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A MULTIDIMENSIONAL SOLUTION TO ADDITIVE
HOMOLOGICAL EQUATIONS

ALEKSEI BER, MATTHIJS BORST, SANDER BORST, AND FEDOR SUKOCHEV

ABsTRrRACT. In this paper we prove that for a finite-dimensional real normed
space V, every bounded mean zero function f € L ([0, 1]; V) can be written
in the form f = goT — g for some g € Lo ([0, 1]; V') and some ergodic invertible
measure preserving transformation T of [0,1]. Our method moreover allows
us to choose g, for any given € > 0, to be such that ||g]lcc < (Sv + €)||f]lcos
where Sy is the Steinitz constant corresponding to V.

1. INTRODUCTION

Given a bounded function f on the unit interval, with mean zero, can we find a
measure preserving transformation 7', and a bounded function g, such that

(1.1) f=goT -y,

with equality holding almost everywhere? We call this the homological equation,
and while it has been extensively studied in the scalar-valued setting, little is known
about the homological equation for vector-valued functions. These problems are
what we consider here.

We shall always assume that the interval [0, 1] is equipped with the standard
Lebesgue measure A. The equation (IIJ), also known as the coboundary equation,
was studied by Anosov for a fixed operator T in [Ano73|, where it was demonstrated
that such an equation with continuous or even analytic left hand side on the torus
may have a measurable but not integrable solution. This study arose because of a
comment made by Kolmogorov in [Kol53]. We remark that by Theorem 1],
if f is integrable and has a measurable solution g for some 7", then f must be mean
zero. Building upon this direction, it is interesting to note that Bourgain [Bou86|
considered a closely related variant of the problem, showing that for a compact
abelian group with finitely many components, any mean zero function f € LP(QG),
for p € (1,00), admits a decomposition

J
F=Y (=) ),
=1

for f; € LP(G), a; € G, and the standard translation operator 7. Moreover,
Bourgain was able to prove the sharpness of this result, providing bounds on the
index J.
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Browder [Bro58, Theorem 2] also examined when the real-valued homological
equation has a solution g € Ls[0,1], for a given function f € L[0,1] and a
transformation T'. It was shown that it is necessary and sufficient for || Z;C:O fo
T7]|s to be uniformly bounded over all k > 1.

In [AR17] it was shown that for every real-valued mean-zero f € Ly[0,1], there
is an ergodic transformation 7', such that (LI} admits a solution g € L[0,1]. In
[AR19] the result was strengthened, to show that for any real-valued mean zero
f € Lpl0,1], there exists a solution solution g € L,_1[0, 1] for some ergodic 7.

The following result from [BBS21] Theorem 0.1] shows for real-valued mean zero
f € Loo[0,1] that we can choose g such that ||g]lcc < (1 + €)]| f]co-

Theorem 1.1. Let f € Ly[0,1] be a real-valued mean zero function. For anye > 0
there exists a mod 0 measure preserving transformation T of [0,1] and a function
g € Loo]0,1] with ||gllec < (14+€)||flloo s0 that f =goT —g.

Throughout, a mod 0 measure preserving transformation is defined as follows.

Definition 1.2 ([BBS21]). Given two measure spaces (Q, A, u), and (', A, 1),
a mod 0 measure preserving transformation is a bijection T : Q\ N — Q' \ N,
for null sets N € A, N' € A, such that both T and T~' are measurable, and
W(T(A)) = u(A), for all Ae A, with ACQ\ N.

The result of Theorem [Tl was announced earlier in [Kwa84], however the proof
there held only for f € C[0,1]. It provides an upper bound on ||g||eo, Which is
important for certain applications in the theory of symmetric functionals (see e.g.
[FK02]) and singular traces (see e.g. [LSZ13]). Unlike [AR17], Theorem [[T] states
nothing about the ergodicity of 7.

A question that arises naturally is: does the result of Theorem [l hold for
complezx-valued mean zero functions? This question may be equivalently restated
for mean zero functions taking values in R? and, generalizing even further, for mean
zero R%-valued functions for an arbitrary positive integer d. Another question is
whether the transformation 7" can be chosen to be ergodic. In this paper, we answer
these questions affirmatively, by proving the following result:

Theorem 1.3. Let f € Loo([0,1]; V) be a V-valued mean zero function, for any
fizxed real normed space V. For any € > 0 there exists an ergodic mod 0 measure
preserving invertible transformation T of [0,1] and a function g € L([0,1];V)
with ||g9]lce < (Sv + €)||flleo (here Sy is the Steinitz constant corresponding to V')

such that f =goT — g.

This theorem holds for all measure spaces which are mod 0 isomorphic to the
interval [0, 1] with respect to the Lebesgue measure. We note that if we would fix
some basis for V' and apply Theorem [[1] to the component functions of f, this
would only yield that f; = g;0T; — g; for i = 1,...,dim(V). In this case we could
have T; # T for i # j, so the result does not follow from the earlier theorem, but
really is more general. Additionally we also show that the resulting transformation
is ergodic.

Given previous research into the matter, it is not at all clear how to prove the
statement of Theorem [[.3] as proof techniques from [BBS21| and [AR17] can not
just be extended to the case of complex-valued functions or more general R%-valued
functions. The proof of [AR17] for real-valued functions is split in a proof for step-
functions and a proof for functions that take infinitely many values. Therefore, it



A MULTIDIMENSIONAL SOLUTION TO ADDITIVE HOMOLOGICAL EQUATIONS 3

seems that it is not possible to extend their method to R%valued functions. Fur-
thermore, it is not at all clear whether their techniques would extend to R%-valued
functions, even if we impose additional conditions on the function f. Although,
as already noted, the proof of [BBS21| for real-valued functions is also not suffi-
cient, we will show that the proof can be extended to a certain class of R%valued
functions, but this is not at all trivial. We combine this partial result with a new
technique to obtain the main result in full.

The constant Sy mentioned in the theorem is the Steinitz constant corresponding
to the space V, which arises from Steinitz’s rearrangement lemma [KK97, Lemma
2.1.3]. Tt is defined to be the smallest value such that for all finite collections of
vectors v1,...,v, in V with sum Y . ; v; = 0, there exists a permutation 7 such
that || X5, vegi |l < Sy max; [|vg]| for all k = 1,...,n [KK97]. To show that the
Steinitz constant and the rearrangement lemma are closely related to the additive
homological equation, we will give an equivalent definition. Let 2,, be a finite set
of n elements, equipped with the counting measure. Then Sy can be also defined
to be the smallest value such that for n > 1, and for all mean zero f € Loo(Q2y, V)
there exists an (ergodic) measure preserving transformation T of €2, and a set of
positive measure X C €, such that || Z?:of o TH|1_x:v) < Sv|fllec for all
k=1,2,.... As a consequence of Theorem [[.3] we have the following result, which
can be seen as a natural continuous analogue to Steinitz’s rearrangement lemma.

Theorem 1.4. Let f € Loo([0,1];V) be a V-valued mean zero function for any
real normed space V', and € > 0. There exists an ergodic mod 0 measure preserving
transformation T of [0,1] and a set X C [0,1] of positive measure such that for

k=1,2,.. we have | 5o fo T |1 xiv) < (Sv + )|l flloo-

We remark that the equivalent formulation from [Bro58, Theorem 2] holds for
f € Ls([0,1]; V) as well. This is to say that for f € Lo([0,1]; V) and measure
preserving 7' we can find a solution g € L ([0, 1]; V) if and only if || Z?:o foTa
is uniformly bounded for k£ > 1.

An immediate corollary of our main result is the following extension of Kwapien’s
Theorem [[.T] to the case of complex-valued mean zero functions.

Theorem 1.5. Let f € L0, 1] be a complez-valued mean zero function. For any
€ > 0 there exists an ergodic mod 0 measure preserving invertible transformation T

)
and a function g € Loo[0,1] with ||g]lco < (% + )| flloo such that f =goT —g.

We now give an overview of our method of proof of Theorem [[L3] and outline
the structure of the paper. The proof of the main theorem follows three key steps.

In the next section, we will establish the basic facts, definitions, and notations
used throughout the paper. We recall the definition of the Steinitz constant Sy,
and its fundamental properties, and introduce affinely homogeneous and affinely
partially homogeneous functions.

We then can start working on the first key step towards the proof of Theorem [T.3
The following lemma is fundamental to Kwapieri’s proof [Kwa84], and is no less
fundamental in our work here.
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Lemma 1.6. If (a;j)nxm 1S a matriz with real entries such that |a; ;| < C, i =

1,....,n, j=1,...,m and Z;nzl a;j =0 fori=1,...,n, then there are permuta-
tions o1, ...,0n of the integers {1,...,m} such that
k

1> ol <20 k=1,...n, j=1,...,m.
=1

We generalize this result in Theorem to the case when the real entries a; ;
are replaced with vectors from V. Our extension of Kwapieri’s lemma is the main
result in Section 3, Theorem This theorem is then used in Section [ to solve
the equation for continuous functions on Cantor sets, see Theorem

In Section 4, we show that the functions we consider may be decomposed into
affinely partially homogeneous functions. In Section 5, we prove several “Shrinking
lemmas”, which provide refinements of Lusin’s theorem, and which are necessary in
order to prove the main result when restricted to affinely homogeneous functions.

Indeed, this is the next key step in the proof, and the focus of Sections 6 and 7.
In Section 6, we prove that the main result holds for continuous mean-zero functions
over the Cantor set (Theorem 6.1). Using the result for continuous functions on the
Cantor set, we then solve in Section[7] the equation for the subclass of Lo ([0,1];V)
that we call affinely homogeneous functions. These are functions that may be un-
derstood to be “very non-constant”, with respect to linear affine subspaces. For
such functions we prove, using tools we develop in Section Bl that we can construct
subsets of the domain that are of positive measure, homeomorphic to the Cantor
set, and such that the restriction of f to this subset is mean zero and continuous.
We can then apply the result for continuous functions to solve the equation for this
class of functions. We note that the transformation constructed here is not ergodic.

Finally, in Section 8, we complete the proof of Theorems 1.3 and 1.4, building
upon the prior results. However, in order to prove these main results, we need
different tools since the method for affinely homogeneous functions can not be used
in general, and also since we want 7" to be ergodic. Our proof for general functions
does however use the results that we developed for affinely homogeneous functions.
Indeed, in Lemma we use results from Section E] and Section [1 to construct a
partition of the domain, and a measure preserving transformation satisfying certain
properties. In the final part of the proof of the theorem we apply this lemma in-
ductively to obtain transformations 7V, T(?) ... Using these transformations we
construct an ergodic transformation T and a function g that solve the equation.

1.1. Novelty and necessity of Affinely Homogeneous Function Techniques.
We feel compelled to emphasize that, although the constructions for affinely ho-
mogeneous functions and continuity on Cantor sets bear some analogy to [BBS21],
the proof for general functions is totally different. Indeed, the proof of [BBS21] is
based on splitting the case of general f into (roughly speaking) two cases, when f
is continuous and when f is simple. A quick analysis shows that such splitting is
impossible when we deal with R%-valued functions. This fact has necessitated a new
approach which is most visible in the proof of Theorem [[.3] given in Section 8, and
in the preceding Lemma 83l The proof of Section 8 moreover has some connections
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to the construction done in [ARI7], though the two methods are different. Let us
briefly discuss why these earlier techniques are not amenable to the general result.

As can be seen in [ART7] and [BBS21], when solving the equation for real-valued
functions, problems arise when dealing with step-functions. In [ARI1T] this is by-
passed by restricting to the case that f takes infinitely many values, and using
a different method for step-functions. In [BBS21] the proof divides the domain
into parts on which f is mean zero and either behaves ‘non-constant’ or is a step-
function with two steps, and solving the equation separately on these domains. In
our current work for R%-valued functions the problem with step-functions gets more
difficult, as it becomes a problem with affine subspaces. We solve the equation by
extending methods from [BBS21] and using a new technique.

It would seem that techniques from [AR17] for real-valued functions simply can-
not be extended to R%valued functions, even when we would impose extra condi-
tions on the function f. It is also not clear whether techniques from [BBS21] can
be extended to R?valued functions, however in sections Bl [l [ and [ we showed
that this is possible for R%-valued functions that are affinely homogeneous. Indeed
fix @ € (0,1) and consider the mean zero function f € Lo ([0, 1];R?) given by

1

F=f2) i = (1 =a)X0a = Xy fo(t) =t =3

A solution g, T solving the equation f = goT — g, would directly provide us with
a solution for the first coordinate function f;. Now the function f takes infinitely
many values but some sort of extension of the method of [ARI17] can not work as
it can not deal with the step-function fi. An extension of the method of [BBS21|
also fails as the Cantor set construction can not be carried out for f when « is
irrational. This is the reason for the need of a new approach.

The new approach is carried out in Section8and uses our construction for affinely
homogeneous functions. There is a connection between our approach in Section
and the method in [ARI1T], though the methods are different. The connection
exists between the partition {4;; : 4 > 1,1 < j < ¢;} that we construct in Lemma
and between the collection of disjoint sets {L;; : 1 < j < w,1 < ¢ < h;}
that was developed in [ARI7], Lemma 12.4. The sets {I; ;} were referred to as a
W —TUB(e, M, h,w) and come together with a certain transformation 7 mapping
Iij to Ij4q,; for ¢ = 1,...,h; — 1. This is different to the case at hand, in that
the collection {I; ;} is finite, while {4; ;} is countably infinite. Also, to construct
the collection {I; ;}, the function f has to take infinitely many values, while the
partition {4, ;} can always be constructed. Furthermore, the sets {I; ;} do not
partition the entire interval like the sets {A; ;}, though the function f is still mean

zero on their union. Some bounds that hold for the W —TU B are Zf:o f(ri(z))| <

M| flloo for z € I j,k < h; and Ef;gl f(Tl(LL'))‘ < e forx € I1 ;. These conditions

are similar to the conditions we show in Lemma [B.3]

1.2. Failure of Theorems 1.3 and 1.4 for Infinite Dimensional Vector
Spaces. It is far from apparent that the results of Theorems 1.3 and 1.4 should
not carry through to infinite dimensional vector spaces. While the constant Sy is
monotonically increasing with the dimension of V', this only forms an upper bound,
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and so the statement is not immediately sufficient to disprove any infinite dimen-
sional extension. However, a straightforward construction shows us that even in
the most simple case of a separable, infinite-dimensional Hilbert space, the main
theorems fail.
In the space R?, d > 1 equipped with Euclidean norm, consider vertices of the
regular d — 1-dimensional simplex centered at zero:
1

xk:(akﬂ-), kZl,...,d, akﬁi:&ﬂ-—a,
d—1 d—1)?2 d-1
We have ||z |? = 2T ( pE S T < 1, 3¢ 2 = 0. We shall assume

that d is even and that y is given by the sum of 5 such vertices (with possible

d
repetition!). Let us estimate the norm ||y|| from below. At least — of components

d 1 1 d 1 d
of y are equal to 3 (_E) =-3 Hence, ||y|* > 3 1T ® that is

d
> /<.
lyll > \/;

For every n > 1 we shall set d,, = 2™ and choose
rn > 0,

satisfying the condition
o0
2 n-3
Zrngl, 272 r, — 0.
n=1

Further, for every n > 1 we denote z7,...,z; elements of R% . defined as above
but multiplied by a constant factor depending on n only so that we have
[zl = 7n.
Finally, we define the space V = @2°;R%" as a Hilbertian sum. We now set
i—1

fn:]0,1] — R . (] 7

) . n
7d_)):$»77 2217---7dn7 f’ﬂ(l):‘rdn
We have

fn S Loo([07 1]7Rdn)7 ”f"”OO < ’f‘n,/fnd)\ =0

Setting f = @&, fn., we obtain

€ Loo((0,1,V), [Iffl < 1, /fd)\zo.

