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Abstract

We explore the topological defects of the critical three-state Potts spin system on the
torus, Klein bottle and cylinder. A complete characterization is obtained by break-
ing down the Fuchs-Runkel-Schweigert construction of 2d rational CFT to the lattice
setting. This is done by applying the strange correlator prescription to the recently
obtained tensor network descriptions of string-net ground states in terms of bimod-
ule categories [Lootens, Fuchs, Haegeman, Schweigert, Verstraete, SciPost Phys. 10,
053 (2021)]. The symmetries are represented by matrix product operators (MPO), as
well as intertwiners between the diagonal tetracritical Ising model and the non-diagonal
three-state Potts model. Our categorical construction lifts the global transfer matrix
symmetries and intertwiners, previously obtained by solving Yang-Baxter equations, to
MPO symmetries and intertwiners that can be locally deformed, fused and split. This
enables the extraction of conformal characters from partition functions and yields a
comprehensive picture of all boundary conditions.
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1 Introduction

The intricate and beautiful connection between conformal field theory (CFT) and topologi-
cal field theory (TFT) has been established on many levels throughout the last decades. The
study of these connections was largely initiated in a seminal paper by Witten [I], where the
equivalence between the state-space of 3d Chern-Simons theory and the conformal blocks
of a 2d Wess-Zumino-Witten CFT were first understood. The main idea is that the CFT
governing the gapless boundary of a system described by a TFT is largely determined by the
TFT in the bulk. This holographic relation is observed in many systems in condensed mat-
ter physics: two examples being the fractional quantum Hall state (FQHS) (characterized
on the edge by a CFT through the bulk-edge correspondence [2]) and topological insulators
[3], protected by time-reversal and charge-conjugation symmetries (exhibiting non-chiral
edge modes). In 3d, this holographic duality between TFT and CFT culminated in the
full classification of 2d rational conformal field theories [4, [5, 6]. This was possible because
the underlying mathematical framework for both 3d TFT and 2d CFT is a modular tensor
category (MTC), which proved to be exactly the right language to express many topological
features of 2d CF'T such as partition functions, boundary conditions and certain aspects of
correlation functions.

In the case of a non-chiral TFT, one can construct the partition function as a state-sum,
meaning that one can discretize the underlying manifold and assign values to the building
blocks of the tessellation such that the result depends only on the topology of the manifold.
For 3d, this invariant is known as the Turaev-Viro state-sum [7, 8], and in [9, [10] these con-
structions were used to construct critical lattice models described by CFTs in the continuum
limit, reminiscent of the above holographic duality. The Turaev-Viro state-sums admit a
(2+1)d Hamiltonian formulation known as the string-net models by Levin and Wen [I1],
the ground states of which can be interpreted as Turaev-Viro state-sums on a particular
3-manifold and correspond to the tensor network description of the string-net ground states



in terms of projected entangled pair states (PEPS) [12], 13]. In the same way as [9, [10],
we used these PEPS descriptions of string-net ground states to construct critical lattice
models [I4] using a strange correlator (SC), first conceived for the detection of SPT phases
[15] and now generalized for the long-range entangled string-net wave functions The SC
maps a (2+1)d PEPS with topological order to a classical 2d partition function by taking
the overlap between the PEPS and an unentangled product state. The usefulness of this
construction lies in the systematic description of the non-local symmetries of the emergent
CFTs in terms of explicit matrix product operator (MPO) symmetries present in the topo-
logically ordered PEPS. Anyonic excitations in the TFT are mapped to operators in the
CFT [16], [17], and the conformal blocks emerge from the topological sectors of the original
string-net wave function. The map can be seen as a Euclidean counterpart to anyonic spin
chain Hamiltonians [I8, [19] 20, 2], which have successfully allowed for the computation of
twisted CFT partition functions for e.g. the Fibonacci model [18].

In this paper, we aim to further push the lattice understanding of critical spin systems de-
scribed by a CFT by considering them on a number of surfaces: the torus, the Klein bottle
and the cylinder. The holographic TFT construction of CFT described above provides a
categorical description of the possible partition functions and boundary conditions required
to construct a CFT on these surfaces. Although this construction is well understood, it is
not obvious how these results translate to actual critical spin systems with Hamiltonians
acting on a Hilbert space, or equivalently some critical statistical mechanics model with
Boltzmann weights and local fluctuating degrees of freedom. It is our goal to show that
this formulation is equally useful for studying lattice models by showing that many of the
topological features of CF'T are already present at finite size. We show this by applying
the strange correlator to the recently generalized PEPS descriptions of string-net models,
which turn out to exhibit exactly the same categorical structure present in 2d CFT, as
briefly summarized in Section [2}

In Sections and [5] we will consider CFT partition functions on a torus, Klein bottle
and cylinder respectively. We will emphasize the role of topological defects, as these pro-
vide a handle on the topological aspect of CFT in our finite-size lattice models constructed
from a strange correlator, and show that these topological defects can be used to isolate
characters in the partition function. In these sections, we will restrict to diagonal CFT
(sometimes referred to as the Cardy case), a discussion which is instrumental in under-
standing non-diagonal theories such as the Potts model later. For the torus and cylinder
partition functions this comprises essentially a review of previous work [14], 9, [10]. The non-
orientable Klein bottle case is newer and sits somewhere between the torus and cylinder
partition functions due to the fact that it is a closed surface but nevertheless has a partition
function that is linear in the characters, as is the case for the cylinder. In Ref. [22], a CFT
detection method was established on the Klein bottle for rational CFTs by calculation of
the so-called Klein bottle entropy. This entropy depends on the quantum dimensions of
the CFT primary states and its calculation restricts, at least partially, the possible CFTs.
The Klein bottle entropy arises from performing modular transformations on the partition
function (essentially probing the S-matrix of the theory) [23] and is intimately analogous
to the famous Affleck-Ludwig entropy for boundary CFTs [24], but this time on a closed
manifold.

The discussion of the diagonal case serves mainly as a stepping-stone towards understanding



general non-diagonal CFT partition functions, considered in Section [6] which is the main
goal of this work. The construction is repeated on a torus, Klein bottle and cylinder for this
more general case. An additional ingredient here is a type of defect that separates different
realizations of the CF'T which we will refer to as an intertwiner. This intertwiner can be
used to map a non-diagonal partition function to the partition function of a diagonal model
in the presence of topological defects, a procedure known as orbifolding, which in particular
can also be used to explain the relation between boundary conditions of a non-diagonal
model and a diagonal model. Notably, this procedure allows for a generalization of the pre-
viously found intertwiners using integrability theory [25]. However, putting the orbifolding
procedure on a full categorical footing allows for the construction of intertwiners that can
freely be moved through the lattice, offering more flexibility and the ability to study inter-
sections of defects and intertwiners, a key ingredient in constructing boundary conditions
in its full generality.

To illustrate this more concretely, we treat representative examples in the form of the Ising
CFT and the non-unitary Yang-Lee CFT for the diagonal case. The non-diagonal case is
represented by the three-state Potts CF'T, which serves as the apex of this work. These
models have been studied extensively, and this section serves to collect the relevant CFT
data associated to them. In Section [7] we finally turn to explicit lattice realizations of
these CFTs constructed as the strange correlator of the appropriate string-net model. We
calculate the finite-size spectra of the three models on the torus, Klein bottle and cylinder
and the Klein bottle entropy through exact diagonalization. This illustrates the strange
correlator procedure by highlighting its application on three broad CFT classes: unitary
CFTs with diagonal partition functions, non-unitary CFTs and CFTs with non-diagonal
partition functions.

2 Topological aspects of 2d rational CFT

In this section, we aim to briefly review some relevant features of 2d CFT. Their structure
can be divided into two parts:

e A local geometric aspect, which among others concerns the construction of conformal
blocks that serve as the building blocks of correlation functions. They are solutions
to the conformal Ward identities, which decompose into left-moving and right-moving
Virasoro Ward identities. For critical lattice models, this aspect differs from one model
to another as it depends on the microscopic details of the model under consideration.

e A global, topological aspect that determines the appropriate correlation functions and
boundary conditions on closed and open surfaces. This has to be done in a way that
is compatible with the composition of these surfaces, which imposes conditions known
as the sewing constraints. For critical lattice models, this aspect is essentially the
same for every model in a given universality class.

For a rational full 2d CFT, a rigorous construction and classification of this topological
aspect has been obtained by using a form of the holographic principle to construct these
CFTs from a TFT [4, 5, [6]. The Moore-Seiberg data concerning the representations of the
chiral algebra is captured in this construction by an MTC D and is assumed to be given. To
arrive at a full CF'T with local correlation functions, an additional piece of data is required,
since for a given MTC D there exist multiple distinct consistent CFTs. A simple example of



this is the free boson with a u(1) chiral algebra compactified on a circle of radius R. For each
R, the full CFT has a different (modulo T-duality) torus partition function, so one might
guess that the additional data required is the specification of the modular invariant on the
torus. This is not quite right however, as there exists a plethora of examples of modular

invariant bilinear character combinations that do not arise as the partition function of any
CFT.

The correct additional piece of data turns out to be a right D-module category M, which in
the original TF'T construction is established from a particular type of algebra A in D, but
we will not use that definition. The module category M determines the modular invariant
on the torus, but more generally also allows the CFT to be defined on any closed surface
in such a way that it is invariant under the mapping class group of that surface. On an
open surface, the conformal boundary conditions are given by simple objects in M. The
topological defect lines of the CFT are then given by another tensor category C, such that
M is also a left C-module category. The tensor category C of topological defects depends
on D and M by the requirement that M is an invertible (C, D)-bimodule category; for a
given D and M, such a tensor category C = D}, is called the dual of D with respect to M.
For a basic review of the relevant category theory, we refer to Appendix [A]

Recently, it was discovered that exactly the same categorical structure is present in gener-
alized tensor network representations of ground states of string-net models [I3]. Here, the
string-net model is given by a (not necessarily modular) fusion category D, for which an
explicit PEPS representation of its ground state can be found by the module associator of
some right D-module category M. The non-local MPO symmetries play the role of lattice
topological defects and are indeed described by the dual fusion category C = D} . Explicit
representations for all the relevant tensors can then be constructed from the associators of
the invertible (C,D)-bimodule category. The ground states of these string-net model can
be mapped to a critical statistical mechanics model by using the strange correlator, which
is very reminiscent of the holographic construction of a CFT from a TFT. The generalized
PEPS representations for string-net ground states and its features are reviewed in Appendix
It is the aim of this paper to argue that the TF'T formulation of CF'T provides an equally
useful language for studying spin systems. We will do this by considering critical lattice
models on a number of surfaces, both open and closed, and show that many of the topo-
logical features of CFT are already present at finite size.

There is a particular choice of module category M that can always be made: one can always
take M = D as a right D-module category over itself. This choice yields a diagonal partition
function for the CFT and is sometimes called the Cardy case. In this case, the boundary
conditions are given by simple objects in D, which means that there is one boundary
condition for each representation of the chiral algebra. The dual of D with respect to
D is again D, meaning that the topological defects are also in one-to-one correspondence
with the representations of the chiral algebra, and in particular obey the same fusion rules.
In the PEPS language, this choice of module category gives the representations that were
first derived for the ground states of string-net models [26] 27]. In our discussion, we will
restrict to this case until Section [6] where we will allow M to be a generic right D-module
category.



3 Torus partition functions with topological defects
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Figure 3.1: The torus partition function with the insertion of topological defects in both x- and y-directions.
The crossing of the defects is marked with a red square, indicating the insertion of a simple idempotent.

As a start, let us review the identification of a critical statistical mechanics model with
a CFT partition function on a torus. To this end, we make the identification between
the transfer matrix of the model with periodic boundary conditions on L, sites, and the
corresponding CFT Hamiltonian [28§]:

where we have introduced a tensor network representation of the transfer matrix as an MPO
[29]. The single MPO tensors encode the Boltzmann weight of the statistical mechanics
model between different sites. The partition function of the classical 2D model on a torus
of length (L, Ly) is given by

ztor = Tr(Ttv). (3.2)

The finite-size Hamiltonian can be written as follows [30), [31]:

1
Hring =a+ fOLx +vHcrr + O(ﬁ) (33)
T
The shift a and the rescaling factor (velocity) v are non-universal numbers. fy is the free-
energy density and Hopr the CFT Hamiltonian. Neglecting the terms decaying faster than
L—IM, we now focus on the universal part of the Hamiltonian. The Hamiltonian of the CFT
(Hcpr) contains the sum of the right- and left moving Virasoro generators:

2 — c
Hcrr = I (Lo + Lo — E) , (3.4)
T

with ¢ the central charge and Lo + Ly the generator of dilations on the plane and time
translations on the cylinder. This is a CFT result and therefore a direct consequence of
the conformal invariance. It is natural to work in the eigenbasis of these generators (the
Hamiltonian) |«, @), with the corresponding eigenvalues the characteristic conformal weights
he and hg. Introducing ¢ = €*™7, with the modular parameter 7 = iLy/Ly, let us define
the character function



Xa(q) = Tra(g" ™) = gt an : (3.5)

with cq(n) the CFT-specific degeneracy at level n. The universal CFT part of the partition
function (keeping only Hcpr in becomes

Ztor Tr(e—LyHCFT ZXa aBX,B( ) (3.6)

*% 3" M, gea(n)es(m)ghethatnim, (3.7)

a7ﬁ7n7m

Although the lattice partition function is extensive in both lengths, due to the free energy
term in Eq. the universal part of the partition function is only dependent on the ra-
tio Ly/L,. The partition function decomposes into a finite number (for rational CFT) of
discrete Verma modules of right- and left- moving parts labeled by a and 3, combined by
the integer matrix M. The effects of the lattice regularization - which differ for different
statistical models in the same universality class - are entirely contained in the finite-size
corrections to the character functions and they can be regarded as the “geometric aspect” of
the CFT. The matrix M is purely topological and its form is dictated by requiring modular
invariance on the torus. It is this formula that is used in practice to numerically identify
the CF'T (see section [7)) as the degeneracies in the spectrum of the transfer matrix at some
level (n,m) are dictated by the character functions and the matrix M. For now, we restrict
to diagonal partition functions, which have M,z = §,5. In this case the conformal scaling
dimensions A, = h, + hg appear in Eq. We will explore non-diagonal partition
functions in Section [6l

Let us now consider the case where we introduce a topological defect labeled by ~ in the
lattice. These defects only have a non-trivial action on the partition function when wrapped
around non-contractible cycles of the torus, i.e. they are locally invisible and can be freely
deformed through the lattice:

These defects themselves are also represented as MPOs, just like the transfer matrix. It
was extensively discussed in [32, B3, [34] how the local deformations, shown above, translate
into local constraints on the MPO tensors of the topological defects (the so-called “pulling-

through” equations):
TOE O 2

7



As the defects can be seen as “symmetries” of the transfer matrix they are called MPO
symmetries H From this equation it is obvious that the product of two MPO symmetries is
again an MPO symmetry, and if we assume a finite set of MPO symmetries they must be
closed under multiplication and in general form representations of a fusion ring:

with Ngﬁ non-negative integers. This equation implies the existence of fusion tensors that
satisfy

(0%

5 (3.9)
6]
These MPO symmetries allow us to define a twisted partition function
~L
ZT =Te(Ty"), Ty= (3.10)

where we have introduced the twisted transfer matrix Tv- The decomposition of such a
twisted partition function on the torus in terms of characters was worked out in [35]:

23" 2y Xal@)M5X5(2), (3.11)
a’ﬁ

The matrix M7 again consists of non-negative integer entries, and we have M1 = M where
1 labels the identity twist, which is of course equivalent to no twist at all.

