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AN IMPROVED UPPER BOUND ON THE NUMBER
OF BILLIARD BALL COLLISIONS

KRZYSZTOF BURDZY

ABSTRACT. We give a new upper bound K on the number of totally elastic collisions
of n hard spheres with equal radii and equal masses in R?. Our bound satisfies
log K4 < ¢(d)nlogn.

1. INTRODUCTION

Consider a family of n billiard balls in R¢ reflecting from each other in a totally elastic
way. We assume that their masses and radii are identical. Note that the “billiard table”
has no walls—it is the whole space R¢. We will prove the following upper bound for
the number of collisions.

Theorem 1.1. The number of collisions is bounded above by
(1.1) 1600 <1()00 . 325d>" n((3/2)5749/2)n+3/2

We will review the history of the problem in Section 2. Here we will discuss the
question of optimality of our bound. Let K denote the best previously known upper
bound for the number of collisions, stated below in (2.1). Let K_ denote the best
known lower bound in dimensions d > 3, stated below in (2.3). Let K, be the new
upper bound given in (1.1). For d > 3, some constants ¢;, ¢ and c3 depending on d,
and large n,

cn <log K_ <log K < conlogn < csn?logn < log K.

This shows that while there still remains a gap between the best lower and upper bounds
K_ and K., the gap is much smaller than between the previously known best upper
bound K’ and the best known lower bound K_.

The proof of Theorem 1.1 is based in an essential way on two results—one from
[BEK98¢| and another one from [BD20]. The latter one shows that the family of all
balls “quickly” splits into two non-interacting families. An estimate from [BFK98c| can
be used to give an upper bound for the number of collisions on the initial (“short”)
time interval. The proof of Theorem 1.1 is an inductive construction of a branching
collection of ball subfamilies. Subfamilies that are leaves in the branching structure
have “lifetimes” short enough so that the estimate mentioned above can be applied.
Finally, we estimate the number of subfamilies in the branching structure.

There are two sources of the factor of the form n® in (1.1). One of them is a bound
adopted from [BFK98c|. The other one is a branching construction in the present
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article. Hence, there is little hope for a significant improvement of the upper bound by
fine-tuning the argument given in this paper.

We will review the history of the problem in Section 2. The notation and assumptions
will be presented in Section 3. The proof of Theorem 1.1 will be given in Section 4.

2. HARD BALL COLLISIONS—HISTORICAL REVIEW

The question of whether a finite system of hard balls can have an infinite number
of elastic collisions was posed by Ya. Sinai. It was answered in negative in [Vas79].
For alternative proofs see [I1189, 11190, CI104, BD20]. It was proved in [BFK98c| that a
system of n balls in the Euclidean space undergoing elastic collisions can experience at

most
2

n
(2.1) <32 %@nm)
Mmin Tmin
collisions. Here myy .« and my;, denote the maximum and the minimum masses of the
balls. Likewise, . and i, denote the maximum and the minimum radii of the balls.
The following alternative upper bound for the maximum number of collisions appeared
in [BFK98a]

2nt
(2.2) (400Mn2) .
Mmin
The papers [BFK98¢c, BFK98b, BFK00, BFK02, BFK98a] were the first to present
universal bounds (2.1)-(2.2) on the number of collisions of n hard balls in any dimension.
No improved universal upper bounds were found since then, as far as we know.

It has been proved in [BD19] by example that the number of elastic collisions of
n balls in d-dimensional space is greater than n®/27 for n > 3 and d > 2, for some
initial conditions. The previously known lower bound was of order n? (that bound was
for balls in dimension 1 and was totally elementary). The lower bound estimate was
improved in [BI18] to

(2.3) 2ln/2)

in dimensions d > 3.
In a somewhat different direction, it has been shown in [Ser21] that no more than
O(n?) collisions change the velocities of balls in a significant way.

3. ASSUMPTIONS AND NOTATION

We will consider n > 3 hard balls in R¢, for d > 2, colliding elastically, on the time
interval (—o0, 00). We will assume that the balls have equal masses and their radii are
1.