Assume that T is a measure preserving transformation of [0, 1], such that

k
sngZfOTiHOO =C < 0.
i=0

Then
k

su 0T < C Vn.
I e T
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We shall show that this is not so and hence we obtain a contradiction with the
assumption about existence of such T'. For almost every ¢ € [0, 1] we have that the

element
dn/2—1

Z fno Ti(t)
i=0
dn
coincides with the sum of > elements from the set

{=¥,... 2]},
that is . ‘
te[0,1] = T'(t) €[0,1] = fnooT'(t) € {a7,..., 24 }),

whose norm cannot be less than

[dy, n-:
— Ty = 2727“".
8

Therefore, C' > 27%37“" — 00, the required contradiction. Hence, supy || Zf:o fo
T?||s = 0o. Therefore there is no function g € L ([0, 1], V), satisfying f = goT—g.
Indeed, otherwise

k

sup | Y foT|e = supllg o 7" = glloo < 2]lg]loc-
1=0

2. PRELIMINARIES

2.1. Three fundamental theorems. The following version of Lusin’s Theorem
is stated in [Bog07al, Theorem 2.2.10].

Theorem 2.1 (Lusin’s theorem). Let D C [0,1] be Borel-measurable and let f :
D — R be Borel-measurable. If € > 0, then there is a compact subset K C A such
that A(A\ K) < € and such that the restriction of f to K is continuous.

The following fundamental fact is obtained by combining Theorems 9.3.4 and
9.5.1 from [Bog07h].

Theorem 2.2. Let A, B C [0,1] be some subsets of equal positive measure, then
there exists a mod 0 measure preserving transformation T' between A and B.

We shall also crucially use Lyapunov’s theorem [LT79, Theorem 2.c.9].

Theorem 2.3. Let {y1;}L, be a set of finite (not necessarily positive) non-atomic
measures on the measurable space (2,X). Then a set

{1 (X)), pa(X)) 2 X €3}

is convex and compact in R?.

2.2. The space Lo (D; V). Throughout, (V,|| - ||) will denote a finite-dimensional
normed vector space over R. Let D be a Lebesgue measurable subset of [0,1]
equipped with Lebesgue measure A\, and let f : D — V be a measurable mapping.
A vector r € V is said to be an essential value of the function f, if A\(f~*(U)) >0
for an arbitrary neighbourhood U of the vector r. The symbol o(f) stands for
the set of all essential values of f (the usage of this symbol is justified by the fact
that for a function f € L[0,1] the set of all its essential values coincides with the
spectrum of the element f in the C*-algebra L[0,1]).
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By Loo(D; V') we denote the linear space of all measurable mappings f : D — V|
for which the set o(f) is bounded. As usual, we will identify any two mappings if
they are equal almost everywhere (that is the space Loo(D; V) consists of classes
of measurable mappings equal almost everywhere).

We will say that a function f € Loo(D;V) is simple if f = > 7, rixx,, where
ri €V, 1=1,2,..., {X;}2, is a splitting of D into measurable subsets.

Define a norm on Lo (D; V), by setting for f € Loo(D; V)

[flloc = sup{llr(| = r € o(f)}.
For every f € Loo(D;V) the integral [ fd\ € V is defined in a standard way. If
J fd\ =0, then the function f is said to be mean zero.
We shall frequently use the notation
/ fdX = L ! dA,
X AX)
ie. f  fdA is the mean value of f on the set X. Furthermore, we shall sometimes
use Euclidian norm, in which case we denote (-, -) for the Euclidean inner products.

2.3. Affinely homogeneous functions. For an arbitrary set X C V, the symbol
Aff(X) denotes the affine subspace in V' generated by X, that is

k k
Aff(X):{Zaixi:wieX,aieR, Zal:l}
=1 i=1

Recall that any affine subspace in V' may be viewed as the set {x + V;} where x
is some point in V' and Vj is a linear subspace in V. The dimension of such affine
subspace is defined to be the dimension of the subspace V. In particular, every
point in V is an affine subspace of dimension 0.

We will say that a function f € Lo (D;V) is affinely homogeneous if for every
proper affine subspace W C Aff(o(f)) we have A\(f~1(W)) = 0. This is to say that
every subset of positive measure has a full-dimensional image.

We note moreover that a real-valued function is affinely homogeneous if and only
if it is either constant, or satisfies A\(f~1({y})) = 0 for all y € R.

It is easy to see that any affinely homogeneous simple function is constant.
Indeed, if a simple function has two distinct essential values, say a and b, then
A(f7(a)) > 0 and A\(f~1(b)) > 0 and since a C Aff(c(f)) and b C Aff(o(f)) are
proper affine subspaces of Aff(o(f)) we arrive at a contradiction.

More generally, for any affinely homogeneous function f it holds that we have
Aff(o(f|a)) = Aff(o(f)) for every subset A C D of positive measure.

We will say that a function f € Lo (D; V) is said to be affinely partially homoge-
neous, if D can be split into at most d + 1 measurable subsets, where d = dim(V),
such that (the reduction of) f is affinely homogeneous on each of this subsets. For
example, a function f = (1 — a)X[0,a) = @X[a,1] € Loo([0,1];R) is affinely partially
homogeneous for any a € (0,1).

2.4. The Steinitz constant. For every given finite-dimensional normed space V
(over R) there exists a smallest number Sy (called the Steinitz constant), such that
for every collection rq,--- ,7r, €V, Z?:l r; = 0, the following inequalities hold
k
| Zrﬁ(i)ﬂ < Symax{||r;|| : i=1,...,n}, k=1,...,n,

=1
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for some permutation 7 of the set {1,...,n} [Stel3]. This constant, generally
speaking, does not only depends on the dimension of V', but also on the norm.

It is shown in [GS80] that Sy < dim(V') (see detailed proof in [KK97, Lemma
2.1.3]). Trivially, we have Sg = 1. In [Ban87, Remark 3] it is stated that “Applying
the same method as in the proof of Lemma 2, one can show that the Steinitz

1
constant of an n-dimensional space is not greater than n — 1 + —”, however, this
n

assertion is not supplied with a proof. If we equip R? with Euclidian norm then
it holds that Sga > @ [GS8Q], Sgz = Sc = @ [Ban8&7, Theorem 2],[Ban90al.
For other estimates for Sga for Euclidean norm when d > 2 see [Ban90b, Remark
8, Added in proof].

Let us explain the appearance of Steinitz constant, by proving that the main
result holds for mean zero functions f € Lo (€y; V) for any finite measure space
Q,, equipped with counting measure. Indeed, as Y., f(i) = 0 it follows from the
definition of the Steinitz constant that there exists a permutation 7 of {1, ...,n} s.t.

1D FE@O < Syl flloes m=1,...,m.
i=1

We can then define a cyclic permutation o of Q,, as o(7(j)) = w(j + 1) for j =
1,...,n—1and o(m(n)) = m(1). We then put g(7(k)) = Z;:ll f(m(@)) fork=2,..,n
and g(7(1)) =0. Then goo—g = f and ||g||cc < Sv||f|lco, which shows the result.
It can be seen that this proof method can also be applied to simple functions
f € Loo([0,1]; V) of the form

- k-1 k =
= s Iy = [——, — V., k=1,...,d; = 0.
f ;rkxllw k [ n 7n)7 Ty €V, ) s Uy ;Tk

as they can be identified with a mean zero function f in Loo(; V) given by

f(k) = ri. Solving the equation for this function and consequently defining the
transformation 7' to map T'(Ix) = Iy, and defining the simple function g by

setting g|r,,, = Ei:ll (i) for k=2,..,n and g|r,,, = 0 gives us the result.

3. A MULTIDIMENSIONAL VERSION OF KWAPIEN’S LEMMA

The main result of this section is Theorem [l Its proof is based on the following
known results. The notation Conv(X) stands for the convex hull of a set X C V.

Theorem 3.1. [BG81, Theorem 3| Let V be a d-dimensional real normed space,
with the unit ball B, let C; C B and let 0 € Conv(C;), i =1,2,... . Under these

assumptions, there exist elements ¢; € Cy, i =1,2,..., such that
P
dafl<2d p=12,... .
i=1
Theorem 3.2. [GS80, Theorem 1|, [KK97, Lemma 2.1.3|. Let V be a d-dimensional
real normed space, ||z;|| <1, i=1,...,n and x1 + - - -+ x,, = x. Then there exists

such enumeration m, that for all natural indices k < n we have

b k—d
Zxﬂ.(i) — " xr
=1

<d.
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Now we are well equipped to prove the following lemma.

Lemma 3.3. Let V be a d-dimensional real normed space. Let {a; ;};"", be vectors

i,j=1

in V owith ||la; ;]| <1, i=1,...,n, j=1,...,m,

m

Zaiyj :0, = 1,...,71.

j=1
Let p < m be a natural number. Then the set {1,...,m} contains such subsets
Il, N ,In, that

L] =---=I]=p

and

k
szai,jn <4d®, k=1,...,n.

i=1 jeI;
Proof. For every fixed i = 1,...,n, we have Z;n:l a;; = 0 by the assumption.
By Theorem , replacing the collection of vectors z1,...,x, with the collection
i1, -, Gim, we infer the existence of a permutation 7 of the set {1,2,...,m} such

that Hzle ai’”(j)H <d, k=1,...,m. Relabelling vectors a;;, j = 1,...,m, we

may assume without loss of generality that for every ¢ = 1,...,n we have

l
1> aigll <d t=1,...,m.
=1

Let m; be the least common multiple of the numbers m and p, and let mo =
m1/p. Let us counsider the mapping « from {1,...,m1} onto {1,...,m}, which
maps a number j to the remainder of the division on m, provided that j is not a
scalar multiple of m, and into m otherwise.

We now replace the matrix {a;;}; 2, with the matrix {aj ;};';2}, where a; ; =
@ia(j)- In other words, any column of the matrix {a; ;}7., is repeated m1 /m times.

Observe that the matrix

{ai it
continues to satisfy the same assumptions as the original matrix {a; ;};/",.
We now set b; ; = Zip:(jfl)pﬂ @ j=1,...,mg, i =1,...,n. Let us show
that
[[bi ;| < 2d
for all 4, j.
If the sequence a((j —1)p+1),a((j —1)p+2),...,a(jp) increases, then we have

a(jp) a((i—1)p)
Bl =1 an— S anl <2
r=1 r=1
Otherwise, m € {a((j —1)p+1),a((j — )p+2),...,a(jp)}. That is {a((j —1)p+
D,a((j—1p+2),...,a(jp)} consists of two sets: {m—k+1,m—k+2,...,m}
and {1,2,...,p — k} whose intersection is empty.
Then, we obtain

m

p—k m—k p—k
Bl =11 D> amw+d ail=1— ar+> a| <2d
r=1 r=1 r=1

r=m-—k+1
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1AISO7 for all ¢ € {1,...,71}, 2-71:21 bi,j = E;n:ll a’iyr = %E;n:l Q5 = 0, SO
0€ Conv{b;;:je{l,...,mq}} forallie{1,...,n}.
Theorem [B.1] yields that there exists such indices j;, that

k
1> il < 4d?
1=1

for all kK = 1,...,n. Since b;j, = Zii:p(jiq)pﬂ a;, = f«f(jiq)pﬂ Qia(ry =
> jer, @i, where I = a({(j; = )p+ 1, (ji — 1)p+2,...,jip}), the estimate above
yields the assertion and completes the proof. (I

We now use the result of Lemma [3.3] to obtain a similar result for non-mean-zero
vectors.

XN, L)

be vectors in V. with ||v; ;|| <1 and p € {1,...,m}, let x) = Ele Py Lo we
can find sets I; C {1,...,m} fori=1,...,n such that
[kl =p Vk e {1,...,n},

k
szi)j_pwk < 8d? Vk e{l,...,n}.

i=1jel,

we now have 37" vf ; = 0 for all i € {1,...,n} and that [jv] ;]| < il +
7= ey Jvikll < 34 2 = 1. Using Lemma B3] we can find sets [; fori = 1,...,n
such that
x| =p Vk e {1,...,n},
k
ZZU{»J < 4d? Vk e {l,...,n}.
i=1jel;

Appealing to the preceding inequality, we obtain
k

k k I m

i=1jel, i=1jel;

vy (W L évm)

i=1jel,

k
-9 ZZU;J- < 2. 4d* = 84>

i=1jel;
for all k € {1,...,n}. O

Finally, we are prepared to generalize Lemma for entries in V.

Theorem 3.5. Let V' be a d-dimensional real normed space. Let (v; j)1<i<n,1<j<m
be vectors in V with |lv; ;]| <1 and xp = L Ele >y vig for all k€ {1,...,n},

there exist permutations (m;)1<i<n of {1,...,m} with | Zle Vi () — Tkl < lo8gL12.5

for all k and all j.
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Proof. We will show that we can construct suitable permutations by partitioning
the input vectors into two almost equally sized sets using Lemma [3.4] and then
recursively constructing suitable permutations for both parts of the partition. We
then combine these two permutations into one permutation and we show that this
permutation satisfies the required properties.

When m = 1 the assertion follows trivially, as in this case Zle v;1 —xp = 0 for
all k.

Let m = 2. Then (v;1 — ) + (vig — ) = 0 for all i =
1,2...,n. It follows from Theorem B.] that there exists indices j; € {1,2}, such
that || Zf:l(vi7ji - W)H < 4d. Let us set m(1) = j;,m(2) = 3 — j;.

