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Nonlocal cross-interaction systems on graphs:
Nonquadratic Finslerian structure and nonlinear
mobilities
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Abstract

We study the evolution of a system of two species with nonlinear mobility and nonlocal interactions on a
graph whose vertices are given by an arbitrary, positive measure. To this end, we extend a recently introduced
2-Wasserstein-type quasi-metric on generalized graphs, which is based on an upwind-interpolation, to the
case of two-species systems, concave, nonlinear mobilities, and p # 2. We provide a rigorous interpretation
of the interaction system as a gradient flow in the Finslerian setting, arising from the new quasi-metric.
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convergence of measures); 35B38 (Critical points of functionals in context of PDEs (e.g., energy functionals);

1. Introduction

The goal of this paper is the study of a two-species nonlocal interaction system with nonlinear mobility on a
graph. It is well known that, in a local and continuous setting, evolution equations for a single species p;(x) of
the form

Orpr =V - (p: VK * py), (1

can be cast into a Wasserstein gradient flow framework, cf. [48, 15, 32, 17, 42]. Here, the corresponding
functional

&) =3 [ KG=3dp(dp)

denotes the interaction energy which encodes the nature of the interactions among members of the species. The
so-called aggregation equation, (1), can be obtained as the mean-field limit of a particle system associated to it
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by letting the number of particles, N, tend to infinity [30, 44, 38, 12]. It is straightforward to introduce a second
species to the dynamics such that the energy functional becomes

ew=-1 Lo K@ e, @

i,k=1

where p = (pM, p®?) and p? € P(R?), with i = 1,2, denote the two species. Throughout we refer to
KD | K(22) a5 the self-interaction potentials and we call K12, K 21 the cross-interaction potentials, respectively.
It is worthwhile to highlight that, under the condition that K('?) = KD for some 8 > 0, the two-species
interaction energy gives rise to a Wasserstein gradient flow on the product space and the evolution of the two
densities is governed by the equations

aup” =V - (9 (K« pV 4 K0 s ) (3)

withi = 1,2, cf. [37, 29, 28, 22, 26]. For a suitable product space metric, the system is the epitome of interaction
models found in many applied contexts for instance in cell-cell adhesion models [4, 45, 20, 8], chromatophore
interactions in the skin of zebrafish [50, 51, 49], and multi-species systems with volume exclusion effects that
result in cross-diffusion interaction systems, [10, 18, 27, 13].

1.1. Graph setting, non-linear mobility, and p # 2

While the space-time continuous dynamics and the Wasserstein gradient flow structure are well-understood, the
situation is much more delicate when considering the flow of two densities, one per species, on graphs. In our
work, we extend the recent work by Esposito et al. [35], which has established a graph analog of the aggregation
equation. Their work shows that an appropriate definition of the geometry of the underlying space allows to
understand a class of interaction equations on graphs as gradient flows, albeit in a Finslerian framework rather
than the usual Riemannian setting.

The starting point is the dynamic formulation of the 2-Wasserstein distance due to [9]. There it was shown that
the 2-Wasserstein distance can be characterized equivalently by minimizing (twice) the kinetic energy over all

connecting paths
1 2
W5(Qo. Q1) = inf / / I dudt, 4)
(prsJe)e Rd Pt

where u € M*(R?) is a suitable reference measure and the infimum is taken over all pairs (p;, Jt)te[o,1]> H-a.€.
satisfying
atpt+V-jt :0,

as well as pg = Qo, and p; = 0. While developed with numerical applications in mind, (4) turned out to be a
starting point for various adaptations and generalizations of the classical Wasserstein distance. Many of these
Wasserstein-type distances modify the action density A(p, j) = .[Rd |jI?/p du that appears inside the time
integral in (4), introducing nonlinear mobilities [31], reaction terms that allow for initial and final measures
having different masses [24] or even different actions in the interior and on the boundary of a given domain
[43]. Of particular interest here are the works which identify nonlocal equations such as the nonlocal heat
equation [41], nonlocal adaptations of the Fokker-Planck equation [25] and a nonlocal porous medium equation
[34] on finite graphs or finite Markov chains as gradient flows for suitable Wasserstein-type metrics. Also an
extension to treat the nonlocal heat equation on (R¥, i) for some Radon measure u was considered in [33]. An
important challenge faced when transferring the notion of a gradient flow to the setting of graphs is the need to
compare fluxes or velocities (edge-based quantities) with densities (vertex-based quantities). This difficulty can
be remedied by introducing a weight function 6 : [0, c0) X [0, c0) — [0, c0), which acts as an interpolation of
quantities defined on connected vertices. More precisely, if p(x) and p(y) denote the densities on the vertices
x and y, respectively, which share a connecting edge, then we shall think of 8(p(x), p(y)), as the edge density.
This definition allows for an adaptation of the action density to the graph setting [35], i.e.,

17 (x, )12
Alp, j) = //a(p(x) 20 du(x)du(y),



where G is the set of edges and u € M™*(G) is again a reference measure, which, is arbitrary if 6 is 1-homogeneous.
There are different choices for 6 that all seem reasonable but have a strong impact on the metric structure derived
from A. In [41] and [25] the logarithmic mean 6;(r, s) = W is shown to be a suitable choice for equations
involving diffusive terms as it allows for a discrete chain rule, a fact that has already been observed and used in
the finite volume community, cf. [23, 46, 16]. However, as was pointed out in [35], this choice does not allow for
an increase of the support of the solution in the absence of diffusion. Thus, a different choice must be made to
obtain physically reasonable solutions. Similar problems occur with the geometric mean 6, (r, s) = y/rs, while
dynamics using the arithmetic mean 6,(r, s) = 53* as an interpolation function may lead to negative densities
and is therefore also not a reasonable choice. However, it is known that for transport equations, upwind schemes
yield stable and structure-preserving discretizations, which motivates the choice

0;(r,s) =rliiso1(r,s) +slij<oy(r,s)

as an interpolation function. This comes at the price of losing the antisymmetry of the action density, obtaining
a Finslerian structure instead of a Riemannian structure. Yet, this structure is sufficient to define a notion
of gradient flows as curves of maximal slope on graphs and leads to stability of gradient flows under narrow
convergence, obtaining the existence of gradient flows for a large set of base measures y via approximation with
finite graphs, [35].

In the context of finite volume discretizations, this upwinding has plenty of precedent, cf. [36], and references
therein. In particular, for equations exhibiting an entropy-dissipation structure, it has been observed that certain
finite volume discretizations can be used to preserve the structure at the discrete level, cf. [11] for a general
class of drift-diffusion equations, [21, 5, 7, 47, 19, 6] for extensions to nonlocal drift-diffusion equations. The
strategy was then extended to systems of cross-interaction species in [18, 16, 6, 40].

Even though cross-interactions between opposing species introduce a coupling in the velocity fields, using this
upwinding, we can show that the evolution on the graph is, indeed, a gradient flow in the set of probability
measures with respect to an appropriately defined Finsler product metric for the interaction energy

-1 I K w000 0. (@) revisited)

lkl

The interpretation of the dynamics as a gradient flow on a graph is established by noting that the quasi metric in
the two species case decomposes into the sum of two instances of the metric for the single species, introduced in
[35] — in analogy with the strategy for the continuous dynamics in [37].

A formal Finslerian structure also naturally appears in the space-time continuous setting when studying the
p-Wasserstein distance W),, see [1]. The dynamic formulation of W), is given as

|Jt
w, / / dudt. 5)
(Qo. Q1) = Jr m, ca ()P T H

Agueh still provides a norm in this setting, yet not an inner product. This allows to define the differential and
gradient of functions on the set of probability measures with this distance, giving rise to a notion of gradient
flows in this space.

Moreover, (5) can be generalized to the case p # 2, [31] studied generalizations of (5) including unbounded,
concave mobilities, see also [14]. These nonlinear mobilities give rise to evolution equations of the form

Op =V - (m(p)VK = p).

Depending on the specific choice of the mobility, it becomes necessary to add recession terms to the action
functional to ensure its lower semicontinuity. Finally, [39] extended this study to bounded mobilities, which
naturally appear in models with volume filling.



1.2. Our contribution

In this paper, we show that the setting of [35] can be carried over to systems of two (or potentially multiple)
interacting species with a non-linear mobility and remains valid in the case p # 2. This way, we derive a
corresponding two-species interaction equation as a gradient flow. It is given by

) = =(V - ji) ().
59 = [ 0.6 N7 = [ 0. OGP @
v (6,3) = =T [ (K« o) () + (K 5 p2) (30

where p € (1,0),i=1,2,x, y € R? and t > 0. Here, the quantities  and 7 encode the structure of the graph,
m is a concave mobility, and the operators V and V- are discrete analogues of gradient and divergence. Precise
definitions will be given in Section 2 below.

The core novelties of our work are:

* Introduction of an action functional, which incorporates an upwind structure and a concave (un)bounded
mobility.

 Extension of the Finslerian structure from [35] to the case p € (1, o), weakening the notion of Finsler
metric, in the spirit of [1], and employing the notion of the metric gradient.

 Derivation of all the core results from [35] in the generalized framework, in particular a chain rule, a
stability result for gradient flows, and an existence result beyond finite graphs.

» Extension of our framework to multiple species and derivation of a gradient flow structure for energies
with symmetric cross-interaction.

The remainder of the paper is organized as follows. In section 2, we define the graph setting and introduce
the notion of action functional and continuity equation, as well as the induced quasimetric. In Section 3 we
discuss the Finsler geometry, give the interpretation of our system as a gradient flow using a suitable variational
characterization and provide existence and stability results.

2. Analytical setting of the two species graph structure

This section provides the necessary extension of the dynamic 2-Wasserstein distance (4) to the graph setting,
including a nonlinear mobility and for p # 2. To this end, we give a precise definition of the corresponding
action functional and study some of its properties. Then, after introducing a notion of generalized continuity
equations, we can define and analyze the corresponding quasimetric.

We start by introducing the graph setting. Throughout, M(X) (M. (X)) denotes the space of (nonnegative)
Radon measures on the space X. The vertices of our graph are defined by the base measure u € M*(R?). We
define a nonnegative weight function 77 : R x R4 — [0, c0) and thereby the edges of the undirected graph as

G ={(x,y) e R*xR?: x £ y,n(x,y) > 0}.

Setting 1 < p = g/(g — 1) < oo, throughout we shall make use of the following set of technical assumptions on
u and the n:

(continuous symmetric weight) nlg € C(G,[0,)), Vx,y € R it holds n(x, y) = n(y,x), W)
(individual moment bound) / (1+ |x|?)du(x) < Cy, (MB1)
R4
(joint moment bound) sup / Ix = y|?V |x = y|PIn(x, y)du(y) < C,,  (MB2)
xeRd JR4
(local blow-up control) lim sup / |x = y|9n(x, y)du(y) =0, (BO)
&0 yeRd J B, (x)\{x}



for some constants C;,, C, > 0 and where B, (x) = {y € R : |x —y| < &).

Remark 2.1. While the assumptions (W), (BC) and (MB2) are similar to the assumptions in [35], (MB1) is a
new assumption required due to the added nonlinear mobilities. It is needed, whenever we apply Lemma 2.14 in
the sequel. However, for a large class of mobilities Lemma 2.14 can be refined to allow dropping assumption
(MB1). More details on this will be given in Remark 2.15.

Next, we establish nonlocal analogues for the gradient and the divergence as foreshadowed in the introduction.

Definition 2.2 (Nonlocal gradient and nonlocal divergence). Given ¢ : R? — R, we define the nonlocal gradient
Vo by
Vo(x,y) = ¢(y) - ¢(x).

Given j € M(RY) we define the nonlocal divergence V - j by

[, e 5) = =5 [ Tetrym ity ve:RI R

2.1. Definition of the action functional

Definition 2.3 (Mobility and density functions). Given two thresholds R,S € (0, 0], we define a mobility
functionm € C([0, R)X[O0, S)), which is concave and strictly positive in (0, R)x (0, S). For(r,s) € [0, R)X[0,S)
we denote m(r,S) = limg_sm(r,s) and m(R,s) = lim,_gm(r,s). We call such a mobility m upwind-
admissible if for every s > 0 we have m(0,s) = 0. Furthermore, if R = § = oo, which implies that m is
nondecreasing, we set

1
Moo (7, 8) = /Ilim zm(/lr,/ls). @)
We say that the growth of m is uniformly sublinear, if me = 0.

Given a mobility m and an exponent p € (1, ), we define the convex, Isc. density function a : R> — [0, o] by

_UD® " 5) € [0,R] % [0, S]
@ (jr,s) = 4T ’ o ®)
" {oo, otherwise,

where we use the conventions

0, ifa=b=0,
a/b =
oo, ifa+b=0.

In the case R = S = oo, we define the recession function

(j+)?

