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HIGHER-RANK POINTWISE DISCREPANCY BOUNDS AND LOGARITHM LAWS
FOR GENERIC LATTICES

SEUNGKI KIM AND MISHEL SKENDERI

ABSTRACT. We prove a higher-rank analogue of a well-known result of W. M. Schmidt concerning almost ev-
erywhere pointwise discrepancy bounds for lattices in Euclidean space (see Theorem 1 [Trans. Amer. Math. Soc. 95
(1960), 516-529]). We also establish volume estimates pertaining to higher minima of lattices and then use

the work of Kleinbock-Margulis and Kelmer—Yu to prove dynamical Borel-Cantelli lemmata and logarithm
laws for higher minima and various related functions.
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1. INTRODUCTION AND SUMMARY OF RESULTS

Notation 1.1. We regard elements of Euclidean space of any dimension as row vectors. We let n denote an
arbitrary element of Z>2. We write G := SL,,(R) and I" := SL,,(Z). We write X := I'\G; we then identify X
with the space of all covolume one full-rank lattices in R™ via the correspondence I'g «+— Z"g. We let ug
denote the Haar measure on the unimodular group G that is normalized in such a way that the covolume of
T in G is equal to 1. We let ux denote the unique G-invariant Radon probability measure on X. We note
that the space of all full-rank lattices in R™ may be identified with GL,,(Z)\ GL,(R) & X x R, where R+ ¢
is equipped with its usual Haar measure ¢t~! dt. We write m to denote the Lebesgue measure on Euclidean
space of any dimension; the dimension will be clear from the context. For any r» € R>g, we let B, C R"”
denote the closed Euclidean ball that is centered at origin and has radius equal to r. For any ¢t € Rx>q, we
let p; denote the indicator function of the closed Euclidean ball in R™ that is centered at the origin and has
Lebesgue measure equal to t. We let ( denote the Riemann zeta function.

Let (—,—); denote the Euclidean inner product on R™. Let k be any integer with 1 < k < n. We define
(—, =)k to be the inner product on /\k (R™) given by (v1 A -+ Awvg, w1 A -+ Awghg = det ((vs, w;)1); we
then let || - || denote the corresponding norm on A" (R™). We shall often omit the subscripts of these norms
when they are clear from the context. For any A € X, we define X;(A) to be the set of all subgroups of A
that have Z-rank equal to k. For any A € X and any © € X (A), we define det(0) := ||wy A-- - Awg]|, where
(w1, ...,wy) is any Z-basis of ©. (This definition is independent of the choice of Z-basis.) We then define
ok : X — Ry by 0x(A) :=inf {det(O) : © € Xi(A)}; note that this infimum is a minimum.

Throughout this paper, we use the Vinogradov notation < and use < to denote that both “<” and “>"
hold; we attach subscripts to the symbols < and < to indicate the parameters, if any, on which the implicit
constants depend.
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The purpose of this paper is to establish higher-dimensional generalizations of certain well-known results
of a probabilistic flavor in the geometry of numbers. The first of these is a classical result of W. M. Schmidt
concerning almost everywhere pointwise discrepancy bounds []

Theorem. [23, Theorem 1] Suppose n > 3. Let ¢ : R>g — Ry be any nondecreasing function with

—+oo

(¢(t))~! dt < +o0o. Let ® be a totally ordered collection of finite-volume Borel subsets of R" with

0
sup {m(S) : S € &} = +o0. Then for almost every A € GL,,(Z)\ GL,,(R), there exist constants c¢1(A),c2(A) €
R such that for any S € ® with m(S) > co(A), we have

det(A) - card(SN A _
AL ESEIE 1l < () Jog(m(5)) - (m(S)) ™2 - ogm($))
The first aim of this paper is to generalize Schmidt’s theorem to the case of counting ¢-tuples of lattice

points. We start by defining the main object of our study, originally introduced by Siegel [28] and Rogers
[20,21].

Definition 1.2. Let k& be any integer with 1 < k <n — 1. Let F : (R”)k — R>g be a function. We define
FF, *F: X — [0,400] by

(1.1) FE(A) = > F(vy,...,vp)

(v1,-. o) €(AN{O})*

and
(1.2) FE(A) = F(vr,... o),
where the second sum ranges over all (v1,...,v;) € AF for which dimg (spang ({v1,...,v})) = k.

Often in the literature, 1F is referred to as the Siegel transform of F. In this paper, we shall call any of
its natural extensions, such as (1) and (L2, a Siegel transform as well.
Remark 1.3. Let k£ be any integer with 1 < k < m — 1. Let each of Ay,..., Ay be a subset of R"; set
A= H§:1 A;j. For any A € X, we have F14(A) = card ((A ~{ohHFn A) . An analogous statement holds

for ki;.
We now state our first result.

Theorem 1.4. Suppose n > 3. Let £ be any integer with 2 < 20 < n — 1. Let ¢ : Ryg — Ry be a
—+oo

nondecreasing function for which / (1(t)) "t dt < +oo. Let {Em}mers, be a collection of Borel subsets

1
of R™ for which the following hold: first, we have m (Ep) = M for each M € Rx¢; second, for any My, My € R
with 0 < M; < My < 400, we have Ey, C Epy,. Then for px-almost every A € X and for each M € R>q,
we have

) —
1ge (A)
(1.3) DY (A, Eyy) = m — 1| Knen (log M)M =2 (4h(log M))H/?
M
and
L, (A) .
(1.4) D (A EY) = |m—1 Cnan (log MYM =2 (¢p(log M))'/2.
M

Let us mention that a much weaker version of Theorem [[.4] was proved by the second-named author: see
[29, Corollary 1.12 and Remark 2.22].

Remark 1.5. We shall give the proof of the bound (13]); we shall omit the proof of the bound (4], which
is almost identical to that of the bound (L3). We also mention that our proof of Theorem [[4] can be
easily modified to prove a more general result. One can replace the collection {Ens}arer., by a collection
{Ejnm:je{l,....0} and M € Rso} of Borel subsets of R” that satisfies the following conditions:

Tt is a simple porism of Schmidt’s proofs that the following theorem also holds when GLy(Z)\ GLx(R) is replaced by
SLy (Z)\ SLn (R).
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e There exists ¢ = (c1,...,¢) € (Rsg)" such that H§:1 ¢; = 1 and for each j € {1,...,¢} and each
M € R>¢, we have m (Ej; ar) = ¢; M.

e For each j € {1,...,¢} and any My, Ms € R with 0 < M; < My < +oo, we have E; ar, C Ej ar,.