Then || Ele Vi r1) — k|l < 4d for all k and v; ., (2) — u;” = —(Vim, (1) —

Vi1 + V2 Vi1 + V2

W), therefore || Ele Vim(2) — k| < 4d for all k. Since we know that
- z 1 1 _ z
f010g1’5(2) ! (%) dx = m > 5, we obtain 4d < 8d2 f010g1_5(2) ! (%) dl’,
and so
k

log, 5(2)-1 /o @
13 vy =l < 5 [ (3) @

i=1
Next, we will prove via induction on m that for a given set of input vectors
(Vi) 1<i<n,1<j<m With ||v; ;|| < 1, there exist permutations (m;)1<i<n of {1,...,m}

with
k log, 5(m)—1 2\ %
1D iy — @l < 8d2/0 <§> de.

i=1

The assertion of Theorem would then follow by replacing the integral above
with the integral from 0 to oo, which has value 1/log1.5.

For m = 2 the inequality was established above. For m > 2, assume that the
statement holds up to m — 1 inclusive. By Lemma [34] there exist sets (I;)1<i<n in
{1,...,m} such that for alli € {1,...,n}, |I;| = p := [ ] that satisfy the assertion

from this lemma. For all k € {1,...,n}, let 0 := Zle > jer, Vi,j- Lemmal3.dnow
implies that

3.1) 16k — k|| < 8d*.

k k ko om
5k+5;€:ZZvi7j+z Z viﬁj:Zva—:mxk,
i=1 jel, =1 je{l,....m}\I; =1 j=1
and so
(32) 16, — (m — p)x|| = [max — 6, — (m — p)ak|| = |6k — pay|| < 8d*.
For each i € {1,...,n}, let 7} be a permutation of {1,...,m} that maps the set

{1,...,p} to I;. Now define (vf)lj))lgignylgjgp by setting vg)lj)

induction hypothesis we can find permutations wgl) of {1,...,p} such that for all

= Vi n/(j)- Using our
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ke{l,...,n}and all j € {1,...,p},
k lo (p)—1 x
1 81.5\P 2
Zv?l)(l) = =0 §8d2/ - | dx.
im1 i,m; (4) p 0 3
(2) _

Similarly we define (Ul(?j))lsiSnJSjSm—p by setting v;"; = v; x/(j+p) and using the

induction hypothesis we can find permutations 7r§2) of {1,...,m — p} such that for
all ke {1,...,n} and all j € {1,...,m — p},

k lo (m—p)—1 x

1 g1.5 p 2
g ”Q)@) = % §8d2/ <—) dzx.
= @ m-—p 0 3

Now we define

o EEPG) j<p
mi(j) = 1 (2) - ; .
m(m7(j—p)+p) J>p
Define
_)p J<p
Pj = . :
m-—p j>p
and

iéi ) <
Aim:{ga, e
;% J-0P

Considering two cases, when j < p and when j > p and applying BI) and B2),
respectively, we obtain ||A;(j) — z;]| < 8d*/p; for all i € {1,...,n} and all j €

{1,...,m}.
For j € {1,...,p} we have for all k € {1,...,n} that

k k
, ) 1
; Vi (5) — Ak(]) ; Ui7ﬂ§1>(j) - 5519

log; 5(p)—1 2 R
< 8d? / (—) dx
0 3
logy 5(pj)—1 2\ *
= 84> / (—) da.
0 3

Similarly for j € {p+1,...,m} we have that
k k
&) Y
; Yia®(p) 1_95k

D vim) — Ak()
log; 5(m—p)—1 2 z
< 8d? / (—) dx
0 3

=1
log; 5(p;)—1 2 T
= 8d* / (-) de.
0 3

Combining these yields that for all k € {1,...,n} and all j € {1,...,m}

k k
D Vi) — T D im) — Ak(d)
=1 =1

< +1|Ak() — 2]
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logy5(Pi)=1 /9\* 1
§8d2/ (—) dx + 8d*—
0 3 Dj
) logy 5(p;)—1 2 T ) 2 logy 5 pj
= 8d -] d 8d* - | =
[ Y e 2
logy.5(Pi) /9\7
§8d2/ (—) dzx
0 3
log; 5(m)—1 2\ ¢
§8d2/ (—> da
0 3

Note that the last inequality follows from the fact that m/p; > 3/2, so log; 5(m) —

log, 5(p;) = log; 5(m/p;) > 1.
O

4. DECOMPOSITION FOR BOUNDED FUNCTIONS INTO AFFINELY PARTIALLY
HOMOGENEOUS FUNCTIONS

We will need several well-known results due to Caratheodory. The first lemma
below can be found in [Sim11l Theorem 8.11].

Lemma 4.1. Let B C RY d < oo. Then any element & € Conv(B) can be
decomposed as a convexr span of at most d 4+ 1 elements from B.

For the following two results we refer to [Con90, Corollary IV.1.13] and [Con90,
Corollary IV.3.11] respectively.

Theorem 4.2. A convezx span of the closure of a bounded subset in R%, d < oo
coincides with the closure of the convexr span of this subset.

Theorem 4.3. The closed convex hull of a set A C R? equals the intersection of
all closed half-spaces containing it.

We begin with the following general (and probably well-known) result.

Proposition 4.4. Let {£;}icr CRY, d < o0, {ai}ier € Ry \ {0}, card(I) < N,
0 <&l <1 (here, || - | is Buclidian norm), >, a; <1, Y. ;& = 0. Then there
exist indices i1,...,im €I, 1 <m < d+1, and scalars 0 < B, < o, k=1,...,m
such that 37" | Br&, = 0.

Proof. Without loss of generality, we may assume that

dim(Span{¢;: i € I}) =d, and Zai =1.

Let B = {&}ier, C = Conv(B). By Theorem B2, C = Conv(B). Therefore,
0 € C = Conv(B).
For any set X C R its support function hx is defined by

hx(n) =sup{(n,§) : £ € X}.

Let S9! = {n € RY: |n|| = 1}, that is S?~! is a sphere in R? centered at zero
with radius 1.

Since for n € S?1 the closed half-space H,, := {£ : (1,€) < hx(n)} contains X,
and since every closed half-space H that contains X is contained in H,, for some
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n € S%1, it follows from A3 that

Conv(X)= [ {&: (1,€) < hx(n)}.

neSd—1

We show that C contains a ball with radius 7o > 0 centered at 0. Indeed,
the function hg is continuous on the unit sphere S4~!. Since S?~! is compact, it
follows that there exists a point 1y € S?~!, at which he reaches the minimum.
Assume that hz(no) < 0. Then, (10,£) < 0 for any £ € B. From the equality
> & = 0 it follows that Y, ai(n,&) = 0, and, thus, (10,£) = 0 for any £ € B.
This contradicts the fact that dim(Span(B)) = d. Therefore, 79 := hz(n0) > 0.
Since C' = Nyesa-1{€: (1,€) < hz(n)}, it follows that C contains a ball with a
radius ro centered at zero 0.

Since B is compact, then there exists n € N such that B,, := {}; is a ro/3-net
in B.

Let € S¢~1. There exists a vector £ € B such that

(n,€) = hp(n) = he(n) = ro.
Let now ¢’ € B, be such that || — &'|| < ro/3. We have

((n,€") = (. Ol < 1€ =&l <70/3, (0,€) = 0.
It follows that |(n,&")] = (n,&’) and therefore

(7,€") = (1,6) = (0, €') = 0, )] > 1o —710/3 > 10/2.

Thus, hp,(n) > r9/2. Therefore, Conv(B,,) contains the ball with radius r¢/2
centered at 0. In particular, the point 0 is a convex combination of the vectors

{&}i-
By Lemma 1] there exist &;,,...,&,, € Bp, m < d+ 1 such that 0 =

Y orey Brin, Br € Ry, > it B). = 1. Finally, setting
Br = By, v:i=min{a;, : k=1,...,m},

we complete the proof. O

In the following lemma we partition the domain of a function f, so that on each
partition subset P, the function f|p is affinely homogeneous.

Lemma 4.5. Let f € Loo(D;RY). Then there exists a finite or countable partition
{P;}icr of D of measurable subsets of non-zero measure, so that every f|p, is affinely
homogeneous.

Proof. Consider the collection A of all families {D; };c; of disjoint measurable sub-
sets of D, of positive measure, for which f|p, is affinely homogeneous. We order
this collection by inclusion. Then, by Zorn’s lemma we can find a maximal element
{P;}icr € A. We show that this is a partition. Let X = D\ |J,o; P;. Suppose that
A(X) > 0. Since the set {0,1,...,d} is finite, it follows that there exists a minimal
k such that there exists an affine linear subspace W C Aff(o(f|x)), dim(W) = k
and A\(f~1(W) N X) > 0. Setting Py, = f~1(W) N X, we obtain that f|p, is
affinely homogeneous. However, this contradicts with the maximality of {P;};c;.
We conclude that A(X) = 0, hence {P,};cs is a partition. O
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Theorem 4.6. Let f € Loo([0,1];R?), [ fd\ = 0. Then there exists a finite or
countable partition of the interval [0,1] into measurable subsets X1, Xo,... such
that

(1). an fdA=0, n=1,2,...;

(i1). For anyn =1,2,..., the function f|x, is affinely partially homogeneous.

Proof. Let {X;};cr be a maximal collection of disjoint subsets of [0, 1] of positive
measure, satisfying (i) and (ii). Such collection exists by application of Zorn’s
lemma. Let D = [0,1] \ U,c; Xi. We show that A(D) = 0. Namely, suppose that
A(D) > 0. Then let {D;};cr be a decomposition established in Lemma Then

0="> A\D: / fdA.

iel

Now, by Proposition[Z.4we have that for some 1 < m < d+1 we can find 41, ...5,, €

and 0 < )\j < )\(Dzj) with
0= "X f fdx
=1 D'L

Set X = )\(;ﬁjj) so that 0 = 377", N fD fdX. Now, we can define non-atomic

measures {y;}¢_; as p;(E) = [, fid) for every Lebesgue measurable set E C [0, 1]
and apply Theorem[2.3] so that we obtain measurable subsets DZ’-]_ C D;, of non-zero

measure with fD, fdx =X, fD fd\. Now set X = Jj_, D;. so that [, fd\ =0.

Furthermore, by the properties of D;; and the fact that m < d + 1 we have that
f|x is affinely partially homogeneous However, then the collection {X;};er U{X}
would contradict the maximality of {X;};c;. We thus conclude that A(D) = 0, and
hence {X,}ier partitions [0, 1]. O

5. SHRINKING LEMMAS

5.1. Obtaining positive constants. We will need the following lemma for prov-
ing Lemma We shall prove this lemma for general mean zero integrable func-
tions.

In the following lemma, || - || will be used for the Euclidian norm on R¥ and (-, -)
for the inner product. Likewise || - ||; on Li(D;RF) is defined using the Euclidian
norm ||-||. For v € R% and f € L;(D;R?) we moreover denote (v, f) for the function
t — (v, f(t)), i.e. the composition of f with the inner product. We will furthermore
simply write | f| to denote the function ¢t — || f(t)]|-

Lemma 5.1. Let D C [0,1] be of positive measure and let f € Li(D;R?) be
satisfying fD fd\ = 0. We can find o, Bmin, Pmax, T > 0 s.t.  for all non-zero

v € Span(o(f)) we have /\({ Toll" |f\ > a} N {Bmin < |f| < Bmax}) > 7

Proof. We will prove the lemma by induction to the dimension d. The statement
holds trivially for d = 0 since then there are no non-zero vectors. Let us fix d > 1
and assume that we have already proven it for 0 < j < d—1. Let f € Ly([0, 1]; R%)
be mean zero. Suppose first that Span(a(f)) # R?. By choosing an orthonormal
basis for Span(c(f)), we can consider f as a mean zero function in L;(D;R*) where

k = dim Span(o(f)).
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By the induction hypothesis, we then obtain values «, Sumin, Bmax, 7 > 0 so that for
every v € Span(o(f)) the stated property holds. The statement then also holds
with the same constants when we consider f again as function in L;([0,1];R?) and
this proves the statement for this case.

We can thus assume that Span(o(f)) = R%. Now, with this assumption we have
that for any non-zero v € R? it holds that (v, f) # 0.

We will now work toward defining the scalars «, Bmin, Bmax, T

We set

Dy := D\ {f =0}.
Then we have A(Dp) > 0 and fDo fdX\ = 0 and for non-zero v € R? we have

(vvf|Do) 7£ 0.

Let S~ denote the d—1-dimensional unit sphere. For v € S¥~! define a bounded
function h, : Do — R as h, = % By Cauchy-Schwartz we have for v, w € S4~!

that |ht —ht| = |71.‘|(v,f)+ —(w, )T < |71.‘|(v—w,f)| < |lv —w]||. Hence the map
v ||hf]| L (py) is continuous. Define

1
- mi +
a=g min |[hllL. (D)

which is possible due to compactness of S®~!. We claim that the inequality
1A N £ (Do) > 0

holds for every v € S¢~!. Indeed, suppose for a moment that this is not so. Then
(v, flpo) < 0 almost everywhere. Now, since fDo fdX = 0 we have that

/ (v, A = (v, | farn) =0
Do Do

and this implies that (v, f|p,) = 0 a.e., which is a contradiction with the inequal-
ity (v, flp,) # 0 above. Thus, we must have ||h} . _(p,) > 0. This immediately
implies that a > 0.

Now for v € S define
1
To = AM{ho > a}), T=— inf 7,

We note for v € S¢~1 that 7, > 0 as ||hj|\Loo(D0) > a. We show that also 7 > 0.

Suppose that (v,) is a sequence in S?~! such that 7, — 0. By compactness of
S%1 we can assume that v, converges to some v € S?~!. Choose ¢ > 0. Since

1
{hy > a + =} increases to {h, > a} as j — o
J

and since Dy has finite measure, we can choose § > 0 small s.t
A{hy > a}\{h, >a+0}) <e

Now, since h,, — h, in Loo(Dg) by Cauchy-Schwarz, we can find N s.t. for n > N
we have

Ao = ho, lle <6
Now for n > N we have
To = T, < M({ho > a} \ ({ho, > a}))



18 A. BER, M.J. BORST, S.J. BORST, AND F. SUKOCHEV

<A{hy > a}\{hy >a+0}) + A{hy > a+ 0} \ {hy, > a})
<e4+0=¢

As 7, — 0, it follows that 7, < e. Since ¢ was arbitrary this means that 7, = 0
which is a contradiction. Hence, we infer that such a sequence (v,,) does not exist.
Therefore, we have 7 > 0.
We now choose Sy > 0 small and Spax > 0 large such that
1
ADo \ {Bmin < If] < Brach) < 37
Note that this is possible as A(Do N {f = 0}) = 0 and as Dy has finite measure.

