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ON A FACTORIZATION FORMULA FOR THE PARTITION
FUNCTION OF DIRECTED POLYMERS.
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NAZAROV

ABSTRACT. We prove a factorization formula for the point-to-point partition
function associated with a model of directed polymers on the space-time lattice
Z4t1 subject to an i.i.d. random potential and in the regime of weak disorder.
In particular, we show that the error term in the factorization formula is
uniformly small for starting and end points x,y in the sub-ballistic regime
le — y|| < t7, where 0 < 1 can be arbitrarily close to 1. This extends a
result obtained in [Sin95]. We also derive asymptotics for spatial and temporal
correlations of the field of limiting partition functions.
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1. INTRODUCTION

The theory of directed polymers has been actively studied in the mathematical
and physical literature in the last 30 years. From the point of view of probability
theory and statistical mechanics, directed polymers are random walks in a random
potential. The probability distribution for a random path « of length ¢ is given
by the Gibbs distribution Pf(vy) = Z_lgg exp [-BH! (v)], where 3 is the inverse tem-

perature, H! () is the total energy of the interaction between the path v and a
fixed realization of the external random potential, and the normalizing factor Z,
is the partition function. The random potential is a functional defined on some
probability space, and a point w in this probability space completely characterizes
a fixed realization of the potential. In this paper we are interested only in the case
of non-stationary time-dependent random potentials. The simplest setting corre-
sponds to the discrete space-time lattice Z%*!, where d is the spatial dimension. In
this case the random potential normally is assumed to be given by the i.i.d. field
w={&x,i): x€Z%icZ},and H, = — Zﬁzog(%, i). As usual one is interested
in the asymptotic behavior of directed polymers as ¢t — oco.

The first rigorous results for directed polymers were obtained by Imbrie and
Spencer ([[588]), Bolthausen ([B0l89]), and Sinai([Sin95]). It was proved that in
the case of weak disorder, namely when d > 3 and |3] is small, the polymer almost
surely has diffusive behavior with a non-random covariance matrix. It was later
proved by P. Carmona and Hu ([CT102]), and Comets, Shiga, and Yoshida ([CSY03])
that in the cases d = 1,2, and d > 3 with |3| large, the asymptotic behavior is very
different. In this regime, called strong disorder, the directed polymers are not
spreading as ¢t — oo but remain concentrated in certain random places.
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Sinai’s approach in | ] is based on the study of asymptotic properties of
partition functions Z! as t — oco. It turns out that if the polymer starts at a
point x at time s, then in the limit ¢ — oo the properly normalized partition
function converges almost surely to a random variable Zg°. Here, in order to
simplify notation, we are not indicating the dependence on w. In a similar way
one can consider backward in time partition functions, and prove that after the
same normalization they also converge to limiting partition functions Zﬂ'ﬁo, where
(y,t) is the endpoint of the polymer. The proof of the diffusive behavior follows
from a factorization formula proved by Sinai. Namely, a bridging partition function
ZY:t corresponding to the random-walk bridge between points (z,s), (y,t), t > s,
satisfies the following asymptotic relation:

Z0t = qi=3 (235,205 + 04L), (1.1)

S

where ¢/~ is the transition probability of the simple symmetric random walk, and
a small error term 0%} tends to zero as t — s — oo, provided y — x belongs to the
diffusive region: ||y —z| = O(y/t — s). Later, Sinai’s formula was extended by Kifer
(0 ]) to the continuous setting.

The interest in the asymptotic behavior of directed polymers is largely motivated
by the connection between directed polymers and the theory of the stochastic heat
equation

0 Z(x,t) = %AZ(,T, t) + & (x,t) Z(x, )

and the random Hamilton-Jacobi equation

P (x,t) + %|V<I>(x,t) 2= %Afb(x,t) — &9z, ),

which is related to the stochastic heat equation through the Hopf-Cole transforma-
tion ®(z,t) = —In Z(x,t). The connection between directed polymers and the sto-
chastic heat equation is a direct consequence of the Feynman-Kac formula ([ D.

The main conjecture about the asymptotic behavior of the solutions to the ran-
dom Hamilton-Jacobi equation can be formulated in the following way. For a fixed
value of the average velocity b = (V®(z,-)), which is preserved by the equation,
with probability one there exists a unique (up to an additive constant) global so-
lution. This means that solutions starting from two different initial conditions
Dy (2,0) = b-x+ Uy(z,0), Pa(x,0) = b-x + Vy(z,0) approach each other up to
an additive constant as t — oo, provided Wy (z,0) and Uy(z,0) are functions of
sublinear growth in ||z| ([ D.

In terms of the stochastic heat equation, a similar uniqueness statement up to
a multiplicative constant conjecturally holds for two initial conditions of the form
Z1(2,0) =exp[—b-x — Uy(z,0)] and Z3(z,0) = exp [-b- z — Uy(z,0)].

In order to be able to prove the above conjecture in the weak-disorder case
one has to extend the factorization formula (1.1) to a much larger scale. This is
the purpose of the present article: We prove that the factorization formula holds
for |z — y|| < (t — $)?, where o can be taken arbitrarily close to 1. Compared
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to [ ], such an extension of the factorization formula requires very different
analytical methods.

In this paper we restrict ourselves to the simplest discrete case, i.e. polymers live
on the discrete space-time lattice Z?*! and the potential is induced by an i.i.d. field
of random variables. This allows us to make the exposition more transparent. How-
ever, in order to prove the uniqueness conjecture for the stochastic heat equation
in the weak-disorder regime, one needs to consider the parabolic Anderson model,
which is discrete in space and continuous in time. The proof of the factorization
formula in this semi-discrete setting, which is based on similar ideas but technically
more involved, will be published elsewhere. The proof of the uniqueness conjecture
itself will be published separately as well.

We conclude the introduction with several remarks:

1. The factorization formula can be extended to the full sub-ballistic regime
ly — x| = o(t — s). We are considering a smaller region ||z — y|| < (¢ — s)? which
allows for effective estimates of the smallness of the error term 6%°%.

2. We believe that a similar factorization formula can be proved in the fully
continuous case. For this, one would need to assume that the correlations of the
disorder field {£(x,t) : x € R%,t € R} are decaying sufficiently fast.

3. It is interesting to study the probability distribution for the limiting partition
function Z := Z7; and for ® = —In Z. Although these probability distributions are
not universal, we believe that the tail distributions have many universal features.
We conjecture that in the case when the probability distribution of £ has compact
support, the left tail of the density for ® behaves like exp [—-®'7%/2] and the right tail
decays like exp [-®!*9]. A related conjecture concerns the moments m(l) := (Z*)
of Z, which we conjecture to grow as exp [[+2/4] in the limit I — oo. If the disorder
¢ is Gaussian, then for any § > 0 only a finite number of moments for Z is finite.
Thus, one can expect exponential decay of the left tail for ®.

4. The uniqueness of global solutions to the stochastic heat equation and the
random Hamilton-Jacobi equation was also proved in dimension d = 1 (| ,
, ]). The mechanism leading to uniqueness in this case is completely
different from our setting. We should also mention that the case d = 1 corresponds
to the famous KPZ universality class.

The rest of this paper is organized as follows: In Section 2 we derive an ex-
pansion for the partition functions and convergence to limiting partition functions.
This allows us to state our main result, the factorization formula for Z¥!t. We
also derive asymptotics for both spatial and temporal correlations of the field of
limiting partition functions. In Section 3, we collect several estimates on transition
probabilities for the simple symmetric random walk on Z¢. Sections 4 and 5 are
devoted to the proof of the factorization formula. Finally, in the appendix we prove
the estimates on transition probabilities from Section 3.
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Notation: Throughout this article the Euclidean norm and inner product in
R? are denoted by || - || and - , respectively. The l-norm in R? is denoted by
Il - |l We simply write @ = b to indicate that a = b (mod 2). For functions A
and B, potentially of several variables, we write A < B or A is dominated by B to
denote that A < ¢B for some constant ¢ > 0. The constant ¢ may depend on the
dimension d, the inverse temperature 8 and the law of the disorder (e.g., through
A defined in (2.5)), or on scaling parameters such as o from Theorem 2.3 or £ from
Section 4.1. However, c is not allowed to depend on any time or space variables
such as t and z. The same remark applies to every constant introduced in this
paper. Finally, in order to simplify notation, we will write > __ to indicate that we
are summing over all z = (21,...,2,) € (Z?)", where the value of r will be clear
from the context.
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2. SETTING AND MAIN RESULT

Let ¥ = (n)nez be a discrete-time simple symmetric random walk on Z<, d > 3,
starting at point x € Z? at time s € Z, with corresponding probability measure P,
and corresponding expectation E; ;. As d > 3, «y is transient. For integers t > s
and y € Z¢, we denote the probability measure obtained from P, s by conditioning
on the event {v; = y} by Pg:g. The corresponding expectation is denoted by EZ’;
We also set
q; :=Poo(r = 2).