Then the conclusion of Theorem [ holds when each instance of EY, in ([3) and (L4) is replaced by
H?:l E; ar and each instance of <, ¢4 is replaced by <, sc.A -

One can define an analogue of the Siegel transform (2] in which the defining sum ranges over all
primitive k-tuples (v1,...,vx) € AF, that is, those that can be completed to a Z-basis of A. One can then
prove a correspondingly analogous version of Theorem [[.4] together with the strengthening discussed earlier
in Remark[I[.5l The proof proceeds in essentially the same fashion: the only key difference is that one utilizes
the expectation formula [25] Satz 14] instead of Proposition 2.1l (It might be helpful to consult [29, Theorem
1.10] and its proof and |29, Remark 2.22].) One can also consider other variations of the definition ([2]) and
Theorem [[Z for instance, one can sum over all k-tuples (vq,...,v;) € A* of R-rank equal to k& and each
of whose entries is a primitive vector in A. It may be interesting to compare this particular analogue with
[1L Theorem 1], which investigates the case k = n but is quantitatively weaker than Theorem [L.4l

Remark 1.6. Suppose n > 3, and let £ € Z>1 be given. Let A be a Borel subset of R" with 0 < m(A4) < 4o0.
For every p € [1,n) C R, we have 1, € LP(X), as we shall see in the proof of Proposition [Z2] For every
p € Ry, it follows from [25] §2.2] that 1, ¢ LP(X). If 20 < n— 1 (respectively, 20 > n — 1), then it follows
that ‘T4 € L?(X) (respectively, ‘1 4: ¢ L*(X)). Since the proof of Theorem [[4] requires working with the
second moment of Z]l//;, this explains the assumption 2¢ < n — 1 in the hypotheses of that theorem. Using
the present methods, this assumption appears to be unavoidable. The authors explored the possibility of
using fractional moments (strictly between the first and the second) to weaken the assumption 2¢ < n — 1;
however, such an approach quickly proved to be fruitless.

Our second result concerns dynamical Borel-Cantelli lemmata and logarithm laws for flows on the space
X. The study of logarithm laws was initiated by D.P. Sullivan in [30], in the context of the geodesic flow on
the unit tangent bundle of certain finite-volume, noncompact hyperbolic manifolds. Sullivan seems to have
coined the term “logarithm law” by analogy with Khintchine’s law of the iterated logarithm [12]: see the
discussion between Theorems 1 and 2 of [30]. In [14], Kleinbock—Margulis proved a vast generalization of
Sullivan’s logarithm law as a consequence of their dynamical Borel-Cantelli lemma [I4, Theorem 1.9], which
is a very general converse to the classical Borel-Cantelli lemma. A special case of the Kleinbock—Margulis
logarithm law that is particularly important in our setting is the following theorem, in which £;(A) denotes
the Euclidean length of any shortest nonzero vector of a given lattice A.

Theorem. [I4 Theorem 1.7 and Proposition 7.1] Let {g:}ter be an unbounded R-diagonalizable one-
parameter subgroup of G. Then for almost every A € X, we have

—1 A 1
Jim sup —22 (P1(Age)) _ 1
t—+00 logt n

Athreya—Margulis in [2] then proved the unipotent analogue of the preceding theorem.

Theorem. [2, Theorem 2.1] Let {g:}+cr be an unbounded unipotent one-parameter subgroup of G. Let (;
be as above. Then for almost every A € X, we have

Jimsup 108 (Ag)) _ 1
t—+00 logt n

The approach of Kleinbock—Margulis used a representation-theoretic result to ensure exponential decay
of correlation coefficients for R-diagonalizable flows (see [14], Theorems 1.12 and 3.4 and Corollary 3.5]),
together with the n-DL (“distance like”) property of —(logof;) (see [14, Definition 1.6] or Definition [I7).
The approach of Athreya—Margulis, on the other hand, was comparatively elementary: their main technical
tool was a probabilistic analogue of the Minkowski Convex Body Theorem [2] Theorem 2.2] that was proved
for n > 3 using classical first and second moment formulae for the rank 1 Siegel transform[d The logarithm
laws of Kleinbock—Margulis and Athreya—Margulis were then further generalized, at least in the spherical

2Athroyanargulis handled separately the more difficult case n = 2.
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setting, in the work of Kelmer—Yu: see [I1, Theorem 1.1 and Corollary 1.2] for their logarithm laws and
[11, Theorem 1.3] for the representation-theoretic result on decay of correlation coefficients that undergirds
their logarithm laws in the higher-rank case.

In this paper, we apply the results of Kleinbock—Margulis and Kelmer—Yu to derive Borel-Cantelli lemmata
and logarithm laws for the higher Euclidean minima and the Koecher zeta functions; in doing so, we establish
various volume estimates that are of independent interest. Let us now proceed by recalling the definition of
the aforementioned DL (“distance-like”) property.

Definition 1.7. [14] Definition 1.6] Assume that X is equipped with the uniform structure induced by any
norm on Mat, x,(R), and let A : X — R be a uniformly continuous function. Given any a € Rsq, we then
say that A is a-DL if there exists C' € R, and there exists M € R such that for each z € R> s, we have

Clexp(—az) < ux ({A € X : A(A) > 2}) < Cexp(—az).

We now introduce our functions of interest.
Definition 1.8. Let k£ be any integer with 1 < k < n. Define 8 : X — R<¢ by
Br(A) :=inf {r € Ry : dimg (spang (B, N A)) > k};

note that this infimum is a minimum. For any A € X, the quantity S (A) is then the k*® successive minimum
of A with respect to the Euclidean norm.

Definition 1.9. Let k be any integer with 1 < k < n. For any A € X and any s € C with Re(s) > n/2,
define the absolutely convergent series

(1.5) Gr(A,s) = Cor(As) == D (det(©))7%.
OeXi(A)

For each A € X, the analytic continuation of the Dirichlet series (i (A, -) is known as a Koecher zeta function.
These functions were introduced and studied by M. Koecher in [I5]. When k = 1, these functions are usually
known as the Epstein zeta functions; they are named after P. Epstein, who introduced them in [8] and

studied them further in [7]. When k = n, the right-hand side of (1A is equal to H;Zg ¢(2s—3). A good
reference regarding the Koecher zeta functions is the book by A. A. Terras [31].

In §3] we prove various volume estimates that allow us to establish that the functions in Definitions [[.§]
and [[9 satisfy the following DL conditions.

Proposition 1.10. The following statements hold.
(i) For every integer ¢ with 1 < ¢ <mn — 1, the function — (logof,) is n¢-DL and the function
- (logo (Hle ﬁj)) — —>>'_, (logop;) is n-DL.
(ii) For every integer ¢ with 2 < ¢ < n, the function logof,; is n(n — £ + 1)-DL and the function
(10go (I}~ 8) ) = ) (log o) is n-DL.
(iii) For every integer £ with 1 < ¢ < n —1 and every s € (n/2,+00) C R, the function logo((-, s) is
n/(2s)-DL.
We then apply [I1, Theorem 1.1] to obtain the following logarithm laws.