The center and velocity of the k-th ball will be denoted z*(¢) and v*(t), for k =
1,2,...,n. We will say that the j-th and k-th balls collide at time ¢t if |27(t) —2*(¢)| = 2
and their velocities change at this time. The velocities are constant between collision
times. We will write x(¢) = (2(¢),...,2z"(t)) € R™ and v(t) = (v'(t),...,v"(t)) € R
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Note that v(¢) is well defined only when ¢ is not a collision time, but both v(t—) and
v(t+) are well defined for all times.

Recall that all balls have the same mass. This implies that the velocities change at
the moment of collision as follows. Suppose that the j-th and k-th balls collide at time
t. This implies that the velocities v7(t—) and v¥(t—) (i.e., the velocities just before the
collision) satisfy

(3.1) (v (t—) — oF(t—=)) - (27 (t) — 2"()) < 0.

Let 29%(t) = (27(t) — 2*(t)) /|2 (t) — 2*(¢)|. Then the velocities just after the collision
are given by

(3.2) v (t+) =07 (t=) + (05 (t) 2T ()2 (1) — (v (1) - 27 (1)) (1),
(33) () =0t (t=) + (07 (E=) - 27 (0)a? () — (0 (=) - 27 (1)) (1)

In other words, the balls exchange the components of their velocities that are parallel
to the line through their centers at the moment of impact. The orthogonal components
of velocities remain unchanged.

Consider the following assumptions.

(A1) The balls have equal masses and all radii are equal to 1.

(A2) We will assume that there are no simultaneous collisions. It is known that the
set of vectors in the phase space of positions and velocities that lead to simultaneous
collisions has measure zero (see [Ale76]). It has been proved in [CI04, Thm. 4] that
there are no accumulation points for collision times.

(A3) We will assume that the momentum of the system is zero, i.e., 2?21 vI(t) =0
for all t. We can make this assumption because the number of collisions is the same in
all inertial frames of reference. Since the total momentum is zero, the center of mass
of all balls is constant, so it can be assumed to be at the origin. This, together with
the fact that all masses are equal, implies that » ", 27(t) = 0.

(A4) We will assume without loss of generality that the total “energy” is equal to
1, i.e., |v(t+)[* = 1 for all ¢. If the initial energy is not zero then we can multiply
all velocity vectors by the same scalar constant so that the energy is equal to 1. If all
velocities are changed by the same multiplicative constant then the balls will follow the
same trajectories at a different rate and hence there will be the same total number of
collisions.

Remark 3.1. (i) The problem of the number of collisions is invariant under time shifts.

(ii) We recall [BD20, Rem. 4.3]. Let a(t) = Z(x(t), v(t+)). There is a unique t; € R
such that a(t) > /2 for t < ty, and «a(t) < 7/2 for t > t;. Right continuity yields
a(ty) < w/2. We have

(3.4) x(t)] = [x(to)]-
for all t € R.

Theorem 3.2. ([BD20, Thm. 5.1]) Recall assumptions (A1)-(A4) and time ty defined
in Remark 3.1. The family of n balls can be partitioned into two non-empty subfamilies
such that no ball from the first family collides with a ball in the second family in the
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time interval [t + 100n3|x(ty)],00). By symmetry and time reversal, a similar claim
applies to (—oo, tg — 100n3|x(to)]].

4. PROOF OF THE MAIN THEOREM

Proof of Theorem 1.1. Step 1. Consider a family of n balls satisfying assumptions (A1)-
(A4). Recall ty € R defined in Remark 3.1.

Let [s1, s3] be the smallest interval containing ¢, satisfying the following two condi-
tions.

(i) The balls can be partitioned into two non-empty subfamilies such that no ball from
the first family collides with a ball in the second family in the time interval (—oo, sy).

(ii) The balls can be partitioned into two non-empty subfamilies such that no ball
from the first family collides with a ball in the second family in the time interval (s, 00).

The division into subfamilies in (i) and (ii) is not unique. The subfamilies in (i) need
not be the same as those in (ii).

By (3.4) and Theorem 3.2, for any ¢ € R,

sy — to < 100m°[x(to)| < 100n°3|x(t)],
to — 51 < 100m®|x(to)| < 100n3|x(t)],
so, for any t € R,
(4.1) sy — 51 < 200m°[x(1)).