Let (§(x,t))peza tez be a collection of i.i.d. random variables with corresponding
probability measure @) and corresponding expectation (- ). These constitute the
random potential in our setting. We assume that

c(B) == (P40 < o

for 8 > 0 sufficiently small. To a sample path of v over a time interval [s, ], we
assign the random action

AL = AL() =€ 4)-

Jj=s

For integers s < t, z,y € Z%, and inverse temperature 8 > 0, we define the random
partition functions

. —(t—s+1) y— ; !
2y = o(B) Y g Byl

t . Yt Yyt . y,t
zk ._E zZYt, and  Z! ._E zZPt

y€eZd zeZd



FACTORIZATION FORMULA 5

Since ¢(3) (=51 (eFAL) = 1 for every realization of , we have (ZL ) =(zZ¢") =1.
Notice that the law of the stochastic process (ZSJ”)TGNO with respect to @) does
not depend on x or s. Besides, (Z347),en, and (Z}” " )ren, have the same law.

Remark 2.1. This is essentially the model considered by Sinai, where F(z,t)
in | ] corresponds to B¢(x, t) in our setting. Furthermore, the partition function
Z¥ from | ] becomes ¢(B8)"*t1Z¥" in our notation.

Given z € Z¢ and s € Z, define

665(275) — c(ﬁ)
cB)

As shown in the proof of Theorem 2 in | ], Z¥! admits the expansion

h(z,s) =

t—s+1
Yt _ Y~ T E § : 21T Z2—21 Zr—Zr—1
Zm,s =45 + qzl s ng —i1 qu—zT 1 qt 2 H h ZJ’ZJ 2 1)

r=1 s<i1<...<i,-<t,
Z1,...,27 €L

Similarly, one obtains

t—s+1

Z¥t=1+ % > @t am [T hn ) 22)
j=1

r=1 §<ii<...<ip<t,
Z15e-0y PRYA

and
t—s+1

t E § : z1—T Z’r Zr—1
Z;E,s _1+ qzl s " zT—zT 1 Hh ZJv’LJ . (23)
r=1 s<i1<...<i,-<t,
Z17~~~;Zrezd

2.1. Convergence to limiting partition functions.

Asin | |, define
a=3 5 24)
t=1 zeZd
It is well known that ¢ < ¢~% for all z € Z% and t € N (see for instance | D-

Therefore, as d > 3, there is a constant C' > 0 such that

ad<oz ;Y i=CY <
=112

zeZd
We also define
M= c(B)%c(28) — 1. (2.5)

The following convergence statement for partition functions corresponds to The-
orem 1 in | ].

Theorem 2.1. For 8 so small that agh < 1, the following holds: Ast — oo, chys
converges in L*(Q) to a limiting partition function Z3%,.
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Remark 2.2. Due to symmetry, we also have that

t .
ZY% = lim ZY!
S——00

exists in the sense of L2(Q) for all y € Z% and t € Z.

Remark 2.3. As pointed out by Bolthausen (| 1), (Z% ,)i>s is a martingale
with respect to the filtration F; := o(&(y,u) : s < u < t,y € Z9), so convergence
to the limiting partition functions also holds @Q-almost surely by the martingale
convergence theorem.

PROOF OF THEOREM 2.1: We follow the approach in | ]. The right-hand side
of (2.3) has an orthogonality structure, which we shall exploit. Since h(z,s) and
h(z',s") are independent if z # 2’ or if s # §', and since (h(z, s)) = 0, we have with
Jensen’s inequality and Fubini’s theorem that ((Z ,)?) is bounded from above by

2+ 2§: S ()t (q;-szi[’ﬁ)Q <H h(z;, z'j)2>. (2.6)
j=1

r=1s<i1<...<ip,

Since (h(z,s)?) = ¢(B)"2c(28) — 1, we find

T

(TLnG 7 ) =TT (et 2e(28) - 1) = . (27)

Jj=1

Since agA < 1, one has Y7 (@g\)" < 00, so the expression in (2.6) is finite. As a
result,

sup <(Z;)S)2> < 00,

t>s

and L2-convergence follows with the martingale convergence theorem. (Il

The following theorem gives us a rate of convergence to the limiting partition
function Z2°,, which is needed to prove the factorization formula in Theorem 2.3.

x,8)

Theorem 2.2. For 8 so small that ag) < 1 and for 6 € (0, min{% —1,—In(agN)}),
one has

lim (t — 5)° <(Z;7S - Z;?S)2> —0.

t—o00
Proof. For an integer t > s, let
t—s+1

My = <(Zai,s - 1)2> - ; N Z (qizlljsm)z o (qf::f::11>27

s<iy <...<ip<t,

which is monotone increasing in ¢t. Set

M := lim M; € (0,+00).
t—o0
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Then, for ¢t > s,

(7. —22)") = Jim (2, 21)") <2(M - My) (2:8)

2
2 _
r 21 —T Zr—Zr—1
<2 Z A Z (qn S) : (qzrfzr 1)
1<r<In(t—s) 5<i1 < .l yip >t
Z1,..,27 €L

> Y v Y @ ()

r>In(t—s) s<i1<...<ip,

The expression in the third line of (2.8) is dominated by
Yo (@) S (t—s)ea,
r>In(t—s)

and
lim (£ — s)0(t — 5)™(@) =0, 6 € (0, — In(ag))).

t—o0

The expression in the second line of (2.8) is dominated by

oo Y >ooa) e (a)’

1<r<In(t—s) ti,..., t-€N, xq,..,x,.€Z9

< Y oy v (X @)
1<r<In(t—s) =1 tq,..., t €N, k=1 ‘gz, czd

—s8
ln(t 5)

r=1 > t=s -] r=1

and

2.2. Factorization formula.

The following factorization formula for the partition function Z;/ 'L with fixed start-
ing and endpoint is the main result of this article.

Theorem 2.3. Let § be so small that ag\ < 1. For any o € (0,1), no matter how
close to 1, there exists = (o) > 0 such that for all z,y € Z% and s < t with
|z —yll < (t —s)7, the partition function Z¥, has the representation

Zh5 =gl =) (235,275 + 0L%) (2.9)

x,s — 00

where the error term 6;’:2 defined by the formula above satisfies

lim (¢t —s)’ sup (|6¥L]) = 0. (2.10)
(t—s)—o0 z,y€Z%:||z—y|| < (t—s)° '
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Theorem 2.3 is proved in Section 4. Notice that the formula is similar to the
ones obtained by Sinai in | , Theorem 2] and Kifer in | , Theorem 6.1].
However, we show that the error term is small not only within the diffusive regime
lz =yl < O(t — 5)2, but also for |z — y|| < (t — s)” with o arbitrarily close to
1. This extension beyond the diffusive regime is nontrivial because the error term
in (2.9) is multiplied by the random-walk transition probability ¢/, , which is itself
extremely small for ||z —y|| > (t—s)2. In a forthcoming publication, we rely heavily
on a continuous-time version of Theorem 2.3 to prove a uniqueness statement for
global solutions to the semi-discrete stochastic heat equation.

2.3. Correlations for the field of limiting partition functions.

As mentioned in Section 1, the distribution for the field of limiting partition func-
tions (Z7%)zez¢,scz 18 an interesting object to study, with several important ques-

tions still open. Below, we state asymptotics for the spatial and temporal correla-
tions of this field.

Theorem 2.4. Let 8 be so small that agh < 1. Then the spatial and tempo-
ral correlations for the field of limiting partition functions (Z3%
following asymptotics.

(1)

)wezd scz have the

1772 ((Z8% Zy0) = (Z556)(Z35%)) € (0,00);

llyll—o0,
llyll=0

(2)
d
Jim[sl£71 (255 25%) — (25035 € (0,00).
s=0

It is necessary to take the limit in part (1) along sequences (y,,) such that ||y,||1 =
0 for all n, for Z5% and Zp<, are independent if ||y[l1 = 1. A similar observation
applies to the limit in part (2). The proof of Theorem 2.4 relies on the following
estimates for simple symmetric random walk on Z¢, d > 3.

