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ANALYTIC AND ALGEBRAIC CONDITIONS FOR
BIFURCATIONS OF HOMOCLINIC ORBITS II: REVERSIBLE
SYSTEMS

KAZUYUKI YAGASAKI

ABSTRACT. Following Part I, we consider a class of reversible systems and
study bifurcations of homoclinic orbits to hyperbolic saddle equilibria. Here
we concentrate on the case in which homoclinic orbits are symmetric, so that
only one control parameter is enough to treat their bifurcations, as in Hamil-
tonian systems. First, we modify and extend arguments of Part I to show in
a form applicable to general systems discussed there that if such bifurcations
occur in four-dimensional systems, then variational equations around the ho-
moclinic orbits are integrable in the meaning of differential Galois theory. We
next extend the Melnikov method of Part I to reversible systems and obtain
theorems on saddle-node, transcritical and pitchfork bifurcations of symmetric
homoclinic orbits. We illustrate our theory for a four-dimensional system, and
demonstrate the theoretical results by numerical ones.

1. INTRODUCTION

In the companion paper [I], which we refer to as Part I here, we studied bifur-
cations of homoclinic orbits to hyperbolic saddle equilibria in a class of systems
including Hamiltonian systems. They also arise as bifurcations of solitons or pulses
in partial differential equations (PDEs), and have attracted much attention even
in the fields of PDEs and nonlinear waves (see, e.g., Section 2 of [9]). Only one
control parameter is enough to treat these bifurcations in Hamiltonian systems but
two control parameters are needed in general. We applied a version of Melnikov’s
method due to Gruendler [4] to obtain some theorems on saddle-node and pitch-
fork types of bifurcations for homoclinic orbits in systems of dimension four or
more. Furthermore, we proved that if these bifurcations occur in four-dimensional
systems, then variational equations (VEs) around the homoclinic orbits are inte-
grable in the meaning of differential Galois theory [2,[8] when there exist analytic
invariant manifolds on which the homoclinic orbits lie. In [I4], spectral stability
of solitary waves, which correspond to such homocinic orbits in a two-degree-of-
freedom Hamiltonian system, in coupled nonlinear Schrodinger equations were also
studied.

In this part, we consider reversible systems of the form

i=f(z;p), (z,p) e R xR, (1.1)
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where f : R?” x R — R2" is analytic, p is a parameter and n > 2 is an integer,
and continue to discuss bifurcations of homoclinic orbits to hyperbolic saddles. A
rough sketch of the results were briefly stated in [I1]. Our precise assumptions are
as follows:

(R1) The system (1) is reversible, i.e., there exists a linear involution R such
that f(Rx;p)+ Rf(z; ) = 0 for any (z, 1) € R*" x R. Moreover, dim Fix(R)
= n, where Fix(R) = {z € R*" | Rz = z}.

(R2) The origin « = 0, denoted by O, is an equilibrium in (L)) for all u € R, i.e.,
f(0; 1) = 0.

Note that O € Fix(R) since RO = O. A fundamental characteristic of reversible
systems is that if 2(¢) is a solution, then so is Rxz(—t). We call a solution (and
the corresponding orbit) symmetric if 2(t) = Rx(—t). It is a well-known fact that
an orbit is symmetric if and only if it intersects the space Fix(R) [I0]. Moreover,
if A\ € C is an eigenvalue of D, f(0; i), then so are —\ and X, where the overline
represents the complex conjugate. See also [7] for general properties of reversible
systems. We also assume the following.

(R3) The Jacobian matrix D, f(0;0) has 2n eigenvalues +1,..., £\, such that
0 < ReA; <--- < Re\, (i.e., the origin is a hyperbolic saddle).

(R4) The equilibrium 2 = 0 has a symmetric homoclinic orbit z"(¢) with 2"(0) €
Fix(R) at u = 0. Let Ty = {z"(t)|t € R} U {0}.

Assumptions similar to (R3) and (R4) were made in (M1) and (M2) for general
multi-dimensional systems and in (A1) and (A2) for four-dimensional systems in
Part I:

(A1) The origin = 0 is a hyperbolic saddle equilibrium (in (LI)) with n = 2) at
u = 0, such that D, f(0; 0) has four real eigenvalues, M <A <0< )3 < A\

(A2) At p = 0the hyperbolic saddle # = 0 has a homoclinic orbit 2" (t). Moreover,
there exists a two-dimensional analytic invariant manifold .# containing
=0 and 2 (t).

In particular, in (R1)-(R4), we do not assume that there exists such an invariant
manifold as .# in (A2). It follows from (R3) that the origin x = 0 is still a
hyperbolic saddle near g = 0 under some change of coordinates if necessary, as in
(R2).

Reversible systems are frequently encountered in applications such as mechanics,
fluids and optics, and have attracted much attention in the literature [7]. One of the
characteristic properties of reversible systems is that homoclinic orbits to hyper-
bolic saddles are typically symmetric and continue to exist when their parameters
are varied if so, in contrast to the fact that such orbits do not persist in general
systems. In [5] saddle-node bifurcations of homoclinic orbits to hyperbolic saddles
in reversible systems were previously discussed and shown to be codimension-one
or -two depending on whether the homoclinic orbits are symmetric or not. Here
we concentrate on the case in which homoclinic orbits are symmetric, so that only
one control parameter is enough to treat their bifurcations, as in Hamiltonian sys-
tems (see Part I). For asymmetric homoclinic orbits, the arguments of Part I for
non-Hamiltonian systems can apply.

The object of this paper is twofold. First, we consider the case of n = 2, and
modify and extend arguments given in Part I to show that if a bifurcation of the
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homoclinic orbit " (¢) occurs at y = 0, then the VE of (II)) around x"(¢) at u = 0,
£ =D, f(z"(t);0)¢, €eC* (1.2)

is integrable in the meaning of differential Galois theory under some conditions even

if there does not exist such an invariant manifold as .# in (A2). Here the domain

on which Eq. (I2) is defined has been extended to a neighborhood of R in C. Such
an extension is possible since f(z;p) and D, f(x; u) are analytic. We assume the
following three conditions:

(B1) The origin 2 = 0 is a hyperbolic saddle equilibrium and has a homoclinic
orbit #"(¢) in (L) with n = 2 at u = 0, such that D, f(0;0) has four real
eigenvalues, 5\1 < 5\2 <0< 5\3 < 5\4.