Theorem 1.11. Let {g:}+er be an unbounded one-parameter subgroup of G.

(i) For every integer ¢ with 1 < ¢ <mn — 1 and almost every A € X, we have
—log (B (Age)) _ 1

limsup ————= = —
1Iil+gop logt nl

and

—1og (T, 6; (Agr))

. 1
lim sup = —.
t—+00 logt n
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(ii) For every integer ¢ with 2 < £ < n and almost every A € X, we have

lim sup log (B: (Ag)) = 1
400 logt nin—~0+1)
and
tog (T8 (Ag0) 4
lim sup ] = —.
t—+oo ogt n

(ili) For every integer £ with 1 < ¢ <n—1, every s € (n/2,+00) C R, and almost every A € X, we have
log (¢ (Agi,5)) 25

limsup —=————>= =
t—+00 logt n

In the event that the one-parameter subgroup of G in Theorem [[.11] is R-diagonalizable, one can apply
[14, Theorem 1.9] to obtain dynamical Borel-Cantelli lemmata, and not only logarithm laws. We recall from
[14] the following definition.

Definition 1.12. [I4] Definition 1.5] Let g := {g:}+er be a one-parameter subgroup of G. Let D be an
arbitrary collection of Borel subsets of X. We say that D is a Borel-Cantelli family for g if the following is
true: for every mapping D : Z>; — D, we have

px ({A € X : for each M € Z>q there exists k = kp € Z>p with Ag, € D(k)})

:{0 it 0% ux(D(k)) < +oo,
1t 30,055 ux(D(k)) = +o0.

The following result is then an immediate consequence of Proposition [[I0] and [I4, Theorem 1.9].

Theorem 1.13. Let g := {g:}+er be an unbounded R-diagonalizable one-parameter subgroup of G, and let
A : X — R be any of the functions in Proposition[L. IOl Then the collectionD := {{A € X : A(A) > z} : z € R}
is a Borel-Cantelli family for g.

2. PrRoOOF oF THEOREM [1.4]

Our proof of Theorem [[4lis a modification of Schmidt’s proof of [23] Theorem 1]: our proof relies crucially
on the expectation formulae of Siegel [28] and Rogers [21] (8) and Theorem 4] for the Siegel transforms that
were introduced in Definition Discrepancy results in the spirit of [23] Theorem 1] and the so-called
dyadic chaining method that is used to prove them have a long history: see, for instance, the pioneering
papers [T0|17[1§].

We begin by introducing two preliminary propositions; we shall use the first proposition in §3] as well.

Proposition 2.1. Let k be any integer with 1 < k < n — 1. Let F : (R")* — R>o be a Borel measurable

function. Then
/ kﬁduxz/ / F(z1,...,zr) dm(zy) - - - dm(ag).
X —_———

k times

Proof. This result was initially stated without proof by Siegel (see [28, page 347, 2)]) and was then proved
by Rogers (see [21], (8)]). The special case k =1 is due to Siegel ([28]). O

Proposition 2.2. Let k be any integer with 1 < k < n—1. Let ¢ := (c1, ..., cx) € (Rso)® be arbitrary. Let
V € Rsg be arbitrary. Let Ay, ..., Ay be any Borel subsets of R™ such that for each j € {1,...,k}, we have
m (A;) = ¢;V. Then

k
o —— o T o —— e
‘/)( ]]'H;‘C:1 A, dﬂX - ‘/)( ]].H;?ZI A; dMX = ‘/)( ]]-H;‘C:1 A; d/,LX —-—m I I AJ <<n)k)c 14 1.
=1
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Proof. The desired result is obvious when n = 2; we therefore assume n > 3. It follows from Proposition 2.1]

k
that / k]ll—[k A, dux =m H A;j | . Since the desired result is clear for k = 1, we now suppose k > 2.
X 7= "
Jj=1
k
For each t € R+, define Fj : (R")k — R>o by Fi(z1,...,25) = Hpcjt(:vj), where the functions p are as
j=1

in Notation [[LIl For each t € R+, we have / kE, dux < +oo by [24) Theorem 2]. The finitude of this

p'e
integral can also be proved in a different manner. Set ¢ := max{ci,...,ck}. It follows from [ Lemmata 3.1
and 3.10] thatf for each ¢ € Rso and cach p € [1,n) C R, we have ' € LP(X). This clearly implies that

for each t € Ry, we have / kﬁt dupx < 4o00.

X
Let r € {1,...,k — 1} be given, and let (bi;),,, 1<j<k be an arbitrary element of Mat, x(R). It is easy
to see that for each t € Ry, we have S

[ /f[lp (Elbx) e dmie) = | [ /f[lp @1 bisz) dm(zy)...dm(z,) | £

r times r times

It now follows from Rogers’s formula [21I, Theorem 4] and the finitude of / *F,dux that there exists
b's

(a1,...,aK-1) € (R>0)k_l such that for each t € Ry, we have
k k—1
(21) [ Faus = ([e | ¢+ X ot
X j=1 j=1
—_— k
In light of 2] and the equation / k]lnk o, dux =m H Aj |, it remains only to establish
X §=14 .
7j=1
(2.2) / L s, dpx g/ Py dx.
X = X

The Brascamp-Lieb-Luttinger rearrangement inequality [3, Theorem 3.4] yields

/Rn /n]f[l La, <§bi]’$i> dm(zy)...dm(z,)

r times
k r
S/ .. / H pch <Z bij$i> dm(wl) .. .dm(wr).
n " =1 i=1
r times

The desired inequality ([2:2)) now follows from Rogers’s formula [2I, Theorem 4]. This completes the proof. [J

Remark 2.3.
(i) It was recently noticed that Rogers’s proof of [2I, Theorem 4] contains an error: see [I3] §2] for
details. Nevertheless, it is known that Rogers’s formula [21 Theorem 4] is correct because Schmidt
gave a different proof of it: see [26127].
(ii) In the 1957 paper [19], Rogers claimed to prove an inequality that is essentially equivalent to the
Brascamp-Lieb-Luttinger rearrangement inequality [3 Theorem 3.4]. That being said, Rogers’s
proof is not entirely rigorous: see [6] Footnote 1] for a more detailed explanation.

3We remark that [9) Lemma 3.1] was proved by appealing to [22] Lemma 2].
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Standing Assumptions. Now and throughout the remainder of §2I we suppose n > 3, we let £ be any
integer with 2 < 2¢ <n —1 (as in Theorem [[4)), and we let {Ens}aer., be a collection of Borel subsets of
R”™ as in Theorem [[.41

For each M € R>o, we have Eﬁz[ C (R")e; for each M € Ry, we define Ry : X — R by Ry =
ffE\ﬁl — M*“1x. For any My, My € Rsq with My < My, we define ps, Ras, := Ras, — R, For each T € Z> 1,
we define

Kp o= {(th, (u+1)2") € Z2: (u,t) € (Zs0)? and (u+1)2" < 2T} .

