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Abstract

We study optimal transport for stationary stochastic processes taking values in finite spaces.
In order to reflect the stationarity of the underlying processes, we restrict attention to stationary
couplings, also known as joinings. The resulting optimal joining problem captures differences in
the long run average behavior of the processes of interest. We introduce estimators of both optimal
joinings and the optimal joining cost, and we establish consistency of the estimators under mild
conditions. Furthermore, under stronger mixing assumptions we establish finite-sample error rates
for the estimated optimal joining cost that extend the best known results in the iid case. Finally,
we extend the consistency and rate analysis to an entropy-penalized version of the optimal joining
problem.

1 Introduction

The application and theory of optimal transport has recently received a great deal of attention in
statistics and machine learning. This work has resulted in novel approaches to statistical estimation
[11,140,130,13,16], deep generative modeling [2, 81], clustering [37, 46, [56], cell modeling [71/], and other
applications [13,[12,128, 27, 86]. In most of this work the objects under study (for example, images, text
documents, graphs, and point clouds) are regarded as static and do not evolve over time. Accordingly,
the distributions and cost functions appearing in the optimal transport problem capture the behavior of
these objects at a fixed point in time. In this static setting the statistical properties of the optimal transport
problem, such as definition of estimators, consistency, and rates of convergence, have been well-studied
[65,167,179,176,168, 39, 20, 66, [72].

In contrast with the static situation, we are interested in optimal transport problems in settings where
the objects of interest are processes that evolve dynamically over time. Examples include the alignment
or generative modeling of text sequences or musical scores, or hybrid settings involving dynamic text
and images. Other examples include transportation of goods between a set of manufacturers and a set
of retailers when supply and demand vary over time in a stochastic fashion, or the comparison of brain
networks observed at multiple points in time. Problems involving sequential data or objects varying over
time are pervasive in statistics and machine learning. While standard optimal transport techniques can
be applied to such problems, they do not account for the structure of the underlying measures, which
reflect dynamic processes rather than static quantities.

In this paper we investigate optimal transport for finite alphabet stationary ergodic processes, to-
gether with cost functions that measure differences at a single time point (or finitely many time points).
Optimal transport for stationary processes is a special case of the ordinary optimal transport problem in
which the distributions of interest are shift invariant measures on infinite product spaces (the sequence
spaces associated with the given processes). As such, existing methods and theory apply. However, it is
easy to show that a coupling of two stationary processes need not be stationary, and the same is true of
optimal transport plans (see Examples [Tl and 2l below). To address these, and other, issues arising in the
general setting, we restrict our attention to stationary couplings of stationary processes. This seemingly
mild restriction has far reaching consequences.
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In restricting to stationary couplings, also known as joinings, we draw connections between optimal
transport and ergodic theory. In particular, properties and theoretical applications of joinings have been
studied in ergodic theory for many years. Given two stationary processes, the optimal joining problem
is the problem of finding a joining of the processes having minimal expected cost. The primary focus
of this paper is estimating an optimal joining, and the associated optimal joining cost, of two finite
alphabet stationary ergodic processes using n observations from each process. Roughly speaking, we
use the available observations to estimate the k-dimensional distribution of each process, find an optimal
coupling of these k-dimensional estimates, and then use this coupling to construct a joint process that is
stationary. In order to ensure that the constructed process converges to an optimal joining, it is necessary
to balance estimating the k-dimensional distribution by letting the sample size n grow and learning the
dependence structure of the optimal joining by letting k£ grow. Thus the task of choosing an appropriate
sequence {k(n)} of block sizes indexed by sample size is critical for consistently estimating an optimal
joining.

Under the stated assumptions, we show that there exists a sequence {k(n)} for which the corre-
sponding joint processes will converge to an optimal joining of the marginal processes, and the expected
cost of the joint processes will converge to the cost of the optimal joining (Theorem [3). This result
generalizes existing results regarding the estimation of optimal joining costs and, to our knowledge, pro-
vides the first consistency result for estimating optimal joinings. Under additional mixing assumptions
on the observed processes, we identify an explicit growth rate for k£ and obtain rates of convergence
for estimates of the optimal joining cost (Theorem [3). To the best of our knowledge, these are the first
finite-sample bounds for estimation of an optimal joining cost. In the iid case, optimal joining and op-
timal transport coincide, and we recover existing, state-of-the-art bounds for estimation of the optimal
transport cost. As special cases of our results we obtain new, finite-sample bounds for estimation of the
d- and p-distances between stationary ergodic processes.

In recent years, there has been a substantial amount of work on regularized optimal transport, in
which the regularization is obtained by adding an entropic penalty to the usual optimal transport cost.
As with (unregularized) optimal transport, the regularized problem has been primarily studied in static
settings. In this work, we bring these ideas to a dynamic setting. More specifically, we propose and
analyze a regularized form of the optimal joining problem, which is obtained by adding a penalty based
on the entropy rate of a process to the expected cost. We then extend our estimation scheme from the
standard optimal joining problem to the regularized problem, and we establish both consistency and rate
results for the resulting estimates (Theorems Ol and [10)). Existing algorithms for computing regularized
optimal transport plans may be applied to compute the proposed estimates in the regularized case more
efficiently compared to the unregularized case.

Organization of the Paper. The rest of the paper is organized as follows. Background on optimal
transport, optimal joinings, some initial results, and related work are presented in the next section. In
Section[3] we detail the proposed estimation scheme for an optimal joining and its expected cost and state
our main consistency result. Statement of our finite sample error bound under mixing assumptions, and
a corollary, are presented in Sectiondl In Section[3 we introduce the entropic optimal joining problem
and discuss how our estimation scheme, consistency result, and error bound extend to this problem. We
close with a discussion of our results in Section [6l Proofs of the main results are presented in Section [71

2 Preliminaries and First Results

We begin by defining the optimal transport problem. Let ¢/ and V be metric spaces and let M ()
and M (V) denote the set of Borel probability measures on these spaces. Recall that a Borel probability
measure 7 € M(U x V) on the product space U x V is said to be a coupling of p € M(U) and
v € M(V) if for every measurable A C & and B C V, 7(A x V) = u(A) and n(U x B) = v(B),
that is, the {/-marginal of 7 is p and the V-marginal of 7 is v. Given a non-negative cost function
c: U xV — Ry, the optimal transport problem is to minimize the expectation of c over the set of



couplings IT(u, v):

T.(p,v) = wehrbf;,u)/Cdﬂ' 2.1
Any optimal solution to (2.I) is referred to as an optimal transport plan (or coupling), and the quantity
T.(u,v) is referred to as the optimal transport cost of 1 and v with respect to ¢. For an introduction to
couplings and the optimal transport problem, we refer the reader to [83].

As noted in Section[I] the optimal transport problem is general, and does not incorporate information
about about the structure of the sets ¢/ and V), or the measures i and v. Existing work has considered
different choices of I/ and V), including finite dimensional Euclidean spaces [81, 2], graphs [88, 89, 80],
trees [85], finite sets [76, 57], and sequence spaces [60, 43]. In what follows, we consider the latter
case in which p and v are shift-invariant probability measures on sequence spaces, equivalently the
distributions of stationary processes.

2.1 Couplings of Stationary Processes

We briefly cover some notation and background on stationary probability measures and processes.
Let X and ) be finite sets with their discrete topology, and let &/ = XN and V = Y be associated
sequence spaces. Elements x = (z1,x9,...) € U andy = (y1,y2,...) € V are infinite sequence
with entries in X and ), respectively. For a Borel measure p € M(XN), let ug, € M(X*) denote the
distribution of the first k& coordinates of x = (x1, x2,...) under u, thatis, pp(A) = p(AX X XX x--+)
foreach A C X%, Leto : &N — AN be the left-shift map on XN defined by o'(x1, 29,...) = 29,23, .. .;
note that ¢ is continuous under the usual product topology on XN. A Borel measure 1 € M(XN) is
said to be stationary if 10 0~ = . A stationary measure 4 is said to be ergodic if j(A) € {0,1} for
any measurable set A C X' such that 071(A4) = A. Let M (X") denote the set of stationary Borel
measures on X', In the same way we may define the left-shift 7 : YN — YN and the corresponding set
of stationary measures M (™) on Y. For the remainder of the paper, we fix the finite spaces X’ and
Y, and consider stationary ergodic measures p € My (&N) and v € M (PV).

It is helpful to recall the simple equivalence between stationary measures and stationary processes.
The measure 1 € M (XN) corresponds to a stationary process X = X, Xo,... with X; € X via
the relation P(XF € A) = puz(A) for all A C X% and all & > 1. Ergodicity of y is equivalent to
ergodicity of the process X. In the same way, the measure v € M (YY) corresponds to a stationary
process Y = Y7,Y5, ... with values in ). Each coupling m € II(u,v) corresponds to a joint process

(X,Y) = (X1, Y1), (X2, Y3), ... such that X L XandV LY. Witha slight abuse of notation, we will
use IT(X, Y") to refer to the set of couplings of stationary processes X and Y. Importantly, the definition
of coupling does not ensure that the joint process (X' , }7) is stationary, even when X and Y are (see
Examples [Tl and 2] below).

In what follows we will consider a non-negative, single letter cost function ¢ : X x Y — R thatis
defined on pairs of elements from X and ). Note that c is necessarily bounded as X and ) are finite.
By considering sliding blocks, our results may be readily extended to cost functions depending on a
finite number of letters. Single (and finite) letter cost functions are the norm in information theory, and
are natural when making inferences about processes that are only partially observed. Note also that any
cost function ¢/ : XN x YN — R, that is continuous in the usual product topology can be uniformly
approximated by a finite letter cost function.

Any single letter cost function ¢ : X x J) — R can be extended to a cost function ¢ : XN x YN —
R on infinite sequences by defining c¢o(x,y) = ¢(x1,y1). In this case, the optimal transport problem
for stationary measures 1 € M (XN) and v € M (YY) can be written as

inf /CQ dr = inf /cdm = inf Ee(X1, Y1) (2.2)
mell(p,v) mell(p,v) (X,Y)el(X,Y)

where X and Y are the stationary processes associated with p and v respectively, and 7r; is the one-
dimensional marginal distribution of 7. In this case we will, with a slight abuse of notation, write
T.(p,v) instead of Tt (i, v).



In order to motivate the consideration of stationary couplings, we present two elementary exam-
ples. The first shows that couplings of stationary processes can have very different properties than the
processes being coupled.

Example 1 ([60]). Let X and Y be Bernoulli(1/2) processes, which need not be defined on the same
probability space. Let Z = Zi,Zs,... be iid~Ber£10ulli(1/2) random variables defined on a common
probability space. Define new processes X = X1, Xo,...and Y = Y7, Y5, ... in terms of Z as follows:

- . Zoip1 ifi # 2k
Xz' = ZQZ‘ and Y; =
Zy  if 3k, i =2k,

Clearly X 2 XadYV < Y, and therefore the joint process ()E',Yi) = (X1,Y1),(Xo,Y3),...is a

coupling of X and Y. However, it is easy to see that joint process (X, }7) is not stationary and that it
exhibits long-range dependence.

The next example shows that the optimal transport distance between two stationary processes can be
zero even when the processes are distinct.

Example 2. Suppose that X = ) and that ¢(x,y) = 1(z # y) is the 0-1 cost function. Let X and Y be
two stationary processes that are distinct but share the same one-dimensional distribution. (For example,
X might be a Bernoulli(1/2) process and Y a stationary Markov chain that cycles between 0 and 1.) We
may couple X and Y as follows. First, let X 1= 571. For k > 2 generate X & according to the conditional
distribution of X, given X ffl and independently generate Vi according to the conditional distribution
of Y}, given Ylk_l. The resulting process (X' , }7) is a non-stationary coupling of X and Y. Moreover
IEC(X 1 f/l) = 0 by design, and therefore the optimal transport cost between X and Y is zero in this
case, despite the fact that X and Y are distinct processes.

2.2 Joinings of Stationary Processes

Example [2]illustrates an important feature of the optimal transport problem for stationary processes:
for single or finite letter cost functions, an optimal coupling (X' , }7) of processes X and Y need only
align the initial components of X and Y. If, for example, X and Y represent discrete-time audio and
video sequences, an optimal coupling will seek to align the initial sequence of audio and video, but will
be insensitive to differences at subsequent time points. While the use of infinite-letter cost functions
can address some of these issues, infinite or long-range costs can be problematic in practice. More
importantly, as the examples above illustrate, optimal couplings of stationary processes need not be
stationary. From a theoretical and practical perspective, it is natural to consider stationary couplings of
stationary processes, which are also known as joinings.

Definition 1. A probability measure ) is a joining of 1 € My (XN) and v € M (YN) if X is a coupling
of w and v and is itself stationary, that is, \ € Ms(XYN x YN). The set of joinings of j and v will be
denoted by J (1, v).

Equivalently, a joining of two stationary processes X and Y is a coupling (X,Y) that is itself
stationary. This set of processes will be referred to as 7 (X,Y"). Note that 7 (i, v) is non-empty, as the
independent coupling ;1 ® v is always stationary. Joinings were introduced by Furstenberg [31/], and have
been studied extensively in the ergodic theory literature since that time; an overview and more details
can be found in [19, [34].

Restricting the optimal transport problem (2.2)) (with a single letter cost) to the set of stationary
couplings leads to the optimal joining problem: given measures 1 € M (XN) and v € M (YY) find

Sc(p,v) =  inf /cd)\l = inf Ec(X1, Y1) (2.3)
AET (V) (X, Y)eJ(X,)Y)



where X and Y are the stationary processes associated with 1 and v respectively. We will denote
the set of joinings attaining the infimum in @2.3) by J,,(u,v). Elements of 7, (u, ) will be called
optimal joinings, and S.(u, v) will be called the optimal joining cost. Note that when there is no risk of
confusion, we will omit the cost ¢ in our notation for the optimal joining cost, writing S(u, ) instead
of S.(u, v). The following proposition collects some standard properties of 7 (i, v) and J,.,(p, v); for
more details see [74] or [54] and the references therein.

Proposition 1. Under the stated assumptions, the set [J(u,v) is non-empty, convex, and compact in
the weak topology, and its extreme points coincide with ergodic joinings of u and v. Moreover, the set
Tin(pt, V) of optimal joinings of 1 and v is non-empty, convex, and compact in the weak topology, and
its extreme points coincide with the set of ergodic optimal joinings.

