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Abstract

This note considers fairly general quasi-homogeneous systems of first-order nonlinear ODEs
and homogeneous systems of second-order nonlinear ODEs that contain arbitrary functions of
several arguments. It presents several exact solutions to these systems in terms of elementary
functions.
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1. Brief introduction

Systems of ordinary differential equations are a common object of study in various scientific
disciplines. Many exact solutions to such systems can be found in the handbooks [1l, 2]. The
article [3] presented partial solutions to a class of systems of first-order nonlinear ordinary
differential equations with homogeneous polynomial right-hand sides. The current note deals
with more general (than in [3]), quasi-homogeneous systems of first-order nonlinear ODEs
as well as homogeneous systems of second-order nonlinear ODEs. It presents several exact
solutions to these systems in terms of elementary functions.

2. Quasi-homogeneous systems of nonlinear first-order ODEs

Consider the following quasi-homogeneous systems of N first-order ordinary differential

equations for the unknowns =1 = x1(t), ..., xy = xy(t):
ma/ma ms/mi mpy /mi
x x x
I mp+l 2 3 N _
ol =™, : LN ) p=1,...,N, (1)
L1 L1 L1

where F,,(...) are given arbitrary functions, m,, are arbitrary constants, and NV is an arbitrary
positive integer.
System () preserves its form under the transformation

t=A""f g, =A™z n=1,...,N

) Y

where A > 0 is an arbitrary constant.

*Corresponding author
Email addresses: polyanin@ipmnet . ru (Andrei D. Polyanin), zhurovai@cardiff.ac.uk (Alexei
1. Zhurov)

Preprint submitted to arXiv.org February 15, 2022


http://arxiv.org/abs/2107.10759v1

Assuming that m,, # 0 (n = 1,..., N), we look for an exact solution to system (1)) in the
form

Zn(t) = an(1+ Ct)~1/mn, n=1,...,N, )

where C'is an arbitrary constant and a,, = z,,(0) are constants (initial values of the unknowns)
to be determined.

The system of equations () admits an exact solution of the form (2) with the constants a,,
related by the algebraic (or transcendental) constraints

amg/ml ms/ma my/mi
ﬁw%m(2 . e )+C:Q n=1,...,N. (3)
aq aq aq
Example 1. For m; = --- = my = m, the quasi-homogeneous system (1)) simplifies to
become a homogeneous system that can be represented as
1 Ty T3 TN
z =2t Fn(—,—,...,—), n=1,...,N, 4)
1 I X1

where F),(...) are arbitrary functions. The system of ODEs () admits an exact solution of the
form (2)) with m,, = m, where the constants a,, are related by the constraints

a?an(%,@,...,a—N)JrC:O, n=1,...,N.
ap aa ai
The note [4] presents system () and its solution for positive integer m.
In the degenerate case m = 0, exact solutions to system () can be sought in the exponential
form
x,(t) = a, exp(—Ct), n=1,...,N,
where C'is an arbitrary constant. The constants a,, and C' are related by the constraints

Fn(%,@,...,a_fv)w:o, n=1.. N

ay a a1

Example 2. The homogeneous system of ODEs () can be represented in the equivalent
form

x;:xTHGn(ﬁﬁ... x—N), n=1,...,N, (5)

I ’ al ’ ’ T
where G, (...) = (z,/x1)™ " F,(...). Suppose that the functions ,, are all multivariate poly-
nomials of degree M = m + 1 such that

To K2 TN KN
Gn:E anMQ---MN ;[_1 x—l s ’I’L:]_,...,N,

where oy, .., are some constants and o, ..., py are some nonnegative integers. Then sys-
tem (3) becomes

:U’n:chm___HNx‘l“...x’](,N, n=1,...,N,
where c;,,, . ., are some constants and iy = M —pp—---—puyn. We see that pig+- - -+pn = M.
If 111 is also a nonnegative integer, we obtain system (1) from [3]. It admits the exact solution
2, (t) = a, (1 + Ct)/=2) n=1,...,N,

where C'is an arbitrary parameter and the constants a,, satisfy the algebraic constraints

— m1 mn —
Ca,=(1-M) E Copnopn @y, n=1,... N.
pitetun=M



3. Homogeneous systems of nonlinear second-order ODEs

Now we look at homogeneous systems of second-order ODEs of the form

/ / /
A N e e T I
1 T T Ty I €Ty
where F,(...) are arbitrary functions of their arguments, m and & are arbitrary constants, and
N 1is an arbitrary positive integer.

Assuming all unknowns to be proportional, we look for a particular solution to system (&)
in the special form
Tn=any, y=vy(t), n=1,...,N, (7

where a,, are constants to be determined. As a results, we arrive at the following second-order
ODE for y:

y' = " ()" (8)

where A is an arbitrary constant, while a,, satisfy the relations

L R L R
ap ap ap ap a ay
It is noteworthy that equation (8) is solvable and its general solution can be represented in
implicit form.

For arbitrary m and k& such that m + k& — 1 # 0, equation (8)) admits the simple power-law
particular solution

9

1
- k—2 C?* k(g —1)] m+k-1
y=AQTC)" o= T A‘[T}

where C' is an arbitrary constant.
For m + k — 1 = 0, equation (8)) admits the exponential partial solution

y = Bexp(Ct), \=C**

where B and C' are arbitrary constants.
Below are two examples of more complicated solutions to equation (8] and system (6).
Example 3. In the special case of m = 1 and k = 0, system (6)) becomes

! ! !
To X3 IN T T T
" 2 3 N
T, =w b —, —, . —, =, =, = s n=1,...,N.

Its has two different exact solutions depending on the sign of A\. These are obtained from the
second-order linear equation (8) with m = 1 and k& = 0:

T = an[Cy exp(—ft) + Crexp(Bt)] if A =% > 0;

Tn = a,[Ch cos(St) + Cysin(ft)] if \=-p3%<0, ®

where (' and C} are arbitrary constants. The constants a,, satisfy the constraints

o ag any a2 as

P22 0020 ) s as1,

b b ) b ) b
ay a a; ar a a



where the upper sign refers to the first group of solutions in (9)), while the lower sign refers to
the second group of solutions.

Example 4. In the special case of m = —3 and k = 0, system () becomes
Ty T3 TN T T Ty
_3 2 3
=z, Fn<—,—,...,—,—,,—,,...,—,), n=1,...,N.
An exact solution to this system can be found from equation () with m = —3 and k£ = 0. Itis
given by

ZL’n:CLn<Clt2+CQt+C3)1/2, nzl,...,N,

where C, Cs, and ('3 are constants of integration, which are related by C;C3 — iC% = A. The
constants a,, satisfy the constraints

as a ay Qs a a
4 2 as N G2 a3 N 1 2
a,, Fn<—,—,...,———...,—):Cng—ZCQ, n=1,...,N.

ay ai a1’a1’a1’ ai
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