Step 2. Fix a time interval [u, u + 1]. Since |v(t+)| = 1 for all ¢, we have |v'(¢)| < 1
for all 7 and ¢. Hence, a ball can travel at most distance 1 in the time interval [u, v+ 1].
Suppose the center of a ball B; is at y at time v and B; collides with another ball By
at a time u; € [u,u + 1]. The distance from the center of By to y is at most 1 at time
uq so the distance from the center of By to y is at most 3 at the same time. It follows
that distance from the center of By to y is at most 4 at time w. This implies that By
is a subset of the ball B (not a billiard ball) centered at y with radius 5 at time w.
The volume of B is 5¢ times the volume of a ball with radius 1. Hence, B; might have
collided with at most 5% balls during the time interval [u,u + 1]. It follows that the
number of pairs of balls that could have collided in [u,u + 1] is bounded by 5%1/2 (the
factor 1/2 is present so as not to count pairs twice). Note that 59n/2 is the number of
pairs of balls that could have collided in [u,u + 1], not the number of collisions, which
could be much higher. We need an estimate of the number of pairs of balls because we
want to use the results of [BFK98¢|. In that paper, counting of collisions is based on
the number of “walls B;” (in the notation of that paper), which is equal to the number
of pairs of balls that could collide.

We will now apply an upper bound on the number of collisions given in [BFK98c].
In the notation of [BFK98¢|, rmax = 1 and my.x = 1 because (i) we have assumed
that the balls have radii 1, and (ii) we have assumed that the masses of all balls are
equal, so we can make them all equal to 1 without losing generality. In view of these
remarks, the bound given on the left hand side of the last displayed formula on page
707 of [BFK98c| is (8(2n+/n))"» =2 There seems to be a mistake here, in view of
Remark 5.3 in [BFK98c]. The correct version should be (8(2ny/n + 2))"™~Y=2. Here
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n(n—1) is twice the number of pairs of balls. Since only 5%n/2 pairs of balls can collide
in [u,u+ 1], we replace n(n — 1) with 5%n to see that the number of collisions of n balls
during an interval [u,u + 1] is bounded by

(4.2) (8(2n/n + 2))7'"2 < (32n%/2)5"2,

This bound agrees with Corollary 1.1 in [BFK98a] but our bound is more explicit.

We now offer a more formal justification of the bound in (4.2). Let A be the family
of all pairs of balls that collide in [u,u + 1]. Consider a billiards evolution in which
(i) pairs of balls in A move along the same trajectories as in the original evolution in
[u, u+ 1], (ii) the trajectories of pairs of balls in A are extended outside [u, u+ 1] in the
usual way, i.e., with elastic collisions, and (iii) pairs of balls that do not belong to A
do not collide, i.e., they pass through each other like ghosts. The results of [BFK98¢]
apply to this model with the number of “walls B;” (in the notation of that paper) equal
to the number of pairs in A.

Step 3. By (4.1) and (4.2), the number of collisions on the interval [s1, s3] is bounded
by

Ay
(4.3) 200n°x(t)| (32n%/%)" "

Y

for any ¢t € R. This bound is based on Theorem 3.2 proved under the assumptions
(A1)-(A4). We will argue that (4.3) holds even if (A3) and (A4) are not satisfied.

First, we will argue that (4.3) holds even if (A4) does not hold. Suppose that x
and v do not satisfy (A4). Let ¢; = 1/|v(0+)| and v(t+) = ¢;v(t+) for all ¢. Then
[v(t+)| = 1 for all . We keep the same position at time #o, i.e., X(tg) = x(tp). The
balls will follow the same trajectories but at a different speed. Hence, inficg |x(t)| =
infier [X(¢)| = |X(to|. Let [s1, 53] be defined as in Step 1 relative to X. Then the number
of collisions in [sy, so] in the system characterized by x and v is the same as the number
of collisions in [s7, s3] in the system characterized by x and v. Since (4.3) holds for the
latter evolution, it also holds for the former.