Now for non-zero v € R? = Span(o(f)) we find

AT > )0 (B <111 < Bnc}) =
= M{hyzy > 0} 0 B < 1] < B
> ATz, > 1) = MO0\ {Bin < 1] < B })
> T = %7’
ool
>T
which proves the statement. 0

5.2. Changing the mean zero condition for subsets. We will now deal with a
domain D C [0, 1] with positive measure, and a mean zero function f € L1(D;V).
The following lemma allows us to obtain a slightly smaller, compact subset £ C D
for which f|g is continuous and mean zero. The lemma can also be used to obtain,
for vectors  in a certain neighborhood of 0, a subset E C D so that [, (f+u)d\ = 0.
This last result will be needed for proving Lemma [5.4]

Lemma 5.2. Let V be a finite-dimensional normed real space. Let D C [0,1] be
of positive measure and let f € L1(D;V) be mean zero. Then, for e > 0 there is
a scalar § > 0 such that for every measurable subset D' C D with A(D\ D') < ¢
and every vector u € Span(o(f)) with ||ul| < 0 we can find a compact subset E C
D' N (inf D,sup D) with \(D \ E) < €, such that [,(f +u)d\ = 0, and moreover

such that f|g is continuous.

Proof. As norms on finite-dimensional vector spaces are equivalent, we can w.l.o.g.
assume that V is the vector space R? with Euclidian norm.

Let D, f and ¢ be as stated. We apply Lemma B to D and f and select
positive constants «, Bmin, Bmax and 7 from that lemma. In particular, we have

Bmin € (0, Bmax) and « € (0,1), hence we can set v := 4/1 — % € (0,1) and

— (o3
P = =y > 0.
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We introduce a continuous, non-decreasing function Ig,p : [0, A(D)] — [0, || f|l1]
as

Lop) = s [ |

UCDA(U)=s

Further, we set

. l . T TBmax T 0Bmin
(5.1) 6= 2mln{4(1+p), SERET 2(1+ )7ﬁmax= ) }>0
(5.2) § = %mm{& I5p(0)} >0

Now, choose a measurable subset D' C D with A(D \ D’) < ¢ and choose
u € Span(o(f)) with |Jul] <. For i =1,...d, let f; denote the coordinate functions
of f w.r.t. the standard basis. By Theorem 2] there exist compact subsets
K; C D' N (inf D,sup D) with A\(D’ \ K;) < J and such that f;
1=1,...d. Now set K := ﬂle K; so that f|x is continuous and moreover bounded
as K is compact. We obtain that

)\(D\K):)\(D\D’H—)\(D’\K)§5+d~g:25.

We now set Ey := K and
Vo ::/ (f +w)dA
Ey

Since f is mean zero on D we have that

ol < I / wd| + | / faA|

< AMEo)[ull + Lsup (A (D\Eo>>
<+ Lp(20)
<26

We will now inductively define compact sets (E;);>1 and mutually disjoint sets
(Aj)j>1 in D and define the vectors v; := ij (f 4+ w)dX such that for j > 1 the

following holds:

(1) Ej = Ej-1\ 4

(2) 45 C Ejo1 N {Buin < |f] < Bmax N {7200 > o}

(3) A4y) = S5t

(4) [lvsll <7l

(5) A(Eo \ Ej) < pllvoll
Assume Ej; and v; are defined for [ < j and A; are defined for 0 < [ < j so that they
satisfy the above. We construct E;, A; and v; and show that the stated properties
hold. Suppose first that v;_1 = 0. We then define A; := () and E; := E;_1 so
that v; = vj_1 = 0 and AM(Ep \ Ej) = A(Eo \ Ej—1) < pllvgl|. Then all conditions
are satisfied and we are done. We can thus assume that v;_; # 0. Then, since
vj—1 € Span(co(f)) is non-zero, we have that

(vj-1,[)

)\(Ejfl N {ﬂmin < |f| < ﬂmaX} N {m
j—

> al)
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> A({Bumin < [f] < Bmax} N {”f;’]‘lihf&' >a}) = AD\ Ej_1)
Z T — )\(D \ Eo) — >\(E0 \ Ejfl)

> 7 =20 = pllol|

>7—(242p)8 > =7

N =

Now for r € [0, 1], we set

(vj-1, f)

Ty~

Since f|k is continuous, it follows that E;_1 N {Bmin < |f| < Pmax} IS open in
E;_,. Furthermore, on this set we have that f stays away from zero, in particular
% is continuous when considered as a function on this set. Thus

i
(’Uj—la f) }

SRS kLA
lvj—1ll - |f]

is open in E;_1 N {Bmin < |f| < Bmax}, and therefore it is also open in E;_;. So,
the sets B, are open in E;_; for every r € [0,1].

By induction step (4), the fact that a,+y € (0,1), the bound on ||vg| and the
definition of §’ we have that

Br = (O,T) N Ej—l N {Bmin < |f| < Bmax} ﬁ{

Ej—l N {ﬁmin < |f| < ﬁmax} N {

i J—1 26’ 1
allvi—1| < [|vo| < flvoll < L
2ﬁmax 2Bmax 2ﬁmax 2ﬁmax 2

Now, since A(By) = 0 and A(B1) > 37, we can find rq € [0, 1) such that

allvj|]
2Bmax
Now, we set A; := B,, and E; := E;_1 \ A, so that E; is compact and so that (1),
(2) and (3) are satisfied.
Now set v; := ij(f—i—u)d)\ =vj_1 —fAj(f—i—u)d)\. Now write w := fAj(f—i—u)d)\.
We have that

5:3)  ull < [ (514 000 £ AA) B + ) < 260 h(45) = oy

Aj

/\(BTO) =

Also, by definition of A; (step (2) in the induction) we have

(4) [ x> el [ i

(55 [ 15143 > ()

We now have the following.

vl = llvj—1 — wl? = loj—1 I + w]l* = 2(vj—1,w)

— Jloja | + ] — 2 / (051, f)dA — 2 / (051, u)dA

GD
< ||Uj—1||2+||w||2—20<||vj—1||/A [FldA + 26]|vj—1[IA(A;)
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= [lvj-1lI* + [lw]]* = 2aljv; 1 | /A (Lf[ + 0)dA + 4d][vj-1[[A(A;)
3

< Jlojall* + (Jlwll _204”1)7'71”)/ (IF1+ 0)dA + 4d][v; -1 [[A(A;)

J

HUJ'*IHQ_O‘”Ujfl”/A (IF1+ 6)dA + 46][v; 1 [[A(A;)
< ij—lHQ—allvj—lll/A | FldX + 46][vj-1]|A(A;)

Fosonl” = oyl - B Ay ) + 48]J051 [ ACAS)
ANA;
— oy 1 [P0~ (0Bt — 46) - )
Toral
0.6 WBin M(A;) Buin @
< . 21_ min 7 _ . 21_ min
T ey L et e

= 7?|lvj—1]|?

Hence, we obtain that [|v;| < v|lvj_1] < ~7||vo||, which shows (4).
Lastly, we have

J
AEo \ E;) Z 2ﬁmax Z [on_1]l < 2ﬂmax Zv" Yol

n=1

< ollwll 5 alfvoll

S = 5 = olwl

o 2ﬁmax n—0 2ﬁmax(1

and the inductive construction is completed. Setting E = (7o —o Ej, we obtain
a compact subset of D’ N (inf D,sup D) such that [,(f 4+ u)d\ = lim v; = 0.
J—0

Furthermore, A(D\E) = A(D\ Ep)+sup;~; A(Eo\E;) < 25+pl|lvoll < (2+2p)d" < e.
Moreover, E C K which implies that f|g is continuous. The proof is completed. O

5.3. Arbitrary shrinking and rational splitting. In the following lemma, for
a set K and a mean zero function f € Lo (K;V) we find a compact subset E C K
of specified measure such that [}, fd\ = 0.

Lemma 5.3 (Arbitrary shrinking). Let K C [0, 1] be compact and of positive mea-
sure, and let f € Loo(K;V) be mean zero. Then, for r € (0,A(K)) there is a
compact set E C K N (inf K,sup K) with \(K \ E) = r and such that [}, fd\ = 0.

Proof. Consider the collection A of compact subsets F of K N (inf K, sup K) with
Ji fd\ = 0 and A\(K \ E) < r. Note that this collection is non-empty by Lemma
We will consider this collection under the equivalence relation of sets having a
symmetric difference of zero measure and will furthermore order the sets by reverse
inclusion. Now, for a chain {E;};,c; in A (note that I will either be finite or
countable), the set £ := [,.; E; is a compact subset of K N (inf K,sup K) with
ME\ E') = sup;c; A(K \ E;) < r, and [, fd\ = 0. Thus E' € A is an upper
bound for the chain. Therefore, by Zorn’s lemma, there exists a maximal element
Ein A. Suppose that A\(K'\ E)) < r then, setting e = r—A(K'\ E) > 0 and applying
Lemma [5.2] we obtain a compact subset E C E with A(E \ E) < € and such that
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Jz fd\ = 0. We thus have A\(K \ E) < M(K\ E) +¢ = r. However, this contradicts
the maximality of E. We thus conclude that A\(K \ E) = 7. O

We now prove the following lemma that finds a subset like Lemma [5.3] such that
certain ratios are moreover dyadic rationals.

Lemma 5.4 (Rational splitting). Let V' be a finite-dimensional vector real space.
Let N €N andlet K = K1U...UKy C[0,1] be of positive measure, where the sets
K; C[0,1] are such that \(K;NK;) = 0 wheneveri # j. Let f € Loo(K; V) be mean
zero and such that for i > 2 there exists some subset B; C K; of positive measure
so that we have )‘(fEf} (W)) = 0 for every proper affine subspace W C Aff(a(f)).
Then, for any R € (0, \(K)), there exists a set E = E1 U---U En, where each set
E; C K; N (inf K;,sup K;) is compact and such that \(E) = R, fE fdx =0 and

such that );\((%')) € Qs for all1 <i < N. Here, Qq is the set of all dyadic rationals.

Proof. We will prove this with induction on N. For N = 1 we have K = K;
and we can simply apply Lemma 5.3 We trivially have AA((%)) =1 € Q2 and this
proves the assertion for N = 1. Thus, let N > 2 and assume that the assertion
holds for N — 1. We show that it also holds for N. Let K = K; U ...U Ky
as stated. Let f € Loo(K;V) be mean zero and such that for ¢ > 2 the set
B; C K; exists as stated. Furthermore, let 7 > 0 be such that » < A(K) — R and
r < min{\(K;) : 1 <i < N}\ {0}. We will assume that A\(K;) > 0 for every
1 =1,.., N since otherwise we can set E; = () and apply the induction hypothesis to
K\ K; which then yields the result. For convenience, we set K := K; U...UKn_1.
We denote v = § . fd\ and set

MK
h1:f|f<_]/~fd)\:f|f(+ (~N>Uv hz:f|KN—f faX= flgy —v
K AK) Kn
so that hy € LOO(I?; V) and he € Lo (Kpn; V) are mean zero. Now, let us observe
that for every A C V, x € V, we have Aff(A + z) = Aff(A) + z. Therefore,

Aff(o(h2)) = Aff(o(flry — fdXN) = Afi(o(flxy)) — fdX.
Ky Kn

Thus, W := Aff(o(he)) + fKN fax = Aff(o(flky)) C Aff(a(f)), in particular, W
is an affine subspace of Aff(o(f)).

Since we have f|gy = ha|py —|—fKN fd\, it follows that /\(f|§zlv (W)) = A(Bn) >
0. Therefore, by the assumption on By we must have the equality W = Aff(a(f))
(as W cannot be its proper subspace).

Now since f,hy are mean zero, we also have Span(o(f)) = Aff(o(f)) and
Span(o(hz)) = Aff(c(hz2)). Hence Span(o(hz)) = Span(c(f)).

Now, by Lemma we can find § > 0 such that for u € Span(o(hg)) with
lul| < & we can find compact Ex C Ky with A(Ky \ Ey) < IA(KN)r and
Jig, (B2 + w)dA = 0.

Now choose 0 < ¢’ < min{1, %, m} such that ()\A((Ié\?)(l —8)+1)7! € Qq. Set

u=24v
so that u € Span(o(f)) = Span(o(h2)) and |ju|| < §. Then, due to selection

of §, there exists a compact set Eny C Ky with AM(Ky \ E]—\;) < %/\(KN)’I“ and
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S5 (h2 +u)d\ = 0. Now, set

7= ME) - A((va)) (Bx)(1— &)
= M)~ 2D (s < A\ B) (1)
= IAR) + 3 SN EN \Ex)(1 - )

So 0 <7 <0 + 5y MKy \ Ey) < 7+ 4 = 5, thus, in particular, 7 < A(K;)
fori =1,..,N —1. We now apply the 1nduct10n hypothesis, to obtain a set E =
EiU..U EN 1 € K where E; C K; is compact, so that A(K \ E) = 7, so that
fEhld)\—Oand so that (El) €Qyfori=1,..,N—1.

Now

_ AMEN)
/E = /E =S+ /EA;(hg—i-v)d)\

_ MEN) By Bt

=3B ME)v + MEn) +[Eh1dA+/ﬁh2d/\
_ AMKw) o AB

=3B AE)v + AEn)v — A(Ex)

[ MEN) = T B ) o

_ )‘(KN) . Y V=
—( A ) =)+ AE) 6)) 0

Now, for the ratio we have

MEN)  _ MEN)
MEUEyN) MK)—7+AEN)
_ AMEN)
FELMEN)(1 = 8") + A(Bn)
1
= = € Q2
AMK)
/\(KN)(I -0 +1
Now, also for i = 1,..., N — 1 we have A(’J\E(f};) 2 = );((%)) . A(g(uEE) € Q.. Last, we
N

have /\(K\(EUEN)) = /\(K\E)+)\(KN\EN) <FH+Lr<r

We set B/ = EUEy = Ul 1E so that A(E') > R Indeed, the scalar r
was chosen to satisfy 0 < r < A(K) — R, and we obtained that A\(K) — A(E') =
MK\ E') <r < AK) — R. All we need to do now is to shrink the sets E; for
i =1,...,N by a fixed ratio so that the measure of their union is exactly R. The
rationality condition will then be preserved. We will do this construction now.
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Lemma guarantees that in each set E; there exists a compact subset FE;
)\(E )R
AE")
that inf E;,sup E; ¢ E;. Then putting F = Ui:1 E; we have that f|g is mean zero,
A(E) = R and /\((E)) = :\\Egig € Qs for i = 1,...,N. This proves the statement for
N, and finishes the induction. O

satisfying A\(E;) = and such that f; fd\ = {5 fd\ and moreover such

6. SOLUTIONS FOR THE HOMOLOGICAL EQUATION OVER THE CANTOR SET
Let ¢ € N, r € R and let the set
Clg,r) ={1,...,q} x {1,2}",

be equipped with Tikhonov topology and with such product measure

= X
. , T . L
satisying i (7)) = £, i = Lo (7)) = 50 7= 1.2
The set C(g,r) is thus a Cantor type set with x(C(g,7)) = r. Let V be a finite-
dimensional vector space. Denote by C(C(g,7); V') the Banach space of continuous

V-valued functions on C(q,r).
Denote by po the mapping from C(g,r) onto {1, ..., q}, given by po(4;1,42,...) =
i and set C(q,7,4) = py (i), i = 1,...,q. For brevity, let Cy = %(S +1).
Finally, recall that for a subset X C V| its diameter is defined by Diam(X) =
sup, yex |2 = yll-
Theorem 6.1. Let V be a finite-dimensional normed vector real space. Let 0 #
feC(C(g,r); V) be mean zero, set

_ max;{Diam(f(C(q,7,1)))}
(Al ’

Then there exists g € C(C(q,7); V) with ||g]] < (Sv +a(l+Cv))||f]| and a measure
preserving continuous invertible transformation T of C(q,r) such that f = goT —g.