_1 *
mf = (r,s)

.1 .
U (J,7,8) = /lh_r}go /—lam(/l],/lr,/ls) = 9)

Remark 2.4. (i) Observe that (8) encodes an upwind structure as only the positive part of the flux enters the
definition.

(ii) By definition, me, and thus a,,, are positively 1-homogeneous. In particular, for r > 0 we have
Moo (1, 8) = rme(1, s/r) and for s > 0 we have smq(r/s, 1).

(iii) The assumption m(0, s) = 0 is crucial as it ensures the non-negativity of p when the action is finite.
However, note that this assumption excludes, among others, the choice m = 1.

(iv) If m is an upwind-admissible mobility, the homogeneity implies m«(0, s) = 0.

(v) If me(r,s) =0, then ay,(j,r,s) = oo forevery j # 0. In particular, a,_(J,r, s) is the convex indicator
of the set {j = 0} (it is zero if j = 0 and infinite otherwise), if the growth of m is uniformly sublinear.



To define the action density functional, we introduce the following notation.

Definition 2.5. The transpose of a Borel set B € B(R? x R?) is denoted by BT := {(y,x) € R x R4 : (x,y) €
B}. The transpose of a measure v € M(R4 x R?) is then defined as (v)T (B) = v(BT).

Given a pair of probability measures p = (p1, p?) € (P(R?))2, abusing notation, we denote the Lebesgue
decomposition dp®@ = dpWH + dpWDL = pDdy + dpD* for i = 1,2. Similarly, given a pair of fluxes
j € (M(G))?, fori=1,2wedenote djD =dj O+ +dj O+ = jOd(u @ u) +djdL,

We emphasize that from now on, we always use non-italic, upright letters such as j, p, p etc. to indicate pairs of
quantities indexed by superscript (i), e.g. j = (1, j?).

Definition 2.6 (Single species action density functional). Let u € M*(R?), 5 satisfy (W). Now, given p € (1, c0)
and an upwind-admissible m, for any (p, j) € P(R?) x M(G), we define the single-species action density
functional A,, as follows:

1. IfR =S8 = oo, forany o € M*(RYxR%) suchthato = o', d(p*®pu) = p*®jido, d(u®p*) = fi®ptde
and dj* = j*do, we define

_ L1 , .
Am (15 05 J) :=5//G[am(J,p®u,u®p)+am(—1,u®p,p®u)]nd(ﬂ®u)

(10)
1 . . 1~ _
) //G [amm (5t @ A®pt) +am, (—jh A®pt, pt ® fi) ]ndO‘-
2. IfR A S < oo, similar to [39], we define A, as follows:
1 .
3 [am(f,p®ﬂ,ﬂ®p) , ,
_ G ifpt=0,j+ =0,
Am (s 0.7) = +am(—j,u®p,p®u)]nd(u®u), (a1
00, otherwise.

Letp = (81D, B?) € (0, 00) x (0, o) be a pair of positive constants. Then, forany p € (P(R?))?,j € (M(R?))?,
the two-species action density functional is defined by

) 1 - . | .
A p (115 p,§) = Wﬂm(#;p(l),J(l)) + ——Ap(; 0, jP). (12)

Remark 2.7. (i) Ay, p is well-defined which is clear if RAS < co. If R = § = oo, the definition A is
independent of the particular choice of o due to the positive 1-homogeneity of a,, .. An admissible o can
always be constructed, e.g. by setting

o=(preu+pteu+|it+|GHT)),

fori =1,2. The definition may be adapted such that the symmetry assumption o = o' is not required.
However, since this assumption is nonrestrictive and simplifies notation, we apply it throughout.

(ii) If R =S = 0o and my, = 0, the definition of the single-species action density functional (10) simplifies to

1 . . s
5// [am(J,p®ﬂ,u®p)+am(—J,u®p,p®u) nd(p®u), ifj*-=0,
G

00, otherwise.

Am (s p, J) =

(iii) If R A S < oo, finiteness of the action density implies both p < paswellas j < u® p.

(iv) The two-species action density functional is fully decoupled with respect to the different species.



Next, we want to show an antisymmetry property of the action density. To do this, we introduce the following
notation.
Definition 2.8 (Antisymmetric velocities and fluxes). We define the set of antisymmetric velocities by
V(G) = {(v,v"):G >R, stv=—v"and V") =-(v")7}.
For u € M*(R%) and p € P(R%) we define ¢ € M*(R?) as
S=p®@u+u®pt, (13)

and denote the corresponding densities by d(p* ® u) = p* ® jidg and d(u ® p*) = i ® ptdg. With these
densities, we further shorten notation by introducing

m(x,y) = m(p(x), p(y)),
Moo (X, ) = Mmoo (A(X) ™ (¥), pT (X)A(y)).
With this, recalling g = p/(p — 1), for k = 1,2, we define
dyi(x,y) = (m(x,y)9  dp(x)du(y),  dya(x,y) = (m(y,x)?  du(x)du(y),
dy(x,y) = (Me(x, )7 de(x, y), dyy (x,9) = (Mw(y,x))7 ' dg(x, y).

(14)

These measures satisfy 71 = vy, and vice versa as well as (71 )T = 7’2 and vice versa. By (W), this does not
change, when multiplied by n. Hence, it makes sense to define the following set of antisymmetric fluxes:

M, (G) ={j e M(G) :jr <y j-=( T Jr <myijr =GP}

Remark 2.9. Any j € M*

. (G) satisfies j- < ny) and j= < ny;.

In the sequel, any indices attached to p will be passed to m, M, Vi, y,i and ¢, i.e. when p = p?’(i” in (14),
we write

m% % (x,y) = me (@)} (3), o1 V() AG)),

and similarly for the other expressions.
We are now in the position to establish a connection between fluxes and velocities.

Lemma 2.10 (Dual representation). Let u € M*(R4), p and j be such that Am,p(i; p,j) < co. Then, there
exists a pair of measurable functions (v\V,v?) : G — R? such that for i = 1,2 we have

dj = )1y — 0@y ay D (15)
Further, ¢ from Definition 2.8 is an admissible choice for o in Definition 2.6, i.e. jOT <« ¢ and there exists

another pair of measurable functions (v(V+,vPL) : G — R? (which is zero if RA S < o0), such that fori = 1,2
we have

dj(i)J_ — (vii)l)q_ldyfi)l _ (v(_i)_L)q—ld’yéi)J_‘ (16)
We can rewrite the action density in terms of v = (v, y(DL (2 @)Ly g
. 1 (z) (z) @\ T\?
Amp (15 p,]) = 5 ,8(‘) m ((v_ ) ) )ndu@,u
: LG _ a . (17)
A ((M (]
= App(: ps V),

while for R A S < oo we have pL =0 and j* = 0. In particular, if v € (V*(G))?, we have

/m(‘) vJr nd,u®u+// (l) (l)L ndg(i)]. (18)

A p(pt; p,v) =

ﬁ(l)



Proof. Assume R = § = co. The case R A § < oo then works similarly. First, we show that the finiteness of
the action implies that j{'* < yf’” and jO+ <« yé’)l. Indeed, assume there exists a set B € 8(G) such that
J(B) > 0= "+ (B). By Remark 2.7 0 = y{0* 4 9S00 4 |04 is admissible in (10) and o (B) > 0.

Since we have

a1 (et @) duept)
0 do'(l) ’ do'(l)

_ a1 (dmep) dp N ep) m1(0,0) = 0
« do® 7 do® © T

o-ae. in B, we obtain a contradiction to Am,p(1; p,j) < co. Similar arguments hold true for 79O+ as well as
jii) and j). Therefore, the nonnegative functions vf) and v satisfying (15) are well-defined yfi)—a.e. and
yéi) -a.e., respectively, which gives us v = vf) — v Similarly, we obtain vV satisfying (16). Finally, (17),
follows, when we insert

a7 (x.y) = | (e ) = (mO @ ) auoau()

and
. . i gq-1 i . g-1 .
dj D+ (x,y) = [ (mﬁi) (e, i (x, y)) - (mﬁo) (y, x)v D+ (x, y)) ]dg(’) (x,y)

into (10). O

Definition 2.11. In light of (17), we define

& (v s) {m(r, ()9 (r.s) € [0,R] x [0, S]. .

00, otherwise,

which gives us a representation off[m,ﬁ similar to the one in Definition 2.6, only replacing j with v and a with

a.
We observe that antisymmetric fluxes admit lower action densities while preserving their nonlocal divergence.

Corollary 2.12 (Antisymmetric vector fields have lower action density). Let u € M*(R?), p € (P(R?))? and

je (M(G))? s.t. Am.p(1; p,]) < oo. Then, there exists ] € (M5, (G))? such that

v.;0=v.70, i=1,2,

and
Am,p(;0,7) < A p(pt;p5])-

Proof. Analogous to [35, Corollary 2.8], one defines dj() := d(j(i) - (j(i))T)/Z, compares (17) with (18), and
applies Jensen’s inequality. O

Next, we establish properties of the action density as well as important bounds for the subsequent analysis.

Lemma 2.13 (Lower semicontinuity of the action density). The action is lower semicontinuous with respect
to weak-% convergence in M*(R?) x (M*(R?))? x (M(G))?. That is, for i* —* u in M*(R9), p, =* p in
(M*(R?))?, and i" —* j in (M(G))?, we have

lim inf Ay p (1" 0", ") 2 A p(115 P ).

Proof. See [2, Theorem 2.34], while keeping in mind that u" ® p™) —* u ® p@ in M(R? x R?) if and only
if both u" —* g in M(R?) and p™@ —* p() in M(R?). O



Lemma 2.14. Let p € M*(RY), p € (P(RY))? and j € (M(G))?, such that Ay, p(u; p,j) < 0. Then, there
exists a constant M = M (m, p,B) > 0, such that for any measurable ® : G — R, it holds

1/q

2
//Gd)ndljlSMﬂ,l,ffg(ﬂ;p,j)z(//(;qund(ﬂ@ﬂw(i)®u+ﬂ®p(i)) : (20)
i=1

Proof. First,let R =S =coand oV = ¢) € M*(G), i = 1,2 be as in Definition 2.8. Since Ay, p(i; p,]j) < oo,
we have that

B={(xyeG: Z | (787 30,27 @), 09 () + i (79 (.30, 27 (), 00 ()
+a, (A‘”(x, 1), P @A), AP T (3)) + am (70 (5,9, AP (3), p ()| = o]

is a ¢(D-nullset for i = 1, 2. By definition of a,,, we have, ¢(V-a.e. in B¢, the inequality
(170)" + (7900) < max {me= (0D (), 90 ), mP 7 (0D (), p 0 (1)}
(@m0 0.0 M) + am (i, 0P (1), 0V ()

<M|[1 +p(’)(x) +p(l)(y)]p_1
.(am(j(i)+ (l)(x) p(’)(y)) +a,m( (l) (i)(y),p(i)(x))),

21

where M only depends on m. Indeed, such an M exists, since m is concave and m(0,s) = 0 by definition.
Similarly, we have the bound

(1475 )+ (79w < 0+ 004 @) + 0O+ ()]
(@ma G p O 0 (), AP ()
+ i (1O, @D (1), p O 0A()) )

By the complementarity of the positive and negative parts, this gives

(i v i i Va1 i i
|J()‘(x,y) SM(1+p()(X)+p”(y)) (,8(’) m(i"p P (x), p ()
) 1/p
+[;z> (Jf’),p(’)(y),p(’)(x))) :
. 1 €1 i)l ~ ~ )L
19430 < 8 (14 9O @) + 0V () ( S (% 0 00). 0P ()
1 . ) 1/p
+ 5 e % 2@ (), p @A) |

where M depends only on 2, p and . Since |j| + [j*| = X7, (I + 7 @+]), these estimates together with
Holder’s inequality yield

2
i CDndeI=Z( [ oo || c1>n|j<">l|dg<”)
G —i\ M Be Be

2

1/q
M (2512 p.9)) Z ( (//G DInd(u® u+p " @ u+p ®p<1)u))

i=1

1/q
+(// ®Ind(s? +p Pt @ p+p ®p(’“)) )
G



Thus, recalling that ¢V = pL @ y + u ® pD*+, we obtain (20) with M = 16 - 21/PM. If R A § < oo, we argue
similarly, only replacing in (21) m by my(r, s) := sup; s c10.r1x[0.s] " (7, §), which is still concave and satisfies
m+(0,s) = 0. O

Remark 2.15. If there exists C > 0 such that m satisfies
m(r,s) < C(r+s) Vr,s € [0,R) X [0, S), M)
then (20) can be replaced by the refined bound

1/q

2
//G ardlj SMﬂ;{g(u;p,J‘)Z( //G OId(p® & i+ o pM)| (22)
i=1

Indeed, observe that in this case the summand 1 on the right-hand side (21) can be omitted, which leads to
dropping the integral with respect to u ® w. It is straightforward to check that replacing (20) by (22), whenever
it is employed in the sequel, allows to drop the assumption (MB1) altogether.