Lemma 2.1. The following statements hold:
(1) )
lim  yl1*2> " gfg? " € (0,00);

llyll—o0,

llyll1=0 =0 zezs
(2)
o0
1~ %71 T T O
Jim 5T 0N gfar, € (0,00).
s=0 t=0 zezd

PRrOOF: For y € Z¢ whose 1-norm is even,

SN gt => = G0,y),
t=0

t=0 zezd

where G denotes the Green’s function for simple symmetric random walk on Z<.
Theorem 4.3.1 in | | implies that
lim |y "7*G(0,y) € (0, 00),
llyll—o0,
llyll=0
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so (1) follows. To prove (2), first notice that for every even s € Ny,
o0 0 o0
Z Z 4 Aoyt = Z qg+2t = Z qgt'
t=0 gezd t=0 t=s/2
It is well known (see, e.g., Chapter 1 of | ]) that
tli)ngot%qgt =:c € (0,00).
Let € > 0. Then there is T' € N such that
c—e<tiqd <c+e, WV>T.
Thus, for even s > 2T,

SN <(ere Y td S(c+6)d32 (3—1)17

MW

t—s/2 t=s/2
and - .
S dzem0z5 ()
Hence,
limsup s% ! i g5 < (c+e) 24 and liminfs? ! i g5 > (c—e) 2t .
iy t=s/2 - d— v t=s/2 B d=2
Since € was arbitrarily chosen, we obtain (2). O

PROOF OF THEOREM 2.4: For y € Z% such that ||y|; = 0 and t € N, the expansion
in (2.3) along with the properties of h(z, s) yield
41 )
(ZooZyo) =14 DN Y g (a) e ()

r=1  0<i1<...<i,<t,

Along the lines of the proof of Theorem 2.2, one can easily show that, as t — oo,
the expression on the right converges to

r z1 Z1—Y (2Z2—21 Zr—Zr—1
1+ E A E e s (qiﬁufl )
r=1  0<i<...<ir,

Therefore,

(Z60Z50) — (Z50){Zy0)

> 2
_ 2 _
= T 21, 217Y (z2—21 Zr—Zr—1
- Z A Z qil qil (qiz—i1 ) e (qiT—iT,l )
r=1 0<ip <...<ip,
21,0y 2r €LY

o o
=D afa tagt Y (aa\),
i=0 zczd r=1

and part (1) follows from Lemma 2.1. The proof of part (2) is similar and we omit
it. O
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3. TRANSITION PROBABILITIES FOR THE SIMPLE SYMMETRIC
RANDOM WALK

In this section we collect several estimates on transition probabilities for the discrete-
time simple symmetric random walk on Z?. Subsection A will be devoted to the
proofs of the results presented here.

Let (Vn)nen, be a discrete-time simple symmetric random walk on Z? starting
at the origin.

Lemma 3.1. There are constants c1,co > 0 such that the following holds: For
every o € (3,1) and 6 € (0,1), there exists T € N such that for every t > T and
y € Z¢ with ¢/ > 0 and |y|| < t°,

d -
@t = 1 (55)" exp (= £lyl?) exp (= eat'?). (3.1)

Lemma 3.2. There is ¢; > 0 such that for every y € Z% and for every linear
functional ¢ on R? with |p(z)| < ||z||, * € RY, we have
W) < cit7? Z @Gt vteN,
z€Z4
In particular,

d

¢ <t7%, VteN,yeZz

Fix a linear functional ¢ on R? such that |p(z)| < ||z|| for all z € RY. To simplify
notation, we set ¢; := p(e;) for 1 < j < d, where {e;} is the standard basis in R.
Define, for all § = (6',...,0%) € RY,

o(0) :=E { Omege ”1)} = id zd: ( 0 g0 4 e_i‘gje_“’f> ) (3.2)

where i is the imaginary unit. Notice that for all § € R?,

|®(6) Z Gef), (3.3)
z€7Z4
where 0 is the zero vector in R?. Furthermore,
0) = Z @/e?W | Vit e Np. (3.4)
y€ezd

Notice also that & is 2m-periodic in every argument, so it will be convenient to

work with the cube C := (-3, T]d It is not hard to see that the inequality (3.3)

is strict for all § € C except for #° := (0,...,0) and 6* := (7,..., 7).

Lemma 3.3. There are p1,p2 > 0 such that the following holds: For any t € N
and for any z € Z such that ||z|| < p1t and qf > 0, there is a linear functional ¢

on RY of norm ||| < po L2L ” which satisfies

W/c “P(ﬁ)‘tdﬁ < (1 T O(t‘%)) gz e?®

and
@ z (2 > ¢ Z ¢ Yor(y)

y€eZd
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Lemma 3.4. There are constants p,c > 0 such that for any t,t’ € N and for any
z,2" € Z% with ||z|| < pt and ¢ > 0, we have

T (1400 esp (e (L g 40— 4w 15 0)).

qt

4. PROOF OF THEOREM 2.3

The main idea behind the factorization formula, which goes back at least to | 1,
is that there is strong averaging for times neither too close to s nor too close to ¢.

For fixed 41,...,4, and zi,...,2,, the random walk is pinned to the points
z1,...,%r at the corresponding times i1,...,7,.. The proof of Theorem 2.1 sug-
gests that the contribution to Z¥? from r on the order of (t — s) is negligible. If
r is not on the order of (¢ — s), at least one of the gaps i; — 4;_1 must be in some
sense large (see Subsection 4.1). In Subsection 4.2.2, we show that the contribution
to Zg;; coming from two or more large gaps is negligible as well. Thus, the main
contribution comes from having exactly one large gap ¢; — i;_1, which is then on
the order of (t — s). In order for ¢;’~"' to be positive, zj_1 must be close to z

ZJ Zjl

and z; must be close to y. The transition probability g;’_; """ is then close to q =y

Notice that to prove Theorem 2.3, it is enough to show that for agA < 1, for any
given o € (0, 1) there is # > 0 such that

lim t*  sup  (|of]) =
t2o0 yerd:|yll<te

This is because for a fixed realization w of the disorder, 6%'%(w) can be written as

5” ik *(@), where @ is obtained by shifting w in space and time. The distribution
of the disorder is invariant under such shifts.
Fort € Ngand r € {1,...,t+ 1}, let
I(t,r):=={i=(i1,...,i) ENj : 0< 43 < -+ <ip <t}
Forie€ I(t,r) and z = (21,...,2,) € (Z%)", define
a/(i.2) =g a2 =5 gl
With this notation, the expansion in (2.1) becomes

41
Z”’O =gq/ —I—Z Z q/ (i, Hh(zj,ij), (4.1)
r=1liel(t,r),z =1

where one should recall from Section 1 the notational shorthand ) for summation
over all z = (21,...,2.) € (Z%)". The first step is to split the double sum into
terms according to the size of the largest gap between indices, as discussed in
Subsection 4.1.

4.1. Large and huge gaps

If there are o € (0,1) and 6 > 0 such that (2.10) (the convergence of the error
term in the factorization formula) holds, then (2.10) also holds for all & € (0,0)
and the same 6. There is then no loss of generality in assuming that o > 3/4,
and one may even think of o as being very close to 1. For a collection of indices
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0=:190 <11 <...<ip <ipy1:=1, the gaps are the differences between consecutive
indices, i.e. i1 — ig,%2 — 41, ..,ir4+1 — &r. 1O quantify what it means to have many
gaps, we fix positive constants k1, k2 € ($(30 — 1),0) such that k1 < kp. Let
T., € N be so large that 2(¢ — t"2) > ¢ for all ¢t > T};,. Then we define

t—Te) =1,  (t=Te)" —1>1,
k(t) = ( 2) ( 2)
0, (t — T, —1< 1.