(B2) The homoclinic orbit 2" (¢) is expressed as

At .
xh(t)_{h+(e ) for Ret > 0;

1.3
h_(e*?t) for Ret <0, (1.3)

in a neighborhood U of t = 0 in C, where h4 : U — C* are certain analytic
functions with their derivatives satisfying A/, (0) # 0, Ay = Az or Ay and
A_ = A; or Ay. When the system (L)) is reversible and 2P (t) is symmetric
as in (R1)-(R4), we have Ay = F\,; for j =1 or 2.
(B3) The VE (I2) has a solution £ = ¢(t) such that
P(ATMog 2) = ax(2)2N A + b1 (2)2MA 4 bas (2)20 (1.4)
or ©(A"Mogz) = ay ()2 b1y (2)2 + boy (2)zlog 2 '

and
PN log2) = a_(2)2X M b1 (2) 25 4 by (2)M,

, (1.5)
or p(A\{'logz) = a_(2)22=M £by_(2)z + by (2)zlog 2

in |z] < 1, where ax(z) and b;+(2), j = 1,2, are certain analytic functions
in U with a1 (0) # 0 and | = A3 or Ay and \_ = \j or \o.
Note that if assumptions (A1) and (A2) hold, then so does (B1). In (B3), we have
(t)e Mt = (1) as t — +oo and p(t)e*-t = O(1) as t — —oo. Moreover, the
second equations in ([4) and (I35) hold only if A; = Ay and A3 = A4, respectively.

Note that the existence of such an invariant manifold as .# in (A2) is not assumed.
We prove the following theorem.

Theorem 1.1. Let n = 2 and suppose that the following condition holds along with
(B1)-(B3):
(C) The VE [2) has another linearly independent bounded solution.

Then the VE ([L2) has a triangularizable differential Galois group, when regarded
as a complex differential equation with meromorphic coefficients in a desingularized
neighborhood T'o. of the homoclinic orbit z"(t) in C*.

Note that ¢ = #"(¢) is a bounded solution to (ILZ). A proof of Theorem [l is
given in Section 2. Here I',. is a local Riemann surface that is given by ¥_UX,UX |
and taken sufficiently narrowly, where 3 and ¥ _ are, respectively, neighborhoods
of 04 and 0_, which are represented in the temporal parameterization of z"(¢) by
t = +00 and —o0, and ¥; be a neighborhood of Ty \ (X4 U X—) (see Fig. ). See
Section 2 for more details. This theorem means that under conditions (B1)-(B3) the
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FIGURE 1. Local Riemann surface I'jo. and its covering {3, %, }.

VE ([[2) is integrable in the meaning of differential Galois theory if condition (C)
holds. The statement of Theorem [[1] holds for general systems, especially even
if the homoclinic orbit is asymmetric in (II). It was proved in Part I, where
instead of such conditions as (B2) and (B3) the existence of a two-dimensional
invariant manifold containing z"(t) was assumed. Conditions (B2) and (B3) with
appropriate modifications also hold under the restricted assumption. We give simple
conditions guaranteeing (B2) and (B3) under condition (B1) in the general setting.
See Proposition 24l As stated below (see also Part I), condition (C) is a necessary
and sufficient condition for the occurrence of some bifurcations of the homoclinic
orbit under certain nondegenerate conditions.

Secondly, we extend the Melnikov method of Part I to reversible systems and
obtain some theorems on saddle-node, transcritical and pitchfork bifurcations of
symmetric homoclinic orbits. In particular, it is shown without the restriction of
n = 2 that if and only if condition (C) holds and no further linearly independent
bounded solution to the VE (L2)) exists, then saddle-node, transcritical or pitch-
fork bifurcations of symmetric homoclinic orbits occur under some nondegenerate
conditions. We emphasize that our result is not an immediate extension of Part I:
The reversibility of the systems as well as their symmetry is well used to detect
codimension-one bifurcations of symmetric homoclinic orbits. So bifurcations of
symmetric homoclinic orbits in reversible systems are proven to be of codimension-
one, again. We also illustrate our theory for a four-dimensional system. We perform
numerical computations using the computer tool AUTO [3], and demonstrate the use-
fulness and validity of the theoretical results comparing them with the numerical
ones.

The outline of the paper is as follows: In Section 2 we give a proof of The-
orem [Tl in a form applicable to general four-dimensional systems discussed in
Part I. In Section 3 we extend the Melnikov method and obtain analytic conditions
for bifurcations of symmetric homoclinic orbits. Finally, our theory is illustrated
for the example along with numerical results in Section 4.

2. ALGEBRAIC CONDITION

In this section we restrict ourselves to the case of n = 2 and give a proof of
Theorem [I.1] in a form applicable to general systems stated above, i.e., without
assumptions (R1)-(R4). We first recall Lemma 2.1 of Part I in our setting.

Lemma 2.1. Under condition (B1), there exist a fundamental matriz ®(t) =
(p1(t), ..., 04(t)) of (L2) and a permutation o on four symbols {1,2,3,4} such
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that

i)t e Nt = 0(1) ast — +oo,
cpj(t)tfk"(j)efi“@)t =0(1) ast— —oo,
where k; =0 or 1, j = 1-4.

We now assume that the hypotheses of Theorem [I.1] hold along with condi-
tion (C) and that A\_ = A;(< 0) and A, = A\ (> 0) for simplicity since the other
cases can be treated similarly. We regard the VE ([L2)) as a differential equation
defined on a neighborhood of R in C, as stated in Section 1. From (I3)) in (B3) we
easily obtain the following.

Lemma 2.2. We have

() = A_er=tR! (e*=!)  for Ret > 0;
o= Aperth (eMt)  for Ret < 0,

in U, where h',(z) represent the derivatives of hy(z).

Let Ug denote a neighborhood of RU {oo} in the Riemann sphere P! = CU {oo}
and let T' = {2"(¢) | t € Ur}. Introducing two points 04 and 0_ for the double
point x = 0, we desingularize the curve I'y = {z = 2z%(t) | t € R} U {0} on T.
Here the points 04 and 0_ are represented in the temporal parameterization by
t = 400 and —oo, respectively. Let X1 be neighborhoods of 0+ on I'; and take a
sufficiently narrow, simply connected neighborhood 3; of Ty \ (34 UX_). We set
Toe = X UX;UX,. See Fig. Ml Using the expression ([3), we introduce three
charts on the Riemann surface I'lpe: a chart ¥4 (resp. ¥_) near 04 (resp. near
0_) with coordinates z = e*~! (resp. z = e*?), and a chart 3, bridging them with
a coordinate t. The transformed VE becomes

d¢ 1

o= EDmf(hi(Z);O)ﬁ

in the charts X4 while it has the same form in the chart 3; as the original one. We
take a sufficiently small surface as I'lo. such that it contains no other singularity
except z = 0 in Y. We easily see that D, f(h+(2);0) are analytic in X4 to obtain
the following lemma.

