in (3.39) satisfy

c! C .
mﬁ”fﬂém, for j =2, 3.
Then, taking into account that W' = W* — W, (5.10) and Theorem 3.13 imply
C 161
CH™| = (WY (Us)] < [W(Us)| + [Wg(Us)| < e < 0550
3 3

and, as a result, by Lemma 5.1, ||Cich||meh < 550, Analogously, for U € DR®Y,
3

Clo—1m (U=Us)

: C5501-7
Us|3

CFheil| = |eiU=UD X (1) <

IN

and then ||CheiU ||k < O§ 507, An analogous result holds for 3¢~ Therefore,
|ometeA™ Ve < 055 (), (5.12)

Now, we estimate the norm of G o R™[Z%]. The operator R™" in (5.3) can be
rewritten as
Rmch[Zu] _ fmch(l _|_gl'n) _gmc%l(Amzu_{_fm)'
1+g")1+g" + g0

Then by (5.10), Lemmas 5.1 and 5.5 and taking x big enough, we obtain

i m C 1 -y u in uy ||
O T L i .
I 2l < ¢, =iy + 2 < C

To analyze f™h and g™ (see (5.2)) we rely on the estimates for Hi® in (3.33) and
its derivatives, which can be easily obtained by Cauchy estimates. Indeed, they can be
applied since U € D2™" and, by (5.10),

wHO)]L XML Y U) < C.
Then, there exists m > 0 such that
97N (U, 2%)| < CoTT2MATN | b, 29| < €652, for j=1,2,3. (5.14)

We note that, for v € (7§, 1) with 7§ = max{2, #2=2} 'we have that 3 —2m(1 —+) > 0.

Then, for v € (73, 1), d small enough and « big enough, using (5.13) and (5.14) we obtain

[RPMZY(U)| < €852 for j=1,2,3.
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Then, by Lemmas 5.1 and 5.3,
G 0 RMHZ 3 = GI o RYH 23 + S0, G o R 247t

mc: u mc mc: u mc é— m Z —
< CIRPMZYF™ + Ty ORGP < O35 —2m+3) 0,

If we take v* = max {%,’Yf)kaﬁk} with ~f = §Z§i? and vy € (%, 1),
Hgin ORmCh[Zu]HI;:Ch < Ca%(l—’y)' (515)

To complete the proof of Proposition 5.2, we consider equation (5.9). By Lemma 5.4,
(Id — T) is invertible in X2® and moreover

mch

X

HZ11JHmCh _ H(Id B T)fl (CmcheAi“U + gin o Rmch[zu])

X
mch

<9 HcmcheAiﬂU +Gin o RmehZy]

X

Then, it is enough to apply (5.12) and (5.15).

A Estimates for the invariant manifolds

In this appendix we prove the technical Lemmas 4.4 and 4.8. All these results involve,
in some sense, estimates for the first and second derivatives of the Hamiltonian H;** in
(3.9). However, to obtain estimates for H;°", we first obtain some properties of H}°!

(see (2.2)), which can be written as

1 1—
HPo = —P[0] - ——EPlu) — Plu—1], A.
= [0] . (1] = Pl —1] (A1)
where
PIINL.n,€) = (llg = (.07 © dpei. (A.2)
In | |, we computed the series expansion of P[(] in powers of (7,&). In particular,
P[¢] can be written as
1
PICI(N\, L,n, &) = A.3
L) = A+ B L) A
where A and B are of the form
A[C](\) =1 — 2¢ cos A + 2, (A.4)
BIIONLan€) =L~ {1~ Coos ) + = (36 267 — ce~2™)
£ ix 2iA (4.5)
+$(3g—2e _Ce ) +R[C]()\aL777>€)>
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and, for fixed o > 0, R is analytic and satisfies that

RN Lo, )] < K(9) |~ L. €)*, (A.6)
for ImA| <o, (L—1,n,§)] < 1 and ¢ € [-1,1].
Then, wherever |A[C](A)| > |B[C](A, L, n,&)|, P[C](A, L,n,€&) can be written as

IR TR - e AN C:I9)E

Remark A.l. The Hamiltonian HY*' = HEY? + uHYO! (see (2.1) and (A.1)) is analytic
away from the collisions with the primaries, that is zeroes of the denominators of P|u]
and Plp —1]. For 0 < u < 1, one has

Alp] =14+ 0(p), Alp—1] =2+ 2cos A + O(p).

