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Abstract

This paper deals with the generalized ergodic problem
H(z,u(z),Du(z)) =¢, x€ M,

where the unknown is a pair (¢, u) of a constant ¢ € R and a function u on M for which
w is a viscosity solution. We assume H = H(z,u, p) satisfies Tonelli conditions in the
argument p € 7" M and the Lipschitz condition in the argument u € R.

For a given ¢ € R, we first discuss necessary and sufficient conditions for the exis-
tence of viscosity solutions. Let € denote the set of all real numbers c’s for which the
above equation admits viscosity solutions. Then we show € is an interval, whose end-
points ¢;, ¢, with ¢; < ¢, can be characterized by a min-max formula and a max-min
formula, respectively.

The most significant finding is that we figure out the structure of ¢ without mono-
tonicity assumptions on u.
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1 Introduction

1.1 Assumptions and main results

Let M be a closed (compact, without boundary), connected and smooth manifold. Denote

by T'M its tangent bundle and 7" M the cotangent one. R stands for 1-dimensional real
Euclidean space and R, = {# € R : z > 0}. Let H = H(x,u,p) be a C* function on
T*M x R with (z,p) € T*M and u € R, satisfying

(H1) Strict convexity: the second partial derivative %QTg(m,u,p) is positive definite as a

(H2) Superlinearity: H (z,u, p) is superlinear in p for all (z,u) € M x R;

quadratic form for all (z,u,p) € T*M x R;

(H3) Lipschitz continuity: there exists A > 0 such that |2 (z, u, p)| < A for all (z, u,p) €

T*M x R.
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Consider the contact Hamilton-Jacobi equation
H(z,u(z), Du(z)) =c¢, z € M. (E.)

The symbol D in equation (£, denotes the spatial gradient.
Let

¢ = {c € R : equation (E) has viscosity solutions}.
We get two main results in this paper:

* Theorem [A] provides a set of necessary and sufficient conditions for the existence of
viscosity solutions of (£ for any given ¢ € R.

* Theorem Bl shows that € is an interval with the left endpoint ¢; and the right endpoint
¢, Where ¢; € [—00, +00) and ¢, € (—o0, +-00]. Moreover, € may be an open interval,
a closed interval or a half-open interval. Furthermore, we give a min-max formula for
¢; and a max-min formula for c,.

Before stating the main results, we recall the key tools used in this paper—solution semi-
groups first. The contact Lagrangian L(x, u, &) associated with H (z, u, p) is defined by

L(z,u,z) := sup {{(&,p), — H(z,u,p)}, (x,2) € TM, ueR.
peTEM
Under assumptions (H1)-(H3) the authors of introduced two semigroups of operators
associated with the contact Lagrangian L, denoted by {7} };~0 and {7} },0. For each ¢ €
C(M,R), denote by (x,t) — T; ¢(x) the unique continuous function on (z,t) € M x
[0, +00) such that

(o) = int {0 )+ [ LOELT )i ar |

where the infimum is taken among curves v € C*([0, t], M) withy(t) = x. We call {7} };>
the backward solution semigroup for equation

wy(x,t) + H(z,w(x,t), Dw(z,t)) = 0. (1.1)

The function (z,t) — T, p(z) is the unique viscosity solution of equation (LI} with the
initial condition w(z,0) = ¢(x). Similarly, one can define another semigroup of operators
{T," } >0, called the forward solution semigroup by

T p(x) = sup {@(v(t)) - /0 L(V(T),Tiw(v(f)),ﬁ(f))df},

o
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where the supremum is taken among curves v € C°([0,¢], M) with v(0) = x. We use
{T, Y0 (resp. {T;}+=0) to denote the backward (resp. forward) solution semigroup asso-
ciated with L + ¢, where ¢ € R.

e Existence of viscosity solutions of (£.).

Let us recall the additive eigenvalue problem (or ergodic problem): let G' be a Hamilto-
nian defined on 7* M. Finding solutions (¢, u) of equation G(x, Du(z)) = cis a well-known
problem, called the cell (or, corrector) problem. Under a set of standard assumptions, the real
number c is unique, for which the equation has viscosity solutions. Let &; be the solution
operator of the corresponding evolutionary equation wy(z, t) + G(z, Dw(x,t)) = 0. Then u
is a viscosity solution of G(x, Du(z)) = cif and only if &;u = u — ct for all ¢ > 0. Since
the relation &,u = u — ct looks like a nonlinear eigenvalue problem, finding solutions (¢, u)
of G(x, Du(x)) = c is also called an additive eigenvalue problem. The additive eigenvalue
¢ determines the effective Hamiltonian in the homogenization of Hamitlon-Jacobi equations
31]. An interesting dynamical feature of ¢ was discovered by weak KAM theory for
Tonelli Lagrangians [[18 [19, 20} 21]], where c is called Maiié critical value of (G, and a link
between viscosity solutions of G(x, Du(x)) = ¢ and Aubry sets, Mather sets of Hamilto-
nian systems generated by G was established. Under Tonelli conditions, Contreras et al. [9]
provided a representation formula for ¢ :

©= el 208, Ot D)
The above infimum is not a minimum. This formula still holds true when C'*°(M) is replaced
by CYY(M), C* (M), or Lip(M) and inf is replaced by min, see [4} 22].

Now come back to our problem (E), which we call it generalized additive eigenvalue
problem (or generalized ergodic problem). When H satisfies (H1), (H2) and 0 < § < %—IZ <
A, it is well-known that (E}]) has viscosity solutions for each real number c. When H satisfies
(H1), (H2) and 0 < %—Ij < A, (E}) has viscosity solutions if and only if there is a € R such
that Mané critical value of H(z,a,p) is c. See [44]] for an example where the range of the
function a +— Mané critical value of H(z,a,p) is a proper subset of R, which means that
there exists ¢ € R such that (£])) has no viscosity solutions. Seen in this light, studying the
generalized additive eigenvalue problem (E7]) under (H1)-(H3) is not a straightforward task
at all.

Theorem A. Let ¢ € R. The following statements are equivalent.
(1) Equation (E7)) has viscosity solutions;
(2) There exist p, v € C(M,R) and 1, ts € R, such that T, “p < i, T, 0 > 1);
(3) There exist p, ¢ € C(M,R) and ty, ty € Ry such that T, “p > ¢, T, < 4,
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(4) There exist p, v € C(M,R) such that T, “p is bounded from below and T, 1) is
bounded from above on M x [0, +00).

e Structure of the set €.

We call € the admissible set for the generalized ergodic problem (E). Under the same
assumptions imposed in this paper, the existence of solutions (¢, u) of (EJ) was proven in
[43], i.e, € # (). But, the structure of the set € was not discussed there.

SCL™ (M) (resp. SCLT(M)) stands for the set of all functions which are semiconcave
(resp. semiconvex) on M with a linear modulus. Lip(M) stands for the space of Lipschitz
continuous functions on M. Since SCL* (M) C Lip(M), then by Rademacher’s theorem
Du(x) exists almost everywhere for each u € SCL*(M). See for example, [7] for more
about semiconcave and semiconvex functions. Let Dom(Dwu) denote the domain of definition
of Du. We attempt to characterize the set € using the following two constants (may be +00)
determined by H. Define

.= inf su H(x,u(x), Du(x)),
: u€SCL (M) xEDomI?Du) ( ( ) ( ))

¢-:=  sup inf  H(x,u(x), Du(z)).

u€SCL+ (M) z€Dom(Du)

The following result gives a complete answer to the structure problem for €.

Theorem B.
(¢, ¢,) C€C ey, cp).

Remark 1. Let us take a closer look at €.

* The interval € will be one of the following: (¢, ¢,), [c1, ¢, (¢, ¢.], [cr, ¢,.). More pre-
cisely, each case can happen. Let H(z,u,p) := ||p||> + f(u), where f(u) is a smooth
function on R with | f'(u)| < X\ If Ran(f) = (a,b), then € = (a,b). If Ran(f) = [a, 1],
then € = [a,b]. If Ran(f) = (a, b], then € = (a, b]. If Ran(f) = [a,b), then € = [a, D).
Here, a, b € R with a < b, and Ran(f) denotes the range of f.

* We will prove in Section 4 that there is no viscosity solutions of (EZ) either when ¢ < ¢,
or when ¢ > c¢,.. So, in view of the non-emptiness of €, one can deduce that ¢; < «,.

* If H does not depend on u, then by classical results we deduce that
¢ = {Marié critical value of H }
is a singleton and thus ¢; = c,.