This paper aims to explicitly show on the lattice how the matrix M (the “topological as-
pect” of the CFT partition function) is obtained for general twists. At the heart of this
discussion lies the “pulling through” property . The MPOs, representing the lattice
topological defects, are locally invisible and independent of the specific lattice geometry
contained in the transfer matrix, consistent with our intuitive notion of “topological”.

When considering topological defects along both non-contractible cycles of the torus, we
place the following object, which we will refer to as a tube, at the intersection of the defects:

(3.12)

which due to (3.8) and (3.9 can also be freely moved through the lattice. In [I4] it was
shown that the individual terms in the sum (3.11)) can be isolated by inserting a projector

of 1
P’Y’i = (313)

!Note that the word “symmetry” is loosely used in this context. The MPO symmetries commute with
the transfer matrix, but are not necessarily unitary representations of some symmetry group G. We use the
word symmetry throughout the remainder of this work, including in particular what other authors would
call dualities, i.e. objects that fuse to a sum of group-like objects.




in the partition function to obtain

(Z57)r = Te(PYYTYY) = xa(@)X5(). (3.14)

This is graphically depicted in Figure The pulling-through property also ensures
that this projector commutes with the twisted transfer matrix. When constructing these
partition functions as a strange correlator of some string-net model, these projectors are
obtained as simple idempotents of the tube algebra, which naturally appear when consid-
ering the different possible ground states on the torus; for details, we refer to Appendix [B]
We will demonstrate this isolation explicitly on the lattice in section [7]

In the above formulas we have chosen the modular parameter 7 to be purely imaginary.
Choosing a general complex parameter corresponds to introducing momentum in the spec-
trum. The translation invariant transfer matrix commutes with the translation operator

-

which shifts the lattice by one site. It is known from conformal invariance that the momen-
tum operator P = Loy — Ly. Choosing the modular parameter as 7 = L% + i%’ one can
write down the partition function with a translation:

27

To(TT) =g 2 Y M,gea(n)es(m)|qlethotrtmeTs (hemhotnmm) = (3 16)

a7/37n7m

In the diagonal case (Ma,é = 5a3), the conformal spin s, = ho — ha = 0 appears in the
imaginary part of (3.16). The same can be done for twisted partition functions, but one
has to be careful in defining the twisted translation operator:

- A

For the twisted translation operator fgz # 1; instead, we get a non-trivial operator called

the Dehn twist: N
~ /
Il =D, = (‘#‘#‘#ﬁ% (3.18)

The action of the Dehn twist consists of cutting the torus into a cylinder, fully twisting
one end of the cylinder by L, sites and finally gluing the cylinder back to a torus. The
result of the momentum labeling on the spectrum with a non-trivial horizontal twist is the
appearance of topological corrections to the conformal spins (h, — hg, the eigenvalues of
the Dehn twist), which are no longer necessarily integers. The twist actually introduces
an effective length L.g for which fﬁeff = 1. The result of the Dehn twist on the lattice
partition function is trivial in the case of no twist. It is the modular transformation (7)
on the torus that implements the mapping 7 — 7+ 1. This is consistent with the fact that
the untwisted (empty) partition function is modular invariant.

Besides the 7 transformation, the modular group is generated by an S-transformation,
which implements the mapping 7 — —%. The effect of this transformation on the characters
is given by the topological S-matrix:



Xa(@) = Sasxs(@) (3.19)
8

with ¢ = ¢~*. The untwisted partition function is again invariant under this transfor-
mation, but single terms, obtained by the projection on the simple idempotents , are
not. The transformation on the idempotents is known and is implemented by the tensor
product of the S-matrix with itself:

PP 3" 840585, P. (3.20)
5.e

Note that idempotents with a twist v in the z-direction are not mapped to idempotents
with the same twist in the z-direction as the role of the S transformation is exactly to
interchange the x and y direction. An important question is to find partition functions with
twists in both directions of the torus such that the partition function is modular invariant
(invariant under both 7 and S). We will show that such a twisted modular invariant par-
tition function can be mapped to an untwisted partition function of a different model; this
procedure is called orbifolding and is explained in section [6]

A numerical shortcut to obtain both the scaling dimensions and the conformal spin for
transfer matrices with a real spectrum is to directly diagonalize I'I". The real part of the
spectrum then contains the towers of A and the imaginary part the spins s. This is exactly
how the conformal spectra are obtain in section

We conclude this section by illustrating the torus partition function for the Ising CFT and
the non-unitary Yang-Lee CFT. These results will be relevant for the numerical simulations
performed in section

The Ising CFT has central charge ¢ = 1/2 and three primaries labeled by 1, o and v with
corresponding conformal weights hqy = 0, hy = 1/16 and hy, = 1/2, represented in the Kac
table as
1/2 [1/2 1/16 0
0 | 0 1/16 1/2
Lo 12 1

where repeated fields are shaded blue. The corresponding MFC Dygpne has 3 simple objects
with non-trivial fusion rules

cRQo=14+v%, YR®oc=0, YRIP=1; (3.21)

the remaining data can be found in Appendix The labels {0,1/2,1} € su(2)2 and
0,1 /2 € su(2); in the Kac table stem from the realization of Digng as the coset

su(2); ®@su(2)

D, (3.22)

DIsing =

10



which is nothing but a means to construct the data of Digpne from the known data of the
su(2); models. The partition function on a torus can be twisted with the topological defects
corresponding to these primary states [35]:

Z3" = Ixo(@)* + Ix1/2(@)1* + [x1/16(0)?
Z¥" = Ix116(0) + x0(@)X1/2(D) + X1/2(0)X0(7) (3.23)
ZP = X0(2)X1/16(@) + X1/16(0)X0(@) + X1/2(0)X1/16(@) + X1/16(2)X1/2(7)

with

xo0(q) = q_c/24(1 + q2 + q3 + 2q4 + 2q5 + 3q6 +...)
Xi/2(0) = @/ A+ g+ @ + ¢ + 20" +2¢° +3¢° + ..) (3.24)
X1/16(0) = ¢/ (1 + g + ¢ + 2¢° + 20" + 367 + 4¢° + ).

The S-matrix for the Ising model reads

) 1 V2 1
SIsing = 5 \@ 0 _\/i 5 (325)
1 =2 1

with the order of the primary states: 1, o and .

Similarly, for the non-unitary case of the Yang-Lee CFT, with primary states 1 and 7 and
corresponding conformal weights h; = 0 and h; = —1/5 we get the following Kac table:

0o =15 -1/5] 0
0 172 1 32

with corresponding Dy1, that has two simple objects satisfying the non-trivial fusion rule
TRT=1+T. (3.26)

We get two corresponding twisted partition functions:

Z5 = Ixo(@)* + Ix—1/5(a)
Z" = [x_1/5(0) ] + x0(@)X_1/5(@) + x-1/5(0)X0(2)
with

X0 @)= "0+ @+ +d* +°+285+ )

_1/5— (3.27)
X-15(0) = a5 A+ g+ @ + ¢ +2¢* +26° +3¢° + ).
The S-matrix for the Yang-Lee model reads
2 [(—sin?® sinir
_ 2 5 5
SYang—Lee \/5 ( sin 4% sin 2;) ' (3'28)

11
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Figure 4.1: The Klein bottle partition function with the insertion of topological defects in both x- and y-
directions. The reflection in the y-direction on the Klein bottle is presented by the different arrow directions.
The crossing of the defects is marked with a red square, indicating the insertion of a simple idempotent.

4 Klein bottle partition functions with topological defects

The idea of defining CFT on a Klein bottle dates back to works on string theory (see [36] and
references therein), and was recently extensively discussed in a series of papers [22], 37 [38]
for (1+1) dimensional critical spin systems. The Klein bottle is shown in figure The
partition function of the critical 2D model can be written in terms of its transfer matrix

TEv as [39]:
J)////

ZKB = Tr(RTLv), R = : (4.1)

S

which differs from the torus partition function by the spatial reflection operator R, which
implements the change of arrow direction in the right hand side of Figure when iden-
tifying the top and bottom edges. The effect of the operator R on the spectrum is to
interchange the left and right moving parts in the eigenstates: R |a, 3) = |3,@). The left-
and right-movers are swapped on the Klein bottle before the trace is taken, so that only
left-right symmetric states |a, @) survive. The partition function on the Klein bottle can
therefore be written as a trace over just the left-right symmetric part of the Hilbert space
in the following way:

ZKB _ Trﬂ@ﬁ(z]-\)/qLo—(0/24)§Z0—(c/24)) — Ty 2L0—(C/12))' (4.2)

(HRH) sym (q

Similarly as on the torus, the Klein bottle partition function is a sum of characters, but
instead of the sesquilinear form we have a sum of single characters (due to the above
formula):

Z¥B =3 " Maaxa(d®) = 476 Y Maaca(n)g*" 2" (4.3)
(07 a,n

In both the case of a diagonal (M = 1) and non-diagonal partition function, the Klein
bottle partition function will only contain single characters that were part of the diagonal

12



part of the original torus partition function.

Topological defects can be inserted in both directions of the Klein bottle on the lattice,
just like for the torus. However, in contrast to the torus, only certain defects on the Klein
bottle yield a non-zero partition function. Inserting a topological defect labeled by ~ in
the y-direction on the Klein bottle (just like on the torus) selects the diagonal part of the
twisted partition function:

ZKB =" Maxa(d). (4.4)

It is clear that such twisted Klein bottle partition functions will only be non-zero if the
original twisted torus partition function contains left-right symmetric parts. The simple
idempotents Pcaf‘ of the tube algebra can then be used to project the Klein bottle partition
function onto its single characters:

a oL
(ZW)KB = Tr(RPSSTY) = xal(d?). (4.5)

This requires that the simple idempotents commute with the reflection operator; we argue
that this is the case in Appendix

Numerically extracting a Klein bottle spectrum can be done as follows: when the transfer
matrix and the simple idempotents commute with the reflection operator, all the zero and -
momentum eigenstates can consistently be labeled by the eigenvalues under reflection. Not
all zero momentum states will contribute to the Klein bottle partition function however,
since exactly degenerate eigenstates with reflection quantum numbers +1 and —1 cancel
one another after the final trace is taken. The single characters corresponding to a primary
state a emerge from such a cancellation. Starting from a twisted transfer matrix, we first
project on a left-right symmetric single term (Formula :

Py = Xa(@Xa(@ = ¢ 1) cal(n)ea(m)q"g™.
n,m

Next, we project on momentum zero and 7
p=Q7m oh,—c/12 2|, 12n
=" g2y " ca(n)gl
n

and finally, the spectrum is labeled by the eigenvalues under reflection and exactly degener-
ate eigenvalues with different reflection quantum numbers (+1 or —1) are thrown out, since
they will be canceled in the final trace of the Klein bottle partition function:

+
Ry q2h°‘_c/1226a(n) " = Ya(q?).
n

The reflection operator leads to a cancellation of the crossterms at some level whenever
ca(n) > 1, leading in the end to a single character. This is exactly how the single characters
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2L, L. L, / vl

Figure 4.2: The cutting-folding-sewing trick to map the Klein bottle of size (2L., L,/2) to a cylinder of
size (Lg, Ly) with non-local interactions at the endpoints in the z-directions, including a simple idempotent.
The reflection is performed around the twist, such that the tube itself remains a ring of size Ly /2.

for the Klein bottle are numerically reproduced in Section [7}

For the Ising CFT, the Klein bottle partition function with a o-twist is zero, because there
are no diagonal character combinations in the o-twisted torus partition function. For the
trivial and the i-twist, the Klein bottle partition functions become:

In section |7}, this will be illustrated numerically through exact diagonalization techniques,
where the projectors that appear in (4.5) will be explicitly constructed in terms of the
MPOs, in order to further decompose (4.6|) into single characters.

For the Yang-Lee CFT, we get:

A similar projection will allow for the decomposition of (4.8)).

4.1 Klein bottle entropy

We now turn to the implication of formula on the Klein bottle entropy, for rational
(non-)unitary CFTs [22]. We therefore allow for at least one negative conformal weight and
will denote the smallest one as hyin and the corresponding character as x,,.;.. We will need
the S-transformation for the character to rewrite the Klein bottle partition function
this time with a topological defect ~:
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ZEB Z aaXa
Z 55a,8x8(7"/?).

In the limit L, > L,, the right hand side will be dominated by the contributions from the
primary states. Furthermore, in the limit where L, — oo only the character corresponding
to the primary state with the smallest (possibly negative) conformal weight (x,,.;.) survives,
since ¢ — 0. In these limits X, (§"/2) =~ (q/2)min=c/24 = (GV/2)=cen/24 | with coq =
¢ — 24hpyin. This means that we can write:

Z'IfB = Z M(;Y&Saypminxpmin (51/2)

(0%
= ff 7,
~ Y 24L z
= (E Maasa,pmin) €
(03

Taking into account the non-universal terms due to the finite lengths [22]:

KB _fOLILy+mLz
Z LI7L (Z : apmln) € by ’

with fy the free-energy density. The analogue for the torus (without twists) was obtained
n [30, 31]:

Ceff
29 (L L) o e E R

This leads us to define the universal ratio for the Klein bottle entropy [22], with the inclusion
of topological defects

ZKB(2 - 7y
9y = Ztor— = Z @, Pmin (410)

T

However, as (4.5)) implies, the projectors P,?f‘ can be applied to the Klein bottle, singling
out the single character terms. The same can be done for the Klein bottle entropy

o (Z9)KP2L, %)
g’Y Ztor(Lgc7 Ly) — ~M&,Pmin?

(4.11)

allowing us to identify individual S-matrix elements.
In the case of unitary CFTs, the primary state with smallest conformal weight is the iden-
tity field with hqy = 0 and ce.g = ¢, the S-matrix elements in the above sum are S, and

correspond to the quantum dimensions d, (up to the normalization D = />, d2).

In practice, it will be important to map the non-orientable Klein bottle partition function to
an orientable manifold in order to calculate the Klein bottle entropies and single S-matrix
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elements . To this end, by first cutting the Klein bottle, then flipping it and finally
sewing it back together, it was shown in [37] that the Klein bottle can be mapped to a
cylinder with non-local interactions at the boundaries. We will use the same trick here, but
we have to be careful in the presence of defects, as we will show now.

We will demonstrate the mapping on a Klein bottle with a simple idempotent (Pf;‘?), where
we immediately superimpose a lattice on the Klein bottle. The mapping is shown in figure
and it can be directly used to rewrite the numerator in the expression of g7 in as
a decomposition in terms of the tube elements:

ol
L

(25)%P(2Ly, Ly/2) = =

2L,

In the second step the resolution of the identity has been inserted to obtain the overlap of
a twisted transfer matrix 75 with a non-local boundary state on the left and on the right.
In the limit L, — oo, only the largest magnitude eigenvectors of the twisted transfer matrix
|v;) (possibly degenerate due to the presence of the twist) contribute to the Klein bottle
entropy, normalized by the untwisted unique eigenvector |v1):

.. (4.13)

We allow for a different left and right fixed point. This is important for the Yang-Lee
model, where the transfer matrix is non-Hermitian. This is how in practice the Klein bottle
entropies g5 can be calculated by only keeping these fixed-point terms. Finite-size effects
will limit the precision of g7, because of the finite size in the y-direction, but going to large
cylinder sizes allows for accurate calculations. This will be shown in section [7] through exact
diagonalization of the twisted transfer matrix.
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We again illustrate the above for the Ising and the Yang-Lee model. The Klein bottle
entropies (4.10]) for the Ising model become:

V2

g1 =511+ Sy1+ 81 =1+ -5 (4.14)
1
9y = So1 = 7 (4.15)

Using the projectors, (4.15)) can also be split up into its three terms by virtue of (4.11])).