Lemma 2.4. For each T € Z>; and each (u,t) € (Z>q)” for which (u2t, (u +1)2) € K, we have

/ (u2tR(u+1)2“)2 dﬂX <Ln,e 2T(2€_2)+t-
X

For each T € Z>1, we have

/ (NRar)? dux <o T2T3D,
(N,M)eKr” X

We defer the proof of this technical lemma to the end of §1 We shall also need the following lemma.

Lemma 2.5. For each T € Z>1, there exists a Borel subset C of X that satisfies jux (Cr) <o (0(T)) ™"

and for which the following holds: for each A € (X \ Cr) and each M € Z with 1 < M < 27 we have
R2,(A) < T?2TC= Dy (T),

Proof. Let T € Z>1, and let M be any integer with 1 < M < 27 For any A € X, we then have

(2.3) Ry(A) =Y ~Rur(D),

where the sum ranges over at most T pairs (N, M) € Kp. Now define Cp to be the set of all A € X for
which
> NRY(A) > T2TENY(T),
(N,M)eKr
Markov’s inequality and Lemma 2] then imply px (Cr) <ne (d)(T))*l. Applying the Cauchy-Schwarz
inequality to the sum on the right-hand side of ([23]) implies that for each A € (X ~\ Cr), we have

R3(A) < T-T2TCy(T) = 7227 Day(T).

O
We now prove Theorem [T.4]
+oo
Proof of Theorem[L4 Since Z (p(T))™" < o0, the Borel Cantelli lemma and Lemma imply the
T=1
following: for px-almost every A € X, there exists some To(A) € Z>1 such that for any T' € Z>7(a) and
+oo
any M € Z with 1 < M < 27, we have R}, (A) < T72"®"Vy(T). Since Ry = | [277,2%) , we deduce
k=1

the following: for px-almost every A € X, there exists Mo(A) € Z>; such that for each M € Z> pzy(n), we
have

Rar(A) < e (log M)M* /2 (4 (log M)) /2.
For each M € Z>; and px-almost every A € X, we thus have
D' (A, Ear) <nen (log M)M ™2 (4 (log M)/,

Now let M’ € R>1 be given. Let M” be an element of Z>1 for which M < M’ < M"+1. For any A € X,
we clearly have

‘card (A“nEY,) — (M')g} < max {}card (AN Ef) — (M7 +1), }card (Ag N EfM,,H)) — (M”)é‘} :
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For each A € X, it follows that D) (A, Ep) is less than or equal to
- { () (M"+1)" = M| (1" +1)*
(M) (M) (M)
It now follows that for px-almost every A € X, we have
DY (A, Exrr) <nea (log M')(M') ™12 (4 (log M)/,

(M7 +1)" — (M)’
(M/I + 1)é

DW (A, Epgr) — , DY (A, Eppryny) +

} |

O

Proof of Lemmal[Z4 The second statement is an immediate consequence of the first one: if the first state-
ment is true, then for each T' € Z>, we have

T
Z /X (vRar)? ditx < Z (2Tft . 2T(2£—2)+t) — (T + 1)27CD),
(N)M)EKT t=0

We now prove the first statement. Let T' € Zs, be given. Fix any (u, t) € (Zxo)® for which (u2f, (u 4 1)2¢) €
Kr. Set N :=u2' and M := (u+ 1)2'. Then M — N = 2'. Let J(M, N) denote the set of all

(N1, My), ..., (Ne, My)) € K%

for which the following hold: for each j € {1,..., ¢}, we have M;—N; = 2¢ and there exists some i € {1, ..., ¢}
for which M; = M. Then card (7 (M, N)) = (u+1)* —u’ <, u’~! and

4
EY, N E§ = |_| H(EM;'\ENJ)'
((Nl;Ml)v"')(NLME))EJ(M)N) j:l

Notice that the above union is disjoint and that M* — N* = [(u +1)f - ué] 2! <y uf~12. We then have
NRu = > ( ff-2t ]lX> ;

((N1,M1),....,(Ng,M¢))eT (M,N)

where

(24) f =1 ;;ZI(EMJ_ \ENj)'

It then follows that

(2.5) (vRur)? = Z [ -2 ( ‘F+ zﬁ) + 2% ]lx},

where the sum ranges over all (N1, M), ..., (Ng, Mg), (N1, M1y, ..., (New, My)) € (J(M,N))?, f is as
in (Z4), and

(2.6) Jo = gt (B, L)

Note that card ((J(M7 N))2) = [(u+1)" = ul]Z < u*~2. To prove the desired result, it suffices to show

that the integral over X with respect to ux of each summand on the right-hand side of (2] is <, , 212~ 1),

as this would then imply

/ (vRar)? diix e u22 210D (2T7t)2€—2 L 9t(20-1) _ 9T (20-2)+t
X

Now let ((Ny, My), ..., (Ney M), (N1, My )y .oy (New, My i) € (T (M, N))2 be given; let f and f. be as
in 24) and (Z0), respectively. Note that ‘f- ‘f, is equal to the 2¢(-) transform of the indicator function
of Hle (Eum, ~ En,) % H?:l (Em,. ~ En,.), which is a subset of (R™) . It now follows from Proposition

that we have

/ (éf- ’Zﬂ) dpx — 220 ., (20)%7 = 2126
X
and
/ (F+ “F) dux = (2-2") < (2-2770) e 2070,
X
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Since 2130 21" (2. 21) 422 = 0 and 2/ V4 (2. 21071 ) = D LI 9D it follows that
the integral over X with respect to ux of each summand on the right-hand side of [2.5) is <, ¢ 2t(26-1)
3. VOLUME ESTIMATES AND LOGARITHM LAWS

We begin by stating the volume estimates to which we alluded in {11

Proposition 3.1. Let ¢ be any integer with 1 < ¢ <mn — 1. For any r € Rs, we have
px ({A € X : Be(A) < 1)) g 7™

4
px (SAeX: [ J[BW) ] <rp | <ne ™
j=1

Furthermore, there exists €05, ¢ € Rso such that for any € € (0,e9,n,¢) C R, we have
et Lo px {A e X : Be(A) <e})
and

¢
e <ne pix [SAEX [ J]B()] <e
j=1

Let us mention that the £ = 1 case of the first statement of Proposition Bl has already been proved by
Kleinbock—Margulis with a sharper lower bound than the one stated here: see [I4, Proposition 7.1]. Let us
also mention that the upper bounds in this proposition are well-known, as they are immediate consequences
of well-known expectation formulae in the geometry of numbers.