Lemma 2.3. The singularities of the transformed VE for (L2) at z =0 in X4 are
regular. Thus, the transformed VE is Fuchsian on Ijgc.

We are now in a position to prove Theorem [I.1]

Proof of Theorem [Tl We first see that <I)()\;F1 log z) in X4 is a fundamental matrix
of the transformed VE. So the 4 x 4 monodromy matrices M4 along small circles
of radius € > 0 centered at z = 0 in ¥ are computed as
My = (A" loge) ' (A (loge + 2mi)).
Let e; denote the vector of which the j-th component is one and the others are zero
for j = 1-4. Since ¢1(t) = ®(t)ey, it follows from Lemma [Z2] that
Miel = €.

To prove the theorem, we only have to show that My are simultaneously triangu-
larizable, since by Corollary 3.5 of Part I the differential Galois group is triangu-
larizable if so.
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Suppose that A1 # X2 and Ag # As. Then the Jacobian matrix D, f(0;0) is
diagonalizable, so that by Lemma 2.I] and condition (C)
p2(A"Mog 2) = a1 (2)7 + azy (2)272/, o
902()\;1 logz) = (11_(2)2—#(12_(2)2;3/5% ’

for |z| < 1, where a;+, j = 1,2, are certain analytic functions. Hence,
Myes € span{eq, es}. (2.2)

Moreover, since the first equations of ([4) and (H) in (B3) hold, there exists
v € R* such that

Miv € span{v, e, ea}. (2.3)
Thus, M1 are simultaneously triangularizable.

Next assume that :\1 = :\2 but :\3 #+ :\4. If the eigenvalue 5\1 = 5\2 is of geometric
multiplicity two, then we can prove that My are simultaneously triangularizable
as in the above case. So we assume that it is of geometric multiplicity one and
algebraic multiplicity two. Instead of the first equation of (Z1]) we have

wa(A"tlog 2) = a14(2)z + azy (2)zlog 2

in |z|] < 1, so that Eq. (2.2)) holds. Moreover, even if not the first but second
equation in (L) holds, there exists v € R* satisfying (Z3) as above. Hence, M. are
simultaneously triangularizable. Similarly, we can show that M are simultaneously
triangularizable when 5\3, = S\fl but 5\} #* 5\3. 3 3 )
Finally, assume that Ay = A\g and A3 = A\4. If the eigenvalue A\; = A9 and/or A3 =
A4 is of geometric multiplicity two, then we can prove that My are simultaneously
triangularizable as in the above two cases. So we assume that they are of geometric
multiplicity one and algebraic multiplicity two. Instead of (2.I]) we have

p2(A""log 2) = a11.(2)z + a4 (2)zlog 2,
p2(A\7 ' log z) = a1-(2)z + as—(2)zlog 2
in |z| < 1, so that Eq. (Z2]) holds. even if not the first but second equation in (L)

holds, there exists v € R* satisfying ([2.3) as above. Hence, M. are simultaneously
triangularizable. 0

At the end of this section we give simple conditions guaranteeing (B2) and (B3)
under condition (B1).

Proposition 2.4. Under condition (B1), conditions (B2) and (B3) hold if one of
the following conditions holds:

(i) There exists a two-dimensional analytic invariant manifold A containing x =
0 and z"(t);

(ii) As well as 0(3) = 2 and ko, k3 = 0, we can take @1 (t) = &"(t) with o(1) = 4
and ki,kq = 0 or condition (B2) holds.

Proof. First, assume condition (i). We recall from Part I that the VE (I.2]) can be
rewritten in certain coordinates (y,7n) € R? x R? as

(-(20 128 6)
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where A, (z), Ac(x), A, (z) are analytic 2 x 2 matrix functions of x € R%, and that
the tangent space of .# is given by n = 0. See Section 4.1 (especially, Eq. (32))
of Part I. Espemally, A, (0 ) and A, (0) have positive and negative eigenvalues, say
A <0< A3 and Ay < 0 < Ay. Hence, #"(t) corresponds to a solution to

X = Ay (2" (1))x, (2.4)
so that condition (B2) holds. Equation (24 also has a solution satisfying
X(t)e_;\?’t =0(1) ast— +oo,
X(t)e_;\“5 =0(1) ast— —oo,
which mean that
x(A7 ' log z) = a+(z)z:\3/5‘1 +b4(2)z,
x(A3'logz) = a_ (2)25\1/}3 +b_(2)z

for |z] < 1, where ay(z) and by (z) are certain analytic functions with a4 (0) # 0.
This means condition (B3) Similar arguments can apply even if the eigenvalues of
A, (0) and A,,(0) are not Ay, A3 and A, Ay, respectively.

Next, assume condition (ii). If condition (B2) holds, then there exists a solution
to the VE (2] such that

303(t)675‘3t =0(1) ast— +oo,

ps(t)e ™! = 6(1) ast— —oo,
which mean condition (B3). On the other hand, if ¢ () = #%(¢) with (1) = 4 and
k1, ks = 0, then

i (t)e”

O(1) ast— +oo,
il(t)e —Aat = O(1) ast— —oo,

which mean condition (B2) with A_ = A1 and Ay = Ay Thus, we complete the
proof. O

3. ANaLYTIC CONDITIONS

In this section we consider the general case of n > 2 and extend the Melnikov
method of Part I to reversible systems under assumptions (R1)-(R4). Here we
restrict to R the domain on which the VE ([Z2)) is defined.

3.1. Extension of Melnikov’s method. Consider the general case of n > 2 and
assume (R1)-(R4). By assumption (R1) there exists a splitting R?" = Fix(R) &
Fix(—R). So we choose a scalar product (-,-) in R?" such that

Fix(—R) = Fix(R)™*.
Since f(Rz;0) + Rf(x;0) = 0, we have

Dy f(2"(t); 0)R + RD f (" (t); 0) = 0. (3.1)

It follows from BI) that if £(¢) is a solution to (I2)), then so are +RE(—t) as well
as —£(t). For (L2), we also say that a solution £(t) is symmetric and antisymmetric
if £(t) = R&(—t) and &(t) = —RE(—t), respectively, and show that it is symmetric
and antisymmetric if and only if it intersects the spaces Fix(R) and Fix(—R) =
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Fix(R)"*, respectively, at t = 0. We easily see that £ = 2" (¢) is antisymmetric since
2P(t) = Ra"(—t) so that

iM(t) = —Ri"(—t).
Here we also assume the following.