Therefore, in the regime that we consider, collisions with the primary S are not possible
but collisions with P may take place at X ~ 7.

Poi
1

We now obtain estimates for H; ° in domains “far” from A\ = .

Lemma A.2. Fiz Ao € (0,7) and po € (0,3) and consider the Hamiltonian HF®' and
the potential V' introduced in (A.1) and (2.4), respectively. Then, for for |A| < Ao,
(L —1,1,8)| < 1 and p € (0, uo), the Hamiltonian HY®' can be written as

HIPOi()VL)T/a‘S;,u) - V()‘) :DO(Ma)‘) + Dl(,ua )‘)((L - 1)77776) + DZ(A,Lﬂ?’f;M)’
such that, for j =1,2,3,

|DO(/~L’)‘)|§K/J’3 |(D1(N7)‘))J|§K7 |D2()\,L,77,£,,U)|§K|(L—1,77,§)|2,
with K a positive constant independent of A and p.

A.1 Estimates in the infinity domain

To prove Lemma 4.4, we need to obtain estimates for R%P and its derivatives. Let us
recall that, by its definition in (3.13), for z = (w, z,y) we have

) i T
RSGP[Z] = fep('vz) f?sep('a Z) - ZS% gsep(" Z) f3sep('7 Z) + 6% gsep(" Z) (A 8)
A\ L+ geer(s,2) 14 g*°P(-, 2) ’ 14 g%P(-, 2) ’ '

where g*P = 9, Hi and [P = (—9,H®, id, H*®, —i0, H:™)".

Therefore, we need to obtain first estimates for the first and second derivatives of
Hi*P| introduced in (3.9), that is

H*® = H o (beq © Psep) — (w + %) , (A.9)
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where H = Ho + H; with Hy = Hy, + Hose (see (2.5), (2.9)).
Since (Ap,Ap) is a solution of the Hamiltonian H}, and belongs to the energy level

_ 1
Hy= -1,

2

1 w Ty
) + Hose(z,y;0) = —5tw- 6A2 () + 52

~ 3A,(u)

HO o ¢sep = Hp (Ah(u)a Ah(u)
Therefore, by (A.9), the Hamiltonian H" can be expressed (up to a constant) as

HSP = M o0 e — (A.10)

6A2 (u)’
where

M()\a A7 €,Y; 6) = (H © ¢eq)()\a A: €,Y; 5) - HO()\a A7 €, y)
In the following lemma we give properties of M.

Lemma A.3. Fiz constants o > 0 and \g € (0,7). Then, there exists do > 0 such that,
for 6 € (0,600), |Al < Ao, |A] < 0 and |(x,y)| < 00 , the function M satisfies

[OAM| < C8 |(A, A)| + Cd |(2,y)], [0 M| < C (A A, z,y)]
[0AM | < C3% (X, M) + Co|(z,9)] [0y M| < Co[(\ A, z,y)|,
and
|03M |, |0 M|, |0 M| < C8?, |0;; M| < C6, fori,j€{\Az,y}.

Proof. Applying ¢eq (see (3.3)) to the Hamiltonian H = Hy + H;, we have that

M:(Hoo¢eq_H0)+Hlo¢eq

2 i 3.9 (A.11)
= 0(2Ly +yLa) +367ALA + 07 —5 L4 + Loy | + Hi 0 deq.

Then,

|0;; M| < |8¢jH1()\, A+ 8280, 2+ 0L,y + 0Ly; 5)’ , fori,je{\Azxy}. (A.12)
Since [A| < ¢ and |(z,y)| < 00, then |[A 4 62€x| < 20 and |(z + 63Le,y + 63L,)| < 206,
for § small. By the definition of H; in (2.7) we have that,

. 1
Hi(\ A, z,y;8) = HEOV (A, 1+ 6%A, 6z, 0y;0%) = V () + 5—4Fp(52A),

where HF°! is given in (2.2) (see also (2.3)), V is given (2.4) and F, is given (2.8) and
satisfies Fj,(s) = O(s®). Since |(52A,5a:,5y) < 206% < 1, we apply Lemma A.2 (recall
that § = ;ﬁ) and Cauchy estimates to obtain

|03 H1| |0 H1l, |03 H| < C62, 0ijH1| < C6, forid,je{\Azy}. (A13)
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Then, (A.12) and (A.13) give the estimates for the second derivatives of M.