In the non-unitary Yang-Lee case, the primary state with the smallest conformal weight
does not equal the identity and the Klein bottle entropy does not probe the first column
of the S-matrix, but rather the column corresponding to the primary state with smallest
conformal weight. From equations and , one can write:

gl :S].,T + ST,T = 1 + (416)

i

g =S (4.17)

It is again (4.16]) that will be split up in its terms.

5 Cylinder partition functions with topological defects

The study of CFTs on manifolds with boundaries and its relation to the fusion rules of the
CFT was initiated by Cardy in [40]. Much like the reflection operator on the Klein bottle, the
boundary on the cylinder imposes non-trivial relations between the left- and right-movers by
requiring no momentum flows across the boundary. For this reason, only single characters
appear in CFT partition functions on the cylinder, just like in the case of the Klein bottle,
instead of the sesquilinear combination on the torus. The cylinder partition function is
shown in figure with a horizontal defect and two unspecified boundary conditions.

yA >

A

v >

- L d

Ly

>
T

Figure 5.1: The cylinder partition function with the insertion of a topological defect in the z-direction and
two unspecified boundaries.
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5.1 Ishibashi and Cardy states

On the boundary state |B), the requirement that the off-diagonal components of the stress-
energy tensor of the CFT should vanish translate to L, |B) = L_, |B). The states that
satisfy this constraint for diagonal theories are the so-called Ishibashi states [41], and there
is one for every primary state:

ca(n)
|Ioé> = Z Z |h04 + n;mnaﬁa + n; mn>,

n mp=1

where n indicates the level of the state and m,, is the degeneracy label at level n. This
Ishibashi state is an equal weight superposition of all left-right symmetric states in one
particular tower. Not coincidentally, these left-right symmetric states are precisely the
states from the conformal towers that survived on the Klein bottle, and similarly we can
write for the cylinder partition function:

Yy

cyl
ZIZI,B = (La| ’IB> (5.1)

Y

= 6a5Xa(q2)a

since states in different towers are linearly independent and form a complete basis in the
space of conformal blocks (at least in the diagonal case M = 1). If we define the reference
state |X) = > |1a), it is clear that the projector |¥) (| projects onto the states that are
present in the Klein bottle partition function, so that we can formally identify the Klein
bottle partition function with the cylinder partition function with boundary states |X):
Z8B = Tr (|S) (8] T™) = Z5%.

The role of the projectors P{*®, which project the untwisted Klein bottle partition function
onto the single characters, is clear here: they project the reference state |X) onto the cor-
responding Ishibashi state.

One may wonder what happens when topological defects O, are inserted in the cylinder,
instead of the projectors P{*®, which are made from linear combinations of O, (essentially
inverting the relation between P and O). To this end, Cardy showed that by identifying
two different ways of interpreting the cylinder partition function, it is possible to relate
the Ishibashi states to the so-called Cardy states. Where the previous cylinder partition
functions could be interpreted as the propagation of a periodic transfer matrix from the left
state to the right, making the relation to the Klein bottle obvious, a different interpretation
is the trace of a transfer matrix, in the other direction, with fixed boundaries o at y = 0
and 3 at y = Ly:
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73 =T (1°75) = (af 18). (5:2)

[
'

The transfer matrix with boundaries « and 3, can be formally written (similarly as in
equation for the periodic case) as

Ty, =e tv = . (5.3)

Just like on the torus (3.3), one can isolate a universal CFT part from the Hamiltonian
HéoléT) and write it in terms of a Virasoro generator:

(@f) _ ™ ¢
H Lo— — (5.4)
CFT T L, ( 24)

Writing the partition function as a sum of single characters

1 ~1
Z3 = Znaﬁ X+(q2) (5.5)

the dependence of the partition function on the boundary states (“Cardy states”) « and
is entirely contained in the (positive) integers nlﬂ. Just like on the torus - where the final
trace together with the guiding principle of modular invariance dictated how the characters
were combined through the matrix M - the final trace on the cylinder selects the charac-
ters present in the partition function, through the data nzé . Note the difference of the
g-dependence in compared to . This is because the roles of the z- and y-direction
have been swapped going from the first picture to the second and the exponent 1/2 in
can be explained by the different factor of 2 in compared to .

The different pictures of the cylinder, leading to and , are related to one another
by an S-transformation, so that the ‘guiding principle’ for characterizing the data nz
should be that the states |«) and |3) are expressible as linear combinations of the Ishibashi
states, since we still require conformal invariance, and that nl 5 are positive integers. Cardy
showed that the solution is

Z

and that by performing an S transformation on (5.5

= |15) (5.6)

ZCyl

aﬁ_znaﬁx’Y % Z” 5X6 )

19



and comparing it to (5.1)), the Verlinde formula dictates that n), 5= Ngﬁ, the fusion rules
of the model. Note that we did not assume unitarity of the S-matrix in order to keep the
results as general as possible and to include non-unitary CFTs.

For the case of diagonal models, we can think of the Cardy states |a) as being created from
a “vacuum” reference state by acting on it with a topological defect: O, |1) = |a). Indeed,
in this case we have

Yy
Yy

cyl A
Z% = | By =Y Nl ' 1).
Y

» »
| |

and in particular Z;yll = Z?;l = Xa(q%). We will generalize this appropriately for non-
diagonal models in section [6]

5.2 Twisted Cardy states and the ladder algebra

The results discussed above are not new, but we have tried to emphasize the role of the
topological defects. Similar to the torus and Klein bottle, we can consider twisted cylinder
partition functions; a similar discussion can be found in [10]. It is our aim however to set
the scene in order to generalize the discussion to include non-diagonal orbifold models as
well in section [6] Defining the partition function on the cylinder with a defect v in the
horizontal direction:

\

zZ9 =1 I 1
[g]g < a‘ | ﬁ> (57)
= JapXa(d?),

where the Ishibashi states |I,,) have been generalized to an equal weight superposition |Ig)
of all left-right symmetric states in a tower «, present in the y-twisted sector. In exactly the
same manner as in the case without a defect, one can define a y-twisted reference state |%7),
from which the twisted Ishibashi states can be obtained by using the simple idempotents.
This case is similar as the Klein bottle with a twist, so that we can write

ZCyl

13y~ 0 (25)%7,

for diagonal partition functions. Which symmetric towers will be present in the reference
state |X7) can be read off from the torus and Klein bottle partition functions.
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The twisted cylinders can be understood in the second picture, reinterpreting the trace in
with a twist. We rely on the ladder algebra [42] [43], [44] (explained in appendix [B.5|) to
derive the effect of the twist before the trace is taken. We can rewrite equation ([5.2)) with
the twist as

C af) L,
2 = Tr (L5 05 T, (5.8)
with ladders defined as
o N I
ﬁa,@ a,B - : ’

where we have dropped the degeneracy labels j and k in (B.32]).

One can derive the structure factors of this algebra and again diagonalize it, to obtain so-
called ladder idempotents. The role of these projectors can already be guessed: just like the
idempotents of the tube algebra project on the product-of-characters terms on the torus,
the idempotents of the ladder algebra will project onto the single-character terms in
on the cylinder. We can rewrite :

y
\ |

[0} 53
(1] 1)

Zgn = (] i 187)

a’VB'Y

\ /
\ /

(5.9)

Y

)
i

4

= @l (1 g = g Xl
6

[
'

The factors ﬁgﬂ v generalize the fusion coefficients N;’ﬁ for the untwisted case to the -
twisted case. This last argument is more in the spirit of the first picture of the cylinder:
the twisted transfer matrix is propagated from the left tube to the right tube, with trivial
boundaries at the edges.

Turning to the cylinder partition functions for the Ising model, we have three Ishibashi states
([11), |[1y), |[15)) and three Cardy states (|1), |1/), |o)) at our disposal in the untwisted sector.
We can only apply a 1-twist horizontally, since it is the only non-trivial defect with fusion
compatibility with the twisted Cardy states |o) at the boundaries (N7, > 0). Looking at
, only the symmetric states belonging to the o tower are contained in the -twisted
sector, such that we can write |X%) = |I§,/) ). The cylinder, just like the Klein bottle, does

21



not allow a o-twist.

The two ladder algebra elements Etlm,m and Efmgg can be diagonalized to obtain the cor-
responding Zs irreps, projecting a cylinder with |o) states at the two boundaries on the
character x1 and xy.

For the Yang-Lee model, we have two Ishibashi states (|11), |I-)) and two Cardy states (|1),
|7)) at our disposal. We can apply a horizontal 7-twist and get only one Ishibashi state in
the twisted sector, so we can write |X7) = |IT).

The two ladder algebra elements E}TJT and L7, . can be diagonalized to obtain corre-
sponding ladder idempotents, projecting a cylinder with |7) states at the two boundaries
on the character x1 and x,. This projection for the two models will be numerically shown

in Section [7l

6 Orbifolds and non-diagonal partition functions

In the above discussion we have focused on diagonal CF'T, i.e. models where the modular
invariant torus partition function is a diagonal combination of the holomorphic and anti-
holomorphic characters, which is sometimes referred to as the Cardy case. In the TFT
construction of CFT, this case is obtained by choosing the right D-module category M to
be equal to the modular tensor category D, in which case the topological defects are also
labeled by C = D. To generalize this to non-diagonal modular invariants we need to relax
this constraint and consider generic right D-module categories M. The topological defects
of such a CFT are then given by C = D}, the “dual” of D with respect to M.

Recently, it was shown that exactly the same mathematical structure is present in PEPS de-
scriptions of string-net ground states [I3]: to define the PEPS ground state tensors for some
string-net model D, one has to choose a right D-module category M. The MPO symmetries
are then given by C = D’ ;. These different PEPS representations are locally indistinguish-
able, but on the torus they might represent different ground states. This can be made very
explicit through the existence of MPO intertwiners that act as the interface between two dif-
ferent PEPS representations, which like the MPO symmetries can be freely moved through
the lattice. In particular, it allows us to map ground states in one representation to ground
states in another representation. For details on these constructions, we refer to Appendix[B]

The above suggests that the generalized PEPS representations of [13] are exactly the right
language to understand non-diagonal partition functions of CFT. The fact that different
representations correspond to different torus ground states corresponds to the different pos-
sible modular invariant partition functions on the torus after the strange correlator map.
The topological defects are indeed described by the appropriate fusion category C = D},
and we can use the MPO intertwiners to map non-diagonal partition functions to twisted
diagonal partition functions. In CFT, such a relation between two different modular in-
variants is known as orbifolding, which essentially corresponds to modding out a (set of)
topological defects. In the case that the latter are group-like, this is known as simple cur-
rent extension, but the description in terms of right D-module categories M allows for more
general orbifolds as well, such as needed for e.g. the exceptional minimal model modular
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invariants Fg, E7 and Ejg.

6.1 Orbifold on the torus

As the intertwiners map different modular invariant partition functions to one another, we
will write down the transfer matrix for these models in the tensor network representation,
just like we did on the torus:

The blue and green network are the tensor network representation of the two different
modular invariant partition functions. As discussed above, the topological defects of the
diagonal model are simply labeled by «, f,7,... € D. For the non-diagonal model, the
topological defects are now labeled by objects a,b,c,... € C. The intertwiners, which we
again represent as MPOs, are labeled by objects A, B,C, ... € M and can be freely pulled
through the lattice, locally changing between the different partition functions:

b o

Since the product of an MPO symmetry and an MPO intertwiner is again an MPO inter-
twiner, we get the following relations:

with N fA and N g ., again non-negative integers. These two relations imply the existence of
fusion tensors satisfying

a a A A
EBF_E{ = B ) EE;_E{ = B : (6-4)
A ¥\ a a

Let us now take a torus partition function of the non-diagonal model 4, including a simple
idempotent (with defects labeled by the objects in C). A closed intertwiner loop I € M
can be freely created without changing the partition function (up to a quantum dimension
factor) on the torus and pulled through around both directions, switching from modelp to
modelp everywhere, except between the defects of modelys. Finally, the tube in model
together with the intertwiner can be mapped to a linear combination of tubes in modelp,
for which the defects can be labeled by category D:
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A crucial step here is the action of the intertwiners on the defects in C. For this, we use the
identity:

; (6.6)

which allows us to map a tube 7, in C to a tube 7;%& in D; this is the tube map ngcwl
described in , and for an invertible bimodule category, this provides an isomorphism
between the distinct torus partition functions. Using this map, we can write down the
torus partition function with a tube of modela in terms of the characters of modelp. A
particular case of this is when we take the empty model s partition function; this partition
function is modular invariant since the action of the modular transformation only affects
the topological defects. By mapping this empty modely, partition function to a twisted
modelp partition function, we obtain a modular invariant twisted modelp partition func-
tion. This generalizes to surfaces of arbitrary genus, and provides a way of constructing
partition functions on some closed surface that are invariant under the mapping class group

of that surface.

6.2 Orbifold on the Klein bottle

We now want to perform a similar mapping on the Klein bottle. It only makes sense to
start from a Klein bottle with a symmetric simple idempotent (any other projection will
lead to a zero Klein bottle partition function). We grow an intertwiner loop I on the Klein
bottle, presenting model s, in the presence of a symmetric simple idempotent:

Y
|
SyA 7

Sya
1
._

.

I A A T A / N\ ( 7
Model pq Modelp Modelp Modelp

»
!

\

In the last step, the reflection operator is commuted through the intertwiner loops, turning
the model into modelp everywhere, except between the defects of model, labeled by simple
objects in category C, and the intertwiner I. This last step is only possible if the generalized
intertwiner tube

24



Sor 4 (6.8)

is reflection invariant. The proof of this is completely analogous to the proof that the
symmetric simple idempotents Pcaf (themselves consisting of sums of tube elements) are
reflection invariant.

The calculation of the Klein bottle entropy is analogous to the diagonal partition function
case. The Klein bottle entropy with a twist ¢ can be written as

ZKB (2L, &)
— ’— ~ . 6‘9
gC Z Lx’L Z Q4 Pmin ) ( )

generalizing equation (4.10f), where the matrix M¢ can be obtained from the map in (6.5
and the S-matrix is the one for the diagonal theory for modelp.

6.3 Orbifold on the cylinder

For the cylinder, a general discussion can be held as in section [6f modely as an orbifold
of modelp. The Ishibashi states of modelp can be constructed by the application of the
projectors on the topological superselection sectors on the reference state |X,7). In the end
we have both Ishibashi states and Cardy states for model s and modelp at our disposal and
the central question is: how can cylinders of one model be mapped to cylinders of the other
model using the lattice orbifold procedure that was used for the torus and Klein bottle case?

Let us start with a cylinder partition function of model, (ij/'ll). An approach very much
in the spirit of [45] is to grow an intertwiner and end up with twisted cylinders of modelp:

»
|

\
\

Model p4 I I 7

I 04
l \ J
o Model 1. .h 2N
b Modelp g Modelp

[
|

Y
Y

(6.10)

This mapping signals that the Ishibashi states in modely are made from both untwisted
and twisted Ishibashi states from modelp, exactly what was found for the Potts model in
[45]. In both pictures the Ishibashi and Cardy states of the final model can be recovered by
application of the intertwiners on the states of the first model [25].

The different boundary states in model are labeled by all the possible intertwiners I that
we can apply on the cylinder (simple objects in the category M). Clearly, the discussion is
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completely analogous to the twisted case for diagonal models, where the ladder algebra was
introduced. Here, a generalization of the ladder algebra pops up, containing intertwiners in

the vertical direction (see (B.32])):

. I N I
ﬁn,n = %J—HEI—HEI—/HEI—HF—HE—E% . (6.11)

Only those twists v € D that are compatible with fusion at the two boundaries can be
applied horizontally.