Corollary 2.16. Let u € M*(R9), p € (P(RY)? and j € (M(G))?, such that Apm,p(; p,j) < co. Then, for
D1(x,y) =2A|x—y|land ®; = |x — y| V |x — y|P, we have

J| @it < mci b, k=12

where M = M (m, p, B) is different from that in Lemma 2.14.

Proof. Note that @ (x,y) < |x — y| £ ®,(x,y). Therefore, Lemma 2.14 yields for k = 1,2

//G 4 (x, y)(x, y)dl| (x. )

2 l/q
< MAR (3 p.5) ) | (//G @7 (x, y)n(x,y)d(u@ u+p @ p+pu®p?)(x, y))
i=1

2 1/q
= MAE (3p,5) Y (//G e = y19V Ix = y|PIn e, y)d(u @ p+ 20" ® p) (x, y))
i=1
< MAE (1 0,§)2(Cu +2)1/9C,1,
where we used (MB2) together with (MB1) and the fact that p( € P(R?) fori = 1,2. O
Lemma 2.17 (Convexity of the action). Let uo, u1 € M*(R%), po, p1 € (P(R9))? and j,,j, € (M(G))?. For
7€ (0,1) define ur = (1 = 1)po + i1, pr = (1 =7)po + 7p1 and j, = (1 = 7)jy + 7j;. Then, we have

ﬂm,ﬁ(#T; Pnjr) <(1- T)ﬂm,ﬁ(ﬂo; Po,jo) + Tﬂm,ﬁ(/«l] > Pl,jl),

Proof. This immediately follows from the convexity of @,, and «,, . A detailed argument for one species and
m(r,s) = r, which upon small adjustments is also applicable here, can be found in [35, Lemma 2.12]. O
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2.2. Generalized continuity equation and properties
In this subsection we study the nonlocal continuity equation and properties of its solutions with finite action.

Definition 2.18 (Continuity equation). We say that the pair (p,) = ((pe)refo.r1s Gir)refo.r]) with pr € (P(R?))?
and j, € (M(G))?, is a weak solution of the continuity equation

dp+V-j,=00n(0,T) xRY,
if we have
(i) p is a weakly continuous curve in (P (R%))?

(ii) j is a Borel-measurable curve in (M(G))?

(iii) Forany ¢ € CX (R4 x (0,T)) andi = 1,2, we have

T . T _ .
[ [ e cass [ ] Fetome el e =o @3)
0 R4 0 G

We denote the set of all weak solutions on the time interval [0,T] by CEr. For o, 01 € (P(R%))?, we write
(p,J) € CEr(0o,01) if (p,j) € CEr and, additionally, po = Qo, pr = 01- We will often shorten notation and
write CE = CE;.

We make the following observations:

Remark 2.19. (i) Since |Vo(x,y)| < |l¢llc: (R1y2 A |x — y|, the continuity equation is well-defined under the
integrability condition

T o
/ // 2Nk = yin(e)dl Ol y)dr < 00, fori=1,2, 24)
0 G

By Corollary 2.16, this condition is satisfied for any pair (p, j) with fOT Am,p (13 pr,j,)dt < oo

(ii) The continuity equation holds for more general test functions. Indeed, regularizing via convolution, we
immediately see that (23) also holds for ¢ € CL(R? x (0,T)). Under the integrability condition (24) we
can also consider bounded test functions ¢ € C ll) (R % (0,T)), whose support has a compact projection in
(0,T). To see this, we approximate ¢ by ¢xr, where yg € CX(R?), 0 < yr < 1 and yg = 1 on Bg(0).

(iii) The continuity equation is decoupled with respect to the different components i € {1,2} of p and j.

Since both the action density functional A,, g as well as the continuity equations are fully decoupled with respect
to the different species, previous remarks yield analogues of [35, Lemma 2.15, Lemma 2.16 and Proposition
2.17] for the two-species case.

Lemma 2.20. Let p and j be Borel families of measures in (P (R9))? and (M(R?))? satisfying (23) and (24).
Then, there exist weakly continuous curves p C (P(R?))? such that [),(L) = p,(l)for ae. t€[0,T] andi=1,2.

Moreover, for any ¢ € C})([O, T] xR%) and any0 < s <t <T andi = 1,2 it holds
(i (i ' (0
/ ¢ (x)dp,” (x) —/ ps(x)dps” (x) = / / Orpr(x)dp,” (x)dt
R4 R4 s JR4

= t [ et e war.

Proof. This an adaptation of [3, Lemma 8.1.2]. The required estimate on the time derivatives 0y pt(i) is provided
by Corollary 2.16 as described in Remark 2.19 (i). Finally, similar to Remark 2.19 (ii), we can lower the
regularity and compactness assumptions on the test functions ¢. O

(25)
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Lemma 2.21 (Time- umformly bounded p-th moments). Let (u"),en € M*(R?) satisfy (MB1) and (MB2)
uniformly in n. Let (po )neN c P(R?) be such that sup,, .y M (po m, (0) ) < oo and let (p",j")nen C CEr be

such that sup,, <y fOT Am,p(u";p),j7)dt < co. Then, we have

sup sup M (pt ()) < 0.
neNre[0,T]

Proof. We argue similarly to [35]. Since |x|P is not admissible in (23), we introduce a smooth cut-off
or € CX(RY;[0,1]) satisfying ¢rlBr) = 1, supper C Byr(0) and |[Vegr| < 2/R. Then, we define
Yr(x) = <p£ (x)(1 + |x|)?, which is admissible in (23), giving us

dtZ/ yrdp?? = Z// Vyrnd;l-t

Ly
o (1 pt’Jt)Z(/]|Vl//R ndu®u+pt(>®y+y®p?(z>) ,

I/\

where we used Lemma 2.14 in the last step. To bound the right-hand side by the moment, we shorten notation
by introducing ¢ = ¢g(x)|x| and xi := ¢g(y)|y|, and calculate

IVur (6 017 = @R () (1 + )P =R (M1 +IYDPI? < Cr (IR (x) = eRNIF +1¢P — £P17) .

Since g < 1 and |[Vyg| < 2/R, we have

loh(x) — R (M < Caler(x) — er(V)I? < 29C2/RY|x — y|? < Colx — |9,

for every R > 2 and where we can always choose C> < [p]. To bound the second term we employ the mean
value theorem for the function z — z” and obtain

2P = &P17 < (plL = EI(C+EPT)T = pIIL = £19Q2r =L+ )P < C3(I - 179 + |2 - £192P).
Since x  ¢(x)|x| is globally Lipschitz, there exists a constant C4 > 0 independent of R, such that
Ve r(x, )|9 < Ca(1+|x|P) (Ix = y|7 v |x = y|P9).

Thus, sending R — oo and using (MB1) as well as (MB2), we find
. | 1/q
Z L w0 < Mescy ) up) Z ( G [ (1+1x17ap " (x>)

l/q
1
< 3 (Cu+ DMCLC I A pt,mZ( / (1+ |x[P)dp}" %)) .

Integrating this inequality in time, estimating the p-th power of the sum by the sum of p-th powers and using
Holder’s inequality, we arrive at

2 ) 2 ) T
>, / U+l () < € ) / (4 xlP)dpp () + 1! / Pm.p (4 p. ),
=1 YR i=1 YR 0
for some constant C > (. Taking the supremum over n € N and ¢ € [0, T'] finishes the proof. O

Proposition 2.22 (Compactness of solutions to the nonlocal continuity equation). Let (u™),en € M*(R?) and
suppose that (™), en weakly-* converges to u € M*(R?). Moreover, assume that the base measures u" and p
satisify (MB1), (MB2) and (BC) uniformly in n. Let ((p",}J"))nen C CEr be such that sup, .\ M) (pg’(’)) < o0
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and sup,, N /OT Am,p ("5 p7,J7 )dt < co. Then, there exists (p,j) C CEr such that, up to a subsequence (still
indexed by n), as n — oo, it holds

Py — pr narrowly for all t € [0,T],
=i in(M(G < [0,T]))%

Moreover, the action is lower semicontinuous along the above subsequences i.e., we have

T T
lim inf/ A gy p7, 7 )de > / A, p(e; pr.]j,)dt.
0 0

n—oo

Proof. We argue similarly to [35, Proposition 2.17] and present only the main steps. At first, we employ Lemma
2.21, Corollary 2.16, Holder’s inequality, Assumption (W) and the disintegration theorem (see e.g. [3, Theorem
5.3.1]) to obtain a subsequence still denoted by (j;'), which weakly-* converges to a Borel family (j,);c[0,7]
such that for i = 1,2 we have j ) (K x I) = fI jt(i)(K)dt as well as (24) for any compact sets I c [0,T], K C G.
Then, for 0 < s <t < T and ¢ € C(R?), we obtain the equality

t . t _ X
nh_r)lgo‘/ ”//Gch(x,y)n(x,y)dj,"’(’)(x,y)dt=/ '[/GV<p(x,y)n(x,y)dj,(l)(x,y)dt
N S

by employing a truncation argument and using the Assumptions (MB1), (MB2), (BC) and (W) as well as
Holder’s inequality and Lemma 2.14. Since ( pg’(l))n has uniformly bounded p-th moments, it is uniformly
tight. Hence, Prokhorov’s theorem (see e.g. [3, Theorem 5.1.3]), the above convergence result and (25), where
we choose ¢; = &, yield local narrow convergence of (p:”(i))n to some p,(i) e M*(R?) fori = 1,2. In the
last step we use (24) and Corollary 2.16 to find that p,(i) € P(R4) and employ Lemma 2.21 to obtain that the
narrow convergence of (p?’(i))n towards pt(i) is in fact global. Therefore, we have (p, j) € CEr. Finally, since
narrow convergence implies weak-* convergence, Lemma 2.13 shows the claim of lower semicontinuity of the
action. O

Remark 2.23. Note that in Proposition 2.22 we have compactness of the action density not only in p; and j,, but
also in the base measure p,. This will play a crucial role later in the proof of existence.

2.3. Definition of a quasimetric
Having defined an action density and a continuity equation, we are now ready to define the induced quasimetric:

Definition 2.24 (Nonlocal upwind transportation cost for two species). For u € M*(R?), n satisfying (MB1),
(MB2), (BC), and o, 01 € (P(RY))?, the nonlocal upwind transportation cost between Qo and i is defined as

1 1/p
Tm.p.u(Q0,Q1) = (inf {/0 Am,p(1; pr5J,)dt 2 (p,]) € CE(QO,Ql)}) . (26)

Remark 2.25 (Decoupling of the transportation cost). Let us denote the nonlocal upwind transportation cost for
one species by T p, ;. Then, since both the action and the continuity equation are decoupled with respect to the
components of p and j, the infima are also independent of each other, which implies that for any Qo, @1 € (P (R%))?
we have

1 —p ) (2
T (087 0] @7)

1 —
TP (@)= =T, (961),951)) e

m,p,u B A

Theorem 2.26 (Optimal curves exist and are constant speed geodesics). For any u € M*(R9) satisfying (MB1),
(MB2) and (BC), any T > 0 and any Qo,01 € (P(R%))? with Tmp,u(Q0, Q1) < 00, the infimum in (26) is
attained by a curve (p,j) € CE(Qo, Q1) with App(i; pr,i;) = %?#(Qo,gl)for a.e. t € [0,1]. This curve is a
constant-speed geodesic, i.e., it satisfies

T pou(Ps: P1) = |t = 8|Tm.p.u(Qos Q1) for every s, € [0,1].
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Proof. This can be proved by using [35, Theorem 2.20] and the decoupling of A,, g Alternatively, one could
infer this from Lemma 2.27 similar to the proof of [33, Theorem 4.3]. O

Lemma 2.27 (Reparametrization). For any u € M*(RY) satisfying (MB1), (MB2) and (BC), any T > 0 and
any o, Q1 € (P(R4))? it holds

T
Tm.p.u(Qo0» Q1) =inf{/0 ﬂ,l,f,’g(u;pt,jt)dt:(p,j) ECET(Qo,Ql)}.