(R5) Let ng < 2n be a positive integer. The VE (L2) has just ng linearly inde-
pendent bounded solutions, & = o1 (t) (= @"(t)), 2 (t), .. ., Pn, (t), such that
©;(0) € Fix(R) for j = 2,...,n9. If ng = 1, then there is no bounded
solution that is linearly independent of ¢ = #"(¢).

Here by abuse of notation ¢;(t), j = 1,...,2n, are different from those of
Lemma 2.1 (such abuse of notation was used in Part I without mentioning). Note
that ¢1(0) = #%(0) € Fix(—R) = Fix(R)*. Thus, p2(t),...,¢n,(t) are symmetric
but ¢4 (t) is antisymmetric. Using Lemma 2.1 of Part I, under assumptions (R1)-
(R5), we can take other linearly independent solutions ¢;(t), j =no +1,...,n, to
the VE (2) than those given in (R5) as follows.

Lemma 3.1. There exist linearly independent solutions ¢;(t), 7 = 1,...,2n, to
(T2 such that they satisfy the following conditions:

 dim |903()|—0 gglmle(t)lzoo forj=no+1,....n

lim |p;(t)| = ©;(0) € Fix(R)  forj =n+1;
t—+oo . ) (3'2)
i ;)] =00, ¢;(0) € Fix(=R)  for j=n+2,...,n+ no;
tilerool%(t)' 00, tE@m|¢j(t)| =0 forj=n+nog+1,...,2n.

Here ¢(t), 7 =1,...,n0, are given in (R5).

Proof. Tt follows from Lemma 2.1 of Part I that there are linearly independent solu-
tions ¢;(t), s =no+1,...,n+ng, to (I.2) such that they are linearly independent
of p;(t), 5 =1,...,n0, and satisfy the first, second and third conditions in (3.2)
except that ¢;(0) € Fix(R) or Fix(—R) for j =no+1,...,n+no. Note that other
linearly independent solutions with £(0) € Fix(R) than ¢;(t), j = 2,...,ng, do not
converge to 0 as t — 400 or —oo. Let

We easily see that they satisfy the fourth condition in (32]) and ¢;(t), j =1,...,2n
are linearly independent.

Let & = ¢(t) be a solution to (L2). If ¢(0) ¢ Fix(—R) and ¢(0) ¢ Fix(R), then
E(t) = o(t) + Ro(—t) and £(t) = ¢(t) — Ro(—t) satisfy £(0) € Fix(R) and £(0) €
Fix(—R), respectively. Hence, we choose ¢;(t), 7 = n+1,...,n + ng, such that
¢,(0) € Fix(R) UFix(—R). Moreover, the subspace spanned by ¢;(0) and ¢,4,(0),
j=mno+1,...,n, intersects each of Fix(R) and Fix(—R) in (n — ng)-dimensional
subspaces. Thus, one of ¢;(t), j = n+ 1,...,n + ng, is contained in Fix(R),
and the others are contained in Fix(—R) since ¢1(0) € Fix(—R), ¢;(0) € Fix(R),
j=2,...,n0, and dim Fix(R) = dim Fix(—R) = n. This completes the proof. [

1(t ) cooy 2, (t)). Then ®(t) is a fundamental matrix to (L2).
1,...,2n, by

<1/}j(t)a‘pk(t)> = Ojk, Jk=1,....2n, (34)

Let ®(t) = (
Define ;(t), j =
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where ¢;; is Kronecker’s delta. The functions v¥;(t), j = 1,...,n, can be obtained
by the formula W(t) = (®*(¢)) 7!, where U(t) = (¢1(t),...,¥n(t)) and ®*(¢) is the
transpose matrix of ®(¢). It immediately follows from (R5) and (B:2)-(B4) that

lim |1;(t)] = 00, 4;(0) € Fix(=R*) for j =1;

t—+oo
tilgloowh(t” =00, ;(0)€Fix(R*) forj=2,...,np;
i [0,(0] = o, im0 =0 forj =g+ 1.
i [0 =0, y(0) € Fix(R)  forj=n+1:
. 115(11 [¥;(t)] =0, ;(0)eFix(—R*) forj=n-+2,...,n4ng;
—> =00
T [0y (0 =0, lm_ (0 =oc  forj=n-+ng+1,....2n
and
Moreover, U(t) is a fundamental matrix to the adjoint equation
§ = =D, f(a"(t); 0)"¢. (3.6)

See Section 2.1 of Part I. Note that if £(¢) is a solution to (3.6]), then so are + R*{(—t)
as well as —&(t).
As in Part I, we look for a symmetric homoclinic orbit of the form

’n,()fl

B+ D i (t) + 0/ ]al* + ) (3.7)
j=1

satisfying 2(0) € Fix(R) in (L)) when p # 0, where a = (a1, ..., apny—1). Here the
O (a)-terms are eliminated in (B71) if ng = 1. Let s be a positive real number such
that k < i/\l, and define two Banach spaces as

Z° = {z e CO(R,R") |sup |z(t)|e"" < o0, 2(t) = —Rz(—t)},
t>0

F1 = {z e CHR,R") |sup|z(t)[e", sup |2(2) e < o0, 2(t) = Rz(—1)},
>0 >0

where the maximum of the suprema is taken as a norm of each space. We have the
following result as in Lemma 2.3 of Part I.

Lemma 3.2. The nonhomogeneous VE,
€= D, f(z"(1);0)€ + (t) (3.8)
with n € 0@20’ has a solution in Z#* if and only if

| @) =0, j=2..n0 (3.9)

Moreover, if condition [B9) holds, then there exists a unique solution to [B.8) sat-
isfying (;(0),£(0)) =0, j =1,...,ng, in Z1.