It turns out that there are close connections between the optimal joining problem and the optimal
transport problem using long run average cost. For k > 1 let ¢ : X% x V¥ — R, be the k-step
cumulative cost defined by ci(z%, y¥) = z;f:l c(x¢,y¢), and let €(x,y) = limsupy,_, o, k™ Lep(2h, y¥).

Proposition 2. If X and Y are finite and ji € Ms(XN) and v € Ms(YN) are ergodic then

S(p,v) = lim chk(,uk,yk) = Te(p,v).
k—oo k

The first equality in Proposition 2] was proven in [35] in the special case where X = )’ and cis a
metric; a straightforward extension of their arguments establishes the general case above. The second
equality is proven in Section [7] using cyclical monotonicity of optimal couplings. We remark that the
arguments in the proof of Proposition 2] do not rely on the finiteness of X’ and ) and may be adapted to
the case of Polish spaces and continuous and bounded cost.

Proposition [2| shows that the optimal joining cost may be obtained as a limit of k-step optimal
transport costs, and that this limit is equal to the optimal transport cost under the long term average cost
function. In this sense, the optimal joining problem seeks couplings that have good long-run average
behavior, relative to the single letter cost, over the complete history of the joint process. This is a natural
objective when considering optimal transport for stationary processes. Whereas the limiting average
cost ¢ may be highly irregular as a function, the set of joinings 7 (i, v) has a relatively simple structure
(e.g., compactness and convexity) and leads to an optimization problem that is easier to study.

Remark 1. Proposition 2limplies that the optimal joining problem S(u, v) satisfies Kantorovich duality
with respect to €. In particular,

S(/W)=sup{/fdu+/gdwf@g§6}, (2.4)
19

where the supremum is taken over p-integrable f : XN — R and v-integrable g : YN — R. The only
difference between (2.4) and the standard Kantorovich dual problem is the appearance of ¢ instead of c.
More details on Kantorovich duality can be found in [83] and [70]. While we do not make use of the
dual optimal joining problem in this paper, we expect that it may be of use in future analyses.

Related Work. A special case of the optimal joining cost first appeared in the work of Ornstein under
the name d-distance [62]. For finite alphabets, the d-distance is equivalent to the optimal joining cost
with respect to the discrete metric. Subsequently, [35] generalized the d-distance to Polish alphabets and
metric costs. More recently, [69] considered the same problem for a specific class of examples in which
the optimal joining could be determined exactly and extended the problem to random fields. Subsequent
work has considered various aspects of stationary optimal transport in the context of dynamical systems
such as duality [91], decompositions [9(], and the existence of optimal transport maps [45]. Another
line of work [42, |43], referred to as ergodic optimization, studies optimization of linear functionals
over the set of invariant measures. One may regard the optimal joining problem as a constrained ergodic



optimization problem. Recent work in statistical inference [53,/54,152] has shown that stationary optimal
transport problems arise naturally in the context of fitting dynamical models. In another direction, [60]
studied computational aspects of a constrained form of the optimal joining problem for Markov chains.
This constrained optimal joining problem was applied to the comparison and alignment of graphs in
[61].

3 Estimation of an Optimal Joining and its Expected Cost

In the rest of the paper, we consider the optimal joining problem in a statistical setting, focusing
on the problem of estimating an optimal joining and the optimal joining cost of two stationary, ergodic
processes from finite sequences of observations. Fix finite sets X and ), a single-letter costc : X x Y —
R, and stationary, ergodic process measures j1 € M (XN)and v € M4(YV) as in the previous section.
Let X = X;,X5,...and Y = Y7,Y5, ... be two processes, possibly defined on different probability
spaces, with distributions p and v, respectively, and suppose that we observe X7, ..., X, and Y7, ..., Y,,.
The task of interest is to estimate an optimal joining A € J,;,(1, ) and the optimal joining cost S(u, v/)
from the observed sequences. In this section, we define the proposed estimates and state our main result
regarding their consistency in the limit n — oo.

Before describing our proposed estimation scheme in detail, we first provide some intuition. Propo-
sition [2| ensures that the optimal transport cost between the k-dimensional distributions of u and v
converges to the optimal joining cost as k tends to infinity. Thus when k is large we expect that a good
estimate of k~'7., (jx,vx) will approximate the optimal joining cost S(u, v). Furthermore, a station-
ary coupling achieving the k-step optimal joining cost should be close to the set of optimal joinings
Tmin(f2, V). In the setting of interest to us, we do not have access to the finite dimensional distributions
of the observed processes; instead we estimate these from the available observations. In what follows,
let k be a fixed integer between 1 and n. The choice of k is discussed below in Section

We propose an estimation scheme that is comprised of three steps. First, we construct k-block
empirical measures from the available observations of each process. The resulting probability measures
act as empirical estimates of uj and . Second, we select an optimal transport plan between these
empirical k-block measures with respect to ¢;. The expected cost of this coupling acts as an estimate
of T, (k. vx). Finally, we construct a stationary process measure from the coupling in the second step.
This is done via a k-block process construction, described formally below in Definition 21

Step 1: (Empirical k-block measure) Define the probability measure fig, = fig[X?] € M(XF)

by
1 n—k
N ky _ k _ yl+k
fike (7)) = n—krl ZZ_; (] = X£+1)7

for ¥ € X'*. This is referred to as the k-block empirical measure constructed from ob-
servations X'. Let 7, be the k-block empirical measure constructed from Y7* in the
same manner. Note that fi;, ,, is a probability measure on X’ k_ and is an estimate of jij;, the
k-dimensional distribution of y; analogous remarks apply to 7, .

Step 2: (Optimal coupling of k-block measures) Find an optimal coupling of /iy, and 7, with
respect to ¢,. Formally, let 7, € II(fiy n, Pk ) be any coupling such that f cpdm, <
[ ¢k dmy, for all ), € T (fig , Uk p)- Thus [ ¢ dmy = Te, (fik,n, Dk,n)- To simplify notation
in what follows, define

Skn = Se(XT YY) = kT, (fukns Dkn)- (3.1)

We regard the number S k,n defined in as an estimate of the optimal joining cost of the observed
processes X and Y. We estimate an optimal joining of these processes by constructing a stationary
process measure from the optimal coupling 7 appearing in Step 2 above. In order to do this, we
leverage a well-known construction described in Definition 2] below.



Definition 2 (Block process construction). Let U be finite and k > 1. Define A* : M(U*) — MWUN)
to be the map that takes a probability measure v € M(U") to the unique probability measure on
UN obtained by independently concatenating ~ with itself infinitely many times. Formally, for any (k-
dimensional cylinder set C = Cy X -+ X Cpp XU X -+ C Uy,

Ap)(C) = (01 X X Cp)Y(Cryr X+ X Cop) -+ Y(Cly—typy1 X - - X Ci;)
= HW (CIEED)-

Moreover; define AR MUF) — M (UN) to be the map defined by randomizing the start of the output
of A¥ over the first k coordinates. Formally, for any set A C U,

N
—_

A*)(4) = AU’ < A).

NIP—‘
T
o

We will refer to AF[y] as the independent k-block process induced by  and AF[y] as the stationary
k-block process induced by .

The block process construction described above is standard in ergodic theory [64, [74], and ensures
that the process A¥[7] is stationary.

Step 3: (Construct stationary process) Given the k-dimensional measure 7; obtained in Step 2,
define the stationary joint measure \¥" = AF[r,] € M (AN x YN,

We regard X’i” as an estimate of an optimal joining of the observed processes. We establish in
Appendix [Blthat \*" is a joining of empirical estimates A*[fi ,,] and A*[9, ,,] of 1 and v with expected
cost equal to S;m

3.1 Consistency

Having detailed the proposed estimators AFom and Skm, we now consider their behavior as the length
n of the observed sequences goes to infinity. Intuitively, for fixed k we expect that when n is large, S'k,n
will be close to k:_chk (ux, vi). However, as Proposition [2] suggests, this quantity will only be close
to the optimal joining cost when k is large. Thus in order for our estimates to converge to the desired
targets, we must let k£ grow with n. In particular, we consider sequences of estimates {j\k(”)”‘}nzl
and {Sk(n)m}nzl for some sequence k(n) such that k(n) — oo and ask whether the two sequences
converge to an optimal joining and the optimal joining cost, respectively. We show in Theorem [3 that
under the stated assumptions, such a sequence k(n) necessarily exists. We will say that a sequence
of Borel probability measures y',~2,... € M(U) converges weakly to a set ' C M (U), written as
v =T, if every subsequence of " contains a further subsequence that converges weakly to an element
of I'. Moreover, to simplify notation going forward, we will occasionally write & for k(n) when there is
no risk of confusion.

Theorem 3. Let X and Y be finite and ji € M (XN) and v € M4(YN) be ergodic. Then there exists a
sequence k = k(n) with k(n) — oo such that Sy, — S(u,v) and \¥" = 7. (11, v) almost surely as
n — oo.

The problem of estimating optimal joinings appears to have not been considered explicitly in the
literature. However, the special case of estimating the d-distance between two ergodic processes from
finite observations has been considered. The focus of this line of work has been in finding universal
estimation schemes, including choices of the sequence k(n), such that the desired convergence holds
uniformly over all pairs ¢ and v from some set. The estimate S'k,n for the optimal joining cost that we



propose is an extension of that proposed in [64] for the d-distance. In the case that X = ) and c is
the 0-1 cost, it was shown that gkm with £ = O(logn) converges to the optimal joining cost of p and
v whenever p is a stationary coding of an iid process. Later work studied the limits of this estimation
scheme [51] and the properties of processes for which the scheme is consistent [63]. In this context, our
consistency results allow for relatively weak assumptions on p and v (ergodicity) at the expense of loss
of control over the sequence k(n).

Remark 2. The arguments underlying the proof of Theorem 3] may be adapted in a straightforward way
to show that the proposed estimates are consistent more generally whenever X and ) are compact and ¢
is continuous.

3.2 Choice of k(n)

Theorem [3raises the question of how the sequence k(n) depends on the processes X and Y. In the
proof, we find that the choice of the sequence k(n) is related to a notion of admissibility, which we now
describe.

Definition 3. Let X' and Y be finite and let ¢ : X x Y — R be a cost function. Then the X -adapted
cost cx : X X X — Ry is defined by

cx(z,2") = sup |e(z,y) — c(a’, y)|,
yey

with the YV-adapted cost ¢y, : Y X Y — R, defined in the analogous way.

The adapted cost arises naturally when studying the Lipschitz properties of the optimal transport
and optimal joining costs (see Lemmas [[3] and [I[3). Define ¢y, : X k% X% — R, to be the sum of
the X'-adapted cost over k coordinates, and define c,,, similarly. Note that (X*, cy,) and (V¥, cy,,.) are
well-defined pseudometric spaces for every k > 1.

Definition 4. Let X’ and Y be finite and let ¢ : X x Y — R be a cost function. We will say that a
nondecreasing sequence k = k(n) with k — oo is c-admissible for i € M (XN) if

1 .
1 <X e xN: lim Ty (Bkns i) = O) =

n—oo k

We define c-admissibility for v € Mg(YV) in the analogous way.

The c-admissibility of a sequence k = k(n) ensures that the average transport distance between the
k-dimensional distributions of x4 and their empirical counterparts tends to zero almost surely as the num-
ber of observations n increases. The property c-admissibility weakens the notions of admissibility (with
respect to total variation distance) and d-admissibility discussed in [74]. We note that certain sequences
growing like O(logn) are known to be admissible (and thus c-admissible) for aperiodic Markov chains
[51].

Proposition 4. Under the hypotheses of Theorem[3] if a sequence k = k(n) is c-admissible for both
and v, then with P-probability one, Sy, — S(u,v) and \¥" = T, (u,v) as n — .

Example 3. Let p and v be aperiodic Markov chains with entropy rates h(u) and h(v), respectively
(defined in Section[3). Then for any ¢ > 0, the sequence k(n) = (h(u)V h(v)+¢)~!logn is admissible
(and thus c-admissible) for both p and v [51]. Thus by Proposition 4] S’kn — S(u,v) and M
Toin(t, V) as n — o0.

Remark 3. Other stationary process constructions may be used in Step 3 of the proposed estimation
scheme. For example, one may construct a finite-order, stationary Markov process from 7. However,
the expected cost of a stationary Markov chain constructed from 7 will generally not be equal to S n
and may require more care to control. On the other hand, the approach detailed in Step 3 enables us to
control the expected cost of the constructed process Mo , hamely S .n» Which we show converges to the
optimal joining cost.



Remark 4. The optimal transport distance between k-block measures was proposed as an extension of
optimal transport to stationary time series in [58]. However, that work did not consider the relationship
of this approach to the optimal joining problem or the consistency of the proposed distance.

4 Finite-Sample Error Bound

In this section, we provide an upper bound on the expected error of the proposed estimate of the
optimal joining cost when the observed processes satisfy suitable mixing conditions. Our bounds are
derived from bounds on the optimal transport cost between a measure and an estimate of that measure
based on a finite number of samples detailed in [8]. A substantial body of work has considered this
problem for iid processes from both asymptotic and finite-sample perspectives [24, I8, [29, 87, 155, 133,
44]. Other work has focused on rates of convergence and central limit theorems for the 1-Wasserstein
distance (1 for a metric d) when samples are drawn from a stationary process satisfying a certain
mixing condition [21, 8, 22,[7]. In order to obtain an error bound for the estimated optimal joining cost,
we consider the case that the marginal processes y and v are ¢-mixing.

Definition 5. Let U be finite. A process measure v € M(UY) has ¢-mixing coefficients ¢~ Ng — R
where ¢,(0) = 1, and for any g > 0,

64(9+1) = sup { /(U x BIA) —(B)| s AcU’, 0> 1,B U},

where (U9 x B|A) = v(A xUY x B)/v(A). The measure ~y is called ¢-mixing if lim, o ¢~(g) = 0.

The ¢-mixing condition is a standard strong mixing condition in the study of stochastic processes. Ex-
isting work on estimation of optimal transport costs under dependence has generally focused on weaker
mixing conditions such as a-mixing. We find ¢-mixing to be particularly suited to our arguments in
proving an error bound for the estimated optimal joining cost. For more details on ¢-mixing and its
relationship to other strong mixing conditions, we refer the reader to [9].