Proof. This immediately follows from Theorem 2.26. Alternatively, one can argue via a reparametrization
argument similar to the one in the proof of [31, Theorem 5.4]. O

Proposition 2.28. Ler y1 € M*(RY) satisfy (MB1) and (MB2). Then, for any o, Q1 € (P(R?))?, again denoting
by T ., the transportation cost for one species, there exists C > 0 such that

2
Wi(eo. Q1) = Z Wi (Qé”, Qi‘)) <77 (e0.Q1).

m,f,p
i=1

Proof. By Remark 2.19, in (25) we can choose a test function ¢, which is constant in time, 1-Lipschitz in space
and satisfies 0 < ¢ < 1. Then, a quick calculation yields a uniform bound, which allows us to take the supremum
over all ¢ and employ the Kantorovich-Rubinstein formula to obtain the result. A detailed proof for p = 2 and
m(r,s) = r (which does not change the argument) can be found in [35, Proposition 2.21]. O

Observe that, by the previous Proposition, Young’s inequality and (27), we have

2 2 1/p
= —l/p j i = —p j i 1
Wl (QO’ Ql) <C E Tm,,u (Q(()l)’ Qil)) <C ( § Tm,,u (Q(()l)7 Qil))) < CTm’/ﬁ{)ﬂ(QO? Q1)7
i=1 i=1

where C depends only on the m, p, B, 7 and u. Hence, 7, p ,, defines a quasimetric on (P(R%))? and induces a
topology stronger than the W;-topology:

Theorem 2.29. Let u € M*(R?) satisfy (MB1), (MB2) and (BC). Then, the nonlocal upwind transportation
cost for two species T, g, defines a quasimetric on (701,(Rd))2 and the map (Qo, Q1) = Tm.p,u(Qo, Q1) is lower
semicontinuous with respect to the narrow convergence. The topology induced by Ty, is stronger than
the Wi-topology and the narrow topology. In particular, bounded sets in ((Pp(Rd))z, Tmp,u) are narrowly
relatively compact.

Proof. Similar to [35, Theorem 2.22] we have that if 7., ,(Qo,Q1) = 0, then the minimizing pair (p,j) €
CE(Qo, Q1) satisfies A, p(1; ps,j;) = 0 fora.e. t € [0,T]. Thus, fori = 1,2 we have jt(i) =0, (u@u+ gz(i))—a.e.
and hence p(()i) = pii). The triangle inequality follows from Lemma 2.27 by concatenating the solutions of the
nonlocal continuity equation. The compactness and lower semicontinuity of Ay, g shown in Proposition 2.22

are inherited by 7, p,,. Lastly, the claims about the topology immediately follow from Proposition 2.28. O
Now, we adapt the definition of absolutely continuous curves to our setting.

Definition 2.30 (Absolutely continuous curves). Let u € M*(R?) satisfy (MB1), (MB2) and (BC). A curve
p € (P(R%)? belongs to ACP([0,T]; ((Pp(Rd))z,‘i,’n,ﬁ,ﬂ)) if there exists f € LP(0,T) such that for any
0<s<t<Twehave

Topou(0s: 1) < / . (28)
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Such a curve is called (p-)absolutely continuous. For any p € ACP([0,T]; ((Pp(Rd))z,ﬁn,ﬁ,#)) and a.e.
t € [0,T] the limit
. Tmpou(Prs Pren)
| = lim ——————
i = i ==

is well-defined.! It is called the metric derivative of p at t. The map t — p;
| p;| < f(¢) for any m satisfying (28), making it the minimal intgerand in (28).

belongs to L? (0,T) and satisfies

Proposition 2.31 (Metric velocity). Let u € M*(R?) satisfy (MB1), (MB2) and (BC). A curve p C (7’1,,(Rd))2
belongs to ACP ([0,T]; ((Pp(Rd))z, Tm.p,u)) if and only if there exists a family j such that (p,j) € CEr and

T
1 .
/0 AP (3 projp)dr < oo,

In this case, the metric derivative satisfies |p’|P(t) < A, p(; pr,],) for a.e. t. Additionally, there exists a
unique family J such that (p,)) € CEr and
|p

|p; = Am,p(i;ps»1,) fora.e. t € [0,T].

This identity holds if and only if , € T,(Pp (R))? for a.e. t, where we define the tangent space at p as

To(Pp(R)? = {j € ME, (G))? : App(tt; p.J) < Amp(ps p,j+d),¥d € (Maiv(G))*} (29)

nmm

and the space of divergence free-fluxes as
Maiv(G) = {d e M(G) : // Vondd = 0 for any ¢ € Cf’(Rd)}.
G

Proof. The first statement about the characterization of absolutely continuous curves follows from [31, Theorem
5.17], due to Theorem 2.26, Lemma 2.27 and Proposition 2.22. Since, by Corollary 2.12, we have that
antisymmetric fluxes have lower action, it is not restrictive to require the minimizing flux to lie in (M3}, (G))%.
For the converse statement, we argue as in the proof of [35, Proposition 2.25]. Here we use that the map
J = Apmp(us;p,j) is strictly convex for j € (M‘;‘fy](G))2 with A,y p(u; p,j) < oo and that the set {j €

(M3, (G))? : Vj = Vj,} is closed with respect to weak-* convergence. Additionally, we employ Corollary
2.16 and obtain that j +— A,, s(u;p,]j) has locally relatively compact sublevel sets with respect to narrow
convergence, by arguing as in the proof of Proposition 2.22. Finally, applying the direct method of calculus of

variations, we see that j is well-defined. O

Definition 2.32. Recall that for any p € (P,(R9))?, by Lemma 2.10, we can identify any j € (M(G))? such
that Ay, p(1; p,j) < o0 with a velocity v = (v(D, v+ y2) L) given as

dj = () dy ) - )y,
dj 0% = P dy P - O Ty

We define as TP(PP(R‘I))2 the set of velocities v associated this way to j € TP(PP(Rd))z.

In the following proposition we present a characterization of tangent velocities in cases, when R A § < oo or
me = 0. In these cases they lie in the closure of the set of gradients of smooth functions.

Proposition 2.33 (Tangent velocities are almost gradient). Assume that either R A'S < o0 or mo = 0. Let
u € M*(RY) satisfy (MB1), (MB2) and (BC). Let p € (P(R))2 and v = (vV,0,v?,0) : G — R* be
associated to j € (M(G))? satisfying Am,p(; p.j) < oo as before. Then, we have v € T,(P,(R))? if and only
if

L (7" . , ,

v ¢ {% g€ cg°(Rd)} . where A9 = 1,020,y + 10 gydy?.

IFor details see e.g. [3, Theorem 1.1.2].
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Proof. The boundedness of the action implies that the singular part vanishes. Thus, we can argue s1m11ar1y to

the proof of [35, Proposition 2.26]. Let j € (M(G))? be the flux associated to v. We define J, @ = = supp ] +

@ .

and y,’ = 71’)| - Observe that by the antisymmetry of ;) we have (J; (@ ))T = supp j 9. Therefore if

Amp(u;p,j) < oo by Lemma 2.10 and the assumptions on m, for i = 1, 2 there exist antisymmetric functions
£ such that dj) = f (i)d(yil) + (yff))T). These functions satisfy

(z) _n,@pp — 1O P
m(/l p ) ||f || l(i)) ||f ||LP(777-|(»i))‘

By symmetry, we can rewrite the divergence as

Ul o [Tor i ([
3 // Vondj® = // Vondj" = // Vo Ondyd.
G G G

Now, we observe that (29) is equivalent to
[ =179+ Oy <o, (30)
G

for all antisymmetric g € L” (ny} )) which satisfy ffG V- ;bg(l)ndy = 0 for every ¢ € C=°(R%). Since the
sign of g() may be negative, (30) is equivalent to

(frlg@ =0, py-ae,

which is equivalent to
(£ =0, pyD-ae

Now, note that we have v\” = (£{7)P=1, Hence, v belongs to the closure of {V¢ : ¢ € C=(R%)}in LY (ny(‘)).

Finally, recalling that v(*) are antisymmetric and that (y]l))T = 721) , the claim follows. O

Remark 2.34. Proposition 2.33 shows that if R A § < o or m« = 0 and for u and p as in the statement, for j
chosen from a dense subset of T, (P, (R4))?, there exists a measurable function ¢ = (¢'1,0, 9, 0) : R? - R*,
such that we have

Am.p (185 0,3) = Amp (123 p, VO),

and we can then write
dj @ = ((Ve'),) "y = (V') ) dy,". 3D

Proposition 2.35 (Absolutely continuous curves stay supported in supp u). Let u € M*(R?) satisfy (MB1),
(MB2) and (BC) and let p € ACP([0,T]; ((P)p (R, 7, Tm.p,u)) be such that supppo) C suppu, i = 1,2.
Additionally, assume that m satisfies the following condition:

RAS<oo or me=0 or m(r,s)=0 < r=0. (A)

Then, we have suppp () ¢ suppu forallt € [0,T],i=1,2.

Proof. If R A S < o0 or my, = 0, this is immediate from the finiteness of the action. Thus, let R = § = co and
assume m(r, s) > 0 for every r > 0. This allows us to argue similarly to [35, Proposition 2.28] by employing
Proposition 2.31, Lemma 2.10 and Lemma 2.20 to obtain a pair (p, j) € (Pp, (R9))? x (M3, (G))? satisfying
(25) and we have fori =1,2

;" = () du e p) - (F7)-d(u e ),
dji" = (e @ ) = () due o),
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with suitable antisymmetric " and £ Here we used that y(’)L < pV* @y and y( D« u® pD* since

we assumed m(r, s) = 0 if and only if » = 0. Inserting ¢ € Cg"(Rd) with supp ¢ ¢ R? \ supp ¢ and ¢ > 0 into
(25), by the antisymmetry of v,( and v(’) , we obtain for bothi = 1,2

/R o()dp!? (x) = /R e (x) + / // T (e ) (D), (o) Ce ) dpa () du(y)de
/ / (0() = o) L) (v ) r. ) dp O (O dpa(y)dr

<= [ [ oot st a0 dutrae <o

()L

Since p, '~ and p are nonnegative measures this finishes the proof. O

Remark 2.36. (i) Assumption (A) plays an important role in the proof of existence of gradient flows. By
Proposition 2.35 it guarantees that when i is a counting measure and supp p(()l C supp u, the same is true
for all times. This will reduce the continuity equation to a finite system of ordinary differential equations.

(ii) On a finite graph m(r,s) =0 <= r = 0 means that the mobility vanishes if and only if there is no mass
on the node from which the mass is flowing away. This is reasonable from a model point of view.

3. Two nonlocally interacting species as Finsler gradient flows

In this section we define a Minkowski norm on 7,,(#,, (R?))?, thereby inducing a Finslerian structure. Moreover,
the inner product gives rise to a notion of gradient and divergence. Subsequently, we show that this gradient of
the nonlocal cross-interaction energy,

&E(p) = Z //Rd » K% (x, y)dp @ (x)dp® (), ((2) revisited)
lk 1 X

exists and is unique, whenever K ('? and K?V are positive multiples of one another. Then, system (6) reads

8p? (x) + B / (M (x, V(KD % pt + K % p2) (x,3)2) 7 n(x, y)du(y)

- g /d (M (y, ) V(KD % ptV + K % o) (x,3),) 7 n(x, y)du(y)
ReCT T (32)
+pY /Rd (M e MV (K % pf 4+ K pf) (6 )2) T s )67 (3, dy)

; ' (i 1 ; 2
- /Rd (ML (3, ) V(KD 5 oY+ K2 5 ) (x, 3)1) T (2, y)5 P (x,dy) = 0
is a gradient flow of & with respect to the Finslerian structure. Here 8", 82 > 0 and, after a rescaling, we

shall assume that 8 = 1 and K(1? = K2,

This will finally allow us to deduce that weak solutions of (32) exist for a large family of base measures u via
approximation with finite graphs. These considerations are based on known results for one species [35].

Before we construct the Finslerian structure on the product space, let us introduce our notion of weak solutions.
Definition 3.1. A curve p : [0,T] — (7’1,,(Rd))2 is called a weak solution to (32) if the pair (p,]) is a weak

solution of the continuity equation
dpr+V-j, =00n [0,T] xRY,

in the sense of Definition 2.18, where the fluxj : [0,T] — (M(G))? fori = 1,2 is given by
dji"" = (B (V6,08 (p))-) " dy(") = (B (Vo0 8(p)s) " dvs),

(33)
dﬂ‘“ (B (V8,0 €(p))-) " dyy 1 = (B (V8,0 E(p))+) ™ dys) .
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Remark 3.2. There was no coupling between the two species until this point, neither in the definition of the

action densities nor in the continuity equations. Only now, via the dependence of 2%~ on both pV) and p?,

cross-interaction occurs.

Throughout the rest of this paper, we make the following assumptions on the kerneles K ‘%) : R x RY — R,
Lk=1,2:
(Symmetry) Vx,y € R% itholds K™ (x,y) = K (y,x), (K1)
(Growth) 3Lk € (0,00) such that V(x,y), (x".y’) € R* xR?, andi k = 1,2, wehave  (K2)

K™ (x, y) = K, 3| < Lic (106, 3) = (&, )V [ (3, ) = (27, 3)1P)

In particular, (K2) implies continuity and guarantees that the proper domain of & contains (%), (R?))2. Indeed,
by (K2) there exists C > 0 s.t. for all x, y € R? we have |K) (x, y)| < C(1+|x|” +|y|?) (see [35, Remark 3.2]
for details).