Let us now do the reverse and start with the known cylinder partition functions of modelp
(Zy 1 and work towards the cylinder partition functions of modelys. This approach is
natural since we have already done the cylinder analysis of diagonal partition functions and
we have assumed in the orbifold procedure that modelp is diagonal. If one starts from an
empty cylinder of modelp and grows an intertwiner around the cylinder, the intertwiners in
the middle can be fused to defects in model(, mapping the partition function to model,,
possibly with horizontal twists:

»
-

 /
 /

Modelp I I 7
I (o

Z%y fo del =" ~|= Z Nip
Mode r -
OaEM Model oq c Model g

[
'

Y
Y

(6.12)

This trick relies on the invertibility of the bimodule, going from step two to step three in
the above formula. If one started from a cylinder (modelp) with Ishibashi states I at the
boundaries (producing the single character x,), one ends up with a cylinder of model
with Ishibashi states containing multiple twists, because the intertwiners at the boundaries
can only map Ishibashi states of modelp to those of modelys. The same applies if one
started from Cardy states at the boundaries, since the intertwiners can only map Cardy
states from one model to the other. This result is consistent, since for the orbifold model
(modelpy) it is known that not all cylinders with untwisted Ishibashi states lead to single
characters of modelp, but rather to sums of characters.

6.4 Example: the three-state Potts model

Let us now turn to the specific example of the three-state Potts model, used in this work to
illustrate the orbifolding procedure on the lattice. It is the non-diagonal modular invariant
of the ¢ = 4/5 minimal model CFT, and is obtained from the diagonal tetracritical Ising
(TCI) CFT by an orbifold. The modular fusion category D¢y is obtained as the coset

su(2)s ®su(2);

T (6.13)

Drcr =

which has 10 simple objects corresponding to the primary fields of the CFT. These fields
can be conveniently represented in the Kac table:
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3/2| 3 13/8 2/3 1/8 0
1 |7/5 21/40 1/15 1/40 2/5
1/2 [2/5 1/40 1/15 21/40 7/5
0o  1/8 2/3 13/8 3
0o 1/2 1 38/2 2

Y

The bottom row represents the simple objects of su(2)4 and the left column those of su(2)s,
which has the same fusion rules as Fib ® Zs. If one identifies the repeated fields (colored
in blue) in the table with the same conformal weight, one obtains the 10 fields of the
tetracritical Ising model, which have the same fusion rules as su(2); ® Fib. In contrast
however, the Frobenius-Schur indicators of Dy are all positive while this is not the case
for su(2)4; we will therefore (formally) write Drcor = [su(2)4| ® Fib. The tetracritical Ising
model, which is obtained by choosing Drcr as a module category over itself, has a diagonal
modular invariant torus partition function:

ZiE =Ix0(@)? + Ix1/s(0) 1 + [xa/3(@))* + Ixazs (@) + |xs(@) |+ (6.14)
IX25(@)|* + X1 /a0(D) 1 + Ix1/15(@)* + Ix21/20(D) 1 + [x7/5(0)]*. (6.15)

Starting from the fusion category Drcr, there is a second modular invariant partition func-
tion one can write down, which is known as the three-state Potts model, obtained by
choosing a different module category Mpetts of Drer. Due to the tensor product structure
of Drcr, we can write Mpgits = Mry ® Fib, where the Fib factor is obtained by taking Fib
as a module category over itself. The other factor My is a module category over |su(2)4]
and has 4 simple objects denoted as {A, 0, B,C}, where the action of [su(2)4] on My is
given by

a0 172 1 372 2
Al A o B+C o A
oc|lo A+B+C 20 A+B+C o (6.16)
B | B o A+C o B
cC|C o A+ B o C

The fusion category describing the topological defects is now given by Cpotts, which is
obtained as the unique fusion category that turns Mpets into an invertible (Cpotts, Drcr)-
bimodule category. It again factorizes as Cpotts = Cs, ® Fib, where Cg, is a fusion category
with 8 simple objects {A™, 0%, BT, C*t A~ 67, B~,C~}. The topological defects labeled
by {A*Y,BT,CT, A=, B~,C~} are group-like, where {A" BT, C*T} and {AT, A~} form a
Z.3 and Z. subgroup, respectively, the semi-direct product of which yields S3. The simple
objects {oT, 07} are dualities, with fusion rules

ot Xt=0", oT@XT=0", oT®ct= ZX+, ot ®oT = ZX*, (6.17)

X X
where X € {A,B,C}. From this we see that the superscripts + and — act as a Zs
grading in the fusion rules; the action of Cg; on My is given in Appendix [C| We note

that {A™,0, BT, C*"} form a subcategory of Cg,; this fusion category is known as the Zg
Tambara-Yamagami (TY) category [46].

27



The orbifold procedure for the three-state Potts model was extensively discussed in [45].
The three-state Potts partition function is obtained from the tetracritical Ising partition
function by applying the projector, projecting on the even subspace corresponding to the
Zs symmetry generated by the O(y 1) topological defect, with a projector Py = %(0(071) +
O(2,1), in both the horizontal and vertical direction of the torus. This projector acts trivially
in the Fib component of Cpotts, as denoted by 1 ({1,7} € Fib), since the orbifold only
involves the Fib component of Crcy = Drcr. The three-state Potts partition function
therefore consists of two parts: the Zsy even terms of the horizontally untwisted partition
function and the Zs even terms of the Oy 1)-twisted partition function:

Zios = Pr 2581 (00) + 13+ZtTOéL(2,1)- (6.18)

Note the tilde on the twisted part indicating that the projector also has a nontrivial (2, 1)-
twist. This construction can indeed be recovered by starting with the empty Potts partition
function and growing an intertwiner I = (A,1):

\J
Y

(0,1)+(2,1)
A J \ A A A
0,1)+ (2,1
Zih s = Potts - " MULRACE (6.19)
N 7
TCI TCI

»
'

\

The resulting partition function [6.18 can be read off from the tetracritical idempotent tables
and in appendix [C.3)), keeping only those linear combination of tube elements that
are even under the Zsy subgroup generated by O(s 1):

Py Zrero = [xo(@)P + [x3(@)” + x5 (@) + [x7/5(@) + Ix2s3(@)” + [x115(0)|*, (6.20)

Py Zrere = x0(@)X3(@) + x3(0)X0(@) + X2/5(@)X7/5(@) + x7/5(0)X275@) + Ix2/3(0)
+ x5 (@) (6.21)

At this point, we are ready to write down the twisted partition functions of the Potts model
on the torus and Klein bottle, like we did for the Ising model and Yang-Lee model. In light
of the specific lattice model we will study later, we will restrict ourselves to topological
defects in Cpetts that are trivial in the Fib component, but this is merely for the sake of
brevity. The specific coefficients Taag‘fy; A in@ for the case a, 8,7 € [su(2)4], A € Mry and
a,b,c € Cg, are given in the attached file in the supplementary material. The coeflicients
(P‘l)i%w can be found by splitting the rows of the |su(2)4| component of the tetracritical

Ising idempotents (Tables in appendix |C.3) into its non-central components and
inverting the resulting square matrix.

In this way the following eight twisted partition functions on the torus can be calculated:
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Ztor tor

(A+,1) = ZPotts>

Zi% 1y = xays(@1 + Ixays (@ + xs3(@)X0(@) + x0(9)Xay3(@) + X7/5(0)X1 /15 (@) +
X1/15(0)X7/5(@) + X2/3(0)X3(@) + x3(0)X2/3(@) + X1/15(@)X2/5(@) + X2/5(0)X1/15(@),

2 1) = 25y

Zi% 1y = x0(@)X18(@) + x7/5(0)X21740 (@) + x3(0)X13/8(2) + Xa/5(0)X1/0(@)+
x3(0)X1/8(@) + X2/5(2)X21,/40(@) + X0(@)X13/8(@) + X7/5(0)X1/40(@)+
2X2/3(0)X1/8(@) + 2x1/15(0)X21/40(2) + 2X2/3(0)X13/8(@) + 2X1/15(9)X1/40(D)>

25" 2) = Z(3% 1y

Zf,?xr—,;l) = |X1/40(€1)|2 + |X21/40(Q)’2 + \X1/8(Q)|2 + |X13/8(Q)|2 + X1/40(9)X21/20(@)+

X21/40(2)X1/40(@) + X1/8(0)X13/5(@) + X13/8(2)X1/3(D),
28 = 2= 2

(6.22)
with
xo(q) =7 (1 + @+ ¢* +2¢" +2¢° + 4¢° + ..
Xo/5(@) =¢*5 (1 + g+ ¢* +2¢° + 3¢* + 4¢° + 6¢° + ...
X7/5(@) =q" P~ (1 + g+ 2¢% + 2¢° + 4¢" +5¢° + 8¢° + ..
Xa3(@) =q*7* (1 + g+ 2¢% + 2¢° + 4¢" +5¢° + 8¢° + ..
x3(q) = (1 + ¢+ 2¢° + 3¢° + 4¢" +5¢° +8¢° + ...) 6.23)
X1/15(q) :q1/15_’3/24(1 +q+42¢* +3¢% +5¢* + 7¢° +10¢° + )
x1/8(q) =q1/8_0/24(1 +q+¢® +2¢° 4+ 3¢" +4¢° + 64° + )
X13/8(q) =¢34 (1 4 g+ 2¢° + 3¢° + 5¢* +6¢° +9¢° + ...)
X1/4o(Q) :q1/4°*6/24(1 +q—|—2q2 —|—3q3+4q4+6q5 +9q6 +.)
Xa1/40(q) =¢*/*07 (1 + ¢ + 2¢* + 3¢ + 5¢* + T¢° + 10¢° + ...).

The above twisted partition functions are not new and can be found in [35] - where non-
trivial Fib twists are also included, yielding a total of 16 twisted partition functions - but
the bimodule category framework we have used here allows us to translate these results di-
rectly to the lattice. The strength of this approach is that it can deal with lattice partition
functions with intersecting defects and using the relationship between the tubes of both
representations , one can write down general twisted partition functions as a sum of
characters of the original model before the orbifold procedure (the tetracritical Ising model
in this case).

The twisted Klein bottle partition functions are simply given by selecting the left-right

symmetric terms in the twisted torus partition functions, just like in the case of the other
models:
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ZE% 1) =x0(6°) + x3(6%) + xa/5(0°) + X7/5(6%) + 2x1/15(6°) + 2x2/3(¢%)
KB

ZE5r 1) =26 1) = x115(6%) + x2/3(°) (6.24)
254]%,1) :Z(%Bf;) = Z(KC'B*J) = X1/40(q2) + X21/40(q2) + X1/8(q2) + X13/8(q2)-
Note that the Klein bottles with duality twists ((¢7,1) and (07, 1)) are zero, just like in
the Ising model, because they contain no left-right symmetric terms.

Let us now turn to the Klein bottle entropies for the Potts model. The S-matrix for the
tetracritical Ising CFT is given by the tensor product of the Fibonacci S-matrix and the
su(2)s] S-matrix: Stcr = Sisu(2),| ® Skin, With (see for example [47]):

1 1 ¢
Srib = Den ((15 _1> ; (6.25)

where Dgy, = v/1+ ¢2 and ¢ = %(1 +/5), and

1 V3 2 V3 1
1 V3 V3 0 —V/3 -3
S'S“@)‘*':\/ﬁ \% _(\)/g —02 \(/)3 _—23 . (6.26)
1 —vV3 2 —V/3 1

The Klein bottle entropy for the Potts model with no idempotent projection and no non-
trivial twist was given and numerically calculated in [37]:

ZKB (2L, %)

_ “Potts _ (0,1) (0,7) (2,1) (2,7)
g= or =g +9g +g +g
Zﬁ’otts(Lm’ Ly)
+ 2g1) 4 24(17) (6.27)

[ 6
=35

The projected Klein bottle entropies with the projectors according to the Potts idempotents
can be immediately read off from (7.11)). One simply selects, in the above sum, the fields
from ([7.11]) that belong to a left-right symmetric term.

6.4.1 The Potts model on the cylinder

Finally, we discuss the cylinder partition functions for the Potts model. We have 10 un-
twisted tetracritical Ising Ishibashi and Cardy states at our disposal. Let’s look at the
mapping from an empty tetracritical Ising cylinder to a twisted Potts cylinder (6.12)):
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(6.28)

We can choose I = A (the identity intertwiner). The allowed horizontal twists in the re-
sulting Potts cylinder are ¢ = AT and ¢ = A, since they are the only allowed fusion
channels in I ® I. Different horizontal twists are allowed if different intertwiners are cho-
sen. For example, if one chooses I = o, all six S3 ladder elements (£~A+, £~B+, /jc+, LA™,
LB, £ in the simplified notation £* = L3, o) are allowed in (6.11]). This ladder al-
gebra can be diagonalized to form four simple idempotents (consistent with the irreps of S3).

One may wonder what tetracritical Ising cylinder one should start from to obtain an empty
(untwisted) Potts cylinder. It is exactly the tetracritical Ising cylinder, projected on the
orbifold subspace in both directions, just like on the torus (6.19)).

»

TCI TCI Potts TCI

Y

(0,1)+(2,1) il (0,1)+(2,1) (0,1)+(2,1) |4 Al (0,1)+(2,1)

0,1)+(2,1)

» »
> >

Figure 6.1: Projecting the tetracritical Ising partition function to the orbifold subspace in both directions,
one ends up with an empty Potts cylinder.

Going to the second mapping , the horizontal twists in the resulting tetracritical Ising
cylinder (having started from an empty Potts cylinder) are v = (0,1) and v = (2,1). This
is consistent with [45], where it was shown that the Potts Ishibashi states are made from
both the untwisted sector and the (2, 1)-twisted sector in the tetracritical Ising model.
Looking at the last column of Table (appendix , one can see that there is only one
symmetric idempotent in a (2, 1)-twisted tube, namely P?:!, which contains the two twisted

Ishibashi states |I§flé)> and ]Ié%”) (this can be read off from the Kac table). Therefore,
in order to construct the Potts Ishibashi states one can use these two twisted states on top
of the six untwisted Ishibashi states (|lo), [13), |l2/5), [I7/5), |I1/15), |12/3)), making a total
of eight Potts Ishibashi states. Stated alternatively: in order to get an untwisted Potts
partition function one needs both untwisted and (2, 1)-twisted tetracritical Ising Ishibashi

states at the boundaries (see figure [6.1)).

We now turn towards the Potts cylinders as in figure and evaluate the action of all
the four possible intertwiners (A,B,C and o) at the boundaries. The eight distinct Potts
Cardy states are known and related to each other by fusion according to the tensor product
of the Tambara-Yamagami (TY) category and the Fibonacci algebra. The choice of the
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intertwiner determines the Potts state that will be recovered at the boundary.

Seven states are labeled by |4, 1), |B,1), |C, 1), |o,1), |A, 1), |B,7), |C,7) and were found
by Cardy in [40]. The last state |o, 7) was found in [45] and coined the “New” state. It is
special in the sense that its lattice representation in the 3-state Potts model is no longer
a product state, as was the case for all Cardy states of the previous models, but a bond
dimension 2 MPS (see section 7] and for example [48]).

Just like in the case of the Potts Ishibashi states, the Potts Cardy states are constructed not
only from the untwisted tetracritical Ising states, but also from the (2,1)-twisted states.
The mapping can be derived from (6.10|) (the superscript indicates the horizontal twist):

4,.1) = (0.1)10D) + |(2,1)D)

1) (4,1)) — [(11(%2)

01 = (1, 1)0D) 1 |(1, 1))

0.1) = [(1/2, 1)) 1 |(3/2, 1)@ D)

4,7) = [(0,7)10D) 1 |(2,7)0D) (6:29)
B.7) - |(£,7)0D) — |(1,7)2)

Cur) = [(£,7)OD) 4 (2, 7))

o 1) = [(1/2,7) V) +|(3/2,7) V).