For a pseudometric space (U, d), let N'(U,d, ) denote the e-covering number of U with respect to
the pseudometric d. We now present our finite sample error bound.

Theorem S. Let pand v have ¢-mixing coefficients ¢,, and ¢,, respectively. Then there exists a constant
C < oo such that for everyn > 1, k € {1,...,n}, g > 0and t € (0, |||/,

B[Sk — 501.0)] < el

where

=0

1 & N el 1 12
ut(k,n) = = (n—0+1) H/Q(f) /t N<X ’Ecx’k’€> de,
¢

and v (k,n) is defined similarly in terms of ¢, and ).

Theorem [5] gives a general upper bound on the expected error of the estimate of the optimal joining
cost in terms of the ¢-mixing coefficients of x4 and v and the covering numbers of the product spaces
X* and Y with respect to ¢, and cy,,.. When the cost c is less variable the covering numbers under cx
and c,, will be smaller, and the upper bound of the theorem will be smaller as well.

Corollary 6. Let p and v have ¢-mixing coefficients ¢, and ¢,, respectively, satisfying

n n

Y (=0 =0W")  and Y (n—0¢*(t) = On?)

=0 =0



for some p € [1,2). Then there exists a constant C' < oo depending only on ¢,, and ¢, such that for
every k > 1, g > 0, and n large enough,

& k +1)+¢u(g+1) 39  C(X|72+ |V
E|S,, SW)‘SHC”OO< (Gulg k)+f (g >>+?g+ (| \nl_mry\ >>_ @

In particular, if k(n) < log(?\}?% and g(n) = o(k(n)) with k(n), g(n) — oo, then the upper bound

converges to zero as n — 0Q.

Corollary [6] provides finite-sample control of the mean error in the estimated optimal joining cost.
In particular, it sheds some light on how the choice of block size k interacts with the amount of depen-
dence of the marginal processes (as quantified by their ¢-mixing coefficients) and the sample size n.
Previous work [13, (78, [77, 132, [10] has established error bounds and rates of convergence for Markov
approximations to ergodic processes. However, it appears that no previous work has established such
results for the k-block process estimate. We remark that Theorem [5and Corollary [6]include the special
case of Ornstein’s d-distance and thus provide some additional insight into the estimation scheme for
this distance proposed in [64]. To provide further context for Corollary [6l we consider two examples
below.

Example 4 (IID Processes). If 1 and v are iid processes, then S (1, v) = Te(ju1, v1). Moreover, ¢,(g) =
¢u(g) = 0 for every g > 1, and so we may let k = 1, ¢ = 0, and p = 1. Then by Corollary [6l we see
that

E Sy, — S(u, y)‘ =0 <n*1/2> .

The rate above is consistent with known rates for the estimation of the 1-Wasserstein distance on finite
spaces [8].

For iid processes, the optimal joining problem reduces to the optimal coupling problem of their
1-dimensional marginal measures. However, when at least one of the measures is not iid, the optimal
joining need not be Markov of any order [26], and one must let &£ tend to infinity in order to estimate the
full behavior of an optimal joining. As such, one expects to find slower rates outside the iid setting.

Example 5 (Markov Processes). If p and v are aperiodic irreducible Markov chains, then there exist
constants C' < oo and p € (0,1) such that ¢,,(g) < Cp? and ¢, (g) < Cp? [18,9] for each g > 1.
Thus the summability conditions in Corollary [6] are satisfied with p = 1. Applying Corollary 6] with

alog(n log(alog(n
k(n) = LWJ and g(n) = LWJ for any a € (0, 1) and n large enough, we find

Eﬁm—smwﬂ=0<E%§%D>- 4.2)

It was established in [51] that any sequence k(n) growing faster than log n is inadmissible for every
ergodic process with positive entropy rate. Thus the sequence k(n) in Example [3]is the best achievable
rate (up to constant factors) for estimating the finite-dimensional distributions of aperiodic irreducible
Markov chains in general. However, the rate (4.2)) is substantially slower than the polynomial rate typi-
cally observed when estimating marginal distributions of Markov chains in, for example, total variation
distance [8]. This disparity is due to the 9/k term in (4.I), which arises when joining approximations of
the processes p and v in the proof of Theorem

S The Entropic Optimal Joining Problem
A large body of recent work in optimal transport has focused on studying the computational and

statistical properties of regularized versions of the optimal transport problem. Entropic regularization in
particular has attracted a great deal of interest from the machine learning and statistics communities as a
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means of smoothing the optimal transport problem and enabling more efficient computation of solutions.
For any i1 > 0, the entropic optimal transport problem is obtained by subtracting the Shannon entropy
H(r)=->",,m(u,v)log m(u,v) from the optimal transport objective:

T (p,v) = inf {/Cdﬂ' - nH(W)} .
well(p,v)

Cuturi [[16] showed that solutions to this problem have a special form and can be obtained via a ma-
trix scaling method known as the Sinkhorn-Knopp algorithm [75]. Subsequent work [}, 25, 47, 48, 36]
has analyzed the complexity of this and other algorithms for entropic optimal transport in detail, show-
ing that approximations of the optimal transport cost may be obtained in time that is nearly-linear in the
dimension of the couplings under consideration. Other work [44, 133, 155, 138] has studied the entropic
problem from a statistical perspective, proving estimation error bounds and central limit theorems for
the empirical entropic optimal transport cost. In some cases, these estimates exhibit better sample com-
plexity and faster rates of convergence than the best achievable quantities for the unregularized problem,
which are known to suffer from the “curse of dimensionality”. Recent work has found closed form solu-
tions to the entropic problem between Gaussian distributions [23,182,41] and examined the convergence
of solutions to solutions of the unregularized problem as the regularization coefficient 7 converges to
zero [67,15,59]. For additional details on entropic optimal transport, we refer the reader to [67].

In this section, we consider entropic regularization of the optimal joining problem. We identify
a natural penalty term for the optimal joining problem by viewing the regularized problem as a limit
of entropic optimal transport problems with increasing dimension. We observe that these problems
converge to a regularized optimal joining cost with the entropy rate as the penalty term. Entropy rates
have been studied in the context of stochastic processes and information theory for many years, dating
back to Shannon [73].

Definition 6. Let U be finite and let y € M (UN) be a stationary measure. For k > 1 define H(vy;,) =
— Zu;f v (u}) log yi (u¥). The entropy rate of v is defined by h(v) := limg_, o0 %H(yk)

In other words, the entropy rate is the limiting joint entropy per symbol of the finite dimensional dis-
tributions of the process. By subadditivity, the limit in the definition exists and is equal to infj> %H (Vk)-
An iid process with one dimensional distribution p has entropy rate equal to H(p). A stationary, ape-
riodic, irreducible Markov chain with stationary distribution p and transition matrix P has entropy rate
given by — >, p; P’;; log P;j. Occasionally, we will use H(-) instead of H(-) to emphasize the depen-
dence on the dimension k. We remark that the entropy rate is known to be weakly upper semicontinuous
on finite-alphabet sequence spaces [84]. We make use of this fact in Section [Z.3] for example, when
establishing the consistency of our entropically regularized estimates, defined below.

Remark 5. The entropy rate of certain processes is preserved under randomization, as in Definition 21
In particular, if a process 7 is k-stationary for any £ > 1 and ~ is the stationary process obtained by
randomizing the start of 4, then h(%) = h(~). A formal statement of this fact along with a proof may
be found in Appendix [Al As our proposed estimate of an optimal joining is constructed by randomizing
the start of a k-stationary process, this fact is needed when considering the entropy rate of the estimate.

For n > 0, we define the entropic optimal joining problem by

n — _
ST, v) Ae\l}i,u) {/cd)\l nh()\)} . 3.1
As in the unregularized problem, one can show under the stated assumptions that the infimum in (3.I)) is
attained. We include a proof of this fact in Appendix [Cl From now on, we will denote the set of joinings
achieving the infimum in (3I) by 7, (1, ). Moreover, we will drop the cost ¢ in our notation, writing
S7(-,-) for S¢(-, ) when there is no risk of confusion. Note that (3.1)) is still well-defined when n = 0
but in that case, we recover the standard optimal joining problem and thus refer to it by that name.
Proposition 2] shows that the optimal joining cost may be obtained as a limit of k-step optimal
transport costs. The next proposition extends this result to the entropic optimal joining problem.

11



Proposition 7. Let X and Y be finite and j1 € My(X"N) and v € M(YN). Then for any n > 0,

klgr;() %TgC (tr,vi) = S u,v).
In other words, the entropic optimal joining cost can be obtained as a limit of the average entropic
optimal transport costs. Thus the entropy rate emerges as a natural regularizer for the optimal joining
problem. Moreover, the proposition suggests that the approach to estimating an optimal joinings may
extend to the regularized setting. In particular, when k is large, a good estimate of k= T¢/, (1%, ) should
be a good estimate of S”(j, ), and existing algorithms for efficient computation of k= T¢! (11x, vi) will
translate to faster estimates of S (p, v/).

Entropic penalization has appeared in some related work. In [52], a regularized optimal joining
problem with fiber entropy as the penalty term arises naturally in the context of Bayesian estimation of
dynamical models. Another line of work [50, 49] has investigated the role of entropic regularization in
the thermodynamic formalism, which consists of an optimization of a linear functional over the set of
invariant measures. More recently, [60] proposed an extension of entropic techniques to a constrained
optimal transport problem specifically for Markov chains. In that work, the entropy constraint implies
a constraint on the entropy rate of the set of joinings in question and leads to improved computational
efficiency. Existing work has yet to propose a principled regularization scheme for the optimal joining
problem considered here.

Before moving on to the proposed estimation scheme, we consider the stability of the entropic
optimal joining cost in 7), and in particular, the limiting behavior of S (i, ) when 7 tends to zero.

Proposition 8. Let X' and Y be finite and p € My(XN) and v € My(YN). Then the entropic optimal
Jjoining cost satisfies

lim S"(p,v) = S(u,v).

n—0

Thus the entropic optimal joining cost converges to the unregularized optimal joining cost as the
penalty parameter shrinks. This behavior is consistent with analogous results in optimal transport [67].

5.1 Extension of the Estimation Procedure

The proposed estimation scheme (described in Section 3)) may be easily extended to the entropic
optimal joining problem. One need only consider a modification of Step 2 in which one solves an
entropic optimal transport problem for n > 0:

Step 2’: (Entropic optimal coupling) Find an entropic optimal coupling of fi , and 7y ,. For-
mally, let 7, € II(fig 1, Uk, ) be any coupling such that [ ¢ dmy, — nH (my,) < [ ¢ dmj, —
nH (m},) for all m € II(fig pn, Uk,n). Thus, m has expected entropic k-step cost equal to

T gﬂ (ftk s Pk,n)- To simplify notation in what follows, define

St = SUXTY) = KT ik Dkn)- (5.2)

One may then construct a stationary process from 7, via the block process construction detailed in
Definition 2l In particular, define A?*™ = A*[r;] € M (AN x YN). We propose A7F™ as an estimate
of an entropic optimal joining of p and v and SZ ,, @s an estimate of the entropic optimal joining cost.
Note that we will regard 7 as a fixed quantity in all but Proposition [8] and thus omit it in our notation,
writing Nen for Xk and gkm for SZJL whenever there is no risk of confusion.

As in the unregularized case, we establish in Appendix [Bl that the estimate DT joining of
empirical estimates of 1 and v with the desired expected entropic cost Sy, j,.
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5.2 Consistency and Error Bound

If one is interested in consistency of the proposed estimates as n goes to infinity, reasoning simi-
lar to that in Section [3 suggests that on consider sequences {\*"},,>1 and {Sk , }n>1 for appropriate
sequences k(n) — oo. The following result extends Theorems [3|and [5lto the regularized setting.

Theorem 9. Let X and Y be finite and p € M (XN) and v € M (VN) be ergodic. Then for any
n > 0, there exists a sequence k = k(n) with k — oo such that S, — S"(p1,v) and \F"™ = J (u,v)
almost surely as n — oo.

The proof of Theorem Qlis similar to that of Theorem [3; we construct a c-admissible sequence k(n)
for 1 and v and apply a Lipschitz property of the entropic optimal transport cost to obtain the desired
convergence. An analog of Proposition @ holds for the regularized estimation scheme above. The proofs
of Theorem |5 and Corollary 6 can be extended to obtain an error bound for the estimated entropic
optimal joining cost.

Theorem 10. Let p and v have ¢-mixing coefficients ¢,, and ¢,, respectively, satisfying

n n

Y (n=0§ () =0w") and Y (n—0d,/*(0) = On")

=0 =0
for some p € [1,2). Then there exists a constant C' < oo depending only on ¢,, and ¢, such that for
everyn >0,k > 1, g > 0, and large enough n,

- k
E[Sin = (10| < lelolbulo + 1)+ ulo + D) + (Bl -+ 2n(log |¥] + log Y1)

o (o () o (4 o (35

where u(k,n) = C|X[F/2n">=1 and v(k,n) = C|Y|*/?*n">= . In particular, if k(n) < bg(a}?%
and g(n) = o(k(n)) with k(n), g(n) — oo, then the upper bound converges to zero as n — 0.

The introduction of entropy rate regularization into the optimal joining problem results in an error
bound that is strictly worse than that for the unregularized optimal joining problem. This reflects the
increased difficulty of estimating an entropic optimal joining, which entails simultaneously learning the
finite-dimensional distributions as well as the entropies of the marginal processes from observations.
Despite the worse error bound, we find that the sequence k(n) may be chosen in the same way as in the
unregularized case. Moreover, for non iid processes (for which k,g — o0), one finds that the bound
is of the same order as in the unregularized case. For example, in the setting of Example [3 we have

E|§kn - S p,v)| =0 <%) . Thus from an asymptotic perspective, there is no additional price

paid for using entropic regularization when estimating the optimal joining cost.

6 Discussion

The extension of optimal transport techniques to stochastic processes is an important problem in
statistics and machine learning. In this paper, we presented a step in this direction, considering the case
of finite-alphabet, stationary and ergodic processes. We argued that, in this setting, one should consider a
constrained form of the optimal transport problem, referred to as the optimal joining problem, in order to
account for the long-term dynamics of the processes of interest. Given finite sequences of observations,
we proposed estimates of an optimal joining and the optimal joining cost, and we proved that these
estimates are consistent in the large sample limit. We presented an upper bound on the expected error
of the estimated optimal joining cost in terms of the mixing coefficients of the two processes of interest.
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Finally, building upon recent work in optimal transport, we also proposed a regularized problem, the
entropic optimal joining problem, and extended the proposed estimation scheme, consistency result, and
error bound to this new problem.