For the first derivatives of M, let us take into account that, by Theorem 3.1, 0 is
a critical point of both Hamiltonians (H o ¢eq) and Hy and, therefore, also of M =
(H o ¢peq) — Hp. This fact and the estimates of the second derivatives, together with the
mean value theorem, gives the estimates for the first derivatives of M. O

End of the proof of Lemma 4./. Let us consider ¢ = (@w,gpz‘, o7 € X2 such that
el < 08%. We estimate the first and second derivatives of Hy? evaluated at (u, p(u))
(recall (A.8)), given by

u 2 (u
H®(u, p(u);6) = M <)\h(u),Ah(u) — gp/{"h((J),gox(u),@y(u);é) — (;p[{%((u)) (A.14)

First, let us define

_ Pu(u)
3Ah(u)

oa(u) = Ap(u), oa(u) = Ap(u) and @ = (px, P, Po, Py)-

Since ||¢||3 < 06% and A, Ay € X° (see (4.2)),
lpwlly < C8%  llpalls s leyllys < C8% llgally? s lleally® < C. (A.15)
Moreover since, by Theorem 3.1, Ay (u) # 7 for u € D™, we have that

loa(u)| = ()] <7, lea(u)] < Ce™ < O, [(palu), py(u)| < C8%7 < CF°

and, therefore, we can apply Lemma A.3 to (A.14). In the following computations, we
use generously Lemma 4.1 without mentioning it.

1. First, we consider ¢°P = 9,,H;". By (A.14), we have that

sep _ aAM © (I)(u) @w(u)

Notice that, by Theorem 3.1, [Ay(u)| > C for u € Dp;>°. Then, [|A;1]%, < C.
Therefore, by Lemma A.3 and estimates (A.15), we have that

195 0)lle” < Co 6 lloally” + dlleally” + llezlly” + lleylls?] + C llewlla,

A.16
< 062 (A.16)
To compute its derivative with respect to w, by (A.14), we have that

02M o ®(u
g™ (u, p(u)) = AQA}QL (u)( - 3A,%(u)’

and, by Lemma A.3 and estimates (A.15), [|[0,9°P (-, ¢)||,, < C. Following a
similar procedure, we obtain ||0,g°P (-, ¢)||Z, < C6 and ||9,g°P(-, )|, < C4.
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2. Now, we obtain estimates for f{” = —9,H;". By (A.14), we have that

Ah(u)
- 3A%(u) SOEU (u)

TP (1, p(u) = = A ()M o ®(u)

_ <Ah(u) + 3AA’%(Z‘U)) gpw(u)> O M o B(u).

Then, since Ap, A, € X, by Lemma A.3 and estimates (A.15), we have that
1P (@)l < C82. To compute its derivative with respect to z, by (A.14),

Ap(u)
W)

8:vflsep(u7 gp(u)) - )‘h(u)ax)\M °© (I)(u) - (Ah(u) + (Pw(u)) OpAM o @(’U,)
and, therefore, [|0, f1F(-, )| < C6. Similarly one can obtain [0y f{ (-, ¢)|lg <
C6% and [|0, [T (-, ¢)||7 < CO.

3. Analogously to the previous estimates, we can obtain bounds for f5* = i0, H"
and f3¥ = —i0, H"". Then, for j = 2,3, it can be seen that [|f;(-,¢)[3° < C9,
and differentiating we obtain H@wf;ep(-,cp)Ho_o,/ < C4, H(?zf;ep(-,go)Hgo < C§ and
19y £3 (o) I5° < Co.

Then, by the definition of R*P in (A.8) and the just obtained estimates, we complete
the proof of the lemma. O

A.2 Estimates in the outer domain

To obtain estimates of R*P, we write H;"" in (3.9) (up to a constant) as

w2

se w
HI® = Hy 0 oq © Psep — W +0(zLy +yLy) + 3628, <Ah(u) - 3Ah(u)) ,

(see (A.10) and (A.11)). Then, by the definition of H; in (2.7), we obtain

. 1 R )
sep Poi — 2 - !
H;® = (H{* = V) © 6sc © beq © bsep + 51 Fp <5 An(w) = 3p T
’UJ2 w
LY 2) + 387 (A - ) :
TE) +0(@Ly +yLe) +30°En (An(u) - 3 A ()

where H{° is given in (A.1), the potential V in (2.4) and F, in (2.8). The changes of
coordinates Psc, Peq and ¢gep are given in (2.3), (3.3) and (3.4), respectively.
Considering z = (w, x,y), we denote the composition of change of coordinates as

