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ITERATED MONODROMY GROUPS OF RATIONAL FUNCTIONS
AND PERIODIC POINTS OVER FINITE FIELDS

ANDREW BRIDY, RAFE JONES, GREGORY KELSEY, AND RUSSELL LODGE

ABSTRACT. Let g be a prime power and ¢ a rational function with coefficients in a
finite field F,. For n > 1, each element of P! (Fy») is either periodic or strictly prepe-
riodic under iteration of ¢. Denote by a,, the proportion of periodic elements. Little
is known about how a, changes as n grows, unless ¢ is a power map or Chebyshev
polynomial. We give the first results on this question for a wider class of rational
functions: a, has lim inf 0 when ¢ is odd and ¢ is quadratic and neither Lattes nor
conjugate to a one-parameter family of exceptional maps. We also show that a,, has
limit 0 when ¢ is a non-Chebyshev quadratic polynomial with strictly preperiodic
finite critical point and ¢ is an odd square. Our methods yield additional results on
periodic points for reductions of post-critically finite (PCF) rational functions defined
over number fields.

The difficulty of understanding a,, in general is that P!(F,=) is a finite set with no
ambient geometry. In fact, ¢ can be lifted to a PCF rational map on the Riemann
sphere, where we show that a, is given by counting elements of the iterated mon-
odromy group (IMG) that act with fixed points at all levels of the tree of preimages.
Using a martingale convergence theorem, we translate the problem to determining
whether certain IMG elements exist. This in turn can be decisively addressed using
the expansion of PCF rational maps in the orbifold metric.

1. INTRODUCTION

Let F, denote a finite field of characteristic p, with algebraic closure F,. Every
¢(z) € Fy(x) acts on P(F,), and the orbit of every point under this action is defined
over a finite extension of F,, and hence eventually enters a cycle. This allows us to
make a fundamental distinction between two kinds of points in P!(FF,): those that lie in
a cycle under ¢, which we call periodic, and those that do not. For any set S on which
¢ is a self-map, denote by Per(¢, S) the set of points of S that are periodic under ¢.

Question 1.1. Fix a prime power ¢ and rational function ¢ € F,(z) of degree at least
two. How does #Per(¢, P1(F,))/(¢" + 1) vary as n — 00?

There has been recent interest in questions about the periodic points of mappings
in finite fields, partially motivated by an attempt to provide a rigorous analysis of
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n| 22 |22—1]2>-2 xzf izj xigl
1 10.750 | 0.750 | 0.500 | 0.250 | 0.500 | 0.750
2 10.300 | 0.500 | 0.400 | 0.300 | 0.200 | 0.500
3 10536 | 0.214 | 0.393 | 0.250 | 0.286 | 0.321
4 10.085| 0.061 | 0.293 | 0.329 | 0.073 | 0.159
5 10504 | 0.299 | 0.377 | 0.250 | 0.254 | 0.176
6 |0.127| 0.060 | 0.314 | 0.325]0.052 | 0.105
7 10.501| 0.085 | 0.375 | 0.250 | 0.250 | 0.043
8 10.032| 0.017 | 0.266 | 0.315 | 0.023 | 0.046
9 10.500| 0.031 | 0.375 | 0.250 | 0.250 | 0.014
101 0.125 | 0.011 | 0.313 | 0.328 | 0.003 | 0.021

TABLE 1. #Per(¢,P'(F3.))/(3" + 1) for various quadratic ¢ € Fz(z).

Note that 22 — 2 is a Chebyshev polynomial and ””152 is a Lattes map.

Pollard’s famous “rho method” for integer factorization [19]. Despite this, almost
nothing is known about a general answer to Question [[LT] even in a qualitative sense,
except for highly constrained mappings such as power maps. Pollard’s analysis of the
rho method uses the heuristic that the dynamics of specific mappings mimic those of
random mappings. A random mapping on a set of size k has O(Vk) periodic points (see
e.g. [3l Theorem 2]), so by this heuristic, #Per(¢, P1(F,))/(¢" + 1) should approach
zero as n grows. However, because ¢ is a rational function, it must exhibit certain non-
random behavior. Crucially, the actions of ¢ on P!(F,) as n varies are not independent
of one another. Table [Il presents some data on Question [I.1] for ¢ = 3 and deg ¢ = 2,
and suggests the complexities involved.

The answer to Question [LI] is well understood in the case that ¢ is a power map
or Chebyshev polynomial [IT]. Recent work of Garton [5] sheds some light on the
complementary problem of finding #Per(¢, P'(F,n))/(¢" + 1) when n is fixed and ¢
varies, while Juul [9] studies the size of the image set ¢™(P'(F,n)) for fixed m as n
grows, under certain hypotheses on ¢.

Question [I.Il is in some sense a “vertical” question, because one moves up a tower
of finite fields. A “horizontal” question of similar flavor may be posed for a rational
function defined over a number field K. Given ¢ € K(x), for all but finitely many
primes p in the ring of integers Ok of K, one may reduce the coefficients of ¢ modulo p
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to obtain a morphism ¢, : P'(F,) — P'(F,) with deg ¢ = deg ¢, where F, is the residue
field O /p. Denote by N(p) the norm of p, so that 1 4+ N(p) is the size of P*(F,).

Question 1.2. Let K be a number field, and let ¢ € K(z) have degree at least two.
How does #Per(¢,, P*(F,))/(1 + N(p)) vary as N(p) = oo?

The known approaches to Questions [[.T] and proceed via Galois theory. When
all the critical points of ¢ have independent, infinite orbits, the Galois groups that
arise (see Definition [[LO) are relatively well-understood, and in fact are iterated wreath
products in general. This has led to significant progress on Question in this case
[10]. At the other extreme lie ¢ for which all critical points have finite orbits, called
post-critically finite (PCF). Here the relevant Galois groups are quite different — they
are finitely generated and so far little understood in arithmetic contexts. By definition
every ¢ € F,(z) is PCF, and this in large part accounts for our collective state of
ignorance on Question [Tl

However, Galois groups related to PCF rational functions have been studied in some
depth in the setting of complex dynamics. In this article we harness ideas from complex
dynamics to give results on Question [L.I] for quadratic maps, and to address Question
in the PCF case.

Theorem 1.3. Let F, be a finite field of odd characteristic, and let ¢(x) € Fy(x) have
degree 2. Assume that ¢ is not a Lattés map or Mabius-conjugate over F, to a map of
the form (z* +a)/(2* — (a +2)) for a € F,. Then

(1.1) lim iuf FEe (@ P (E)

= 0.

Indeed we show something slightly stronger (see Theorem [B]): for every € > 0 there
exists m > 1 such that

#Per (¢, PH(F jmr))
for sufficiently large integers k. See Section [2] for a definition of Lattes maps over I,
and a classification of the maps to which Theorem [L.3] does not apply. We remark
that being F,-conjugate to a map of the form (2% + a)/(z* — (a + 2)) is equivalent to
having a critical point that maps to a fixed point after two iterations; in particular,
this family includes the degree-2 Chebyshev polynomial. Among quadratic maps up to
[F,-conjugacy, there are eight Lattés maps, unless [, has characteristic 7 (see Section
2). None of the maps in Table [[l apart from z* — 2 and xz;l
of the form (22 + a)/(2? — (a + 2)).

The equality (LI in Theorem [[.3] does not hold for all quadratic ¢ € F,(x). For
the degree-two monic Chebyshev polynomial ¢(z) = 2% — 2, it is shown in [11] that the
lim inf in () is 1/4, and indeed a complete accounting of #Per(¢p, P'(F,n))/(¢" + 1)
is given for this map [I1, Theorem 5.6]. We prove in Theorem that the lim inf

(1.2)

<€

is Fs-conjugate to a map
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in (1)) is at least 1/8 for a certain class of quadratic Lattes maps. We suspect that
the lim inf is positive for other Lattes maps of degree 2, but that the lim inf is zero
for non-Chebyshev, non-Lattes maps that are F -conjugate to (2 + a)/(2? — (a + 2)).
However, our methods do not allow us to prove this at present.

The integer m in (L2) depends on the constant field extension contained within the
splitting fields of ¢"(z) — t over IF,(t) (we use ¢" to denote the nth iterate of ¢, and
take ¢°(z) = x). When ¢ is a quadratic polynomial with non-periodic critical point,
results of Pink [I7] imply that m < 2 for all €, provided that ¢ is not conjugate to
a Chebyshev polynomial. In fact, when ¢ is a square, m = 1 regardless of ¢, and we
obtain:

Theorem 1.4. Let F, be a finite field of odd characteristic, and let ¢ € F,[x] have
degree 2. Suppose that q is a square and the unique finite critical point of ¢ is strictly
preperiodic. If ¢ is not Fy-conjugate to a Chebyshev polynomial, then

#Per (¢, P'(Fy))

We turn now to Question The principal known results are those in [10], and
concern the case where ¢ is “post-critically generic” in the sense that for all m,n >0
and all critical points v and ' of ¢, we have ¢™(y) # ¢™(7') unless m = n and v = .
In this case, Theorem 1.3 of [10] gives

. #Pef(%vPl(Fp))
4) Byt )

We establish (L4) for many PCF rational functions. To state our result we require
two definitions. First, a rational function with coefficients in a field K is dynamically
exceptionall if there is T € PL(K) with ¢~*(I') \ C,, = T, where C, C PL(K) is the set
of critical points of ¢. Observe that this condition implies that I" contains no critical
points of ¢, and that ¢~*(T") consists of I" and a subset of C. Second, let ¢ € C(x), Py
be the post-critical set of ¢ (see Definition 2.1), and z, € C\ P,. We say ¢ has doubly
transitive monodromy if the monodromy action of 7! ((P*(C) \ P,), zp) on ¢~ *(zp) is
doubly transitive. Equivalently, the Galois group of ¢(x) — t over C(t) acts doubly
transitively on the roots of ¢(x) —t in C(¢).

Theorem 1.5. Let K be a number field and let ¢ € K(x) have degree d > 2. As-
sume that ¢ is PCF and not dynamically exceptional. Then (L4) is true if any of the
following holds:

= 0.

(1) d is prime;
(2) ¢ has doubly transitive monodromy;
(3) ¢ is K-conjugate to polynomial.

In other work, such as [8], the terminology ezceptional is used. However, in the arithmetic setting
treated in this article, an exceptional rational function has a pre-existing, and quite distinct, meaning.
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The lim inf in (L4]) is not zero for all ¢. In [10, Example 7.2], it is shown that when
¢ = Ty, the degree-d monic Chebyshev polynomial, the lim inf in (I.4]) is 1/4 when d
is a power of 2, 1/2 when d is a power of an odd prime, and 0 otherwise.

Questions [T and are linked in more than an intuitive sense. By studying a
single Galois-theoretic object, we prove Theorems and simultaneously.

Definition 1.6. Let k be a field with algebraic closure k and let ¢ € k() have degree
d > 2. Assume that for all n > 1, ¢"(x) = t has d" distinct solutions in an algebraic
closure of k(t). The profinite geometric iterated monodromy group of ¢ over k, written
peIMG (¢)/k, is the inverse limit as n — oo of the Galois groups of ¢"(x) —t over k(t).

The terminology geometric in the definition is because the Galois groups are consid-
ered over the ground field k(). One can also consider the Galois groups over k(t), and
this object is known as the profinite arithmetic iterated monodromy group of ¢. See
Section [3] for precise definitions and [§, Section 2] or [17] for more discussion.

Crucially for the considerations in this article, pgIMG(¢)/k comes equipped with a
natural action on the tree of preimages

1(6) = || 67(t) € KD,
n>0

where ¢ "(t) = {a € k(t) : ¢"(a) = t} for n > 0 and edges are assigned according
to the action of ¢. Let d = deg ¢, and assume that the characteristic of k is either 0
or does not divide d. Then ¢"(x) = t has d" distinct solutions in an algebraic closure
of k(t), and hence Tj(¢) is a complete d-ary rooted tree, with root t. The action of
pgIMG(¢)/k on Ti(¢) comes from the natural action of Galois groups on the roots of
polynomials.