Furthermore, the system of sets T = {C(q,r,i), i =1,...,q}, can be labelled in
such a way that

D={X1,....X,}, T(X;) = Xiy1, i < q, T(X,) = X1.
and such that ||g]x, || < (14 Cy)allf]l-

Proof. For every n € N, we denote by p,, the mapping from C(g, r) onto {1,...,q} x
{1,2}", given by setting

pn(i;ilui27"'7in7in+17"') = (272171277211)
We now let for n >0
vp s {1, . g x {1,2}" = {1,...,2"q}

be the function that arranges the elements in {1,...,q} x {1,2}" in lexicographical
order. Further, for i € {1, ..,2"¢}, denote

I = (p, (0, ().
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The sets I, i € {1,..,2"q}, n € N are clopen and form the base of topology in

C(gq,r). Clearly, we have
{I?: i=1,...,q} ={C(¢q,r,i): i=1,...,q}.

Let fr =37 %\ fn fdp. Then f, € C(C(q,7); V), [1fa = fl = 0 as n — oo,
it follows that there exists a sequence (ny)r>1 of natural numbers such that for
n > ny we have

Ifn = fII < 27%72C5  al| £]I.

Setting,
ho = fo,
hi = fo, = fo, bl < allf]],
B = foy — fan_1s SO that |[hg|| <27%Cytallf, &k >1
we have

F=Y " h
k=0

Now, for hg let us denote by a; the value of hy taken on I? for 1 < i < gq.
As [ fdu = 0 we have Y !, a; = 0 so that there is a permutation 7 of {1,..,q}
so that || 371" ax(yll < Sallho| for 0 < m < ¢. Now, denote by Tj the measure
preserving continuous cyclic transformation of C(gq,r) sending Ig(i) to Ig(i 4y for
1 < i< g—1 and sending Ig(q) to 13(1)' We now denote by go : C(q,7) = V

the continuous function, taking on Ig(z) the value Zi;i ar@y for I = 2,...,q and
taking value 0 on the set I? ;. Then ||go[ < Salfoll < Sallf|| and for I = 2,...,q

and t € I, we have go(To(t)) — go(t) = Yiey (i) = Soimh Gn(i) = Gy = folt)-
When | = 1and t € I(1), we have go(To(t))—go(t) = 2521 Ur(i)—0 = ar1) = ho(t).

Using the same argument as in [Kwag84], for each k > 0, we denote J = {I;'* :
1 <4 < 2™g}, and define a sequence {T3}7°, of measure preserving continuous
transformations T}, of C(g,r) and functions {gx}3>, with g, € C(C(g,r); V') satis-
fying the following;:
(i) Ty is a cyclic rearrangement of the sets of J.
(i1) Tg+1 extends Ty in the sense that if I € Jg, I’ € Jgy1 and I’ C I then
Ti1(I") C Ti(I).
(i) flgxll < Cv [l
(iv) g is constant on all the sets I € Jj.
(V) hik = gk o Tk — gk on C(g,7).
Now, we suppose that the transformations Ty, ..., T} and functions go, ..., g with
given properties have been already defined. For convenience we set n = |Ji| and

m= ‘ﬁ:‘l‘ . Let I1, I, ..., I, be the sets from J, enumerated so that Ty (I;) = I;+1

when i < n and Ty(I,) = I1, which can be done since T}, is a cyclic rearrangement
of the sets of J;. Furthermore, for ¢ = 1,2,...,n let us denote by I; ; for j =
1,2,...,m all sets from J41 which are contained in ;. Denote by a; ; the value of
the function hx41 on I; ;. Since

/ Bjgrd) = Z/ Frnss = fand\ =0, VI; € Jp,
. i=1 Ii,]’

k3



26 A. BER, M.J. BORST, S.J. BORST, AND F. SUKOCHEV

it follows that > 7" a;; = 0 for all i = 1,...,n. In addition, [la; ;|| < |[hg41]| for
alli=1,...,n, j=1,...,m. Therefore, by Theorem [3.5it follows that there exist
such rearrangements 1, ..., 7, of the numbers {1,...,m} that

!
1D il < Mhesa ]
i=1
forl=1,...,nand j=1,...,m, where M = losg%'

homeomorphism Tj11 : C(q,7) — C(q, 1), by setting

Define a measure preserving

Ter1(Limi) = Livimin gy, 1=1,..0m—=1, j=1,...,m.

We set
Z Qi 70, (5) .] 17'-'am'
Since >37L b = Y0, >0t aiy = 0 and [|by]] < M||hy1]], there exists the re-
arrangement 7r0 of the numbers 1,...,m such that
l
1Y " brpll < MSy||hggall, Vi=1,....,m
j=1
Set
TkJrl(In,Trn(fro(j))) = Ilyﬂ-l(ﬂ'()(j"’_l))’ Vj = 1, e, M — 1
and set

Trv1 (L, (o (m))) = L1701 (o (1)
Next, we have

l p—1 z
1Y et (T O = 1D broiy + D @imimoon | < Ov [l
r=0 j=1 i=1

where [ +1 = (p — 1)n + z for some p € {1,..,m} and z € {1,...,n}, for every
t €11 5 (1)) and every [ =0,...,nm — 1.

Now, let us define the function gr41 by setting its value on TliJrl(IlﬂTl(?To(l)))
equal to er;% hir1 (T 1 (1)), where t € Iy, (ro(1)) for L = 1,...,nm — 1 and setting
Gr+1(I1 7, (mo(1))) = 0. Then we have

gr+1ll < Ovl[Agetal]-
Let t € ) x,(no(1))- If 0 <1 <nm — 1, then we have

gr1 (Thr1 (Tir (8))) = grra (T (1) th+1 T (1) thﬂ T (1))

= hk+l(Tk+1( )
and further
Gkt 1 (Thy1(t) — grv1(t) = hrya(t) — 0 = hpya(2)
finally yielding

nm—2

Gt (T (TRTTH () = gra (T3 (8) =0 — Z Pie1 (Th4 (1))
r=0

= b (T (1))
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Thus, for every t € C(q,r) we have

Gkt 1 (Thy1 (1) — grv1(t) = hya ().

This completes the construction of the functions {gr};2, and transformations
{T%}72, with required properties.

It follows from the construction that Ty satisfies the condition (i¢). Hence
the sequences T}, and gy satisfy the conditions (i) — (v). Observe that the inverse
mappings T, ' also satisfy the condition (i7).

It follows from condition (iii) that the series Y~ gi converges in C(C(g,r); V)
to some function ¢ satisfying

oo
lgll < llgoll + lgall + D llgkll < Sv £l + Cvall £l + all £
k=2

= (Sy + (1+Ca)a)| f].-

Next, it follows from (i7) that for all ¢ € C(g,r) the sequence Ty (t) converges.
We then set T'(t) = limy_,o0 T)(t) € C(g, 7). In addition, T~1(t) = limg—e0 Ty ' (£).

Suppose that n € N, I € J,. Then, we have T,,(I) = I' € J,. It follows
from (ii) that T,,(I) = I'’;m > n. Since I’ is closed, it follows that T'(I) = I'.
Hence, T permutes elements of .J,, for every n. Since J,, J,, is the base of topology
in C(q,r) and generates the o-algebra of measurable sets, it follows that T is a
measure preserving continuous transformation of C(q, )

Now, we have for £ > 0 that

gr(T(2)) = gr(2) = gr(T(2)) — gr(x) = hi(2).

Hence,
9(T(x)) = g(x) = Y (9r(T(2)) = g(@) = > _hi. = f.
k=0 k=0
The final assertion of the theorem follows from the fact that on Jy, T is equal to
Ty, and the fact that gg equals 0 on 12(1)- O

Proposition 6.2. Let ¢ € N, r € R, and {m,} be a sequence from N. On the
set & ={1,...,q} x [I0_,{1,...,2™} we define the product topology and product
measure

= 2mn7

v =1y X ﬁ vn, n({i}) = g vn(lin}) = ey 1€ i< g, 1< jp < 2™
n=1
Then there exists a measure preserving homeomorphism ¢ : C(q,r) — &, such that
o(C(g,r0)) ={i} x o {1,...,2m}, i=1,...,q.
Proof. Let ¢p be an identity mapping of {1,..., ¢} onto itself,
on : {1,2}" — {1,...,2™"}
be a bijection such that

Spn(ilv"'viQm") =1 +Z2k71(ik -1), n>1.
k=1
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The compact C(g,7) can be represented as
Clg.r) ={1,....q} x [J{1.2}™.
n=1

Define the bijection ¢ : C(g,r) — £ as the product ¢ = [[>7, ¢n. Since every ¢,
is measure preserving, it follows that ¢ is also measure preserving.

Let k € N, z € {1,...,q} x [[*_ {1.2}", P(z) = 2 x [, {1,2}"". We
have (P ()) = (TTh—o #n) (@) x [TnZ i {1, 270 ).

Recalling that the sets P(z) form the base of topology in C(g¢,7), and the sets
©(P(z)) form the base of topology in £, we that conclude ¢ is homeomorphism. O

7. SOLUTIONS TO THE HOMOLOGICAL EQUATION — THE AFFINELY
HOMOGENEOUS SETTING

In this section we show that for a mean zero affinely homogeneous function
f € Loo(D; V) we can solve the equation f = go T — g. The transformation T' we
construct here is not ergodic. We will resolve the issue of ergodicity in the next
section.

Note that if a function f is affinely homogeneous, then for any v € V' and any
measurable subset D’ C D also f|p/ + v is affinely homogeneous. Moreover, note
that the conditions of Lemma [5.4lon the function f € Lo (D; V) are satisfied when
f is mean zero and affinely homogeneous.

Let D C [0,1] be a measurable set, f € Loo(D;V) be a mean zero function,
g €N, Re (0,AD)), F:C(qg,R) — D. The system (g, F,R) is said to be a
Cantor tower for f, if F is a measure preserving continuous injection, the function
flFc(q Ry is continuous and ff(c(qu)) fdx = 0.

Proposition 7.1. Let V be a finite-dimensional real normed space. Let D C [0, 1]
be a measurable set, f € Loo(D;V) be a mean zero affinely homogeneous function,
R € (0,A(D)).

(i). For every q € N there exists a Cantor tower (q, F,R) for f.

(i1). For every e > 0 there exists a Cantor tower (¢, F, R) for f such that

(7.1) Diam(f(F(C(q, R,%)))) <&, i=1,...,q.

Proof. The assertion of (ii) is different from that of (i) since the scalar ¢ is not given
in advance there, but needs to be determined so as to satisfy the assumption (Z.1J).

Having located the sought for value of ¢ in the case (ii) the construction of the
Cantor tower is done for both cases (i) and (ii) simultaneously.

By Lemmal5.2, we know that there exists a compact set K’ C D, with A\(K') > R
such that f is continuous and mean zero on K'.

For every € > 0 there are points xg = inf K’ < 1 < --- < x, = sup K’, such
that Diam(f([zi—1, 2] N K')) <e, i=1,...,n. Let {K{,..., K]} be a subfamily
of {[x;—1,2z;]NK': i=1,...,n}, consisting of all sets of non-zero measure.

By Lemma 5.4 there exist such compact sets K C Ki,..., K], C K/,  that

MK
Jie fdX =0, M(K) > R, where K = K{/U---UK]), and )\((Ié; €eQ,i=1,...,m.
Hence the compact set K admits a splitting {K7,..., K,} inscribed into the
splitting {K7,..., K]}, so that A(K1) = --- = A(¥,), where ¢ is the common

A(KY)
AE)

denominator of the ratios =1,....m; sup K; <infK; 1, i=1,...,m.
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Thus, for the case (ii), we have located the scalar ¢ and have constructed the
compacts K, ..., K, so that Diam(f(K;)) <e, i =1,...,q.

In the case (i), we set K = K’ and for a ¢ given in advance, we locate the points
o =inf K <21 <--- <zy =supK, so that

)\([Ii,17$i] ﬁK) = %I{), = 1, .54,
We set
K, = [xi_l,xi] NK,i1=1,...,q

Now, all we need is to build a Cantor tower (¢, F, R), so that F(C(q, R,7)) C
Ki, i = 1,...,(].

Let us fix a decreasing sequence

RQZ)\(K)>R1>R2>"'>Rn>..., lim R,, = R.

We shall build a sequence (m,,) of positive integers and the sets K,, a € &,,
where

En={L....q¢} x[J{1,....2™}, n>0.
=1

Below, throughout this proof, the notation |&,| stands for Card{&,}.
For m < n, we define projection py m : &, — &, by setting

pn,m(io;ila---;im;---;in): (’Lo,ll,,lm)
We set
= J K., C= ﬂ Co.
acé,

Clearly, we have Cy = K
The sets K, should satisfy the following conditions:
(1) For a € &, the set K, is a compact subset of [0, 1]. For a1,as € &, a1 # a2
we have either supK,, <infK,, or else supK,, <infK,,.
(2) If a € £,—1 and b € &, are such that p, ,—1(b) = a, then K, C K, and

1
Diam(K}) < 5 Diam(Ka).

3) MK,) =M, = |g|f0ra11a€5

(3)

(4) Jo fdx=0foralln>0.

(5) The sets K, ﬂCn_H and K,NCp 41 are disjoint for a, b € £, whenever a # b.
)

(6) MK, NCp) = for any k <n, a € &.

|5 |

The construction of the sequence (m,,) and of compact sets K, will be done via
induction on n.

If n = 0, the set & = {1,...,¢} and the compacts Ki,..., K, are already
determined.

Let n > 0 and assume that the set {m,...,m,} (when n = 0 this set is empty)
and the compacts K, a € &, k < n have been determined. We define m,,; and
K, forall a € &,41.