This work enables the principled application of optimal transport techniques to data arising as ob-
servations from stationary processes. Future work may investigate additional properties and uses of the
entropic optimal joining problem. For example, are there conditions under which the entropic optimal
joining cost exhibits a faster rate of convergence compared to the unregularized optimal joining cost?
Other work may extend our results to the setting of Polish spaces. It was noted in Section [3 that the
arguments in the proof of Theorem 3 may be adapted to the case when X and ) are compact and c is
continuous. However, it is not clear whether the entropic optimal joining is always well-defined in that
setting. Moreover, the arguments in the proof of Theorem [5/do not extend easily to continuous spaces,
and so further consideration is necessary.

7 Proofs

In this section, we prove our stated results. We begin by proving Proposition 2l from Section 2l Next,
we state and prove an inequality for the estimated optimal joining cost that will be used throughout the
rest of this section. Then, we prove our main results from Sections [3, 4 and [ in the order that they
appear in the text. A small selection of auxiliary results are proven in the appendix and will be referred
to throughout this section.

7.1 Proofs from Section 2]

Here we establish the second equality in Proposition 2] which states that the optimal joining cost is
equal to the optimal transport cost with respect to the averaged cost ¢. We remind the reader that the
first equality in Proposition 2] was established in [35]. We begin by showing that solutions to the optimal
joining problem are characterized by a cyclical monotonicity property.

Definition 7. For two sets U and V and a cost function ¢ : U X V — R, aset C C U x V is called

c-cyclically monotone if for every N > 1 and every sequence (u',v'), ..., (u™,v") € C,

N N
S elal o) € 3l ),
=1 =1
with the convention that vN11 = vl. A probability measure v on U x V is called c-cyclically monotone
if there exists a c-cyclically monotone set C C U x V such that v(C) = 1.

The characterization of optimal couplings in terms of cyclical monotonicity has been studied in the
optimal transport literature. We require the following result.

Theorem A ([4]). Let U and V be Polish, p € MU), v € M(V), and ¢ : U X V — [0,00) be
measurable. Then any c-cyclically monotone coupling w € I1(p, v) satisfying [ c¢dr < oo is a solution

to To(p,v).

Under stronger assumptions on ¢ (lower semicontinuity and integrability), one may also establish the
reverse implication, namely that any optimal coupling is c-cyclically monotone (see [83]). An analogous
result holds for the optimal joining problem.

Lemma 11. Let X and Y be finite and pn € M (XN) and v € M (YY) be ergodic. Then an ergodic
joining X\ € J(u,v) is a solution to S, v) if and only if it is ¢-cyclically monotone.

Proof. The limiting average cost ¢ is invariant under the joint left-shift map o x 7, and therefore by
the pointwise ergodic theorem [ cd\; = [<d\ for every A € J(u,v). Taking infima, we find that
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S(p,v) = Sz(p,v). Let A € J (1, v) be an ergodic ¢-cyclically monotone joining. Then ) is a solution
to T¢(p, v) by Theorem [Al and therefore

/cd)\l = /Ed)\ = Te(p,v) < Se(p,v) = S(p,v)

and it follows that A is necessarily a solution to S(u, v/).
We now show that any ergodic optimal joining is ¢-cyclically monotone. Let A € J.(u, ) be
ergodic. As A, i, and v are ergodic, the pointwise ergodic theorem ensures that

1. There exists a set D C XN x YN with A(D) = 1 on which € is constant and equal to [ cd);.

2. There exist sets £ C AN and F C YV such that u(E) = v(F) = 1, and for any x € F,
y € F, the probability measures p? := 1 Z’Z 01 dptx and vy = 1 ZZ 01 ey satisty py = p
and vy = v.

Let C = DN (E x F). Then A(C) = 1, so we need only show that C' is ¢-cyclically monotone. Let
N >1land (x',y'),...,(x",y"V) € C, and suppose by way of contradiction that

where we use the convention yV+! = y!. Define a sequence of probability measures A" on XN x YN
as follows

N n-—1
N Z D Fokxt rhytn);
£=1 k=0
For each n the measure A" is a coupling of 1" = & Z r—1 Hop and 7" = Z =1 yy where 177, and uye

are defined as in the definitions of the events F and F' above. The definition of C' ensures that @” = u
and 7" = v as n — oo. Applying Lemma [23]in Appendix [El we find that there is a subsequence A"
converging weakly to some e J (s, v). To simplify notation, we drop the subscript and refer to this
subsequence as A™. Using the fact that ¢ is constant on C' and that ¢ is continuous and bounded, we have

/ch1 = lim [ cd\}

a contradiction. Thus C' is ¢-cyclically monotone and the result follows. U
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Proposition 2. If X and Y are finite and ji € Ms(XN) and v € Ms(YN) are ergodic then

S(w,v) = lim ir, o (s vi) = Te(p, v).

Proof. Under the stated conditions, it is known [74] that there exists an ergodic joining A\ € Jo (1, v/).
Lemma [11] ensures that )\ is ¢- cyclically monotone, and therefore, by Theorem [Al ) is a solution to
Te(p, v). It follows that S(p,v) = [ cdA = Te(p, v). O

7.2 Preliminary Results

Before proving the main results from Sections [3H3] we establish a bound on the discrepancy between
two entropic optimal transport costs in Lemma [[3] below. Let ¢/ and V be finite, « € M(U) and
BeEMV),c:UxV — R, andn > 0. Recall that the optimal transport cost satisfies

T(a,B) = max {/fda—i—/gdﬂ f(u)+ g(v) < c(u,v), Y(u,v) GUXV}. (7.1)

g V%R

This equivalence is known as Kantorovich duality and is detailed, for example, in [83]. Moreover, it is
established in [17, Proposition 2.4] that the entropic optimal transport problem satisfies

T, 6) = max. {/fdaJr/fﬁdﬁ} = max {/gada+/gdﬁ}, (7.2)

fa(v) = nlog B(v) — nlog (Zexp{ —C(u,v))}>

where

" Jo(u) = nlog au) — nlog (Zexp{ —c(u,v))}).

The formulation (Z7.2) is referred to as the semidual of the entropic optimal transport problem while
the quantities fg and g, are referred to as the (c, n)-transforms of f and g with respect to 3 and «,
respectively. In what follows, we will let

3(u) = —1log (Zexp {20 - c<u,v>>}> ,

(2

to simplify notation. Note that g, (u) = nloga(u) + g(u). Our proof of Lemma [[3] will leverage the
duality and (Z.2)) as well as the following basic facts about f and g.

Lemma 12. Let (U, dy) and (V,dy) be finite pseudometric spaces, and let f : U4 — Rand g: V — R
be real-valued functions. Furthermore, let ¢ : U X V — R be a non-negative cost function satisfying
le(u,v) — c(u/,v")| < M(dy(u,v’) + dy(v,v")) for all u,v’ € U and v,v" € V for some M € R. Then
for any n > 0, f and § satisfy |f(v) — f(v')| < Mdy(v,v') and |§(u) — §(u')| < M dy(u, ') for all
u, v’ € U and v,v' € V.

A proof of Lemma[I2lis provided in Appendix [Dl A detailed discussion of the (¢, n)-transform and its
use in optimal transport can be found in [67]. Now we may proceed to the result of interest.

Lemma 13. Let U and V be finite and let ¢ : U x V — R be a cost function. Then for any n > 0, any
a, o/ € M(U), and any 8 € M(V), it holds that

Mo, B) = T, B) < Ty (a, ) + n(H(d) — H(a)). (7.3)

The analogous bound for a pair of measures in M(V) also holds.
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Proof. We begin by considering the case 7 > 0. Let o, o/ € M(U) and let 5 € M(V). By there
exists g : ¥V — R be such that

T (e, B) = /ga da—l—/gdﬁ. (7.4)

Rewriting g, we have
12(0,8) = [ G+ nioge) da+ [ gds
~ [gda+ [ gds - i),
As g is feasible for the semidual problem of T¢/(/, 3), (Z.2) implies that
TN, B) > /ga/ da’ + /gdﬂ
~ [gaa'+ [ gds —yr(a). 1.5)

Combining (Z.4) and (Z.3)), we find that
T e, B) — T2, B) < /gda — /gdo/ +n(H(d') — H(a)).

Note that |c(u, v)—c(@, )| < ¢y (u, @)+cy (v, 0), and therefore by Lemmal[l2] g satisfies g(u) — g(u) <
cu(u,@). Thus the pair (g, —g) is feasible for the dual (Z.I) of T, (cv, @’) and it follows that
T a, B) = T, B) < T (o, 0') + n(H (o) — H(a)).

C
Taking the limit as n — 0 of (Z.3) and applying [17, Proposition 2.1], we obtain the result forn = 0. O

The next proposition details the implication of Lemma [I3] for the k-step entropic optimal transport
cost. The proof follows from a straightforward application of Lemma [I3]and the pointwise inequalities
(k) xr < cxpand (cg)yr < Cyp

Proposition 14. Foranyn > 0,n > 1, and k € {1,...,n},

& n n 1 1 ~ n ~
Sk(XT,Y7") — ETQ(%,%) < ETcX,k(Mm,Mk) +o |H () — H(fig,n)

1 . .
Loy (P ) + L |H () = H ()]

7.3 Proofs from Section

In this section, we prove Theorem [3 regarding the consistency of the proposed estimates without
entropic regularization.

Theorem 3. Let X and Y be finite and ji € M4(XN) and v € M4(YY) be ergodic. Then there exists a

sequence k = k(n) with k(n) — oo such that Sy, — S(u,v) and N = J,...(1u, v) almost surely as
n — oo.

Proof. We begin by constructing a sequence {k(n)} such that the k(n)-step empirical optimal transport
cost converges to the optimal joining cost almost surely. As noted by [51], due to the ergodic theorem,
w and v have admissible sequences {/(n)} and {m(n)}. Using the same reasoning, one may verify that
{k(n)} where k(n) = min{¢(n), m(n)} is also admissible for both processes. Since any admissible
sequence is also c-admissible, {k(n)} is c-admissible for both 4 and v. In order to simplify notation in
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the rest of the proof, we suppress the dependence of k(n) on n. For any n > 1, an application of the
triangle inequality gives

A 1 1
Sp(XT,Y{") — — ETck (> vi) — S, v)|. (7.6)

Lo (ke Vi)

L7 YT = S(nv)| <

+1
Applying Proposition [14] we have

5 1
Sk(XT, Y") = 2T

1 . 1 .
Lk < ETCX,]C (:u'k[X{L]aMk‘) + _Tcy,k (Vk‘[Yln]v Vk‘)?

(Mkﬂ/k) A

which by the c-admissibility of & for u and v implies that the first term on the right hand side in (Z.6)
goes to zero, almost surely as n — oo. An application of Proposition [2 with the fact that k(n) — oo
shows that the second term on the right hand side in (Z.6) goes to zero. It follows that

Sp(XT, Y — S(p, u)‘ — 0, almost surely. (7.7)

Next we show that the sequence of estimated optimal joinings indexed by k converges weakly to the
set of optimal joinings J,,,(u, ), almost surely. Fix sequences X = X, Xo,...and Y = Y7,Y5, ... in
sets of u- and v-measure one on which (Z.7) holds. Let {j\hn}nZl be the corresponding sequence of
estimated optimal joinings. By Lemma 23] in Appendix [El for any subsequence {5\’“’”}@21, there is a
further subsequence converging weakly to a joining A\ € J (u,v). For ease of notation, we refer to this
further subsequence again as {\*"¢},~. Then

/cd)\l = lim [ cdAP™ = lim (X4, V™) = S(u,v),
{—00 {—00

where the first equality follows from the continuity and boundedness of ¢, the second equality follows

from Proposition 21]in Appendix [B] and the third equality follows from (Z.7). Thus, A € J,.(14, ) and

since the subsequence was arbitrary, we conclude that Mene = Jmin(1, V). By the choice of sequences

X and Y, this convergence occurs almost surely. U

7.4 Proofs from Section 4]

In this section, we prove Theorem [3] regarding the expected error of the estimated optimal joining
cost S'k,n. Our argument may be broken down into three steps. First, we prove a Lipschitz result for
the optimal joining cost akin to Lemma[I3in terms of Ornstein’s d-distance. Second, we prove a novel
upper bound on these d terms using the ¢-mixing coefficients of the process measures y and v. Finally,
we use a covering number bound to control the error of the estimated k-step optimal transport cost.

Bound on Optimal Joining Cost Discrepancy. To begin, we establish an inequality for the difference
between the entropic optimal joining costs of two pairs of processes akin to the result stated in Lemma
[[3l Since we will require the bound for the proof of Theorem [9] as well, we prove Lemma [13] more
generally for the regularized optimal joining cost S”(yu,v). Briefly, we remind the reader that the d-
distance between two processes, introduced in [62], may be defined as the optimal joining cost with
respect to the single-letter Hamming metric (u,u’) + 1(u; # u}). The distance d may be thought of
as the process analogue to the total variation distance.

Lemma 15. Let o, o/ € M(XN) be stationary process measures. Then for any n > 0 and 3 €
M(YM), _
S, B) = §"(e, B) < [lellocd(a; &) +n(h(a”) — h(a)).

The analogous bound for stationary process measures in Ms(YN) also holds.
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Proof. Fixk >1,7>0,a,d € M(&Y), and B € M4(Y"). Recall that by Lemma[I3]
T8 (o, Br) = T2, (0 Br) < Tiey) i (o @) +m(H (o) — H(aw)-

Let 65, (2F, 7%) = Z v—1 L(z¢ # Z¢) be the k-step Hamming distance and note that the pointwise upper
bound (cg) yr < ||¢|locdx holds. Thus,

T3 (an, Be) — T2 (s, Be) < llellooTs, (o, o) + n(H (o) — H(ag)).
Dividing by k, letting k& — oo, and applying Proposition [Z, we find

S7(a, B) = S, B) < llelloo S5 (e, @) +m(h(a) = (e)).