We describe an abstract complete d-ary rooted tree as the set X* of all words in
the alphabet X = {0,...,d — 1}, with an edge connecting vz to v for each v € X*
and x € X. The root of X* is the empty word. Denote by X" the set of words
in X of length n, which gives the nth level of X*. Let Aut(X™*) be the set of tree
automorphisms, and note that any G < Aut(X™*) has quotient groups G,, < Aut(X")
for n > 1 that are the image of the natural restriction maps. Define the fized-point
proportion of G, to be

_ #{g € Gy, : g fixes at least one element of T, }
a #Gn ’

and the fixed-point proportion of G to be lim,,_,., FPP(G,,). Observe that the sequence
is non-increasing, and hence the limit must exist. Through the action of pgIMG(f)/k
on Ty (¢), we identify the former with a subgroup of Aut(X*). This subgroup is unique
up to conjugacy in Aut(X™*), and in particular FPP(pgIMG(¢)/k) is well-defined.

(1.5) FPP(G,) :




6 BRIDY, RAFE JONES, GREGORY KELSEY, AND LODGE

In Section [3] we use the Chebotarev density theorem for function fields to show that
if IF, is a finite field of characteristic p, ¢ € F,(x) has degree d, and p > d, then

1
L #Per(p, P F,)
See Corollary B3 Building on results in [10], we show in Theorem B.I1] that if K is a
number field and ¢ € K(x), then
.. . #Per(¢y, Fp)
1.6 lim inf —————=
(1.6) N(p)—oo 14+ N(p)
We appeal to work of Pink [I6] to show that when ¢ is odd and ¢ € Fy(z) is
quadratic, there is a map ¢ € C(x) with the same ramification portraitlg as ¢, such
that pgIMG(¢)/F, and pgIMG(¢)/C have conjugate actions on their respective trees
(Theorem [3.9)), and in particular

(1.7) FPP (pgIMG(¢)/F,) = FPP(pgIMG(¢)/C).

In light of (LO) and (I7), we study pgIMG(f)/C for arbitrary PCF f € C(z). Let
Py be the post-critical set of f, and zp € C\ P;. The iterated monodromy group of
f, denoted IMG(f), is the quotient of the fundamental group m ((P*(C) \ Py, z0) by
the subgroup acting trivially by monodromy on the tree of preimages 1% ., C C of z,
under f (Definition [£.6). Through its action on 7% ,, one can identify IMG(f) with a
subgroup of Aut(X*) (even in an explicit way; see Definition .7 or [I5, Section 5.2]),
which is unique up to conjugacy in Aut(X*). After conjugating if necessary, we may
assume

< FPP(pgIMG(¢)/F,).

< FPP(pgIMG(¢)/C).

IMG(f) C pgIMG(f)/C C Aut(X™).
Moreover, pgIMG(f)/C is the closure in Aut(X™*) of IMG(f) [I5, Proposition 6.4.2],
and thus both have the same quotients G,, < Aut(X"). In particular,
FPP(pgIMG(f)/C) = FPP(IMG(f)).

See Section for details. In light of this, we study FPP of iterated monodromy
groups. The following is our main result in this direction.

Theorem 1.7. Let f be a PCF rational function of degree d > 2 with coefficients in
C, and assume that f is not dynamically exceptional. If either d is prime or f has
doubly transitive monodromy, then FPP(IMG(f)) = 0.

Crucially for our proof of Theorem Bl IMG(f) is a self-similar, level-transitive,
recurrent subgroup of Aut(X™*) (see Section d.Ilfor definitions). In the case where f is a
PCF polynomial, Theorem 1.1 of [§] proves that FPP(IMG(f)) = 0. To prove Theorem
[T we must generalize the group-theoretic tools of [8], which presents considerable
technical obstacles.

2This is the natural graph encoding the dynamics and local degrees of the critical orbits of ¢. See
Section [2] for a precise definition.
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First, one loses the special element of IMG( f) that arises from monodromy at infinity.
For polynomial f, this gives a spherically transitive element in IMG( f), which is used
in [8] to prove the crucial assertion that the fixed-point process associated to IMG(f)
is a martingale. See Section [ for definitions. To draw the same conclusion for non-
polynomial f, we show that if f has prime degree or doubly transitive monodromy,
then the fixed-point process attached to IMG(f) is a martingale (Corollaries [5.11] and
(.13)). Indeed, when d is prime Corollary [5.10] gives the same conclusion for the fixed
point process attached to any self-similar, level-transitive subgroup of Aut(X™).

Second, once one knows that the fixed-point process of IMG(f) is a martingale, one
can prove FPP(IMG(f)) = 0 provided that every element of the set

(1.8) N = {g € IMG(f) : g(w) = w and g, = ¢ for some w € X"}

fixes infinitely many ends of X*, i.e. infinite paths through X* beginning in X°. (See
Section [ for definitions and see Theorem [5.] for the result.) When f is a polynomial,
this last assertion is proved in [8] using a result of Nekrashevych [15, Corollary 6.10.7]
showing that the actions on Aut(X*) of a set of generators for IMG(f) may be given
by the states of a finite automaton satisfying certain strong properties. No equivalent
result exists for general rational functions, and indeed until recently very few IMGs
have even been computed for non-polynomial rational functions.
Using tools from complex dynamics, we show:

Theorem 1.8. Let f be a PCF rational function of degree d > 2 with coefficients in
C. Then every element of Ni fizes infinitely many ends of X* if and only if f is not
dynamically exceptional.

See Section [l The main ingredient in the proof of Theorem [[.8 is the fact that a
PCF f € C(x) is subhyperbolic, i.e., expanding (in some orbifold metric) away from
post-critical periodic points. This expansion forces lifts of loops under iterates of f to
contract, which imposes strong conditions on elements of ;. In particular, an element
of N; that fixes only finitely many ends of X* must be a loop encircling (in C\ Py) a
single repelling periodic point in Py, and moreover every backward orbit of this point
must either remain in Py or contain a critical point. This forces f to be dynamically
exceptional.

2. DYNAMICALLY EXCEPTIONAL RATIONAL FUNCTIONS OVER FINITE FIELDS

In this section we study the exceptions to Theorem [[L3l In particular, we discuss
Lattes maps over finite fields and give a characterization of dynamically exceptional
quadratic rational functions over an arbitrary field of characteristic # 2.

Recall from Section [I]that a rational function with coefficients in a field K is dynam-
ically exceptional if there is I' ¢ P*(K) with ¢~ (') \ Cy = I', where C, C P*(K) is
the set of critical points of ¢. In this section we study dynamically exceptional rational
functions of degree 2 over an arbitrary field of characteristic different from 2.



8 BRIDY, RAFE JONES, GREGORY KELSEY, AND LODGE

Let K be a field with fixed algebraic closure K, and let ¢ € K(x). For a € PY(K)
with o # 0o and ¢(ar) # oo, the ramification index e4(a) of ¢ at « is the multiplicity
of a as a root of the numerator of ¢(z) — ¢(a). If @ = oo or ¢(a) = oo, then
ep(@) = €popop—1 (11(r)), where p is a Mobius transformation mapping both o and ¢(«)
away from infinity. We call « a critical point for ¢ if e,(a) > 1.

Define the ramification portrait of ¢ to be the edge-labeled directed graph whose
vertex set is the union of the orbits of all critical points of ¢ € P!(K), and where
each vertex o has an arrow to ¢(«) with label es(«). Note that the graph is not
vertex-labeled, so we do not record the specific points involved.

For instance, if K has characteristic not equal to 2, then ¢(z) = (2? — 2)/2? has
critical points 0 and oo, with 0 —+ oo — 1 — —1 — —1. This gives ramification

portrait e 2 o 2 o — o (9. Because we deal here with quadratic maps, and so every
critical point a has e,(a) = 2, we rewrite this as
(2.1) e e —0— (O,

where e denotes a critical point, o a non-critical point, and © a non-critical fixed point.
Denote a critical fixed point by ©®. As another example, if ¢ is the degree-2 Chebyshev
polynomial 2% — 2, then ¢ has ramification portrait

(2.2) ©) e —0— 0,

We note that the ramification portraits in (2.1 and (2.2]) uniquely determine ¢ up to
Mobius conjugation.
The next definition is used throughout the remainder of the paper.

Definition 2.1. Let K be a field and ¢ € K(z). Let v1,...,7; be the critical points
of ¢, which lie in P!(K). The post-critical set of ¢ is

i=1k>1

For the purposes of this article, we define ¢ € K|x] to be a Lattes map if there exists
a function r : P*(K) — Z such that
(2.3) r(¢(a)) = ep(a)r(a) and r(a) = 1 outside of P.

When K is a finite field, these are precisely the liftable maps that lift to Lattes maps
defined over C (see Section [l for a definition of lifting). This is because over C, the
existence of the function r is equivalent to the usual definition of Lattes maps as given
by a finite quotient of a self-map of an elliptic curve; see [14, Theorem 4.1].

Proposition 2.2. Let K be a field of characteristic not equal to 2, and let ¢ € K(x)
have degree 2. Then ¢ is a Lattés map if and only if the ramification portrait of ¢ is
the one in (2.1)) or one of the following:

(2.4) e 0> e—>0—0, @ >0 302040+ o
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® — O — O <— O <— @

(2.5) !
©

Proof. Let A = {a € P}(K) : r(a) > 1}. By definition of r, we have A = P4 and
¢ 1(A) = AUCy. Thus

(2.6) A = ) ey(a) S #A+2#Cy,

acp1(A)

with equality if and only if A and C, are disjoint. Because K has characteristic not
equal to 2, #Cy = 2, and we conclude from (26]) that #A < 4, with equality if and
only if ANCy = 0.

Suppose that #A < 4, and let v € ANC,. Observe that (7)) C CyU P, and thus
if »~!(y) contains no critical points, then ¢~!(v) consists of two post-critical points.
But there is only one critical point of ¢ besides v, so it is impossible for both points in
»~ () to be post-critical. Hence ¢~!(y) consists of a critical point. Now 7 cannot be
periodic, for otherwise () is not well-defined. Hence if ¢() is periodic, then it is a
fixed point. But then ¢ (¢ (7)) contains both  and ¢(y), which is impossible. Hence
#(7) cannot be periodic. Because #A < 3, it must be the case that ¢*(y) is a fixed
point, and we have ramification portrait (2.1]).

Suppose now that #A = 4, and thus P,NCy = ). Because ¢ cannot have a periodic
critical point, P must contain a cycle, and for each « in this cycle, ¢~*(a) cannot
contain a critical point, as otherwise ¢~'(«) consists only of a critical point, which
must then be periodic. It follows that the length of this cycle can be at most 2. If P,
contains a 2-cycle, one easily checks that the only possible ramification portrait is the
second one in (2.7]).

Now a fixed point in P, cannot have a pre-image that is a critical point, and hence
P, can contain at most two fixed points. If there are exactly two, then we must have
the first ramification portrait in (24]). If there is only one, then we must have the
ramification portrait in (2.5]). O

We now describe quadratic Lattes maps over a field of characteristic not equal to
2. We use the normal form ¢(z) = (22 + a)/(2* + b),a # b, which exists for every
degree-2 rational function except those conjugate over K to x*2, and can be obtained
by conjugating a map’s two critical points to 0 and oo, and then conjugating again so
¢(00) = 1. We observe that this conjugation is defined over K if and only if the map’s
critical points lie in K; otherwise the conjugation is over a quadratic extension of K.
The normal form is unique except that if ab # 0, then conjugation by = — a/(bx) takes
(z?+a)/(2*+b) to (2% + (a®/b%)) /(2> + (a/b?)). This is the normal form found in [16],
and is related to the normal form for critically marked quadratic rational functions
given in [I2, Section 6].
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Proposition 2.3. If K is a field of characteristic not equal to 2, then every degree-2
Lattes map is conjugate (over K) to one of the following:
% —2 %+ o 22 + ay 2% 4 a3 36’2+O%3

1 b
az+2

(2.7)

)

2 —ay’ 22—y’ 2?2 — (a3 +2) 72 —

72

where ay is a Toot of y> + 1 (in K), ay is a root of y> — 2y — 1, and as is a root of
y? + 5y + 8.

Remark. The two maps ;zf—zz, where o, is either root of y2—2y—1, are in fact conjugate
to each other by z — —1/x. Otherwise, no two maps in ([2.7)) are conjugate. Hence
there are 8 conjugacy classes of Lattes maps (over K) if K has characteristic not equal
to 7. If K has characteristic 7, then 3? + 5y + 8 has only one root in K, and hence

there are only 6 conjugacy classes of Lattes maps.