The states |B, 1) and |C, 1), just like |B,7) and |C, 7), are distinguished by the sign of the
term with a horizontal (2,1)-twist. Using this map and the known partition functions of
the tetracritical Ising cylinder with a trivial horizontal defect and a (2,1)-defect, we can
evaluate 12 distinct Potts cylinder partition functions in terms of the tetracritical Ising
characters:

2301 an) = x0(@) + x3(q)
Zal,n,(s,l) = X2/3(Q)
ngyxl,l),(c;) = X1/15(C.I)
Z(nyxl,n,(A,T) = x2/5(q) + x7/5(q)
Z(C,Zlvl),(g,l) = x13/8(q) + Xx1/8(q)

foyxl,l),(A,T) = X1/40(q) + X21/40(q)

Z3 ey = X0(@) + Xa/5() + xa5(0) + X3(0) (6.30)
Z(C(};{T)V(B,T) = X1/15(9) + X2/3(q)

Z%I,T),(U,T) = X1/40(@) + X21/40(2) + x13/8(2) + x1/8(q)

2830 o) = X0(@) + X3(a) + 2x2/3(9)
cyl

25 1) (o) = X2/5(a) + X7/5(0) + 2x1/15(q)
Z(C(Z}T),(U,T) = X0(q) + Xa/5(a) + x7/5(0) + x3(a) + 2x1/15(a) + 2X2/3(0),
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recovering the known partition functions found in [49]. The unlisted partition functions
can similarly be obtained from (6.29)). Alternatively, one can easily show for example that
ZEX{1)7(371) = Z(CAII) (©,1)" by applying a vertical twist A~ € Cg, on the cylinder (this can
be done freely since the left boundary ({A, 1) is invariant under this action) and fusing it
with the right boundary (|B,1)), changing it to |C,1) (see Table [C.5). Similar equalities

between the other partition functions can be shown in the same way.

7 Strange correlators and the minimal models

In this section we present examples of three classical two-dimensional statistical mechanics
models to illustrate the torus, Klein bottle and cylinder partition functions discussed in the
previous sections. These partition functions are obtained as a strange correlator, i.e., as
the overlap of a PEPS description of a string-net ground state [¢gn) given in with a
suitable product state (Q:

[hsn) = / % / / (Qsn) = / % / / (7.1)
= A =

In this way, the MPO symmetries and intertwiners of the classical statistical mechanics
model are inherited from the PEPS description of string-net models [13]. The specific choice
of (Q| then determines the local details of the statistical mechanics model; paraphrasing
[63], it “adds geometry to topology”. The choice of (€|, both in the bulk and in the presence
of boundaries has been determined for integrable lattice models by solving the Yang-Baxter
equation, and we will use these results here. After the strange correlator map, the following
color convention for the PEPS tensors, MPO symmetries, fusion tensors and MPO
intertwiners will be adopted in the remainder of the text:

N7/ . ¥ JLﬁ/E%_ﬂL%
% I N e T
where again we use green/blue for the transfer matrix tensors to indicate a diagonal/non-
diagonal model.

Exact diagonalization is performed on the transfer matrices of these models to obtain the
torus, Klein bottle and cylinder partition functions with their character decomposition as
well as the Klein bottle entropies. The 2d critical classical Ising model is given as the sim-
plest example of a unitary CFT. The second example is the non-unitary Yang-Lee model (as
a non-unitary version of the critical hard hexagon model on a honeycomb lattice [50, [51]).
This model is presented as an illustration of the non-unitary single character projection.
These first two cases are straightforward, in the sense that their CFT partition functions
are diagonal in the characters.

The third example is the three-state Potts model and it is more subtle since the CFT parti-
tion function on the torus is non-diagonal and as made clear in section [6] it requires the full
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orbifolding procedure on the lattice. The three-state Potts model also illustrates the fact
that on the lattice, not necessarily all topological defects of the continuum CFT are present
at finite size [52], and owing to this we can not fully decompose the partition functions into
single terms and end up with sums of characters instead.

7.1 The Ising model

The strange correlator construction for the Ising model is explained in [14], together with
exact diagonalization for the torus partition function with different topological defects and
with a consistent topological superselection sector (idempotent) labeling. The relevant
fusion category D here is the Ising category, with three simple objects satisfying

cQo=14+v, YvR@oc=0, YRY=1. (7.2)

This fusion category has a Zs-grading on the objects {1,1}@® {c} and nontrivial F-symbols

lexexes _ 1 1 1 awa' o __ olo __
TR o e M i A oA
The lattice on which the model is defined is the -colloquially called- ‘bathroom’ lattice. The
model is effectively the Ising RSOS model, which has been extensively discussed [53] [54],
however using the bathroom lattice makes the interpretation of the Ising RSOS model as a
doubled version of the normal Ising partition function (Z = }_,, exp (—B0;0;)) containing
both the primal and dual lattices geometrically clear. The transfer matrix can be interpreted
as a direct sum of a primal matrix and a dual matrix, shifted over “half” a lattice site. The
choice of strange correlator can be diagrammatically shown (constructed from the PEPS

tensors (B.3)) with C = M = D = Ising):

T 1

b < '/A — — w()

1974 [\Vi_ (73)
I/A__r b X — Ly

where the purple diagonal physical legs are fixed on the product state (w(3)| = v/2(cosh(f) (1|+
sinh(8) (¢]), with 8 = 8. = log(1 + v/2)/2, such that the Kramers-Wannier duality (or o-
MPO) converts the primal lattice into the dual lattice and vice versa, consistent with the
high-low temperature duality of the critical Ising model. A detailed discussion of this con-
struction can further be found in [55].

7.1.1 Torus results

The periodic transfer matrix spectra were obtained by a momentum labeling corresponding
to the eigenvalues of the “half’ shift matrix, switching between primal and dual transfer
matrices. The resulting torus spectra for the three possible twists are shown in figure
The indicated topological superselection sectors (tube algebra idempotents) can be found
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Figure 7.1: Topological sector labeling of the Ising model of finite-size CFT spectra (scaling dimension A
versus momentum) on a cylinder with a circumference of 20 sites with no defect line on the left, a ¢ defect in
the middle and a o defect on the right. The exact topological correction to the conformal spin is denoted next
to the first appearance of the respective idempotents. This figure captures the finite size spectra consistent

with equations

in Table in appendix [C]

Two towers emerge in this way at momentum 0 and 7, both containing the single CFT
towers 1, 1) and o, which can be identified by the idempotent labeling, consistent with the
Kac table of the Ising RSOS model:

1/2 [1/2 1/16 0
0 | 0 1/16 1/2
Lo 1/2 1

In the continuum, the repeated fields in this table are identified, but this is not thAe/case at
finite size. Instead, there is an additional Zsy operator corresponding to the (1,1/2) field
in this table. On the lattice, this operator is implemented as a half-shift, switching between
primal and dual lattices, and is responsible for the fact that the characters in the spectrum
are doubled. This half-shift operator can be implemented as an MPO symmetry, but it
does not square to the identity and the size of the associated MPO algebra depends on the
system size. This means we can not find its associated idempotents, but we can use the
half-shift operator to separate the different characters based on their momentum, as shown

in Figure [7.1]

7.1.2 Klein bottle results

The diagonalization procedure on the Klein bottle requires an extra projection on the dif-
ferent sectors under reflection and a projection on momentum 0. The difference between
the torus and Klein bottle diagonalization is schematically shown in figure [7.2] The result
for the Ising model on the Klein bottle, as explained above, is shown in figure Up to
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Klein bottle

Figure 7.2: The diagonalization procedure on the torus and Klein bottle for the primal lattice of the Ising
model. The transfer matrix on the cylinder is projected on a topological sector (idempotent) P*<. On the
Klein bottle, the spectrum is projected on the momentum 0 subspace (PP=°) and labeled by the reflection
quantum numbers (Pg).

finite-size effects, the degeneracies of the three Ising characters (3.24]) are recovered.

Next, we look at the result for the Klein bottle entropy for the Ising model (see (4.12))
and ) As is clear from the previous discussion and figure , we need momentum
information in order to separate the towers belonging to the superselection sectors P! and
P¥¥. Without this momentum information, the rows of the Kac table are indistinguishable.
On the Klein bottle, the rows could be separated by the projection onto momentum 0, for
the Klein bottle entropy calculations however, this is no longer possible, as it is impossible
to represent momentum projectors as a finite bond dimension MPO in the thermodynamic
limit. Therefore, as we project onto the trivial idempotent P!, we will obtain the sum of
the first two elements of the first row of the S-matrix. The three symmetric idempotents
in Table in appendix [C] reduce to the two simple Zj irreducible representation under
the spin flip operator. The result of the calculation is shown in Table

7.1.3 Cylinder results

Let us turn to the conformal boundaries on the cylinder for the Ising model. The three
(untwisted) Cardy states on the lattice were first given by Cardy [56]. On a lattice of N
sites, these are defined as: [1) = [NV, [¢) = |)®Y and |o) = [+)®V called the up, down
and free boundary conditions, respectively. In the RSOS (strange correlator) model, the
o-fixing of the physical indices leads to a staggering at the boundaries, where not all loops
can be fixed on the vacuum. The vacuum state is instead given by fixing every other loop to
1 alternated with loops fixed to . Because the RSOS model is the direct sum of a primal
(p) and dual (d) model, we end up with the following six Cardy states:
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Figure 7.3: The three characters for the Ising model obtained numerically on the Klein bottle with length
L = 22. The explicit cancellation is shown at every level between exactly degenerate eigenvalues with

positive and negative quantum number under reflection.

Table 7.1: The Ising Klein bottle entropy g in function of system size L, with the projection onto the Z-
spin flip sectors: P** 4+ P¥¥ (second column) and P°? (third column), calculated according to (4.13).

L, |S,1) + S(1,9) S(1,0)

10 1.0000000000 0.707001643
12 1.0000000000 0.707088743
14 1.0000000000 0.707103686
16 1.0000000000 0.707106250
18 1.0000000000 0.707106690
20 1.0000000000 0.707106765
22 1.0000000000 0.707106778
24 1.0000000000 0.707106780

Exact 1 Y2 — (.707106781

|1,) = |lololo...),

|14) = |ololol...),

[Up) = Oy |1p)) = [oporpo...),
[va)) =

o)) = O [1a))

Oy |1a)) = |opopoy...),
= |(14+v¢)o(1+)o(1+)o...),

|
0a)) = O [1p)) = lo(1+)o(1+1))o(1+19)...) .

One can map between the two vacuum states |1,)) and |14)) by acting with the half-site
shift operator (see also [49]); as mentioned above however, this is not a topological defect.

For the t-twisted case, we have to insert a fusion tensor in the Cardy states |op,) and |og)
to obtain the twisted Cardy states:
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Figure 7.4: The diagonalization procedure on the cylinder with the MPO, applied at both boundaries on
the vacuum state. The transfer matrix on the cylinder is projected on the idempotents of the ladder algebra
(P#, a =1,%), which in this case is just Zo.
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Figure 7.5: The two characters x1 and x. for the Ising model obtained numerically on the cylinder with
length L = 22 and the free boundary condition |o4) at both ends (figure . The projection on the single
characters is obtained through the idempotents of the ladder algebra with elements (Lclm,w and E?U,W).

Ly
T

Numerics were performed on the cylinder with boundary states |o,) at both ends. The
diagonalization procedure is schematically shown in figure [7.4 The results are presented

in figure The spectrum consists of the characters x1 and x,. The ladder algebra,

consisting of L}mw and ﬁﬁiﬁ,m in this case, is isomorphic to Zy with the corresponding

irreps projecting on the two characters in the spectrum.

38



7.2 The non-unitary Yang-Lee model
7.2.1 Torus results

The non-unitary Yang-Lee model is, besides its non-unitarity, quite simple. It contains
only two primary states 1 and 7 with conformal weights 0 and —1/5. The lattice model
we will consider is defined on a hexagonal lattice and can be considered the non-unitary
version of the hard hexagon model. It is obtained from a strange correlator of the non-
unitary Fibonacci string-net [51], which has two simple objects {1, 7}, nontrivial fusion rule
7 X 7 =1+ 7 and nontrivial F-symbols

=5 (s ¥5) (7.6)

with ¢ = %(1 — /5) the negative solution of the golden ratio equation ¢> = 1 + ¢. The
non-unitary hard-hexagon model is obtained by projecting all physical degrees of freedom
onto the 7-label, yielding a partition function constructed from the tensors

gﬁf{&l —o'? and Xﬁ(& = —(¢)"112, (7.7)

T

and all rotations of the first tensor. The topological properties from a strange correlator of
the non-unitary Fibonacci string-net were discussed in [51], together with the idempotent
labeling of the torus spectrum.

The results for the torus are given in figure The tube algebra is not closed under
Hermitian conjugation, but nevertheless one can construct idempotents just as in the case
of the unitary Fibonacci string-net [51].

7.2.2 Klein bottle results

The result on the Klein bottle is shown in figure[7.§|for a trivial twist. An important subtlety
in the non-unitary case is that the left handed MPO should not be defined by taking the
complex conjugate of the F-symbol. Therefore, the conjugation in equations —
drops out. The diagonalization scheme is schematically shown in figure One can also
apply a T-twist, but since the spectrum does not contain any new characters (ZX = y.(¢%))
it is not shown. Up to finite-size effects, the degeneracies of the two Yang-Lee characters

(3.27) are recovered.

The result for the Klein bottle entropy is shown in Table Special care has to be taken
for the Yang-Lee model, since its transfer matrix is non-Hermitian and therefore the right-
and left leading eigenvectors of the transfer matrix are different in equation (4.13)).
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Figure 7.6: Topological sector labeling of the Yang-Lee model of finite-size CFT spectra (scaling dimension
A versus momentum) on a cylinder with a circumference of 18 sites with no defect line on the left and a 7
defect line on the right. The exact topological correction to the conformal spin is denoted next to the first
appearance of the respective idempotents.

L, S(r, 1) S(t,7)

8 0.5252487 0.8498703
10 0.5254144 0.8501385
12 0.5255105 0.8502939
14 0.5255690 0.8503885
16 0.5256070 0.8504499
18 0.5256330 0.8504921
20 0.5256516 0.8505222
22 0.5256655 0.8505444

Exact % sin(4r/5) = 0.5257311 % sin(27/5) = 0.8506508

Table 7.2: The Yang-Lee Klein bottle entropy g in function of system size 3 with the projection onto the
topological sectors: P (second column) and P™" (third column). The second row S-matrix elements are
recovered.

7.2.3 Cylinder results

The vacuum state |1)) is given by alternating 7 and 1 loops at the boundary. The non-trivial
Cardy state |7)) can again be obtained by application of the MPO O;:

1)) = |717171...)

7.8
IT) =O0; 1) = |(1+7)7(1+7)7(1+7)7...) . (7.8)
For the 7-twisted case, we have to insert fusion tensors in the |7) Cardy state:
T
J/L 1/7
Ty = <L —" ; (7.9)
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Figure 7.7: The diagonalization procedure on the Klein bottle for the Ising model on a hexagonal lattice.
The transfer matrix on the cylinder is projected on a topological sector (idempotent) P*“ and labeled by
the reflection quantum numbers (PZ).
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Figure 7.8: The two characters for the Yang-Lee model obtained numerically on the Klein bottle with length
L = 30. The explicit cancellation is shown at every level between exactly degenerate eigenvalues with
positive and negative quantum number under reflection.

Numerics were performed on the cylinder with boundary states |7) at both ends of the
cylinder. The diagonalization procedure is schematically shown in figure The results
are presented in figure [7.10l The spectrum consists of the characters y; and x,. The
characters are singled out by using the idempotents of the ladder algebra, ['17,77 and L7 .
in this case.