Fix a € &, and set

inf K, 4+ sup K,

Kl = K,n |inf K,, 5
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and " X

Observe that Diam(K %) < $Diam(K,) and Diam(K[') < 1Diam(K,). We set

1
ha—f|Ka—m/Kafd)\

Then h, € Loo(Kg; V) is such that fKa hedA = 0. We will now show that we
can apply Lemma [5.4] to the set K, = KX U KE the mean zero function h, and
the scalar 1‘%;:‘1. First of all 0 < % < % = AMK,) and NKENKE) =0
Furthermore, h, is mean zero and as f is affinely homogeneous this is also true for
hq. This shows that we can indeed apply Lemma [5.4] to obtain a subset

I?a = f((fuf(f C K, N (inf K,,sup K,)

(we emphasize the importance of the preceding inclusion for the validity of condition
(5) above!) with K ¢ KX and KF c K both compact and of positive measure,

~ R 7L
so that A\(K,) = |;+|1 and ff( hq = 0 and so that % = & for some integer
" a
pa > 0 and positive integer q.
Now, set

Mp+1 =1+ Z Qa, ko =2""T1"9p,.

acé,
We now select points
inf K, 4+ sup K, my,
x2<xl11<...<x2a:afpa<...<xz +1
in K, so that for 1 < ¢ < 2™Mn+1 the sets
K=K, N [zt 2]
all have equal measure
MK, R
R
QM1 |5n|2mn+1

and moreover B
K. CcKE Vi<k,
and
Kic KR Vk, <i<2mm,

Now if b=a x i € ;41 with 1 < i < 2mn+1 then we define Kj, = K_.

By the construction, conditions (1)-(3) hold for K., ¢ € &,+1, and for a,b € &,
condition (5) is also satisfied.

Now, we verify that condition (4) holds.

/Cnﬂfd)\_ Z/ fd\

acé,
_ MK,
= )\(Ka) /K fdXd\

— Z i |"+1 / fdNdA
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wW Z/ fdAdA—lg’lljwl / fdAdA =0

Now, we verify that condition (6) holds. To this end, we observe that the number of
|‘€n+1|
[Enl
Hence, for k < n, a € & the number of K, x € &,, contained inside of the set K,

is equal to

compacts K, x € £,41, contained inside of the set K,, a € &, is equal to

Enl Nonal JEkn] _ €l
Enal  |Enal &l &K
|€n]l Rn _ Rn
Therefore, we have A(K, N C,) = —_— = .
[l 16l 1€

This completes the construction of compacts K.
Now, we show that

A(C) =R, /C fdx = 0.

Indeed, we have Cp,41 C Cy,, n > 0, A(C) = lim, A(C,,) = lim, R,, = R and
I Jo faN < [o, FAM+XC\ O flloo = AMCr \ O)[| flloo = (B = R)[| flloc — 0

as n — o0.

Further, by Proposition 6.2 we may identify C(q, R) with £, = {1,...,q} X
[1:2,{1,...,2™} with the measure v introduced there.
For every n > 0, we define the mapping p,, : Eoo — &, by setting

pn(lfhzla '7in7in+17' ) = (2077/17 77/77,)

For every a € £y, we set F(a) =\~ Kp, (o). Combining the equality p, 41, ©
Pn+1 = Pr, and condition (2), we infer that |F(a)| = Card(F(a)) = 1. Therefore,
the mapping F : £, — C' is correctly defined.

Let a,b € £, a #b. Then, there exists n, such that p,(a) # p,(b). Due to (5),
we have F(a) # F(b), i.e. the mapping F is injective.

Let z € C. Tt follows from the construction of C' that for every n there exists a
unique a, € &,, such that x € K,,. Appealing to conditions (1) and (2), we infer
that pnn—1(an) = an—1, n > 1. Hence, there exists a € £, such that p,(a) = ay.
This guarantees F(a) = x, and so the mapping F is surjective.

Suppose that the sequence {a(,)} C £ converges to a € £. This means that
for every n there exists the index k,,, such that p,(agy,)) = pn(a) when m > k,,

1
that is. F(a(m)) € Kp,(a)- Due to (2),we have |F(a(y)) —F(a)| < o This implies
that the mapping F is continuous.
Recalling that the set £, is compact, we infer that the mapping F~! is also
continuous.
Appealing to (6), we see that
R

MNEaNC) = 1,

Vn >0, a€&,.

However, K, N C = F(p,'(a)), u(p,*(a)) = |§| that is

MF(pn'(a) = ulp, ' (a))-
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Taking into account that the sets p,;*(a), n >0, a € &,, generate the o-algebra of

measurable subsets in £,,, we conclude that the mapping F is measure preserving.
O

Proposition 7.2. Let V be a finite-dimensional real normed space. Let D C [0, 1]
be of positive measure and let f € Loo(D; V') be mean zero and affinely homogeneous.
Then for any e > 0 and R € (0, A\(D)) there exists measurable set C C D, \(C) =
R, g € Loo(C; V) with |lg] < (Sv + e)||fllec and a mod 0 measure preserving
invertible transformation T of C' such that f =goT — g.

Proof. It follows from Proposition [[I)(ii) that for f there exists a Cantor tower
(¢, F, R), such that
5

Diam(f(F(Cla, B < gy #= bt

The proof is completed by appealing to Theorem [G.11 O

Theorem 7.3. Let V be a finite-dimensional real normed space. Let D C [0,1] be
of positive measure and let f € Loo(D; V') be mean zero and affinely homogeneous.
Then for any € > 0 there is a g € Loo(D; V') with ||g]| < (Sv+€)||f|leo and there is a
mod 0 measure preserving invertible transformation T of D such that f = goT —g.

Proof. By Zorn’s lemma, there exists a maximal family {K;};c; of pairwise dis-
joint compact subsets of D with positive measure, such that there exists g; €
Loo(Ki; V), 1gilleo < (Sv + €)]|flleo and a mod 0 measure preserving transforma-
tion T; of K; such that f|x, = g; o T; — g;. Clearly, the set of indices I is, at most,
countable.

It suffices to show that A(D\ J,c; K;i) = 0. Indeed, in this case we define g and
T so that g|k, = gi, Tk, =T; for any ¢ € I.

Suppose that the set Dy := D \ |J,;c; K; has a non-zero measure.

By Proposition [.2] in Dy then there exists a compact subset Ky, such that
fli, = gooTo— go for some function go € Loo(Ko; V), [|gollec < (Sv +¢)]| f|loo, and
a mod 0 measure preserving transformation Ty of Kg. This is a contradiction with
the assumption concerning maximality of the family {K;}icr. Hence A(Dgy) = 0.

d

8. PROOF OF MAIN RESULTS FOR GENERAL MEAN ZERO FUNCTIONS
We begin this section with the two lemmas, which are based on classical results.

Lemma 8.1. Given z € R™ with 1, x1, ...., z,, rationally independent, and let € > 0.
Then for any given non-zero vector v € R™ there are integers ¢ > 1, p1,...,pn € Z
so that for the vector w € R™ with wy = £t — z; we have ||w[lc < £ and so that we

have (w,v) > 0.

Proof. Let us denote oy = sign(v;)5.
Since 1, x4, ..., 2, are rationally independent, we can by [HWO0S8, Theorem 442]
find integers ¢ > 1 and p1, ..., p, € Z such that

13
lgz; — pi + oy < 5

Now since |qz; — pi| < § + || = € we have for the vector w € R™ given by
w = B —x; that [|w]le < §. Moreover, since |oy| = § we have that sign(w;) =
sign(p; — z1q) = sign(a;) = sign(v;). Note furthermore that, since z; is irrational
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for all I, we have that |w;| = [E — ;] > 0. Now, since also v # 0 we have that
(w,v) > 0.
O

Lemma 8.2. Let {T,,} be a sequence of mod 0 measure preserving automorphisms
of the interval [0,1] and let T,, — T, T,;' — S in measure. Then T, S are also
mod 0 measure preserving automorphisms of the interval [0,1], and S =T~ a.e.

Proof. The fact that T S are measure preserving follows from [Bog07b, Prop.
9.9.10]. The fact that the equality S = 7! holds a.e. follows from [Bog07bl Coroll.
9.9.11]. -

The following lemma plays a crucial role in the proof of our main result.

Lemma 8.3. Let V be a finite-dimensional real normed space. Let f € L ([0,1]; V)
be mean zero and € > 0. There exists a sequence (¢;)i>1 in N with ¢; > 2, and a
partition {A; ; 11> 1,1<j < g} of [0,1] into the sets of positive measure, together
with a measure preserving invertible transformation T on [0,1] such that

T(Aij) = Aijr1, Viz1l, 1<j<g.
Moreover, this can be done so that if we denote A = J;=, A; ;1 and defineh : A —V

4 foTI7, then we have that h is mean zero and has ||h||e < €.
Also we ensure for i > 1 that

-1
|| Zf o T]_1||Loo(Ai,1;V) < SVHfHOO + e, I = 17 w4
j=1

Proof. By Theorem 6] we can find a subset D C [0, 1] of positive measure on
which f is mean zero, and an integer n > 1 and a partition {D;, ..., D, } of D s.t.
f|p, is affinely homogeneous for I =1,...,n

Let € > 0. We will set

g = %min{l, %,m_in()\(Di))} > 0.

Every function f;y = f|p, — f D, fdX is mean zero and affinely homogeneous on
Dl, l=1,...,n

By Proposition [ZI[ii), we know that for every I =1,...,n for the function f;
there exists a Cantor tower (q(;), F1), 2)\(Dl)), satisfying

1
K == Fuy(Clqqy, 5)\(Dl)))) C D,

Kim = Fuy(Clg a0, 5 )\(Dz) m)),

EI

,m=1,...,q
A+ Cv)([fle + 1) 2

(recall that Cy = % (Sv +1)).

Then A(Ki) = 3AM(D1), fy, fd\ = fp fdX for any I. Define K = -, K.

Then
/fd)\ Z/ fd\ = ZA /fd)\ /Dfd)\:O.

Diam(f(Km)) <
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Then {K 1, ..., Kl,q(l)} is a partition of K, such that A(Kj ,,,) = % for all I, m.

Let x € R™ be the vector given by x; = q:)(f(l;)q

subset J C {1,...,n} of indexes s.t. {1} U {z;:j € J} are rationally independent.

Then bz = aio + ;e 7 a,;x; for I =1,...,n for some integers a;; and non-zero

integers b;. We set M = 2|[[;_, bi| - max{|a;;| : j € JU{0},l = 1,...,n}. We

will denote q(p) = max; gy and p = min; A(K;) > 0 and xp = min;2; > 0 and
n Slloo

N =nM? max{q(—;), 2n4q(0), % e Lkl }.

> (0. We can find a maximal

If 7 is empty, we set ¢; = 1 for ¢ € N. Now suppose J is non-empty. We will
denote R7 for the vector space of functions J — R equipped with the Euclidean
norm and we denote S(J) for the set of all unit vectors in R7. For every v € S(J)
we can by Lemma [R1lfind integers ¢, > 1 and p, ; € Z for j € J s.t. for the vector
w, € RY given by (w,); = p;iv’j i we have || Wy |0 < q?,LN and so that (w,,v) > 0.
We can now find a sequence (&;);>1 in S(J) such that {we, : ¢ € N} is dense in
{wy : v € S(J)}. Now, by the density we have for v € S(J) that we can find i > 1
such that ||we, — wy||2 < (Wy,v), and hence

(we,,v) = (wy,v) + (W, — Wy, v) > (Wy, ) = [lwe, — w2 > 0.
For i > 1 we will now denote the integers q; := ¢¢, and p; ; := pe, ; for j € J and
furthermore denote the vector w; := wg, for which we have the bound

1 1
N N

[willoo = lwe;
Moreover, by what we just showed we have that for every non-zero v € RY we can
find ¢ > 1 such that (w;,v) > 0.

Regardless on whether J is empty or non-empty, we now fix 4+ > 1 and set
= Mg; > 2 and for I = 1,...,n we denote

qi ~ — qi Pij
Pil = b_ZN a1,0q; + Z aypij | = —l aro + Z ag,; ij )
19i jer b jes

which is an integer since b%v = b—]\f € N. We now define the vector w; € R™ as
T

il a; ’\7’
(wei= Bl =y = 37 2 (pi] - wj)

qi jed qi

If J is empty, this is the empty sum so that w; = 0. If J is non-empty we have
the bound
nM 1 nM?

. < M - |w; < —=—.
[willoo < Z [willoo < GN @ N
JjeET

For i > 1 we now choose ¢; > 0 with > ;7 ¢; = +A(K). For 1 <1 < n and
1 <m < q(;) we then have

Zczpll:i <% > i <Q<Z>)+L)

=1 q =1 4(0)
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<2 Z)\ Klm)

Q(z i=1

Now, for 7 > 1 let {11(21 :1<1<n,1<m <qq} be a partition of {1, ...,¢;} so
that I(i) has size |Iz(,21| = pi,. Let us fix the bijections
o) I s {1, puad, B L ) {123 — {1, pag) x {1,230
by setting
ﬁl(le(io;il,...) (al(zn(lo) 21,...).

We note that such a partition actually exists. Namely, ¢; = >, q(1)pi, because
of the fact that the difference

- MK - Dil
- quypii| < i ~— — qwypii] < ¢ quylzr — —=|
; @ ; NE) ) Z @ G

=1 v

n?>M?k
N

is an integer. Also, importantly p;; is an integer with p;; > ¢;x; — |gizi — piy| >

r; — gil|willoe > 21 — % > 0, which shows that p;; € N.