Proof. Let ¢ € K(z) be a degree-2 Lattes map. It follows from Proposition that
¢ is not conjugate to 2, and hence we may write ¢(z) = (22 + a)/(2% + b) for some
a,b € K with a # b. Each of the ramification portraits described in Proposition
then gives rise to two polynomial conditions on a and b. For instance, the portrait
in ([Z3) forces ¢?(0) = ¢*(c0), which implies b = —a. The same portrait implies
¢*(00) = ¢3(00), which gives (a? +1)(a? — 2a — 1) = 0. The ramification portrait (Z.1))
leads to the first map in (2.7)), and the portraits in (2.4)) lead to the fourth and fifth
maps in (2.7), respectively. O

We now give our characterization of dynamically exceptional quadratic rational func-
tions.

Proposition 2.4. Let K be a field of characteristic # 2, and let ¢ € K(x) have degree
2. Then ¢ is dynamically exceptional if and only if ¢ is a Lattes map or conjugate over
K to (z* 4+ a)/(z* — (a +2)) for some a € K.

Remark. Maps conjugate to the degree-2 Chebyshev polynomial, as well as Lattes maps
with ramification portrait (2.4)), are conjugate to (z2+a)/(z*— (a+2)) for appropriate
a€K.

Proof. By definition, there is I' C P'(K) with ¢~'(T') \ C = I'. This implies that
I C¢HT) and ' N Cy = 0. Hence

(2.8) 2T = Y egla) = #T + 2461 (I) N Cy),
agp=H(T)
and it follows that #I" € {2, 4}, according to whether #(¢~1(I') N Cy) is 1 or 2.

First suppose that #I' = 2 and ¢~!(T") contains a single critical point c¢. Because
o(I') C T, ¢ cannot be periodic, for then ¢ € I'. Similarly, ¢(c) cannot be periodic,
for then its unique preimage ¢ must be periodic as well. Thus ¢*(c) is a fixed point
for ¢, and after conjugation we may assume ¢ = oo, ¢(c) = 1, and ¢*(c) = —1,
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giving the map (22 + a)/(2?> — (a + 2)) for some a € K. We remark that any map
with ramification portrait (2:4) or (2:2)), and hence any map conjugate to the degree-2
Chebyshev polynomial, is a special case.

Now suppose that #I' = 4, and ¢ 1(T") contains both critical points of ¢, i.e.,
¢~ 1(I') = ' U Cy4. Then we may define a function r : P1(K) — Z satisfying ([23) by
taking r(a) = 2 for « € I and (o) = 1 for a ¢ I'. Hence ¢ is a Lattes map. O

In general we expect a Lattes map ¢ defined over a finite field F, to satisty

1
lim inf #Per(¢, P (Fy))

> 0,
much as happens with Chebyshev polynomials [IT]. Using work of Ugolini [21], we
prove this happens in a certain case:

Theorem 2.5. Let K = F, with p =1 mod 4, and suppose that ¢ is conjugate over K
to the Lattés map SX2, where a € K and a®> +1=0. Then

2—a’
1
(2.9) lim inf 2L P Fpr)) 1

Remark. There are ¢ that are K-conjugate to z;tg, where a € K with a®> 4+ 1 = 0, but
not K-conjugate to any such map. Indeed, if ¢ is K-conjugate to a map of this kind,

then it is K-conjugate to such a map if and only if its critical points lie in K.

Proof. Because ¢ is conjugate over K to a map whose critical points are defined over K,
the critical points of ¢ must be defined over K. Applying a conjugacy that moves these
critical points to &1, we see that ¢ is conjugate over K to ¢)(x) = k(z+x~1), where k*+
i = 0. Asdetailed in [21], Section 3], the map v descends from a degree-2 endomorphism
on the elliptic curve y* = 2 4+ x defined over F,, which has endomorphism ring R :=
Z[i]. Moreover, because p = 1 mod 4, the two degree-2 maps in R, namely [1 & |, are
both defined over F,, and indeed have the form (x,y) — (¢(x),y7(z)) with 7(z) =
c(z? —1)/2* € Fp(x).

Our analysis of the action of ) on P!(F,») begins by partitioning P!(F,) into two
Y-invariant sets which, by the Hasse bound, have approximately equal size when p" is
large. Let S be the three roots of 3 + z, which lie in F, since p = 1 mod 4. Set

A _ J{w €Fpn s thereis y € By with (2,9) € E(F,n)} U {0} if V2 €Fn
" 1 {x € Fpn : there is y € Fpn with (z,9) € E(Fn)}\ S if V2 ¢ F,n

and take B, = PY(F,) \ A,.

Because endomorphisms of E preserve E(F,»), we immediately have 1(A,) C A,
if V2 € Fpo. If V2 & Fpn and @ € A, then (o) € A, unless 1)(a) € S. But
Y7H(S) = SU{£1}, and +1 & A, since /2 € F,n. Thus ¢~1(S) N A, = 0. Suppose

now that a € B, and let § satisfy («, ) € E(F,). The y-coordinate of [1+i](c, §) has
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the form f7(a). But 7(a) € Fyn, so f7(a) € Fpn if and only if 5 € Fyn or 7(a) = 0 (i.e.
a = £1). If V2 € Fpn, then {£1} N B, = (), whence 1(B,,) C B,. If v/2 ¢ Fpu, then
the entire orbits of 1 under 1) are contained in B,,, and so again we have ¥(B,,) C B,,.
If we put f(n) = (#A4,)/(p"+1) and g(n) = (#B,)/(p™ + 1), then the Hasse bound
implies that both f(n) and g(n) are 1/2 + O(p~"/?). In particular,
#A, . #B, 1

2.10 li =1 = —.
(2.10) i gt 41 moeept+1 2

Let m, € R denote the Frobenius endomorphism of £ (which is given explicitly by
(r ++/r2—4p)/2 where r = p+ 1 — #E(F,)), and let p be the ideal (1 + i) of R.
Theorem 3.5 of [2I] implies that each periodic point in A,, (resp. B,) is the root of
a complete binary rooted tree whose depth is given by v, (7} — 1) (resp. vp(7) + 1)),
where v, denotes the p-adic valuation. The only exception is the fixed point at oo,
whose tree includes the critical points +1 but otherwise is a complete binary tree with
depth given as in the previous sentence. We have

2 =vy(2) = vp((mp + 1) = (mp = 1)) =2 min{vp(m, + 1), vp(m, — D},

and it follows that either A, or B, is composed of periodic points for v, each one
mapped to by a binary tree of non-periodic points of depth at most 2. Without loss of
generality, say that A,, satifies this condition. Then

(2.11) limn fnf 72 R An)

n—oo An

Combining (2.10) and (2.I1]) gives

1
lim inf #Per(v, P (Fyr)) > lim inf —#Per(¢, An)

= lim inf (#Per(w,An) . A )

> 1/4.

n—oo

#A, pr+1
1

1
> 2=,
- 2 8

N

O

To illustrate the results of this section, we give some further discussion of the maps in
Table [[, which gives data for K = F3 and all quadratic maps ¢(x) = (2% —a)/(2? — b)
with a,b € K. The cases (a,b) = (1,2) and (a,b) = (2,1) produce maps that are
conjugate over F3 and thus have the same dynamics on F%, while all other choices
of (a,b) with a # b yield maps that are not conjugate over Fs3. Taking (a,b) =
(0,2) gives a map with ramification portrait (2.2]), which is thus Fs-conjugate to the
degree-2 Chebyshev polynomial z* — 2. Taking (a,b) = (2,0) gives a Lattés map with
ramification portrait (2.4). Taking (a,b) € {(0,1),(1,2),(1,0)} gives a map that is not
dynamically exceptional. We note that (a,b) = (0,2) gives a map conjugate to z2 — 1.
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Table [0 shows #Per(¢, P*(F3.))/3" for n < 10, and also includes the map z?, whose
periodic points in P(FF3.) are the same as 1/z%.

3. REDUCING THEOREMS AND TO STATEMENTS ABOUT IMGs

In this section we show that to prove Theorems [[.3] and [[.7] it is enough to prove
Theorem [L71

For each n > 1, let K¥ith he the extension of F,(t) obtained by adjoining the roots of
¢"(x) —t, and K&%°™ the extension of F,(t) obtained by adjoining the roots of ¢"(x) —t
(recall our standing assumption that ¢"(z) — ¢t has d" distinct roots in Fy(t)). We
note that K&°™ is equal to the compositum K*Q, which in turn is equal to the
compositum K2 hQ(t).

Denote by G,, the Galois group of K8°™ over F,(t), and note that G,, is the natural
quotient of pgIMG(¢)/F, (= liin () obtained by restricting its action on 7'(¢) to the

set T,,(¢) of vertices having distance n from the root of T'(¢). The first main result of
this section relates FPP(G,,) to certain counts of periodic points.

Theorem 3.1. Let F, be a finite field of cham_cteristic p and ¢ € Fy(x) have degree
d with2 < d < p. Let n > 1 and let K" NF, = Fym, so that Fym is the mazimal

constant field subextension of K¥". Then for every § > 0 there is a constant ko such
that

#Per (¢, PY(F jmr))

3.1

< FPP(G,) + 6

for all k > k.

To prove Theorem B.Il we begin with two elementary lemmas, the first of which is
Lemma 5.2 of [10].

Lemma 3.2 ([10)). If f is a function acting on a finite set U, then Per(f,U) =
Mso fMU). In particular #Per(f,U) < #f"(U) for every n > 0.

We say that the degree of 5 € FF,, written deg /3, is the degree of the minimal
polynomial of 3 over F,.

Lemma 3.3. Let F, be a finite field with q elements, and let k > 1 be an integer. Then
(3.2) #{B €Fyp : deg B < k} < 2¢"*

Proof. The subfields of F,. are precisely F, for r | k, and Fy(8) = Fjaces. Thus
#{B € Fyr : deg 8 < k} is bounded above by >, ., ¢", and

1 1
DO T A e L <1 +ialy ) < 2442,
rlk,r#k q q
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Proof of Theorem[3l Begin by observing that #¢" (P! (Fmr)) < ¢™(F mr) + 1, and so

#¢n(P1(Fq7rLk)) < #¢n(Fq7rlk) + ]_

(3.3)

We will bound #O B i) for sufficiently large k. To do so, we study the extension

q'mk
K% /R (t). Because F,m is the maximal constant field subextension of K¥ith we
have Gal (K&t /F . (t)) = G,,.

Each place P of Fn(t) (resp. p of K™™) has a corresponding discrete valuation vp
(resp. vy), and we denote by Op (resp. O,) the ring of integers {z € Fym (t)* : vp(z) >
0} (resp. {z € K2™* : y,(2) > 0}) and we denote by mp (resp. m,) the maximal
ideal {z € Op : vp(z) > 0} (resp. {z € Oy : v,(2) > 0}). We denote the residue fields
Op/mp and O,/m, by Fp and F,, respectively, and we denote the canonical maps
Op — Fp and O, to F, by mp and m,, respectively.

Let oq,...,aqn be the roots of ¢"(z) —t in F,m(t), and observe that these are all
distinct. Let T" be the set of places P of Fm () satisfying all of the following:

(1) P is not ramified in Kith;

(2) every extension p of P to K™ satisfies v,(c; — ;) = 0 for all i # j;
(3) every extension p of P to K™ satisfies v,(c;) > 0 for all 4;

(4) P is not the place at infinity.

(We remark that condition (2) implies condition (1), though we do not need that for
the proof.) Let P € T, and let p be an extension of P to K. Condition (4) ensures
there is an irreducible polynomial p(t) € F,m[t] of some degree k& > 1 such that vp
is given by ord,(-). In particular, Fp = Fm[t]/(p(t)), which is a finite field of ¢™*
elements. Moreover, condition (3) ensures o; € O, for all i =1,...,d", and condition
(2) ensures

(3.4) mp i {aq, .., } = {mp(ar),. .., mp(n)} is a bijection.
Let D(p/P) C G, be the decomposition group of p, i.e.
{g € Gy 1 v,(g9(2)) = vp(2) for all z € K™\ {0}}.
Observe that any g € D(p/P) gives a map O, — O, that descends to g € Gal (F,/Fp)
given by g(z +p) = g(z) + p. For any «;, we have
mp(g9(i)) = g(ei) +p =glai +p) = g(mp(w)),

and it follows from (B.4)) that g permutes {ay, ..., g} in the same way that g permutes
{mp(cn), ... mp(aan)}.