* We will show what ¢, ¢, are in several examples in Section 4.
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1.2 Historical remarks

Hamilton-Jacobi equations have been first introduced in classical mechanics, but find appli-
cations in many other fields of mathematics. The theory of viscosity solutions of Hamilton-
Jacobi equations was introduced in the early 80’s by Crandall and Lions [11]], Crandall, Evans
and Lions [[12]]. It provides a suitable PDE framework for studying Hamilton-Jacobi equa-
tions which does not have classical solutions. For a good introductory book on viscosity
solutions, we refer readers to [2]. The theory of viscosity solutions has been extensively
studied and refined by many authors, and, among the numerous contributions in the liter-
ature, we would like to point out that the weak KAM theory opened a way to study vis-
cosity solutions of Hamilton-Jacobi equations with Tonelli Hamiltonians using the dynam-
ical information of action minimizing orbits of Hamiltonian systems. We refer readers to
[T, 5,10l 14, 221 23] 24, 41]] and the references therein for more details
on this topic. Along this line, it is natural to consider whether one can use weak KAM type re-
sults for contact Hamiltonian systems to study viscosity solutions of contact Hamilton-Jacobi
equations (). For weak KAM aspects for contact Hamiltonian systems, we refer readers
to [15), 33| 35, 44} [45]]. Under assumptions imposed in this paper, it was shown in [43]] the
existence of solutions (¢, u) of equation (E). See for a similar result using traditional
PDE methods. We aim to refine and deepen the results in in the present paper. We still
use dynamical tools from the weak KAM theory for contact Hamiltonian systems satisfying
(H1)-(H3). These assumptions will be weakened in a forthcoming paper.

Our method is dynamical in nature and inspired by the deep connection between contact
Hamilton-Jacobi equations (E7]) and contact Hamiltonian system

&= G (zu,p),
p = _%_I;(x7u7p) - %($7u7p>p7 (12)
O0H

u= % (z,u,p) p— H(z,u,p).
The authors of [42] 44, discussed the weak KAM [21]] and Aubry-Mather 39]
aspects of contact Hamiltonian systems from variational principles, dynamical properties
of action minimizing orbits, to weak KAM solutions, viscosity solutions of stationary and
evolutionary contact Hamilton-Jacobi equations. Contact Hamiltonian systems have deep
connection with contact topology and non-equilibrium thermodynamics, see for example,

[16].

1.3 Notations

We write as follows a list of symbols used throughout this paper.

¢ We choose, once and for all, a C'°° Riemannian metric on M. It is classical that there
is a canonical way to associate to it a Riemannian metric on 7'M/. We use the same
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symbol d to denote the distance function defined by the Riemannian metric on M
and the distance function defined by the Riemannian metric on 7'M. We use the same
symbol || - ||, to denote the norms induced by the Riemannian metrics on 7, M and
T*M for x € M, and by (-, -), the canonical pairing between the tangent space 7, M
and the cotangent space 1" M.

o C*(M,R) (k € N) stands for the function space of k -times continuously differen-
tiable functions on M, and C* (M, R) := (;—,C* (M,R). And || - ||~ denotes the
supremum norm on these spaces.

* C([a,b], M) stands for the space of absolutely continuous curves [a, b] — M.
 Lip(M) stands for the space of Lipschitz continuous functions on M.

* Denote by SCL~ (M) (resp. SCL*(M)) the set of all functions which are semiconcave
(resp. semiconvex) on M with a linear modulus.

o Du(z) = (2, ..., 2%) and Dw(x,t) = (22,..., 2w,

oz’ ) Oxp oz’ ) Oxp

* DTu(x) denotes the Fréchet superdifferential of u at x.

e Let u € Lip(M). Denote by Dom(Du) the set of all points x € M where Du(x)
exists.

* S_ (resp. S4) denotes the set of all backward (resp. forward) weak KAM solutions of
equation H (z,u(x), Du(x)) = 0.

 Let @, denote the local flow of contact Hamiltonian system (L2)).
* cl(A) denotes the closure of aset A C T*M x R.
* co(A) denotes the convex hull of aset A C T*M x R.

* Nyguo (2, ) (resp. h*0"0(z,t)) denotes the forward (resp. backward) implicit action
function associated with L.

o hS . (x,t) (resp. h*o"(x,t)) denotes the forward (resp. backward) implicit action

xo,uo
function associated with L + ¢, where ¢ € R.

o {1, }i=0 (resp. {T," }+=0) denotes the backward (resp. forward) solution semigroup
associated with L.

o {T7}50 (resp. {T;7°}4=0) denotes the backward (resp. forward) solution semigroup
associated with L + ¢, where ¢ € R.
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* We use ¢, 1, ¢/, ¥'to denote generic functions in C'(M, R) not necessarily the same
in any two proofs, and use @.., Voo, ¥h,, ¥, to denote limit functions of th[’c f as
t — +oo, with f = ¢, ¥, ¢/, .

The rest of this paper is organized as follows. In Section 2, we first recall some known
results on the weak KAM theory for contact Hamiltonian systems, and then prove several
new results on the solution semigroups which will be used later. In Section 3 we show Propo-
sition[I4! first. Then we prove Proposition[I3l Using the results obtained in Proposition[13] we
prove Proposition[T6l Theorem[Alis a direct consequence of Proposition [[4]and Proposition
Section 4 is devoted to the proof of Theorem Bl The proofs of some preliminary results
are given in the Appendix.

2 Preliminaries

2.1 Weak KAM theory for contact Hamiltonian systems

We recall some definitions and basic results in the weak KAM theory for contact Hamiltonian
system (L.2)), where an implicit variational principle plays an essential role. Most of the
results in this section can be found in 43]].

Since H satisfies (H1)-(H3), it is direct to check that L satisfies: (L.1) Strict convexity: the
second partial derivative ‘;2—:&5 (z,u, %) is positive definite as a quadratic form for all (z, u, &) €
TM x R; (L2) Superlinearity: L(z,u, &) is superlinear in & for all (x,u) € M x R; (L3)
Lipschitz continuity: there exists A > 0 such that |22 (z, u, &)| < A for all (z, u, &) € TM x
R.

e Variational principles. First recall implicit variational principles for contact Hamiltonian
system (I.2), which connects contact Hamilton-Jacobi equations and contact Hamiltonian
systems.

Proposition 1. For any given xqo € M, uy € R, there exist two continuous functions
Py o (2, t) and h*0"0(z, t) defined on M x (0, +00) satisfying

t
Prausl:1) = w+ o / L(Y(7): hag g (1(7), 7). A7) ), 2.1
=z0 Jg
v(t)=x

t
() = -t [ LG - @) @)
y(t)=z
V(O):;f) ’
where the infimums are taken among the Lipschitz continuous curves v : [0,t] — M. More-
over, the infimums in (2.1) and 2.2) can be achieved. If -, and 7, are curves achieving the
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infimums 2.1) and @.2) respectively, then v, and ~y, are of class C'. Let

21(s) = (8),  wa(8) = P uo(711(5), 5), pi(s) = g—i(%(S)’ul(S),%(S)%

a(s) = a(s),  wa(s) = R0 ((s), t =), pals) = 2—5(72(8)7%&2(8)7%(8))-

Then (x1(s),u1(s), p1(s)) and (x2(s), ua(s), p2(s)) satisfy equations (L2) with

T (0)

22(0) =z, mo(t) =xo, lim us(s) = up.
s—t—

Zo, Il(t) =, Sli}%’lJr ul(s) = Up,

We call hy o, (2, ) (resp. h*0%0(x, t)) a forward (resp. backward) implicit action function
associated with L and the curves achieving the infimums in 2.1)) (resp. (2.2)) minimizers of
Pg o (, t) (resp. h™0"0(z, t)). The relation between forward and backward implicit action
functions is as follows: for any given zy, x € M, up, v € Rand ¢ > 0,

haouo(z,t) =w if and only if  h™"(z0,t) = uo. (2.3)

See [8]] for another formulation of variational principles from the optimal control point
of view. This viewpoint is strongly reminiscent of Herglotz’ variational principle [26]]. The
following result is a direct consequence of (2.3)).

Proposition 2. For any z, y € M, any u € R and any t > 0,
(1) h¥hew®t) (p t) = u,

(2) hy7hz,u(y7t) (,r, t) = Uu.

e Implicit action functions. We now collect some basic properties of implicit action func-
tions.

Proposition 3.