Proof. As in Lemma 2.2 of Part I, we see that if z € le, then

/fo(wnﬂ() (1) = Do f(a"(8); 0)2(t))dt =0, j=2,...,n0. (3.10)
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Hence, if Eq. (38) has a solution £ € Z*, then

/jo (Yt (8),n(t))dt = /700 (et (), E(1) = Do f (" (£);0)&(2))dt = O

for 7 =2,...,n9. Thus, the necessity of the first part is proven.
Assume that condition ([33) holds. We easily see that for n € 20

0 0
/_ (s (£), (D))t = / (—R*yj (1), ~Rn(~t))dt

— 00

- /0 (W (B ()t =0, j =2, o,

while

0 0
[ (i (8), n(t))dt = [ (R s1(—1), — Rn(—t)dt
- (e (B m(0)

Hence,

n—+no t
(Z+ Z) 05(t) / (5(5),m(s))ds

= j=n+2
n+1 2n [e%s)
£ Y w [ e Y w0 [ e
Jj=no+l j=n+no+1 t
is a solution to (3:X) and contained in 2 since by B3) and (B3)
) n+1 0
0= 3 i) [ wils)n(s)ds
j=no+1 -
- 1) [ Gws(s),ntsas
j:ngo-i-l(p /0 !
n+1 0
= 3 w0 [ wylenle)ds
Jj=no+1 >

0
+ nia(0) / (b1 (5).1())ds € Fix(R).

The sufficiency of the first part is thus proven.

We turn to the second part. Obviously, (¢; (O),é(())} =0,7=1,...,n9. In
addition, if & = £(¢) is a solution to ([B:8)), then so is & = R{(—t), and if £(t) € 21,
then £(0) € Fix(R) so that (11(0),£(0)) = 0 by Fix(— R) = Fix(R). Moreover,
any solution to ([BR) is represented as £(t) = &£(t) + E d;jp;(t), where d; € R,
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j =1,...,n, are constants, but one has d; =0, j = 1,...,2n, if it is contained in
Z'and satisfies (¥;(0),£€(0))) =0, j =2,...,n9. This completes the proof. O
Let A R R
2y ={2€ 2" | (¥(0),2(0)) =0,j =1,...,n0} C Z7,
which is also a Banach space. Define a differentiable function F : Z! x R0~ xR —
70 as

d nofl
F(za,p)() =3 | #"(0) +2() + D g (t)
j=1
’n,()fl
S ERORE GRS RIGH B (3.11)
j=1
Note that for z € f»}%l
n()—l

RE(z;0,0)(=t) = | Ri"(=t) + RA(=) + D a;Rj4(-1)

n()—l

—Rf [ a"(—t) + 2(—t) + Z ajoip1(=t);p

nofl

=— | &"t) + 2(t) + Z ;41 (t)

’n,()fl

2O+ 20+ 3 agein @i | = —Fza,p))

A solution z € f»}%l to
F(zyo,u) =0
for (o, pt) fixed gives a symmetric homoclinic orbit to « = 0.
We now proceed as in Section 2.1 of Part I with taking the reversibility of (L))
into account. Define a projection IT : F0 _ 1 by

1=(t) = o) 3 ( / " (W (1), (7)) dT) Gnti (D)

j=2 N0

where ¢ : R — R is a continuous function satisfying

sgp|q(t)|e”‘t| <00, q(t)=q(—t) and /OO q(t)dt =1. (3.12)

Note that for z € Z° -

/ (Yny1(7),2(7))dr = 0.
Using Lemma and the implicit function theorem, we can show that there are a
neighborhood U of (a, 1) = (0,0) and a differentiable function z : U — Z¢ such
that 2(0,0) = 0 and

(id — TF (2(a, 4); 2, ) = 0 (3.13)
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FIGURE 2. Saddle-node bifurcation: Supercritical case is plotted.

for (o, ) € U, where “id” represents the identity.
Let

Fj(ahu) = /OO <1/)n+j+1(t),F(Z(oz,,u);a,u)(t» dtv .] = 17 -0 — 1. (314)

— 00

We can prove the following theorem as in Theorem 2.4 of Part I (see also Theorem 5

of []).

Theorem 3.3. Under assumptions (R1)-(R5) with ng > 1, suppose that F(0;0) =
0. Then for each («, p) sufficiently close to (0,0) Eq. (LI) admits a unique sym-
metric homoclinic orbit to the origin of the form B

Henceforth we set m = 1 and apply Theorem to obtain persistence and
bifurcation theorems for symmetric homoclinic orbits in (I with n > 2, as in
Sections 2.2 and 2.3 of Part L.

3.2. Persistence and bifurcations of symmetric homoclinic orbits. We first
assume that ng = 1, which means that condition (C) does not hold. Since IIz =
0e 20 for 2 € Z° and Eq. (3I3) has a solution Z(u) on a neighborhood U of
1 = 0, we immediately obtain the following result from the above argument, as in
Theorem 2.5 of Part I.

Theorem 3.4. Under assumptions (R1)-(R5) with ng = 1, there exists a symmetric
homoclinic orbit on some open interval I C R including p = 0.

Remark 3.5. Theorem BAl implies that if condition (C) does not hold, then the
homoclinic orbit " (t) persists, i.e., no bifurcation occurs, as stated in Section 1.

We now assume that nog = 2, which means that condition (C) holds and no
further linearly independent solution to the VE ([C2]) exists. Define two constants
az, b2 as

02 = [ nsat).Dus 05 0) at,
1*°°OO (3.15)
=3 [ (sl DG 0:0)(a(0), ea(0)

(cf. Eq. (19) of Part I). We obtain the following result as in Theorem 2.7 of Part I.
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FIGURE 3. Transcritical bifurcation.

Theorem 3.6. Under assumptions (R1)-(R5) with ng = 2, suppose that az, by # 0.
Then for some open interval I including p = 0 there exists a differentiable function
¢ I — R with $(0) = 0, ¢/(0) = 0 and ¢"(0) # 0, such that a symmetric
homoclinic orbit of the form BI) exists for u = ¢(a), i.e., a saddle-node bifurcation
of symmetric homoclinic orbits occurs at = 0. Moreover, it is supercritical and
subcritical if asba < 0 and > 0, respectively. See Fig. Bl

We next assume the following instead of (R4).

(R4’) The equilibrium 2 = 0 has a symmetric homoclinic orbit z"(¢; 1) in an open
interval I > p = 0. Moreover, ({,42(t),#"(t; 1)) = 0 for any ¢t € R and
wel.