7.3 The three-state Potts model

Finally, we turn to the three-state Potts model, which requires special attention, as ex-
plained in the orbifold section @ It is the non-diagonal modular invariant of the ¢ = 4/5
minimal model CFT, and can be realized on the lattice as a generalized Ising model with
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Figure 7.9: The diagonalization procedure on the cylinder with the MPO, applied at both boundaries on
the vacuum state. The transfer matrix on the cylinder is projected on the idempotents of the ladder algebra
(ng a=1, T)‘
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Figure 7.10: The two characters x1 and x- for the Yang-Lee model obtained numerically on the Cylinder
with length L = 22 and the |7) boundary at both ends (figure . The projection on the single characters
is obtained through the idempotents of the ladder algebra with elements 517,77 and L7, ;..

three spins instead of two. As an RSOS model, it is based on the Dy Dynkin diagram:
B

Dy =

C

The relevant input MFC Drcg here is the same as for the tetracritical Ising model, and
as discussed above can be written as Dpcr = [su(2)4] ® Fib. For the strange correlator
construction of the Dy RSOS model, we will not be concerned with the Fib factor of Dpcy.
As a module category of [su(2)4|, we take Mpy with simple objects {4, 0,B,C}. The
strange correlator is entirely analogous to the Ising case, with the choice of the bathroom
tiling to make the duality on the square lattice apparent. The transfer matrix is again a
direct sum of a primal and dual checkering (now with blue tensors, indicating that we are
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dealing with a non-diagonal model with degrees of freedom in M # D):

’S( —— (1+V3)0+1€D

ul — A, B.CeM

In this construction, the PEPS physical legs are labeled by [su(2)4| simple objects. The
middle legs (purple) are fixed to the state (14 v/3)|0) + |1), while the outer physical legs
(fixed on ¢ in the Ising model) are fixed to 1/2 (orange). The (virtual) loop degrees of
freedom are labeled by the objects in Mpy and they represent the 3-state Potts degrees of
freedom. The same strange correlator, but with the choice of |su(2)4] as a module category
over itself, yields the A5 RSOS model based on the corresponding Dynkin diagram

As= 0 1/2 1 3/2 2
These two lattice models can be transformed into one another by MPO intertwiners, which
are a topological version of the intertwiners discussed in [25].

The topological defects of the D4 RSOS model are described by the fusion category Cg,. The
corresponding MPO symmetries associated to the S3 subgroup {AT, B* C* A=, B~C~}
are tensor products of local operators that implement the S3 permutations on the {A, B,C}
degrees of freedom. As we discussed above, the continuum CFT also has topological defects
corresponding to the Fib factor in Cpgs. For the Dy RSOS model however, it is believed
and argued in [52] that these defects are not topological at finite size, but rather become
topological only in the continuum limit. As such, they will not be part of the discussion
here, and their absence means that we will not be able to fully resolve the characters in the
partition functions.

7.3.1 Torus results

On the torus, the same trick as in the Ising case can be used and by decomposing the spec-
trum into the primal and dual momentum branches, a consistent labeling of the twisted
CFT spectra with the full idempotent table can be performed. This is shown in figure
for a trivial (AT), BT, A~ and o twist. These spectra are consistent with and [35],
with finite size effects considerably larger than in the previous two examples. Furthermore,
every first distinct eigenvalue is labeled by its corresponding topological spin, consistent
with the conformal spin of the resulting term in the CFT partition function.

Since we have the decomposition of all Potts tube elements, we can also identify the pro-
jectors (idempotents) of C's, in terms of the characters of the tetracritical Ising model. Let
us illustrate this with the partition function with a trivial twist Zpgits = Z4+. The idem-
potent table in appendix (table contains five idempotents, labeled by Z(Cs,) =

Isu(2)4] X |su(2)4|. The last idempotent P?>! is two-dimensional and can be further split
into
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P(177)1 — (OA+ + w OB+ +w OC+)
i (7.10)
pliDe _ §(0,4+ +@ Op+ +w Oc+),

with w = €2™/3. The full projection onto the six simple idempotents results in

P20 = Ixo(q)* + |x7/5(0)]?
P%% = |xas5(@) + Ixs(a)?
pY ’7 — X7/5(2)X2/5(@) + x0(q) (7.11)
P?% = Xas5(0)X75(@) + x3(0)X0 (@)
PEDE = s + Pajis(a) 2
(q) (

P Ix2/3(D|" + [x1/15 q).

X3(2)

7.3.2 Klein bottle results

The group-like MPO symmetries of the Potts model commute with the reflection operator.
The duality MPOs (O,+ and O,-) are not real and therefore they are not reflection in-
variant, however they transform into one another when the reflection operator is commuted
through them. An important consequence of this is that not all idempotents commute with
the reflection operator, but only those (sums of) idempotents that are symmetric under the
exchange of the two dualities. Looking at the idempotent table [C.7in Appendix [C] one sees
that only the projectors P??, P?? and P! satisfy this. Remembering from that the
projector P! can be further split into two simple idempotents P11 and P(:1)2 we end
up with four Klein bottle sectors that can be singled out. These are exactly those sectors
in that contain left-right symmetric terms. The fact that the projectors P?? and
P20 are not reflection invariant is not a surprise, since they lead to terms in the partition
function that are not left-right symmetric.

The diagonalization procedure is the same as for the Ising model, shown in Figure[7.2] Since
a ot or o~ -twisted Klein bottle partition function is zero and the other twists are merely
local operators, we illustrate the Klein bottle projection for the Potts model with a trivial
horizontal twist together with the projection on P?, P22 P11 and P12 The result
is shown in figure The projected spectrum is consistent with what is expected for the
diagonal selection of the corresponding trivially twisted torus partition function, with the
relevant tetracritical Ising characters given in .

Next, we turn to the Klein bottle entropy, considering again the four idempotents that
commute with the reflection operator. The story is very similar as in the Ising case. We
need momentum information to separate the rows of the tetracritical Kac table , but
in the Klein bottle entropy calculations we do not have a finite bond dimension operator
that separates these rows. Therefore, we cannot separate the momentum 0 and momentum
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Figure 7.11: Exact diagonalization of the Potts transfer matrix with a trivial (upper left), BT (upper right),

A~ (lower left) and o' -twist (lower right) on L = 12 sites. The C*, B~

and C'~-twists are not shown,

since they do not lead to different spectra. The o~ -twist is simply the complex conjugated version of the
oT-twist. The spectrum is labeled by the idempotents of the tube algebra, according to tables C.11)in
appendix [C] The topological corrections to the conformal spins are shown for the lowest eigenvalues. The
spectra are consistent with

7 contributions to P?? and P?2. This effectively reduces the usable projectors to the pro-

jectors on the Zg irreps: Po0 4 PQE, PUD1 and pUDz,

Looking at the Klein bottle entropy terms present in (4.13|) with a trivial twist:
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Figure 7.12: The different tetracritical Ising character decomposition of the Potts model obtained
numerically on the Klein bottle with length L = 14. From left to right the projections poo p22 pU.Di
are shown. The characters appearing in the pDe projection are the same as PUD1 and are not shown.
The explicit cancellation is shown at every level between exactly degenerate eigenvalues with positive and
negative quantum number under reflection.

it is clear that both for the term a = B™ and a = C™, the resulting single twist in the
transfer matrix is respectively b = C* and b = B~. In the limit L, — oo, both terms
will be exponentially suppressed, since the largest eigenvalues \,q; of the BT- and C™-
twisted transfer matrix are strictly larger than the largest eigenvalue of the trivially twisted
transfer matrix. This can be seen in the spectra in figure : the ground-state energy
(—log [Amax|) of the trivially twisted partition function is smaller than the one of the B*-
and O twisted partition functions. Note that in the Yang-Lee model, this was not the
case, as a trivially twisted term (b = 1) appears in the Klein bottle entropy when a = 7.
For the remaining terms with a = A=, B~,C~ in the projector po0 4 PQE, the only non-
vanishing twist is b = AT. The Klein bottle entropy is therefore split into the three equal
terms g” + g2, g’ and g’2. In table the Klein bottle entropy (without any projection)
is shown for several sizes. The finite-size effects are again noticeably bigger than in the
previous two models, seeing a slower convergence towards the expected value of /3 + %

with increasing S.
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Ly |g=9"+9%+9"+¢°
4 2.3694
6 2.3720
8 2.3738
10 9.3751
12 9.3761
14 9.3768
16 2.3774
Exact \/3 + 5~ 2.384

Table 7.3: The Potts Klein bottle entropy diagonalization for increasing size L, calculated according to
[13] The large finite size effects for the Potts model make for a much slower convergence compared to the
previous two models.

7.3.3 Cylinder results

Lastly, we show some nontrivial results for the Potts model on the cylinder. The eight Cardy
states are known on the lattice and four of them can be reproduced from the application
of the four intertwiners (04, Op, O¢ and O,) to the tetracritical Ising vacuum states.
These vacuum state can be labeled by the Kac table elements as |(0,1),)) and is given by
alternating the loops on 0 and 1/2 for the primal vacuum state and vice versa for the dual
vacuum state [(0,1)4)):

Km1%»::wéoéoéu>, (7.12)
1(0,1)a)) = éa%oéo...y (7.13)

Using these, we obtain the following six distinct “fixed” Potts Cardy states:

[(4,1)p)) = 041(0,1)p)) = |AcAd Ao...) ,
(A, 1)a)) = 0a(0,1)q)) = [0 AcAdA...),
((B,1)p)) = Op|(0,1),)) = |BoBoBo...),
((B,1)a)) = Op|(0,1)4)) = |0BoBoB...),
[(C,1)p)) = Oc [(0,1)p)) = |CoCoCo...),
(C,1)a)) = Oc [(0,1)4)) = |0CoCoC...),

and two “free” [40] Cardy states

[(0,1)a)) = O, [(0,1),)) = |0(A+ B+ C)o(A+B+C)o(A+B+C)...),
[(0,1)p)) = O, (0,1)4)) = [(A+ B+ C)a(A+ B+ C)o(A+ B+ C)o...).

Since we do not have an MPO description for the Fibonacci topological defect, we cannot
obtain the other four distinct Cardy states from the vacua [(0,1),)) and |(0,1)4)) on the
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lattice. We can however obtain them by applying the intertwiners to the tetracritical Ising
Cardy state |(0,7)p)) and |(0,7)p)), defined as

| ~
| =

(0, 7)p)) = |1 ) s (7.14)
1

1
0, 7)a)) = 5151510,

~

[~ =
~ l\%\N

(7.15)

These boundary states are not related to the previously defined vacua by a topological
defect, and have to be obtained by invoking the integrability of the model [49]. Applying
the intertwiners, we now obtain the following six Cardy states:

(A, 7)p)) =0a(0,7)p)) =|(B+C)o(B+C)o(B+C)o...), (7.16)
[(4,7)a)) = Oal(0,7)p)) = |0(B+ C)o(B+C)o(B+C)...), (7.17)
[(B,7)p)) = OB |(0,7)p)) = [(A+ C)a(A+ C)a(A+ Clo..) (7.18)
(B, 7)a)) = Op|(0,7)p)) = lo(A+ C)o(A+ Ca(A+C)...), (7.19)
[(C,7)p)) = Oc|(0,7)p)) = [(A+ B)o(A+ B)o(A+ Bo...), (7.20)
[(C,7)a)) = Oc [(0,7)p)) = |0(A+ B)o(A+ B)o(A+ B)...), (7.21)

which are sometimes called the “not-A”, “not-B” and “not-C” boundary conditions and
were known to Cardy in his original paper. The remaining boundary condition was later
obtained by Affleck, Oshikawa and Saleur [45] and was called the “new” boundary condition
|N). We obtain it by acting with the O, intertwiner on |(0,7),)) and [(0,7),)):

[(0,7)p)) = O5 [(0,7)a)) = [Np) , (7.22)
[(0,7)a)) = Oc [(0,7)p)) = [Na) , (7.23)
completing the Potts Cardy states list. This final boundary condition is not a product state

anymore, but rather a bond dimension two MPS (see for example [48]). This can be seen
by drawing ([7.23) in the MPO language, including the loop degrees of freedom:

|A+B+C |
- = j k.

[ ] (W]

10T 12 1111

Now, the multiplicity labels j and k in definition (B.29)) have to be taken into account, since
NI = 2. These multiplicities are the origin of the nontrivial bond dimension of the new
boundary state. Explicitly, the MPS matrices are [4§]:

A 1 1 B _ 1 w c 1 w
N _<1 1>,N _<w 1>,N =, 1) (7.24)

with w = e3". The new boundary condition is invariant under the S3 symmetry of the
three-state Potts model, since we have g0 = o for g a group-like label in Cg, (see Ap-
pendix [C| for the table of fusion rules).

Using this, we want to illustrate the case of a nontrivial horizontal twist on the cylinder,

stressing the strength of the MPO approach. Starting from the Cpys category, all the S
twists are allowed on the cylinder (6.3), while the o or o~ twists are not. The Cardy
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states at the boundary must carry a ¢ label and must therefore have been created by a
O, intertwiner from either the tetracritical vacuum sate or the |(0, 7)) state. The reason is
again that all the six S3 twists are allowed in the fusion a>o = 0,a € Cg, (see Appendix
for the table of fusion rules).

We will perform numerical simulations to illustrate the above on the three cylinder partition
functions:

Z](;ree,free (725)
Z}:ree,New (726)
Z](ifew,New' (727)

The transfer matrix with such boundary conditions can be projected onto the four different
Sy irreps, consistent with the idempotents of the ladder algebra elements E"ﬁ, [,B+, EC+,
LA™, LB and £° (in the simplified notation £* = £%_ __):

00,00

Pl= é(ﬁ”‘ﬁ F LB LOT 4 B+ LB+ O
P2 = L(ZAT 4 B 4 fOT pAT BT O
6 ~ ) (7.28)
P} = g(ﬁ” +wlP 4w
1 . . .
Pl = g(ﬁf” +wlP +wih).

The diagonalization of the three distinct partition functions, together with the projections,
is diagrammatically summarized in figure [7.13] as well as the numerical results of the corre-
sponding diagonalizations. Note that the desired sums of the tetracritical Ising characters
for the distinct Potts cylinders with the right Cardy states were obtained numerically
using DMRG in [57, 58].

8 Conclusion and outlook

We have shown that the application of the strange correlator to generalized PEPS descrip-
tions of string-net models yields a systematic characterization of the topological defects of
the three-state Potts model in terms of MPO symmetries. We started by studying diagonal
theories such as the Ising and the Yang-Lee model on the torus, Klein bottle and cylinder
in the presence of topological defects that are allowed to intersect. Using these to construct
transfer matrix projectors on the different superselection sectors of the original topological
order, the separate CF'T characters in the partition function of the torus and Klein bottle
can be isolated. We have shown this explicitly through exact diagonalizaion of the transfer
matrix of the different models. Additionally, this method has allowed us to further resolve
the recently introduced Klein bottle entropies into their constituent S-matrix elements.
Besides illustrating the general formalism, the simple examples of the Yang-Lee and Ising
model reveal an important relation between the finite size effects in a critical lattice model
and its MPO symmetries. Indeed, as argued in [20], the presence of topological defects
restricts the allowed irrelevant perturbations away from the exact RG fixed point, which lie
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Figure 7.13: Potts cylinder diagonalizations for the three partition functions (top), m (middle) and
(bottom). The cylinder lengths are respectively 13, 12 and 12. Each cylinder is projected on the Ss
ladder idempotents li The projection Pg is not shown, because it leads to the same spectrum as Pg.

at the origin of finite size effects. In the case where all topological defects of the continuum
CF'T are present on the lattice, as is the case in the Yang-Lee model, the finite size effects
are heavily suppressed, as can be observed from the excellent agreement between the nu-
merical spectra and the CFT prediction. The fact that for a critical lattice model not all
topological defects have to be present in finite size can be seen using the same reasoning.
One can imagine perturbing a critical lattice model which does possess a certain topological
defect with an irrelevant perturbation that breaks said topological defect; the lattice model
remains critical, but no longer possesses that particular topological defect in finite size.