Note that k(t) grows with ¢ like t"1. We say that a collection of indices 0 < i1 <
. < i, <t has many gaps if r > k(t).
To classify the size of a gap between indices, fix another constant £ such that
0 <& < min {1 — 0,k2 — K1 }. One should think of £ as being very close to 0. Note
that £+ k1 < 1 and that < k1, the latter because of { <1—0 < 1/4 < 1(§-1) <
k1. Let t € N such that k() > 1, r such that 1 < r < k(t), and consider a sequence
of indices 0 = 49 < i1 < ... < 1 < ipy1 = t. We say that the gap between two
consecutive indices ¢;_1 and ; is
o large if i; —ij_1 > 15
o huge ifi; —i;_1 >t — rts.
Observe that the size of the largest gap is necessarily greater than t/(r + 1) >
t!=r1 > £ 5o there is at least one large gap. A huge gap is necessarily large.
If there is only one large gap, then all other gaps are of size less than ¢¢, so this
large gap is even huge. Thus, if there is no huge gap, there are at least two large
ones. Since ¢t must be greater than Ty, in order for k(¢t) > 1 to hold, we have
2(t — rts) > 2(t — t™FE€) > 2(t — t"2) > ¢, so there can be at most one huge gap.
Note, however, that a huge gap is not necessarily the only large one.
Let us introduce some more notation. Fix » € N and ¢t € Nyg. For any m € N
such that 1 < m < r + 1, define the following set of r-tuples:

Li(t,r,m) = {(i1,...,4r) € I(t,r) : the gap between i,,_1 and i,, is huge}.
Also define
Iy(t,r) :={(i1,...,4r) € I(t,r) : there is no huge gap} .

For t so large that k(t) > 1, we decompose the expansion of Zg;é in (4.1) as follows:

3
y,t _ Y Yt
200 = G +ZBJ- )
j=1

where,

Blyﬁt = Z Z q/(i,z Hh(zj’ij)v
Jj=1

k(t)<r<t+1i€l(t,r),z

BYt:i= > > ¢ Hh(zj,ij),

1<r<k(t) i€lz(t,r),z
r+1

Bg’ = Z Z Z qg(ivz)]:[h(zjvij)'

1<r<k(t) m=liel,(t,r,m),z

With this decomposition in hand, Theorem 2.3 follows immediately from the fol-
lowing lemma.
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Lemma 4.1 (Central Lemma). Let 8 > 0 be so small that agh < 1, and let
g€ (0,1).
(1) For every 6 > 0,

y,t
i s LB g 2)
o0 yyl<tr,qy>0 i
(2) There is @ > 0 such that
By
i sy g (4.3)
t2o0 yyli<tr v >0 i

(8) There is 0 > 0 such that
y,t
lim ¢ sup 1+ = - ZOOOOZ%t
o0 iyl <t gt >0 { v

> = 0. (4.4)

The Sections 4.2 and 4.3 are devoted to the proof of this lemma.

4.2. Proof of the Central Lemma, Parts 1 and 2: Small contributions

In this subsection, we show that the contributions of the terms BY" and BY* to
Zg:é are negligible. We start with the observation that, by Jensen’s inequality,

(BB < s (27, 5=12 (4

4.2.1. Proof of Part 1: Many gaps. Let ¢t € N be so large that k(t) > 1. Since
agh < 1, (2.7) and the definition (2.4) of a4 let us estimate ((BY"*)?) as follows:

(B = > ¥ 3 e

k(t)<r<t+1 i€l(t,r),z

r r — (0a))*O
5 Z (Oéd)‘) < Z (O‘d)‘) < m-
k() <r<i+1 r>k(t)
Recall our assumption that ¢ > 2. To estimate 1/(g{)? on the right-hand side

of (4.5), fix ¢ € (0,1) such that 46 — 3 < 20 — 1. By Lemma 3.1, there are
constants ¢1, ¢z > 0 (independent of ,6) and T' € N (depending on o, ) such that
for every integer t > T and y € Z? with ¢/ > 0 and ||y|| < 7,

@t = e1 (55)" exp (= 1)) exp (—eat'”?)
> 1=1/2 oxp ( _ gt%—l -~ cQt4&_3) >t/ exp ( -~ Ct20—1)

for some constant ¢ > 0. Therefore,

1
sup i) <(qu1¢)2> < e (adz\)k(t) exp (2ct2‘7*1).
yillyll<te g2 >0 (@)

Since k1 > 3(30 — 1) > 20 — 1, we have t> 7! /k(t) — 0 as t — oo, and therefore,
for all 6 > 0,

1
t? sup - <(B1i,,t)2> <19 (g \)FO exp (2Ct20—1) 0.
villyll<te.qr>0 (@) o0
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4.2.2. Proof of Part 2: No huge gaps. Let t € N be so large that k() > 1.

Then
(B = 3 ¥ Y aGePs Y VM), (46)
1<r<k(t) iclx(t,r),z 1<r<k(t)
where
M, (y):= Y. q/(i2)

i€l (t,r),z
7;17&0;7;T7£t

Now we estimate M, ,(y). Let 7 € N such that 1 < r < k(¢), and y € Z¢ such
that ||y|| < t° and ¢/ > 0. Given i = (i1,...,4,) € I2(t,r) such that i; # 0 and

i £ t, set t1 1= d1,ty := 49 — 41, ..., tp := G — bp_1,try1 =t — 4. And given z =
(215, 27) € (ZH)T, set Ty 1= 21, To 1= 29 — 21, .+, By = Zp — Zp1, Tpi1 i= Y — Zp.
This change of variables yields
2
s N2 2 "
a2 = (o))" (a) (4.7)

For i € I1(t,r), there is no huge gap and hence there are at least two large ones.
Let

l=[{1<j<r+1: ;> -1,
ie. (I+1) gives the number of large gaps in i. There are (r 4 1) possible slots for
the largest gap (which is then also a large gap), and () possible slots for the other
[ large gaps once the largest gap has been fixed. Together with (4.7), this gives the
estimate

Mu () < (003 () o) (19)

=1
where )
2 T
P X1 r+1
Mtﬂ“,l(y) = E : (qt1 ) s (thJrl )
ti+...+trp1=t
zi+...+Trp1=Y
L1 >t1 et 8
Lyt <tS
The sum on the right-hand side is taken over all ¢;,...,t,41 € Nand x1,..., 2,41 €

74 that satisfy the four conditions under the summation sign. In the special case
I = r, the fourth condition is void.

For given positive integers ¢;,1,...,t, that are strictly less than ¢¢, set

Yty ty) =t =t —(tp1 + ...+ t);

and for x;y1,...,2, € Z% set
2w, xe) =2 =y — (T + .+ 2).
If [ < r, this lets us write
2 2. 4
Mt,r,l(y) = Z (qzljll) e (th:) Mg,r,l(xl)a (49)
tz+1>~~~7tr<t5
’ 2 2 ” 2
where  M{, («'):i= > () (@) (a7 (4.10)

tit ottt =t’
z14... T T =
trp1 >ty >0

We now search for a bound for Mtt:n ,(z") when t is sufficiently large.
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Claim 4.1. There are constants C,C’',T > 0 such that for all integers t > T and
for all r,1,t', 2" as above,

M, (o) S 17 (gf)? €1 SO exp (O = Dot
and, in the special case l =r,

M, (y) S 784 ()2 C7 =€ (2d=5)/4,

We use Claim 4.1 to estimate M; ,.;(y) from (4.9) as follows:
Mypa(y) S af ™ £€00 (gf)? € 8D/ oxp (€' (r — 1+
<€/ (qf)2 (C’ t7§(2d75)/4)l (ad exp (O/ta+§—1))r_l

Then we combine this with (4.8) to obtain

Z l r—1
o) S a0 3 () (0750 (e @)
=1
=17 ()2 (r+ 1) (CHEEIIA g exp (C’t"*f‘l))T,

Finally, combining this estimate with (4.5) and (4.6), we obtain

2 0 r
<qiy <}Bgt}>> < =€/ Z (r+1) A" (Ot’5(2d*5)/4+ozd exp (C/to+£—1)) '
t

r=1

Since d > 3 and since £ < 1 — o, one has

2
lim ¢? sup (iu <|B§t\>> =0

Eo0 i lyll<to,qf >0 \ ¢

as long as 6 < /4 and hence (4.3) for all § < £/8. To complete the proof of Part
2, it remains to prove Claim 4.1.