Because ¢ is defined over Fym, it commutes with m,, so we have
(3.5) mp(t) = mp(0" (%)) = @™ (mp(cwi)),
whence {my(cq),...,my(aqn)} are the preimages of m,(t) under ¢™. Now m,(t) is a root
of p(t) in Fy, and hence lies in Fp, since the latter is Op/(p(t)). Let 8 = m,(t), and
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let 5’ be any other root of p(t) in Fp. Then there is o € Gal (F,/Fp) with o(3) = 3.
Now o commutes with ¢, and so applying ¢ to (3.5) shows that the preimages of
p" under ¢" are {o(m,(v1)),...,0(mp(aqn))}. Moreover, Gal(F,/Fp) is abelian, and
so g and o commute for any g € D(p/P). It follows that ¢ has a fixed point in
{mp(1), ..., m(cgn)} if and only if it has a fixed point in {o(m, (1)), ..., o(m(aan))}.

Still assuming that P € T, condition (1) implies that the map g — 7 gives an
isomorphism D(p/P) — Gal(F,/Fp) [20, Theorem 9.6]. The inverse image of the
Frobenius map x — 24" is denoted Frob(p/P), and the set {Frob(p/P) : p extends P}
is a conjugacy class of G, [20, Proposition 9.7], which we denote Frob(P). Observe
that if Frob(p/P) fixes one of the a; for some extension p of P, then so does every
element of Frob(P).

Now Frob(p/P)(a;) = a; is equivalent to (m,(a;))?"" = m,(a;), which is equivalent
to a; € Fyme. Thus if By, ..., B are the roots in Fmr of p(t), we have

(3.6) Frob(P) acts on {ay,...,aq } with at least one fixed point
<= for every j € {1,...,k}, there is y € Fmr with ¢"(y) = 5;

Observe that the latter condition in (B:6)) is equivalent to {1, ..., Bk} C ¢"(Fymr).

Let U = {places P of F = (t) that are unramified in K2}, The Chebotarev Den-
sity Theorem for function fields (see e.g. [20, Theorem 9.13B|) states that for any
conjugacy class C' C G, there is a constant A such that

#C g+ q
o E AT

mk/2

(3.7) #{P €U :deg P =k and Frob(P) = C} <

Both U and T contain all but finitely many places of Fym(t), and so there exists k;
such that for any k& > ky, all places of degree k lie in both U and T'. The set of g € G,
acting on {ay, ..., aq} with at least one fixed point is a union of conjugacy classes of
G, and it follows from (3.6) and (37) that for k > ky,

mk mk/2
#{P:degP =k and {B1, ..., B} C ¢"(F i)} < FPP(G,) - qT N —
Thus for k& > k; we have
o) d =k mk mk/2

From Lemma [3.3], we have #{3 € ¢"(F m+) : deg 8 < k} < 2¢™"/2, and (B.8) then gives

(3.9) #¢"(Fymr) < FPP(G,,) - g™ + (A + 2)g™?
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for k > ky. Finally, combining (3.9) with Lemma and equation (3.3)), we obtain for
k Z kla
#Per(¢, Pl(quk)) < #¢n(P1(Fq7rLk)> < #¢n(Fq7rlk>
qu +1 — qu +1 — qu
< FPP(Gy) + (¢™ +1)7" + (A +2)g7™?

+ (g™ + 1)

Let § > 0. Taking ko large enough so that ko > ky and (g™ +1) "1+ (A+2)g™k/2 < §
completes the proof. O

We obtain the following Corollary of Theorem 3.1k

Corollary 3.4. Let IF, be a finite field of characteristic p and ¢ € F,(x) have degree d
with 2 < d < p. Then for every € > 0 there are positive integers M and ky such that
#Per(¢, Pl (Fqu))

< FPP(pgIMG(¢)/F,) + €

for all k > ko. Moreover, M < limsup,,_,., m,, where m, = (K" NF,):F,].

Proof. Let € > 0 be given. By definition FPP(pgIMG(¢)/F,) = lim, ., FPP(G;), and
so there is an infinite set I such that FPP(G;) < FPP(pgIMG(¢)/F,) + ¢/2 for any
i € 1. For each i € I, we may take § = €/2 in Theorem [B.1] to obtain m; and ko such
that

#Per(¢, ]P)l (Fq’rrlik))
for all k > ky. If limsup,,_,., m, = 0o, then any choice of ¢ € I proves the Corollary.
If lim sup,,_,., mn, = L < 0o, then we may take ¢ € I large enough so that m; < L. O

< FPP(pgIMG(¢)/F,) +€/2+¢/2

Recall that a finite extension E of F,(t) is geometric (over F,(¢)) if ENTF, = F,.
Hence K¥ith is geometric if and only if m,, = 1 for all n > 1.

Corollary 3.5. Let IF, be a finite field of characteristic p and ¢ € F,(x) have degree d
with 2 < d < p. Then

.. #Per(¢,PY(Fy))
lim inf

< FPP(pgIMG()/TF,).

If in addition K" is geometric over F,(t) for alln > 1, then

1i #Per(¢> P! (Fqk))
11m Ssu

< FPP(pgIMG()/TF,).

Proof. The first statement follows from Corollary [3.4] and the second from Theorem

3.1 O
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In particular, if K2t is geometric over F,(¢) for all n > 1 and FPP(pgIMG(¢)/F,) =
0, then the second statement of Corollary gives

_ #Per(¢,P'(Fy))
lim

lim p — 0.

At present the constant field sub-extensions Fym, (which we recall is K" NF,) are
in general poorly understood. The main result is in the case of quadratic polynomials,
and due to Pink:

Theorem 3.6 (Pink [I7]). Let F, be a finite field of odd characteristic, and let ¢ € F,[z]
have degree 2. Suppose that the unique finite critical point of ¢ is strictly preperiodic
and that ¢ is not conjugate to a Chebyshev polynomial. Then

K3 N Fy C FolGs),

where (g is a primitive 8th root of unity. In particular, if q is a square then K is
geometric over F(t) for alln > 1.

Together with Corollary B3] this gives:

Corollary 3.7. Let F, be a finite field of odd characteristic, and let ¢ € F,[z] have de-
gree 2. Suppose that q is a square, the unique finite critical point of ¢ is strictly preperi-
odic, and ¢ is not conjugate over F, to a Chebyshev polynomial. If FPP(pgIMG(¢)/F,) =

0, then
_ #Per(¢, P (Fy))
lim -

We now wish to show that FPP(pgIMG(¢)/F,) = FPP(pgIMG(¢)/C), thereby re-
ducing the proofs of both Theorems T3 and [Alto the computation of FPP (pgIMG(¢)/C).
To do so, we take advantage of theorems about lifting Galois groups from characteristic
p to characteristic 0. Let T" and 1" be two complete d-ary rooted trees. If ¢ : T'— T" is
an isomorphism of rooted trees, then any G' < Aut(7') embeds as a subgroup toGo¢™*
of Aut(7"). A different choice of ¢ alters the image of this embedding by a conjugacy
in Aut(7”). In particular, FPP(G) = FPP(10 G o:™!) independent of choice of ¢, since
FPP is invariant under conjugacy.

Definition 3.8. Let F, be a finite field of characteristic p and let ¢ € F,(z) have
degree d > 2 with pgIMG(¢)/F, = G acting on the tree Ty, (¢) of preimages of ¢

in F,(t). We call ¢ liftable if there exists a map ¢ € C(x) with pgIMG(¢)/C = G
acting on the tree Tg(¢) of preimages of t in C(¢) such that

=0.

(1) ¢ and ¢ have the same ramification portrait, and

(2) there is a tree isomorphism ¢ : Tk, (¢) — Tc(¢) such that 10 G 017! = G

Not all ¢ € F,(x) are liftable; for instance if ¢(x) = 2P —x then oo is the only critical
point in P*(F,), and no lift ¢ € C(z) can have the same ramification portrait.
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Note that condition (2) of Definition 3.8 ensures that if ¢ is liftable, then

(3.10) FPP(pgIMG(¢)/F,) = FPP(pgIMG(4)/C).

In Section ] we show that the latter is equal to FPP(IMG(¢)) (see p. 22).

We remark that the action of pgIMG(¢)/C on Tg(@) is given by the action of the
topological fundamental group 7 (Pg \ P35, z), where 2 is any point outside of Pj; The
latter may be computed by pulling back loops in P¢ \ P;, which allows for the use of
topological and geometric tools.

In order to harness these new tools, we need to know that the maps we study are
liftable. For this we appeal to a result of R. Pink.

Theorem 3.9 (Pink [I6], Corollary 4.4). Let IF, be a finite field of odd characteristic,
and let ¢ € F () have degree 2. Then ¢ is liftable.

To prove Theorem [B.9, Pink constructs a fine moduli scheme Mr for I'-marked
quadratic morphisms, i.e. quadratic morphisms with specified ramification portrait I'.
The construction is explicit, and Mt has several desirable properties, the most crucial
being that it is quasi-finite over Spec Z[1] [16, Theorem 3.3]. These properties lead to a
proof that any I'-marked quadratic morphism over a finite field of odd characteristic p
lifts to characteristic zero: it is isomorphic to the special fiber of a I'-marked quadratic
morphism over Spec R, where R is a discrete valuation ring that is finitely generated
over Zg, [16, Corollary 3.6]. Liftability in the sense of Definition then follows as
a direct consequence of Grothendieck’s Specialization Theorem for tame fundamental
groups; see [18, Section 4].

The key step in Pink’s argument is the quasi-finiteness of M, which is equivalent to
the statement that that any quadratic morphism over a function field of characteristic
= 2 is isotrivial, i.e. defined over a finite extension of the constant field after a change
of variables. Using p-adic methods that are completely different from those of [16], this
statement was proven in [2, Corollary 6.3].

Finally, note that because of condition (1) in Definition B.8| a liftable map ¢ € F,(x)
is dynamically exceptional if and only if its lift is. From Theorem B.9] Corollary B.5]
and Corollary 3.7, we then obtain:

Corollary 3.10. Theorem [I.7 implies Theorem[I.3 and Theorem [1.J)

We now turn to Question [L.2] the “horizontal” question involving finite fields of
different characteristics. Recall that if K is a number field and ¢ € K(x), then for
all but finitely many primes p in the ring of integers Ok of K, one may reduce the
coefficients of ¢ modulo p to obtain a morphism ¢, : P*(F,) — P'(F,) with deg¢ =
deg ¢, where [F, is the residue field Ok /p. Denote by N(p) the degree of F, over its
prime field, so that 1 + N(p) is the size of P'(Fy).
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Theorem 3.11. Let K be a number field and ¢ € K(x). Then

(3.11) lim inf #Per(dp Fy)

Nminf SNy S FPPIME(9)/C).

where the lim inf is over primes p of K.

Proof. Let K&°™ be the splitting field of ¢"(x)—t over Q(¢), and G,, = Gal (K8°™ /Q(t)),
so that lim,, ., FPP(G,) = FPP(pgIMG(¢)/Q). Because K&°™ is an algebraic exten-
sion of Q(t), for any extension field F' of Q we have that the field of constants of
Kgm M [F(t) is an algebraic extension of Q. Hence K&°™ N F(t) = Q(t). By the
theorem on natural irrationalities, it follows that the Galois group of the compositum
FKg™°™ over F(t) is isomorphic to G,. Choosing an embedding Q < C, we may take

F = C. This embedding can be extended to an embedding Q(t) < C(t), which carries
Tg(¢) onto Te(¢). It follows that pgIMG(¢)/Q = pgIMG(¢)/C, and the action of the
former on Tg(¢) is conjugate to the action of the latter on Tc(¢) (where the conjugacy
depends on the choice of embeddings).