The non-diagonal case of the three-state Potts model required the use of a strange correlator
based on a generalized PEPS description of string-net ground states in terms of bimodule
categories. In this way, we have obtained a lattice version of the FRS construction of 2d
rational CFT, whereby a local full CFT is determined by a modular tensor category D
and a corresponding module category M. This allowed us to obtain a full characteriza-
tion of all MPO symmetries and provides a framework in which the well-known orbifold
can be understood as the existence of MPO intertwiners, acting as the interface between
the non-diagonal three-state Potts model and the diagonal tetracritical Ising model. These
MPO intertwiners have allowed us to understand the non-diagonal model by mapping it to
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the diagonal model, recovering the relation between the torus and Klein bottle partition
functions as well as the conformal boundary conditions of the two models directly on the
lattice; we have explicitly recoverd the MPS description of the “New” boundary condition
in the Potts model, starting from the MPO intertwiners, and applied it to cylinder exact
diagionalization calculations.

Although we have mainly focused on the three-state Potts model, we have tried to keep
the discussion on MPO symmetries and intertwiners in the context of critical lattice models
as general as possible. The main challenge for performing an equally explicit study for
general RSOS models is finding solutions to the relevant bimodule pentagon equations in
these cases. For the D series this problem was partly solved in [59] where the 3F symbols
were obtained, but even given this, obtaining the remaining F' symbols requires some more
work still and we have only done this explicitly for the Dy or three-state Potts model.

There are many remaining aspects of the FRS construction that still require a lattice inter-
pretation. Among these, the most prominent is the construction of bulk/boundary operators
and their correlation functions, as well as their operator product expansions. Preliminary
results in this direction have been described in [60], and we will report on this in more
detail in future work. The understanding of lattice versions of CFT operators has seen
much progress in recent years, and explicit results have been obtained for a large class of
models [61, [62]. One particularly interesting development [63] is that by requiring that
these operators satisfy a discrete version of the Cauchy-Riemann equations, a condition
known as discrete holomorphicity, one can heavily constrain the wealth of lattice models
that can be obtained from a strange correlator to a subclass of (critical) lattice models
that satisfy the Yang-Baxter equations, and are therefore integrable. Paraphrasing [63],
integrability appears to be the combination of topology and geometry, and we expect our
work to contribute in further understanding the precise nature of these connections.
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A Category theory

In this section we aim to review the basic notions of tensor categories used throughout this
work; for more details, we refer to [13], [64].

A.1 Fusion categories

A fusion category C is a finite semi-simple rigid monoidal category with a functor ®: C x C —C,
a natural isomorphism °F: (a ®b) ® c Za® (b®c) for a,b,ceC, called the associator or
associativity constraint, and with a distinguished unit object 1 €C. In terms of the simple
objects, the functor ®: C x C —C can be expressed as

a®b= P Nge, (A1)
ceC

where the multiplicities N, are called the fusion rules of C. The associator OF has an inverse
which we denote as oF’, and can be expressed in terms of the simple objects in C as follows
(using the diagrammatic language to be read from top to bottom):

Q b c Q b c
\,/  /
e\k — Z (OF:izbc)Z:;’;;" n/f . (AQ)
fymn

d d

Here, m,n and j, k are multiplicity labels. The associators °F and oF are required to satisfy
the pentagon equations. In our context, we have to deal with two different fusion categories.
We denote the second one by D, its simple objects by «, 3, ..., and the fusion rules of D by

a®p=P Ny (A.3)

v€D

We denote the associator of D by “F and its inverse by 4F; it satisfies

« I5) ~ «Q 3 Pl
\/ /
M\k _ Z (4F(§1/37>V’m" n/z/ (A.4)

e

0 0

and the pentagon equations. We furthermore assume all fusion categories to possess a
spherical pivotal structure, allowing us to define a unique dual a for every a € C with
dimension d, = dg; the total dimension D of a fusion category is then defined as D? = Y, d2.
A braided fusion category is a fusion category equipped with a braiding R, a natural iso-
morphism Ry p: a®b Z b®a that is compatible with the associators through the hexagon
equations. In terms of simple objects, the braiding R can graphically be written as

b a
3 (R;b);?\k/ . (A.5)

k
C Cc

b\ a
o
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Using the braiding, the topological spin is defined as

=dla%=§cjjjﬂ( o) (4.6)

which satisfies the ribbon property

Oc

RC bRba - 0 eb]l

(A7)

At this point, we are ready to define the topological S-matrix:

which can be reduced to

1 0.

Sop = i Z NS 50 d,. (A.9)

Through some straightforward diagrammatic manipulations [I7], one can show

S S
Dar b Z ,Sex, (A.10)
which means that g
Ae(a) = =% (A.11)
Slax

form representations of the fusion rules for all . A braided fusion category is called modular
if its S-matrix is invertible, in which case Eq. (A.10) can be recast into the following form:

c Saa:be(S_l)xc
B= g (A.12)

xT

which is known as the Verlinde formula.

A.2 Module categories

A left module category M over a fusion category C is a (linear, semisimple) category M
with a functor >: C x M — M (called the action of C on M) and a natural isomorphism

IF: (a®b)l>Ai>al>(bl>A) with a,b€C and Ae M.
In terms of simple objects of M we write

avA= (P NI, B. (A.13)
BeM

The isomorphism 'F has an inverse denoted as 1F can be expressed as follows:

a b A a b A
\]‘ \\m
Rk Z 1pabA FC;ZH T\lC (A.14)
‘ C,mn ‘
B B
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and it satisfies a mixed pentagon equation that enforces compatibility with °F.
Analogously, a right module category M over the fusion category D is a category M with a

right action functor < : M x D — M and a natural isomorphism *F': (A<a) < = Ad (a®p)
with A€ M and «, 8 €D. In terms of simple objects, the right action < is expressed as

Ada= P N, B, (A.15)
BeM

while the isomorphism *F with inverse 3F is described as

A « 6 A a ﬂ
i o | A .
_ Aap mn s .16
]\C - va:n (3FB )Cg'k n/7 ( )
B B

satisfying a pentagon equation expressing compatibility with 4. In contrast to fusion
categories, module categories do not come with an intrinsic duality, and therefore one can
not a priori define dimensions for its objects. We can however take the duals A of A € M
to be objects in the opposite category M°P, and define a generalized spherical structure on
the combination of M and M°P that allows us to also define dimensions d 4 for the objects

in M.

A.3 Bimodule categories

A (C, D)-bimodule category M over a pair of fusion categories C and D is a category M with
additional structure such that M is a left C-module category a right D-module category

and such that there is a natural isomorphism 2F: (a>A)<a —a>(A<a) foraeC, Ac M
and a € D. In terms of simple objects, this imposes the compatibility condition

> NeaNGa =) NapNi, (A.17)
C D

on the left and right action functors. The isomorphism 2F with inverse oF gives

a A « a A «
N T

J
C aAay Dimn D A.18
]‘C = Z (2FBA )Cdk ’I"L ( )
D,mn
B B

and it satisfies two mixed pentagon equations for compatibility with 'F and 3F.

B String-net models and tensor networks

The critical lattice models we consider in the main text are obtained as the overlap of a
product state and a state with topological order. String-net models, as introduced by Levin
and Wen, are believed to be a microscopic realization of all non-chiral topological orders in
2+1D. The input of these models is a fusion category D, and tensor network descriptions
for their ground states have been constructed in [26, 27] using the F-symbols of this fusion
category. Recently, these constructions were generalized using bimodule categories; we give
a brief overview here, and refer to [13] for details.
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B.1 String-net models

The Hilbert space of the string-net models is most easily defined as degrees of freedom
a, B, ... € D living on the edges of a hexagonal lattice. The Hamiltonian

H=->"A,-Y B, (B.1)

is a sum of commuting terms, consisting of vertex operators A, and plaquette operators
B,. The vertex operators A, enforce the fusion rules at the vertices by penalizing config-
urations «, 8y for which N;’B = 0, while the plaquette operator is diagonalized by taking
superpositions of all closed loop types around a plaquette weighed by their quantum di-
mensions. Diagonalizing these two operators simultaneously gives a ground state that is a
superposition of all closed loop configurations that satisfy the fusion rules at every vertex.
These ground states are RG fixed points and satisfy various properties expressing their scale
invariance, the most prominent one being that one can recouple a given configuration using
an F-move:

a B 7
\\\ / \m/
5 () N (B.2)
4
;L mn Komn +
(5 1)

where “F is the associator of the fusion category D that serves as the input of the string-net
construction.

B.2 PEPS ground state and MPO symmetries

In [13], it was argued that a complete tensor network description for a string-net model D
is determined by all possible choices of (C, D) bimodule categories. A PEPS description for
the string-net ground state can be obtained by using the following tensors:

]Wn B\ Vokm 0B\ Vkm
w m V _ <dadﬁ)}1 (3 A ﬁ Jn 5 d dg (3F§ B)Cvjn
BT /a é\ Vie

m C’

N \

(B.3)
where we have used the 3F symbols of a right D module category M. The fact that
these PEPS tensors describe some topologically ordered state can be characterized by the
existence of virtual MPO symmetries satisfying a local pulling-through condition:

B
\/><»<

a+t

v

(B.4)

where the label a is a simple object of a different fusion category C. The pulling-through
condition is solved by the following left and right handed MPO tensors:

m n
Ja @ (3Fgce) o ﬂa a@ (yFaCe)Dnk

A,jm
: B.5
T (B.5)
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which depend on the 2F symbols of the (C, D)-bimodule category M. These MPO tensors
can be used to construct closed loops of MPO symmetries which we denote OL and O for
the left and right handed case, respectively. The product of two such MPO symmetries is
again an MPO symmetry:

Okof =" Ny0F, OFOf =3 N;0F, (B.6)

which can be locally expressed as the existence of a fusion tensor satisfying the zipper

condition:
(6%
e (B.7)
S~ b
A Ay j

. o~ A .
-~ )P I € db>i(le”C)B””

1
: dady\ 7 (
n-“ m (B ;:( a > omn B) m —Sen = omn
> \bgk de Vdp D Vdp

(B.8)
which use the 'F-symbol of the left C-module category. Finally, this fusion process is
associative, meaning that the fusion tensors satisfy the recoupling identity

o a a
~J ,
d—k S~—b = Z (OF;Z’C)E,;ZH d—-— n\m/ b , (B.Q)
c fmn Fs— c

where °F is the associator of the fusion category C. Using the following states to terminate
or create an trivial MPO line

A A
nle = Lin =6,1084Vda, (B.10)
B B

we can make the addition or removal of a trivial MPO to some other MPO symmetry trivial:

(B.11)

= L1 3, (B.12)




J 3
= B 1 -1 (B.13)
ky A

where ¢, is a phase known as the Frobenius-Schur indicator, defined by

111 g

(DFaaa)Ln - cTa

a

(B.14)

If the fusion category C associated to the MPO symmetries is unitary, closed loops of MPO
symmetries OF satisfy (OF)t = OF = OL. At the level of the MPO tensors, the cup and
cap operators realize this by providing a relation between the left and right handed MPO
tensors by acting as a gauge transformation on the internal MPO legs:

(B.15)

The above relation can be generalized to the nonunitary case, but the MPO symmetries are
no longer closed under Hermitian conjugation so the dagger must be changed for a different
operation; in [51], this was done by using the transpose instead.

In a completely analogous way, cup and cap tensors can also be defined by terminating one
of the legs of the PEPS tensor, as opposed to the fusion tensor. This allows us to again
relate the two types of MPO tensors, now by acting with a gauge transformation on the
external MPO legs:

<

m
—'“—k = ¢, (B.16)
D) (C ﬂ F
04 n
m

B.3 Torus ground states and tube algebra

One of the most prominent features of a system exhibiting topological order is a ground
state degeneracy that is independent of the system size but instead depends solely on the
topology of the underlying manifold. This property is naturally explained in the tensor
network formalism by the fact that the PEPS tensors for such models have nontrivial MPO
symmetries. To see this, consider defining the PEPS wave function on a torus and adding
a closed loop MPO symmetries along the non-contractible cycles of the torus:

) = (B.17)

The state [¢)) has the same energy regardless of which closed MPO symmetries are present
on the virtual level. Indeed, the Hamiltonian is a sum of local terms, and since the MPO
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symmetries can be moved freely through the lattice, we can evaluate all terms of the Hamil-
tonian such that they never see the presence of these MPOs by moving them appropriately.
Of course, this reasoning requires that the tensor at the intersection of the two MPO sym-
metries along the two different cycles of the torus can be moved freely through the lattice
as well. Using the fusion tensors, we can define such a tensor as

- 7 (B.18)

which is in fact the only possibility. Being more explicit, we can define tubes as

. k——
721 = d.jk = c //b a, (B.19)

abc c ]

+d

where it is understood that the red lines labeled by d are connected allowing for an arbitrary
number of MPO tensor insertions along the connecting line and ¢; is shorthand for the labels
in the tube. When interpreted as matrices from left to right, these tubes can be multiplied
and form a closed algebra called the tube algebra:

7;17;2 = Z Qi?,t2ﬁ37 (B'2O)

t3

with a structure factor  that can be worked out using °%F moves. On the torus, only tubes
with a = ¢ will contribute, and one might wonder why we allow for tubes with a # ¢ at
all. It is important however to note that not all of these tubes will give independent torus
ground states. A correct characterization of the ground states is instead given by the central
idempotents P; of the tube algebra, satisfying

P= )" bk, (B.21)
abd, jk

PPy =06, [Tl" P]=0. (B.22)

The tubes with a # ¢ appear in the requirement that the central idempotents commute with
all elements from the tube algebra. These central idempotents correspond to minimally
entangled states on the torus [65], and simultaneously provide a characterization of the
anyonic excitations of the topological phase [33]. These excitations are known to be classified
by the monoidal center Z(C) of the fusion category C, and therefore the tube algebra and
its idempotents provide an explicit construction of Z(C). In the case of a modular fusion
category, elements of Z(C) can be labeled by tuples (a, b) with a, b simple objects in C. When
constructing CF'T partition functions, which require a modular fusion category, the different
idempotents P, ; will correspond to the different bilinear combinations of characters xqXj-

B.4 MPO intertwiners and tube maps

For a fixed string-net model D, there are as many different PEPS representations as there
are right D-module categories M. Importantly, these different representations can not be
distinguished from each other by any local operator acting on the physical legs, but on the
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torus they might represent different ground states. This fact can be made very explicit
by the existence of MPO intertwiners, MPOs acting on the virtual legs of the PEPS that
intertwine it from one representation to another. The simplest example is where we consider
the PEPS representations based on the one hand on D as a right-D module category over
itself (shaded green), and on the other hand a generic right D-module category M (shaded
blue). These MPO intertwiners should be freely movable through the lattice:

N e

Vo= (N (B.23)
a4 T A

Y Y

and MPO symmetries should be able to end on them at a fusion/splitting tensor that can
also be moved along the intertwiner

«Q
a — a /—-D—LL
o+m _ Ceni ; (B.24)
~~B ~1 B
(0%
@ A LA
C—t—-m/ - C——-m/_ . (B-25)
~~3 ~13

Additionally, these tensors satisfy various recoupling identities:

b
a\j/ 1=abB) Csmn a b
jc = Z (FZ )c,jk 4 + ) (B'26)
A—k—DB C,mn A—n=m—-—PpB
C
| i
A—kzj=—B = (FFgP) o A—=ngm—B, (B.27)
f D,mn f
« «
A—kxj—B ag) MmN A—n—DB
11 -3 (BFf 5)0 N o (B.28)
,9 [e% y,mn J / \
g«

These equations are solved by the following explicit expressions for the MPO intertwiners:

A’YTC@ B (3F§M)ﬁyék jv}l(}@ (3Fga7)ﬁynk

> A, jm : A,gm
J k= , j k= , (B.29)
a5 Vidad AlE Vi

n m

and similarly defined fusion/splitting tensors [I3]. On the torus, these MPO intertwiners
can be used to construct a linear map between two different tube algebras. Consider the
ground state |723ak> of a string-net model D with the presence of the tube mﬂjj where we
take D as a right D-module category over itself and consequently the MPOs are labeled by
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objects in D. We now imagine inserting a closed bubble bounded by an MPO intertwiner A
of the PEPS in the representation determined by taking M as a right D-module category:

4T =) BFTE T, (B30

where in the blue shaded region the MPOs are labeled by C. By growing this bubble and
fusing it with the tube 7;763059 we obtain the following state:

,]k: abe,mn mny abe,mn pr——]
dal|Tyse) Z Topy.jka | Taba )= Z Topvy.jkal g ! ¢ , (B31)
abc,mn abc,mn

where the coefficients ngc T,? 4 can be determined using various F' moves. This means that

the MPO intertwiners provide a way to go from the tube algebra based on MPOs D to the
tube algebra based on MPOs C. If the (C,D)-bimodule category M is invertible (which is
always the case in this work), this map is an isomorphism between Z(D) and Z(C).