Proof of Claim 4.1. By Lemma 3.3, there are constants p1, p2 > 0 such that for any
t € N and for any y € Z¢ with ||y|| < p1t and ¢} > 0, there is a linear functional ¢
on RY of norm ||| < p2||y||/t which satisfies

@le?W) > =4/ Z i), (4.11)
z€Z4

Fix t € N so large that k(t) > 1, as well as t” < pit and pat®~! < 1. Let y € Z¢
such that ||y|| < ¢ and ¢/ > 0. The conditions p2t°~! < 1 and ||y|| < t7 imply
in particular that ||¢|| < 1 for the linear function ¢ corresponding to ¢ and y. Let
t1,...,t;,tr41 € Nand xy1,...,27, 2,41 € Z% such that the conditions under the
summation sign in (4.10) hold. In the special case I = r, replace ¢’ and 2’ with ¢
and y, respectively, here and in the remainder of the proof. By Lemma 3.2, there
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is a constant ¢; > 0 such that

T TPl (=) e(zj) ,Ti
qy, qy, 9., — ¢ e/ 4y
je{1,...,l,r+1}

< ep(=2") H <cltj_d/2 Z queso(Z))

JE{L o lr 41} zezd
— et S e ] (cltjd/2>
z€Z4 je{1,...,l,r+1}

=e* a0 ] (cltjd/2>,

je{1,....L,r+1}

where in the third line we used the fact that ¢ is a linear functional, and in the
fourth line we used (3.4), where ® was defined in (3.2). Since ¢’ < t and ®(0) > 1,
it follows from (4.11) that ®(0)* < ®(0)" < t%/2¢¥e*W). As a result, for all positive
integers t1,...,t;,t,41 such that ¢; +... 4+t +t,p1 =t and t,yq1 > ty,..., 1 > t5,
one has

T Tp T4l d/2 .y —x’ —d/2
max Qtll "'QtZZQtr+1 St / gy V=) I I Cltj .
T14..Axt T 1=’ .

je{1,...,l,r+1}

Tri1
try1

Furthermore, the sum ) ¢/ -+~ ¢;'q over all tuples (x1, ..., 2, 2r41) such that

T1+ x4+ Ty = 7' equals qf/, and by Lemma 3.4 there are constants ¢,p > 0
such that

’ _ c
g < g (1+0(t7%%)) exp (; <|y||y — [l + [lyll(t = ') + In()(t - t')>>,
for ¢ so large that t° < pt. Therefore,

S ) ) i S e e e 1 ()
1+ Fz+T, 1= Je{1,...,l,r+1}

—d/2
ser@rre I (a5").
je{l,...l,r+1}
/
where P(t) 1= exp (%(2|y||y |+l =) + ()t — t’)) , for a constant

¢’ > 0. In the second line of the estimate above, we also used that ||| < pa|ly|l/t.
Together with Lemma B.1 from the appendix, we obtain the following estimate
on Mfml(x’):

M{ (@) S92 (af)? Py D2 11 (cltjdﬂ)

tito ottt =t J€{L L lLr+1}
trgp1 >t >tE

N
St ot e (D) e

£ 42
< €4 (V)2 O 82d-5)/4 (F) P(t),
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where C' > 0 is a constant. It remains to bound (t/¢')%/2P(t). We estimate the
following expressions involved in (t/t')%2P(t) like so:

£\ ? d,_, t—t — )
(F) Sexp(iln(t)t_1>, t—t = thg(r—l)t

=141

ly =2’ < D llzgll < Dt < (=Dt

=141 j=l+1

Tr41

where 370, [|o;]| < 375, t is valid under the assumption that ¢; ... ¢, >
0. Then, using ||y|| < t, we obtain

/2
(;) P(t) < exp (C'(r — Di7+E)

for some constant C’ > 0. This completes the proof of Claim 4.1.

4.3. Proof of the Central Lemma, Part 3: The main contribution

Let t be so large that k(t) > 1 and let y € Z? such that ||y|| < t° and ¢/ > 0. For
ic I(t,r,m) and z € (Z4)", define

—

@ noz) =gt g g (4.12)

where the factor with the hat is absent; in other words, we remove the transition
probability corresponding to the huge gap.

Now decompose BY * further, depending on the position of the huge gap 1) at
the begining, 2) in the middle, or 3) at the end, as follows:

3
Byt =g/ > (FP 4+ LYY,
i=1

where

T

FPt = Z Z q, 1(1 z) H h(zj,45), (4.13)

1<r<k(t)i€l:i(t,r,1),z Jj=1

F2yJE = Z Z Z q%m(i,z) H h(zj,i;),
j=1

2<r<k(t) m=2 icl,(t,r;m),z

=y Y. @@ ]G0
j=1

1<r<k(t) i€l (t,r,r+1),z



18 T. HURTH, K. KHANIN, B. NAVARRO LAMEDA, F. NAZAROV

and the error terms are given by

Y ks
q;, q; .
me Y Y o [T
1<r<k(t) i€l (t,r,1),z e j=1
qzm—szl_qy Id
b — S — t . .
= Y Z S et gy Gz [ hiz),
2<r<k(t) m=2 i€l (t,r,m),z L
@ — gy r
it t—i, t . .
LY" = Z Z %qzm(laz)nh(zﬁﬁ)'

1<r<k(t) i€l (t,r,r+1),z a4

Notice that F'', F{"', FY'" are well-defined even if ¢ = 0. We first show that the
contribution from each error term is negligible.

Lemma 4.2. There is 0 > 0 such that

3
yot
Li

lim ¢¢ sup <
i=1

b2 yyl<to,qf >0

)-o

Proof. It is enough to show that there is 8 > 0 such that for ¢ € {1, 2,3},

lim ¢ sup <(Lzy’t)2> =0. (4.14)

70 yillyll<te 0! >0
For t so large that k(t) > 1 and for y € Z?% such that |y|| <t and ¢{ > 0, one
has

Y=—T1—-..—Tpr

_ 4Y\2
(@)= Y Nam) ¥ @) ) e e w)

1<r<k(t) te=! x

where a;(r) :==1if i = 1,3, as(r) := (r — 1)1, >q,

=t .__ _ r o, tlZO;tQa-'-vtr>0} .
_T._{t_(tl,...,tr)eNo D e =18,

tl;t’r‘ 207t25"';t’r‘71 >O}

=2 ._ — T .
=2 {t (b ot) €NG = 0T 2B

ay) € (Y

The convergence in (4.14) relies on ¢f "'~ ,*" being close to ¢/ in the following
sense: Let p > 0 be the constant from Lemma 3.4, and assume that ¢ is so large
that t < pt. Let 1 <r < k(t), t1,t, € No, ta, ..., t,—1 € Nwith t; +... +¢,. < rt.
Without loss of generality, let 21, ..., x, € Z% such that ¢} " ...q;" >0, as otherwise
the contribution to ((LY"*)?) is zero.

and where the sum ) _ is taken over all x = (z1,..

Claim 4.2. There is a constant cg > 0 such that

- 2
qt tllf — i qi:Ey _2 o+&—1
< (1 +O(t 5)) exp (cart )—1.

Qt
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Using this claim we can bound supy:”y”Stangw((Lly’t)% as follows:

s (L)) s Z)\’” S @) (@) (4.15)

. o qY
y:llyll<t7,q¢/>0 (t15e-str)ENT X

((1 +O(t )) exp (eart?t¢1) — 1)
<3 (@) r ((1+067H)) exp (cart™r1) 1)

Let 0 € (0,min{2/5;1 — 0 — £}). The definition of the Landau symbol O(t~ %)
implies that there are constants C,T > 0 such that for ¢t > T,
tf ((1 + O(t_%)) exp (esrt”te1) — 1)

(cartoté71) —1
cartoté—1

< (cgr 4+ C)exp (C3Ttg+§7l) ,

ex
< cyrtotET140 P +Ct 3t exp (037°t"+5_1)

where, in the third line, we used that (e —1)/z < e” for = > 0. Hence,

o0
Y
r=1

(aa\)" 7 ((1 +O(t ¢ )) exp (eart? e Y- 1)'

Z ad)\exp C3t‘7+£ 1)) (037“2—1—07“).
r=1

For ¢ € (ag), 1) and ¢ so large that ag\exp(czt®T¢~1) < ¢, the series on the right
is dominated by the convergent series > ¢"(c3r? + Cr). Dominated convergence
and (4.15) then imply (4.14) for 6 € (0, max{2/5;1 — o —¢£}).