Recognizing that Ss(a, ') = d(a, o), the result follows. O

Bound on d. Next, we prove an upper bound on the d-distance between a stationary process mea-
sure and an approximation constructed from its finite dimensional distributions. The approximation of
interest is defined as follows:

Definition 8 (Block approximation with gaps). Let U be a finite space and k,g > 1. We define A¥ -
M (UN) x MUI) — MUN) to be the map that takes a process v € My(UY) and a probability
measure o € M(UY) to the unique probability measure on U™ obtained by independently concatenating
Y and o together infinitely many times. Formally, for any ((k + g)-dimensional cylinder set C C UV,

i (k+9) +k (i+1)(k+g)
HW 2(k+g)+1 (Ci(k-l—g)—i—k—l—l)‘

Moreover, we define A* : M(UYN) x MU9I) — M(UN) to be the map defined by randomizing the
start of the output of AF over the first k + g coordinates. Formally, for any set U C UV,

1 k+g—1 ~
Mp,alU) = 7 > Al al@ < U).
=0

We will refer to A¥[~y, a] as the independent k-block process approximation of v with gap g and A¥[, a]
as the stationary k-block process approximation of + with gap g.

Note the abuse of notation for the block approximation with gaps compared to the block approxi-
mations without gaps. In the rest of the paper, it will be understood that we omit gaps when A¥ or A¥
take one argument and include gaps when either takes two arguments. Note also that we omit o when
referring to either approximation because our arguments do not depend on the choice of a.. For simplic-
ity, we will use the same notation for these approximations regardless of the alphabet of the processes
under consideration. As such, A¥[, o] and A*[v, 3] are well-defined. We will show later that A*[y, o
and A*[v, 3] arise naturally in the proof of Theorem 5l In particular, it will be necessary to control the
error of these approximations as measured by the d-distances to 4 and v, respectively.

Lemma 16. Let U be finite and v € My (UN) have ¢-mixing coefficient ¢~. Then for every k > 1,
g >0and o € M(UY),

k
A Ay al) < i+ (g + 1)

Proof. Fixk > 1,9 > 0, « € M(U?). To simplify notation, let € = Af[y,a] and £ = AF[y,a]. We
begin by defining an intermediate process ( € M (UY). Let ¢ € M(UN) be the probability measure
corresponding to the distribution of the process V' = Vj, V5, ... generated by drawing a sequence
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U = Uy, Us, ... according to + and replacing the g-blocks of U with independent draws (G%, ..., G;)
from « to obtain

1 1 2 2
V - U17"'7Uk7G17"'7Gg7Uk+g+17"'7U2k+g7G17"'7Gg7"" (78)
———
k—Dblock 1 g—block 1 k—Dblock 2 g—block 2

Then, let ¢ € M (U") be the stationary process measure obtained by randomizing the start of ¢ over
the first k£ + g coordinates. By the triangle inequality for d,

d(v,€) < d(v,¢) +d(¢, ©).

Since the d-distance is defined as an infimum over joinings, we may upper bound both terms on the right
hand side by the expected cost of some suitably chosen joinings of v and (, and ¢ and &, respectively.

We will first bound d(+, ¢) by constructing a coupling of ~ and ¢ with low expected cost and then
randomizing the start to obtain a joining of v and (. Since the k-blocks of ¢ are equal in distribution
to those of v by construction, we may couple them so that the k-blocks are equal with probability one.
Formally, define the coupling 7 € TI(~, ¢ ) to be the probability measure corresponding to the distribution
of the process (U’, V') generated by drawing the sequence U’ = U], U), ... according to -y and letting
V= U{? A U’/f’A Gi,... G;, U,’CJFQH, ... as in (1.8, replacing the g-blocks of U’ with independent
draws (G1,. .., Gy) from a. In particular, U; = V; with 7-probability one when ¢ = i(k + g) + j for
somei > 0and j € {1,...,k}. Letting A € J (7, () be the joining obtained by randomizing the start of
7 over the first k£ + g coordinates, we obtain

d(v,0) < / 1(u # v) dy (u, v)

-+
= / S Zq L(ug # ve) | dmpg(uf™,v7)
ktg =1
k+
_ 1 J k+g k+g
= —k; n Z ]1(’LLg 7§ T)g) da(ukH, Uk-i—l)
9 S
<9
T k+yg

Next we bound d(¢, £). By Proposition 2]

4,6 = Tim Ty, (G o)

and thus, fixing a subsequence m(¢) := ¢(k + g) + k for ¢ € Ny, we have

_ . 1
d(¢,§) = nglgo mTam@) (Cn(r)> ém(r)) - (7.9)
It suffices to obtain a bound on 1

() Ty (Gt )

for fixed L € N and take a limit as L — oco. Similar to the first bound, we will achieve this by
constructing a coupling of (,,(z) and &,,(z) with low expected cost and randomizing the start to obtain

a coupling of (,,,(z) and &;,(1). Fix L € N and recall that both f and §~ are comprised of alternating

blocks of size k and g, with the difference between the two measures being that the k-blocks of CN
depend upon one another while those of ¢ are independent of one another. In order to obtain the desired
bound, we will bridge the gap between (1) and &,,(r) with a series of intermediate process measures
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P, ..., pb € M(UN) where the first £ + 1 k-blocks of p’ are dependent on one another (as in fm( 1)) and
the rest are independent (as in ém( 1))- In other words, p' describes the distribution of the process

1 1 1 71 2 72
Ula"'7Uk7G17"'7Gg7"'7Um(£)—k+17"'7Um(ﬁ)7 7U17"'7Uk7 7U17"'7Uk7"'
—_—— | , — ~ ———

k—block 1 g—block k—block £41 g—block  p_plock ¢+2 9—block _plock ¢+3
where the sequence Uy, Us, . . . is drawn according to v and foreach i > 1, (G4, ..., G%) and (US, ..., U})

are independent draws from « and -y, respectively. In other Words ol is equal to C on the first £ + 1
(k + g)-blocks and equal to € on the remaining blocks. Note that p° = = £ and pk m(L) = (m . Applying
the triangle inequality for the optimal transport cost,

L—1
Ty <5m(L>’5m(L>) < ;Tsm@) (pﬁ(m,pﬁ&)) : (7.10)
=0

In order to bound the terms on the right hand side of (ZIQ), we will couple each pair p’ () and

pfnJr(lL) so that they are equal on the first £ + 1 (k + g)-blocks, close on the next k-block, and equal

again on the remaining k- and g-blocks. Fix ¢ € {0, ..., L — 1} and consider the coupling of p’ m(L) and

pfnJr(lL) corresponding to the distribution of the paired process (U, V') = (U{’ V1/)7 (UT/TL @) V! " ))

defined as

U'=U,....Us oo Uyttt - Umgeys - Uy o Uk o UL U

V'=Ul,. Uk U@kt -+ Uy - - ,171’,...,V,;,w(?f,...,(?,g,... (7.11)

-~ N——
k—block 1 g—block k—block 41 g—block ;_plock ¢+2 9—block _plock ¢+3

with elements defined as follows: The sequence Uj, Us, - - - is drawn according to . The g-blocks of
U’ and V', which are omitted from (ZII), are equal and drawn independently according to .. The
k-blocks (U 1se- Uk) are drawn independently of one another according to the k-dimensional distri-
bution 7, of 7. And the paired sequence (U}, V), ..., (U}, V}) is drawn according to an optimal
coupling of y;, and . (-|[U;" (Z)]k) with respect to &y, where 5 (-|[U;" (Z)]k) € M(U*) is the distribution
of Upy(¢41)—k+15 -+ Um(e+1) conditioned on the previous k-blocks (Ut, ..., Ug), ..., (Upye)—ks15 - - - 5
Um(Z))'

It is clear from (Z.IT) that the coupling (U’, V') only incurs a cost at k-block £+ 2. By construction,
this cost is equal to the optimal transport cost of v, and v (+|[U7" (z)]k) with respect to d. Thus

Ti sy (Phnciy Pinchy) < E [y (@7 V)] = B [T, (3 (T T0)) |

Finally, using the fact that for any (uf,v¥), ox (uf, v¥) < kd(ul, vl), we have

15,1, <pm( L) PH&)> < kE [Ta <wmk( oy, ))] < kum;%Té (%%(’I[W“WM)-

Finally, using the fact that the optimal transport cost with respect to ¢ is equal to the total variation
distance, we have

Ts,nr) (an(L)aPH( )) <k max max |y (Al[uy" ) - 'Yk(A)‘ -

m(l) Aeuk

Letting ¢, : N — R, be the mixing coefficient of ~, it follows that

T5m(L) (pm(L) €+(1 ) < koy(g+1).
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Plugging this result into (Z.10),

L—1
T5m(L) (Em(L)aéin(L)) < Z k(b’y(g + 1) = L/{?(b,y(g + 1)
(=0

By randomizing the start of the couplings considered above, one may further establish that

s,y (Gm(r) Em(ry) < Lk (g +1).
Plugging this into (Z.9) and recalling that m(L) = L(k + g) + k, we find that
Lk

— k
d = lim ———— 1) = — 1).
Combining this and the earlier bound yields the result. U

Bound on the Mean k-step Optimal Transport Cost. In the final step before proving Theorem[3] we
prove an upper bound on the mean optimal transport cost between fi, ,, and pu, in terms of ¢,, (and the
analogous result for /). In order to do this, we leverage [8, Proposition 1.7], stated below as Theorem [B]
regarding the expectation of the p-Wasserstein distance from an empirical measure to its target measure
for stationary, p-mixing sequences. We will say that a process measure v € M (UY) has p-mixing
coefficient p, : Ng — R if p,(0) = 1 and for g > 1 and any random variable U = (Uy, U, ...) :  —
UN distributed according to ,

p(g) :=sup {|Cort(F,G)| : ¢ > 1,F € L*(0(U1,....Ur)), G € L2(0(Ursgs ) }

where for i < j < o0, 0(Uj, ..., Uj) is the smallest sigma field in (€2, B,]P) with respect to which Uij is
measurable and for a sigma field 7 C B, £2(F) is the set of square-integrable, F-measurable random
variables. The result is stated below in a form that is adapted to our notation and the case of p = 1.

Theorem B ([8]). Let v € M (UY) be a stationary process measure on a Polish space U with metric d
and let v have p-mixing coefficient p,. Define x,, = n"2> n _, ZZL:O p~(g) and let A = Diam(U). If
Vi = 1UT] € M(U) is the empirical measure constructed from samples U{* drawn according to v,
then there exists a constant C' < oo such that for any t € (0, /4],

IA
ETa(vsm) <C <t+x;{2/4 NU,d ) de) .
t

As we show in the next proposition, we may translate this result into an upper bound on the expec-
tation of the adapted optimal transport costs between fi,, and i, and 7, and v under a ¢-mixing
assumption.

Proposition 17. Let p and v have ¢-mixing coefficients ¢,, and ¢,, respectively. Then, there exists a
constant C' < oo such that for anyn > 1, k € {1, ...,n}, and t € (0, }||¢[|x),

1 1 .
E |:%TCXJ€( k,na/’[/k) + ETCy’k (Vk,na Vk):|

i
Y
& o N i e
<C|t+ EZ(n—g%—l) 2 (9) / N<X ’Ecx’k’€> de
9=0 ¢

n 1/2 1 1/2
1 /2 alllle Rl
Ha g+ nele) TN (P o)
t
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Proof. The result follows from two applications of Theorem [Bl for 1+ and v. Considering first the case
of u, let U = X* with pseudo-metric d = %cm. Moreover, let i € M,((X*)N) be the distribution of
the stationary process (X7, ..., Xx), (Xo, ..., Xx+1), .... Note that the p- and ¢-mixing coefficients of f
satisfy pj;(g) < 2¢;1~/2 (g) for every g > 0 [9]. One may also easily establish that ¢;(g) < ¢,(g) for
every g > 0. Then a direct application of Theorem [Blto /i yields

1/2
1 (0 2 < 1/2 iA k 1 Y2
E | Tex (k) | SO [t4 (5D 6l(9) N (X zenne)  de

m=0 g=0 t

2 ¢ 1/ i kol v
2
=C|t+ EZ(n—g—Fl)(bu (9) /t J\/(X ,Ecm,a> de |,

for some constant C' < oo and any ¢ € (0, iA], where the n — k£ 4 1 term comes from the fact that there
are n — k + 1 k-blocks in the sequence X7'. In this case A = ||c||» and an identical argument for v
yields the result. U

Proof of Main Results. Gathering the results proven above, we may proceed with the proofs of The-
orem 3l and Corollary

Theorem S. Let pand v have ¢-mixing coefficients ¢,, and ¢,, respectively. Then there exists a constant
C < oo such that for everyn > 1, k € {1,...,n}, g > 0and t € (0, 1|/,

k(¢ﬂ(g+}€)jg¢u(g+1))_|_3?9>+C(t_|_ut(k;,n)+vt(k:,n)),

B[Sk — 501.0)] < el

where

n Yz 1. 1/2
1 ) allelloo L1
ut(k,n) = o (n—¢+ 1)¢J2(€) /t N<X ,Ecx’k,s> de,
¢

=0
and v (k,n) is defined similarly in terms of ¢, and ).

Proof. Letn, k and g be as in the statement of the theorem. By the triangle inequality,

A N 1
Sk(XTL YY) = S(,v)| < S (KT = 2Ty (e )

1

+ ‘%Tck(ukhyk) = S(p,v)|-
We begin by establishing an upper bound on ‘%Tck (ks Vi) — S (1, y)| Note by Proposition 2] that
£ Te, (1, vie) < S(p,v), so it suffices to upper bound S(u,v) — +7T¢, (i, vi). Let m € TI(puk, vi)
achieve the minimum in the problem T, (y, V) and let v € M(X9 x YY) be a probability measure
with marginals o € M(X9) and B € M(Y9). Finally, let \*9 € M (XN x YN) be the stationary
process measure satisfying \*9 = A¥T9[r @ 4]. In other words, \* is obtained by independently
concatenating 7 and -y infinitely many times and randomizing the start over the first £ 4+ g coordinates.