Proposition 3.2. Let ¢ be any integer with 2 < £ < n. For any R € R+, we have
px ({A€ X :Bi(A) > R}) <nye R—n(n—t+1)

px [SAeX: [ [][B(A) ]| 2R} | <ue BT
j=

Furthermore, there exists My, o € R such that for any M € (M, ¢, +00) C R, we have
M=)« ux ({A € X 2 Bo(A) > MY)
and

M™ <pepx [{AeX: [[][80)] =M
j=

Proposition 3.3. Let ¢ be any integer with 1 < ¢ < n — 1, and let s € (n/2,+00) C R be given. For any
R € Ry, we have

px ({A € X : G(A, 8) > R}) s RT3,
There exists My, s € Rsq such that for any M € (M, 5, +00) C R, we have

M) <« oux ({A€ X : C(A,s) > M}).

Before we prove the preceding propositions, let us recall the following elementary generalization of
Minkowski’s Second Theorem (Minkowski’s theorem on successive minima). (Recall from Notation [[T] the
relevant notation.)

k
Lemma 3.4. For any integer k with 1 < k <n and any A € X, we have o, (A) <, k H Bi(A).
j=1

We now begin to prove the volume estimates.
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Proof of the upper bounds in Proposition[3l Let t € Rsg. Let W denote the closed Euclidean ball in R™
of volume ¢ with center at the origin. Define F : (R")" — R>o by F(z1,...,2¢) := Hle pt(z;). Proposition

21 then yields / ‘F ux = t'. We then have
X

px ({A € X - dimg (spang (ANW)) > £}) = px ({A eX: 'F(A) >0 Qf}) < (n2h)

We may thus take the implicit constant in the first upper bound to be (ﬂ! 2£)_1 . V,f , where V,, denotes the
volume of the closed Euclidean ball in R™ of radius 1 with center at the origin.

We now establish the second upper bound. Let H € Rsq. Define ¢ : X — R>¢ by
©(A) :=card ({© € X¢(A) : det(O) < H}).

By [32, Lemma 5], we havel / ¢ dpux <y, H". Therefore,
X

px ({AeX:op(A)<H})=pux({AeX:p(A)>1}) < / @ dpx Ko H™.
b's
An application of Lemma [3.4] then completes the proof. O

We now proceed by recalling the Iwasawa decomposition of GG and related matters concerning the reduction
theory of G. A good reference for this material is the book by A. Borel [4].

Notation 3.5. Define K := SO(n). Let A denote the set of all diagonal matrices in G. Let U denote the set
of all elements of G that are upper-triangular and have each diagonal entry equal to 1. Each of K, A, and U
is a closed subgroup of G; the Iwasawa decomposition of G then asserts that the mapping K x A x U — G
given by (k,a,u) — kau is a €°°-diffeomorphism.

We denote by px the Haar probability measure on the compact group K.

We denote by ua the Haar measure on A that is given by
n—1
dpa(a) = dpa (diag (a1, ..., a,)) = [[ ai* das.
i=1

Notice that U may be identified with R™"~1/2; we then define the Haar measure p on U, by

duy (u) == H dui;.

1<i<j<n
In the coordinates afforded by the Iwasawa decomposition, the Haar measure ug on G is then given by
a:
dpc(g) = dug(kau) =w, [ = dpa(a)duo(u)duk(k),
1<i<j<n aj
where w,, is a constant that depends only on n.
Now let Ay denote the set of all a = diag (a1, ...,a,) € A such that for each i € Z with 1 <i<n—1, we

a
have —— < 2.

Qi+1
Let Uy denote the set of all matrices in U each of whose entries has absolute value less than or equal to
1. We evidently have up (Uy) = 27172,

Now let & be the so-called Siegel set given by & := K Ay Uy C G. Let px : G — X denote the quotient
map. It is well known that pg (&) is finite and that p(6&) = X. In fact, much more is true. The set &
contains a fundamental domain for the left action of I' on G; moreover, & is contained in the union of
finitely many fundamental domains for the left action of I' on G. These properties of & are very important;
they ensure that there exists some A\, & € Z>2 such that for any Borel subset E of X, we have

(3.1) px(E) < pe (6 Np H(E)) < Ae - px(E).

4The result [32] Lemma 5] is formulated in the adelic language; one can equally well appeal to [I3] Theorem 3], which is
formulated in the classical language.
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Thus, while & is not a fundamental domain, it is almost as good as one for many measure-theoretic purposes.
Finally, let us mention the property of & that will be of greatest importance to us. For any integer ¢ with
1 < ¢ < n, define 7y : G — R5 to be the map given by

G—— KxAxU — A —— Ry,

where the first map is given by the Iwasawa decomposition, the second map is the obvious projection, and
the third map is the projection onto the (¢,¢) diagonal entry. We then have the following important result,
which we record as a lemma.

Lemma 3.6. For any g € G and any integer ¢ with 1 < ¢ < n, we have m(g) =<, B¢ (T'g).

Proof. For a proof, see the Remark that immediately follows the proof of [16, Proposition 1.12]. 0

Definition 3.7. For any € € (0,1) C R and any integer £ with 1 < ¢ <n—1, define &, := & nm, " ((0,¢]).
We then have the following result, which will easily yield the lower bounds in Proposition [3.11

Lemma 3.8. For every ¢ € (0,1) C R and any integer £ with 1 < ¢ < n — 1, we have et Knit te (Gpe) .

Proof. Let € € (0,1) C R be given. Let £ be any integer with 1 < ¢ < n — 1. Let A, denote the image of
&/ - under the map G — A given by composing the Iwasawa decomposition map G — K x A x U with the
projection map K x A x U — A. Then

Q;
G (Src) = wy - 2D / ~ dpa(a).
A

Le l<z<]<n a;

In order to estimate this integral, we perform a change of coordinates.

For each i € {1,...,n — 1}, define b; :=

a
' Then b := (by,...,b,_1) constitutes a coordinate system
Ai+1

on A. One easily verifies that the Jacobian determinant of the change-of-coordinates from a to b is —.

a1
Another easy calculation yields H H 2 "= Tt follows
1<i<j<n ] =1
n—1 ) )
/ % dpia, ( H 5D g (a) = / IT (6" Ve da:)
Aee l<z<]<n aj Ave j=1 Ace =1
:/ i ( Z(nfi)a_fl dbl)
Ace 2a =1 '
1 n—1 y )
= [ =TT (B b et ane)
/ALE 2&1 1;[ ( 7 1+1
:/ Hi 1:[(_1‘“(" l)db)
Al,s : a/‘ =1
— / H b, T g,
At j=1
We now wish to express the domain of integration Ay, in terms of the coordinates b = (b1,...,b,—1). For
the sake of notational convenience, define by := 1 and b, := 1. It is easy to see that for each j € {1,...,n},
j—1
we have a1 = a; H b;. It follows
i=0

n Jj—1 n—1

1-1 n
a7f = H a; H b; = (al . an) . H bgn i) H b(n i) <1‘£ bii> <1_[1 bz(-n_i)> '

j=1 1=0 =1
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3|73

. 5
For each i € {1,...,n — 1}, we have a;11 = b—z and thus have aj' | = —
i i

It is now easy to see that for each j € {1,...,n}, we have

j—1 n
= (]H b;i> [T
i=0 i=j

We consider three distinct cases.