<

N =

< gingo)[willoo <

We shall now do the following for all 1 < [ < n and 1 < m < qu. By

Proposition [TI[i) we can find a Cantor tower (pi,, }3(72701&) for the function
flgim — le fdX\. We have

E® =F

l,m

/ fdr = / FdA.
Eflﬁz Ki,m

. (1) 0o il P21 .
Now, since MKy m \ El,m) >3 5¢ >t and arguing as above, we can

P1,1
C )

(Clpra e Z2)) € Ky, MED) =
Q1 Q1

l,m

find a measure preserving homeomorphism

L,m l,m?

f fd\= ]/ fdh= ]/ fdA.
Efzﬂl Kl,m\El(,l,,zl Kim

Repeating the same arguments further, for every ¢ > 1, we can find a measure
preserving homeomorphism

F2 .C(pgl,Cqu P2ly B C Ky \ ELY)
2

such that

P o) — B, € Kin \ (B0, U+ UELD),

K2

such that { o) fd\ = le fd.
o m

Now that we have defined the sets El(?n fori > 1,1 <l <nandl<m<

quy that are all pairwise disjoint, we define the sets B = (J;_, Un", Ez(ir)n for
i > 1. These sets for ¢ > 1 are then also pairwise disjoint and have measure
ME®) = S0 S0 ¢ Bl = &3 qupia = ci- Furthermore, for every 4,

m=1Ci
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gluing homeomorphisms ]-"l(lzl, we obtain a measure preserving homeomorphism
Fi:C(gi,c;) — B defined by setting F; 19 x (1,28 = ]—"1(21 oY

Lo

We then also have for the sets /le = Fi(C(gi,ci,j)) for j =1,...,q; that /le -
El(?n C Kjm where [,m are such that j € Il(,i)n' This means that for j = 1,...,¢;
we have Diam(f(;ll-,j)) < (1+Cv) || fllec + 1)7te’ as we have this bound for
Diam(f(Kj,m,)) for all 1 <1 < nand 1 <m < qq). Furthermore, since EO C K

we have that f|gw is continuous. Also, we have

n 41

fd) =
E® =1

(]
T~
S

Il
o

(P A ) q()
lz(fh apAK) ) MK Jk, fax

= \EW) Z(wi)lqu) Jdx

=1 K

Therefore we have that [}, fdA = 0 whenever w; = 0 and in general we have the
bound

H/ RLEDY II(wi)zqm/ fa| < ngqo)llwillso [l o
E® =1 K;

2M2 /
_L Mol _ <
i N qi

Now, define a function f* : E() — V by
£ = flgo —{ g
E®

which is mean zero and continuous. Moreover, we have for j € {1,...,¢;} that

EJ

1+ Cv)([[flloe +1)°

Therefore, it follows from Theorem [6.1] that when f(*) # 0 there exists a rearrange-
ment {A; ;}7_,; of the sets {A:; }7_1, ameasure preserving invertible transformation
T(Z) of E(Z) such that T(l) (Ai,j) = Ai,jJrl fOI‘j = 1, ey qi — 1 and T(l) (Ai,qi) = Ai,17
and we obtain a function ¢ € Loo(E®; V) with [|g®]oc < Sv||f? | + &' and
9] 4; 1 loo <" and so that f = g o T@ — (). When £ = 0 this can also be
done by simply taking ¢() = 0 and taking 7 in the given form.

Diam(f(A;;)) = Diam(f(4;;)) <

We will now define a transformation 7' : |J;5, E® Uit ED as T4, , =
TOla;, Wenow set A= Uz Aig and h: A= Veas bla,, = Y5, foT/7! We
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then have

i
Ilacalloe < 1329 0T e an +all f 1|
j=1 !

qi
<UD Do (DY vy +€

j=1
< lg? o (T)% = gD (asuv) +€
< g™ o (TN L asnivy + 19D N cainiy +€
<2)g"a; 4 lloo + €
< 3¢

i1

and hence ||h]|e < €. Furthermore, we have for | =1, ..., ¢; that

-1
1 FoT o < | Zf“ T e tal { sl
Jj=1 =

< ||9(1 oT" — g asyv) +¢

<Ng™ o T nainsvy + 19PN L s asvy + €

< Hg(i)”oo + ||g(i)|Ai,1 lloo + e

<Sv|[fD oo +€) +e +¢

< Sv [ flloo + 3¢’

<Sv|[fllee+€

We will now show that there exists a subset A’ C A of positive measure for which
h|as is mean zero. If 7 is empty, then w; = 0 for ¢ > 1, so that we already have

/hdA Z/ hd\ = Z Emfd/\:()

and can therefore take A" = A Now assume that J is non-empty. Let u € V' and
definev e R asv; =Y., bz Lq ( ,fK fdX). Now for i > 1 we have

(u, fAi’lhdA) s [ 14y

E®

0w, 3w le)]/ fdx)
=1

=0 > (i f fdn)

=1
i CLlﬁ' —
SO 31 DI oM PR Y
=1 \jes ! K
:%’Z Z qq)(u / fdr)
jer =1

= ql(w'Lv 'U)
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Now, if v = 0 then this expression is zero for all 7. That is u is orthogonal to
the subspace spanned by {fA_ JhdX i = 1}. If v # 0, then by what we have
established before, there exists i > 1 such that

(u, f hdA) = q:(@5,v) > 0.
Ai

This means that necessarily 0 € Conv({fAi  hdX :i > 1}). Indeed, suppose that
0¢ Conv({fAi  hdX :i > 1}). Then, by the Hahn-Banach theorem, there exists
u € RY such that ( f Ar hd\) < 0 for all ¢’s. However, this would contradict the

fact that for every non-zero v there exists w; such that (w;,v) > 0. We conclude
that 0 € Conv({fAi L hdX:i>1}), and therefore we can find (appealing to Theo-

rem [2.3)) a subset A’ C A of positive measure on which A is mean zero.

We now set A' =TI 1(A4;1NA") fori >1and 1 < j < ¢;. Furthermore we
set Ay == U;>, 1 Aj; and define 7" : Ay — A as T'|4;,  =T)|a;  for j < g; and

as T/|A’ = T|A,l+1. Last we set b/ = h|A/ Now all propertles of the partition
{A] i > 1,1<5 < qi} of Af, the function A’ on A’ and the transformation 7" of

Aj are satisfied, except for the fact that A} # [0, 1]. However, by Zorn’s lemma we
can iterate this argument to obtain a partition of the entire interval [0, 1] and this
completes the proof. ([

Now, we are fully prepared to start the proof of our main result. We explain
the main idea of the proof. Intuitively, in order to solve the equation for the func-
tion f, we build another bounded mean zero function M on a smaller domain.
We then solve the equation for the function AV, and from this we will obtain a
solution for the function f itself. However, the way that we solve the equation for
the function A is done by building yet another bounded mean zero function ?L(Q),
on an even smaller domain, and solving the equation for this function. It follows
inductively that we first have to build an entire sequence of bounded mean zero
functions (ﬁ(k))kzo on nested domains A© D AM D ... Once we have done that
we can in fact solve the equation for all these functions simultaneously. In particu-
lar we find a solution for the function f. Moreover, by adding coordinate functions
to the function h*) in every layer of the construction, we can ensure that the final
transformation is also ergodic.

We now prove the following result that gives us Theorem and Theorem [T.4]
simultaneously.

Theorem 8.4. Let V' be a finite dimensional normed vector real space. Let f €
([0,1]; V) be a mean zero function and let € > 0. Then there exists a function
g € Loo([0,1]; V) with ||gllec < (Sv + €)||flloc; and an ergodic mod 0 measure
preserving invertible transformation T of [0,1] such that f = goT —g.
Furthermore, there exists a set X C [0, 1] of positive measure such that we have
for k >0 the bound on the partial sums || Z?:o foT o x;vy < (Sv +€)| flloo-

Proof. Let (V]| - |lv), f and € be given as stated. Denote d = dim(V'). We shall
for k > 0 write Vi = V x R* for the (d + k)-dimensional vector space with norm
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[[(v,w)|lvi, = llv|lv + ||wl]]1. Let {D;};>1 be an enumeration of all the sets
N
{{J(@i,bi) : N € N,a;,b; € Q with 0 < a; < b; < 1}.

We define corresponding mean zero functions Zl(o) : A 5 R given by
2" = xp, — N(Dy)

We can assume that f # 0 since otherwise the statement is trivial. We first set
¢ = flle .~ 0 and for k > 0 set

2(Sv+1)
EJ
8.1 =
(8.1) K 2k+2(d+k+1)>
We now define 2(®) := f and A© := [0,1]. Since () is mean zero we can by

(0))121 in N with q(o) > 2, a partition {Al(-?j) s>

2 2

Lemma find a sequence (

1,1<5< qgo)} of A©® and a measure preserving invertible transformation 7 of
A for which T(O)(Agg?) = AEO)_H for j = 1,..,¢"" — 1 and T(O)(Aioq) ) = AZ(-Ol).

Furthermore, this can be done so that, if we denote A = |, >1 A 1 and define
the function AV : A — V4 by h(1)|Ag}1) = 235:0)1 1O o (T©)i~1 we have that
R is mean zero and ||| < ). Moreover Lemma [83] gives us for i > 1 and
1< 1< g the bound | I3 A o (PO, ) < Sy B0 + 24,

For [ > 1 define a function Zl(l) :AD SR as Zl(l)|A§“1) = E;I’:)l Zl(o) o (T)i-1
We note that

129 Z/(O) RIES

i>1

(0)
(0) 7(0))i—1
<ZZ/(O)Z | o (T(0)7=1dx

i>1 j=1

(0)
- ZZ/(O) 129 |dx

i>1 j=1
— [ 12
A©
=12
which shows that Zl(l) € Li(AM;R). Furthermore, in fact

(1) OF)
ZydA = / Z,
/A(l) Z (0)

i>1

_ZZ/(O) o (TO)~1d)

i>1 j=1
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_ZZ/(O) AR

i>1 j=1

= / ZVd\
A0)

=0

which shows that Zl(l) is mean zero. As the bounded functions are dense in
Li(AM;R), we can find a 21(1) € Loo(AW;R) with |\Z£1) - ZAF)Hl < % As
Zil) is mean zero, we then moreover have | [, Zl(l)dA| < ||Zl(1) — Z£1)||1 < % We
now define a mean zero function 21(1) in Loo(AM;R) as Zil) = ZAil) —fi0 Zil)d)\.
We obtain that

!

. . . !/
1200 - 200 <1280 - 200 +1 [ Zan < F+ S =4
A 2 " 2

- - ; 5(1)
Now define (") € L([0,1];V1) as AV = (A, H;&)Zﬁ) We then have
oo

—~(1
2l o

1D oo = [1hD oo + —
1ZM oo +1

As ) is mean zero we can apply the same construction as for () to this func-
tion.

We thus see that inductively for £ > 0 we can find
e A sequence (qgk))izl in N with qgk) > 2.
e A partition {Az(kj) 1>1,1<5< qgk)} of A®) of sets of positive measure.
e A measure preserving invertible map 7" : A®) — A®) defined with
T® (Agkj)) = AE?H for j < qgk) and T (Agkq)) = Al(-ﬁ).
Aset AR =5, AP,
e A mean zero function A1) : Ak+D 5 1 given by

(k)
(8.2) A 0 Zh(/«) (T®))i-

e For [ > 1 mean zero functions Z( Ve Ly (A%+D) R) given by

(k)

q;
(8.3) Zl(k+1)|,4(.") _ Zzl(k) ° (T(k))]—I.
i,1 ]:1
e A mean zero function Z,(Cl_f;l) € Loo(A®TD: R) with
k+1 k+1

(8.4) ”Zl(c-:i ) Zl(c-:i )”1 < 5;9-1-1-

e A mean zero function h(*+1) ¢ Loo(A®+D: V3, 1) given by

N o Z0H)

(8.5) h(k-i—l) _ (h(k-'rl) k+1

) k+1 .
||Z,§:1 Moo +1
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Furthermore, for k¥ > 0 the construction gives the bounds
k
1Rl < ey

[ N 26411

and the bounds for ¢ > 1 and j =1, ..., qgk)

j—1
(8.6) I Z h) o (T(k))FIHLw(AEkl);SVk) < Sy | |l oo + &5
=1 '

We will now turn to defining the transformation 7', the function g and the set
X. For k > 0 define a mapping P*) : AK®) — A(+1) a5

(8.7) p) | 00 = (T*)y1=3

which ‘projects’ a point in A®) to a point in A®TD . We now define measure
preserving invertible transformations T}, : [0,1] — [0, 1] for k& > 0 as follows. We

define Tk|A(k) =T® fori>1land 1< j < q(k), define Tk|A(k) = P(k)|A(k)
i )

i o ¥
for i > 1, and we define Tk;|[011]\A(k) = Idpgpax . We now define, for kg > 0
transformations Ry, : AFo) — A(ko) a5

(88) ng = ]\}H)noo TN o TN71 O0...0 Tk0|A(k0)

where convergence is taken with respect to the measure topology. Indeed the limit
exists due to the fact that A®TD C A®) for k > 1 and klim MA®)) =0, and
—00

Tir|fo,1pa = Idpg 1pay for all k" > k. Likewise the limit of the inverses exists.
Now, since the maps T}, for £ > 0 are all measure preserving we have by by Lemma
B2 that Ry, is a mod 0 measure preserving invertible transformation. We define
our final transformation as T := Ry.

Furthermore, define g, : A% — V}, as
j—1
(8.9) gk|A(k) = (Z h(k) o (T(k))l_l> o P(k)
o7 1=1

Note here that on A%+ = Uis1 Agﬁ) the function gy is defined as gg| x+1 = 0.
We now define for integers ky > ko coordinate projections pg, k, : Vi, — Vi, as

(8.10) Dhey ko (U, W1, oo Wy ) 1= (U, W1, ey W)
We now define for kg > 0 functions ry, : Alko) _y Vi, as
(8.11) Thy 1= Z Dj,ko © Gj © PU-D o o plko)
Jj=ko

We show that these series converge. Namely, for & > 0 we have that Sy, <
dim (Vi) = d + k [GS80], and so we obtain for kg > 0 that

o0 oo
> llpsiko © gilloo <D 1Pk ko © gkllso
k=0

Jj=ko
oo
<3 lnle
k=0
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< >
< lgolleo + max gkl 40 lloo

F2l<j<g®
E5) ~
< lgolloo + 3 (S @ loe + 1)
k>1

< [lgolloo + Z@Svk + ek

k>1
ED g
< llgolls + Z BY=SY
k>1

< ||gO||OO +5/ < 09,

which shows that the series from ([8IT]) converge absolutely, and shows that ry, €
Loo(A%0): V3 ) is well-defined.

We now define our function g as g := 7o and the set X as X := A, We may
now prove the statements from the theorem.

1) We start by proving the bound on ||g||s. For this, it follows from the previous
calculation that

lglloe <> k.0 © gklloo
k>0

lIg0lloc + ¢’

IN

IN

i>1

max HgO|A(,O.) + 6/
= 1,7
1<j<q”

= /

(Svo Ao + £0) + &
Sv | flleo + 2¢'

<
< (Sv + )l flloos

which gives us the bound on g.