B.5 Ladder algebra

Besides the tube algebra, which characterizes the topological sectors on the torus, we use
a second kind of algebra in the main text when studying cylinder partition functions. This
algebra is the ladder algebra, where we define a ladder as

a ]k A+. a +B
ot tp
Multiplication of these ladders is defined by stacking them vertically:
L1, Ly, = Z AR L (B.33)

with a structure factor A that can be worked out using 'F transformations. Analogous
to the tube algebra, we can find simple idempotents of the ladder algebra, to which only
ladders with A = C' and B = D will contribute on the cylinder. These simple idempotents
have the distinguished property that when we fuse the closed rings labeled by A and B
together and recoupling everything using 'F' transformations as in Eq. , the result is
a closed MPO O, with @ € D. This is due to the fact that the ladder algebra provides a
construction of the relative Deligne product M°P Ko M = D [43], and by computing the
simple idempotents of the ladder algebra we simply recover the simple objects o € D.
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B.6 Reflection operator

In the main text we defined the Klein bottle partition function as
Z8 =Tr (RT™) (B.34)

where R is the spatial reflection operator. To use R in combination with the MPO symme-
tries, we need to study the interplay between the two. One can convince oneself that the
action of pulling R through an MPO is given by the following:

C DI s s—

S —— Gh b 44D

i.e. it is equivalent to transposing the individual MPO tensors along the virtual direction.
For a unitary fusion category, using Eq. -, we can show the following relation:

\t‘jh , (B.36)

meaning that pulling the operator R through an MPO amounts to a gauge transformation
on the external MPO legs, and taking the complex conjugate. A similar argument applies
to the transfer matrix itself, and since it is Hermitian, we get

_4\4%\‘ = . (B.37)

In the presence of a twist in the transfer matrix, we have to consider the action of R on the
MPO running perpendicular to R, which leads to the following relation:

«{-‘j\* = . (B.38)

Finally, in order to project the Klein bottle spectrum we need the central idempotents of
the tube algebra. Since these are Hermitian, we get a similar relation:

-<\+\¢ = . (B.39)

For the non-unitary Yang-Lee fusion category, the Hermitian conjugate is replaced by the
transpose, so the complex conjugates in Egs. - are not needed. These cal-
culations are similar as the calculation done in [34] and [66] to prove their analogues for
Hermitian conjugation, but now simply in the virtual direction.
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C Fusion category data for specific models

In this appendix, we give some data for the relevant fusion categories used in the main text
and specifically in the result section. We focus mainly on the idempotent tables, expressing
the topological superselection sectors (anyons) as a linear combination of the Ocneanu tube
algebra elements . This table forms the basis for our numerical simulations, singling
out CFT characters in twisted transfer matrices. For the orbifold procedure, projecting the
tetracritical Ising model on the Potts model, we give the explicit linear combinations of
the tube elements, which is exactly what allows us to write down general twisted partition
functions in terms of tetracritical Ising CFT characters.

C.1 The Ising fusion category

The Ising fusion category has a Zs-grading on the objects {1,1} @ {0}, with fusion rules
YRY=1,0xkc=14+ and ¥ ® 0 = 0 ® 1y = ¢, and nontrivial F-symbols

1 /1 1
Fli= s (1 L) e = =

The corresponding quantum dimensions of the simple objects are {1,1,4/2}, with total
quantum dimension D = 2. The category is modular and the idempotents can be labeled
by the tensor product Ising X Ising (Drinfeld center). The idempotents are given in Table

T T, Th, TH TA, T T, T, Th TR
P11 1 V2
P | 1 1 —V2
pyt 1 -1 —iv/2
P 1 -1 iv?2
pe| 2 2 2 2
pol 1 i L U o
P‘TE 1 —i 6%1 e_%i
pie 1 i emF e F
pYe 1 7 67%1‘ e%i

Table C.1: Idempotent table for the Ising model up to the normalization 1/D?.

C.2 The Yang-Lee fusion category

The Yang-Lee model is obtained from the Fibonacci fusion category, which has two simple
objects {1, 7} and nontrivial fusion rule 7 x 7 = 1 + 7, by choosing the non-unitary solution
of the pentagon equation. The non-trivial F-symbols are:

[F7 )i = ; <\/1$ @) : (C.1)
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with ¢ = %(1 — /5) the negative solution of the golden ratio equation ¢? = 1 + ¢. The
corresponding quantum dimensions are {1, ¢} and the total quantum dimension D? =2+ ¢.
The idempotents (labeled by the double Fib X Fib) are given in table

_ 7111 lTT 7:'1,7' 7-7,-1 7:'7,—7'
Pll 1 ¢
TT 2 _ 1
PTIG e 6 6
PT]. 1 et \/&651
piT 1 e % Ve 5

Table C.2: Idempotent table for the Yang-Lee model up to the normalization 1/D2.

C.3 The three-state Potts model categories

For the three-state Potts model as the D4 RSOS model, we need three categories: a modular
fusion category D = |su(2)4], a right |su(2)4|-module category My, and the fusion category
Csy. The modular fusion category [su(2)4] with 5 simple objects {0,1/2,1,8/2,2} is part
of the series of |su(2);| modular fusion categories, the fusion rules are given by

® | 0 1/2 1 3/2 2

0 | 0 1/2 1 3/2 2

12| 1/2  0+1  1/2+8/2 142  3/2 (©2)
1|1 1/2+8/2 04142 1/2+3/2 1 '
3/2|3/2 1+2 1/2+3/2 0+1  1/2

2 | 2 3/2 1 1/2 0

and the F-symbols can be found in, e.g., [67], with the caveat that we take the solution
of the pentagon equation that has all positive Frobenius-Schur indicators. In the context
of the three-state Potts model, we refer to the F-symbols of [su(2)4] as “F. The central
idempotents of the tube algebra, which are elements of Z(|su(2)x|) = |su(2)x| X [su(2)x],
can be found in Tables -

The category My is a right [su(2)4|-module category and has 4 simple objects denoted as
{A, 0, B,C}, where the action of |su(2)4| on My is given by

<o 1/2 1 3/2 2
Al A o B+C o A
c|lo A+B+C 20 A+B+C o (C.3)
B | B o A+C o B
c|C o A+ B o C

The module F-symbols of Mty as a right |su(2)4|-module category are denoted as *F, and
can be found in [59]; additionally, they can be found in the supplementary material.

63



The fusion category Cg, of topological defects has 8 simple objects with fusion rules

® | AT ot Bt Ct A~ o B~ C™
AT | AT ot Bt Ct A~ o~ B~ C~
ot | ot AT+BT+Ct ot ot o A +B +C~ o o~
Bt | BT ot ct At C- o~ A~ B~
ct | ot ot At Bt B~ o~ c- A (C.4)
A- | A” o~ B~ C- Af ot Bt Ct
o |o- A +B +C o o ot At+BT+Ct of ot
B~ | B~ o~ c- A~ C* ot At Bt
c- | C™ o~ A~ B~ B* ot ct At

The F-symbols of Cs,, which we denote as °F, can be found in the supplementary material.
The central idempotents of the tube algebra, which are elements of Z(Csg,), can be found
in Tables - Because Cg, and |su(2)4| are Morita equivalent, their monoidal cen-
ter is the same, and we can label elements of Z(Cg,) with labels in [su(2)|X|[su(2)x| as well.

The category My is also a left Cg,-module category, where the action of Cg, on My is
given by

> | A o B C
AT | A o B C
ot |o A+B+C o o
Bt | A o cC A
cCt | A o A B (C.5)
A= | A o C B
c- |o A+B+C o o
B | A o B A
c— | A o A C

The module F-symbols of Mty as a left Cs,-module category are denoted as 'F' and can
be found in the supplementary material.

A final set of F-symbols denoted as F is obtained by requiring compatibility between My
as a right |su(2)4]-module category and Mty as a left Cg,-module category, and is provided
in the supplementary material.

Note that the additional F-symbols °F, 'F' and 2F were not found in the literature and

calculated numerically (symbolically). We leave a detailed explanation of such calculations
to future work.
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1/2 3/2 172 3/2 1/2 3/2 3/2 172
T T Th Tohye T The Tigs Toge Tho Thi TR T Tl The TRe Togs Thi Tihs Tos
poo 1 3 2 V3 1
p22 1 =3 2 -3 1
plAI2 | g 3 -3 -3 3 -3 3B 3 3 33 3 3
3/2,3/2 3 3 3 3 3 3
p3/2.3/ 3 -3 3 -3 3 R VAR RS VAR 3
pi 4 —4 4 4 2 4 2 4 4 4 4

Table C.3: Idempotent table (block 1) for [su(2),].

T2

3/2 1 2 172 3/2 0 1 172
1/2,3/2 Ts/s0 Tsseare Toroare Tsjoa Tsjoa Tsposs2 Tsye Tsjss

0 1 172
Tisearz Tipzae Tijog
1 s

1
1
1
2 275! 2
2 2e 51 2
2 V3 3 3 2
2 V3eTt Be Tl 23! 2y/3e 12! 2

Table C.4: Idempotent table (block 2) for [su(2),]|.

1/2 3/2 1/2 3/2 3/2 1/2
~ 771,; Tiae  Tihpe  Tia TJ;J Tin T UKE Tie Téo Toise Toa Tosp Tie
PLO | 27 33t VBeTel 1 23T 1 /Bes'  /3es! 25
PET | 2eH VBR VBe B 1 20 H o1 VBT (BHT 20
poT BT VBt 1 273 -1 VBeTw VBem a3t 2e7H
1,2 \/T v f ) 2m; \/‘77511' \/7 _2m; )
Ptz V3e 3 V3es 1 23 —1 V3e % 3e 3 2e3
pI/zIZ 0 3 3 3edt bt 2 3 Se2'  3VBerd' -3 -3 3el 3¢z 3
p232 | 3 8/3e st Sem3 8 3 ¥ 3BeB 3 -3 3e7% 3% 3

Table C.5: Idempotent table (block 3) for |su(2),].

372 0 172 2 372 172 0
7;/2,1 7-9/2‘3/2 7-31/2‘3/2 7??/2,2 7-2,0 7—2,1/2 7—21,1 7-2,3/2 7—2’2

7—32/2.1/2

et V3e 1z 1 2e~ 31 \/ge%"
e~ 3t \/ﬁe%i 1 26%” \/ge’%ﬂi
ez’ \/361117"1 1 2e= V3e il
e~ 5t 36~ 13 1 2% V3edl

7 s

1 V3eTzT -2 3ez 1
\/ge% —2 \/ge’% 1

Table C.6: Idempotent table (block 4) for |su(2),].
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7:!4++,A+ TA+,G+ TA+,B+ TS v Tava Tiro- Tirp- Thro-
po.0 1 V3 1 1 1 V3 1 1
p20 1 V3 1 1 -1 —V/3 -1 -1
po2 1 -3 1 1 —1 V3 —1 -1
p?? 1 -3 1 1 1 —/3 1 1
PI,T 8 —4 —4
Table C.7: Idempotent table (block 1) for Cg,.

Towe Titor Thpe Tige Tipe  Tiee  Tiw Tig Tio Tog Toop Tioe-
p21/2 \[e ki 1 el e H V3e 1zt V3e 1zt -1 3’ el \/55737” fe’T
POSIZ | Bk 1 P L e Be s -1 es? es? V3edt V3et
poi/2 \/ge_sTﬂi 1 eF o F V3e 12! \fe lzi B~ B 1 e - V3edt fe%'
pP23/2 | \/3eFi 1 eF F B 3elizt \[3eisi 1 e T e F e 3= i
PISZ | 43~ H 4 265 2e51 2yBe Tl 2y/3e T
PULITZ | 4 /3e 55 4 25 2e51 2yBeft 2/Bei

Table C.8: Idempotent table (block 2) for Cg,.
TBC‘*'—F,A‘*' 7—B‘*' ot 7’B‘*' Bt 7’B‘*' Cc+ Tg‘: g~ TC+ AT Tg: ot TC+ B+ 7—C‘*' ct Tg‘;,a—
piI 4 4 4 4 4 4
P2l | 2.5 2 20 FT 2Beil 2057 25 2 2v/3¢ 5
P17 | 2e"F1 2B 5 2 2 20750 2V3eTH 2% 2
P10 | 2.=Fi  2/3c%F 2 2% 2e—%” 2V3e3t 27 2
POT | 205 2 2% 2/Be7251 2 Fi 2% 2 23 Fi
Table C.9: Idempotent table (block 3) for Cg,.

7;1A:A+ TA- o+ 7:&4*+A* T;{j,r ng:‘m Tz{;w ng o Tz?jBf Tc(f,m Tg:,0+ ,ng‘o'* TCAjcf
pl/zi/z | 3 3 3 3 3 3¢51  3e3e 3 3 3¢5 3e37 3
p3/23/z | 3 -3 3 -3 3 3= F1 3e 5 3 3 3¢ T 3e 3
pl/zsz | _3 3 3 -3 -3 3¢5 3% 3 -3 3¢5 3% 3
p3/z1/z | 3 -3 3 3 -3 3¢ F 3% 3 —3 3¢ %1 3e%1 3

Table C.10: Idempotent table (block 4) for Cg,.

Toar T TP T Tr e T Toa TA, TP TS, T T
pi/20 Bert 1 e~ 51 3 Bl \Be!  \/3cha 1 es? e \fe’iz V3e it
p3/22 \/gci%i 1 e 5 i Ze~ 15 \fcfuil \/567%7" 1 EITT’ i f@ 3(337""'
p3/2o \/ge_%i -1 PZT” 52?” 3e” i V3e~ Sl \/ge%ri 1 52?” PZTW‘ \/ge_gi \/ge_ﬂ
pi/22 \/gegT” -1 esz"i 6217” \/?:eﬁi \/?;eﬁz \/?:(7%1 1 e%ﬂi 627” \/363%1 \/56377{1
P1/2T | 4/3e 3¢ 23e i 2y/3e 4 2e5t 25
P3/2T | 4y/3c%1 23Tl 23T 4 2¢~51 2 Fi

Table C.11: Idempotent table (block 5) for Cg,.
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