Proposition 3.3 (Continuity of the energy). Let the potentials K%, i, k = 1,2 satisfy (K1), (K2). Then, for any
sequence (p™)yeN C (Pp(Rd))2 narrowly converging to some p € (SDP(Rd))Z, we have

lim &(p") = &E(p).
n—oo
Proof. Keeping in mind that p” — p if and only if p">() — p(® for both i = 1,2 and using the assumptions on

KU ik =1,2, we can argue as in [35, Proposition 3.3]; we truncate the kernels to obtain bounded continuous
test functions. Then, we employ Lebesgue’s dominated convergence theorem and a diagonal argument. O

3.1. Finslerian geometry

Definition 3.4. (Finsler metric). Given p € (73[,(Rd))2 we define the function I, : TP(PP(R‘Z))2 —
(TP(PP(Rd))2)* as follows: for anyj,j € Tp(Pp(Rd))z, in the case R = § = oo, we set

1 2 1 . .(i) ’ (i) ’ p-1
LGl = D) Zl: B0 l././(}]_(l)(x’ y) (11:(‘)(();,);)) B T]n_(,)(();,);))) n(x, y)du(x)du(y)

(i) L (i) L p-1

(1 ] (-x’ y) ]— (x’ )’) [

+ // ﬁ”(x,y)( RO n(x, y)ds (x,y) .
G My (x,y) Mg (y,x)

where ¢ are as in Lemma 2.10. In the case R A S < oo, we analogously define

1 2 1 . .(7) , (1) , p-l1
b0 =3 5 I J(’)<x,y)(1f:(,.)(é,yy)) —,Jn‘m(();,?)) 10e ) du(x)du(y).

Next, we define the Finsler metric F), : Tp(fop(Rd))2 — Ras

Foi) = GNP = AP (3 p.5).
Our first goal is to show that F is a Minkowski norm. To this end, we establish a Holder-type inequality:
Lemma 3.5 (Holder-type inequality). Forj,j € T,(P,(R%))? it holds

LG < GOUD"P GO LD. (34)

We have equality in (34) if and only if there exists A > 0 such that fori = 1,2 we have 7 = 1j O, n(u ® u)-a.e.
and’ lf‘R = S = 09, J_(l)J_ — /lj(l)J_, ng(i)_a‘e.
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Proof. We only consider the case R = S = co. A proof in the case R A S < oo can then be obtained by setting
the recession terms to zero. First note that we have the simple estimate

JGJGPT RGP TGP

mP=l(r,s) mPY(s,r) ~ mPl(r,s) mpPl(s,r)’ ©53)

with equality if and only if j is nonegative, where j is positive and nonpositive, where j is negative. Recalling
that p — 1 = p/q, we shorten the notation by introducing

—() (1) /q
(i) g () (i) _ Uy ()P
@reny) = (m(x,y)l/a’ by = (m(x,y))p/a*’

7() (1) /
(i) TV (x,y) (i) _ G (x, y))Pld
Q= nGore Y =G e

and similarly the recession terms a(‘) and b(’) fori, k = 1,2. Note that a(’) (’) = 0 and similar for all the other
terms. We use this fact, (35), and apply Holder s inequality for sums and 1ntegrals to obtain

2 I 2 2

1 i) (i NG ;

LG <= E 50 // E a,(c)b](()nd(u®p)+”// E a() b() ndg()
2 G k=1 G =

—1

1/q

; 1/p 2
A5l (] e
+_[/;;(i< (l) ) (Zzl(b(l) )11) nd§(i)]
k=1
1< 1 l. i 1/q
= _ZA B8O [(//G ;(ai))pnd(ﬂ ®,U)) (//G ;(bli))ql]d(ﬂ ®#)) -
2 ) 1/p 2 . 1/q
o Syettormen) ([ Syoirmse) |
k=1 k=1
<

1 2 1 2 i ) | | .
E;ﬁm l(//(;;(a’(‘))pnd(“®“)+//G;(a,i,)m)”ndg<>)
2 2 l/q

( '//G Z(b,(g'))qﬂd(,u ®u) + ‘[/G Z(bl((i’)oo)qndg(i)) }

k=1 £

< (LGN, G DY

The third inequality in (36) is satisfied with equality if and only if there exist a<i>,1§§> >0,i=1,2, st.
Zizl(a,(:))p =20 Zizl(b,(:))q, n(u ® u)-a.e. and Zizl(al((’;)m)f’ =0 ZiZI(bl(ci,)oo)q’ n¢P-ae. Assuming
equality in the third inequality, equality in the first and second inequality is achieved if and only if for i, k = 1,2
we have (a,(ci))p = /l(")(bg))q, n(u ® w)-a.e. and (a](f’)oo)p = /l(")(b,(i)m)q, nsD-a.e. Assuming equality in the
first three inequalities, equality in the fourth inequality is obtained if and only if for i = 1,2 we have 1) = /l((x’;),
while equality in the last inequality is given if and only if A() = 1 and /lg) = /15,?. Combining these
considerations finishes the proof. O

Theorem 3.6 (Minkowski norm). Forany p € (P,(R%))? we have that F, is a Minkowski-norm on T, (P, (R%))?,
i.e. it is smooth away from zero and satisfies

(i) Positivity: Fy(j) > 0forall p € (Pp(RY))? and all 0 # j € T,(P,(RY))%

(ii) Positive 1-homogeneity: F,(Aj) = AF,(j) forall A >0, p € (7’1,,(Rd))2 andj € Tp(SDp(Rd))z.

(iii) Strong convexity: F,(j+]) < F,(j) + F,(3) for p € (SDI,(Rd))2 and j,j € Tp(Pp(Rd))z, with equality if
and only if there exists C > 0 such that j = CJ.
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Proof. Positivity, positive 1-homogeneity and smoothness, when j ) £ 0, n(u ® p)-a.e. (and, for R = § = oo,
jOL £ 0, p¢@W-ae.) are immediate from the definition. Strong convexity is obtained from Lemma 3.5 as

follows:
(FoG+D)P =L,G+DH+31 = LG +D 01+ LG+ 0]
< (@GGEDY + L@OEDP)LG+D+TD)'
= (Fp(j) + KM (FpG+)P 7"
Dividing by FP~! yields the statement. O

Remark 3.7. We use a different notion of Minkowski norm, compared to [35]. There, (i), (ii) and (iii) are
replaced by the stronger assumption that the second variation of F,(j) is a symmetric positive definite bilinear
form if j is nonzero (p @ u + u ® p)-a.e. However, the notion used here is better suited to the case p + 2 and
also commonly used, e.g. in [1].

Proposition 3.8. Ler p € (‘)’D[,(Rd))2 andj € Tp(SDp(Rd))2 such that for i = 1,2 we have density of j© # 0,
n(u® w)-ae and jO+ 0, ncD-a.e., if R =S = co. Then, for anyJ € T(P,(R?))%, we have

d
(Bl )

~ L= O,

|T:

Proof. Recalling that (a + tb)? = 337 (P)aP~*7*b* = aP + paP~'vb + O(7?) and that the different species
as well as the absolutely continuous and the singular parts can be treated individually, this follows as in [35,
Appendix A]. O

Definition 3.9 (Differential and metric gradient). Given a functional F : (P(R%))?> — R U {+0c0}, we define its
differential at p € (P, (R?))? in directionj € T,(P,(R?))? by

G F ()0 = <G|

where p; solves éi—tf)t = -V -J on a small interval according to Definition 2.18 and satisfies po = p.

We further define the metric gradient (if it exists) via the equation

diff F(p) 7] = lp(grad F(p)[1],  for any] € T,(P,(RY)).

Theorem 3.10 (Uniqueness of the gradient). Given a functional ¥ : (P (R%))? — RU{+o}, ifforp € (P, (R?))?
the differential diff F (p) exists, then it is unique.

Proof. Similar to [35, Subsection 3.1], the uniqueness of the gradient is an immediate consequence of the
injectivity of the map j — [,(j)[7] for givenJ € T,(P,(R%))>. To show this injectivity, let j,j € T,(P,(R?))?
with 1,(j) = 1,(§). If either j) = 0 or 7@ = 0, n(u ® p)-a.e., then 1,(j) = [,(j) implies j© = j© = 0,
n(u ® p)-ae. Similarly, if either j()+ = 0 or 7O+ =0, ngc@-a.e., then 1,(j) = [,(j) implies j+ = jO+ =0,
n¢-a.e. Now, for at least one i € {1,2} let ;) (A) # 0 for some A € G with u ® u(A) > 0or jO+(B) #0
for some B ¢ G with ¢ (B) > 0, and let 7 (A) # 0 for some A ¢ G with u ® u(A) > 0or jO+(B) # 0 for
some B c G with ¢(Y(B) > 0. Then, by (34) we obtain

0 < L)Ll = LT < GG TDP UMDY,

which gives us [,(j)[j] < [,(j)[j]. Inverting the roles of j and j, we obtain /,(j)[j] < [,(j)[j], i.e. we have
1,)[i] = 1,() [j]. This implies equality in the Holder-type inequality (34), thus yielding j© = Cj@, n(u ® u)-

a.e. and j(+ = CjOL, e ae. for some C > 0 and both i = 1,2. Using the positive 1-homogeneity of Iy
we obtain [,(j) = [,(Cj) = CI,(§) = Cl,(j), which yields C = 1 since /,(j)[j] # 0. This proves the claimed
injectivity. O
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Since the map j — [,(j)[]j] is not antisymmetric, i.e. [,(j)[J] # —I,(=j)[j], we separately need to define the
negative gradient:

Definition 3.11 (Negative metric gradient). Given ¥ : (P(R9))?> — R and p € (P,(R?))?, we define the
negative metric gradient of F at p by

lp(grad™ F(p))[]] = —diff F(p)[jI,  forallj € Ty(Pp(RY)).

Since /,(+) is not antisymmetric, in general grad~ ¥ (p) # —grad ¥ (p). To define the (unique) direction of
steepest descent at p we use the following criterion, as in the Riemannian case:

Definition 3.12. Given p and F such that diff ¥ (p) # 0, we define the direction of steepest descent as
j* = argmin {diff 7 (p)[7] |7 € T,(Pp (R, s.t. 1,(G)[7] = 1}, (37)

if it exists.

Note that diff ¥ (p) = 0 implies grad™ F (p) = 0. Otherwise, the negative metric gradient determines the
direction of steepest descent, as the next lemma shows.

Lemma 3.13. Let j* be as in (37). Then, there exists C > 0 such that j* = C grad™ F (p) holds.

Proof. We argue similar to [35, Subsection 3.1] and start by adding the constraint of the optimization problem
with Lagrange multiplier C € R. For j € T,(P, (R%))? we define the functional

: . L C o
H(C,)) = diff F(p) [j] + ;(ZP(J)[J] - 1.
We employ that, by Proposition 3.8, for any j,j € T,(P), (R%))2, we have the equality

d
—loG+mli+ | =L@

T=

Then, using the linearity of the differential diff 7 (p), any minimizer (C*,j") of H must satisfy the condition
diff 7 (p)[-] = -C"1, i) []-

By the linearity of the map j — —C*I,(j*)[j], and the symmetry of the constraint, we find 0 > diff 7 (p)[;*] =
—C*1,(j*)[j*], which implies C* > 0. Thus, the previously proven injectivity and positive 1-homogeneity of /,
yield

1

I . | 1 _
j :lpl( = dlff?'(p))=Elp1(—d1ff7"(p))=agrad F(p).

In light of Lemma 3.13, it makes sense to write metric gradient flows with respect to ¥ in the Finsler space
((Pp(RH2T;) as -

Opr =V - grad” F (p;).
Since the previous considerations did not use any specific structure of ¥, they stay valid for general functionals
F : (Pp(RY))? — R U {+co}. However, even though by Theorem 3.10 we know that the (negative) metric

gradient of a functional is unique, we have yet to show its existence. For the case where ¥ is the nonlocal
cross-interaction energy (2), the following theorem ensures existence.
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Theorem 3.14 (Existence of the negative metric gradient for the nonlocal cross-interaction energy). Let & be
the nonlocal cross-interaction energy. Then, for any p € (‘SDP(RUI))2 and n(u ® p)-a.e. the negative metric
gradient d grad™ E(p) = Z?:] (grad™ &(p)) Dd(u ® p) + (grad™ E(p)) D +dg D is given fori = 1,2 by

(grad” &(p))" = (m(i))T((—ﬂ(i)ﬁ%uﬁ(f)))—)q_l - m(i)((—,B(i)vfsp(ng(l))h)q_l,

| RO o _ (38)
(grad” &(p) "+ = (m{) " ((-0V6 0 E(p))-) ™" = m& (-BVVS,0,E(p))+) ™",

ifR=S=o0co. IfRAS < oo, then we have (grad” &(p)) D+ =0 fori =1,2.