Suppose first 1 < £ < n — 1. Let Ay . denote the set of all @ = (aq,...,a,) € A for which the following
hold:

(i) Foreach i € Z with 1 <¢<{¢—1, we have 1 <b; < 2.
(ii) For each i € Z with £+ 1 <4 <n — 1, we have b; < 1.
(iii) We have by < @D,

We clearly have A . C Ay .. It follows

b—1+zn z db >/ b—1+zn z i
/.1 I

AE g% 4=1
— i(n—1i 2 n— i(n—1i 1 n— (HZZ)
= | in—1i) ) o i(n—1) o L(n—20) o
Sy E(H"T[)-Z(nff)
— Enl.

This yields the desired result in the case 1 < ¢ <n — 1.

Suppose now £ = 1. Let A; .. denote the set of all @ = (a1,...,a,) € A such that b; < @0 and for
each i € Z with 2 <i <n — 1, we have b; < 1. We have A; ., C A; ., whence

o | i(n—i) bl(nfl) € 7ol n—1 z(n )
+1n 1 +i(n—1 1
db; > b, db; = | —
[, 1 T ], (T,
‘1(n—1)

=n g(n 1)

=~

="

This implies the desired result in the case £ = 1.

Finally, suppose £ = n — 1. Let A, _1 ¢« denote the set of all a = (aq,...,a,) € A such that b,_1 <"
and for each i € Z with 1 <i <n —2, we have 1 <b; < 2. Since A1+« C Ap_1,, we have

n—1 ( N n—2 bz(nfz) 2 bn—l e”
H b—1+z n—1) db > / H bi—1+z n—i dbl _ H [ i : ] . [ n—1 ]
/n l,e 4=1 n Le,x 45=1 i=1 l(n - Z) 1 (n - 1) 0
This completes the proof. O

We may now complete the proof of Proposition B.11

Proof of the lower bounds in Proposition[3.1l The first lower bound is an immediate consequence of Lem-
mata and B8 and the property in BI). For every sufficiently small v € (0,1) C R, we have v <,
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ux ({A € X : B(A) <~}). Tt follows that for every sufficiently small € € (0,1) C R, we have

o= (sl/f)”é it X ({A € X :BuA) < al/f}) <ux [{rex: f[ Bi(A) | <e

Jj=1

Remark 3.9. Define 6 : X — X by d(A) = A*, where A* denotes the lattice dual to A: if A = Z"g, then

A* =7 (gfl)T. We note that ¢ is a homeomorphism that is equal to its own inverse. Since the Haar
measure g is bi-invariant, the inversion map G — G preserves ug; clearly, the transposition map G — G
preserves pg. We conclude that § preserves pix.

Let us now record as a lemma the following important transference theorem.

Lemma 3.10. [5 VIIL.5, Theorem VI| There exists 6,, € R such that for any integer j with 1 < j <n
and any A € X, we have 1 < 3 (A) Bn—j1+1 (A*) <6,

Proof of Proposition[3.2 Let 6, € R-1 be as in Lemma B.I0 Let R € Ryg. We then have

px (A € X 1 Be(A) > BY) < jix ({A € X : B (AY) < 0,R7})
=pux ({A€X: Buri1(A)<6,R'})
L (O, R7HM Y
Ky R7PHD),

The first inequality follows from the upper bound in Lemma B.10, the equality follows from the fact that
preserves px, and the second inequality follows from the upper bound in Proposition Bl
Similarly, we also have

px (AAeX: [ J[BW) | 2Ry | <ux [{AeX:[[[Busir (A7) ] <O0 DR
Jj=t j=¢

n—~0+1
Aex:| [ )] <o DR
j=1

n—~0+1
= uy {AeX: I 8@ <ol VR!
j=1

Let €0,n.n—e+1 € Rso be as in Proposition Bl Set M, , := (507n1n75+1)71 .For any M € (M, 4,+00) C R,
we have

M=) = (Y e (A € X Bamea (M) < MT1Y)
Lne px ({A € X2 B (AY) > M})

=px ({A € X :B(A) = M}).
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Similarly, we also have

n—~0+1
M_"Z(M_l)n<<n7g x Ae X: H Bi(A) | <M~ )
j=1

Jj=1

n—~0+1
Ln, o Px Ae X: H Brn—j+1 (A*)) >M
n—~0+1
= px Ae X: H Brn—j+1(A) | > M
j=1

=px [qAex:[[][BN)] =M

O

Proof of Proposition[3.3 Let R € Rg. We have {A € X :op(A) < R_l/(2s)} C{AeX: (A s)>R}.

The desired lower bound is now an immediate consequence of Lemma [3.4] and Proposition [3.11
Let us now establish the upper bound. Using Lemma [3.4] and Proposition [3.I], we have

px ({A e X :¢(A s) > RY})
e [ ) (120 s 00 )
>

e B 4y ({A € X i ou(8) 2 RV and (A, 5) > R}).
For each A € X, define U(A) := {@ € Xi(A) : det(©) > Rfl/(QS)} . Markov’s inequality then implies

fix ({Ae X :op(A) > RV and ¢(A,s) > R}) < R*l/ 3 (det(©)7 dux(A).

X ocu(n)
It then follows from [32, Lemma 5] thatf]
—+oo
R! / > (det(©))* dux(A) <ne R / t=2 41 qt.
X ocu(n) R-1/(22)
Since
+oo
R t2 gt dt = (25 —n)~' - RV,
R—1/(2s)
the desired upper bound now follows. O

We now prove Proposition [L.10

Proof of Proposition[.LT0 The necessary inequalities concerning the ux-measures of various sets are imme-
diate consequences of Propositions B.1] [3:2] and B3t it thus suffices to prove the uniform continuity of the
functions in question. Let ¢ be any integer with 1 < ¢ < n. Let ¢ € Rs( be given. Set C := exp(e) > 1.

Recall from Notation [[J] that for any r € R>¢, we let B, C R™ denote the closed Euclidean ball that
is centered at the origin and has radius equal to r. For any g € G, let n(g) denote the operator norm of
g when both its domain and codomain are equipped with the Euclidean norm on R™ || - || = || - 1. Set
U:= {g eG: max{n(g),n (g_l)} < C} . Then U is an open subset of G, idg € U, and U = U~!. For any
g € U and any v € R", we have

C7Hv|| < llogll < Clloll.