Next we will argue that we do not need to assume (A3) and (A4) for (4.3) to hold.
Suppose that x and v do not necessarily satisfy (A3) and (A4), and recall X and v
defined in the previous paragraph. For some z € R?, we have 3" #7(t) = 3.7, 77(0)+
tz for all t. Let zy(t) = £ 37 77(0) + tz/n, T/ (t) = T/(t) — z(t) and ¥/ (t) = ¥ (t) —
z/n for all j = 1,...,n and t € R. The pair X and V is a representation of the
dynamical system defined by X and v in a different inertial frame of reference. We have
> 51 @(t) = 0 for all ¢, so the functions X and V characterize an evolution satisfying
(A3). This and the previous paragraph show that (4.3) holds with X in place of x. A
standard calculation shows that the function a — 7", [27(t) — azi(t)|* achieves the
maximum at a = 0 because )7, #(t) = 0. This implies that [x(¢)| > [X(t)| for every
t, and, therefore, inf;cg [x(¢)| = infier [X(¢)| > infier |X(£)]. This completes the proof
that (4.3) holds even if (A3) and (A4) are not satisfied.

Step 4. Consider any subfamily F of the balls. Suppose that T (F) < To(F) are
given and balls in & do not collide with any balls outside of & on the time interval
(T1(F), Tx(F)). We will define r(F), t.(F), U1(F) and Us(F). These numbers depend
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not only on ¥, as indicated by the notation, but also on 77(F) and T5(F). Hopefully,
our notation, chosen for typographical convenience, will not cause confusion.
Let ng be the number of balls in & and suppose that the indices of balls in F are

i1, -+, in,. Choose an inertial coordinate system CSg such that if % (¢) is the position
of the i-th ball C'Sy then Y .7, Z%(t) = 0 for all t € [T1(F), To(F)]. Let

=1

xz(t) = (T (t),..., 7" (1)),

(4.4 rE.0) = max [T () - (),
(4.5) r(F) = te[Tl(l%,ng(ff)] r(F,t),
t.(F) = argmin 7r(F,1),

te[T1(F),12(9))

ng 1/2
i 2
[val = (Z (v*(®)) ) . e D@, D).
k=1

Since Y 77, % (t) = 0, the norm of the vector xz(¢.(F)) is smaller in C'Sy than in
any other coordinate system, for example, in a coordinate system with the origin at
T (t,(F)). Hence,

g (t (TP < YT (t(F)) = T () < (ng — Dr(F)?,

and, therefore,
(4.6) s (t())] < ny*r(F).

Consider the following modified evolution of balls in F. Let the evolution of balls in
F remain as in the original system in the time interval [T7(F), To(F)]. Let the evolution
continue before T} (F) and after T5(F), with balls in F colliding according to the usual
laws of elastic collisions, but with no collisions between balls in F with balls outside J.
According to Remark 3.1 and (3.4) there exists a unique Tp(F) € R such that for all
teR,

(4.7) x5 (1) = [x5(To(F))]

Let [S1(F), S2(F)] be the smallest interval containing To(F) satisfying the following
two conditions.

(i) The family F can be partitioned into two non-empty subfamilies &, and F5 such
that no ball in F; collides with a ball in F, in the time interval (—oo, S1(5)).

(ii) The family F can be partitioned into two non-empty subfamilies F3 and F, such
that no ball in F; collides with a ball in F in the time interval (Sy(5F), 00).

The division into subfamilies in (i) and (ii) is not unique. By Theorem 3.2, S;(F) >
—o0 and S3(F) < co. Let

(4.8) Ui(F) = max(S1(F), T1(F)), Us(F) = min(So(F), To(F)).
It is possible that Uy(F) = Us(F).
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We have [Uy(F), Ua(F)] C [S1(F), S2(F)] so by (4.1) and rescaling by the speed |vy|,
(4.9) Uz(F) — Ur(F) < 20003 /x5(t.(F))I/|vs].

By (4.3), the number of collisions between balls in & in the time interval [Uy (F), Us(F)]
is bounded by

5dn772
(4.10) 200n%|xs (t.(F))| (32n§;/2) .

Step 5. We will construct a branching family W with elements of the form
A(?) = (?,T(?), Tl(‘rjt)’ TQ(H:)’ Ul(gt)a U2<?))7

where & is a subfamily of the balls.

Let G; be the set of all n balls. We initiate the construction of W by declaring
(G1,7(91), —00,00,U1(G1),Us(G1)) to be the only “individual” in the first generation of
the branching structure W. In other words, T1(G;) = —o0, T5(G1) = oo, and U;(91)
and Us(G1) are defined as in (4.8) with G, in place of F.

We will now describe the branching mechanism. Suppose that
(4.11) (F,r(F), T1(F), To(F), U1 (F), Us(F)) € W.