Let L, = K™™' NQ, and recall that K2*hQ(¢) = K¥thQ = K&, Then K'™hQ(t)
is a geometric extension of L,(t) with Galois group G,, by the theorem on natural
irrationalities. From [10, Proposition 5.3] we have that for primes B of L,, and for any
6 >0,

#PGI(QSm, Fm)
1+ N(B)

for N(°B) sufficiently large, where N () is the norm of 8. From [10, Lemma 6.3] and
(B12) we obtain

.. . #Per(¢y, Fp)
(3.13) Nminf )

(3.12) < FPP(G,) + 6

< FPP(G,) + 0,

where p varies over primes of K. To prove (L), let € > 0. Let n be such that
FPP(G,) < FPP(pgIMG(¢)/Q) + €/2. Applying ([B.13) with § = €/2 gives

#Per (¢, Fy)
N(p)—oco 1+ N(p)

from which (B.II)) follows, because FPP(pgIMG(¢)/Q) = FPP(pgIMG(¢)/C) by the
first paragraph of the proof. O

< FPP(pgIMG(¢)/Q) + ¢,

Theorem [B.11] shows that the only obstacle to proving Theorem is establishing
that FPP(pgIMG(¢)/C) = 0. When ¢ is conjugate over K to a polynomial, this is
Theorem 1.1 of [§]. If ¢ has prime degree or doubly transitive monodromy, this is
Theorem [L.7] We thus have:

Corollary 3.12. Theorem[I.7 implies Theorem [1.3.
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4. BACKGROUND AND DEFINITIONS ON IMGS AND WREATH RECURSION

The proof of Theorem [I.7, which requires a proof of Theorem [I.8 occupies the
remainder of the article. From this section on, we work in a more topological context,
and so use the notation C in place of PE. We now use f to denote a rational function
with complex coefficients, and we use z as the variable. Given f € C(z), we wish
to understand the action of pgIMG(f)/C on T¢(f). In Section 4.1 we discuss tools
for studying the action of an arbitrary group on a complete d-ary infinite rooted tree
X*. In Section we define the iterated monodromy group and describe its standard
action on X*. In Section we give some basic properties of the monodromy action
on roots of a polynomial that will be used in Section

4.1. Wreath recursion and definitions. Let d > 2, put X = {0,...,d — 1}, and
let Sy denote the symmetric group on d letters. Denote by X* the set of all words in
X, arranged as a tree in the natural way: there is an edge connecting vx to v for each
v € X* and x € X. Denote by X" the set of words in X of length n, which gives the
nth level of X*. By X we mean the set consisting only of the empty word. An end of
X* is an infinite, non-retracing path beginning at the empty word. Thus the set of all
ends of X* is the inverse limit of the X™ under the natural maps X" — X"~!.

Define Aut(X*) to be the set of tree automorphisms. A salient feature of X* is its
self-similarity, and we use this to describe elements of Aut(X*) recursively.

Let g € Aut(X™), and for a vertex v € X* consider the subtrees vX* and g(v)X*
with root v and g(v), respectively. Both are naturally isomorphic to X*, and identifying
them gives an automorphism g|, € Aut(X*), called the restriction of g at v.

There is a natural isomorphism

W Aut(X™) — Syl Aut(XT),

where ! denotes the wreath product, that takes g to (o, (glo,--.,9la—1)), where o € Sy
is the action of g on X (i.e., on the first level of X*). In other words, we may describe
g by specifying its action on X and its restriction at each element of X. We call this
the wreath recursion describing g. We generally drop the outer parentheses and equate
g with its image under ¢, writing

QZU(9|0,--->9|d—1)-

We write the identity element as 1, and when the permutation o is the identity, we omit
it. Hence the identity element of Aut(X*) is given in wreath recursion by (1,1,...,1).
Note that the element a = (a,1,1,...,1) is also the identity, since by induction it acts
trivially on X™ for all n, and thus acts trivially on X*. Given g = o(glo,---,9la-1),
we can make explicit its action on any X" thanks to the following formulas, which are
straightforward to prove:

(41) g|vw = g|v|w g(U'lU) = g('U)g|v('lU),
for any v, w € X*.
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One can multiply elements in wreath recursion form using the usual multiplication
in a semi-direct product:
(42) U(go c. ,gd_l) . T(h(] cey hd—l) = UT(gT(O)hO c. 7gr(d—1)hd—1)-
If we take v € X* of length n, we may consider (4.2)) as giving the wreath recursion of
g, h € Aut(X™) acting on X™. This gives
(4.3) (gh)(v) = g(h(v))  and  (gh)ly = glnw) - hlo
Definition 4.1. A subgroup G of Aut(X*) is level-transitive if for all n > 1, G acts
transitively on X™.

Definition 4.2. A subgroup G of Aut(X*) is self-similar if for all ¢ € G we have
gl, € G for every v € X*.

Definition 4.3. A subgroup G of Aut(X™) is recurrent if G is self-similar, G acts
transitively on X, and for each x € X, the map
(4.4) {g€G:g(x) =2} =G given by g+ gls

is surjective.

We note that the map in (4.4) is known as the virtual endomorphism associated to
g and x.

Definition 4.4. A subgroup G of Aut(X™) is contracting if G is self-similar and there
is a finite set N’ C G with the following property: for each g € G, there is M > 0 such
that g|, € N for every word v € X* of length at least M.

We record here a consequence of [15, Corollary 2.8.5]:

Proposition 4.5. A recurrent subgroup G < Aut(X*) is level-transitive, and hence is
infinite.

Proof. The first assertion follows immediately from [15, Corollary 2.8.5]. A level-
transitive subgroup of Aut(X*) must be infinite, because it acts transitively on ar-
bitrarily large sets. 0

4.2. Basic properties of IMGs. Throughout this section, let f : C — C be a PCF
rational function of degree d > 2 with post-critical set Py (the same construction works
any expanding PCF branched cover f :S? — S? as in [I], but we will not use the extra
generality here). Fix a choice of 2z, € @\Pf. Given 7 € Wl(@ \ Py, z0) and z € f~"(2),
there is a unique lift of 7y beginning at z, whose endpoint we denote z, € f7"(2). The
map z — 2, defines a permutation of f~"(z), and the resulting homomorphism

m(C\ Py, z) = Perm(f ()

is called the monodromy action of 71 (C \ Py, zp) on f~"(2p). Denote its kernel by K.
The monodromy action extends to an action on the tree Ty ., C C of preimages of f,
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rooted at zp. (We use this notation rather than the previous Tj(¢) because this tree

is a subset of C rather than of k(t).) Its kernel is K = M., K, which we call the
faithful kernel of the monodromy action.

Definition 4.6. With notation as above, the iterated monodromy group of f, written
IMG(f), is the quotient of m(C \ Py, 29) by the faithful kernel K of the monodromy
action on the tree T% .

Select a labeling bijection A : X — f~1(z), and for i € {0,...,d — 1} select a
path ¢; from z; to A() in C\ P;. Then A extends inductively to an isomorphism
A" X* — T}, of rooted trees via the rule

(4.5) A*(zv) = end of the path f~"(¢,) starting at A*(v)
for v € X™ [15] Proposition 5.2.1].

Definition 4.7. Fix choices of basepoint zy, labeling map A : X — f~1(z;), and paths
{¢;}. The corresponding standard action of 71 (C\ Py, z) (resp. IMG(f)) on X* is the
conjugation by A* of the monodromy action of m1(C\ P, zp) (resp. IMG(f)) on T .

A standard action gives a homomorphism 7 (C\ Py, zp) — Aut(X*), which descends
to an injective homomorphism IMG(f) < Aut(X™*) with identical image. Thus we
may identify IMG(f) with a subgroup of Aut(X™*). A different choice of zy, A, or {/;}
only changes this group by a conjugacy in Aut(X*). From now on we fix a standard
action of m;(C \ Py, zp), and hence of IMG(f), on Aut(X™).

For given n > 1, it is a well-known result in the theory of Riemann suriaces that
the permutation group of f~"(z) induced by the monodromy action of m;(C\ Py, z)
is identical (after possibly a conjugation in the symmetric group) to that given by the
action of the Galois group Gal (C(f~"(¢))/C(t)) on the set f~"(t) C C(t). Thus after
possibly conjugating in Aut(X™*), we have that the action of pgIMG(f)/C on f~"(t) is
the same as that of IMG(f) on X" (see e.g. [4, Theorem 8.12]. Since pgIMG(f)/C is a
closed subgroup of Aut(X*) and it has the same image as IMG(f) under the restriction
maps Aut(X*) — Aut(X"), it follows that pgIMG(f)/C is the closure of IMG(f) in
Aut(X™*). This is [15, Proposition 6.4.2]. In particular, we have

IMG(f) € pgIMG(f)/C € Aut(X")

and FPP(pgIMG(f)/C) = FPP(IMG(f)).

We now describe a standard action in terms of wreath recursion. Equation (4.6]) in
the following proposition is found in Proposition 5.2.2 of [I5], and equation (47) is an
immediate consequence of Definition .7 and equation (E.TI)

Proposition 4.8. Given a standard action of 7 (C \ Py, z) (resp. IMG(f)) on X*,
v € m(C\ Py, 2) (resp. € IMG(f)), and x € X, let 4, be the lift of v starting at A(z).
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Then the action of v on X* is given by
(4.6) Y(@v) = 3(@) () Tola) (V)
where y(z) is the element of X such that 7, ends in A(y(z)). Moreover, for v € X*,

(4'7) 7|:cv = [(gv(x))_lﬁ/xgx”v'

A remark is in order about the statements in Proposition 8 regarding IMG(f).
Because IMG(f) is a quotient of m(C \ Py, 29), the quantities v, 7,, and |, are only
defined up to elements of the faithful kernel. However, the elements of the faithful

kernel act trivially on 7% .,, and hence do not affect the corresponding elements of
Aut(X™).

Proposition 4.9. A standard action of 7 (C \ Py, z9) or IMG(f) on Aut(X™) is re-
current.

Proof. Let G stand for either i (C \ Py, zp) or IMG(f). Observe that Proposition 4.§
(with v the empty word) implies that G is self-similar. We now show that G acts
transitively on X. Let 7,7 € X and let p be a path from A(7) to A(j) in C \ f7HPy).
The path f(p) has endpoints f(A(7)) = f(A(j)) = 20, and thus f(p) gives an element

of G. Observe that the lift f(p) of f(p) beginning at A(7) is precisely p. By Proposition
4.8 we then have (f(p))(i) = j, showing that the action of G on X is transitive.

Finally, we show that given 7 € X the virtual endomorphism g — g|; is a surjective
map from {g € G : g(i) = i} to G. Let h € G and take a representative curve for h
(which we will also refer to as h in an abuse of notation) that avoids f~'(P;). Let the
path h be the composition £;4¢;'. Notice that h is a loop in @\f‘l(Pf) based at A(7).
So (the homotopy class of) f(h) is a loop based at 2, and thus gives an element of G.
The lift of f(h) beginning at A(4) is h, and thus (f(h))(i) = i by Proposition L8 The
same proposition then yields

F(R)); = €7 Wty = 671 GhEHE,
which is homotopic to h, and thus equals h in G. Therefore, the map g — g|; is
onto. 0

Proposition immediately gives:

Corollary 4.10. A standard action of IMG(f) on Aut(X*) is level-transitive, and
hence IMG(f) is infinite.

To this point, the results of this section hold more generally for PCF branched self-
covers of the sphere. However, if f is specifically a post-critically-finite rational map,
the expansion properties of f have further implications for the iterated monodromy
group. Let P{* C Py denote the union of all periodic orbits containing a critical
point. By [I3| Theorem 19.6], f is subhyperbolic because every critical orbit is finite.
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That theorem is proved by constructing an orbifold metric on C \ P{" so that for all
peC\ f71(Py), the derivative satisfies

(4.8) 1D ()] > 1.

For p € P{" denote by U(p) an open Bottcher disk containing p (as in [I3, Theorem
9.1]). There is a choice of the neighborhood U(p) for each p € P/ so that the collection

u = J u,

per
pePf

has complement K = C \ UP¢" with the property that K’ := f~1(K) is compactly
contained in K. By compactness there is a constant 0 < p < 1 so that

(4.9) IDf(p)|| > % -1

for all p € K.

In the presence of this metric expansion, certain finiteness properties hold. For
example, it was used by Nekrashevych to prove the following statement on contraction
(recall Definition .4]) of self-similar groups [15, Theorem 5.5.3].

Theorem 4.11. If f : C — C is PCF, then IMG(f) is contracting.

4.3. Peripheral loops. Let f : C — ((A; be a PCF rational function, and recall that
we have fixed a standard action of m1(C \ Py, 2z) (and hence of IMG(f)) on X*. In
Section [0l we study this action by analyzing loops, and here we record some elementary
properties of loops that will prove useful.