(A Ly, &) = O(u, 2) = (¢sc © Peq © Psep) (U 2).- (A.17)
Then, since = §%, the Hamiltonian H;*" can be split (up to a constant) as

Hiep:Mp—i-Ms—i-MR, (A.lS)
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where

1
s
Ms(u, z;6) = (51477[0] ! 646 P[6Y] — 1+ cos )\> 0 O(u, 2), (A.20)
w? w
Mg (u, z;0) = — 6A2(u) + 628, <3Ah(u) - Ah(u)> +6(xLy +yLs),

. (A.21)

1
—F [ 5%2A - 4 )
+ <1 p<5 n(w) 3Ah(u)+5 eal,

and P is the function given in (A.2).
To obtain estimates for the derivatives of Mp, Mg and Mg, we first analyze the
change of coordinates © in (A.17). It can be expressed as

O(u,2) = (7 + Ox(u), 1+ OL(u,w), ©,(x), O¢(v) ), (A.22)

where
O\ (u) = Ap(u) — O, (r) =0z + (54296(5),

52
3A5(u)

Or(u,w) = 6*Ap(u) — + 6120 (0), O¢(x) = oy + 6*L,(6).

Next lemma, which is a direct consequence of Theorem 3.1, gives estimates for this
change of coordinates.

Lemma A.4. Fiz 9 > 0 and § > 0 small enough. Then, for ¢ € B(p63) C X2,

IOxllgt2 < €, oL, @)l < Co%, [CHOT] e el
\@f%ﬁ<0 I1+0r, )3 < ¢ 18€( )l < Cat.

Moreover, its derivatives satisfy
louOlgs < C. 10.0L( @)% < O 1|0uOL(- @) gl < C8%,
10u©rL(, )||°ut < C4?, 920y, 0,0¢ = 6, 9201,020,, a;j‘@5 =0.

In the next lemma we obtain estimates for the derivatives of Mp.

Lemma A.5. Fiz o > 0, 6 > 0 small enough and k > 0 big enough. Then, for
© € B(06%) and * = z,v,

10uMp (-, @)Y < C8%, [10uMp ()72 < C6%, 0. Mp ()l < C6,

out

MM%MW<W,MMMHW<@ |02 Mp (. 9)|gs < 6%,

(| O Mp( ,(p)uout <Cs, ||oiMp(., H‘J“t < 062, HaxyMP(.,gp)Hout < 062

95



Proof. We consider ¢ € B(05%) C X" and we estimate the derivatives of P[% — 1] o
O(u, p(u)). We first we obtain bounds for A[6* — 1] and B[6* — 1] (see (A.4) and (A.5)).

To simplify the notation, we define
A(u) = A[6* —1)(x + ©x(v)),  Blu,2) = Bl§* —1] 0 O(u, 2). (A.23)

In the following computations we use extensively the results in Lemma 4.5 without
mentioning them.

1. Estimates of A(u): Defining A = A — m, by (A.4),
A[6* =1 (A +7) = 2(1 — cos ) — 26%(1 — cos \) + 4°.

Then, applying Lemma A .4,

out

<clles?s <c

out

lsin @l < ClOAllgtz <C [[(1 = cos©3) s

and, as a result,
IA7HES < Ol - cos@) 75y < C,
'3 '3

Ha gHout <CH in©® out out (A'24)
» < C'||sin B, | HBUGAHO% <C.

1 2
0,1 0,-2

2. Estimates of B(u, ¢(u)): Considering the auxiliary variables (\, L) = (A—m, L—1),
we have that

B[0* —1)(m + A\, 14 L,n,&) =4L(1 — cos A + 6% cos )

P82 ey (3 4 e )
¢ ) A ) (A.25)

+ == (=3 +2e" 4+ 2 + 643 +
\/5( ( )

+ R[5 = 1)(m + A\, 1+ L,n, &).