To complete the proof of Lemma 4.2, it remains to prove Claim 4.2.
Pmof of Claim 4.2. Let ' :=x1 +---+ x, and t' := t; + --- + . Observe that
q;” 5 > 0: Indeed, notice first that ¢t — ' > t — k(t)t¢ since t' < rt¢. As k(t) is of
order t** and k1 + £ < 1, the term ¢ — ¢’ is of order t. Moreover,

ly — /| <7+ ol <7+t <7+ k(01

Jj=1 j=1
which is of smaller order than ¢t — ¢’. Finally, t — ¢’ and ||y — 2’[|; have the same

parity because ¢f > 0 and q;) -..q;" > 0. Now, we derive an upper bound on

la ) —dqll/a!. It ¢/~ > ¢/, then combining Lemma 3.4 with the estimate
|2]| < ¢ < rté gives

y—a’ Y
o~ In(¢
w <(1+0(7%)) exp (c (2t‘7_1rt5 + #mﬁ» 1 (4.16)
t
< (1 + O(t_§)> exp (eprt? ) — 1
for some constant ¢; > 0. If ¢ > qf__ﬁ/, we argue as follows: Let ¢ € N be so large
that t7 + k(¢)t* < p(t — t'). Then,
ly = @'[| <7+ k()t* < plt — )
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and Lemma 3.4 with the estimate k(¢)t* < t*17¢ < t7 (coming from & < kg — K1 <
o — k1) yields

y—z' _ y y
|qt—t/ . Qt| S quw/ _ 1 (417)
a; Qi
t7 + k(8)té 1€
< (1 + O(t_%)) exp <c <2—7§I>2rt5 + In(t — t’)tT t/)) -1

< (1 + O(t_%)> exp (cort” ) — 1.

Using the general fact that (a — 1)? < a® — 1 for every a > 1, in either case (4.16)
or (4.17), we have the following bound:

vz’ g\ 2
(qt_t/qy & > < (1 + O(tfg)) exp (CsTtUJFEil) -1,
¢

where c3 > 0 is a constant.
O

In order to deal with the F;’s defined in (4.13), the strategy is to first define
suitable truncations of the partition functions. Fix &1, &; satisfying

0<& <& <,
and notice that since £ + o < 1, we have &; + 0 < 1. Now set

T(T)f,o =1+ Z Z qil,r/qt\l(i’ z) H h(zj,i;)
j=1

1<r<té141i€l, ;.2
iT§t§2

and
T

TV =1+ Y Y ¢ Ge) [[ A,

1<r<té141 i€l, ¢,z j=1
t—t52 <4y

where qi’/_ﬁ(i, z) and ¢/, (i,z) are defined according to (4.12), with qf/ﬁ(i, z) not
T > T
depending on y. Notice that T} , and T¢/ " are truncations of the partition functions

Z§ o and ZY*, respectively (see (2.3) and (2.2)). The convergence statement in (4.4)
will follow from the lemmas below.

Lemma 4.3. There is 0 > 0 such that

Jim. tf Hysnugfv (|F3t —(T¢ o — 1Ty - 1)) =0, (4.18)
lim ¢’ FPt— (19" - 1)|) =0, 4.19
fi 7 s (IR =080 (419
lim t* sup (|Fy' — (T¢,—1)|) =0. (4.20)

f=oo yl<te
Lemma 4.4. There is 0 > 0 such that
lim ¢ sup (|TY'TE ) — Z59,2Y5,|) =O0. (4.21)

— 00
t=o0 y|<te
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The convergence statement in (4.18) is shown in Section 5.1. We show the
convergence statements in (4.19) and (4.20) in Section 5.2, and the one in (4.21) in
Section 5.3.

5. MAIN CONTRIBUTION: PROOFS OF LEMMAS 4.3 AND 4.4

5.1. Proof of Lemma 4.3, (4.18): Convergence for one huge gap in the
middle

One has

(Too - DI == > > > > (5.1)

1<r<tf1411<s<t1410<i; <...<i.<t52, t—t52 <y <. <1, <t,

Z1yeney 2. €74 Clyens c €7
T S
z1 Zr—Zr—1 _ca—C1 Y—Cs g
@ a T ay Hh(zj,zj) Hh(ck,lk).
j=1 k=1

Define the set

C , 0<i1 <o <ipy <t
Vit,r,m) :=qi=(41,...,%) € LL(t,r,m) = ) mTs =
( ) { (i r) € I ) t—t8 <y <. <ip <t

and its complement in I (¢, 7, m)
W(t,r,m) = {i = (i1,...,ip) € LL(t,7,m) © Gy > 12 or iy < t—t&}.

Recall the notation ¢} . (i,z) from (4.12). Making the change of summation indices
r:=r+sand m:=r+1in (5.1), one has

(Tio-D@T-1)= > > >  q.62) thj,zj (5.2)

2<r<té14+2 m=2 i€V (t,r,m),z

+ > D S @G [] iz

ti142<r, r—t81<m, i€V (t,r,m),z Jj=1
r<2t$142 m<ts142

The identity in (5.2) allows us to rewrite F3"* — (T¢  —1)(T¢"' 1) as let—i—f +fY 3
where

=3 > Y G]G0,

reR! m=2 icW(t,r,m),z Jj=1

= <Z > G2 H h(zj,1i;)

reR? “m=2icl(t,r,m),z

SED YR S A(R) | R ]

r—té1<m, i€V (t,r,m),z

m<t¢1+42
r r
Y.t __ h
= > > auGn)[]r0),
ré€R3 m=2 iel(t,r,m),z Jj=1

Rli={reN: 2<r<th 42}, R2:={reN: t% +2<r <2t 42} and
Si={reN: 2t +2<r <Ek(t)}.
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In order to prove (4.18), it is then enough to show existence of § > 0 such that
forv=1,2,3,

lim % sup <( Qy;’it)2> =0. (5.3)

oo ylI<t”
For ¢ =1, 3, one has
=2 N> D> dalw)? (54)
reR? m=2 ieH(t,r,m),z

where H(t,r,m) := W (t,r,m) and H3(t,r,m) := I;(t,r,m). Notice furthermore
that (( g§)2> is bounded by (5.4) with i = 2 and H?(¢,r,m) := I,(t,7,m). Now,
we take up cases i = 1,2, 3 separately.

CASE ¢ = 1. Since for i € W(t,r,m),
i1+ (2 —i1) + ..o+ (Gm—1 —tm—2)+(mt1 — bm) + ...+ (t —i,)
=1 — G+t > max{ip_1;t — iy} > 152,

the expression in (5.4) is dominated by

Z rA" Z (qfl) th r? (cgN)" Z

reR?! t1,...,t-€N,x 7‘:1 > €2 J
t1+~~~+tr>t€2 €1 42

This implies (5.3) for 6 < (& — &)(% — 1).
CASE i = 2. The expression in (5.4) is dominated by

Z A" Z (qf11)2 .. (qf:)z < Z r(agA)".

reR? t1,..,tr€ENx r>té1

8

vl

< t(f2*£1)(17%)_

From this estimate we deduce (5.3) for all § > 0.

CASE i = 3. The expression in (5.4) is dominated by
Z (o),
reR3

which converges to 0 as t — oo faster than any polynomial by the same argument
as in the case i = 2.

5.2. Proof of Lemma 4.3, (4.19) and (4.20): Convergence for one huge gap
at the start or the end

We only show the convergence statement in (4.20) as the proof of (4.19) is analo-
gous. Write

Fél)t - Tg,O + 1= fé;l + f§;27
where for i =1, 2,

T

Fa=_ Y @) [ hni5)

rERViEH (t,r),z J=1
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and R :={reN: 1<r <t +1}, R?:={reN: t& +1<r <k},
: ; 3
Hl(t,T)IZ i:(il,...,i,,«) . 0§Zl<_"'<£ZT§Tt ,Hg::]l(t,T,T—Fl).
A
For i = 1,2, one has

()= > @i
reR? i€eH (t,r),z

Convergence in the cases i = 1 and 7 = 2 works then as in the proof of (4.18).