(1) (Monotonicity). Given vy € M, ug,u1,us € R, Lagrangians L, and Lo satisfying
(L1)-(L3),

(i) if uy < ug, then hygyu, (T,t) < hyyu,(2,t), forall (z,t) € M x (0, +00);
(ii) if Ly < Lo, then b2}, (x,t) < hZ2 (x,t), forall (z,t) € M x (0,400) where

h:%é’u() (x,t) denotes the forward implicit action function associated with L;,i =

1,2.
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(2) (Lipschitz continuity). The function (o, wo, x,t) — Ry, (2, ) is Lipschitz continuous
on M X [a,b] x M x [c,d] for all real numbers a, b, ¢, d with a < band 0 < ¢ < d.

(3) (Minimality). Given xo, x € M, ug € Randt > 0, let ST, be the set of the solutions

Z0,U0

(x(s),u(s),p(s)) of (L2) on [0, t] with x(0) = zo, x(t) = z, u(0) = uo. Then

g (T, 1) = inf{u(t) : (x(s),u(s),p(s)) € ST, }, V(x,t) € M x (0,400).

Z0o,Uo

(4) (Markov property). Given xoy € M, ug € R,

Py o (T + 5) = ylél]\f/[ Py g g (9:0) (x,s)

forall s, t > 0 and all x € M. Moreover, the infimum is attained at y if and only if

there exists a minimizer vy of Ny, o (2,1 + 5) with y(t) = y.

(5) (Reversibility). Given xo, x € M and t > 0, for each u € R, there exists a unique
ug € R such that

Py o (2, 1) = 1.
Proposition 4.
(1) (Monotonicity). Given xo € M and uy,us € R, Lagrangians Ly, L satisfying (LI )-
(L3),
(i) if uy < ug, then h*o" (x,t) < h*"2(x,t), for all (z,t) € M x (0, +00);
(ii) if Ly > Ly, then h""(x,t) < hi2"(x,t), forall (z,t) € M x (0, +00), where

hi‘j’uo (x,t) denotes the backward implicit action function associated with L;, i =

1,2

(2) (Lipschitz continuity). The function (o, ug, x,t) — h*"(x,t) is Lipschitz continuous
on M X [a,b] x M x [c,d] for all real numbers a, b, ¢, d with a < band 0 < ¢ < d.

(3) (Maximality). Given o, x € M, ug € Randt > 0, let S;%"° be the set of the solutions
(x(s),u(s),p(s)) of (L2) on [0,t] with x(0) = z, x(t) = o, u(t) = ug. Then

hrot(x,t) = sup{u(0) : (z(s),u(s),p(s)) € Sgy™'},  V(z,t) € M x (0, +00).
(4) (Markov property). Given oy € M, uy € R,

hF0:u0 ([L’, t+ S) = sup hy,hxo,uo(y,t) ([L’, S)
yeM

forall s, t > 0 and all x € M. Moreover, the supremum is attained at y if and only if
there exists a minimizer y of h™"°(x, t + s), such that y(t) = y.
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(5) (Reversibility). Given xg, x € M, andt > 0, for each u € R, there exists a unique
ug € R such that

JTo,uo (l’, t) —

We will use the following result to prove Proposition [8] below. See the Appendix for the
proof.

Proposition 5. Let (x(t),u(t)) : R — M x R be a locally Lipschitz curve satisfying

u(ta) = haty)u(en) (2(t2), ta — 1)

forallty, ty € Rwithty < t. Then x(t) is of class C". Let p(t) := 9&(x(t), u(t), &(t)). Then
t

(x(t), u(t), p(t)) is a solution of (L2). Moreover, for each ty, to € R with t; < tq, x( )‘[tl o]
is a minimizer of hy,) u) (2(t2), ta — t1).

e Solution semigroups. We collect some basic properties of the solution semigroups.
Proposition 6. Let ¢, 1) € C(M,R).
(1) (Monotonicity). If ) < o, then T < T, ¥Vt > 0

(2) (Local Lipschitz continuity). The function (z,t) — TF@(x) is locally Lipschitz on
M x (0, +00).

(3) (eM-expansiveness). || T; ¢ — T ]|loo < M- |l — Pl VE = 0
(4) (Continuity at the origin). lim;_,o+ Tﬁp = .
(5) (Representation formula). For each o € C(M,R),

(i) T7 o(x) = infyeps hy o) (2,t), V(x,t) € M x (0,400);
(ii) TiFo(x) = supyeps W99 (2, 1), V(x,t) € M x (0, +00),

(6) (Semigroup). {ﬂi}t>0 are one-parameter semigroup of operators. For all x,, v € M,
all ug € Rand all s, t > 0,

(i) T Paguo (%, 1) = hague(@, T+ 5), T op(x) =infyen hy7T;<p(y)(x> t);
(ii) T:—hwo,uo (gj‘, t) — h%osu0 (,fl,”t + S), T+8Q0( ) SUPy e hvaerSD(y) (LU, t)

e Weak KAM solutions. Following Fathi (see, for instance, [21]]), one can define weak
KAM solutions of equation

H(z,u(x), Du(x)) =0 (2.4)

as follows.



12 Kaizhi Wang, Jun Yan

Definition 1. A function uw € C(M,R) is called a backward weak KAM solution of @2.4) if

(1) for each continuous piecewise C* curve vy : [ty, ts] — M, we have

MWm»—um@n></”L@@xmw@waMa @5)

t1

(2) for each x € M, there exists a C' curve y : (—o00,0] — M with v(0) = z such that
0
u(e) ~ulr () = [ LG el Ye<o. @6
t

Similarly, a function v € C(M,R) is called a forward weak KAM solution of @.4) if it
satisfies (1) and for each v € M, there exists a C' curve 7y : [0, +00) — M with v(0) = x
such that

v(v(t))—v(ﬂf):/o L(v(s), v(v(s)),¥(s))ds, V¥t >0. 2.7)

We say that v in @.3) is a dominated function by L, denoted by u < L. We call curves
satisfying Q.6) (resp. @), (u, L,0)-calibrated curves (resp. (v, L, 0)-calibrated curves).

Under assumptions (H1)-(H3), backward weak KAM solutions are viscosity solutions.
Proposition 7.
(1) we S_ifandonly if T, u = u forallt > 0.
(2) v €S, ifand only if T; v = v forall t > 0.

The following result will be useful for the proof of Proposition[ITl We give the proof in
the Appendix 6.2, since it is quite lengthy.

Proposition 8. Let u € S_. Given any x € M, if v : (—00,0] — M isa (u, L, 0)-calibrated
curve with v(0) = x, then ((t),u(y(t)), p(t)) satisfies equations (L2) on (—o0,0), where

p(t) = ZE(y(t),u(~(t)),4(t)). Moreover, we have

(Y(t + 8), u(y(t + 5)), Duly(t + 5)) = @5 (y(1), u(y(1)), Duly(t)), Vt, s <0,

and

H(V(t)a u(’}/(t))’ a0
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Remark 2. A similar result holds true for v € S,: let v € S,. Given any v € M, if
v 1 [0,400) = M is a (v, L,0)-calibrated curve with ¥(0) = =, then (y(t),v(y(t)), p(t))

satisfies equations (L2) on (0, +00), where p(t) = 2&(~(t),v(7(t)),%(t)). Moreover, we

have

(7(t + ), v(y(t+s)), Dv(y(t + s)) = P, (v(t), v(v(t)), Dv(v(t)), vt, s > 0.

Since the proof of the above result is quite similar to the one of Proposition[8 we omit it.

Letwu € S_and v € S,. In view of Lemma [3] in the Appendix 6.2, both « and v are
Lipschitz continuous.

2.2 More on solution semigroups

Proposition 9. Ler ¢ € C(M,R). If the function (z,t) — Ty p(x) is bounded on M X
[0, +00), then poo(x) = liminf, ., o T, @(x) is a viscosity solution of 2.4).

Proof. Let K, be a positive constant such that
T (@)l < Ky, Y(z,t) € M x [0, +00). (2.8)

Recall Proposition 3[2), i.e., the function (z, ug, z,t) > Ay, (@, t) is Lipschitz on M x
la,b] x M X [c,d] for all real numbers a, b, ¢, d witha < band 0 < ¢ < d.

First we show that {7, ¢(z)};~1 is equi-Lipschitz on M. Denote by /; > 0 a Lipschitz
constant of the function (g, ug, ) — Ry (2, 1) on M x [— K5, K;] x M. From Proposition
(6)(1), we have

T o(x) = T o(y)| < sup he (@) = hope (Y, 1))

forall x, y € M, and all t > 1. In view of (2.8)), the above inequality implies that

Ty o(x) =Ty o) <l -d(z,y).