Note that A9 € J(A*[u, a], A¥[v, B]). Then by the construction of A\¥9,

1 1
5 (A¥fu ol A4 8]) < [earha — ( [evdn+ [e, dv) < s () + glelle).
Rearranging terms, multiplying by (k+9)/k, and adding S(u, ) to both sides, we obtain that
1 k+g g
§(01,) — 1 Toy () < () — 0.5 (A¥{w 0], A, B]) + 2 el
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< S(,v) = S (A 0l A¥ 2, 8]) + Z el (7.12)

where in (7.12)) we use the fact that the cost ¢, and thus the optimal joining cost, is non-negative. By
Lemmas [13]and [T6] we see that

S(.v) = S (A¥ju, 0] AF v B]) < [lefloo (@ (AN ) + (AR 81,7 ) )

2 k
< el (o2 + g Gula + D+ 609+ 1)

< el (4 o @ula + D + 0l + 1) ).

It follows that

1
‘ETck(uk’yk;) - S(IU"V)

k(du(g+1)+¢u(g+1)) | 3g
< el (M) + %),

In order to bound the other term, we apply Proposition [I4] to obtain the bound

. 1 1 . 1 .
Sk(X{L7 Yln) — 1T S %TCX,I@ (Mk,nauk) + ETCy’k (Vk,n7 Vk)-

ko

(1ks Vi)

Combining the bounds proven above, taking an expectation, and applying Proposition [I7, we obtain the
result. ]

Corollary 6. Let p and v have ¢-mixing coefficients ¢, and ¢,, respectively, satisfying

n n

Y (n—0gl()=0@")  and Y (n—0)¢() = O(n”)

=0 /=0

for some p € [1,2). Then there exists a constant C' < oo depending only on ¢,, and ¢, such that for
everyk > 1, g > 0, and n large enough,

. K2 K2
E&mﬂ%W”gwmcww+n+@mH»+@+QW|+W|0_ @

k+g k nl-v/2
. . (2—p)logn

In particular, if k(n) < TRV VT

converges 10 zero as n — oo.

and g(n) = o(k(n)) with k(n), g(n) — oo, then the upper bound

Proof. The summability condition for ¢,, implies that n=2> ") (n — ¢ + 1)¢LQ(€) = O(nP~%) and
thus (N2 320 o (n — £ + 1)g,/2(0))"/2 = O(n*>~1). Moreover, for every e € (0, 2lelloo]s we have
N(X*, ey, €) < |X|F. Thus for large enough n, there is a constant C' < oo such that

C| x|
nl-r/2 "~

1
uy(k,n) < Cn"?*7! (Zucuw - t> x| <

Using the same line of reasoning, one may prove the analogous bound for v;(k,n). Plugging these
bounds into Theorem [3] we obtain the result by letting ¢ — 0. O

7.5 Proofs from Section

In this section, we prove the results stated in Section[5l We begin with Lemma[I8 which states that
the limit in Proposition [l exists and is equal to a supremum.

24



Lemma 18. Foranyn > 0,

Jim kT (1> Vi) = sup kT (11 Vi)

Proof. By Fekete’s lemma, it suffices to show that the sequence {7¢, (i, Vi) }x>1 is superadditive. Fix
k.0 > 1andlet 7 € II(ptg4¢, Vk1e) be a solution to Teh , , (fkte, l/k+g) Let 1, € M(X* x Y*) and
7y € M(X? x Y) be the measures corresponding to the first k& coordinates and last £ coordinates of

, respectively. Using the stationarity of x and v, it is straightforward to show that my € II(pug, vk ) and
e € (e, v¢). Moreover, using the subadditivity of Hy (),

7o, (Mherts Vo) = /Ck+e dm — nHp1(T)

> /Ck dmy, — nHy(m) + /Ce dmy — nHy(mg)
> T (pr, vie) + T (e, ve).
So the sequence {77, (g, Vi) }i>1 is superadditive and the conclusion follows. O

Proposition 7. Let X and Y be finite and j1 € My(X"N) and v € M (YN). Then for any n > 0,
111’11 T77 (:U‘k’yk) = Sn(lu‘ay)'
k—oo k

Proof. Fixe > 0andn > 0and let A € J(u,v) be a joining of x and v such that

/cd)\l —nh(X) < S"(p,v) +e.

Since the k-dimensional distribution of A, written as A, satisfies A\ € II(pg, vk ), we have
T2 (pre, vi) < /Ck d\, — nH (k).

As M is stationary and h(\) < + H(Ag),

SMNu,v)+e> /cd)\l —nh(X)

1
E/ckd)\k—nh A)
1
ZE/de)\k__H )\k)
Lo
> 10 (ks vi)-

By Lemma[I8 we may take a limit in k& and let € — 0 to establish that

1
ST > lim -7 .
(p,v) 2 lim TG (pok, vi)

Now let {7*} be a sequence with 7% € TI(j, v ) such that

1

1
E /Ck dﬂ'k — %H(ﬂ'k) k (/’Lkayk) + €k,

where €, — 0. From this sequence, we wish to construct a sequence of joinings converging to a joining
of y1 and v. For every k > 1, let \¥ € M (XN x YN) be the stationary process measure satisfying
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A = AF[z*]. We will now show that the XN- and YN-marginals of A\* converge weakly to y and
v. Leto : XN — XNand 7 : YN — YN be the left-shift maps on XN and YN, respectively. Fix a
measurable cylinder set C = C} x --- x Cp, C X™ and let C < XN be its extension to XN such that
C=CxXxX---.Thenfork > m,

k—1
M x W) = 1 57 bk (o0 1 3Y)
=0
1 k—1 ~
= LY R x Y
£=0
= i
U MCate)
£=0
k—m+1 1«
L ;;E: £(Cr X+ X Cou) 1 (Crapy1 X =+ X Crn).

Fixing m and taking a limit in k, we see that

lim A (C x YN) = i (C) = u(C).

k—o0

Thus the XN-marginal of A\* converges weakly to ; and one may use a similar argument to show that the
YN-marginal of A\¥ converges weakly to v. So by Lemmal3] \*¢ = \ € J(u, v) for some subsequence
{\k¢}. Now for each £ > 1, one may show using the definition of \*¢ that J cd)\]ff =% f Cky dr*¢ and

h(Mke) = kiZH (7*¢). Thus, by the upper semicontinuity of A(-) and the continuity and boundedness of
¢,

S, v) < /cd)\l —nh(\)
< lim mf{ / cd\ —nh(W)}
{—00
. 1 Ui
= liminf { — ke — L (mhe
min {@/CW P >}

1
< lim inf { ol Tey,, (bkgs Vi) + Ekz}

f—00

li T?7
= lim P (ks Vi)

giving the result. U
Proposition 8. Let X and Y be finite and j1 € Ms(XY) and v € M(YV). Then the entropic optimal

Jjoining cost satisfies
lim S"(u,v) = S(p, v).
n—0

Proof. Let {n,} be a sequence of non-negative integers such that n, — 0 and for every n > 1 let
A" e Jh(u,v). As J(u,v) is compact in the weak topology, there exists a subsequence of {\"},
which we also refer to as {\"}, such that A" = A for some A € J(u,v). Now let \* € Jou(u,v).
Using the feasibility of A\ for S(u,v) and A* for S™ (u, v), it follows that for every n > 1,

/cd)\”{ < /cd)\?

/cd)\? — 1 h(A") < /cd)\”{ — N h(A").

and
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Rearranging, we obtain

0< /cd)\’f - /cd)\“{ < (R(A™) = R(X¥)). (7.13)

As h(-) is bounded, we have lim, o 7, (R(A™) — h(A*)) = 0. Taking limits in (Z.13)) and using the
continuity and boundedness of c,

/cd)\l = lim [ cd\] = /cal)\’lk = S(p,v).

n—o0

It follows that A € (i1, ) and limy, 0 [ ¢dA} = S(p,v). Again using the boundedness of A(-),

lim S™(p,v) = lim {/cd)\’f —nnh()\")} = lim [ cd\} = S(u,v).

n—oo n—oo n—oo
Since {7, } was arbitrary, we obtain the result. O

Theorem 9. Let X and Y be finite and p € M (XN) and v € M (VN) be ergodic. Then for any
n > 0, there exists a sequence k = k(n) with k — oo such that S, — S"(p1,v) and \F"™ = J (u,v)
almost surely as n — oo.

Proof. Fix some 1 > 0. To begin, we would like to construct a sequence {k(n)} satisfying

lim ‘Sk(Xf,Yln) —5n (,W)‘ —0, almost surely. (7.14)

n—oo

Our approach will be similar to the unregularized case with the exception that we also have to control
the error in the entropies of the estimates. In particular, by Proposition [14]

& n n 1
Sk(XT,Y") — ETQ(W”%)

1 . 1 . 1
< ETCX,k(Mk,n,Mk) +n 'EH(,Uk,n) - EH(Mk)

)

1 . 1. 1
+ ETCy’k (Vk,nayk) +77 ‘EH(V]C n) - EH(V]?)

So it is necessary to ensure that the entropy error terms also decay to zero along the sequence {k(n)}
that we construct. To see that such a sequence exists, fix ¢ > 0 and 7 € N and recall that since fi; , = p;
and H (-) is weakly continuous, there exists an n(i) € N such that

1 1
1 (‘;H(ui,n(i)) — —H ()

i

> 5) < 27",

>€>:0,

and it follows that HH (finiy) — in (1i)| — 0, p-almost surely. Abusing notation somewhat, we
obtain a sequence {i(n)} by letting i(n') = inf;{n(i) = n’}. Thus

Then by Borel-Cantelli,

1

...
SH (fingiy) — - H(pi)

1

7 <lim sup

1—00

1 1
mH(ﬂi(n),n) - MH(Mi(n))
Let {j(n)} be a sequence constructed in the analogous manner for v and let {¢(n)} and {m(n)} be
admissible sequences for p and v. Then letting {k(n)} be the sequence defined by k(n) = min{ i(n),
j(n), £(n), m(n)}, we obtain the desired convergence.

Next we show that the sequence of estimated entropic optimal joinings indexed by k(n) converges
weakly to the set of entropic optimal joinings 7,5 (i1, ), almost surely. In order to simplify notation,

lim

— 0, p-almost surely.
n—oo
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we will suppress the dependence of k(n) on n in the rest of the proof. Fix sequences X7, X, ... and
Y7,Y5, ... in the sets of u- and v-measure one on which (Z.14) holds. Let {Xk’"}nzl be the corresponding
sequence of estimated entropic optimal joinings. By Lemma 23] in Appendix [El for any subsequence
{5\’“’”}@21, there is a further subsequence converging weakly to a joining A € J(u,v). For ease of
notation, we refer to this further subsequence again as {5\"”‘5 }r>1. Using the upper semicontinuity of
h(-) and the continuity and boundedness of ¢, one may establish

/Cd)q —nh(\) < liergiogf {/Cdj\]f’"f —_ nh(}\k,nz)}

|
= hzrglorolf ETC’L (gt vy)

=T"p,v).

Thus, A € J,},(1, ) and since the subsequence was arbitrary, we conclude that Mo = 71 (11, 1). By
the choice of sequences X1, Xo, ... and Y7, Y5, ..., we conclude that e = j,ﬂn(u, v) almost surely. [

Before proving Theorem we state a lemma regarding the entropy of the k-block empirical mea-
sure [l p.

Lemma 19. Suppose that for some v : N x N — R with lim,,_,oc u(k,n) = 0 for every k > 1, it holds
that

EHMK - ﬂk,n”l < u(k’n)
for large enough n. Then for any k > 1 and n large enough,

3k
E|H (15) — H(jign)] < u(k,n) log (u'gz' n)) .

A proof of Lemma[I9] may be found in Appendix [Al

Theorem 10. Let p and v have ¢-mixing coefficients ¢,, and ¢, respectively, satisfying

n n

Y (n=0¢20) =0mP)  and Y (n—L0)¢)*(t) = O(nP)

/=0 /=0

for some p € [1,2). Then there exists a constant C < oo depending only on ¢,, and ¢, such that for
everyn >0,k > 1, g > 0, and large enough n,

- k
E[Sin = (00| < lelol6ulo + 1)+ ulo + D) + (Bl -+ 2n(log |¥] + log Y1)

o (o () o (4 o ()

where u(k,n) = C|X[F/2n?>=1 and v(k,n) = C|Y|*/?*n">= . In particular, if k(n) < bg(?‘:f‘)%

and g(n) = o(k(n)) with k(n), g(n) — oo, then the upper bound converges to zero as n — .

Proof. Letn > 0and fixk > 1, g > 0, and n > k. By the triangle inequality,

& n n 1
Sk(XT,Y") — ET(Z(M,%)

)

SK(XT, YT = $(v)| <

1
| ) = 5700

/ /

Ty Ty

where T} and T3 denote the two differences on the right hand side, respectively. By Proposition [14] T}
is bounded as

1 R n . 1 . n N
T < ETcX,k(Mk,muk) + E|H(Nk) — H(fign)| + ETcy,k(Vk,n, V) + E|H(Vlc) — H()|
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 lello
- 2

N N n N N
(lAwn = plls + 12 = vlln) + 2 (H (i) = H(fgn) |+ [H () = H(Zg0)]).
Taking an expectation of both sides, we obtain

lello

2

A N n N N
ETy < (Bl ik = il + Bl = vill) + 5 (BIH (i) = H(fkn)| + EIH (Vi) = H(Dk0)]).
As the /1 norm is equivalent (up to a constant factor) to the optimal transport cost with respect to the
Hamming cost ¢, one has E|| iy, », — px |1 = 2ET5(fik,p, p11). Then one may repeat the arguments in the
proof of Proposition [17] with %c x replaced by 0 to show that there exists a constant C' < oo such that

n Y2
1 /4
Ellfign —pxl <C | t+ (ﬁ E (n—0+1) L/2(f)> / N(Xk,(;,g)l/?dg ’
=0 t

for any ¢ € (0,1/4]. Using the summability condition for ¢,, and the fact that N'(X*,8,e) < |X|* for
every € > (0, we obtain for large enough n,

- 1 x|
Ellfkn — prlr < C <t + <Z - t> nl—v2 |’

where we have absorbed any additional constants arising from the summability condition on ¢, into
C'. Finally, taking the limit ¢ — 0, we have that for large enough n, E||fixn, — pxl1 < u(k,n) where
u(k,n) = C|X|*/*>n?/>~1, thereby satisfying the conditions of Lemma[T9l Using the same arguments,
one may also establish the analogous bound E||Z, ., — vi||1 < v(k,n) where v(k,n) = C|Y|"/*n"/>~1,
Thus, Lemma[19implies

o2t (2 B () o (1 (325,

for n large enough.