Proof. We calculate the differential according to Definition 3.9. For p € (P,(R9))? and j € Tp(Pp(Rd ))? take
any curve p € ACP([0,T7; ((Pp(Rd))z,fn,ﬁ,,,)), s.t. Ppo = p and d%f)t =-V -3, according to Definition 2.18
and J, = j. Then, using the equality K @D = K(12) and Lemma 2.20, we find

— diff &(p) [j] = —ig(p‘t) &) ~ &(Po)

=—lim
t=0 70 T
ik ) (@) ik k) (@)
=~ lim 5 Z [/ (K™« 5 ) = [ (K« ) o (x)}

= — lim — KU (x, y)dp (v)dp? (x)dr
lim 271 _1l/ 5 //Rded (x, y)dp, ™ (v)dp,” (x)

2
=3 O TE oyt )
i,k=1

Ly T 0y 0 ),

i,k=1

Since 6,1)E(p) = KD s oM 4 U2 5 p(2) and 6,28(p) = K@ 5 p@ 1 K24 oM and B0 > Ofori = 1,2,
we rewrite this in terms of the negative metric gradient of the energy functional:

2
—diff &(p)[j] = %Z [//G =V, E(p) (x, 1)1 (x, ) (x, ) dpa(x)du(y)
i=1

+ //G —%pmc?(p)(x,y)n(x,y)j("“(x,y)dg(”(x,Y)‘

B 0 m (x, y) (B (=V8,0 E(p))+(x, )"
_—Z;W‘/‘/Gj (X,y)( m(i)(x,y)

O (y, %) (BD (~V6 0, E(p))-(x, )41\ "™
S m(ﬁ(py()x) - ) n(x, y)du(x)du(y)
(1) O (_Ts .. q-1
- M (X, ) (B (=V6,0 E(p))+(x,))
+//J (x,y)(

m (x,y)

Dy ) (BD(=V6 0, E(p))_(x,y) T\ :
e’ (3, 1) (BT .5p<> (#)-(x.7)) ) n(x,y)ds” (x,y).

m (y,x)

Comparing this expression with the definition of the gradient, (38) follows. O

Remark 3.15. For R A S < 0 or me = 0 the structure of the negative gradient closely resembles the structure
in 31) with ' = -6 i, E(p) since —BIVS i, E(p) = =B .0 E(p).
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3.2. Variational characterization for the nonlocal nonlocal cross-interaction equation

We now want to characterize (32) as a gradient flow in the sense of curves of maximal slope and start by defining
the one-sided strong upper gradient.

Definition 3.16. (One-sided strong upper gradient). A function h : () (R%))? — [0, o] is called a one-sided
strong upper gradient for & if foreveryp € ACP ([0, T]; (P, (R4)2, 7, m,p.u)) the function hop : [0,T] — [0, oo]
is measurable and we have

t
E(pr) — E(ps) = —/ h(po)|pi|dr,  forall0<s<t<T.
S
As before fp’T| denotes the metric derivative of p, with respect to T g, -
The one-sided strong upper gradient is sufficient to characterize curves of maximal slope:

Definition 3.17. (Curve of maximal slope). Given a strong one-sided upper gradient h for &, a curve
p € ACP([0,T]; ((Pp (RH)2, T, p.u)) is called a curve of maximal slope for & with respect to h if and only if

" 1
E(pr) — E(ps) +/ g(h(p,))q + I—)|p;|pd7’ <0, forall0<s<t<T. (39)

Remark 3.18. Note that inequality (39) implies that t — &E(p;) is nonincreasing. Further, observe that by
Young’s inequality we immediately see that any strong one-sided upper gradient for & satisfies

forall0<s<t<T,

E(pr) — Eps) + / o)+

i.e., if p is a curve of maximal slope for & with respect to its strong one-sided upper gradient h, then we have
equality in (39).

Our next goal is to deri\f a chain rule. However, we have seen in Theorem 3.14, the relation between
(grad™ &(p))@ and -BDVS »» E(p) is not linear, but contains a power g — 1. To account for this, we make the
following definition:

Definition 3.19. Given two maps v = (v, y(DL v @4 G = (50 5L 5@ 5214y - G — R4 we define

fp<v>[v1=% | L7 (mO ) = 760 e

+//G§(,~>L (mf;;)(vi"“) — (m)T ()9 )ndg‘<‘)

ifR=S=oc0. For RAS < oo, we define [ by

hvIT] = %i 50 // 70 (mO @09 = ()T OO pd(u® p).

Remark 3.20. Let v,V be associated to j,j as in (15) and (16). Then, in general 1,(j)[]] # l~p(v) [V]. However,
ZP(V) [V] is linear in v and it still holds that

(V) [V] = App (1550, V) = A p (13 p,3) = LG []- (40)

With this machinery in place, we can now adapt (25) as follows:

23



Lemma 3.21 (Chain rule for test functions). For p € ACP([0,T]; ((P, (RY)2, 7, mp.)) let j C To(Pp (R%))?
such that (p,j) € CEr and |p,| = Amp(; pr3j,) for a.e. t € [0,T], as given in Proposition 2.31. For

this j, let v .= (V{), Ve = (vil), il)L,vt(z),vf)L) : G — R* be as in (15) and (16). Then, for any ¢ =
(oM, W+ 02 @y e (C2RINY, i=1,2,0<s<t<Tandi=1,2it holds

Z L@ - [ o0l = [ U () [P eldr

N

Proof. Leti € {1,2}. Starting from the continuity equation (23) we calculate

/ oD ()dp? (x) - /R 0@ ()dp (x) = / // Foor y)n (e ) dj % (e, y)de

BT e (04 ) e ) = ()3 ) ) e

zlg(z)

From this, we conclude by summing over both species. O
As for [, for [ we too have a Holder-type inequality:

Lemma 3.22 (Holder-type inequality). Forall v,v € T"p(?’p(Rd))2 we have

LI < G IVDYP (L, D', (41)

@ = /117(’) m/f )_a.e. as well as v(l)l =Av (l)l
-a.e. as well as v+ = 1501, ny(l)l -a.e.

with equality if and only if, for some A > 0, fori = 1,2 we have v (i

m/§1) -a.e. and hence, by antisymmetry, also v\ = A5, 77)/( 2

i

Proof. The argument is analogous to that for /,(j)[j] in the proof of Lemma 3.5. O

Definition 3.23. (Dissipation and De Giorgi functional). For p € (P, (RY))2, we define the dissipation at p by
D(p) = Amp(p: p. ~PV,E(p)) = o (-BVS,E(p) [-BVE,E(p)].

where 6,E(p) = (6,10E(p), 6,2 E(p), 6,1)E(P), 6,2 E(p)). For any p € ACP([0,T]; ((Pp (R, T p,0)s
we define the De Giorgi functional at p by

T
Gr(p) = 8<pr)—8(po>+/0 ézxp,)”l)

When the dependence on the base measure needs to be made explicit, we write D (u; p) and Gr (i; p)-

3.3. Characterization of weak solutions

In this subsection we show that weak solutions of (32) can be characterized as minimizers for the De Giorgi
functional Gr introduced in Definition 3.23. To achieve this, we need the chain rule for the gradient velocity of
&. Its proof is based on a mollification and truncation argument (and can be found in Appendix A).

Proposition 3.24 (Chain rule for 8). Let K%, i,k = 1,2 satisfy (K1), (K2) and K@Y = K12 [et p C
ACP([0,T]; ((SDp(Rd))Z,‘];,,,B,M)) and let 0 < s <t < T. Denote by v the unique velocity in T, (P (R%))?,
which is associated to p by Proposition 2.31 and Lemma 2.10. Then, we have the chain rule zdentzty

E(pr) — E(ps) = / I, (ve) [PV6,E (pr) ldr. “2)

N
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Using the chain rule, we infer that /9 is a one-sided strong upper gradient for &.

Corollary 3.25. For any curve p € ACP ([0, T]; ((P,(R%))?, Tm.p,u)) and any 0 < s <t < T we have

E(pr) — E(ps) = / (D(pe) V4 |ot |ar,

i.e., DY is a one-sided strong upper gradient for & in the sense of Definition 3.16.

Proof. Without loss of generality, assume that L t(Z)(pT))l/ ‘1|p;|d7' < oo as otherwise there is nothing to
show. We employ (42) from Proposition 3.24 and apply the Holder-type inequality from Lemma 3.22. For
0<s<t<T,wehave

E(pr) — E(ps) = / I, (ve) [PV6,8 (pr) ldr = - / I, (vo) [-BV8,8(pr)]dr

N N

2‘/ (T, (Vo) Ve D)2 (U, (—-BVS,E(pr)) [-BVS,E (pr)]) /7
:‘/ (A p(pr.ve) /P (D(pr))/dr = / o} (D (pr))/dr.

Here, the last two inequalities are provided by (40) and Proposition 2.31. O

Now we are ready to identify weak solutions to (32) as minimizers of Gr.

Theorem 3.26 (Characterization of weak solutions to the nonlocal nonlocal cross-interaction system). Suppose
u satisfies (MB1), (MB2) and (BC), and the kernels K (k) satisfy (K1), (K2) for i,k = 1,2 as well as
K@) = KU2 A curve p : [0,T] — (SD,,(R‘Z))2 is a weak solution of (32) according to Definition 3.1 if and
only if p € ACP([0,T]; ((Pp(R))?, Tm.p.u)) is a curve of maximal slope for & with respect to (D(p)V4 in
the sense of Definition 3.17, i.e., it satisfies

grp) =0, (43)

where Gr is the De Giorgi functional given in Definition 3.23.

Proof. Assume that p is a weak solution to (32) according to Definition 3.1. To construct a weak solution for
the continuity equation (23), we define the flux j by

4j;" = (B (Vo0 8(p)-)* " dyy!) = (B (V6,0 8(p)0) " dy).
dji"t = (BO(V8,0E(p)-)7 dy )t = (B (V6,0 E(p))) dys ),

&

for i = 1,2. Using the abbreviation vZ*? := g()¥s 0 E(p), we immediately obtain

T T T
/ Am,p (15 pr,j,)dt = / Amn,p (1 pt,v;s)dt = / D(py)dt < oo.
0 0 0

The first two equalities are clear from the definitions. For the finiteness, recall that due to the concavity and
finiteness of the mobility m, for any B € 8(G) we have the bound

L+ DB < M(pep+pP @ u+pep)(B),
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where M only depends on m and G. With this, Jensen’s inequality, (K2), (MB1) and (MB2), we obtain

2 2 q 2 q
- ()ya- vk ik 4 k) (@) V(r ik 4 ) ()L
@(pz)—;(ﬂ ) ‘[ //G I;V(K “ s pf ))) ndyy') + //G ((;V(K “ s p, ))) ndy,’)

2 ) .
< w3 O[] =yt vy ne)du)dp G+ 20

i,k=1

2
< MLECy ), (5" /R /R dpi (0d(u +20;")(2)

i,k=1
=2(C, +2) (B + (BT ) MLLC,) < 0.

By Proposition 2.31, this also proves that p € ACP([0,T]; ((Pp(Rd))2, 7)) and that P

t € [0,T]. The latter together with Proposition 3.24 yields

pil” < D(p;) for ae.

E(pr) - Epy) = / I, (vE) V6,8 (p)]dr = - / I, (V) [-§V8,8 (pr)]dr

N N

— = [ 1o BT6,8 0D [-BT8,E o)L

t t 1 1 ,
= —/ D(pr)dr < —/ gﬂ(pT) + ;|prpdT.

Hence, Corollary 3.25 in conjunction with Remark 3.18 yields

t 1 1 ,
&) =80+ [ =)+ |pi|"dr =0,

Therefore, the first implication of the theorem follows for the choices s = 0 and # = T implying Gr (p) = 0.

To prove the converse implication, now consider p € AC? ([0, T7; ((P,,(Rd))z, 75)) satisfying (43). We verify
that p is a weak solution of (32) according to Definition 3.1. By Proposition 2.31, there exists a unique

family j ¢ T,((P(R?))?), such that (p,j) € CEr, /OT ﬂ}r{’g(p,,jt)dt < oo and |p}|” = Apmp(pssj,), for

a.e. t € [0,T]. Moreover, by Lemma 2.10 we find a family of antisymmetric measurable vector fields
v=>wW yWL @ @1y 10,T] x G — R* such that for every r € [0,T] and i = 1,2 we have

dj O = )1y - )y,
dj = (0 Ny (0 - (0O a0
Employing Proposition 3.24, the Holder-type inequality (41), the identity (40), Definition 3.23, and Young’s
inequality, we obtain
t

T ~ —_— ~ R
&(pr) - E(po) = /O I, (vo) (V6,8 (pr)ldr = - / I (ve) [-BV6,E (pr)]dr

N

\%

T T
—/ (A p(prsi NP (D(pr))Vdr = —/ P2 [(D(pe))V2dr
0 0

T 1,
—/ —D(pr) + —|p%[ dr.
0o 9 p

Equation (43) implies that the inequalities are actually equalities. By Lemma 3.5, equality holds if and only if
fori =1,2and a.e. r € [0,T] we have

(v, = —ﬁ“ﬁépma(pt)h yff?—a.e. on G, () = —,B(i)v5p(i>8(Pz)—, 7’52‘3-6- on G,
) = B0V ,0E (e, ¥k onG, ()= —BOVS 0 E(p)-, ¥ -ae. on G

Hence, (p, j) € CEr is a weak solution to (32). m|
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3.4. Stability and existence of weak solutions

In this section, we utilize the characterization of weak solutions to (32) as minimizers of Gr, attaining Gr = 0.
To show the existence of minimizers, we employ the direct method of calculus of variations. This way, we will
prove the compactness and stability of gradient flows, which we will then utilize to approximate the desired
problem by discrete problems. The existence of solutions is easy to show.