Then let p(z) := liminf, ., T} @(x). We show that ¢, is a fixed point of {7, };>0.
Since {7, ¢(x)};~1 is equi-Lipschitz on M, it is easy to see that

lim inf 7 ¢(x) = ps(z) uniformly onx € M. (2.9)

t——+o0 s>t

Note that

Yoo(x) = liminf T o T, p(x), Vs> 0.

t——+00 s
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By the definition of liminf, we have

Pl = B Bt i, To o T ele)

= lim lim 7, ( min 7, ¢)(x)

m—+00 n——+00 m<t<n

=T;( lim lim min 7, ¢)(x)

m——+oo n—+oo m<t<n

= TS_SOOO (.CL’)
(|
Proposition 10. Let o € C(M,R). Then
(1) Ty o T > ¢, V>0
(2) T, o1, o<, Vt>N0.
Proof. For any x € M and t > 0, we have that
];_ o ﬂ+¢<x> = ylé’l]fw hnyt+S0(y) (JJ, t) 2 ylé’l]fw hy7hz,tp(z)(y7t) (.:C, t) = SO(I),
and
Ti o Ty p(w) = sup W7 20 (2, 1) < sup hhee@ @D (2,1) = ().
yeM yeM
(|

Proposition 11.
(1) For eachu € S_, the uniform limit lim,_, o, T, u =: v exists and v € S,.

(2) Foreachv € Sy, the uniform limit limy_, ;. T v =: u exists and u € S_.

Before showing Proposition [LT], we need to prove some preliminary results.
Proposition 12. Let u, v € C(M,R) and lett > 0. Then v < T, u if and only if T, v < w.

Proof. If v < T, u for some ¢ > 0, we will show T;"v < w. It is clear that T; v(z) = v(z).
Fix (z,t) € M x (0,400). By Proposition[6l5)(ii), we have

T o(z) = sup h¥*W (z,t).
yeM
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It suffices to prove that h¥*W) (z,t) < u(x) for all y € M. Let ¢(y) := h¥*®)(z,t) for all
y € M. Then by (2.3, we have that v(y) = hy () (y,t) forall y € M. In view of v < T; u
and Proposition[6l(5)(i), for each y € M, we get that

U(iU) < Tt_u(y) = Zlélj\f/[ hz,U(Z)(ya t)7

which implies v(y) < Ay u(z) (Y, 1), thatis, Ay ue) (Y, 1) < ha ) (Y, ). By PropositionBI(1)(3),
we have p(y) < u(x) foreach y € M.
The converse implication can be proved in a similar manner. ]

The following result is a direct consequence of the above proposition.

Corollary 1. Solution semigroups {1, }1=o and {T," }io preserve the set of viscosity subso-
lutions of equation [2.4).

Proposition 13. Let u € S_. For each x € M, let v : (—00,0] — M be a (u,L,0)-
calibrated curve with v(0) = x. Then, T, u(y(—t)) = u(y(—t)) forall t > 0.

Proof. For any given ¢t > 0, let z = y(—t) and u; = u(2). By Proposition[I2] we only need
to prove T, u(z) > u;. By Proposition[6(5)(ii), we have

T u(z) = sup ¥ W (2, 1) > h=U@ (2, 1). (2.10)
yeM
So, it suffices to show h®"()(z,t) > wu,. By Proposition B (v(s), u(7(s)),p(s)) satisfies
equations (L2) on (—oo, 0), where p(s) = 2&(v(s), u(y(s)),¥(s)). Let u(s) := u(y(s — t))
for s € [0,t]. Then u(0) = u(y(—t)) = u; and u(t) = u(y(0)) = u(x). By Proposition 4(3),
it is clear that
huO (2 1) > .

This completes the proof.
O

Corollary 2. Let u € S_. The family of functions {T; u} s is uniformly bounded and equi-
Lipschitz on M.

Proof. In order to prove the corollary, we proceed in two steps.

Step 1: we first prove the uniform boundedness of {7, u}». By Proposition [[2 and the
compactness of M, the function (z,t) — T, u(z) is bounded from above on M x [0, +0c0).
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On the other hand, since u € S_, then for any given y € M, there is a (u, L, 0)-calibrated
curve v : (—00,0] — M with y(0) = y. By Proposition[I3] 7, u(y(—t)) = u(y(—t)) for all
t > 0.Forany ¢ > 1 and any 2 € M, from Proposition[6(6), (5)(ii), we deduce that

Tiu(z) = T} o T yu(z) = sup b= (2, 1)
zeM
2 hV(_t)thtlu(’Y(_t))(x7 1)
_ h’Y(—t)ﬂ(’Y(—t))(x’ 1).

By Proposition {(2), the function A+, 1) is bounded on M X [—||u||c, [|t]|sc] X M. Thus,
the function (x,t) — T, u(z) is bounded form below on M x (1, +00).

Step 2: we show the equi-Lipschitz property of {7}, u};~s. Denote by K> > 0 a constant
such that || 77 u|o < K5 forall ¢ > 1. In view of Proposition[6(6)(ii), for any =, y € M, we
get that

T u(z) — Tiru(y)| = | sup B5T14E) (2, 1) — sup h>T19E) (y, 1))

zeM zeM
< sup [P 7@ (g, 1) — B TEE) () 1)
zeM

By Proposition[dl(2), the function (-, 1) is Lipschitz on M x [— K5, Ks] x M with a Lips-
chitz constant x; > 0, and thus we get that

Ty u(z) — T u(y)| < md(z,y), Vt>2.
U

Proof of Proposition[[1l (1) By Proposition[I2]land Corollary 2] the uniform limit lim;_, | o, 7, u
exists. Define

v:= lim T, u.
t——+o00

It follows from Proposition[6f3) that, for any given ¢ > 0, we get that
1T u = T vl < M T u = v]|e, Vs > 0.
Letting s — +00, we have
Tfv(z) =v(x), VYre M.
By Proposition[7(2), we deduce that v € S,. The proof of Proposition[I1(1) is complete.

(2) Now we turn to the proof of Proposition[T1(2). Since the proof of (2) is quite similar
to the one of (1), we only sketch the strategy of the proof.

Let v € S,. By similar arguments used in the proofs of Propositions[I2} [[3]and Corollary
2l one can show that
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(@) Ty v>wvforallt > 0.

(b) Foreach x € M, let~ : [0, +00) — M be a (v, L, 0)-calibrated curve with v(0) = z.
Then, T, v(y(t)) = v(y(t)) forall ¢ > 0.

(c) The family of functions {7} v};~5 is uniformly bounded and equi-Lipschitz on M.

Using the above three facts, we deduce that the uniform limit lim,_, . ., 7} v =: u exists and
thatu € S_.
The proof of Proposition[L1]is now complete. O

3 Existence of solutions of the generalized ergodic problem

We prove Theorem [Alin this section. Theorem [Alis a direct consequence of Proposition [14]
and Proposition [T6] below.

3.1 Necessary and sufficient conditions for the existence I
This part is devoted to the following result.
Proposition 14. Let ¢ € R. The following statements are equivalent.
(1) Equation (E7) has viscosity solutions;
(2) There exist ¢, v € C(M,R) and t,, ty € Ry such that T, o < @, T,- 1 > .

In the rest of subsection 3.1, without any loss of generality we assume that ¢ = 0. Con-
sider the contact Hamilton-Jacobi equation

H(z,u(x), Du(x)) = 0. (3.1)
Lemma 1. Let p € C(M,R). If o < Ty @ (resp. ¢ = T ) forall t > 0, then either

lim 77 p(x) = 400 (resp. tlgrn T, ¢(x) = —0)

t—+00

uniformly on x € M, or

lim T3 ¢(x) = ¢oo()

t—+400

uniformly on © € M, where p..(x) is a viscosity solution of (3.1).
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Proof. We divide the proof in two steps.
Step 1: First, we consider the case ¢ < 1} ¢ for all ¢ > 0. In view of ¢ < T} ¢, if

limy 400 Ty (x9) = B < 400 for some zy € M, then for each z € M, we have

T, o(x) = (Ty o T )p(x) = ylélj\f/[ hy,Ttileo(y) (z,1) < hwo,Ttilw(wo)(I’ 1) < hmO’B(x’ 1) < 400

Thus, we deduce that for any ¢ > 1,

Il < T (@) < max sy 1), Vo€ M. 6.2

So, there are two possibilities: (i) lim; 1 T} @(x) = woo(x) for all z € M. In view of
(3.2), by Proposition O lim; . T, ¢(2) = @oo(x) uniformly on z € M, and @, is a
viscosity solution of B.I). (i) lim;_, o T3 p(z) = +oo for all z € M. Next, we prove
limy .o 7y ¢p(x) = 400 uniformly on = € M. Suppose not. Then there are K, > 0,
{t.} /400 and z,, € M, such that

Tt_go(*rr) < Ko.
Then forany n € N, any x € M

T, qp(x) < h,. - SD(xn)(x, 1) < by k(2. 1) < max hy x,(y", 1) < +oo,
k) n ylnyEM

which contradicts lim;_, o, 7} @(z) = +oo forall x € M.
Step 2: Second, we deal with the case ¢ > T, ¢ forall t > 0. If lim;_, . o T} p(z9) = B’ >

—oo for some xy € M, then for any y € M, we have that

Ve = hy o) (0, 1) = T51p(w0) = B'.