Next we upper bound T5. Note that according to Lemma [I§] and Proposition [Z k*ITJL (u,v) <
S"(u, v). Thus it suffices to bound S”(p, v) — k=1 T¢l (11, v). In order to do this, we will approximate an
optimal joining of 4 and v by an iid block process with gaps. Let w € II(uy, vk ) achieve the minimum in
the problem T, (pux, V) and let v € M (X9 x Y9) be a probability measure with marginals o € M (X9)
and 8 € M()9). Finally, let \*9 € M (XN x YN) be the stationary process measure satisfying A9 =
AF9[1 @ ~]. In other words, A*+9 is the stationary process obtained by independently concatenating
7 ® ~ and randomizing the start over the first k& + g symbols. Note that \*9 € J(A*9[u, o], A¥9[v, B])
and by Lemma 20

B(NE) = HAEr @) = WA @ 3]) = = (H(m) + H)).

Then by the construction of \¥9,

7 (8400l A¥[,81) < [ edX®s — ph(xt)

e ([ains [eyts = )

1
< Ftg (T2 (e, vie) + gllelloo) -

Rearranging terms, multiplying by (k+9)/k, and adding S"(u, v) to both sides, we obtain

k+g

To < §(u,v) = =257 (A [, ], A (v, B]) + 2 lelo
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= §(1,v) = 5" (A [, ], A (v, B) = 257 (MM, ), A¥, B]) + 2 e e
By Lemmas[13]and[16] we see that
$(p,v) = S (A¥[u, o, AMw, 5]
< lelloo (4 (A¥,a], 1) + @ (85[0, B1,) ) + n(h() = A(A¥, o) + h(v) = h(A"[1, 6]))

< lelle (22 + g (Gula + 1)+ 6000+ 1)) + 00010 = B i) + A0) = (AT, ).

In order to simplify this bound, note that

h(p) — h(A"[p, a]) = h(p) — m(H(Nk) + H(a))
< ) = = Hw)
g
glog |X|*
k(k + g)
glog|X]|
 kdg

.. log |V
and similarly h(v) — h(A¥[v, B]) < %'g‘. Thus,

§"(nv) = " (A¥[p, o], A [, B])

9

k
< llelloo(dulg +1) + dug + 1) 3= + Q2lielloo +n(log|X] +log |])) = 7

k+g
Moreover, using the fact that the independent joining has maximal entropy rate among all joinings with
the same marginals, one may establish

—S" (A’“[u, al, A"y, ﬁ]) < nh(A*[u, a] @ AF[v, B]) (H (k) + H(a) + H(w) + H(B)) .-

__n

k+g
As the measure v € M (X9 x )9) and marginals « € M(X9) and 8 € M()Y) were arbitrary, there is
no loss of generality in assuming that H («) = H() = 0. Thus

57 ([, ], AF [y, ]) < k%g (H () + H(wy,)

n ( k k
< —1 (log|X|* +1o )
S g |X| g V|

nk
= (og|x|+1 .
k+g(0g! | +log |V])

Combining this and our earlier bounds, we have

k
T, < elo(@ulg +1) + 6l + 1)) + (@lell + 0z 1] + log V) -

g g
+ 22 (1og | X| +log V1) + fllloc

k
< llelloo(dulg + 1) + du(g + 1))k3——|—g + (3llelloe + 2n(log | X[ +log |V]))

EN S

Combining the bounds on [E7} and 75 proven above, we obtain the result. |

30



Acknowledgments

KO and ABN were supported in part by NSF grants DMS-1613072 and DMS-1613261. KM grate-

fully acknowledges the support of NSF CAREER grant DMS-1847144.

References

(1]

(2]

(3]

(4]

(5]

(6]

(7]

(8]

[9]

[10]

J. Altschuler, J. Weed, and P. Rigollet. Near-linear time approximation algorithms for optimal
transport via Sinkhorn iteration. In Advances in Neural Information Processing Systems, pages
1964-1974, 2017.

M. Arjovsky, S. Chintala, and L. Bottou. Wasserstein generative adversarial networks. In Interna-
tional Conference on Machine Learning, pages 214-223. PMLR, 2017.

F. Bassetti, A. Bodini, and E. Regazzini. On minimum Kantorovich distance estimators. Statistics
& Probability Letters, 76(12):1298—-1302, 2006.

M. Beiglbock. Cyclical monotonicity and the ergodic theorem. Ergodic Theory and Dynamical
Systems, 35(3):710-713, 2015.

E. Bernton, P. Ghosal, and M. Nutz. Entropic optimal transport: geometry and large deviations.
arXiv preprint arXiv:2102.04397, 2021.

E. Bernton, P. E. Jacob, M. Gerber, and C. P. Robert. On parameter estimation with the Wasserstein
distance. Information and Inference: A Journal of the IMA, 8(4):657-676, 2019.

P. Berthet, J. Dedecker, and F. Merlevede. Central limit theorem and almost sure results for bivari-
ate empirical W distances. 2020.

E. Boissard and T. Le Gouic. On the mean speed of convergence of empirical and occupation
measures in Wasserstein distance. In Annales de I'IHP Probabilités et statistiques, volume 50,
pages 539-563, 2014.

R. C. Bradley. Basic properties of strong mixing conditions. a survey and some open questions.
Probability Surveys, 2:107-144, 2005.

X. Bressaud, R. Fernandez, and A. Galves. Speed of d-convergence for Markov approximations of
chains with complete connections. a coupling approach. Stochastic Processes and Their Applica-
tions, 83(1):127-138, 1999.

Y. Chen, Z. Lin, and H.-G. Miiller. Wasserstein regression. Journal of the American Statistical
Association, pages 1-14, 2021.

N. Courty, R. Flamary, D. Tuia, and T. Corpetti. Optimal transport for data fusion in remote
sensing. In IEEE International Geoscience and Remote Sensing Symposium, pages 3571-3574.
IEEE, 2016.

N. Courty, R. Flamary, D. Tuia, and A. Rakotomamonjy. Optimal transport for domain adaptation.
IEEE Transactions on Pattern Analysis and Machine Intelligence, 39(9):1853—-1865, 2016.

T. M. Cover and J. A. Thomas. Elements of Information Theory. John Wiley & Sons, 2012.

I. Csiszar and Z. Talata. On rate of convergence of statistical estimation of stationary ergodic
processes. IEEE Transactions on Information theory, 56(8):3637-3641, 2010.

M. Cuturi. Sinkhorn distances: Lightspeed computation of optimal transport. In Advances in
Neural Information Processing Systems, pages 2292-2300, 2013.

31



[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[31]

[32]

[34]
[35]

M. Cuturi and G. Peyré. Semidual regularized optimal transport. SIAM Review, 60(4):941-965,
2018.

Y. A. Davydov. Mixing conditions for Markov chains. Theory of Probability & Its Applications,
18(2):312-328, 1974.

T. de la Rue. An introduction to joinings in ergodic theory. Discrete & Continuous Dynamical
Systems-A, 15(1):121, 2005.

N. Deb, P. Ghosal, and B. Sen. Rates of estimation of optimal transport maps using plug-in esti-
mators via barycentric projections. arXiv preprint arXiv:2107.01718, 2021.

S. Dede. An empirical central limit theorem in L for stationary sequences. Stochastic Processes
and Their Applications, 119(10):3494-3515, 2009.

J. Dedecker and F. Merlevede. Behavior of the Wasserstein distance between the empirical and the
marginal distributions of stationary a-dependent sequences. Bernoulli, 23(3):2083-2127, 2017.

E. del Barrio and J.-M. Loubes. The statistical effect of entropic regularization in optimal trans-
portation. arXiv preprint arXiv:2006.05199, 2020.

R. M. Dudley. The speed of mean Glivenko-Cantelli convergence. The Annals of Mathematical
Statistics, 40(1):40-50, 1969.

P. Dvurechensky, A. Gasnikov, and A. Kroshnin. Computational optimal transport: Complexity by
accelerated gradient descent is better than by Sinkhorn’s algorithm. In International Conference
on Machine Learning, pages 1367-1376. PMLR, 2018.

M. H. Ellis. The d-distance between two Markov processes cannot always be attained by a Markov
joining. Israel Journal of Mathematics, 24(3-4):269-273, 1976.

S. N. Evans and F. A. Matsen. The phylogenetic Kantorovich—Rubinstein metric for environmental
sequence samples. Journal of the Royal Statistical Society: Series B (Statistical Methodology),
74(3):569-592, 2012.

R. Flamary, C. Févotte, N. Courty, and V. Emiya. Optimal spectral transportation with application
to music transcription. In Advances in Neural Information Processing Systems, 2016.

N. Fournier and A. Guillin. On the rate of convergence in Wasserstein distance of the empirical
measure. Probability Theory and Related Fields, 162(3-4):707-738, 2015.

C. Frogner, C. Zhang, H. Mobahi, M. Araya, and T. A. Poggio. Learning with a Wasserstein loss.
In Advances in Neural Information Processing Systems, pages 2053-2061, 2015.

H. Furstenberg. Disjointness in ergodic theory, minimal sets, and a problem in Diophantine ap-
proximation. Theory of Computing Systems, 1(1):1-49, 1967.

S. Gallo, M. Lerasle, and D. Takahashi. Markov approximations of chains of infinite order in the
d-metric. Markov Processes and Related Fields, 19(1):51-82, 2013.

A. Genevay, L. Chizat, F. Bach, M. Cuturi, and G. Peyré. Sample complexity of Sinkhorn diver-
gences. In International Conference on Artificial Intelligence and Statistics, pages 1574-1583.
PMLR, 2019.

E. Glasner. Ergodic Theory via Joinings. Number 101. American Mathematical Soc., 2003.

R. M. Gray, D. L. Neuhoff, and P. C. Shields. A generalization of Ornstein’s d distance with
applications to information theory. The Annals of Probability, pages 315-328, 1975.

32



[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

[48]

[49]

[50]

[51]

[52]

W. Guo, N. Ho, and M. Jordan. Fast algorithms for computational optimal transport and Wasser-
stein barycenter. In International Conference on Artificial Intelligence and Statistics, pages 2088—
2097. PMLR, 2020.

N. Ho, X. Nguyen, M. Yurochkin, H. H. Bui, V. Huynh, and D. Phung. Multilevel clustering via
Wasserstein means. In International Conference on Machine Learning, pages 1501-1509. PMLR,
2017.

S. Hundrieser, M. Klatt, and A. Munk. Entropic optimal transport on countable spaces: Statistical
theory and asymptotics. 2021.

J.-C. Hiitter and P. Rigollet. Minimax estimation of smooth optimal transport maps. The Annals of
Statistics, 49(2):1166-1194, 2021.

H. Janati, M. Cuturi, and A. Gramfort. Wasserstein regularization for sparse multi-task regression.
In International Conference on Artificial Intelligence and Statistics, volume 89, 2019.

H. Janati, B. Muzellec, G. Peyré, and M. Cuturi. Entropic optimal transport between unbalanced
Gaussian measures has a closed form. Advances in Neural Information Processing Systems, 33,
2020.

O. Jenkinson. Ergodic optimization. Discrete and Continuous Dynamical Systems, 15(1):197,
2006.

0. Jenkinson. Ergodic optimization in dynamical systems. Ergodic Theory and Dynamical Sys-
tems, 39(10):2593-2618, 2019.

M. Klatt, C. Tameling, and A. Munk. Empirical regularized optimal transport: Statistical theory
and applications. SIAM Journal on Mathematics of Data Science, 2(2):419-443, 2020.

A. V. Kolesnikov and D. A. Zaev. Optimal transportation of processes with infinite Kantorovich
distance: Independence and symmetry. Kyoto Journal of Mathematics, 57(2):293-324, 2017.

C. Laclau, I. Redko, B. Matei, Y. Bennani, and V. Brault. Co-clustering through optimal transport.
In International Conference on Machine Learning, pages 1955-1964, 2017.

T. Lin, N. Ho, and M. Jordan. On efficient optimal transport: An analysis of greedy and accelerated
mirror descent algorithms. In International Conference on Machine Learning, pages 3982-3991.
PMLR, 2019.

T. Lin, N. Ho, and M. L. Jordan. On the acceleration of the Sinkhorn and Greenkhorn algorithms
for optimal transport. arXiv preprint arXiv:1906.01437, 2019.

A. Lopes, J. Mengue, J. Mohr, and R. Souza. Entropy, pressure and duality for Gibbs plans in
ergodic transport. Bulletin of the Brazilian Mathematical Society, New Series, 46(3):353-389,
2015.

A. O. Lopes, J. K. Mengue, J. Mohr, and R. R. Souza. Entropy and variational principle for
one-dimensional lattice systems with a general a priori probability: positive and zero temperature.
Ergodic Theory and Dynamical Systems, 35(6):1925-1961, 2015.

K. Marton and P. C. Shields. Entropy and the consistent estimation of joint distributions. The
Annals of Probability, pages 960-977, 1994.

K. McGoff, S. Mukherjee, and A. B. Nobel. Gibbs posterior convergence and the thermodynamic
formalism. Annals of Applied Probability, forthcoming.

33



[53]

[54]

[55]

[56]

[57]

[58]

[59]

[60]

[61]

[62]

[66]

[67]

[68]

[69]

[70]

[71]

[72]

K. McGoff and A. B. Nobel. Empirical risk minimization and complexity of dynamical models.
Annals of Statistics, 48(4):2031-2054, 2020.

K. McGoff and A. B. Nobel. Empirical risk minimization for dynamical systems and stationary
processes. Information and Inference: A Journal of the IMA, 2021.

G. Mena and J. Niles-Weed. Statistical bounds for entropic optimal transport: Sample complexity
and the central limit theorem. Advances in Neural Information Processing Systems, 32, 2019.

L. Mi, W. Zhang, X. Gu, and Y. Wang. Variational Wasserstein clustering. In European Conference
on Computer Vision, pages 322-337, 2018.

L. Montrucchio and G. Pistone. Kantorovich distance on finite metric spaces: Arens—Eells norm
and CUT norms. Information Geometry, pages 1-37, 2021.

M. Muskulus and S. Verduyn-Lunel. Wasserstein distances in the analysis of time series and
dynamical systems. Physica D: Nonlinear Phenomena, 240(1):45-58, 2011.