Under assumption (R4’) we have

Dy (@nra(t), & (t )| =(Unsa(t), Dui®(£0)) = (2 (), Duf (2" (£0); 0)),

pn=0

so that
t2= [ (nsa(®). D f(a"1:0):0)) dt =0, (3.16)

In this situation we cannot apply TheoremB.6l Let & = £#(¢) be the unique solution
to

€ =Dy f("(1); 006 + (id — D, f(a"(£): 0) (3.17)
in Z}!, and define

= T (a0, DD F (1) 0)pa(t) + DL (1)50)(€ (8) 2(8)) i, (3.18)

where z"(t) = 2%(¢;0) (cf. Eq. (20) of Part I).

Theorem 3.7. Under assumptions (R1)-(R3), (R4’) and (R5) with ng = 2, suppose
that az,by # 0. Then for some open interval I including u = O there exists a
differentiable function ¢ : I — R with ¢(0) = 0 and ¢'(0) # 0, such that a different
symmetric homoclinic orbit of the form B than x"(t; p) exists for a = ¢(p) with
u # 0, i.e., a transcritical bifurcation of symmetric homoclinic orbits occurs at
w=0. See Fig. Bl
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Proof. Differentiating (313 with respect to o and using (B11]), we have
d
Daad—IUF@nQO)z;EDaz—Ihf@&@ﬁmDazzo
at (o, u) = (0,0), ie., Do Z(0;0)(t) is a solution of ([L2), so that D,z(0;0)(t) = 0
by Lemma B2l Using this fact, (310) and BI0), we compute [BI4) as

(oo}

E@mzj‘wam4%mﬂﬁ@mwmm

— 3a®D2f(2(1);0)(w2(t), p2(t)))dt + O(/ab + |ul?)
= —asap — bja® + O(y/ab + |ulb),
as in the proof of Theorem 2.7 of Part 1. Since Fy(0,0) = 0 and D, F;(0,0) # 0,
we apply the implicit function theorem to show that there exist an open interval

I(0) and a differentiable function ¢ : I — R such that F(¢(c),a) =0 for a € I
with ¢(0) = 0 and ¢'(0) # 0. This implies the result along with Theorem 33l O

Remark 3.8. For the class of systems discussed in Part I, including Hamiltonian
systems, we can prove a result similar to Theorem [B.7.

Finally we consider the Zs-equivalent or equivariant case for ng = 2, and assume

the following.
(R6) Eq. (1)) is Zz-equivalent or equivariant, i.e., there exists an n X n matrix
S such that S? =id,, and Sf(x;u) = f(Sz;p).
See Section 2.3 of Part I or Section 7.4 of [6] for more details on Zs-equivalent
or equivariant systems. Especially, if = Z(t) is a solution to (L), then so is
x = SZ(t). We say that the pair Z(t) and SZ(t) are S-conjugate if Z(t) # Sz(t).
The space R?" can be decomposed into a direct sum as
R =Xt o X,
where Sz = x for x € X and Sz = —x for x € X~. We also need the following
assumption.
(R7) We have X~ = (XT)L. For every t € R, z"(t),¢,41(t) € X+ and
©2(t), Yny2(t) € X7
In Part I, we implicitly assumed that X~ = (X)*. Recall that the scalar product
in R?" was already chosen such that Fix(—R) = Fix(R)= .

Assumption (R7) also means that ¢;(¢t) € XT. Moreover, a symmetric homo-
clinic orbit of the form ([B7) has an S-conjugate counterpart for o # 0 since it is
not included in X . In this situation, we have as, by = 0 in Theorems and [3.7]
as in Lemma 2.8 of Part I, and cannot apply these theorems.

Let £ = £%(t) be a unique solution to

€= D f(a" (0 006 + 0~ D2/ (@ (0 0)(a(0) 020 (3.19)
in Z}!, and define
7 >~ 1 3 h
b= [ (busa(t), gD 0:0)(e2(t), 0. (1)

+ D2 F(@" () 0)(6 (1), 9 (1)) ) dt (3.20)
(cf. Eq. (20) of Part I). We obtain the following result as in Theorem 2.9 of Part I.
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FIGURE 4. Pitchfork bifurcation: Supercritical case is plotted.

Theorem 3.9. Under assumptions (R1)-(R7) with ng = 2, suppose that @z, by # 0.
Then for j = 1,2 there exist an open interval I; 3 0 and a differentiable function
¢;  I; = R with ¢;(0) = 0, ¢5(0) = 0, ¢5(0) # 0 and ¢2() = ¢2(—a) for
a € I, such that a symmetric homoclinic orbit exists on X+ for u = ¢1(u2) and
an S-conjugate pair of symmetric homoclinic orbits exist for p = ¢2(): a pitchfork
bifurcation of homoclinic orbits occurs. Moreover, il is supercritical and subcritical
if @gby < 0 and > 0, respectively. See Fig. Bl

From Theorems [B.6] B and B9 we see that if condition (C) holds, then a saddle-
node, transcritical or pitchfork bifurcation occurs under some nondegenerate con-
dition, as stated in Section 1.

4. EXAMPLE
We now illustrate our theory for the four-dimensional system
T =3, T2 = T4,
i3 =21 — (27 + 8x3)x1 — Boma, (4.1)
iy = sx0 — B1(23 + 223) 70 — o1 — B3,

where s > 0 and 3, j = 1-4, are constants. Similar systems were treated in Part I
and [12HI4] (although s < 0 in [13]). Eq. [@.I]) is reversible with the involution

R: (x17x25I35I4) = (I15I27_I35 —$4),

for which Fix(R) = {(z1,22,23,74) € R? | 23,24 = 0}, and has an equilibrium at
the origin & = 0. Thus, assumptions (R1) and (R2) hold. The Jacobian matrix
of the right hand side of ([I)) at # = 0 has two pairs of positive and negative
eigenvalues with the same absolute values so that the origin = 0 is a hyperbolic
saddle. Thus, assumption (R3) holds.