So, we get that
R (y, 1) = T, ¢(y).

Thus, one can deduce that for any ¢t > 0

6lleo = @(y) = T p(y) = h™F (y, 1) = — 2" (1), Yy € M. (3.3)

So, there are two possibilities: (i) lim; o T, @(x) = ¢’ (x) for all z € M. In view of
@3.3), by Proposition O limy o, T p(z) = ¢/ (x) uniformly on z € M, and ¢/_ is a
viscosity solution of @.I)). (i) lim; o 7y p(z) = —oo for all x € M. Next, we prove
limy 400 Ty @(x) = —oo uniformly on =z € M. Suppose not. Then there are K| < 0,
{t;,} /400 and z], € M, such that

T, elx;,) > K.

n
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Givenany y € M, let

U;L = h’y, tzlflw(y)(xél7 1) 2 ,‘thgo(x;) 2 K(/]
By .3),
Ry, 1) =T, _10(y).
Thus,

Ty _yply) = W fo(y,1) > min h=50(,1) > —oo,
n 2,2'€

which contradicts lim;_, o, T, ¢(y) = —o0.
The proof is complete. O

The following result is a direct consequence of Lemmal[Il We omit the proof.
Corollary 3. Let o € C(M,R). If p < T}, p (resp. ¢ = Ty @) for some to > 0, then either

lim T, o(z) = +oo (resp.

n—-+4o00

lim_ Ty 0(x) = —o0)
uniformly on v € M, or lim,_, ;o T, () = oo () uniformly on x € M, where p.(x) €
Lip(M).

Proof of Proposition[I4l In view of Proposition [IQ notice that T, ¢ > ¢ if and only if
T e < g

If equation (3.1 has a viscosity solution ¢, then by Proposition [L1] one can deduce that
Y = limy_, o T, is a forward weak KAM solution. Thus, T, ¢ = ¢ and T}, 1) = 1 for all
t >0, i.e., item (2) in Proposition[I4] holds true.

Let o € C(M,R) and t; > 0 be such that T, ¢ > ¢. Let ¢y € C(M,R) and t, > 0 be
such that Tjg > 1). We aim to prove that equation (3.1]) has viscosity solutions.

Since T, ¢ > ¢, then by Corollary 3] either lim,,_,, T,;, () = 400 uniformly on

x € M, orlim, o Thy, () = poo(x) uniformly on x € M, where ¢ (z) € Lip(M).

nty
Case 1: If lim,, o T, (%) = @oo(x) uniformly on z € M, then for any s € [0,¢],
limy, o0 Thp, 1s0(x) = T, @oo(x). Hence, T, ¢(x) is bounded on M x [0, +00). Thus, by
Proposition[9]
/ 1 . —_
¢(x) = liminf T p(z)
is a viscosity solution of equation (3.I)).

Case 2: If lim,,, ;o T},;, o() = +o0 uniformly on x € M, then there is n; € N such that
T ,p>v,and T,

its 1,2 > . Choose ki, k; € N such that
ki

Sg = —ty —myt; >0
0 k22 101
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small enough with
T 1t1+80¢ > ,l/)? Tn_ltl—i-sO(p > 80
Let to = ]i?g(nltl -+ So) = ]{thg. Then

Tye>e, Tye>v, Tyv >
Then by Proposition[12]
Tip <.
Let ¢' = T, . Then by Proposition[I0, we have that

Ti¢ =T, oT o <o,

and

Tod 2Ty 2.
Therefore, we get that

< T < Th @' < o

So, {7, ¥ }nen is bounded, and thus the uniform limit
hm T,;Ozb = Yo
exists. And for any s € [0, to],

lim Tnt0+sz/)(:)s) =: T oo (z), =€ M.

It follows that the function (z,t) — 7, ¢ (z) is bounded on M x [0, +0c0). Let

W (@) = limsup Ty 0(x).
t——+o00
We assert that ¢/ is a forward weak KAM solution of equation (3.T)). If the assertion is true,
then by Proposition 11} one can deduce that S_ # ().

So, it suffices to show the assertion. Let K3 > 0 be such that |7, ()| < Kj for all
(z,t) € M x [0, +00). First we show that {7, 1 (z)};~1 is equi-Lipschitz on M. Denote by
ko > 0 aLipschitz constant of the function (g, ug, ) — h*%(z, 1) on M x [— K3, K3 x M.
From Proposition [6] (6)(ii), we have

z + Z
T (x) = T, 4p(y)| < sup P51 (@, 1) — p2 1B (y, 1)

zeM

forall z, y € M, and all ¢ > 1. The above inequality implies that

Ti(x) = T, 0 (y)| < k2 - d(z,y).
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Next we show that /_ is a fixed point of {7} };>¢. Since {T;"(x) };~1 is equi-Lipschitz
on M, it is easy to see that

lim sup T, ¢ (z) = . (z) uniformly onz € M.

t——4o00 s>t o0

For any s > 0, notice that

¥ (x) = limsup T} (z) = limsup T3 o T} ¢)(x)

o]
t——+o0 t—+00

= lim lim max 7T, o T, y(z)
m——+o00 n—+oo m<t<n

: : +
= lim lim max sup h¥% YW (z, s)
m——+o00 n—+oo m<t<n yEM

— hm hm Sup h%maxmgtgn Tt+w(y) (.I S)
m——+00 N——+00 yeM ’

= lim lim 7. (max T, ¢)(x)

m——+00 n—+o0o m<t<n

=TH( lim lim max T )(x)

m——+oo n—+oo m<t<n

=Ty ().

The proof is complete.

3.2 A Kkey proposition

In order to complete the proof of Theorem [Al we need to prove a technical proposition here
which also provides certain information of the long time behavior of the viscosity solution
of the Cauchy problem

w(x,t) + H(z,w(x,t), Dw(z,t)) =c (3.4

with w(x,0) = (x). Moreover, we will use this proposition again in the proof of Theorem
Recall that the function (z,t) — T, “p(z) is the unique viscosity solution of the Cauchy
problem.

Proposition 15. Let ¢ € C(M,R) and let ¢ € R.

(1) if there is ty > 0 such that T, “p > ¢ (resp. T, "¢ < ), then for any s € [0,tg],
limy, 400 Triy sp(x) = o0 (resp. limy, oo T, jo(x) = —00) uniformly on x €
M, orlimy, ;o T, so(x) = u(x, s) uniformly in (z,s) € M x [0, t,], where u(z, s)
is a viscosity solution of equation (3.4) which is ty-periodic in time.
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(2) if there is to > 0 such that T; ¢ > ¢ (resp. T, “p < @), then limy_, ;oo T, “p(z) =
+o00 (resp. limy_, oo T, “p(x) = —00) uniformly on x € M, orlim;_,, o T, “p(x) =
Yoo () uniformly on x € M, where @ is a viscosity solution of equation (E).

(3) ifforanyt > 0,
{reM T 0@) = () } #0.

then |T, “p(x)| < K, for all (z,t) € M x [0,+00) and for some constant K, > 0
depending on .

Proof of Proposition[[3 We will split the proof into three steps.

Step 1: if there is ¢, > 0 such that ¢ < T} *“p, then by Corollary[3] either lim,,, o T, () =
+00 uniformly on x € M, or, llmn—>+oo T p(x) = @oo(z) uniformly on « € M, where
oo () is a Lipschitz continuous function on M.
Case (i) : If limy, o 1), p(x) = 400 uniformly on x € M, then we assert that for any
s € [0, to],

lim T, sp(z) = +o0

n——+o0o

for all z € M. Note that if there are sy € [0, to] and xy € M such that
hm Tl s, (o) = A" < 400,
then for all x € M,

1;(7)C+SOS0<$) < hiO,A” (LU, t(]) ylzl;laéx hy A (y to) < 4-00.