We always have [Uy(F),Us(F)] C [T1(F), To(F)]. If [Ui(F),Ux(F)] = [T1(F), To(F)]
then we declare the sextuplet in (4.11) to be a leaf of the branching tree, i.e., this
sextuplet has no offspring. We also declare the sextuplet in (4.11) to be a leaf if ny < 2.

Suppose that [Uy(F), Us(F)] # [T1(F), T2(F)] and ngy > 3. Recall families Fy, Fo, Fs
and F defined in conditions (i) and (ii) below (4.7). Let

T(F) =T (F2) =T1(F),  Ta(F1) =Ta(F2) = Ui(T),
Tl(?3> :T1(94) :U2<3~>, Tg(g’g) :Tg(ff;l) :TQ(H:)
We declare the following four sextuplets to be (some of the) offspring of the sextuplet
in (4.11),
(412) (?k,T(gk),Tl(?k),TQ(?k),Ul(gjk),UQ(f}'k)), k= 1,2,3,4.
Here U, (F%) and Uy(Fy) are defined as in (4.8) with Fy, in place of F.
It is easy to check that if F5 = F, T1(F5) = U1(F) and To(F5) = Uz(F) then r(Fs) <
T(gj), U1(3‘~5> = Ul(ff) and U2(§5> = Ug(ff)
If r(F) < 4ng then we declare that the sextuplet in (4.11) has five offspring—the four
offspring listed in (4.12) and
(413) (?5,7"(355),[]1(35),UQ(?),Ul(gj),UQ(gj)).

This case is illustrated in Fig. 1.

Next we will discuss the case when r(F) > 4ng. In this case, all sextuplets listed in
(4.12) will be declared to be offspring of the sextuplet in (4.11) but there will be more
offspring constructed as follows.

Let tl = Ul(gt') and

(4.14) B = (r(F) = 2ng)/(ny — 1).
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Ya'd
> /
oo TVt

L(F)  UF)=3(F) U F)=S(F) Ty(F)

FIGURE 1. Schematic drawing of a branching event with five offspring.
The parent family F is represented by all trajectories on the interval
(T1(F), To(F)). In this generic case, (U1(F),Us(F)) lies strictly inside
(T1(F), T5(F)). All trajectories are close to each other (at least at one
time) in (U1 (F), Us(F)). The five offspring consist of two non-interacting
families to the left of Uy (F) = S1(F), two non-interacting families to the
right of Uy(F) = S5(F), and the original family F restricted to the interval
(U1(F),Ux(F)). The latter offspring will not have any descendants—it is
a leaf in the branching structure.

We will argue that F can be partitioned into nonempty disjoint families H] and 33
such that the distance between any ball in H} and any ball in H2 is greater than 3
at time ¢;. If this is not the case then every two balls in F are connected by a chain
of balls with distances between consecutive balls less than or equal to §. Hence, the
distance between the centers of endpoint balls in the chain is bounded by

(ng —1)(B+2) =r(F) —2ns+2(ngy — 1) = r(F) — 2.

This contradicts the definitions (4.4)-(4.5) of (&, t) and r(F) because according to these
definitions, there must exist balls whose centers are at a distance equal to or greater
than r(F) for every t € [T1(F), To(F)]. We conclude that families Hi and H3 exist.
The velocities of balls in F are bounded by |vs| so no ball in Hj can collide with any
ball in 33 in the time interval [ty,t; + 8/|vs]].
Let

(4.15) ke = [(Ua(F) = Un(F))|vsl/ 5],
tk:tl—f—(k—l)ﬁ/‘Vﬂ, ]{?:2,...,]{3*,
1 = Ua(F).
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FIGURE 2. Schematic drawing of a branching event with more than five
offspring. The parent family F is represented by all trajectories on the
interval (T1(F),T2(F)). In this generic case, (U1(F),Uz(F)) lies strictly
inside (71(F),T»(F)). There is no time in (Uy(F), U2(F)) such that all
trajectories are close to each other. There are ten offspring. Four of
these consist of two non-interacting families to the left of Uy (F) = S1(F)
and two non-interacting families to the right of Uy(F) = S3(F). On each
of the intervals (Uy(F),t2), (t2,t3) and (t3, Us(F)) there are at least two
non-interacting families of trajectories. On each of these intervals, two
non-interacting families are chosen and declared to be offspring of F.