Then, by the estimates in (A.6) and Lemma A .4,
F>Y ou out C ou
IBC. s <C 010, 9)03 [0, + 55 104 9)OAlISY 26
C ou C out ’
+ ﬁ Hgf(aw)@/\HQé + 572 H(®L7 6777@{)2“0% < 052

Now, we look for estimates of the first derivatives of B (u, p(u)). By its definition
in (A.23) and the expression of O in (A.22), we have that

8,B = [0\B[6" —1]00] 8,0, + [ B[6* — 1] 0 0] 8,01,
0wB = [0,B[6* —1]00] 8,01, (A.27)
0,B = [0,B[s* —1]00]8,0,,  9,B= [9:B[5* — 1] 0 0] 9,0
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Differentiating (A.25) and applying Lemma A.4,

|oxB[5* — H"“&<cueL P)OAZY + 52”@“ o

+ g |©¢(- )||°“t 1082 < o2,

ou ou ou C
0Bl ~ )00, )" <C O3y + Slent. ol + € <

|o.BIs" - Pl <clonts + S <o tore=ne

Then, using also (A.27) and taking * = z,y,
[0.B(,@)lIf") < C8, [10uB(, @)™ s < O8%, 0Bl @)llg > < C5. (A.28)
’ 3 >3
Analogously, for the second derivatives, one can obtain the estimates

10w BC, @)l s < O, 05B(, @)lI3% < C6*, 1|0uB(, @)} < C6,

o out 3 2 out 2 FoY out 2 (A29)
10uB( @)llgt s < €%, |78 B(- )85 < C8%, 1|0wyB( @)l < €62,

Now, we are ready to obtain estimates for Mp(u,p(u)) by using the series expansion
(A.7). First, we check that it is convergent. Indeed, by (A.24) and (A.26), for u €
D™ and taking & big enough we have that

K,d1,p2
B(u,p(w)| _ = by L fout . . C
——— 21 < ||B ou A ou < ——||B ou < — 1.
T | S IBC,o)llgZs AT G 252\\ B(, o)™, < - <
Therefore, by (A.3) and (A.19),
1 1 B
cIBlet)l

| Mp(u, p(u

T () /2 + 2c0s My (u) Au)l2

Then, to estimate Mp and its derivatives, it only remains to analyze the u-derivative of
its first term. Indeed, by the definition of A[6* — 1] in (A.4).

1 1
‘ (\/A L —1](An(u ))_\/2+2cos/\h(U)>

Therefore, applying estimates (A.24), (A.26), (A.28), (A.29) and (A.31), to the derivatives
of Mp and using (A.30), we obtain the statement of the lemma. O

out

< o6, (A.31)

4
0,3

Analogously to Lemma A.5, we obtain estimates for the first and second derivatives
of Mg and Mp (see (A.20) and (A.21)).
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Lemma A.6. Fiz o > 0, § > 0 small enough and k > 0 big enough. Then, for
@ € B(06%) and * = ,y, we have

10.Ms (-, @)llg's < C8% [10uMs (- )lIgEs < Co% 9. Ms( ¢)llgy < €0,
10w Ms (95 < CF, 110uMs ()5 < 8, [|0F M, H°“t2 < s,
10w Ms (-, )llg 1 < C8%, [0 Ms(, D)oo < C% [10my Ms (@) o < CO2.

and

10, Ma(- )I$3 < C8%, 0uMr( Q)2 < C& 0. Mn(-,0)[3% < C4.

3

HauwMR( )Hlut < 062 au*MR(a(P) =
8w*MR('a ) = 07 OEMR(aSO)

|02 MaC S < C.

0
0 azyMR(W(p) =0.

End of the proof of Lemma 4.8. We start by estimating the first and second derivatives
of H{*®(u,¢(u);d) in suitable norms. Recall that by (A.18), H{® = Mp + Mg + M.
Therefore, taking ¢ € B(08%) C X" and applying Lemmas A. 5 and A.6:

1. For ¢°P = §,,H*" one has

1g°P (-, )IloutzSH@pr( )||°“t2+0||3st( )HoutlJrllawMR( )||°ut
<C5?

and, in particular, for x big enough
Ig°P(, @)llgh < Cr? < 1. (A.32)
Analogously, [|0,g% (-, )||OUt2 < C and ||0.g%P(, <,0)||Out < 083, for x = z,y.
2. For f{* = —9,H|", one has that

IAPCOITT < 10uMp( @I + ClouMs (- oigs + 10.Mr( @)1 < 8%,

Hmﬁ@«>wm<aﬂmdwfmowm%gc& for + = 2.y,
'3
3. For f5* =0, H{®® and f5 = —i0, H{", we can obtain the estimates

1205004 <10,Mp( 9)llgs + C 110y Ms (-, ) + 8y Mr (-, ¢) gy < C3,

ou ou ou (A33)
Hﬁmmut<MAb,wut+cwﬁhuw+an@,wm5s06

Analogously, we have that [0y f;™ (-, ¢)[|0 < C6® and 10:£5PC, )18 < Cs?,
'3
for j = 2,3 and * = x,y.
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Joining these estimates and taking x big enough, we complete the proof of the lemma.
O

Remark A.7. Note that that D"°% , D" and Y°ut C XS0 (see (4.9) and (4.5)).