5The remark in Footnote [ applies here as well.
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Let Ag € X and g € U be arbitrary. Write 5 := 8¢ (Ag) € Rxo. We then have (Ao N Bg)go C Aogo N Beg
and thus have f; (Aogo) < CB. For any 5 € (0,3) C R, we have Aggo N Ba-15 C (Ao N Bgr)go. We then
have £ (Aogo) > C~13" and thus have £, (Aggo) > C~13. Tt thus follows

—& = —log C < (logof) (Aogo) — (logoBe) (Ap) < logC =e.
This establishes the uniform continuity of logof, : X — R. If S is any nonempty subset of {1,...,n}, then it
follows immediately that the function &5 : X — R given by {s(A) := log (HjeS ﬂj(A)) =2 jeslog(B;(A))
is uniformly continuous.

Given any g € G, we define (—, —)¢ 4 to be the inner product on /\l (R™) given by
(VI A Avg,wr A Aweheg = (V1g A -+ Aveg,wig A -+ - Aweg)e;
we then let || - ||¢,4 denote the corresponding norm on A" (R™). Define  : G — R by
(3.2) r(g) = {E €Rso: |- [leg < EIl-le}

Observe that the infimum in (3:2) is finite because all norms on /\Z (R™) are equivalent; moreover, this
infimum is clearly a minimum. We thus conclude that & is well-defined. Let s € (n/2,400) C R be given.
Set V = {g eG: max{ﬁ(g), K (g_l)} < 01/25} . Then V is an open subset of G, idg € V, and V = V1L,
It now follows that for any A € X and any g € U, we have
CTHG(A, 5) < G(Ag, s) < OGN, 5)
and thus have
—e <log(Ce(Ag,s)) —log (Ce(A, s)) <e.
We conclude that logop(-, s) : X — R is uniformly continuous. O

Proof of Theorem|[[.TIl Let o € R+ be given, and let A : X — R be a function that is a-DL; suppose
further that for each g € SO(n) C G and each A € X, we have A(A) = A(Ag). Let C € Ry correspond to
A as in Definition [[.71 To prove Theorem [[.T1] it suffices to establish

A (A
lim sup 7( 9:) =a L
t—too logt
We now proceed to do so.
Let v € Ry be given. For each k € Z>q, define 1y, := (ofl + *y) log k. Since the natural action of G on
X preserves the measure px, it follows that for each k € Z>4, we have
px ({A € X : A(Agy) > }) = px A € X : A(A) > 1)) < Cexp (—ary) = C k~(Fe),

+oo
Since Z C k(%27 < 40, the Borel-Cantelli Lemma implies the following: for px-almost every A € X,

k=2
A (Agr)
log k

there exists some ky € Zx>9 such that for each k € Z with k > ku, we have < a ! +~. It follows

that for px-almost every A € X, we have

A (A
lim sup (Agk)

< a L
k—r+o0 1ng

A standard continuity argument now implies that for px-almost every A € X, we have

A (Ag) <ol

lim sup
t—too logt

For each z € R, define 7, : X — (Z>2 U {400}) by
To(A) :=inf{k € Z>a : A (Agi) > =},

using the convention inf @ = +oco. By the Moore Ergodicity Theorem, the natural action of {gx},., on
X is ergodic. In particular, for each z € R and px-almost every A € X, we have 7,(A) < +oo. For each
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g € SO(n) C G and each z € R, we note that the image of A~! ([z,+00)) under the natural action of g is
equal to A™1 ([z, +00)) itself; furthermore, we have
—log (pux (A" ([t, +00))))

(3.3) tl)ll-ipoo " =a.

It now follows from [I1, Theorem 1.1] that for px-almost every A € X, we have

) log (7¢(A)) _
(3.4) A g Gix (A (7))

Now and for the remainder of the proof, fix any A € X that satisfies (34]). Let ¢ € Ry be given. Then
there exists T'= Tx € Ry such that for each t € R>7, we have

—log (MX (A’l ([, —|—oo))))
t

<a+e¢

and
log (1:(A))

—log (ux (A~1 ([t, +00))))

<l+e.

For each t € R>r, we then have
0<log2<log(n(A) <(a+e)(l+e)t<(a+e)(14+e)A (Ath(A)) < 400

and thus have

A (Ag. 1
(3.5) ( 9 t(A)) > _
log (r:(A)) ~ (a+e)(1+e)
. log(n(A) s :
It follows from B.3) and B4) that . l1+m —5 T aE€ R>0; in particular, the sequence (75 (A))ycz. .
—T 00 =

is unbounded. For each k € Z>1, set wy := 7;(A). Let (wkj)jez>1 be a subsequence of (wk)k€Z>1 that is
strictly increasing and that satisfies lim wy, = +00. It then follows from (35 that
J—+o00

oA (A !

lim sup > limsup > .

t—too logt j—+oo  log (wg,) (a+e)(1+e)

A (A

Since € € Ry is arbitrary, it follows that lim sup (Age) >at a

t—+oo logt

Remark 3.11. Let £ be any integer with 1 < £ < n — 1. It is an immediate consequence of Lemma [3.4]
that Proposition [B:I] holds when Hle B; is replaced by oy. Arguing as in the proof of Proposition to
establish uniform continuity, it is then easy to see that the function — (logooy) is n-DL. It follows that
Theorem [[TTI(i) holds when Hf:l B; is replaced by oy. It likewise follows that one may take the function
A in Theorem to be o¢. The reader who is interested in sublattices is encouraged to see the previously
cited paper by J.L. Thunder [32] and a related paper by the first-named author [13].

ACKNOWLEDGEMENTS

The second-named author would like to thank Dmitry Kleinbock for various discussions; he would also like to
thank Jayadev Athreya, Dubi Kelmer, and Kevin O’Neill. The authors are deeply grateful to the anonymous
referee for a thorough report that resulted in significant improvements, including the consideration of the
Koecher zeta functions.