5.3. Proof of Lemma 4.4: Convergence to limiting partition functions

Let us first show that the truncated partition function 7§ , converges to the limiting
partition function Z§% in the L? sense and obtain a rate of convergence. We will
prove that there is 6 > 0 such that

Jim ¢ <(T§70 - zg;,o)?> — 0. (5.5)
One has
Zé,o - Tot,o = N{ + N3,
where

Ni= > > 4=t z) [] 12,15,

1<r<té141i€l(t,r),z j=1
i >t52

Ni = Z Z qt o (i,z Hh(zj,ij).
7j=1

té141<r<t+1i€l(t,r),z

It is then enough to show existence of § > 0 such that

tl_iglot9<(Nf)2>:0, ie{1,2). (5.6)
We have
()= X & Y G2 Y (e
81 +1<r<t+1 i€l(t,r),z r>t8141

0 (5.6) holds for i = 2 and for every 6 > 0. Moreover,

t\2 . r Yy . 2
(M= X Y ¢nle?
1<r<té1+1 iel(t,r),x

ir>t§2

r x1\2 2\ 2
5 Z A Z (Qtll) cee (Qtr ) )
1<r<té141 t1,..,trENX
bttt > 152
0 (5.6) holds for i = 1 and 6 € (0, (& — &)(% — 1)). This implies (5.5). Com-
bining (5.5) with Theorem 2.2, one obtains in particular that there is # > 0 such
that

tim ¢ (T4, — Z5%)") = 0. (5.7)

t—
To complete the proof of Lemma 4.4, notice that

(50T = 250225 |) < (T8 (T5,0 = Z50)[) + {1265 (T8 = 225)1)
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Therefore, we obtain the desired result by applying Cauchy—Schwarz to the two
summands on the right, and using (5.7) together with

Jim (Z50)°) = ((255)") < o

APPENDIX A. PROOFS OF ESTIMATES FOR TRANSITION
PROBABILITIES

A.1. Proof of Lemma 3.1

For t € Ny, set ¥, := 742;. Then v* is a random walk on the lattice (Z9)., consisting
of those points in Z¢ whose coordinate sum is even. If {e;}1<;<q is the standard
basis for R?, then {e; + ej : 1 <j <d}is a basis for (Zey. Let L : R4 — R? be
the linear transformation mapping e; +e; to e; for 1 < j < d, and define J; := L~;.
Then, 7 is an aperiodic, irreducible, symmetric random walk on Z? with bounded
increments, so it satisfies the conditions of Theorem 2.3.11 in | ]. Thus, there
is p > 0 such that for any i € N and for any z € Z% satisfying ||z < pi, we have

d
“Z . PR — ) — d\:? d o1 2 Il
G =PHi=z)=2 <4m,> exp ( 42_||L 2| ) exp (O (z + 3 .

Now, we fix o € (2,1), 6 € (0,1), and let T € N be so large that 1+t < (t — 1)°
and t7 < Mt for all ¢ > T, where ||L|| is the operator norm of L. We distinguish
between two cases: ¢ is either even or odd.

EVEN caAsiE. If t = 2m for some m € N then we can prove a slightly stronger
statement:

Claim A.1. There are constants c1,co > 0, independent of o and &, such that
(3.1) holds for every event > T and y € Z with ¢/ > 0 and ||y|| < t°.

The difference to the conclusion of Lemma 3.1 is that the estimate holds for
[yl <7 and not just for [|y[| < t7. To prove this claim, fix t =2m > T, y € 7d
such that ¢, > 0 and [ly|| < (2m)?. Then ¢j,, = G~¥. Since |Ly| < [|L|[[ly] <
IIL[l[t* < pm, one has

I Zy*

_ g 1
w=2 () e (- £l e (0 + 141

m3

4 -
> e1 (g57) " exp (= 5 llyll?) exp (= eat™77)

for some constants ¢y, co > 0.

ODD CASE. Now, suppose t = 2m + 1 > T for some m € N. Fix y € Z% such that
@Y1 > 0and [ly| < (2m + 1)°. Let E be the set of standard unit vectors in R?
and their additive inverses. Then

_ 1 _
Bir = D G 0 = 55 D B
z€Z% z€E

Since ||y — z|| < 14+t° < (t —1)° = (2m)? and ¢3,.° > 0 for all z € E, then using
Claim A.1, we can bound g3, from below as follows: There are ¢}, c5 > 0 such
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that
C/ 4 &F—
Bogr = 3 () T exp (= ch@m)" =) 3 exp (= lly — =I1%)
zeFE
>i(i)%ex — ht773) ex (—iH —e H2) (A1)
> o5 (5m) P exp (— & p (= gmlly —el®). :

In addition to ¢t > T', assume that ¢t is so large that
d 2o N 1+ 2t° - 1
exp | —= —.
P\l i) " Tt -1 2
Since ||y —er||? = ||yl|? +1 =2y - e1 < |ly||*> + 1+ 2||y||, it follows that
exp (= 7 ly — exl?) > exp (= 2 (Il + 1+ 2llyl) )
20 o
>exp (= £lylP) exp (- 4 (75 + H20))
>Lexp (= £llyl?).

Plugging this into (A.1), we obtain the desired estimate.

A.2. Proof of Lemma 3.2

Recall from Section 3 that §° = (0,...,0) and 0! = (7,..., 7). For any ¢ > 0 and
J€{0,1}, let D5 := {0 € R? : ||§ — 07| < €}. Let ¢ be a linear functional on R?
such that |¢(x)| < ||z|,z € RY, and let ® be the corresponding function defined
in (3.2).
Claim A.2. There exist €,6 > 0 such that, for j € {0,1},

’ o(9)

) | < g0llo—07) e
(07 e for all € C\ D5_;

Proof of Claim A.2. For each j € {0, 1}, define scaled versions of the gradient vector
and the Hessian matrix of ® at 67:

Vo(6) 1V20(67)
—i , —_——
D(67) 2 ®(h7)
A simple computation shows that the matrix H; is diagonal, and that for every
le{1,...,d}, the l-th component of G; and the (I,)-entry of H; are, respectively,

Gj =

and H; =

, _ sinh(yy) ; _ cosh(yy)
G; = ~I(0) and H; = 245(0) (A.2)

If we Taylor expand ® around 67, we obtain

} o(0)
)

- ’1 QG (0 —07) — (06— 67) - H;(0 — 67) +o(|\9_9j||3)]

= (1=200-0") - Hy0— ) + (G- 0 — 0+ O(lo—0])) "

Here and in the sequel, g(0) = O(f()) means there is a constant ¢ > 0, indepen-
dent of ¢, such that |g(0)| < c¢f(d). In the Taylor expansion above, the constant
¢ corresponding to the error term O(]| — 67]|*) may be chosen independently of
¢ because of the assumption that ||¢|| < 1. Notice from (A.2) that Gy = G; and
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Hy = Hj, so in order to prove Claim A.2, it is enough to consider the case j = 0,

where 67 = (0,...,0). If we write § = (61,...,04), then, using Jensen’s inequality
for sums,

(Go-0

Using the expression for Hy in (A.2) as well as ||¢|| < 1, we obtain

d

2 1
20 Hof — (Go-0)" > ———=> e 1?16} > 2
0 (GO ) = dq)(o) l:1e = de (I)( )” H

Thus, there are € > 0 and a constant ¢ > 0 such that for all ||| <e,

1/2
'%‘ = <1 - detli(o) 611" + 0(||9|3)) < (1= o))"

Since the map 6 — ’@ )/®(0 )’ is continuous and strictly less than 1 for all § € C
except 62,01, it follows that

s(p) :=sup {|®(6)/®(0)|: 0 €C; [|6],]0—0"|| >} <1.
In fact, one even has sup, <1 S(¢) < 1. Hence, if we choose ¢ € (0, ) so small that
(1—¢l6]?) > (supyj, <1 8(¢))? for all § € C, then Claim A.2 follows with § := &/2.
For t € N, let ®! be the Fourier transform of ol ie

1

/@(9)fe—i9'Zd9, A4S
Since ®(0)! = E [e??e?()] | one has

- () i0-(y=2) 4o — gZe®(?)
ZP =y)ef¥ (27T)d/ce Y721 df = g e?'*). (A.3)

y€eZ

Now, we estimate with the help of (3.4) and Claim A.2:

1
(2m)¢ Je

D(0)
0

Z @tV

y€eZ

1 / ~stlo)? / _stllo—ot |
< e de + e~ 0tlo=0"11" g9 ¢ler®
(2m)¢ ( c\Ds c\Ds 2 di

yeZa
2 —stlj6]|2
< do Yee(y)
< m)d/we 3 gt

y€eZ

Finally, for some constant C' > 0,

oo o0
/ e=StIoI gg < C/ rd=le=0t" gpr — Ct=% / p”l_le_‘sz dp.
Rd 0 0
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A.3. Proof of Lemma 3.3

For j € {0,1},let Bj:= {0 €C : [|6 — 67| <t~2/5}. Recall from (A.3) that for all
z €74, t € N, and for every linear functional ¢ on R? satisfying ||¢|| < 1, one has

e = / d(O) e 07 do = Iy + I, + I,
C

(2m)d
where

1 , 1 )
I = —/ d(0)e *d9 and I:= —/ d(0)te % dp.
T (2m)d g, ©) 2m) Jor (BouBy) ©)

Then we find

1
o [0 - e < Y

j€{0,1}

<ﬁ/lS \®(9>|td9—Re(1j)> (A.4)
2

+— / ®(0)|" db.
(2m)d C\(BOUBl)‘ |

We now estimate the expression on the right-hand side. First, we show that the
linear functional ¢ can be chosen in such a way that for j € {0,1},

1 . . .
W/Bj |©(0)]" d0 — Re(I;) = O(t /5)/qu><9)\ do. (A.5)

The idea is to choose ¢ as a function of 2z and ¢ in such a manner that the linear
term in the Taylor expansion of ®(§)e~%? around ¢’ vanishes, i.e.

o(67)V (e*%Z'ej) et Vel = 0.