For every k = 2,...,k,, we can find nonempty disjoint families H¥ and H% such that
the distance between any ball in H¥ and any ball in H5 is greater than § at time ;.
No ball in H¥ can collide with any ball in % in the time interval [tg, tx1].

We declare the following sextuplets to be offspring of the sextuplet in (4.11),

(416) (j—cfar(}cf>7tk7tk+17U1<j_cf)7U2(g{’li€)>7

for k = 1,... k. and i = 1,2. Hence, in the case when r(F) > 4ns, sextuplets listed
in (4.12) and (4.16) are offspring of the sextuplet in (4.11). This case is illustrated in
Fig. 2.

Step 6. We will estimate some quantities characterizing W. We will write A(G) <
A(F) to indicate that A(G) is an offspring of A(F). If A(G), A(F) € Wand A(G) < A(F)
then either A(G) is a leaf or ng < ng. It follows that the number of generations in W
is bounded by n.

An individual in ‘W has five offspring in the case r(F) < 4ng.

For the next calculation, recall that ny > 3. If r(F) > 4ns then, in view of (4.6),
(4.9), (4.14) and (4.15), the number of offspring is bounded above by

4+ 2k, = 4+ 2[(Ux(F) — Ur(F))[vsl/B] < 6+ 2(Ux(F) — Ur(F))|vs|/B
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(U2(F) = Ui(9))|vs]
(r(F) — 2ng)/(ng — 1) (r(9)/2)/(ng — 1)
20003 x5 (t.(F))| 200n3ny *r(F)
@2 1) = @) (s - 1
(4.17) < 6+ 800ny* < 1000n)* < 1000n°/2.

(U2(F) — Ur(9)) v

=6+2 <642

<6+2

This upper bound holds also in the case r(F) < 4ng. Thus (4.17) implies that the
number of individuals in the k-th generation is bounded by (1300n%)*~1. Since the
number of generations is bounded by n, the total number of individuals in W is bounded
by

(4.18) n(1000n°/2)"~1 < 1000™n°"/2,

Step 7. We will now bound the number of collisions. It follows from Step 5 that if
two balls collide then there must exist a leaf

A(F) = (F,7(F), T1(F), Ta(F), Ur(F), U2(F)) € W

such that the two balls belong to F and the collision takes place in the interval
[T1(F), Ta(F)].

First we will count collisions in open intervals of the form (71 (F), T5(F)).

If ngy < 2 then the number of collisions in (T1(F), T5(F)) is bounded by 1.

The argument in Step 5 (see (4.13)) shows that if ny > 3 and A(F) is a leaf then
(TV(F), T5(F)) = (U1(F),Ux(F)) and 7(F) < 4ng < 4n. Hence, we can use (4.10) as an
upper bound for the number of collisions in (77 (F),T5(F)). We combine (4.6), (4.10)
and the estimate 7(F) < 4n to obtain the following bound on the number of collisions
in (T1(F), T2(F)) associated with A(F),

59ng—2 59ng—2
(4.19) 2005 x5 (L ()] (32087) " < 2000y r(F) (3207)

5dp—2 5dp—2

< 200n°n'/? - 4n (32n*?) = 800n"/? (32n%/?)

This upper bound applies also to leaves A(F) with ng < 2.

The number of leaves in W is bounded by the quantity in (4.18) so, in view of (4.19),
the total number of collisions in open intervals of the form (77(F),T5(F)) is bounded
by

>5dn7 )5dn72

1000™n°"/2800n"/? (32n*/2 > _ 800 - 1000™n /2 (n+1) (32032
(4.20) — 800 (1000 : 325d>" 1 ((3/2)57+9/2)n-+3/2

The number of collisions at times T (F) or T5(F) is bounded by the product of (i)
the number of individuals in W, (ii) number of endpoints of an interval, and (iii) one
half of the number of balls, so, in view of (4.18), it is bounded by

1000”12 - 2 /2 = 1000"n""/>*1,
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We combine this bound with (4.20) to conclude that the number of collisions is bounded
by

800 (1000 : 325d>n n((/255H9/2m43/2 1 1000 /2 1

< 1600 (1000 - 325d>n n((3/2)59+9/2)n+3/2,
0

Remark 4.1. (i) The estimates in Step 6 are crude and can be easily improved but
we do not see a way to reduce the quantity in (4.18) so that its logarithm is o(nlogn).
Even if we could, the logarithm of the quantity in (4.3) is not o(nlogn) so the bound
in (1.1) would not change in a significant way.