We say that a homotopy class of paths based at a point z is a loop if it can be
represented by a loop, or equivalently if every representative is a loop. The following
lemma is an immediate consequence of Proposition [4.8k

Lemma 4.12. The lift of g € WI(@ \ P, 29) to z € Ty, is a loop if and only if
g(A*(2)) = A*(2).

Definition 4.13. A nontrivial element g € Wl(@ \ Py, 29) is peripheral about p € P
if for any disk neighborhood N(p) of p there exists a representative of g that is freely

homotopic (i.e. homotopic with continuously moving basepoint) in C \ P to a loop
that is contained in N(p). We call g peripheral if there exists a p € Py so that g is
peripheral about p.

Definition 4.14. A nontrivial element g € m,(C \ Py, 2zp) is called primitive if g = A"
for h € m(C\ Py, 29) implies that m =1 or m = —1.

Fix a disk neighborhood N(p) of p so that each component of f~'(N(p)) contains
at most one element of f~*(p). Let g € m(C\ Py, z0) be peripheral about p, which by
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definition means that there is a loop g, that is freely homotopic to g and contained in
N(p). A lift § of ¢ is said to be associated to a point q¢ € f~'(p) if the free homotopy
g ~ g, lifts to a free homotopy § ~ g, (in C \ f7Y(Pf)) where g, is contained in the
component of f~1(N,) that contains ¢. We note that given z € f~!(z) and g peripheral
about p € Py, the lift of g beginning at z is associated to precisely one g € f~(p).

Lemma 4.15. Let g € Wl(@ \ Py, z0) be primitive and peripheral about p € Py, and let
g be a lift of g beginning at 2 € f~Y(zy). Suppose that § is associated to q € f~(p).
Then q is non-critical if and only if g(A(z)) = A(z).

Proof. Let g be a lift of g associated to ¢, and let U(q) be the component of f~*(N(p))
that contains ¢. By Lemma [L.12] we have g(A(z)) = A(z) if and only if g is a loop. By
definition § is freely homotopic to g, C U(q) that is a lift of a loop g, C N(p) freely
homotopic to g. It follows from the homotopy lifting property that g is a loop if and
only if g, is a loop.

Because f is a branched cover, the restriction f : U(q) — N(p) is modeled on the
unit disk map z — 2¢ where d > 1 is the local degree of f at ¢. A primitive nontrivial
loop in D\ {0} lifts to a loop under z + 2% if and only if d = 1, i.e. if and only if ¢ is
non-critical. U

Lemma 4.16. Let g € m ((@ \ Py, z0) be primitive and peripheral about p € Py, and
let g be a lift of g beginning at z € f~1(20). If § is a loop, then it is either trivial in
m(C\ Py, 2) or it is peripheral about a non-critical point in Pr.

Proof. Let g € f~*(p) be such that g is associated to g, let N(q) be a disk neighborhood
of ¢, and assume that g is a loop. Because ¢ is peripheral about p, we can select a loop
g, that is freely homotopic to g and contained in a neighborhood N(p) of p such that
f7Y(N(p)) has a component contained in N(g). Then g, is freely homotopic to a loop
contained in N(q), and hence is peripheral about g. Note that if ¢ & Py, then g is trivial
in m (C\ Py, zp). Because ¢ is a loop we have from Lemma that g(A(z)) = A(2).
Hence by Lemma we have that ¢ is non-critical. OJ

The following lemma connects the dynamical properties of the post-critical set to to
the action of a loop on the tree of preimages.

Lemma 4.17. Let g € Wl(@ \ Pt, 29) be primitive and peripheral about p € Pr. Then

(1) g fizes an end of X* if and only if there is a backward orbit of p that does not
contain a critical point, and

(2) g fizes infinitely-many ends of X* if there is a backward orbit of p that contains
no critical point and is not a subset of Py.

Proof. The first statement follows from Lemma [A.I5l The second statement follows
from the fact that the trivial action on a subtree fixes all ends of that subtree. O
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5. THE FIXED-POINT PROCESS FOR SELF-SIMILAR GROUPS

Throughout this section, we assume X = {0,...,d — 1} for d > 2, and let X™ be
the collection of words in X oi length n. In particular, X = X'. Recall that we have
fixed a standard action of 7 (C \ Py, ) (and hence of IMG(f)) on X*. As in (L8] in
the introduction, we put

N = {g € IMG(f) : g|» = g and g(v) = v for some non-empty v € X*}.

We denote by Ni(G) the analogous set for an arbitrary G < Aut(X*)
In this section, we prove the following result, which is a key step in the proof of
Theorem [L7}

Theorem 5.1. Let f € C(2) be a PCF rational function of degree d > 2. Assume that
d is prime or that f has doubly transitive monodromy. If every g € N fizes infinitely
many ends of X*, then FPP(IMG(f)) = 0.

For each n > 1, let G,, denote the quotient of G by the kernel of the restriction
map G — Aut(X"). Recall that the profinite completion G, of G with respect to
the G,, (equivalently, the inverse limit of G,, under the restriction maps G,, = G,_1)
is a compact group, and its normalized Haar measure is a probability measure p that
projects to the discrete uniform measure on each G,,. Moreover, G, carries a natural
action on the set of ends X“. The key step in the proof of Theorem [5.1]is the following
result.

Theorem 5.2. Suppose that G < Aut(X™) is self-similar and level-transitive. If either
(1) d is prime, or
(2) G is recurrent and acts doubly transitively on X,

then
1({g € G : g fizes infinitely many elements of X“}) = 0.

Recall that G acts doubly transitively on X if for all 4,5, k,¢ € X with ¢ # j and
k # {, there exists g € G with ¢g(i) = k and g(j) = ¢/

Theorem is proven in Corollaries (.6 5.11] and [£.13] The same conclusion as in
Theorem is reached in Theorem 1.4 of [§] under the assumption that G' contains
a spherically transitive element, which implies that G is level-transitive, though not
necessarily self-similar. We remark too that in the special case d = 2, Theorem 1.2
of [7] implies the conclusion of Theorem under the assumptions that G is level-
transitive and for each n the sign homomorphism sgn,, : G, — {£1} is surjective. In
this paper we must handle groups with d = 2 that do not have a spherically transitive
element, and for which sgn, has trivial image for all n sufficiently large.

Here is a sketch of the proof of Theorem [5.1l We define a stochastic process — that
is, an infinite collection of random variables defined on a common probability space —
that encodes information about the number of fixed points in X" of elements of G,,.
We then generalize the techniques of [7] and [§] and to show that this process is a
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martingale provided only that G is self-similar and level-transitive. An application of
a martingale convergence theorem and a result of Nekrashevych on contracting actions
of iterated monodromy groups yield the final steps in the proof of Theorem [G.11

We now give the precise construction and proofs.

Let a group G act on a set S, and for g € G put Fix(g) = {s € S : g(s) = s}. Define
a stochastic process Y7,Y5, ... on G by taking

Yi(g) = #Fix(mi(g)),

where 7; is the restriction map Go — Gy, and G; acts on X*. We call this the fized
point process of G. Because u(m; ' (T)) = #T/#G; for any T C G;, we have that
u(Yiy =ty,...,Y, =t,) is given by

1
#Gn
We denote by E(Y') the expected value of the random variable Y.

(5.1) #{g € G, : g fixes t; elements of X* for i =1,2,...,n}.

Definition 5.3. A stochastic process with probability measure p and random variables
Y1, Ys, ... taking values in R is a martingale if for all n > 2 and any t; € R,

E(Yn | le - tla}/2 = t2> s aYn—l = tn—l) - tn—1>
provided /L(Yi =11, Y, = to, ..., Y,..1= tn_1> > 0.
Martingales are useful tools because they often converge in the following sense:

Definition 5.4. Let Y7, Y5, ... be a stochastic process defined on the probability space
Q) with probability measure pu. The process converges if

1 (w € Q: lim Y, (w) exists) =1

n—oo

We give one standard martingale convergence theorem (see e.g. [0, Section 12.3] for
a proof).

Theorem 5.5. Let M = (Y1,Ys,...) be a martingale whose random variables take
nonnegative real values. Then M converges.

Since the random variables in the fixed-point process take nonnegative integer values,
we immediately have the following:

Corollary 5.6. Let G < Aut(X™) and suppose that the fixed-point process for G is a
martingale. Then

1({g € Goo : Yi(9), Ya(g), . . . is eventually constant}) = 1.
In particular,

1({g € G : g fizes infinitely many elements of X“}) = 0.
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Thus to prove Theorem [5.2] it suffices to show that the fixed-point process for G is
a martingale. We therefore characterize when this happens. Let H, be the kernel of
the restriction map G,, — G,_1.

Theorem 5.7. Let G < Aut(X™*). Then the fized-point process for G is a martingale
if and only if for allm > 1 and v € X" ', H, acts transitively on the set vx = {vw :
re X}

Proof. Assume that H,, acts transitively on v*. We must show
(52> E(Yn | }/1 = t17 cey YTL—I = tn—l) = tn—lu

where tq,...,t,_1 satisfy u(Yy =t1,...,Y,_1 = t,_1) > 0. Because the Y; take integer
values, each ¢; must be an integer. By definition, the left-hand side of (5.2]) is

/"L(}/I = tlv c ‘7YTL—1 = tn—hYn = k)
5.3 k - .
( ) ; /"L(}/I :tlv“‘7Yn—1 :tn—1>

Put
S = {g€G@G,:gfixes t; elements of X' for 1 <i<n—1}
Sy = {g €S : g fixes k elements of X"}
By (5.)), the expression in (5.3)) is equal to Y, k- (#S5k/#S). This in turn may be

rewritten

(5.4) # > #Fix(g).

ges

Each H, acts trivially on X!, so S is invariant under multiplication by elements
of H,, whence S is a union of cosets of H,,. Take gH,, C S, and let

R={vz:ve X" g =v,z€ X}

Note that because g € S, we have #R = dt,,_;. If va € R, then g(vy) = vz for some
unique y € X. Because H,, acts transitively on vx, the set

Q:={h € H, : h(vx) =vy}

is non-empty, and is thus a coset of Stab g (vx). By standard group theory, we then
have #Q = #H,,/#0y, (vx) = #H,/d, where the last equality follows from the tran-
sitivity of the action of H, on vx.

Now let I(g, s) be the function that takes the value 1 when g(s) = s and 0 otherwise.
Then we have ), I(gh,vr) = #Q and hence

> Ighovr) = #Q - dty_y = #Ht, .

ve€R heH,
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Inverting the order of summation and using that g(w) # w for w € R, we have

> #Fix(gh) = #Hytn 1.
heH,
But S is a disjoint union of cosets of H,,, and hence the expression in (5.4]) equals t,,_;.
Assume now that H,, does not act transitively on v* for some v € X"~ !. Then the
action of H, on X" has k orbits for some k > d"~!, and so by Burnside’s lemma we

have
1

s > #Fix(h) =k >d"".

" heH,
Because H,, is the full set of elements of G,, that fix all d* elements of X' for each
1=1,...,d—1, we have

EY,|Yi=d,....Y,_ 1 =d" ) =k>d",

and hence the fixed-point process for G is not a martingale. 0

Remark. When G has a spherically transitive element, it is straightforward to see that
H,, acts transitively on each set vx; indeed, a suitable power of the spherically transitive
element will give such a transitive action. This together with Theorem [5.7 gives a proof
of [8 Theorem 4.2].

In light of Theorem (.7] we examine the action of H, on X™.

Lemma 5.8. Let G < Aut(X™) act transitively on X™. Let H,, be the kernel of the
restriction G,, — G,_1. Then the action of H,, on X" consists of orbits of equal length
r for some r | d.

Proof. Let u,w € X". By the transitivity of the action of G on X", there is g € G,, with
g(u) = w. If h(u) = v’ for h € H,, then h9(w) = g(u'), where h? := ghg~* € H,,. Thus
g furnishes a map Oy, (u) — Og, (w), which is invertible since g is a permutation of X™.
Hence #O0pg, (u) = #O0p, (w). Now for any v € X"~ !, H, preserves v = {vr :x € X}.
Thus vx* is a set of d elements that is a disjoint union of H,-orbits. It follows that each
orbit of H,, has r elements for r | d. O

Corollary 5.9. Let d be prime and G < Aut(X™*). Suppose that G is level-transitive
and H, is non-trivial for all n > 1. Then for alln > 1 and all v € X', H, acts
transitively on the set vx.