Suppose that Sy = 0. The (21, x3)-plane is invariant under the flow of (£I)) and
there exist a pair of symmetric homoclinic orbits

2L (t) = (+v/2secht, 0, Fv/2sech t tanh £, 0)

to x = 0. Thus, assumption (R4) holds as well as conditions (B2) and (B3) by
Proposition 2241 Henceforth we only treat the homoclinic orbit x}}r (t) for simplifi-
cation and denote it by 2" (¢). Note that a pair of symmetric homoclinic orbits also
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exist on the (z2,z4)-plane. The VE (LZ) around x = z"(t) for (@) is given by
él = 53, 53 = (1 - 6S€Ch2t)§1, (42&)
€y =64, €4 = (s — 2061 sech®t)&s. (4.2b)

As discussed in Section 5 of Part I (see also [12]), Eq. (£2B) has a bounded
symmetric solution, so that assumption (R5) holds with ng = 2, if and only if

(2ys+40+1)2 -1
61: ) )

while Eq. ([f.2al) always has a bounded solution corresponding to § = i (t). The
bounded symmetric solution (€(t),&4(¢)) to ([@2D) is given by

&(t) = sechV®t

¢ e NuU{0}, (4.3)

for £ =0,
& (t) = sechV?t <1 - <\/§+ g) sechzt)
for 0 =1,

&(t) = sechY?t (1 —2(v/5 + 5)sech®t + (\/E + g) (\/5 + g) sech4t)

for £ = 2 and &(t) = &(t) (see Appendix A of Part I). Note that Eq. (£2H) has
an asymmetric bounded solution if the first equation (Z3) holds for £ € N\ N.
Moreover, if condition ([@3]) holds, then the differential Galois group of the VE given
by ([@2a) and ([E2D) is triangularizable. See Fig. 7 of Part I for the dependence of
[ satisfying (£3)) on s (the definition of ¢ there is different from here: ¢ is replaced
with 2¢). When condition ([3]) holds, we have

2(t) = (0,&(1),0,84(1))
and
Da(t) = (0, =&(1),0,&(1)).
Fix the values of 51 and 83 # 0 such that Eq. (£3) holds. Take u = (5 as a
control parameter. Eq. (815 become

s = _/ S () (t)dt, by = —53/ E2(t)*dt.

See Appendix A of Part I for analytic expressions of these integrals for £ = 0,1, 2,
which correspond to £ = 0,2, 4 there. Applying Theorem [3.6, we see that a saddle-
node bifurcation of symmetric homoclinic orbits occurs at S = 0 if asby ## 0, which
holds for almost all values of s when 83 £ 0 and 0 < ¢ < 2.

We next assume that 83 = 0. Then assumption (R4’) holds. Take p = f
as a control parameter. Since D, f(z"(t);0) = 0, the solution to @BIT) in 2 is

¢P1(t) = 0. Eq. (3I8) becomes
ay = — /oo E(t)2ah (t)?dt < 0.

Applying Theorem [3.7, we see that a transcritical bifurcation of symmetric homo-
clinic orbits occurs at the values of 1 given by (£3)) if by # 0.
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We next assume that 2,83 = 0. Then Eq. (1)) is Zs-equivariant with the
involution
St (z1, 22, 23, 74) > (21, —T2, T3, —T4)
and assumptions (R6) and (R7) hold. In particular, X+ = {z9,24 = 0} and
X~ ={x1,23 = 0}. Since
Dif(xh(t);O)(902(t)7@2(t)) = (0707xlll(t)g2(t)27ﬁ252(t)2)*v

we write (B20) as
by = —251/ HOSNORIOKI 2ﬁ1/ &(t)'dt, (44)

where £¢(t) is the first component of the solution to I9) in Z;' and given by

£0(t) = pui (1) / Prs(M)a (P)E(r)dr — on (t) / " faa(r)a ()G (r)dr,

and ;i (t) and 95 (t) are the kth components of ¢;(t) and ;(t), respectively (the
corresponding formula in Part T had a small error). We compute (£4) as

by = VT L(2Vs) Pu(V/s)
(25 + 1) Qe(v/5)

where

Py(z) =x(2? — 2 — 1),
Py (z) =14525 + 5302° + 115" — 19712 — 350222 — 24272 — 630,
Py(z) =27(166272° + 2429842° + 131050127 + 24513872° — 49496461°
— 15422381z — 765744322% — 42995222022 — 497762002 — 12012000),

and
40

4
Qolz) =1, Qg(a:):H(a:—l—j)BH(le—l—Zj—l) for £ > 1.

j=1

See Section 7 and Appendix B of [I4] for derivation of these expressions. In par-
ticular, we see that by # 0 except for a finite number of values of s > 0, for each
¢ > 0. Applying Theorem B9 we see that a pitchfork bifurcation of symmetric
homoclinic orbits occurs at the values of 51 given by {@3) if by # 0.

Finally we give numerical computations for (@I)). We take s = 2 so that
Eq. @3) gives 81 = 1.70710678... for £ = 0, f; = 7.5355339... for £ = 1 and
B1 =17.36396103... for £ = 2 as the value of 8; for which assumption (R5) holds
with ng = 2. To numerically compute symmetric homoclinic orbits, we used the
computer tool AUTO [3] to solve the bondary value problem of (@1l with the bound-
ary conditions

Lsx(—T)=0, =z(0)¢€ Fix(R),
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FIGURE 5. Bifurcation diagrams for s = 2 and 83 = 4: (a) £ = 0;
(b) £ =1; (¢) £ = 2. Here 35 is taken as a control parameter.
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FIGURE 6. Profiles of symmetric homoclinic orbits on the branches
for s =2 and B3 = 4: (al) and (a2) B2 = —0.1 and ¢ = 0; (b1) and
(b2) B2 = —0.05 and ¢ = 1; (cl) and (c2) B2 = —0.006 and ¢ = 2.
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FIGURE 7. Bifurcation diagrams for s = 2, 8o = 0 and 83 = 4: (a)
¢=0; (b) £=1; (c) £ = 2. Here 3 is taken as a control parameter.

where T' = 20 and Ly is the 2 X 4 matrix consisting of two row eigenvectors with
negative eigenvalues for the Jacobian matrix of ([I]) at the origin,

0 0 1 0
0 0 01
1 —B, 00
—ﬁg S 0 0

Figure[Blshows bifurcation diagrams for 3 = 4 when (3 is fixed and satisfies (Z3)
for £ =0,1,2 and f2 is taken as a control parameter. In Fig.[Blc) the maximum and
minimum of the xs-component are plotted as the ordinate when x2(0) is positive
and negative, respectively. We observe that a saddle-node bifurcation occurs at
B2 = 0 while another saddle-node bifurcation occurs at a different value of fs.
The x2-components of symmetric homoclinic orbits born at the bifurcation point
B2 = 0 in Fig. [l are plotted in Fig. [6l We also see that they have ¢ + 1 extreme
points like the corresponding bounded solutions to (£2D) when 3; satisfies ([3)
with £ =0,1,2.