K2,d2,d3 K,d1,p2 ) .
Then, the proof of Lemma 4.10 is a direct consequence of the estimates for g°P and its

derivatives in Item 1 above and the fact that, by (3.11) and (4.8),
RU)(v) = 0uHT™ (v +U(v), 2" (v + UW))) = g (v + U(v), 2" (v + U(v))) -

B Estimates for the difference

In this section we prove Lemmas 3.16 and 3.19.

B.1 Proof of Lemma 3.16

First, we prove the estimates for the operator T given in (3.27). For o € [0, 1], we define
2o = 02" + (1 — 0)2° with z, = (Ws, %o, ys)?. Then, by Theorem 3.3, for u € D, 4, we
have that

Cs? Ccst cs?

| < + ) |zo(u)] s Yo (u)] < ——.
[ + A% 2 4 42| U2 + A2|3

lwo (u) (B.1)

Recalling that H*P = w + ¥ + H;*" (see (3.8)), one has

T1(u) — 1] < sup [0wHT™(u, 26 (u))],
c€(0,1]

oL sup (0,1 (20 w).
o€(0,1]

<2 10, B, 20 ()]
0 0€(0,1]

T2 (u)] <

Then, by (B.1) and applying (A.32) and (A.33) in the proof of Lemma 4.8 we obtain
the estimates for 11, Yo and Y3. B
We also need estimates for the matrix B! given in (3.26), which satisfies

B ()] < sup |(DR*P[z,](u))

(A
0€(0,1]

for z, = 02" + (1 — 0)2°. Then, by (B.1) and applying Lemma 4.8, for u € D,, 4,

»spl &) 28 &)
B2I,)1 (u)| < P 63?11(“) <—7,
|u? + A2[3 |u? + A2?|3
~ C Cé? ~ Cé?
Bspl Wl < + , Bspl Wl < .
2,2( )< ‘u2 N A2\% u? + A2|2 3,2( )| < a2 —|—A2|2 (B.2)
~ C6? ~ C C6?
BRw)| < ———3. BRu)| < 3
u? + A2| u? + 423 |u® + 47|
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Then, by (3.53) and taking x big enough,

2
spl < ‘T2(u)‘ 125P! < L
B1,1(“)‘ =T (u)] 62,1(u>’ = |u2—|—A2|27
2
spl < >spl |T3(u)| >spl < L
B3| < B + 13 B )] < iy

and analogous estimates hold for B;f)ll and B;?Ql.

Finally, we compute estimates for By(u) (see (3.44)) and v € Dy 4. The estimates
for By(u) can be computed analogously. Let us consider the integration path p; =
us + (u — uy)t, for t € [0,1]. Then

1 ~
By(u) = exp ( [ B0 - u*w) |
0
Using the bounds in (B.2), we have that

1 52
r 5 adl <
p2+ A5 |pf + A2

1
fog By ()] < Clu .| [ |

which implies C~! < |By(u)| < C.

B.2 Proof of Lemma 3.19

We only give an expression for By(u4). The result for B,(u_) is analogous. First, we
analyze B;f’gl.

Lemma B.1. For § > 0 small enough, k > 0 large enough and v € Dy, q, the function
Bg% defined in (3.26) is of the form

~spl 4i 2

B3(u) = —gAh(U) + 0"m(u; 6),

for some function m satisfying

C

m(u;d)| < ———.
()] <

Proof. Let us define z; = 72" 4+ (1 — 7)2° and recall that, for u € D, 4,

_ 1
Bs 3(u) = /O O REP [z (u)dr. (B.3)

sep

Then, by the expression of R3" in (A.8), the estimates in the proof of Lemma 4.8 (see
Appendix A.2) and Theorem 3.3, we have that

se i se ~
Oy Ry (2] (u) = 529 P(u, 2 (u)) + 6*m(u; 6),
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where |m(u;0)| < m. In the following, to simplify notation, we denote by m(u;?)