REFERENCES

(1] 1. Aliev and P. M. Gruber, Lattice points in large Borel sets and successive minima, Discrete Comput. Geom. 35 (2006),
no. 3, 429-435, DOI 10.1007/s00454-005-1228-5. MR2202111

[2] J.S. Athreya and G.A. Margulis, Logarithm laws for unipotent flows. I, J. Mod. Dyn. 3 (2009), no. 3, 359-378, DOI
10.3934/jmd.2009.3.359. MR2538473

(3] H.J. Brascamp, E. H. Lieb, and J. M. Luttinger, A general rearrangement inequality for multiple integrals, J. Functional
Analysis 17 (1974), 227-237, DOI 10.1016/0022-1236(74)90013-5. MR0346109



HIGHER-RANK POINTWISE DISCREPANCY BOUNDS AND LOGARITHM LAWS FOR GENERIC LATTICES 17

[4] A. Borel, Introduction to arithmetic groups, University Lecture Series, vol. 73, American Mathematical Society, Providence,
RI, 2019. Translated from the 1969 French original [MR0244260] by L. L. Pham; Edited and with a preface by D. Witte
Morris. MR3970984

[5] J.W.S. Cassels, An introduction to the geometry of numbers, Classics in Mathematics, Springer-Verlag, Berlin, 1997.
Corrected reprint of the 1971 edition. MR1434478

[6] M. Christ and K. O’Neill, Mazimizers of Rogers-Brascamp-Lieb-Luttinger functionals in higher dimensions (2017), avail-
able at jarXiv:1712.00109 [math.CA] |

[7] P. Epstein, Zur Theorie allgemeiner Zetafunktionen. II, Math. Ann. 63 (1906), no. 2, 205-216, DOI 10.1007/BF01449900
(German). MR1511399

, Zur Theorie allgemeiner Zetafunctionen, Math. Ann. 56 (1903), no. 4, 615-644, DOI 10.1007/BF01444309

(German). MR1511190
9] A. Eskin, G. A. Margulis, and S. Mozes, Upper bounds and asymptotics in a quantitative version of the Oppenheim
congecture, Ann. of Math. (2) 147 (1998), no. 1, 93-141, DOI 10.2307/120984. MR1609447

[10] I.S. G4l and J.F. Koksma, Sur Uordre de grandeur des fonctions sommables, Nederl. Akad. Wetensch., Proc. 53 (1950),

638-653 = Indagationes Math. 12, 192-207 (1950) (French). MR36291

[11] D. Kelmer and S. Yu, Shrinking target problems for flows on homogeneous spaces, Trans. Amer. Math. Soc. 372 (2019),

no. 9, 6283-6314, DOI 10.1090/tran/7783. MR4024522

[12] A.Ya. Khintchine, Uber einen Satz der Wahrscheinlichkeitsrechnung, Fund. Math. 6 (1924), no. 1, 9-20 (German).

[13] S. Kim, Mean value formulas on sublattices and flags of the random lattice, J. Number Theory, posted on 2022, DOI

10.1016/j.jnt.2022.03.013.

[14] D.Ya. Kleinbock and G.A. Margulis, Logarithm laws for flows on homogeneous spaces, Invent. Math. 138 (1999), no. 3,

451-494, DOI 10.1007/s002220050350. MR1719827

[15] M. Koecher, Uber Dirichlet-Reihen mit Funktionalgleichung, J. reine angew. Math. 192 (1953), 1-23, DOI

10.1515/crll.1953.192.1 (German). MR57907

[16] A.K. Lenstra, H. W. Lenstra Jr., and L. Lovész, Factoring polynomials with rational coefficients, Math. Ann. 261 (1982),

no. 4, 515-534, DOI 10.1007/BF01457454. MR682664
[17] D. Menchoff, Sur les séries de fonctions orthogonales I, Fund. Math. 4 (1923), no. 1, 82-105 (French).
[18] H. Rademacher, Einige Sdtze iber Reihen von allgemeinen Orthogonalfunktionen, Math. Ann. 87 (1922), no. 1-2, 112-138,
DOI 10.1007/BF01458040 (German). MR1512104

[19] C.A. Rogers, A single integral inequality, J. London Math. Soc. 32 (1957), 102-108, DOI 10.1112/jlms/s1-32.1.102.
MR86113

, The number of lattice points in a set, Proc. London Math. Soc. (3) 6 (1956), 305-320, DOI 10.1112/plms/s3-
6.2.305. MR79045

[21] , Mean values over the space of lattices, Acta Math. 94 (1955), 249-287, DOI 10.1007/BF02392493. MR75243

[22] W.M. Schmidt, Asymptotic formulae for point lattices of bounded determinant and subspaces of bounded height, Duke
Math. J. 35 (1968), 327-339. MR224562

, A metrical theorem in geometry of numbers, Trans. Amer. Math. Soc. 95 (1960), 516-529, DOI 10.2307/1993571.

MR117222

, On the convergence of mean values over lattices, Canadian J. Math. 10 (1958), 103-110, DOI 10.4153/CJM-1958-

013-2. MR91975

, Masstheorie in der Geometrie der Zahlen, Acta Math. 102 (1959), 159-224, DOI 10.1007/BF02564246 (German).

MR114809

[26] , Mittelwerte uber Gitter. II, Monatsh. Math. 62 (1958), 250-258, DOI 10.1007/BF01303970 (German). MR99329

[27] , Mittelwerte tiber Gitter, Monatsh. Math. 61 (1957), 269-276, DOI 10.1007/BF01305934 (German). MR95166

[28] C.L. Siegel, A mean value theorem in geometry of numbers, Ann. of Math. (2) 46 (1945), 340-347, DOI 10.2307/1969027.

MR12093

[29] M. Skenderi, Some results on random unimodular lattices, Proc. Amer. Math. Soc. 149 (2021), no. 2, 539-553, DOI

10.1090/proc/15241.

[30] D.P. Sullivan, Disjoint spheres, approzimation by imaginary quadratic numbers, and the logarithm law for geodesics, Acta

Math. 149 (1982), no. 3-4, 215-237, DOI 10.1007/BF02392354. MR688349

[31] A.A. Terras, Harmonic analysis on symmetric spaces—higher rank spaces, positive definite matriz space and generaliza-

tions, 2nd ed., Springer, New York, 2016. MR3496932

[32] J.L. Thunder, Higher-dimensional analogs of Hermite’s constant, Michigan Math. J. 45 (1998), no. 2, 301-314, DOI

10.1307/mmj/1030132184. MR1637658

20]

(23]

[24]

25]

SEUNGKI KM

DEPARTMENT OF MATHEMATICAL SCIENCES
UNIVERSITY OF CINCINNATI

4199 FRENCH HALL WEST

2815 COMMONS WAY

CINCINNATI, OH 45221-0025

USA

seungki.mathOgmail.com


arXiv:1712.00109 [math.CA]
seungki.math@gmail.com

18

SEUNGKI KIM AND MISHEL SKENDERI

https://orcid.org/0000-0003-1196-9370

MISHEL SKENDERI

DEPARTMENT OF MATHEMATICS

THE UNIVERSITY OF UTAH

155 SouTH 1400 EAsT JWB 233

SALT LAKE CiTy, UT 84112-0090

USA

mskenderi@math.utah.edu
https://orcid.org/0000-0001-8409-1613


https://orcid.org/0000-0003-1196-9370 
mailto:mskenderi@math.utah.edu
https://orcid.org/0000-0001-8409-1613 

	1. Introduction and Summary of Results
	2. Proof of Theorem 1.4
	3. Volume Estimates and Logarithm Laws
	Acknowledgements
	References