Figure [ shows bifurcation diagrams for 3, = 0 and 33 = 4 when f3; is taken as a
control parameter. Note that there exists a branch of xo(= x4) = 0 for all values of
B1. We observe that a transcritical bifurcation occurs at 57 = 0 satisfying (@3] for
¢ =0,1,2 while another bifurcation occurs at a value of 8y in Fig. [[{a): Eq. (1)
is Zs-equivariant with the involution

S/ : (I13I27x37x4) — (_I13I27_I37x4)
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FIGURE 8. Profiles of symmetric homoclinic orbits on the branches
for s =2, 8y =0 and f3 =4: (al) f1 = 1.5 and £ = 0; (a2) f; =2
and £ =0; (bl) f1 =7.7and £ =1; (b2) 8, = 7.3 and £ = 1; (cl)
f1 =173 and £ =2; (¢2) 1 = 17.4 and ¢ = 2.

and has a symmetric homoclinic orbit with (z1,23) = (0,0) for Sz = 0, and a
pitchfork bifurcation at which a pair of symmetric homoclinic orbits with (x1,x3) #
(0,0) are born occurs there. The xo-components of symmetric homoclinic orbits
born at the bifurcation points in Fig. [7 are plotted in Fig.

Figure @ shows bifurcation diagrams for 32, 83 = 0 when (3 is taken as a control
parameter. Note that there exist a branch of z5(= z4) = 0 for all values of 51, and
a pair of branches of solutions which are symmetric about x5 = 0. We observe that
a pitchfork bifurcation occurs at values of 51 satisfying (@3] for ¢ = 0,1,2. The
To-components of symmetric homoclinic orbits born at the bifurcation in Fig. [0l are
also plotted in Fig.

ACKNOWLEDGEMENTS

This work was partially supported by the JSPS KAKENHI Grant Numbers
25400168, 17H02859.

REFERENCES

(1] Blazquez-Sanz, D., and Yagasaki, K. (2012). Analytic and algebraic conditions for bifurcations
of homoclinic orbits I: Saddle equilibria, J. Differential Equations, 253, 2916-2950.

(2] Crespo, T., and Hajto, Z. (2011). Algebraic Groups and Differential Galois Theory, American
Mathematical Society, Providence, RI.

(3] Doedel, E., and Oldeman, B. E. (2012). AUTO-07P: Continuation and Bi-
furcation Software for Ordinary Differential Equations, available online from
http://cmvl.cs.concordia.ca/auto.

[4] Gruendler, J. (1992). Homoclinic solutions for autonomous dynamical systems in arbitrary
dimension, STAM J. Math. Anal., 23, 702-721.


http://cmvl.cs.concordia.ca/auto

BIFURCATIONS OF HOMOCLINIC ORBITS II: REVERSIBLE SYSTEMS 21

06 + «
1@ ] 04 [ (B) ]
04 7
s s 5
ST o ]
0.2 - ]
ol 1
1 2 8
10 12 14 16 18
By
FIGURE 9. Bifurcation diagrams for s = 2 and (2,83 = 0: (a)
¢=0;(b) £=1; (c) £ =2. Here (3 is taken as a control parameter.
e 02 A
sl @ ] 10 /\
0 ‘ ‘ ‘ o2b. ., 0N ‘ ]
-10 5 0 5 10 -10 5 0 5 10
t t
0.2 T
WL ]
SN J\/\k §
-10 5 0 5 10
t

Ficure 10. Profiles of symmetric homoclinic orbits on the
branches for s = 2 and 82,83 = 0: (a) S = 2 and ¢ = 2; (b)
B =T7Tand £ =1; (¢) S =16 and ¢ = 2.

(5] Knobloch, J. (1997). Bifurcation of degenerate homoclinic orbits in reversible and conservative
systems, J. Dynam. Differential Equations, 9, 427-444.

(6] Kuznetsov, Y. A. (2004). Elements of Applied Bifurcation Theory, 3rd. ed., Springer-Verlag,
New York.

(7] Lamb, J. S. W., and Roberts, J. A. G. (1998). Time-reversal symmetry in dynamical systems:
A survey, Phys. D, 112, 1-39.



22
8

[9

10

[11

[12

(13

[14

KAZUYUKI YAGASAKI

| Van der Put, M., and Singer, M. F. (2003). Galois Theory of Linear Differential Equations,

Springer-Verlag, New York.

Sandstede, B. (2002). Stability of travelling waves, in: B. Fiedler (Ed.), Handbook of Dy-

namical Systems, Vol. 2, North-Holland, Amsterdam, Chapter 18, pp. 983-1055.

| Vanderbauwhede, A., and Fiedler, B. (1992). Homoclinic period blow-up in reversible and
conservative systems, Z. Angew. Math. Phys. 43, 292-318.

| Yagasaki, K. (2015). Analytic and algebraic conditions for bifurcations of homoclinic orbits
in reversible systems, S.-I. Ei, S. Kawashima, M. Kimura and T. Mizumachi (eds.), Nonlinear
Dynamics in Partial Differential Equations, Mathematical Society of Japan, Tokyo, Japan,
pp. 229-234.

| Yagasaki, K., and Stachowiak, T. (2020). Bifurcations of radially symmetric solutions to a
coupled elliptic system with critical growth in RY for d = 3,4, J. Math. Anal. Appl., 484,
123726.

| Yagasaki, K., and Wagenknecht, T. (2006) Detection of symmetric homoclinic orbits to
saddle-centres in reversible systems, Phys. D 214, 169-181.

| Yagasaki, K., and Yamazoe, S. (2021). Bifurcations and spectral stability of solitary waves
in coupled nonlinear Schrodinger equations, submitted for publication, larXiv:2005.10317v2.

DEPARTMENT OF APPLIED MATHEMATICS AND PHYSICS, GRADUATE SCHOOL OF INFORMATICS,

KyoTo UNIVERSITY, YOSHIDA-HONMACHI, SAKYO-KU, KyoTo 606-8501, JAPAN

Email address: yagasaki®@amp.i.kyoto-u.ac.jp


http://arxiv.org/abs/2005.10317

	1. Introduction
	2. Algebraic Condition
	3. Analytic Conditions
	3.1. Extension of Melnikov's method
	3.2. Persistence and bifurcations of symmetric homoclinic orbits

	4. Example
	Acknowledgements
	References