So, in order to show the above assertion, we can assume by contradiction that there is sy €
[0, ¢o] such that

hm T t0+80%0( ) (pig(:[:)? \v/l' € M?

where 3(x) is a function defined on M. It is clear that {|7},,% , ()|}, is bounded by
a constant K > 0. And thus, by similar arguments used in the proof of Proposition [
{715 o p(x)| }n is equi-Lipschitz. Therefore,

hm Tt0+30¢( ) 8022)( )

uniformly on = € M, and ¢%° € Lip(M). Note that

S0

|| to CSO TLto—I—So(p t() SogOOOHOO < e>\t0||

nt0+3080 (pOOHOO
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Thus, we get that
+OO = nh_{& ﬂgfso © n_tz)c-i-sogo(x) = tngOWig (l’),

a contradiction. We have proved the assertion.
Next, we prove for any s € [0, to], limy—, ;o0 Tpy s9(x) = 400 uniformly on z € M.
Suppose not. Then there are s’ € [0, s¢], Ko > 0, {nx} /* +oc and x, € M, such that

Ty;’fﬁs,ap(xk) < K.
Then forany k € N, any z € M

C

wk’T’ji;oJrs’“D(m”k )(

z,t) < hy g (z,t) < max Ry (4", t0) < +oo,

-
T(nk+1)t0+8’(‘0(x) S v yleM Y

which contradicts lim,,_, - T,;(’)CJFS,go(x) = +oo forall z € M.
Case (ii) : If limy,_, o T) p(x) = @poo(x) for all z € M, where o (z) is a Lipschitz
continuous function on M, then for any s € R,
i Tt o) = T o) = ula, ).
It is clear that u(z, s + tg) = u(x, s) for all s € R, and that u(z, s) is a viscosity solution of
(1.5a).
The proof for the case ¢ > T, *“p for some ¢, > 0 is quite similar and thus we omit it.

Step 2: if there is ¢, > 0 such that ¢ < T} “p, then there is ¢; > 0 close enough to t; such
that ¢, /t, is an irrational number and ¢ < T} *“p. Since 1/t is an irrational number, then
for any s € [0, o], any € > 0 and any N € N, there are mg, m; € N with mg, m; > N, such
that

|m1t1 — (moto + S)| < €. (35)

By the result obtained in Proposition [I5] (1), then lim,, ;o T, p(x) = 4oo for all z €
M and all s € R, or lim,, 00 770 o0(2) = u(x,s) forall z € M and all s € R. If
limy, 400 Trpis sp(@) = u(x, s) forallz € M and all s € [0, %], then in view of (3.5), we get
that lim,,_,o, T}, p(x) =: ¢’ (x) for some ¢’ € Lip(M). By (3.3)) again, ¢/ (z) = u(z, s)
forall z € M and s € [0, to]. Thus, ¢ is a viscosity solution of (£]).

The proof for the case ¢ > T} *“p for some ¢, > 0 is quite similar and thus we omit it.

Step 3: if for any ¢ > 0, there are z1, x5 € M such that T, “p(z1) > p(x1) and T, “p(z2) <
©(x3), then for any ¢ > 0, there is 2, € M such that T, “¢(x;) = ¢(x;). Note that

T (@) = T 0 T50(0) < iy gy @01) = oy ptar (@2 1).
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Thus, T, “p(x) is bounded from above. Note that for any y € M,

[

vaf'CSO(y)(xt“’ 1) > T 7e(@) = o(@41),

which implies that T, ¢ (y) > hZ "+ (y 1) for all y € M. Therefore, we get that for
anyt > 1,anyy € M,

; z,0(2) (o Tii1,0(xe41) —C c /
(z,z’I)IéIJ\I/IIXMhC v (Z ) 1) < hctJrl pr (y? 1) < CTt (P(y) < (272%2}\3[(XMhz,<p(z)(z ) 1)

Hence, |T; “p(y)| is bounded on M x [0, 400). O

3.3 Necessary and sufficient conditions for the existence II

We prove the following result in this part.
Proposition 16. Let c € R. The following statements are equivalent.
(1) Equation (E7) has viscosity solutions;
(2) There exist p, ¢ € C(M,R) and ty, t; € Ry such that T, “p > ¢, T, < 5

(3) There exist p, v € C(M,R) such that T, “p is bounded from below and T, 1) is
bounded from above on M x [0, +00).

Proof. Without any loss of generality, we assume that ¢ = 0. The strategy of our proof: we
will prove the equivalence of items (2) and (3), and then the equivalence of items (3) and (1).

Step 1: we first show (2)<(3). If condition (2) holds true, then in view of Proposition
(1), one can deduce that 7, ¢ is bounded from below and 7} % is bounded from above on
M x [0, +00).

In the rest of Step 1, we show that (3)=(2). Let ¢, v € C(M,R) be such that T; ¢ is
bounded from below and 7; ) is bounded from above on M x [0, +00).

If T, ¢ is also bounded from above, then by PropositionQ, ¢, (z) = liminf, , . p(x)
is a viscosity solution of (3.1 and thus ¢, = T, ¢ for all t > 0. If T; ¢ is unbounded
from above, then from Proposition[13](3) we can get that there is ¢’ > 0 such that

{x € M: Ty p(x) = p(z)} = 0.

Thus, one can deduce that either 7}, ¢ > ¢ or T}, o < ¢. Since T} ¢ is bounded from below,
by Proposition [I3](2) again we get that

lim T, p(x) = +00

t——+00
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uniformly in € M. Hence, there is ¢, > 0 such that 7, ¢ > .

If 7, 4 is also bounded from below, then by Proposition 9] 1., (z) = liminf, | ¥ (z)
is a viscosity solution of (3.I)) and thus ¢, = T, v, for all t > 0. If T, ¢ is unbounded
from below, then from Proposition [I3](3) we can get that there is ¢” > 0 such that

{xe M T y(x) =¢(x)} =0.

Thus, one can deduce that either 7,,¢ > 1) or T,,4) < . Since T} 1) is bounded from above,
by Proposition [I3](2) again we get that
uniformly in € M. Hence, there is 5 > 0 such that 7} ¢ < 1.
Step 2: next we show (1)<>(3). The fact that (1)=-(3) is clear. It suffices to show that (3)=-(1).
From the proof of (3)=>(2), we only need to discuss the case:
lim 7, ¢(x) =400, and lim 7} ¢(x) = —o0.

t——+o0 t——+o0

Let u, = pp + (1 — p)b, p € [0,1] and let
po = inf{p: tEeroo T u,(x) = 400}

Consider T} w,,. If T, u,, is bounded on M x [0, +-00), then by PropositionQlagain, lim inf,_, . ., T, u,,
is a viscosity solution of 3.1). If 7; u,, is unbounded on M x [0, +0c0), then by similar ar-

guments used in Step 1, one can deduce that either lim;_, . T} u,, = 400 uniformly in

x € M orlim, o Ty u,, = —oo uniformly in z € M.

If limy, o T} u,, = +oo uniformly in x € M, then there is ¢y > 0 such that T} u,, >
Up,. Thus, there is ¢g > 0 such that T, u,, ¢, > Uy, Then by Proposition [15] (2) we
get that either limy_, | o T} uy)—¢, = Uoo Uniformly in x € M, or limy_, oo T} Upy—¢, = +00
uniformly in z € M. In view of the definition of py, we deduce that lim;_, o T} tp,—c, = Uoo
uniformly in z € M and u., is a viscosity solution of (3.1)).

If limy 4 oo T} u,, = —oo uniformly in 2 € M, then there is ¢, > 0 such that Ty tpy <
Up,. Thus, there exists > 0 such that

Tté Upot+e < Upote

for all € € (0,0). Then for any € € (0,9), either lim;_, T} upy+. = —oo uniformly in
x € M orlimy_, ;o T} Uyt = ul, uniformly in z € M, where u’_ is a viscosity solution of
(B.I). Recall that lim,_, o, T} u,, = —oo uniformly in x € M. Hence, by the definition of
po there must be €y € (0, §) such that limy_, o 7} u,,+¢, = ul, uniformly in x € M, where
u!_ is a viscosity solution of (3.1)). O
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4 Analysis of the admissible set: min-max and max-min for-
mulas

4.1 The admissible set is an interval

Before proving Theorem Bl we recall a approximation and regularity result of Lipschitz
functions by Czarnecki and Rifford [13]].

Proposition 17. Let f € Lip(M). Then there exists a sequence { f,, }nen in C*°(M,R) such
that

lim || fn = fll =0

n—-+4o00

and

lim  dyays (graph (D f,,) , graph(0f)) = 0.

n—-+o0o

Here, Of (x) denotes Clarke’s generalized gradient of f at z:
Of(x) = co{¢ |3 (wn),en € Dom(Df), x, = z, Df(2,) = ¢, n — o0}

which is non-empty by Rademacher’s theorem. And graph(0f) := {(z,p) € T*M : p € 0f(z)}.
Let S; and S5 be two non-empty closed subsets of 7 M,

ditans (S1,S2) = sup{ sup ds,(z,p), sup dsl(x,p)}

(z,p)€S1 (x,p)€S2

denotes the Hausdorff distance, where dg(z, p) = inf i pyes d((z, p), (2, 1)).