Lemma 3.27. Let (1")nen € M*(RY) and suppose u* —* u for some u € M*(R%) as n — co. Assume
that u"* and u safisfy (MB1), (MB2) and (BC) uniformly in n. Fori,k = 1,2, let K (k) satisfy (K1), (K2) and
K@D = K2 Moreover, let (p™),en be a sequence in (SDp(Rd))Z, which satisfies sup,, .y M), (p™ D) < oo and
is such that p" — p for some p € (SDp(Rd))z, as n — oo, Then, we have

liminf D(u";p") = D(u: p).

Proof. Foreveryn € Nandi = 1,2, wedefineu™® := g0 32 V(K xpmR)andu® = g0 312 V(K R«
p®)). Further, we define the convex and continuous map f : R — R,r — (r_)? and note that we have

2
n, n 1 n,(i n,(1 n,(1
D" p )=Zﬁ(l.) //Gf(u Dynd(y, ()+y1 O,
i=1

Z)(u;p)=zﬁ(l)//f(uU))nd(y(z)wfl“),

where y(l) and y(’) are as in Lemma 2.8 and Remark 2.9. We want to employ [3, Theorem 5.4.4 (ii)] to prove
the desired inequality. To this end, we observe that u') € Lq(mfl(i)) and u™® e L4 (ny;l’(i)). Indeed, (K2),
(MB1) and (MB2) and the bound

o+ B) < Mo p+p™ P @ pu+p®p™)(B) VB e B(G),

from Lemma 2.14 imply

1
o) ]

<2M(Cy +2) (,B(l)) Lic,.

. q i
w0 (e, 3) [ e ) dy O )

ZK‘”"*p" O 3) - KO« 200 e NI+ 70 (e y)

Now, let ¢ € C°(G). We find fori = 1,2:
ﬂ(‘) // "0 (x, ) (x, )0 (e, AP D + 70 (x, )

= Z // Ld (K(ik) (y,2) - K (k) (x, Z)) n, (k) (2)e(x, Y)n(x, y)d(y" () ’)’Il (,)J_)(x’y)

(3]

2
= Z /] / K(zk) (y,2) - K (k) (x, Z)) n, (k) (2)e(x, Y)n(x, y)d(y" ,(i) +y;1 (l)J_)(x,y)
k=1 ¥/ supp ¢ RdﬂBR
2
(ik) (i n, (k) n, (i) n,(i)L
+ ;//WPW/W\BR K B (y,z) - K0 (x, z)) ®) (2)@(x, y)n(x, A+ (2 y).
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The terms which are integrated over R? \ Bg vanish as R — oo since p™*) (R4 \ Bg) Roe, 0 by Prokhorov’s
Theorem. (K2) together with (MB1) and (MB2) yields

L (K00 - K60) et 8 0 ) )
supp ¢ R"\BR

<MLk||¢llop™ ™ (RY\ Bg) _[/ (| =y V |x = 1) x, y)d(p +20™ D) (x)du" ()
supp ¢

o (Cu+ DML Cyllpllop™ (B (R4 \ Br)

infaupp o (1x = [4/7 V [x = y]9)

By (W) and (K2), the function (z,y,x) — (K(y,z) — K(x,2))e(x,y)n(x,y) 1s contmuous and bounded on
(RYN Bg) xG. On the other hand we have p™ %) & (y}" 0 4y (I)L) —pHg (yl +yf’”) in P(RY) x M*(G)
fori, k = 1,2. Therefore, forany R > Oand i,k = 1,2, we obtaln

lim // / K(’k)(y z2) - K" (x, Z))so(x G, )d(p" R @ (v D 1y 05 (2,1, y)
n= JJsupp ¢ RdﬁBR
L[ (k0.2 - £ w2 e © 0 + 1) )
supp ¢ RdﬁBR
Letting R — oo, we obtain

hm// uDond (" + 57 (’”)—// Dend(yy” +7,"4).

Therefore, u™ () converges weakly to u(?) in the sense of [3, Definition 5.4.3]. This allows the application of [3,
Theorem 5.4.4 (ii)] to conclude

11m1nf1)(,u p") = hmlnfz 50 ”// Fu™ (’))Ud()f” ,(0) +)’IL (l)J_)
SHe
Py

which finishes the proof. O

// Fund(r D + 34 = DGy p).

Lemma 3.28 (Compactness and lower semicontinuity of the De Giorgi functional). Let (u"),en € M*(R9)
and suppose " —* u for some u € M*(R?) as n — co. Assume that u"* and p safisfy (MB1), (MB2) and
(BC) uniformly in n. For i,k = 1,2, let K% satisfy (K1), (K2) and K®Y = K2 Moreover, let (P")neN
be such that p* € ACP ([0,T1; (Pp(RT))?, Tp.un)), for all n € N with sup,, .y My (ph") < o fori=1,2
and sup, .y Gr (u";p") < co. Then, there exists p € ACP([0,T]; ((Pp (RH)2, 7, Tm.p,u)) such that up to a
subsequence we have p}! — p, asn — oo forall t € [0,T] and it holds

lim inf Gr (4";p") > Gr (113 p).
Proof. Letn € N. Recall

610" =803 ~E0h) + [ LG+ T

where the metric derivative of p} is taken with respect to 7,, s ,n. Since the domain of & is all of (P ( R%))2
and D is nonnegative, the bound sup,,.n Gr (4"; p") < co ensures that

T
sup/ |(p?)’|f;;n’wndt < 00,

neN J0
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Since for any n we have p" € ACP([0,T]; ((Pp(Rd))Q, Tm.p,un)), Proposition 2.31 yields the existence of a

unique flux j* such that (p",j") € CEr and |(p")’|}- = A p(W; pft, i) for ae. 1 € [0,T]. We therefore
m,p,u

obtain

t T
sup [ Apprspt it =sup [l dr <o
0 neN Jo P

neN
Thus, by Proposition 2.22, there exists (p,j) € CEr such that, up to subsequences, p} — p; and ji —* j, as
n — oo for a.e. ¢t € [0,T], and we have

t t
/ Am,p (13 pr,j,)dt < lim inf/ Am,p(u";p,j7)dt < oo,
0 n—o  Jo

Hence, Proposition 2.31 implies that p € ACP ([0, T]; ((P,(R%))?, Tm.p,u)) and fp;|’;m’ﬁ’ﬂ < Amp (s pr,Jj;) for
a.e. t € [0,T], which now yields

T T
/O oy dr < limint /0 oy (44)

By Proposition 3.3, we have that the & is narrowly continuous, i.e.
Tim &(pf) = E(po) and. lim E(pf) = E(pr). 45)

Lastly, Fatou’s lemma and the narrow lower semicontinuity of £, shown in Lemma 3.27, give us

T T T
/ D(u; py)dt < / lim inf D (u"; pf)dt < liminf/ D(u™; plde. (46)
O 0 n—o0 n—o0o O

Combining (44), (45) and (46), we finally obtain

T L e
Gr(ip) =&(pr) ~8(p0) + [ ~DGuip) 4|l < limint Gr (s,

which finishes he proof. O

Theorem 3.29 (Closedness of the Null Space of the DeGiorgi Functional). Let (u™),en € M*(R?) and suppose
w" —=* u for some p € M*(R?) as n — co. Assume that u" and p safisfy (MB1), (MB2) and (BC) uniformly
inn. Fori,k =1,2let K0 satisfy (K1), (K2) and KV = K12 Let p" be a gradient flow of & with respect
to u" foralln € N, ie.

Gr(u";p") =0, foralln € N.

Additionally, assume sup,, .\ M), (pg’(i)) <oofori=1,2andp} — p; forallt € [0,T] for somep C (SDP(RCI))2
asn — oo. Then, p € ACP([0,T]; ((Pp(Rd))z, Tm.p,u)) s a gradient flow of & with respect to p, i.e.

Gr(u;p) =0.

Proof. By Lemma 3.28, we immediately obtain that p € AC” ([0, T]; (P, (R9))2, T.p...)) and that, up to a
subsequence, we have
liminf Gr (s p") 2 Gr (15 p)-

Finally, since Gr (u; p) = 0, Young’s inequality and Corollary 3.25 yield Gr (u; p) = 0. O

Theorem 3.30 (Existence of weak solutions). Let m satisfy assumption (A) from Proposition 2.35 and for
i,k =1,2 let K% satisfy (K1), (K2) and K®V = K2 Suppose that u € M*(R?) satisfies (MB1) and (BC).
Assume further that there exists C;, > 0 such that we have

sup (e =y Vv |x =[P n(x,y) < C;,. (MB2)
(x,y)€GNsupp u®u

Let Qo € (7’1[,(Rd))2 be u-absolutely continuous. Then, there exists a weakly continuous curve p : [0,T] —
(‘SDI,(Rd))2 s.t. supp p; C supp u for all t € [0,T], which is a weak solution of (32) and satisfies the initial
condition pg = Qo.
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Proof. Let (u™)nen © M*(R?) be a sequence of atomic measures with finitely many atoms that narrowly
converges to ¢. This means every u” is of the form

Nn
=5 s, @47)

~

for some N, € N, uf € R\ {0} and x}' € R9. We further assume, without loss of generality, for any n € N that
p"(R) < pu(RY) and supp u™ C supp u.

Since every u’ consists of finitely many atoms and their limit u satisfies (BC), the family (u"), en satisfies (BC)
uniformly in n. Indeed, as " — y, for any € > 0 and N € N, there exists & = £(g, N) > 0s.t. € — 0 when
&£ — 0and N — oo and s.t. we have

sup sup / lx = 197 (x, y)du" (y)
O\ {x)

n>N xeRd
< sup (Sup / Ix = y|9n(x, y)|du" = dul(y) + / Ix = y|9n(x, y)du(y)
xeRd \n=N J B, (x)\{x} Bo(x)\{x}

<&+ sup/ Ix = y|9n(x, y)du(y).
Bg(x)\{x}

xeRd
On the other hand, since all the u™ consist of only finitely many atoms, for any & > 0 there exists N = N(g) € N

such that N — oo when & — 0 and such that we have

sup sup / Ix = y|9n(x, y)du" (y) =0
Beo(0)\{x}

n<N xeRd

Thus, choosing N (&) and &(e, N(g)) as above, letting £ — 0 and using the fact that u satisfies (BC), we obtain
timsup sup [ -y )du () =
€72V neN xeRd J B (x)\{x}

Next, denote by " the normalization of u", i.e
#(RY)
R

and let 7" be an optimal transportation plan between p and " for the quadratic cost. Since we have " — p
narrowly, we have 7" — (id xid)gu narrowly. For i = 1,2 let @é’) be the density of g(()’) with respect to

~n }’l

u and let Qg’(i) be the second marginal of (@ (W) 1)dz", i.e., for any B € B(R%), we have Qg’(i)(B) =

fRde QO)(x)dn” (x,y). Then, by construction, for any n € N andz = 1,2, we find Q” (’)(Rd) = (i)(Rd) and

Qg 0« ©". Also, by the convergence of 7" and the fact that (Q x 1)z" is a transport plan between Q( D and

0y’ ‘() we find that 00’ 0 Qol) fori = 1,2 as n — oco. By (MB2’), for all n € N, we obtain the bound

pmesssup [ (=519 VI =517 s, )0 (3) < Cou"RY) < Cou(RY.

x€eR4

n, (i)

Since, by construction, o, . (i)

< p", we have supp ¢, C supp u" C supp u. By Proposition 2.35, the nested

support is preserved in time for any p” € ACP([0,T]; ((Pp (RH)2, 7, Ton,p,u)) With p" (D = Qg (0 ,i.e., we have

supp oy i) supp 4" C supp u for any ¢ € [0,7] and any n € N. Therefore, (MB2’) can be used to replace

(MB2) uniformly in n, when employing Lemma 3.28 and Theorem 3.29 later in this proof. Further note that
{u"}, satisfy (MB1) uniformly in n, since u satisfies (MB1). These considerations now allow us to construct
curves p" € ACP([0,T]; ((Pp (RH)2, 7, Tm,p,u))> Which are gradient flows and converge to a gradient flow p.
Indeed, since any u" is a counting measure, we have p, ) « u"foranyi=1,2,¢ € [0,T], and n € N. Thus,
we can write