Proof. We may apply Lemma [5.8] thanks to the level-transitivity of GG, and the non-
triviality of H, gives r > 1. But d is prime, and so r = d. Now each orbit of
H, is contained in v for some v € X" ! and thus each orbit equals v+ for some
ve XL O

Remark. When d = 2, there is in fact a single element of H,, that acts transitively on
vx for all v € X" 1. Indeed, in this case G, is a 2-group, and so by the class equation
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every non-trivial normal subgroup of G,, has non-trivial intersection with the center
Z(Gy,) of Gy,. Hence there is non-trivial h € H,NZ(G,,). If h(w) = w for some w € X"
then h9(g(w)) = g(w) for any g € X™, and thus h(g(w)) = g(w). The transitivity of
G, then gives h = e, a contradiction. Thus h acts without fixed points on X", and
since d = 2 this is equivalent to h acting transitively on each vx.

In light of Corollary 5.9, in some sense the crucial question is to determine when H,,
is nontrivial for all n > 1. When d = 2, it is shown in [7, Corollary 4.9] that when sgn,,
is surjective for all n > 1, then H,, is non-trivial for all n > 1, but the proof is quite
involved. Here, in contrast to [7, Corollary 4.9], we assume that G is self-similar, and
this allows for a much simpler proof of a much more general result.

To streamline our argument, we define a function v : G — Z>o U {oo} by v(e) = oo
for the identity e € Aut(X*) and

v(g) = max{n > 0 : g acts trivially on X"}

for e # g € Aut(X*). Note that each g € Aut(X™*) fixes the lone element of X° and
hence v(g) > 0. Moreover, for n > 1, H,, is non-trivial if and only if n € v(G). Finally,
we remark that v(g) = n > 1 if and only if g acts trivially on X! and

(5.5) min{v(g|,) :x € X} =n—1
Proposition 5.10. Let G < Aut(X*) be infinite and self-similar. Then v is surjective.

Proof. Suppose first that there is N > 0 with v(g) < N for all g € G\ {e}. We claim
that the natural quotient map 7wy : G — Gy is an isomorphism, and thus G is finite.
Indeed, if mx(g) = mn(h), then gh™' acts trivially on XV and hence v(gh™') > N.
Thus gh~! = e, proving the claim.

Therefore the infinitude of G implies that v(G) is infinite. Suppose now that n €
v(G) for some n > 1, and let ¢ € G with v(g) = n. From (5.5) there is z € X
with v(g|,) = n — 1. By the self-similarity of G, we have g|, € G, and thus n — 1 €
v(G). By induction {0,1,...n} C v(G). The infinitude of v(G) then implies that v is
surjective. 0

We remark that Proposition is not true in general if G fails to be self-similar.
For example, let d = 2 and consider the group J = {e, (00 11)(01 10)} < Aut(X?).
Then the iterated wreath product of J gives a closed subgroup G < Aut(X*) with
the property that 2n ¢ v(G) for all n > 1. Note that in this case G is a self-similar
subgroup of Aut(Y*), where Y = X2

Corollary 5.11. Let d be prime and G < Aut(X™*). Suppose that G is self-similar and
level-transitive. Then the fixed-point process associated to G is a martingale.

Proof. The level-transitivity of G implies that G is infinite, and the Corollary then
follows from Theorem (5.7, Corollary 5.9, and Proposition B.10. O
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Theorem 5.12. Let G < Aut(X™) be a recurrent group whose action on X is doubly
transitive. Then for all w € X™ and 1,j € X with i # j, there exists g € H, such that
glw takes i to j.

Proof. First note that by Proposition 4.5 G is infinite. By Proposition B.10, the
function v : G — Z U {oo} defined by

v(g) = max{n > 0 | g acts trivially on X"}

is surjective, so there exists g € G with v(g) = n, i.e. g € H, and g is non-trivial.

By Proposition 4.5 G is level-transitive. Thus by passing to a conjugate we may
assume that g acts non-trivially on wx = {wz | x € X}. Let h = g|,. Since h acts
non-trivially on X, there exist k,¢ € X with k # ¢ such that h(k) = /.

By double-transitivity, we can choose t € G such that ¢(i) = k and #(j) = ¢. Since
the action of G is recurrent, we can choose s € G such that s(w) = w and s/, = t.
Now s71gs fixes w and is also in H,, because H,, is a normal subgroup of Aut(X*).
From (4.3) we then have

(57'98)|w = 8 Hwg|ws|w =t ht.
But (t71ht)(i) = j, as desired. O
Theorems 5.7 and immediately give:

Corollary 5.13. Let G < Aut(X™) be a recurrent group whose action on X is doubly
transitive. Then the fixed-point process for G is a martingale.

Proof. By Theorem [5.12, for all n > 1, and all v € X" !, the action of the elements of
G that act trivially on X! is transitive on the set v¥ = {vx | z € X}. Notice that
the images under the quotient map to G,, of elements of G that act trivially on X" *
lie in H,. Thus, by Theorem [5.7], the fixed-point process for GG is a martingale. 0

Suppose now that G is contracting, and let N C G be a finite set as in Definition
44 If g € N1(G), then by definition there is v € X* with g(v) = v and ¢|, = g, and
hence taking w,, to be the concatenation of v with itself n times, we have g|,, = g. It
follows that g € A/, and hence N (G) is finite.

We now provide the final step in the proof of Theorem [5.1

Theorem 5.14. Suppose that G < Aut(X™) is contracting and its fized point process is
a martingale. If every g € N1(G) fizes infinitely many ends of X*, then FPP(G) = 0.

Proof. This is proven in [8, p. 2033], but we give the argument here for completeness.
Let N' C G be a finite set as in Definition £.4l Suppose that g € G fixes some end

w = r12--- of X*. Let v,, = 129 - -1, for each n > 1, and consider the sequence of
restrictions ¢ly,, glv,, - - .- For n large enough, we have g|,, € N, and g|,, fixes the end
Tn41Tne2 - - since g fixes w. Because N is finite, there must be i < j with gl,, = gl.,.

Let h = g|.,, and note that for w = x; 117,42 - - x; we have h(w) = w and h|, = h.
Hence h € Ni(G), and by hypothesis fixes infinitely many ends of X*. Inserting v; on
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the beginning of each of these ends, we obtain infinitely many ends of X* fixed by g.
Hence by Corollary 5.6] ¢ lies in a set of measure zero, proving the theorem. O

Proof of Theorem[5.1l This is an immediate consequence of Corollary 5.1 Corollary
(.13 Theorem[5.14] and the fact that any standard action of IMG(#)) on X * is recurrent
and contracting by Proposition [£9 and Corollary E1T] O

6. ITERATED MONODROMY ACTION OF PCF RATIONAL FUNCTIONS

In light of Theorem [5.1], the proof of Theorem [L.7 will be complete once we establish
Theorem [L.8], which we restate here for Ehe convenience of the reader. First recall that
we have fixed a standard action of m (C \ Py, ) (and hence of IMG(f)) on X*, and
recall the definition of A from (L8) (or the beginning of Section [{).

Theorem 6.1 (Theorem [[8)). Let f € C(z) be a PCF rational function that is not
dynamically exceptional. Then every element of Ny fizes infinitely many ends of X*.

The key dynamical property underlying the proof of Theorem [6.1]is subhyperbolicity,
i.e. that PCF rational functions are expanding away from periodic post-critical points
in the orbifold metric as described on p. 23 We observe that this expansion fails to hold
in general for PCF branched covers f : S — S?, and there exist such covers (necessarily
not rational functions) that are not dynamically exceptional yet have elements of N;
fixing only finitely many ends of X™*.

The converse of Theorem holds as well, thus giving a characterization of excep-
tional rational functions. Though it is not necessary for this paper, we give a proof in
Theorem

6.1. End behavior of non-exceptional maps: fundamental group. The proof
of Theorem [6.T] relies on lifts of loops representing elements of IMG(f). We thus work
first on the level of the fundamental group and later argue that nothing is lost when
passing to the faithful quotient (Proposition [6.6). We define the fundamental group
version of N, noting that it depends on the choice of standard action made on p.

(6.1) N7 :={gem(C\ Py) : 3 non-empty w € X™ so that g(w) = w and g, = g}.

The basepoint of the fundamental group in (6.1]) is not specified because the definition
is independent of basepoint in the following narrow sense. Let « be a path in C \ P
that connects a new basepoint z; to the original basepoint z5. The map a : Wl(@ \
Py, zp) — m(C\ Py, z1) defined by au(g) = a~'ga := g* is an isomorphism. We define
a standard action of Wl(@ \ Pf,z1) on X* by taking the paths connecting 21 to f~!(2)
to be a, ', where @, is the unique lift of a terminating at A(z). The labeling map
Ay : X — f7(z) is defined by taking A,(z) to be the beginning point of &,. Having
specified the standard action at the basepoint z;, we see that elements identified by
the isomorphism «, have equal actions on X*.
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Suppose that g(z) = z for g € 7 (C\ Py, zp). Then the lift of g* based at x, denoted
g°, satisfies
g~a = dx_lgxdm
where g, is the unique lift of g based at A(x). A consequence of this definition is that
if g|, = ¢g and g(x) = z, then from Proposition 1.8 we have

9% = (d;%xa)_lgh(d;lgxa)
~ a_lfglgxfxa
=a gl
~ ot qo
= ga.
Extending to words of higher length using Equations (d.1), we see that membership in
7 is unaffected by a change of basepoint.

Due to subhyperbolicity, the elements of N are very special. Recall the discussion
of peripheral loops in Section

Proposition 6.2. Fach nontrivial element of NT is peripheral about a repelling peri-
odic post-critical point.

Proof. Suppose that g € NT is nontrivial. By the remarks immediately preceding this
proposition, we may assume that the basepoint of the fundamental group is in the
compact subset K’ where the expansion of Equation (4.9) holds. Choose a representa-
tive v of g so that ~ lies in K’. By hypothesis there exists a non-empty w € X* where
g(w) = w and g, = g. For i > 1, let ~; be the lift of v based at A*(w®) where w' is
the concatenation of i copies of w. Since g(w') = w’, Lemma implies that each ~;
is a loop. Equation (7) implies that g|,: = [(,7;l,:], where there is an evident free

homotopy E;}%Ewi ~ ~; in C \ Ps. Since g|,+ = g by hypothesis, it follows that there is
a free homotopy 7; ~ 7 in @\Pf. Each v; is in the compact set K’ since f~}(K') C K',
so Equation (49]) implies that the length of 7; converges to 0 as i — oo, and hence
the curves 7; converge to a point p € C. Because g is nontrivial, g has non-trivial re-
strictions at arbitrarily long words, and hence p must be a periodic post-critical point.
Each post-critical cycle of a PCF rational function either contains a critical point or is
repelling. The compact set K’ was produced by deleting neighborhoods of the periodic
critical cycles, and therefore p is repelling. For large enough 4, ; is peripheral about
p, and because each ~; is freely homotopic to v € g, we conclude that ¢ is peripheral
about the same point. O

An immediate application of Proposition is that A" is closed under passing to
primitives:

Corollary 6.3. If g™ € N7 for some g € m(C \ Py), then g € NT.
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Proof. Let w € X* be such that ¢™(w) = w and ¢™|,, = ¢"™. Denote the length of w by
lwl|. If g™ is trivial in m (C \ Py), then so is g, whence g € NT. Otherwise, by Propo-
sition [6.2] ¢ is peripheral abouAt a repelling periodic point p. In the nontrivial case of
| P¢| > 2 the universal cover of C\ Py is the hyperbolic disk. The deck transformation
corresponding to each peripheral loop is a parabolic element (a M6bius transformation
with exactly one fixed point), and the deck transformation corresponding to each non-
peripheral loop is hyperbolic (a M&bius transformation with exactly two fixed points).
The power of a hyperbolic element is hyperbolic, so if g" is peripheral g is also periph-
eral. Moreover the fixed set of the deck transformation corresponding to g coincides
with that of ¢, so g must also be peripheral about p. Since a repelling periodic point
contains no critical point in its forward orbit, each iterate of f is univalent on some
neighborhood of p. Thus the lift of g based at A*(w) is a loop so by Lemma [Z.12]
g(w) = w. Thus g|, = g* for some k € Z\ {0}. The fact that f*! is univalent and
orientation preserving near p implies that k = 1.