In view of Rademacher’s theorem, M\ Dom(Du) is negligible. Since || Du(z)||,, is bounded
by the Lipschitz constant of v and H is of class C?, then the following equality is a direct
consequence of Proposition 171

inf sup  H(x,u(z), Du(z)) =  inf sup  H(z,u(z), Du(z)). (4.1)
u€Lip(M) yeDom(Du) u€SCLY (M) zeDom(Du)

We omit the proof.

Proof of Theorem[Bl First we show that if ¢ < ¢, then equation (E})) has no viscosity sub-
solutions. Assume by contradiction that there is a viscosity subsolution of equation (EY)).
By classical results on viscosity solutions, we have that v is Lipschitz on M and satisfies
H(xz,u(x), Du(z)) < cfora.e. x € M. Thus, by @.1)

¢ = inf sup  H(z,w(x), Dw(zx)) < c,
: weLip(M) zeDom(Dw) ( ( ) ( ))
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a contradiction.

Next we show that if ¢ > c¢,, then equation has no viscosity solutions. If equa-
tion (E7]) admits a viscosity solution u*, then by Proposition [[1] one can deduce that v* =
limy 4 Tf’cu* is a forward weak KAM solution of (E7]). Thus, —v* is a viscosity solution
of H(x,—w(x), —Dw(x)) = ¢, which implies that H (z,v*(x), Dv*(z)) = c a.e. x € M.
Hence, in view of the semiconvexity of v* we get that

¢ = sup inf  H(x,u(z), Du(z)) > c.
w€SCLT (M) €Dom(Du)

Combining the above arguments and the non-emptiness of &, one have that

¢ <c¢, and € C [c¢,c]

To finish the proof, it suffices to show that for any ¢ € (¢, ¢,), equation (£7]) admits at
least a viscosity solution. Since ¢ > ¢, then by definition there is ¢ € Lip(M) such that ¢ is
a viscosity subsolution of (E})), and thus ¢ < T, “p forall t > 0.

In view of Theorem [Al (4), we only need to prove that there is ) € C'(M,R) such that
T, “ is bounded from above. Since ¢ < ¢, then there are § > 0 and 1) € SCL* (M) such
that

H(x,y(z),DY(x)) —c >0, ae x€ M.

If forany t > 0, {x € M : T, “¢(x) = ¢(x)} # 0, then T, *“¢) is bounded. If there is
to > 0 such that either T, ) < 4, or T; *“¢) > 1), we only need to take care of the case
T,, “t» > ). By Proposition [[3 (2), either lim;_, ;o T, “t) = 1), Where 9 is a viscosity
solution of (E), or lim, o, T, “t) = +o0. In the rest of the proof we show that the case
limy—, 00 7} "“0p = 400 cannot happen.

Assume by contradiction that lim;_, . T, *“¢p = +o00. Thus, there are t; > 0 and zp € M
such that 7; i) > ¢ for all t > ¢; and T}, “¢(z) = 1(x0). Note that ¢ is a semiconvex
function and 7} "“¢) is a semiconcave function [6, Theorem 3.2]. Then by Lemma [6] in the
Appendix, both ¢’ := T; *“¢) and 1 are differentiable at xo, and ¢(xo) = ¢'(z0), Dip(xo) =
Dy (xg). Let ug = (o) = ' (x0), po = D(xg) = DY/ (x0). Let (x(t), u(t), p(t)) be the
solution of (L2) with (z(0), «(0),p(0)) = (o, uo, po) in a small neighbourhood of 0. Hence,
we have that

u(t) = uo + ((po, #(0))ay — H (w0, u0, po) + )t + o(t),
and
W(x(t)) = up + (po, ©(0)) gt + 0(t).

Recall that
H(an anpO) —C 2 5)
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which implies that ¢)(x(t)) > wu(t) in a small enough neighbourhood of 0. Thus we have
T/ (0(t)) < RS, 0 (@(0).1) < ut) < b(a(t)
for sufficiently small £ > 0, which contradicts that
Ty =4, YE=0.

The proof of Theorem [Blis complete. O

4.2 Examples

Let us discuss several illustrative examples of contact Hamiltonians satisfying (H1)-(H3) and
describe the corresponding ¢;, ¢,.. We discuss genuine contact Hamiltonians in the first two
examples, while a classical Hamiltonian is studied in the last example. The classical case can
be regarded as the critical case.

Let h(x, p) denote a generic Tonelli Hamiltonian on 7™M in the following.

Example 1 (¢; = —o0, ¢, = +00). Let H(z,u,p) = f(z)u + h(x,p) for all (x,u,p) €
T*M x R, where f is a smooth function on M.

(i) If f(x) > 0 forall x € M, then for any a < 0,

sup(f(x)a + h(z,0)) < sup(f(x)a) + sup h(z,0) = a inf f(z)+ sup h(zx,0).

zeEM zeEM zeEM zeM zeEM

Letting a — —oo, we get that ¢; = —oo. Similarly, for any a > 0, we have that

inf (f(x)a+ h(x,0)) > inf (f(z)a) + 1&1\; h(z,0) =a 1gj\f/[ flz)+ 1gj\f/[ h(z,0).

zeM xeM

Letting a — 400, we get that ¢, = +o.

(ii) For case f(x) < 0 for all x € M, one can get the same results in a similar manner.

Example 2. Let H(x,u,p) = V(u) 4+ h(x,p) for all (x,u,p) € T*M x R, where V (u) is a
smooth function on R and ||V'||oc < A

(i) (¢ € R, ¢, = +00). Assume, in addition, V' is bounded from below and sup,,c V (u) =
+00. Since V (u) + h(x, p) is bounded from below, then

Q= B op V() A Due) > o
u€Lip(M) zeDom(Du)
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and

¢ < V(a)+ sup h(z,0), VaeR.

reM
Thus, ¢; € R. Note that,

ilelg V(a) + :clgz\f4 h(z,0) = 4o0.

Thus, we get that

¢, = sup inf (V(u) + h(x, Du(m))) = +00.
u€SCL+ (M) v€Dom(Du)
(ii) (¢, = —00, ¢, € R). Assume, in addition, V' is bounded from above and inf ,cg V (u) =
—00.

¢ < inf(V(a) 4 sup h(x,0)) = inf V' (a) 4+ sup h(x,0) = —oc.
a€eR zeM aeR zeM

Notice that for any u € SCLT(M),

inf (V(u(x))+h(z, Du(x))) < sup V(u(m))+xlé1]£[ h(z, Du(z)) < sup V(u(z))+h(y,0),

zeM reM zeEM

where y is an arbitrary point in M with Du(y) = 0. Hence, we deduce that ¢, € R.

Example 3 (¢; = ¢, = 0). Let H(x,u,p) = ||p||? for all (x,u,p) € T*M x R. For each
u € SCL*(M),

inf |[Du(z)]7 =0,

reM

which implies that

¢, =  sup inf ||Du(z :20 =0.
L nf [[Du(z)]

By definition, it is direct to see that

¢ = inf D 2= 0.
1= esonf ) S 1 Du();

In this example, € = {0}.

5 Appendix

5.1 Proof of Proposition 3

In order to prove the proposition[3] we provide a preliminary lemma.
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Lemma 2. Given any xo, © € M, ug € Randt > 0, let v : [0,t] — M be a minimizer of
Py o (2, t). Then for each ty € (0,t), there is a unique minimizer of hy, ., (v(to), to)-

Proof. Since 7 is a minimizer of hy, ,,(x, ), then 7} 0,10 is a minimizer Ay, ., (7(to), to). If

there is another minimizer A, (7(to), to), denoted by e, then we will show that o = /| 0ol
- (). sel0t)
a(s), s¢€|0,t,
s) =
o= {50 1Skl
Then we get

hxo,Uo (1’, t) = hxomo (7(t0)7 tO) + / L(7($)> hxmuo (’7(5)7 S), 7(8))ds

to

— ot [ L0, hagu (3(6). ), o),

which implies that /5 is a minimizer of hy, ., (z,t). From Proposition [Il v and /5 are both
of class C. Therefore, we have #(ty) = [((t,). By Proposition [l and the uniqueness of
solutions of initial value problem of ordinary differential equations, we have «(s) = 7(s) for
all s € [0, to], which completes the proof. O

Proof of Proposition[dl We divide the proof in two steps.
Step 1: Given any t;, t; € R with t; < ¢y and ¢y € (t1,12), since (z(t), u(t)) is globally

minimizing, then we have

u(ta) = o) uien) (2(t2), ta — 11),
u(t2) = Na(to)uite) (2(t2), t2 — o),
u(to) = ho(y)u(n)(z(to), to — t1).