(ii) Let 74 denote the kissing number of a d-dimensional ball, i.e., the maximum
number of mutually nonoverlapping translates of the ball that can be arranged so that
they all touch the ball. According to [Bez10, Thm. 1.1.3],

90:2075d(1+0(1)) < 7 < 90401d(1+0(1)).

In Step 2, we derived the bound 5% for the number of balls that could collide with a
given ball on a time interval of length one. The lower bound for the kissing number
shows that the bound 5¢ cannot be improved to be less than exponential in d.

5. ACKNOWLEDGMENTS

I am grateful to Soumik Pal for very helpful advice. I thank the anonymous referees
for many significant suggestions for improvement.

REFERENCES

[Ale76] Roger Alexander. Time evolution for infinitely many hard spheres. Comm. Math. Phys.,
49(3):217-232, 1976.

[BD19]  Krzysztof Burdzy and Mauricio Duarte. A lower bound for the number of elastic collisions.
Comm. Math. Phys., 372(2):679-711, 2019.

[BD20]  Krzysztof Burdzy and Mauricio Duarte. On the number of hard ball collisions. J. Lond.
Math. Soc. (2), 101(1):373-392, 2020.

[Bez10]  Kéroly Bezdek. Classical topics in discrete geometry. CMS Books in Mathematics/Ouvrages
de Mathématiques de la SMC. Springer, New York, 2010.

[BFK98a] D. Burago, S. Ferleger, and A. Kononenko. A geometric approach to semi-dispersing bil-
liards. Ergodic Theory Dynam. Systems, 18(2):303-319, 1998.

[BFK98b] D. Burago, S. Ferleger, and A. Kononenko. Unfoldings and global bounds on the number
of collisions for generalized semi-dispersing billiards. Asian J. Math., 2(1):141-152, 1998.

[BFK98c] D. Burago, S. Ferleger, and A. Kononenko. Uniform estimates on the number of collisions
in semi-dispersing billiards. Ann. of Math. (2), 147(3):695-708, 1998.

[BFK00] D. Burago, S. Ferleger, and A. Kononenko. A geometric approach to semi-dispersing bil-
liards. In Hard ball systems and the Lorentz gas, volume 101 of Encyclopaedia Math. Sci.,
pages 9-27. Springer, Berlin, 2000.

[BFK02] D. Burago, S. Ferleger, and A. Kononenko. Collisions in semi-dispersing billiard on Rie-
mannian manifold. In Proceedings of the International Conference on Topology and its Ap-
plications (Yokohama, 1999), volume 122, pages 87-103, 2002.

[BI1§] Dmitri Burago and Sergei Ivanov. Examples of exponentially many collisions in a hard ball
system. September 2018. arXiv:1809.02800.



12
[CI04]
[11189)]

[11190]

[Ser21]

[VasT9]

KRZYSZTOF BURDZY

Xinfu Chen and Reinhard Illner. Finite-range repulsive systems of finitely many particles.
Arch. Ration. Mech. Anal., 173(1):1-24, 2004.

Reinhard Illner. On the number of collisions in a hard sphere particle system in all space.
Transport Theory Statist. Phys., 18(1):71-86, 1989.

Reinhard Ilner. Finiteness of the number of collisions in a hard sphere particle system in all
space. II. Arbitrary diameters and masses. Transport Theory Statist. Phys., 19(6):573-579,
1990.

Denis Serre. Hard spheres dynamics: weak vs strong collisions. Arch. Ration. Mech. Anal.,
240(1):243-264, 2021.

L. N. Vaserstein. On systems of particles with finite-range and/or repulsive interactions.
Comm. Math. Phys., 69(1):31-56, 1979.

DEPARTMENT OF MATHEMATICS, BOX 354350, UNIVERSITY OF WASHINGTON, SEATTLE, WA

98195

Email address: burdzy@uw.edu



	1. Introduction
	2. Hard ball collisions—historical review
	3. Assumptions and notation
	4. Proof of the main theorem
	5. Acknowledgments
	References