P = Zpﬁ D 0uys. (48)
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for suitable functions pﬁ’(i) : [0,T] — R and the points x” € R¢ from (47). Now, let ¢" € CZ(RY),
v e{l,..., N,} satisfy ¢ (x?) # 0 and ¢!, (x%) = 0 for x, # v. Then, inserting (47) and (48) into Equation (33),
we find fori = 1,2 and v € {1, ..., N, }

Ny, 2 Na q-1
atplns(l) — Z [(ﬁ(i)m (p;h(t) n, (l)) (Z (K(lk) (", xh) K (k) (xl ’xh)) n, (k)ﬂz) )
+

m=1 k=1 h=1
2 Ny q-1
i >(1 , (1 i i k
- (ﬂ( ‘m (pz(l),p;i (l)) (Z Z (K( k) (xm X)) — K0 (x] xh)) o )MZ) ) ]U(x?,xfn)#nm-
k=1 h=1 _
(49)

Since m(0, s) = 0, we see that the simplex defined by

e g )|, Sy

is an invariant region of the dynamics. Due to the continuity of m, the right-hand side of (49) is continuous
with respect to p™(® for any n € N and i = 1,2. With this, the Peano existence theorem provides us with a
strong solution p” of (49) on an interval [0, 7,] for some 7,, > 0. Due to (50), 7, only depends on n and yu".
Thus, by a standard continuation argument, a piecewise C' solution exists on the whole interval [0,7]. By
construction, this solution is a weak solution for (32) in the sense of Definition 3.1 with respect to u" starting
from q;. Therefore, by Theorem 3.26, p™ is a gradient flow of & with respect to p"* with initial datum gy, for any
n € N. This allows us to apply the compactness from Lemma 3.28 and the stability from Theorem 3.29 to find
that, up to a subsequence, p}' — p; asn — oo forall ¢t € [0,T], where p € ACP([0,T]; ((Pp (R)2, T, Bou)) 18
a gradient flow of & with respect to u starting from Q. O

Remark 3.31. Assumption (MB2’) is needed to obtain an atomic approximating sequence (u™), for u, which
satisfies (MB1), (MB2) and (BC) uniformly in n. There might be cases, where it is possible drop this assumption
if one is able to explicitly construct a sequence (u"),, satisfying these bounds uniformly in n.

Appendix
A. Chain rule

Remark A.l. (Approximate energies). Let KU ik =1,2 satisfy (K1), (K2) and K@) = K12 e
m € C2 (R4 x R?) be a standard mollifier. For & > 0 and z € R*?, we set m.(z) = ﬁm(z/s). Moreover, for
R > 0 let pg € CZ(R?*?) be a cut-off function with supp g C Bag(0), ¢rlBRr(0) = 1 and |Veg| < %. Using

the mollifier and the cut-off we define fori,k = 1,2
ik j
KE’( (6, y) = or(x, ) (KT s« m ) (x, y).

Note that the functions K k) still satisfy (K1), (K2) and, additionally, lie in C®(R*?). For p € (Pp (R%))?, we
define the approximate energies

exp =1 > I K e e .

i,k=1

Lemma A.2 (Mollification). Let (p,j) € CEr with /OT Am,p(1; pr,j;)dt < co. Let n € CZ(R) be a standard
mollifier with suppn C [—1,1]. For & > O set nz(t) = én (é) Extending p and j periodically to [-T,2T], i.e.,
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p—t = pr—r and pr 4 = py foranyt € (0,T] and likewise for j, we define the regularizations pf = (pg m,pt (2))T

. 1 2
and j& = (G, jENT by

PP @) = s p W) = [ naps ()i vACRY,

—-&
&

JED(B) = (ng+ j")(B) = / ns(s)ji-s(B)ds,  VBCG,

fori=1,2andany & € (0,T). Then, we obtain that the integral fOT A,p (14 pZ,jf)dt is uniformly bounded with
respect to & and that the pair (p®,j¥) lies in CEr. Furthermore, if p; € (SDI,(Rd))Z, then (pf)s C (?’I,(Rd))2
with uniformly bounded p-th moments.

Proof. 1f p; € (P,(R9))? for all ¢ € [0, T], it is immediate that p? € (P, (R%))? for all ¢ € [0, T]. Indeed, for
i € {1,2} and f : R? — R integrable with respect to p, for t € [0, T], Fubini’s theorem gives us

L, reui 0= [“na) [ s as

In particular, for f = 1 the inner integral is equal to 1 and hence the whole expression, while for f(x) = |x|?
the inner integral and consequently the whole expression are both finite. In particular, the family (p?)z has
uniformly bounded p-th moments.

Next, we prove the uniform bound. To shorten notation, we only consider the case R A S < co. The recession

terms in the case R = S = oo can then be treated analogously by employing 0',(’) = g,(l) = ,ot(’)L QUFU® ,0,(1)L

fori = 1,2. By the joint convexity of the density function @, Jensen’s inequality and Fubini’s theorem, we obtain
/T £ .z 1 Z ¢ ]t(l)s £ dyy,,
Am.p(;ps,jr)dt = = / [/ / ————n; (s)ds,/ ————nz(s)ds
o TR Lo e dwen) T s dwew
(i)

é d]t([) é dy2 t—s
+al - —sng(s)ds,/ ————nz(s)ds
( [g- d(p® ) _e d(u®p)

,B(l)/ / // ( b nz(s), d7’1(f3_s ng-(s))

d(p®p) d(p® )
(i)
d . (i) d'y s
a/(— Jizs nz(s), 21 nz(s)

(@)

nd(u ® w)de

nz(s)dsndu ®
d(u ® ) d(u ® p) B

> T 2T
[ [ Anatisipresicads < [ Augtuipiioar
—-& —

T
= 3/ Ap,p (13 pr,]j,)dt < o0,
0

Let us now check that (p#,j®) € CEy. The first two requirements are immediate. Hence, it only remains to
check that the continuity equation (23) holds. To this end, leti € {1,2}, ¢ € CX([0,T] x R%), and periodically
extend ¢ to [=T,2T]. Then, for i = 1,2 and denoting by p?) the continuous representative of p?) defined in
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Lemma 2.20, we obtain

T . T _
/ / Brpr () dp™ D (x)dr + 1 / / (For) (e y) (e, y) =D (x, y)dr

=" [ [“nepnasars 3 [ @aptesmen [ neoail nasa
:[8_ ng(s)/ /a,sot(x)dpt (x)dt + = / /(V%)(x n(x, y)dJ,( (x, y)dt]ds

5 . T-s _ .
:'[ nz(s) [ ./Rd atnp,+s(x)dpt(l)(x)dt+%'/_ '/G(Vsﬁﬁs)()ﬂ)’)U(Xe)’)dft(l)(xy)’)df]ds

Y D () - - _ SE.(0D) () _&,(1)
-/ ()| [ erean - [ dgoo(x)dp_s(x)]ds [ ereasr e - [ e .
O

Remark A.3 (Chain rule in the mollified case). For (p%,j®) € CEr as in Lemma A.2, by the regularity of p®
as well as the continuity equation (23) in conjunction with Remark 2.19, we have

2
d . s &, (ik &,(i &, (k
T CIRDY K pE D0t o)

—— Z // V(Ks ,(ik) *pt (l))(x y)n(x y)d]t (k)(x y)

lk 1
! v £ &,(i
=2 Z//GV‘SMSR(/% ) ) (x ) (x, ).
i=1

Now, we are in the position to prove Proposition 3.24.

Proof of Proposition 3.24. Recall that choosing p, j and v as above, we have (p, j) € CEr, |p; Am,p (13 Pr537)
fora.e. t € [0, 7] fOT Am.p (15 pr,]j,)dt < oo and dj(’)“ = ((vt(’))J,)q ldy(’) ((v,l)) )Ein ldyé (u®p)-ae. in
G as well as dj, L = ((v(l)l)J,)q 1d)/(l)l ((v(l)l) )a- ldyélzl, gt(’) -a.e. in G, forae. r € [0,T] andi = 1,2.
Inserting the definition of [ as well as the connection between v and j Jj» we can rewrite (42) as

|P

E(pr) — E(ps) = / L (v) (96,8 (p)]

2
1 1 l l l l l
2 2.0 // BOVS w0 E(pIn| (V)T dy) = (i) dyy’),

(DT dy 0 = (Pt

2
= %Z/ // V6,0 E(pe) (x, 1)1, »)dji (x, y)dr.

We regularize (p, j) to obtain (p#, j¥) asin Lemma A.2, approximate the energies as in Remark A.1 and integrate
in time to obtain

D

&5 (07 - E505) = 22 [ [ Fomeitonwymt it .y 52)

Our goal is to pass to the limitas € — 0, £ — 0 and R — oo, which will yield (51). Due to Proposition 3.3, we
immediately obtain 5 (pF) — E5(p;) as & — 0. By definition we also have that K"3 (i), orK R = K(’k),
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uniformly as € — 0. Then, letting R — oo, we obtain convergence of the left-hand side of (52) to the left-hand
side of (51).

It remains to show convergence of the right-hand side. To this end, we use a truncation argument. Let £ > 0
and set Nz = B~_1 ><B~_1 where B.-1 = {x € RY: |x] < &'}, andset Gz = {(x,y) € G: & < |[x—y]|}.
Let (g05)5>() C Cf."(Rd X G; [0, 1]) be a family of truncation functions, which is s.t..for any & > 0, we have
{pz=1}> §~_1 X G z N Nz. We add and subtract ¢ z on the right-hand side of (52). Since pf ® j7 — p; ®,
forany T € [0,T] as &€ — 0, and Kg -(ik)
any R, & > O:

lim 3 / /// ¢a(z,x, y) g“k)(y, 2 - K™, z))n(x »Ndp& P (2)dj &M (x,y)dr

s—>0
5 [ L et (K69 0.0 - K ) e ndan @i e e

fori,k = 1,2. By using ¢z < 1, (K2) and Corollary 2.16 in conjunction with (MB1) and (MB?2), for any
T € [s,t], we obtain the bound

3 [ [ eetenn (K89 0.0 = K40 o) nix ol 00 )

1 Kl(eik) (7.2~ K" (X’Z)| i) g+ (K)
S5// /Rd e =V Ix = y[Pn(x, y)dpr (2)dj7 " (x, )
G

x =yl VI]x—=yl|?

— Kl(;k) uniformly as &€ — 0, we can pass to the limit in £ and ¢ for

< LKMCl,/qﬂ,l,f,’g(u; Pralc)

Hence, the integral is bounded in time uniformly with respect to & and R. Since, by definition of K gk) , we also

have uniform boundedness in space, this allows us to apply Lebesgue’s dominated convergence theorem to pass
to the limit in & and R to obtain:

lim — / ﬂ / Sog(Z X, y) K(lk)(y,z) K(lk)(x Z)) (x y)dp(l)(z)djﬁk)(x,y)dr

8—»0
-/ JL L (K002 = K06, apl? a0 e

The remaining step of the proof is to control the integral involving 1 — ¢ s(z,x, y). To do this, note that for & > 0,
we have
—C
(RYxG)\{ps =1} € (Bz1 X G)U (G \ (Gz N Ny))) = Mz

For i, k = 1,2, as before, using (K2) and splitting the contributions, we obtain

M// (1-s(z,x, y))( K5 (y,2) - K2 (x, Z))n(x NdpZ(2)djE P (x, y)
<Ly /// [k = 31V I = 31720 3)dof D (2] 75X, )

<t [ REANC w51y b= strne i )

wii [ 4PV // = 31V b = PG )] P] o, )

+Lz</R dp;” (’)(z)// e =y v Ix = y1Pn e y)d]is Ol ).

Thus, we rid ourselves of the dependence on R. In the first term we apply Corollary 2.16 together with (MB1)
and (MB2) to obtain

LK/B dp? " (2) // b= Y1V b = 3P (e )d]iE )G y) < LeMC AR (s pf i) (B,

&
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hence this term vanishes as £ — 0. To show that the second term also vanishes as & — 0, we assume, without
loss of generality, that & < 1, which implies that |x — y| V |[x — y[?” = |x — y| on G%. Applying Lemma 2.14 with
@ (x,y) =[x — y|lge (x, y) yields

Lx /R apP D (2) // = 31V b = y1Pn e ® e )

2 1/q
< Lk MAE (3 pf 57 Z(//G Ix—qun(x,y)d(u®/~t+p“)®u+u®p(”)(x,y)) :
=1 &

By the local blow-up control Assumption (BC), this also vanishes as & — 0. Similarly, for the third term, we
apply Lemma 2.14 with ®(x, y) = [x — y[1y¢(x, y) and obtain

Lk /R dpP 9 (2) // = 31V b = y1Pn el ® | r. )

<Lk MCy A,/ b (et if ( ( *-1)+ip8(1)( ) ‘

=1

The uniform p-th moment bound of the family (p; &.( )) & implies tightness by the de la Vallee-Poussin theorem
and the single measure u € M*(R?) is tight as well. Thus, the third term also vanishes as & — 0, which
concludes the proof. O
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