O

Remark. Each end of X* that is fixed by ¢ is also fixed by ¢™. Thus if ¢™ fixes only
finitely many ends, so must g.

Recall that a complex rational map is dynamically exceptional if there exists a finite,
nonempty set ¥ with
NG =3,
where C'y C C is the set of critical points of f. Let p € ¥ and observe that every choice
of a backward orbit of p must intersect the critical set with only one possible exception:
p is contained in a periodic cycle (which necessarily contains no critical points, so will
be a repelling cycle under forward iteration).

Proposition 6.4. Suppose f is a PCF rational map with an element g € NT that fizes
only finitely-many ends of X*. Then f is dynamically exceptional.

Proof. Since g is clearly not trivial, Proposition implies g is peripheral about some
post-critical point p that is contained in a non-critical cycle. We may assume that ¢
is primitive and fixes only finitely many ends of X* by Corollary and the ensuing
remark. Let ¥ C C be the set of points whose forward orbit contains p but does not
intersect Cy. Since p lies in a non-critical cycle, p € ¥ and so ¥ # (). Because g is
primitive and peripheral, we may invoke the second part of Lemma .17 to conclude
that every backward orbit of p either intersects C or is a subset of Py. Thus X C Py
and is hence finite.

We now argue that ¥ = f~1(X)\ C}. Because p is periodic, it follows that f(X) C X.
Thus ¥ C f~1(X) and since ¥ N Cy = 0, it follows that X C f~1(X) \ Cy. To see that
FH(X)\Cy C I, observe that if z € f~1(X)\ C} then f(z) € X, and hence the forward
orbit of f(z) contains p. Thus the forward orbit of = contains p, and since x is not
critical, z € 3. This proves that f is dynamically exceptional. 0
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6.2. End behavior of non-exceptional maps: IMG. A sequence of elements
(9n)2 in a group is said to be eventually periodic (resp. eventually peripheral) if
there is some integer N so that (g,)5%, is periodic. (resp. peripheral) Note that
periodic sequences are eventually periodic under this definition.

For any string w € X™ and a positive integer m, recall that we denote by w™ the
string in X™" formed by concatenating m copies of w.

Lemma 6.5. Suppose that there is g € 7T1(((A: \ Pf) and a nonempty word w so that
g(w™) =w™ for allm > 0. Then the sequence of restrictions gp, := glwm is eventually
pertodic.

Remark. For a PCF rational map f it is known that /M G(f) is contracting (Theorem
A TT). Since the finite set N' C IMG(f) of Definition 4.4 is closed under restriction,
the lemma clearly holds if “Wl(@\Pf)” is replaced with “IMG(f)”. However, the same
argument cannot be used to prove Lemma because there is in general no finite set
N as in Definition 4] for G = m;(C \ Pf). Consider for example the Chebyshev map
f(z) = 22 — 2, which has a repelling fixed point at 2. Let o be a loop that is peripheral
about 2. Observe that f~(2) = {£2}, and so there is z € X such that a(z) = x and
al, = a. Concatenating x with itself n times gives a word w € X" with a(w) = w
and |, = a. These same statements hold with « replaced by o™, and because the
o™ are pairwise non-homotopic this gives rise to an infinite subset of 7 (C \ Py) that
can occur as restrictions of arbitrarily long words. In conclusion, Lemma is not an
immediate consequence of the existing theory.

Remark. The following proof in fact shows that the sequence g, is eventually constant,
rather than merely eventually periodic. However, eventual periodicity is sufficient for
our purposes.

Proof. Recall the construction of the backward-invariant compact set K’ where expan-
sion holds. As with the proof of Proposition 6.2 we may assume the basepoint yo for
the fundamental group 7,(C \ Pf) is in K’. Let F = fl*l and fix a representative
v C K’ of the class g. Let v, := 7|,m. If there exists mgy so that the homotopy
class [Ym,] is trivial, then [v,,] is trivial for all m > mg, and hence [v,,] is eventually
periodic (indeed, eventually constant). For the rest of the proof we assume that [v,,]
is non-trivial for all m.

We recall the explicit construction of ~,, via a standard action, as described in
Definition 7. We assume the paths {/;} in Definition [£7] are selected to lie in K.
Because g(w) = w it follows from Proposition B8 that 7|, = I; 7,1, where 7, is the
lift of ~y starting at A*(w) and [; is a concatenation of lifts of the paths ¢,, corresponding
to the letters in the word w. Because K’ is backward invariant and each ¢, C K’, we
have [; C K'. Denote by y; the endpoint of [;, which by Equation (LX) is the same as
A*(w).
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Now define the sequence y,,, :== A*(w™) € C. Let I; be the unique lift of /; under F~!
based at y;_1, and observe that [; connects y;_; to y; and is contained in K’. Finally, let
Am be the concatenation of the paths [y, ..., [,,, where evidently \,, connects yo to y,.
Due to the geometric expansion of F' on K’ in the orbifold metric from equation (€3],
the lengths of the paths [, decrease geometrically. Hence the sequence (y;) is Cauchy
and converges to a point p € C. Moreover, the length of ), is uniformly bounded and
SO A, converges to a path A\, of finite length that connects 3y to p.

The continuity of F' and the equation F'(y;) = y;—1 imply that F(p) = p. Let a,, be
the unique lift of 4 under F™ based at y,,,. The hypothesis that g(w™) = w™ together
with Lemma imply that a,, is a loop and so v,, = A\ 'a,, A\, for each m. By
(#9)), the length of «, converges to 0, so «,, is arbitrarily small for large m. We have
already dispensed with the case that «,, is homotopically trivial, thus it follows that
o,y is eventually peripheral about p € Py.

Since both «,, and Ay \ A, have length converging to zero, for each disk of radius
e about p (denoted D.(p)) there exists an integer N so that for m > N, the paths 7,
and 7,11 coincide on the complement of D.(p) up to reparametrization. Fix € so that
D.(p) N Ps\ {p} =0 and «a,,, C D((p) for all m > N. Since F maps a1 to a,, with
degree 1, we have that the loops «a,, and «,,; are freely homotopic in D.(p)\ {p}. We
thus have two peripheral loops 7, and ~,,.1 that agree outside of D.(p) and are both
freely homotopic to the same curve in D.(p). Therefore there is a based homotopy
between 7, and ¥,,11, showing that ¢,, = gpm11- O

Proposition 6.6. Let f be a PCF rational function. Then some element of NT fixves
only finitely many ends of X* if and only if some element of N\ fizes only finitely many
ends of X*.

Proof. Recall from Definition that IMG(f) is the quotient of my(C \ Pf) by the
faithful kernel K of the monodromy action on X*. So if ¢ € NT fixes only finitely-
many ends of X*, then its image under the quotient is an element of A, that fixes only
finitely-many ends of X*.

Now assume there is an element g € N that fixes only finitely-many ends of X*. It
follows from the definition of N; that theAre is a finite string w € X" for some n > 1 so
that g(w) = w and g|, = g. Let g € m(C\ Pf) be in the coset of K represented by g.
Then for each m > 1 we have g(w™) = w™, but we only know that g|,= and g lie in
the same coset of K.

Define the sequence g, := g|,m, observing that each g,, fixes only finitely many
ends of X*. It follows from Lemma that g, = gm, for some m; # my. Then the
restriction of g,,, to w™=™lis g, (indeed, by the second remark before the proof of
Lemma [6.5 we may take my —mq = 1). This proves that g,,, € NT. 0J

Proof of Theorem[6.1] (a.k.a. Theorem[L.8). Let f be a PCF rational map that is not
exceptional. The contrapositive of Proposition guarantees that each element of N7
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fixes infinitely many ends. Then Proposition implies that each element of N fixes
infinitely many ends. H

6.3. Characterization of exceptional maps. A characterization of dynamically ex-
ception maps is given in Theorem [6.9] though this result is not used elsewhere in this
paper. The result is easily proved if the set X contains a fixed point, but the presence
of higher period cycles requires some minor technicality about passing to iterates.

Recall the construction of the standard tree X* from Section in terms of the
labeling map

(6.2) A: X =10,...d—1} — f(2).

In principle, one could use the construction of that section to associate a standard
action to f™ using a labeling map {0,...,d" — 1} — f~"(29). However, we choose
to use a labeling that is compatible with the standard action induced by A in (6.2).
Specifically, our new labeling map

Ay X" = f7(20)

is defined for a given point w € X" by A,(w) = A*(w), where A* is the extension
of A to elements of X* described in ([@H). In this way, the point A,(w) € f~™(z) is
labeled by a string of n characters in the alphabet X, even though it is a “first-level”
preimage of zy under f". Define the connecting path for z € f~"(z) to be €, (). This
data defines a tree isomorphism from the preimage tree T ., to a standard d"-ary tree
which we denote (X, f")*, as well as a standard action by m;(C \ Ppn). Since P = P,
we have that

m(C\ Pm) = m(C\ Py).

Using this newly defined standard action, we may now define the iterated analogue
of Equation 6.1}

NT(f™) ={g € wl(@\Pf) : 3 nontrivial w € (X, f™)* so that g(w) = w and g|, = g}
Lemma 6.7. Let f be a PCF rational map, and let m > 1. Then NT(f™) C NT.

Proof. Let g € NT(f™). Then there exists nontrivial w € (X, f™)* so that g(w) = w
and g|, = ¢g. By construction A*(w) = A,,(w). Since f™l = (f™)vl Proposition 3§
implies that the action of g on w is independent of whether w is a vertex in X* or
(X, f™)*. Likewise, Equation 17 of Proposition implies that g, is independent of
whether w is a vertex in X* or (X, f™)*. Thus considering w now as an element of
X*, we have that the standard action on X* satisfies g(w) = w and g|, = g.

U

Proposition 6.8. Let f be a dynamically exceptional map that is PCF. Then for some
n, there exists g € NT(f°") that fizes only finitely-many ends of (X, fo)*.
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Proof. Recall that for a dynamically exceptional map, the set X satisfies f(X) C X, so
there must be some point p € ¥ that is periodic. By the defining property of X, the
point p cannot lie in a critical cycle. Since f is PCF, p must then be repelling. Passing
to an iterate, we assume that p is fixed. Let A := f/(p).

Recall that fixed repelling periodic points are linearizable [I3] Thm 8.2], namely there
is a univalent holomorphic change of coordinates ¢(z) = w on some neighborhood U
of p so that ¢(p) = 0 and ¢po fo ¢! = Mw. Choose U so that f(U) intersects the
post-critical set only at p (this is possible since f is PCF). Let A be the preimage under
¢ of a fundamental annulus in coordinates. Then JA consists of two topological circles
C and C" with f(C") = C.

Fix a basepoint z € C and an orientation on C. Let g be a loop based at z that winds
once around p (i.e. is primitive) and respects the orientation. Let ¢’ be the unique lift
of g contained in C’, where evidently the map ¢’ — ¢ is univalent. Let 2’ € C’ be the
unique preimage of z under this map. Let £, be some choice of connecting path in
A that joins z to 2. The path ¢,'¢'¢,/ is a loop in A based at z. Using the annular

coordinates defined by A C C \ Py, it can be shown that ﬁ;lg’le is homotopic to g
relative to the basepoint. Since f is orientation preserving, g and ¢’ have the same
orientation. Let w be the label of the point 2/, i.e. A(w) = 2. Then from what was
just argued, g|, = g. By the univalence of ¢ — g, it follows that g(w) = w.

Since f is dynamically exceptional and p is fixed, any backward orbit other than the
constant one at the fixed point p will meet a critical point. By Lemma 415 the only
end of X* that the action of g will fix is w*. O

Theorem 6.9. A PCF complex rational map f is dynamically exceptional if and only
if there is an element g € Ni that fizes only finitely many ends of X*.

Proof. Suppose that f is dynamically exceptional and PCF. Then by Proposition [6.8]
there is an element of NJ7(f™) that fixes only finitely-many elements of (X, f™)*.
By Lemma [67], this element is also an element of NT. Proposition guarantees
existence of an element in A that fixes only finitely-many ends of (X, f™)*, and by
the identification of the ends of (X, f™)* with the ends of X*, it only fixes finitely-many
ends of X* as well.

Suppose now instead that f is a PCF rational map such that there is an element
of Vi that fixes only finitely-many ends. Then by Proposition there is an element
of NT that fixes only finitely-many ends. By Proposition [6.4] the map is dynamically
exceptional. O
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