If we denote the kth component of z by zj, this is equivalent to

2, sinh(pg)  sinh(pr)
t - d®(0) v h(g;)’ tek=d
21— cosh(gr)
by virtue of (A.2). Let F : R — R? be given by
4 sinh(zy,)

€.

F(xl,...,xd) ':Zdi

1 21— cosh(z;)

For » > 0 and « € R? let B,(x) denote the open Euclidean ball of radius r
centered at x. Since F(0) =0 and

det DF(0) = d—ld £0,

the inverse function theorem yields existence of p; > 0 and an open neighborhood
U of 0 such that F' : U — B,,(0) is a diffeomorphism. Therefore, for any t € N
and z € Z% with |z|| < pit, there is ¢ € U such that F(p) = 2. Since F~! is
differentiable and F~1(0) = 0, there is pa > 0 such that

ey < gl
liell = IF-1 ()1 < patt

Without loss of generality, we may assume that pipe <1 so that ||| < 1.
Fix t € N, z € Z¢ such that ||z|| < p1t and ¢f > 0, and the corresponding ¢ € R?¢
z

such that F(¢) = 2. We identify ¢ with the linear functional mapping ey to ¢x
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for 1 < k < d. For this choice of ¢, the linear term in the Taylor expansion of
®(0)e~ = vanishes, so we have for j € {0,1} and 0 € B; (|0 — 67| <t~ %)

B(f)e 170 = d(0)e = 4 (0 —07)- A;(0—67) + O(||6 — 07|%)

(0 7) - 4,0~ &)
@(ﬁj)e_%z'm

= §(@9)e = (1 + + O(t_6/5)> , (A6)

where A; is the quadratic form in the Taylor expansion of @(9)6_%2'9. The error

term O(t~%/%) is complex-valued, whereas the entries of A;/®(67)e~*%" are real.

Let z;(0) and y;(0) denote respectively the real and imaginary part of

(0—67)- A;(0—69)
(hi)e 1=

Then the left-hand side of (A.5) can be written as follows:

EI;ES)); /B ()%(9) +iy; (0)] — Re((:cj(e) +¢yj(9))t)) do. (A.7)

Here, in the case j = 1, we used the assumption that ¢f > 0 and hence ¢ and |21
have the same parity: as ¢ = ||z]|1, one has ®(8')te==0" = &(0)t(—1)te~ Izl =
®(0)". If we represent a;(6) +iy;(6) in polar form, then the modulus is |®(6)/®(0)|
and the argument is of order O(t~5/5). As a result, the integrand in (A.7) can be
written as

1+ +0(t™%/%).

3(9)|" o(9)|"
}¢>EO¥ (1 — cos (O(t71/5))) = 7}®E0;l Ot=2/%),

which yields (A.5).

We continue estimating the expression in (A.4) by showing that for F(¢) = %,

one also has
2

_Z o(h td9<t_2/5/ o(0)|" do. A8
(%)d/mmJ o) an 572 [ oo (A5)

By Claim A.2, there are €, > 0 such that the left-hand side of (A.8) is dominated

by
20(0)¢ 5
( 21 / e—6t||9||2d6.+/ e 5t10—-0"117 79 < (I)(O)te—étl/'
(2m) C\(BoUDs) C\(B,UDE)

Here we used that
€\ (ByUBy) € C\ [(BynD5) U (B nD5)] € [C\ (By UD)] U e\ (5 UDG)].

As e=9"" < 4=2/54=d/2 the estimate in (A.8) follows once we show that

Jp = /C (%)t do > t=9/2, (A.9)

We have

> t%
" =50y /B [#(®)e

> cos (O(t_1/5)) /B ‘Io(e)‘t do = (1+ O(t_2/5)) s ‘IO(H)V do,

t
d9:/ |20(8) + iyo(8)|" d6
Bo
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where we used (A.6). For 6 € By, one has z¢(0) = exp ((6 - Aof)/®(0)) (1 +
ot/ %)), so we can continue the above chain of inequalities as follows:

_ -2/5 —6/5\\¢ ox 0 - Aol
= (1+oa*?)(1+o ”(40‘%}¢m>>d9

pe / exp (te : A09> dé = / e—cthol® gg > tid/z,
Bo @(0) Bo

where ¢ > 0 is some constant. Combining (A. ) , and (A.8) yields

e > (1 +O(t—2/5

\ do (A.10)

and hence

@/e [@(6)] a9 < (1+0(t72/%)) gies.

To show that
giet® > % Z e,
yeL?
one simply combines (A.10) with (A.9) and (3.4).

A.4. Proof of Lemma 3.4

Let p := p; and ps be as in Lemma 3.3, and let t,t' € N, z, 2’ € Z¢ such that ||z <

pt and g > 0. Let ¢ be the linear functional from Lemma 3.3 that corresponds to

t and z, and for which HcpH < po 2L and

(%)d /CI‘P(@)It o < (1 - O(t*g)) gie?). (A.11)

We consider two cases: ¢ >t and ' < t.

CASE “t’ >t”. By (AS) and (3.3), one has

gt ) < 0)" do < ®(0)" —f (0)|" de.
Furthermore,
B(0)!~t < ellell@ =0 < g2l ('=0),
The estimate in (A.11) then implies
b o (1 n o(t—%)) ooz o2 L2L (' —t)
a;
<(1+0@ H)exp ( L T t|)) .

CAsE “t/ <t”. If t' <t, the function = — 2/t s convex, and Jensen’s inequality
implies

’ ’ 1
z (z")
are” s <(27r d

t/t
/@@Vw) =00 P <o), (A12)
C
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where J; was defined in (A.9). Since J; >t~/

t'/t ay\ t t—t
J, < (02152) Jy < exp | e3n(t) ; Ji (A.13)

for some constants cg, ¢z > 0. Combining (A.12) and (A.13), we obtain

/ no1 t—t
Z < w(z) _ = t .
q; e 2n) /C|<I>(6‘)| df exp (03 In(t) : )

Together with (A.11), this yields

2 Y
q% < (1 + O(t_g)) exp (cp(z -2+ ln(t)t " ! )

qi
S AT L)

for some constant ¢ > 0.

APPENDIX B. A CALCULUS ESTIMATE

Lemma B.1. There is ¢ > 0 such that for anyt € N, I € Ny, and M > 0,
I+1 1

_4d C _d

tit... 1=t j=1
t1,ntip12M

vl

The sum on the left is taken over all positive integers ty1,...,t;+1 that satisfy the
two conditions under the summation sign.

Proof. We choose

1= 2 max {((4); (£ = 1)1},
where ( is the Riemann zeta function, and prove the statement by induction. In
the base case | = 0, the left side of (B.1) is either zero (if ¢t < M), or becomes

@

7F = t7E

MO
In the induction step, suppose that (B.1) holds for some [ € Ny. Then,

+2 . +1 . .
2 __ 2 2
> IIs = X > It )ws B2
tit...Htip2=t, j=1 V4t po=t, ti+...+tp1=t',J=1
b1yestip2>M t b o>M  ti,etipa>M

For any t/,
+1 ] .
_ S
>, Iy < )

ti4.. =t J=1
ti,e.tip12>2M

[SIisH
Q

by induction hypothesis. Hence, the right side of (B.2) is bounded from above by
l

c _d, —4
W Z (tl) Qtl+22. (B?))
t'+tpo=t,
t' tip o> M
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We have
n—g *% /N—g 7%
SoW)rp<2 > ()t s
t'+ti42=t, t' it po=t,
t' 2> M t' >t 2 >M

Ift' +t40 =t and t' > t;49, it follows that ¢’ > %, so the expression on the right
is bounded from above by

_d
25 1s N gy (B.4)
ti42>M
If M > 2, we have
_d o0 d 2% d
t,.2 < 2 = 1-3
D e B
ti2>M 2 2
If M <2,
_d d_ _d
nid < () < (b2t

The expression in (B.4) is therefore less than M1~ 2n~2

with (B.3) yields

. Combining this estimate

142
PO | (g
LL% = pr+n(g-1
L1ttt o=t, j=1
t1,.. ot 2> M

vl

4
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