It follows that
Pt ue) (T(E2)s T2 = £1) = Paro)u(to) (T(E2)s T2 — t0) = Patto) hage, ey (@ (to) to—t1) (T(E2), T2 — to).

In view of Proposition[3(4), there is a minimizer of h,,).u,)(2(t2), t2 — t1), denoted by ~,
such that (o) = (o).
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Step 2: From the above arguments, there exists a minimizer av of Ay ;) u(e,) (2(t2+1), ta—t1+

1) such that 2:(¢5) = «(t5). By Lemmal2] a} o] is the unique minimizer of hu ;) u(e) (2 (t2), ta—

t1). By the arguments used in Step 1 again, x(s) = «(s) for all s € [t1, t5]. Thus, by Propo-
sition [Tl and the arbitrariness of ¢; and ¢, with t; < o, 2(¢) is of class C' fort € R, and

(z(t),u(t), p(t)) is a solution of (L.2), where p(t) := S&(x(t), u(t), &(t)). Since

u(t) = L(x(t), ult), #(1)),

it is easy to see that x(t)|[;, +,) is a minimizer of Ay ) w@,) (2(t2), T2 — 11).

5.2 Proof of Proposition [§

Lemma 3. If ¢ < L, then ¢ is Lipschitz continuous on M.

Proof. For each x, y € M, let v : [0,d(z,y)] — M be a geodesic of length d(x,y), pa-
rameterized by arclength and connecting x to y. Since M is compact and ¢ is continuous,
then

Api=max|p(z)] - Ay = sup{L(z,u, @) [ v € M, |ul < Ay, 2], =1}

are well-defined. Since ||¥(s)||(s) = 1foreach s € [0, d(z,y)], we have L(y(s), p(v(s)),¥(s)) <
As. Then by ¢ < L,

d(z,y) d(z,y)
oy (d(x.))) — p(3(0)) < / Lix(s), o(1(5)), 3(s))ds < / Agds = Agd(z, ).

We finish the proof by exchanging the roles of x and y. O

Lemma 4. Let ¢ < L and let v : [a,b] — M be a (¢, L,0)-calibrated curve. If ¢ is
differentiable at ~y(t) for some t € (a,b), then we have

H(y(t), o(v(t)), Dp(7(t))) =0,  Do(y(t)) = g—i(v(t), (1)), 5(t)).

Proof. By Lemmal[3] ¢ is Lipschitz continuous on M. We first show that at each point x € M
where Dp(x) exists, we have

H(z, (), Do(x)) < 0. (5.1)

For any given ¢ € T, M, let : [0,1] — M be a C" curve such that a(0) = z, ¢(0) = v. By
¢ < L, foreach t € [0, 1], we have

Sp(a(t))—¢(a(0))</o L(a(s), p(a(s)), a(s)))ds.
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Dividing by ¢ > 0 and let ¢ — 0%, we have (Dy(x),v) < L(z,¢(x),v), which implies

H(x,¢(x), Do(x)) = sup,er, 1 ((De(x),v)e — L(x, ¢(z),v)) < 0. Thus, (3.1 holds.
If ¢ is differentiable at y(¢) for some ¢t € (a,b), then for each t' € [a,b] with ¢ < ¢/,

we have o(y(t) — ¢((1)) = [ L(v(s),0((s)),3(s))ds, since 7 : [a,b] — M is a
(¢, L, 0)-calibrated curve. Dividing by ¢’ —t and let ¢’ — ¢*, we have (Dp(y(t)), 5(t)) 1) =

L(y(t), o(y(t)),~(t)). Thus, we have
H(y(t), p(7(1), Do((t))) = (Dp(v(1)), ¥(#))rey — L(v(F), (v(2)),¥(t)) = 0,

which together with (5.1)) implies H (v(t), p(v(t)), De(y(t))) = 0 and

(De(y(1)), ¥ty = H((8), 0(7(1)), Dep((1))) + L(v(t), (7(1)), ¥(2))-
In view of Legendre transform, we get

Do3(1) = 2 ((0), 21 (1)), 311)).

This completes the proof. 0

Lemma 5. Given any a > 0, let ¢ < L and let v : [—a,a] — M be a (¢, L,0)-calibrated
curve. Then  is differentiable at (0).

Proof. It suffices to prove the lemma for the case when M = U is an open subset of R". Set
x = ~(0). In order to prove the differentiability of u at x, we only need to show for each
y € U, there holds

plz+Ay) —p(x) _OL

. . (e Ay) — o)
< o0 ; -y < liminf :
hinfolip 5 55 (& #(@),7(0)) -y < lim in S

(5.2)

For A > 0and 0 < ¢ < a, define ) : [—£,0] — U by ya(s) = v(s) + ==Ay. Then
7 (0) = 2 + Ay and y\(—¢) = y(—¢). Since u < L and v : [—a,a] — M is a (¢, L,0)-
calibrated curve, we have

(a4 Ay) — plr(—e)) < / Lina(s)s p(ra(s)), 3 (s))ds,

—€

and

It follows that

o+ Ay) —p(x) 1

) <3 [ (EONEp0()3a() — LG 5) 0l (5)) 3 (5)) ).
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By Lemmal[3] there exists K > 0 such that

s+e¢

[p(n(s)) = e(v(8))] < Klnals) =(s)l = K Ayl

which implies

imsup LEEMZ AT (S B ) pt(6).4(99) -
KEEE 260 e, 36 ]

+ 208 (51,51, 3(5)) - ) s

If we let e — 0, we get the first inequality in (5.2).
Define vy : [0,¢] — M by yx(s) = 7(s) + ==*Ay. We have

o(1(E)) — pla+ Ay) < / " L()s 9 (), (),

p(v(e)) —plr) = /06L(V(S)A@(W(S))W(S))d&

It follows that

AR =2 2 (B0 #0060 46) = Loal) en(6). n(o) ) s,

which implies

gt P =D 5 (922 ot 4060
- SO CORTON
222009, 90513 (9)) ) ds.

Letting ¢ — 0™, we obtain the second inequality in (5.2)). This completes the proof. O

Proof of Proposition[8l Let u(t) := u(v(t)) for t < 0. We assert that for each s, ¢ < 0 with
s < t, there holds

u(t) = hfy(s)m(s)(’y(t),t — S). (5.3)

If the assertion is true, then by Proposition B (v(t), u(t),p(t)) satisfies equations (L.2)

on (—o0,0), where p(t) = 2k

52 (v(t),u(t),7(t)). Now we prove the assertion. Since u is a
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backward weak KAM solution, then we have 7, u(x) = u(x),Vx € M,Vo > 0. Recall that
T u(x) = infyenr by uy)(z,0) forall o > 0. Given any s < ¢t < 0, we get

u(7) < hy(s)us)(V(7), 7 —5), VT € (s,1]. (5.4)

Since v : (—00,0] — M is a (u, L, 0)-calibrated curve, then we have

t
u(t) — u(s) = [ Ly (). u(r).5(r))dr
which together with (5.4) implies

u(t) = u(s) + / LOY(T), hy(s)ue) (V(T), T = 8), H(T))AT 2 By uis) (7(1), = 5).-

By (5.4) again, we have u(t) = A ) us)(7(t),t — s). Hence, (5.3) holds.
By Lemma[] and Lemmal[3] v is differentiable at (¢) for any ¢ < 0 and

Du(~(t)) = g—g(v(t), u(y(2)),¥(t))-

Hence, (y(t + s), u(y(t + s)), Du(y(t + s))) = Ps(v(t), u(v(t)), Du(y(t))), ¥t, s < 0. In
view of Lemmald] we have

H(y(t), u(v(t)), g—é(v(t)ﬂ(v(t))fv(t))) =0, Vvt <0,

which completes the proof. [

5.3 Proof of Lemma

Lemma 6. Let ¢ € SCL™ (M) and v € SCLT(M). Let x¢ be a local minimum point of
@ — 1. Then both ¢ and 1) are differentiable at xo with Dyp(zq) = D(xg).
Proof. Since p, —1), p — 1 € SCL™ (M), then Dt p(xg), DT (=) (x0), DT (p — 1) (x0) are
non-empty. Since x is a local minimum point of ¢ — 1), then

DT (o) + DT (=) (o) € DT —)(20) = D(p —)(0) = {0},
which implies that both D" () and D™ (—1)(x() are singletons. O

This paper has no associated data.
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