M. Nutz and J. Wiesel. Entropic optimal transport: Convergence of potentials. arXiv preprint
arXiv:2104.11720, 2021.

K. O’Connor, K. McGoff, and A. Nobel. Optimal transport for stationary Markov chains via policy
iteration. Journal of Machine Learning Research, forthcoming.

K. O’Connor, B. Yi, K. McGoff, and A. B. Nobel. Graph optimal transport with transition cou-
plings of random walks. arXiv preprint arXiv:2106.07106, 2021.

D. S. Ornstein. An application of ergodic theory to probability theory. The Annals of Probability,
1(1):43-58, 1973.

D. S. Ornstein and P. C. Shields. The d-recognition of processes. Advances in Mathematics,
104(2):182-224, 1994.

D. S. Ornstein and B. Weiss. How sampling reveals a process. The Annals of Probability,
18(3):905-930, 1990.

V. M. Panaretos and Y. Zemel. Statistical aspects of Wasserstein distances. Annual Review of
Statistics and its Application, 6:405-431, 2019.

M. Perrot, N. Courty, R. Flamary, and A. Habrard. Mapping estimation for discrete optimal trans-
port. Advances in Neural Information Processing Systems, 29:4197-4205, 2016.

G. Peyré and M. Cuturi. Computational Optimal Transport, volume 11. Now Publishers, Inc.,
2019.

T. Rippl, A. Munk, and A. Sturm. Limit laws of the empirical Wasserstein distance: Gaussian
distributions. Journal of Multivariate Analysis, 151:90-109, 2016.

L. Riischendorf and T. Sei. On optimal stationary couplings between stationary processes. Elec-
tronic Journal of Probability, 17, 2012.

F. Santambrogio. Optimal Transport for Applied Mathematicians, volume 87. Birkhduser, 2015.

G. Schiebinger, J. Shu, M. Tabaka, B. Cleary, V. Subramanian, A. Solomon, J. Gould, S. Liu,
S. Lin, P. Berube, et al. Optimal-transport analysis of single-cell gene expression identifies devel-
opmental trajectories in reprogramming. Cell, 176(4):928-943, 2019.

V. Seguy, B. B. Damodaran, R. Flamary, N. Courty, A. Rolet, and M. Blondel. Large scale optimal
transport and mapping estimation. In International Conference on Learning Representations, 2018.

34



[73]

[74]

[75]

[76]

[77]

[78]

[79]

[80]

[81]

[82]

[83]

[84]

[85]

[86]

[87]

[88]

[89]

[90]

C. E. Shannon. A mathematical theory of communication. Bell System Technical Journal,
27(3):379-423, 1948.

P. C. Shields. The Ergodic Theory of Discrete Sample Paths, volume 13. American Mathematical
Soc., 1996.

R. Sinkhorn. Diagonal equivalence to matrices with prescribed row and column sums. The Amer-
ican Mathematical Monthly, 74(4):402—405, 1967.

M. Sommerfeld and A. Munk. Inference for empirical Wasserstein distances on finite spaces.
Journal of the Royal Statistical Society Series B, 80(1):219-238, 2018.

Z. Talata. Divergence of information-criterion based Markov order estimators for infinite memory
processes. In IEEE International Symposium on Information Theory, pages 1378-1382, 2010.

7. Talata. Divergence rates of Markov order estimators and their application to statistical estimation
of stationary ergodic processes. Bernoulli, 19(3):846-885, 2013.

C. Tameling, M. Sommerfeld, and A. Munk. Empirical optimal transport on countable met-
ric spaces: Distributional limits and statistical applications. The Annals of Applied Probability,
29(5):2744-2781, 2019.

V. Titouan, N. Courty, R. Tavenard, and R. Flamary. Optimal transport for structured data with
application on graphs. In International Conference on Machine Learning, pages 6275-6284, 2019.

I. Tolstikhin, O. Bousquet, S. Gelly, and B. Scholkopf. Wasserstein auto-encoders. In International
Conference on Learning Representations, 2018.

Q. Tong and K. Kobayashi. Entropy-regularized optimal transport on multivariate normal and
g-normal distributions. Entropy, 23(3):302, 2021.

C. Villani. Optimal Transport: Old and New, volume 338. Springer Science & Business Media,
2008.

P. Walters. An Introduction to Ergodic Theory, volume 79. Springer Science & Business Media,
2000.

S. Wang, T. T. Cai, and H. Li. Optimal estimation of Wasserstein distance on a tree with an
application to microbiome studies. Journal of the American Statistical Association, pages 1-17,
2020.

W. Wang, J. A. Ozolek, D. Slepéev, A. B. Lee, C. Chen, and G. K. Rohde. An optimal trans-
portation approach for nuclear structure-based pathology. IEEE Transactions on Medical Imaging,
30(3):621-631, 2010.

J. Weed and F. Bach. Sharp asymptotic and finite-sample rates of convergence of empirical mea-
sures in Wasserstein distance. Bernoulli, 25(4A):2620-2648, 2019.

H. Xu, D. Luo, and L. Carin. Scalable Gromov-Wasserstein learning for graph partitioning and
matching. In Advances in Neural Information Processing Systems, pages 3052-3062, 2019.

H. Xu, D. Luo, H. Zha, and L. C. Duke. Gromov-Wasserstein learning for graph matching and
node embedding. In International Conference on Machine Learning, pages 6932-6941. PMLR,
2019.

D. Zaev. On ergodic decompositions related to the Kantorovich problem. Journal of Mathematical
Sciences, 216(1):65-83, 2016.

35



[91] D. A. Zaev. On the Monge-Kantorovich problem with additional linear constraints. Mathematical
Notes, 98(5-6):725-741, 2015.

A Properties of Entropy and Entropy Rate

Lemma 20. Let U be finite, let o be the left—shift on UN, and let ¥ € M(UN) be n-stationary, i.e.
satisfying Yoo~ "™ = A. Then if v = ZZ o 7 oo~ it holds that h('y) h(7).

Proof. The proof follows the argument outlined in [74]. We find it most convenient to adopt the notation
of random variables: let X = X1, Xg, ... be an n-stationary process with distribution 7, let S be uni-
formly distributed on the set {0, ...,n — 1}, and let X = X3, X», ... be the stationary process such that
for any s € {0,...,n — 1}, X|S = s is equal in distribution to X,, X1, .... Note that, by construction,
X has distribution equal v. We will assume that X, X and S are all defined on a probability space
(Q,B,P).

Fix some £ > 1 and note that by the chain rule for entropy, we have

H(X{) — H(X{|S) = H(S) — H(S|XT).

This implies that

1 1 1 logn
ZH(XY{) = ~H(XT|S)| = ~|H(S) — H(S|XT)| <
k k k k
Letting £ — oo, we find
h(X) = lim H(Xl) = Jim H(Xf|5). (A.1)
k—oo k k—oo k
Now writing out H (XF|S)
n—1 1 n—1 1 n—1
k _ _ kg _ _ = ko _ _ - s+k
H(XF|S) = SZ:%IP(S = 5)H(X][S = 5) = Z:O H(XT|S =s) =~ Z:O H(XSH)., (A2

The rest of the argument will follow by showing that limy_, ., kH (X jjrrf) is independent of s and equal

to the entropy rate h(X) of the n-stationary process X. To see this, note that the chain rule for the
entropy implies 3 o
H(XP) = H(XZT) + H(XT|XET)

forevery s = 0,...,n — 1. This implies the bound

1

log [ X[*
. .

s+1

Letting £ — oo once again, we have

lim H(Xerk) = hm kH(XSJrk) = lim

ek
koo kot 0 s R KT = R,

Now, using this fact with (A1) and (A.2)), we obtain

1 n—1 ~ ~
k
Z Jim_ kH (Xt = - > h(X) = h(X).
s=0
Translating this result back to the measures  and 7, we obtain the desired result. U
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Next we prove Lemma [19]regarding the entropy of the k-block empirical measure /iy, ,. Our proof
relies on the following well-known bound in information theory. A proof may be found in [14, Theorem
17.3.3].

Lemma C. Let o and f3 be two probability measures on a finite set U such that || — B||1 < 3. Then

|H(a) = H(B)| < o — Bl1log (H MBH )

Lemma 19. Suppose that for some u : N x N — R with lim,,_, u(k,n) = 0 for every k > 1, it holds
that

Bl — finlls < u(k,n)
for large enough n. Then for any k > 1 and n large enough,

3k
E|H (5) — H{(jig.n)] < u(k,n) log (J(’;‘ n)> .

Proof. Fix k > 1 and n > k to be chosen later on, and let A, = ||pr — fikn|/1. For a fixed sequence
X7, LemmalC gives us

| x]*
Akn

Rl

X

)

() — Hfi)] < A log ( ) (A < 1/2) + (l0g | X)L (A > 12)

) T (log | X)L (A > 172).

Taking an expectation, we have

EJH () — H(ign)| <E | Apnlog (

.
0] + > v 0
kn/ |

X[
Akn

<E Ak,n log < > + 2(EAk,n) log |X|k

k,n

k
<E Aknlog <|A| > + u(k,n) log | X |,

for n large enough. An application of Jensen’s inequality to the first term yields

X|F X|F
E |:Ak,n log <|Ak| >} < (EAg,)log <E|'AL > .

Since EA, ,, < u(k,n) and lim,,_,o u(k,n) = 0, for large enough n, EAy, ,, and u(k, n) are both less
than or equal to 1/2. Since z — x log(I*|*/z) is increasing on = € [0, 1/2], this implies that

© [t (2] <t o (L2

Combining this with our earlier bound and gathering terms, we obtain the result. U

B Properties of the Proposed Estimates

Proposition 21. For any ) > 0, the proposed estimates satisfy \*™ € J (A*[juy, ], A¥ [ ]) and
/cdj\lf’" —nh(AF") = Sy .
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Proof. Letm € M(X* x Y¥) be as defined in Section[5l We start by proving that Mo is invariant under
the left-shift o x 7 on XN x YN. Note first that by construction, A*[7] o (o x 7)~% = A¥[r]. Then,

T
L

/-1

I
=

ENEm o (o x 7')71 k[

mlo(oxT)”

??'T
I
—_ O

Flrlo (o x 1)~ ¢+ A¥[r] o (0 x 7) 7%

I
T
=t

k[ﬂ'] o (o X T)_g + Ak[w]

I
N

EEAS
|
—_

k[ﬂ'] o (o x T)_g

Il
N

Il

T

%o
3

Thus \*" € My (AN x YN). Next we prove that \*™ € TI(A* [y, ,.], A* [Pk ,]). Fix a measurable set
C c &N, Then

Xor(Cox YNy =

=
>
E
)
L
Q
X
\]
&
<
Z

Since C' was arbitary, it follows that the X'N-marginal of \*™ is AF[fiy, ,]. A similar argument will
show that the Y"-marginal of Mo is AR[Dy ). Thus A € J(AF[fig ], A¥[Dx]). Finally, by the
construction of \*,

\k,n Xk.n 1 1 R R ~
/CdAlf’ — nh(AF") = z /Ck dm — %H(W) = 71a, (£, Vkin) = Skons

where the first equality follows Lemma[20l O

C Existence of an Entropic Optimal Joining

Proposition 22. Let X and Y be finite, p € Ms(XN), v € M), and c : X x Y — R, be
a non-negative cost function. Then for every nn > 0, the set of entropic optimal joinings T, (i1, V) is
non-empty.

Proof. Fixn > 0 and a sequence {\"} C J(p,v) such that [ ¢d\} —nh(A™) — S"(u,v). As T (i, V)
is compact in the weak topology, we may extract a subsequence { A"} such that A"™¢ = X as ¢ — oo for
some A € J(u,v). As the entropy rate h(-) is weakly upper semicontinuous on M (XN x YN) and ¢
is continuous and bounded,

/cd)\l —nh(\) < liéminf {/cd)\?f - nh()\W)} = S, v).
—00
Thus we conclude that A € 7, (i, v) and J,%, (14, V) is non-empty. O
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D Properties of the (¢, n)-Transform

Lemma 12. Let (U, dy) and (V,dy) be finite pseudometric spaces, and let f : U4 — Rand g : V — R
be real-valued functions. Furthermore, let c : U X V — R be a non-negative cost function satisfying
le(u,v) — c(u/,v")| < M(dy(u,v’) + dy(v,v")) for all u,v’ € U and v,v" € V for some M € R. Then
for anyn > 0, f and § satisfy |f(v) — f(v')| < Mdy(v,v') and |§(u) — §(u')| < M dy(u, ') for all
u, v’ € U and v,v' € V.

Proof. We will prove the bound for g and the bound for f will follow from a similar argument. Let the
conditions of the proposition hold. Then for any u,u’ € U,

3(u) = —nlog (Z exp {%@/(v) - c(u,v»})

(2

— —nlog <Z exp {1<g<v> —c(u,v) + c(ul,v) - c<u,v>>})

" n

— ylog (Z exp{ 20(0) = e o) pesp { 2etut o) - el v>>}>

" n

< “nlog <exp { Sttt | E e { 2ot0) et v>>}>
= Mdy(u,u’) + gu').

Applying the same argument after exchanging v and v’ and using the symmetry of dy(-, -), the result for
g follows. -

E Weak Convergence of Couplings and Joinings

Lemma 23. Let U and V be Polish spaces and {u"}y C M(U) and {v"} C M(V) be sequences
satisfying " = p and v"™ = v for some p € M(U) and v € M(V). Then for any sequence {n"}
satisfying " € II(u™, v™) for every n > 1, there exists a subsequence {n"*} such that ©™¢ = w for
some 7 € (u,v). Moreover, if U = XN and V = YN for Polish alphabets X and Y and for every
n> 1, u" € Mg(XN), v € M(YN) and © € J (™, v"), then ™ € T (i, v).

Proof. The first part of the lemma follows from basic weak convergence arguments (see for example
[83]). Suppose that the second set of conditions hold. Then from the first part of the lemma, it suffices
to show that 7 is invariant under the joint left-shift o x 7 : XN x YN — AN x YN Since o x 7 is
continuous, for any bounded and continuous f : X N )N 5 R, f o (o x 1) is also bounded and
continuous and it follows that

/fd[?TO(O’XT)I]Z/fO(O'XT)dW:}LIELO fo(oxT7)dr™ = lim fdw"f:/fdw.

{—00

Since f was arbitrary, we conclude that 7 is invariant under the left-shift ¢ x 7 and the second part of
the lemma follows. U
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