any function satisfying the previous estimate. Since ¢* = 9,,H;?, by (A.18) one has
9P (u, 20 () = OwMp(u, 2r (u); 0) + OwMs(u, 27 (u); 6) + OwMr(u, 2-(u); 6),

with Mp, Mg and Mg as given in (A.19), (A.20) and (A.21), respectively. Then, taking
into account that F,(s) = 223 + O(2*) (see (2.8)) and following the proofs of Lemmas
A.5 and A.6, it is a tedious but an easy computation to see that,

9°P(u, 27 (u)) = 0y Mp(u,0,0,0;0) + 0y Mg(u,0,0,0;0)
wr(u) 5224 (6)

8200 An(u) — 282 Ay (u) + §*m(u; 6),

and, by (B.3),

1

5 [0uMp (1,0,0,0:0) + 0, Ms(u,0,0,059)

Lt (u) Fwd(u) Z,EA((S)
6272 (u) An(w)

B~3,3(U) =
(B.4)

— 2iAp () + 0%m(us 0).

Next, we study the terms w"*(u). Since H*P = w + T + Mp + Mg + Mg (see (3.8)
and (A.18)), one can see that

HP(u, 2" (u); ) = H*P(u,25(u);6) = lim  H*P(u,0,0,0;8) = 6*K(5),

Reu—=o0

with |K(9)| < C, for § small enough. Then, by Theorem 3.3, for ¢ = u,s,

4
0 () + Mp(u, 2°(u); 8) + M(u, 2°(u); 8) + Mp(u, 2°(u); 6)] < —0—.
|u? 4+ A2|3

Again, following the proofs of Lemmas A.5 and A.6, one obtains

4
[ () + Mp (1, 0,0,0,8) + M (11,0,0,0;8) + 62y (1) (38 + 243 (w))| < — 0,
|u? + A2?|3
and, by (B.4),
~ 44 ) Mp(u,0,0,0;0)
= - A ) wM , U, U, Ug
83,3(u) 3 h(u) + (52 [(‘9 p(u 0,0,0 (5) + SA%L(u) ]
i o Ms(u,0,0,0:6)] oo
+ 52 [&UMs(u, 0,0,0;0) + BA%(u) + 0“m(u;9).

Therefore, it only remains to check that

OwMp,s(u,0,0,0;6) +

MRS(u,O,O,O;S)‘ - Cst
3A2 (u) - \u2+A2|2'
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Indeed, by (A.7) and the definition (A.19) of Mp, one has

5w
3An(u)

Mp(a,w,0,0:8) = Mp (0,62 (u) - Fo'ea))

where Mp(u, A) is an analytic function for v € D, 4 and |A| < 1. Moreover, following
the proof of Lemma A.5, there exist ag and a; such that

M, 4) = ao(us8) — an(us )A] < —

u, N) — ag(u; ) — aq (u; < —
P 0 1 2 —|—A2]2
with o5 c

|ao(u; 6)| € ———— |a1(u; 6)] € ——.
|u2+A2|3 |u2+A2]3
Therefore,
Mp(u,0,0,0;8) | _ |ao(u)| | 6*€a(0) |a(u)] cs
OwMp(u,0,0,0;0) + < + +
P ) 3A2 (u) 3A% (u) 3A2 (u) |u? + A2|?
Co*
T u? 4 A2

An analogous estimate holds for Mg. O

End of the proof of Lemma 3.19. By Lemma B.1 and recalling that u, = iA — k62,

log By (uy) / lS’Sp1 Ydu = —/ Ap(u
+
+ 3/ Ah(u)du+52/ m(u;0).
Ut u*

Then, by Theorem 3.1 and taking into account that x = k4 [log | (see Lemma 3.18), we
obtain

(B.5)

1 C? C
3 < .
|ux —iA| ~ |logd|

W
(«%)

ul < —+Ck

log By (u+) / Ap(u ¢
K

Finally, recalling that A, = —3A, applying the change of coordinates A = A, (u) and
using that A,(iA) = 7, we have that

4i [ 4i [T 4
2 Aw)du = — = A\ = —— (7 — An(us)) -
3 Jur 9 anau) 9
Joining the last statements with (B.5), we obtain the statement of the lemma. O
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