2) We shall now turn to show that hko) — Tke © Ry — Tk holds for kg > 0. In
particular this will show the equation f =goT — g.
For 2z € A%0) and k > kq define

(8.12) zp = PF VDo o pko)(z) e AR
Note here that xy, is simply defined as x, = x. Further, for £ > ko denote
k
B(k) = U A;q)(k)
i>1 *

If 2, € B® for some k > kg, we have Ti(zx) = xp41. Therefore, in the case that
ry € B for all k > ko, we have that Ry, (z) € Ni1 A®) . Since Ry, is measure

preserving and klim MA®)) = 0 we thus have for almost all 2 € A0) that there
—00

is a N > ko with 2y ¢ B™N). Let us denote N(z) for the minimal integer (greater
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or equal to ko) with this property. We let z € A®*0) be s.t. N(z) is finite. For
k =ko,..., N(z) — 1, we have x}, € B®)and so Tk (xk) = Tk41. This means that
(8.13) CL‘N(I) = TN(:c)fl 0...0 Tko (CL‘)

Next, by (8.12) and by definition of N(z), we have that zy,) € AW @)\ pIN()),
and therefore ;) € Agg(w)) for some i > 1 and 1 < j < qu(m)) — 1. This
guarantees that

(8.14) T (@) = TV @y ) € AT

and hence
PW ) 0 Ty (an(a)) = (TNENIZUDTEE (25,y))
(8.15) = (TN @y ()

= PN ()

From (BI4) it follows moreover that Tn(,)(zn(r)) € AN @)\ AN@HFD | Using this
we obtain

Ry, (2) = A}l_r)noo Ty o...0 Ty ()
From (8I8) and (BI6) it follows that

We note that for k& > ko we have by definition that P*) acts as the identity on
A%+ From this and the fact from (8I6) that Ry, (z) € ANE@) C . C Alko) it
follows for k = ko, ..., N(z) — 1 that

(8.18) P® o opko), Ry, (x) = Ry, ()
We now obtain
PN@ o o P#0) o Ry, (2) B PINGD o Ry ()

B POy,

B p(N@) o o pko) ()
More generally, we now find for M > N(z) that
(8.19) PM) o o Pko) o By (2) = P o . o PKO)(g)
We now calculate

(ko © Rikg — Tio ) (x) =

= Z Dk.ko © gk © P14 o pto) o Ry, (x)
k=ko

- Zpk,ko ogro PE Do o P (g)
k=1
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N(z)
Z Dk.ko © gk © PFE=D o o pto) o Ry, ()
k=ko
N(x)
— Z Dk.ko © gk © PFDo o P(ko)(:z)
k=Fko
S, T N(x) N(x)
= D Droko © 9k © Rig () = D Dro © gie(k)
k=ko k=ko
We thus find
(8.20) (i © Riy — 7o )( Z Ph,ko © (gk © Rio () — gr (k)
k=Fko

We shall now inspect the summands on the right hand side to show that this
expression equals k(%) (z).

Again, by the definition of N(x) we have that zy(,) € A N for some i > 1
and 1 < j < qlN( *) _ 1, and by (B14)) we then have TN(I)(,TN y) € Al]jfl)) Using
this fact together with the definition of gy (,) we obtain that

IN(@) © TN (TN @) — IN@) (TN () =

ED (N7 (V@) (N(2))yl~1 o p(N(2))
Z h o(T Yo P o TN(a) (TN (a))
=1

j—1
_ (Z RN o (TNG)Y=1 p(N(w))(xN(m))>

=1

J
EID (ng(w» o (T(NG@N)I=1 4 p(N(I))(xN(I))>

=1

-1
_ (Z RN@) o (T(N@)Y=1 P(N(z”(wzvm))
=1

= N o (PNt o PN ()

BD [N @) o (N @))i=t o (PN@)1=i (g Y
_ ﬁ(N(I))(xN(m))

Combining this calculation with (BI6]) we find

(8.21) BN (@5(2)) = gn(w) © R () — g () (@ ()

Now fix kg < k < N(x) — 1. Then since by definition of N(z) we have ), € B®*),
we find that for some i > 1 we have z;, € A(,k)(k). Also we then have P(*) (x}) € Aikl)
i,q; ’

by definition of P(*). We now calculate

k) 1
Z hk) o (TH))i=1 o PK) (13,
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(k)
Z 7 o (TRYI=1 6 P () | — (;NL(k) o (Tya" =1 o plk) (xk))

BB 0 (PO () — (R o (105 0 PO) )

@ h(k+1) (h T(k) gt -1 ° (T(k))l—qgk) (m:))
h(k+1)(p( )(ﬂﬁk)) h(k)(;vk)

B3,

:m Pk+1,k © ﬁ(k+1)($k+1) — ) (zk)

We note that for k > ko we have by definition of gj, that gi|4+1 = 0. Hence, as by
(BI6) we have that Ry, (z) € AN@) C ... € Ak0) we find for k = kg, ..., N(z) —1
that gr(Rk,(z)) = 0. By previous calculation we conclude for k = ko, ..., N(z) — 1
that

(8.22) g1 0 Ry (2) — gi(zx) = —gr(ar) = 1™ (21) — prarp o A (2g40)

Finally, we obtain

N(x)
(Tko © Rig = 7o) (@) "= > Prko © [k © Rig () — gie(r)]
k=ko
N(z)—1
= D Proko © [9k © Rio () — gi(a)]
k=ko

+ PN (z),ko © EN(I) (:EN(;E))

N(z)—1

- Z Pk.ko © {h(k) (@k) = Prar 0 BT (wppn)
k—=ko

+ PN (2),ko © PN @) (TN (2))

N(z)—1

= % Pk, ko (ﬁ(’“ (k) — Prt1.ko (ﬁ(k+1)($k+1))
k=ko

+ PN (@) ko (WY (@3 ()

= Dho o (050 (24,))

EID F00) ()

€ 7o) (z)

This shows that for k > 0 the equation h(0) = Tk © Riy — 7'k, holds. As f = RO,
g =19 and T = Ry this gives in particular that f =goT — g.

3) We shall prove ergodicity of the map T. Fix k > 0 and ¢ > 1. We shall first
show that the equation

(k)
2 i =
(8.23) B law = Fienlay
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holds. Let x € A ) for some i=1,. ,ql(k) — 1 Then by definition

(8.24) Ti(x) = T(k)( ) € A J+1
In particular Ty (z) ¢ AF+D D Ak+2) . Now as for M > k + 1 we have that
Ty is the identity on A1) \ A M) we ﬁnd inductively for M > k that
(8.25) Tro...oTi(z) = Ti(x)
This shows us that
Ry(x) D Jim Ty o...T(x)
Moo
" 1)
B2 10 (2) € W),

Now if y € Al 1, then it follows inductively that for j =1,. ,qz( ) we have
. - i

(8.26) BT y) = (107 y) € AT

() _
Now put z := RZZ' 1(y), then since z € A@(k) we have by definition of T} and

1,q;

P®) that
(827)  Ti(z) = PW(z) = (T®)a" (2) By ¢ 4% € 4GV
We now obtain

Rl (y) = Ri(2)

ED fim Tho..oTi(z)

M —o0

= ( lim TM o ... OTk+1) |A(k+1) OTk(Z)

M—o0
B Rt o Ti(2)
B2 Ri11(y)
We conclude that indeed
(8.28) RZEM Ay =
Also we note that for j =1, .., qgk) we obtained from (820) that
R 4oy = (TP 0,

8.29
(529 RH(AR) = AP

Let k > 0 and let F C A®) be a set of positive measure that is Ry-invariant.
Now since

Ryp1 (F n ARTY) = U Ry 1 (F N Ag,kl))
i>1
BB | R (Fna®) c

i>1
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and since we also know that Ry 1 (A**tD) € A®+1) by definition of the map Ry 1,
we find that Ry, 1(F N A®TD) € Fn AF+HD | which is to say that F'n A®+D s
Ry 1-invariant.

Now, we shall fix a T-invariant set D C [0, 1] of positive measure and we show
that such set must have measure A(D) = 1. By what we just showed, it follows

inductively for k& > 0 that D N A® is Rj-invariant. Now fix k > 1. Using that

DN A% is R;,_-invariant we then find for i > 1 and j =1,...., ql(k*l) that

RIZAD 0 AKTY) = RIZN(D 0 ACD) n R (al)
(8.30) EZ (D at-D) Ak
=DnAlY

Now for [ > 1 we find

ZW® g = / Z® ax
/DmA(kJ : ; pnAf Y :

(k=1)
€3 > i (k—1) (b= 1
;/Drm(’“ll) E Zy o (TH) 7 dA
i) 00 q(kfl)
- l (k=1) , pi-1
B ; ng /DﬂAﬁf“l) “ o Ry_ydA
m o) (k=1)
B Z/ ASERP
i=1 j=1 DAk~

= / ZF N ax
DNAK-1

This shows for kK > 0 and [ > 1 that
/ ZMdx = / Z0d\ = \(D N D;) — ND)AD,).
DNA®K) DNA®0)

We note that by step (2) of the proof we have for k¥ > 0 that Kk = L0 Ry — k.
Now, by [B8X) we have for k¥ > 1 that the function Z,(Ck) can be written as an Ry-
€ (k)
||Z,i")nm+1Z’€
function of 7. From this and the fact that DN A®) is Rj-invariant, it follows that
Jpaam Z,gk)d)\ = 0. Now as ||Z,gk) - Z,ik)Hl < ¢}, (see (84)) this gives for k > 1
that

coboundary, since = Y. o R, — Y, where Y}, is the last coordinate

IN(D N Dy) — ND)NDy)| < €.

We shall now show that A\(D) = A(D)2. Let p > 0. By regularity of the Lebesgue
measure, there exists an open U s.t. D C U and A(U \ D) < p. Now U can
essentially be written as a countable union of disjoint open intervals, that is

U = [j (ai, bl)
=1
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with a;, b; € Q. Hence, there is an integer | > 1 s.t. D; CU and A(U\ D;) < p. We
can moreover choose [ large enough so that ¢; < p. From the bounds on A(U \ D)
and A(U \ D;), we find for the symmetric difference DAD; that A\(DAD;) < 2p.
Hence |A(D) — A(D N D;)| < 2p and |A(D;) — A(D)| < 2p and we find that
IA(D) = A(D)?| < [A(D) =MD N Dy)

+[AD N Dy) = AMD)A(Dy)|

+[MD)MDr) = M(D)?|

< 2p+e;+2pA(D)

<5p

As p > 0 was arbitrary, it now follows that A(D) = A\(D)?. This gives us A(D) = 1
and proves the ergodicity.

4) We now prove the statement for the set X. As X = A it is clear that X
has positive measure. Now to obtain the stated bound, we note that the function
go is such that go|A(0) =0 for i > 1. Since X = AM = Uit Al(-ol) this means that

7,1 = 9

golx = 0. Analogues to the bound ||g|lec < (Sv + )| flloo, we now obtain

gl xsvy < Z ll gkl oo

E>1
<€
€
<z [e’e}
< I/
This gives us for £ =0, 1,2, ... that
k
| Z foT|ln cxvy < lgo T — gllrxv
j=0
<lg o T Moo + 19l wixivy
< (Sv +9)llflle
which proves the statement. (I

Lemma 8.5. Let f : [0,1] — RY, fi,..., f4 be components of f. Denote by

P, : R — R the projection onto i-th coordinate. We have

(i). f7HXy % x Xg) = N, f7UX) for any X, ..., X C R;

(i1). if f be a measurable function, then o(f) C o(f1) X -+ x o(fq);

(iii). if f € Loo([0,1];RY), then o(f) is compact in R? and o(f;) C P;(o(f)), i =
d.

1,....d;
(). f € Lo([0,1;RY) & f1,..., fa € L]0, 1];
(v). if f € Loo([0,1];R?) and the norm on R? be such, that |Pi(:)| < || - ||, then
Hfl”OO < HfHOO? i=1,...,d.
Proof. First of all, let us observe that functions fi,..., f4 are measurable if and

only if f is measurable [Bog07a, Lemma 2.12.5].
(i). Indeed, t € f7H( X1 x - x Xg) & fH) e X1 x - x Xg& filt) € Xy, i =
L...,dete N, (X))
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(ii). Let v € o(f), U; be neighbourhoods of P;(v) in R. Then U := Uy x - -+ x Uy
is a neighbourhood of v. By (i), we have f~*(U) C f;*(U;), i = 1,...,d. Therefore
MfHU) > 0, ie Pi(v) € o(fi), i =1,...,d. Hence,

o(f) Ca(fi) x - xo(fa):

(iii). Since f € Loo([0,1];R?), it follows that o(f) is bounded in R?. Thus, it
remains only prove that o(f) is closed. Assume that o(f) 2 v, — v. Then for
every neighbourhood U of the point v, there exists an index n, so that v, € U. In
this case, A(f~1(U)) > 0. Hence, v € o(f), in other words o(f) is a compact.

Let 1 <i<d, t € o(f;). By (i), we have

AR x [t 2] X RED) = AT (= ) >0

n n

for every n € N. So, we have that
K, =R x[t——,t4+ =] xR no(f)
n n

is a non-empty compact set in R? for every n € N. Observing that {K,}>°; is a
centered system of compacts, we infer that

a(f) MR x {t} x R = [ K, #0.
n=1
In particular, t € P;(o(f)) and therefore o(f;) C P,(a(f)), i =1,...,d.
(iv) follows from a combination of (ii) and (iii).
(v). There exists r € o(f;), such that || fi|lcc = |r|. Due to (iii), we know that
r = P;(v) for some v € o(f). Then || fi|loco = |r| = |Pi(v)] < ||v]| < sup{||w] : w €
(]

o(f)} = [ fllee-

Proof of Theorem[LA. Let f € Loo([0,1]) be a complex-valued mean zero function,
fi .= R(f), fo:=S(f) € Loo[0,1]. Then f := (fi, fo) € Loo([0,1];R?) (Lemma
BH(iv)), (on R? we consider the Euclidean norm || - ||).

Theorem [[3] guarantees that there exist § € Lo ([0, 1];R?) and an ergodic mod
0 measure preserving invertible transformation T of [0, 1] that

f=30T~3, lgllc < (Sez + ) flloc = [l flloc-

Let g = (g1, 92), then g := g1 + 492 € L0, 1] (see Lemma RBE(iv)), ||g|lco = ||9]lco
and

V5
f=90T =g, llgle = (= + )l
since Spe2 = \/Tg [Ban87, Theorem 2],[Ban90a]. O

Another interesting extension of Theorem [[.I] may be stated for an arbitrary
finite collection of real valued mean zero functions.

Theorem 8.6. Let f1,..., fn € Loo[0,1] be mean zero real-valued functions. For
any € > 0 there exists an ergodic mod 0 measure preserving invertible transforma-
tion T and real-valued functions gi1,...,gn € Loo[0,1] with ||gillcc < (n + €)]| fillco
such that f; =g;oT —g;, 1=1,...,n.
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Proof. Without loss of generality, we may assume that ||fi|lcc # 0, i = 1,...,n.
On R"™ we consider the norm

lv]] = m;fiX(|’Ui|), where v = (v1,...,v,).

Consider the function

f=(,....fa):[0,1] — R",

where f; = #, i=1,...,n. It follows from Lemma BIiv),(ii) that

f € Loo([0,1;R™), [|f]lee < 1.

It is straightforward that f is a mean zero function.
By Theorem [[L3] there exists § € Lo ([0, 1];R™) and an ergodic mod 0 measure
preserving invertible transformation T of [0, 1] that

f=goT =g, llgllc <n+e,

since Sgn» < n [GS80].
Let § = (g1,.--,9n), then g1,...,Gn € Loo[0,1] and ||Gillco < ||Glloc, 1=1,...,d
(Lemma B5|(iv),(v)). Therefore

lgilloc Snte fi=gioT =g i=1,....n.

It remains to set g; = || fillooGi, 1 =1,...,n. O
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