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Rigidity for circle diffeomorphisms with breaks
satisfying a Zygmund smoothness conditionf

H. A. Akhadkulov®, A. A. Dzhalilowll and K. M. Khanin]

Abstract

Let f and f be two circle diffeomorphisms with a break point, with the same
irrational rotation number of bounded type, the same size of the break ¢ and satisfying
a certain Zygmund type smoothness condition depending on a parameter v > 2. We
prove that under a certain condition imposed on the break size ¢, the diffeomorphisms
f and f are C'T“v-smoothly conjugate to each other, where w~ () = |log §|~0/2=1),

1 Introduction

The problem of smoothness of a conjugacy between two circle diffeomorphisms is a clas-
sical problem in one-dimensional dynamics. Arnol’d [2] proved that any analytic circle
diffeomorphism with a Diophantine rotation number, sufficiently close to the rigid rota-
tion f, — x + p is analytically conjugate to f,. First significant extension of Arnol’d’s
result was obtained by Herman [4]. He proved that C'°°-smooth circle diffeomorphism
with a Diophantine rotation number is C*°-conjugate to f,. Last forty years Herman’s re-
sult was developed by Yoccoz [21], Khanin and Sinai [11], Katznelson and Ornstein [5], [6],
and Khanin and Teplinsky [14] in virtue of their great discoveries, new ideas, methods,
and phenomena. Summarising thus far, if f is C?*" and the rotation number satisfies a
certain Diophantine condition, then the conjugacy is C1T¢ for some 0 < o < v. Moreover,
in [6], the authors considered a class of circle diffeomorphismsm bigger than C2*¥. They
proved that if D f absolutely continuous and Dlog Df € L, for some p > 1 then the con-
jugacy is is absolutely continuous provided its rotation number is bounded type. One of
the last results on the progression of the regularity of conjugacy of circle diffeomorphisms
have been contributed by Akhadkulov et al [I] by extending previous results for circle
diffeomorphisms satisfying a certain Zygmund-type smoothness condition depending on
a parameter v > 0. It was shown that, if a circle diffeomorphism satisfies the Zygmund
condition for 7y > 1/2 then there exists a subset of irrational numbers of unbounded type
such that the conjugacy is absolutely continuous provided its rotation number belongs to
the above set. Moreover, if v > 1 then the conjugacy is C''-smooth for almost all irrational
rotation numbers. It is important to remark that, in the case of diffeomorphisms, rigidity
is guaranteed only when the rotation numbers satisfy a certain Diophantine condition.
Recently, Khanin and Teplinsky [12] showed that in the presence of critical points or break
points points the rigidity may be stronger, i.e., valid for a ”large” set of rotation numbers.
They have showed that for the diffeomorphisms of a circle with a single critical point, the
robust rigidity holds, that is, the rigidity holds without any Diophantine conditions. The

IMSC2000: 37C15, 37C40, 37E10, 37F25. Keywords and phrases: circle diffeomorphism, break point,
rotation number, renormalization, rigidity.

2School of Quantitative Sciences, University Utara Malaysia, CAS 06010, UUM Sintok, Kedah Darul
Aman, Malaysia. E-mail:akhadkulov@yahoo.com

3Turin Polytechnic University, Kichik Halka yuli 17, Tashkent 100095, Uzbekistan. E-mail:
a_dzhalilov@yahoo.com

4Department of Mathematics, University of Toronto, 40 St. George Street, Toronto, Ontario M5S 2E4,
Canada. E-mail: khanin@math.toronto.edu


http://arxiv.org/abs/2107.12905v1

robust rigidity result depends on exponential convergence of renormalizations so called
renormalization problem. The renormalization problem was proved by de Faria and de
Melo for C°°-smooth critical circle maps with irrational rotation numbers of bounded
type [16, I7], and extended, in the analytic setting, by Yampolsky [18] to cover all irra-
tional rotation numbers. Recently, a remarkable rigidity results also have been obtained
by Guarino and de Melo [19] and Guarino et al [20] in the case of lower smoothness of
critical circle maps. In [19], it was proven a C'*® (for a universal a > 0) rigidity result
for any two C? critical circle maps with the same irrational rotation number of bounded
type and the same odd criticality. In the case of the class is C*4, C'-rigidity holds for
any irrational rotation number and C'*°- rigidity holds for a full Lebesgue measure set
of rotation numbers as shown in [20].

In the case of a break type singularity, the first rigidity results for C?T¢ circle diffeo-
morphisms were obtained by Khanin and Khmelev [7], and Khanin and Teplinsky [13]. In
[7], rigidity theorem was proved for irrational rotation numbers with periodic partial quo-
tients and in [13], for half bounded (see the definition below) irrational rotation numbers.
Note that the robust rigidity does not hold for circle diffeomorphisms with breaks. Indeed,
as shown in [§], there are irrational rotation numbers, and pairs of analytic circle diffeo-
morphisms with breaks, with the same rotation number and the same size of the break, for
which any conjugacy between them is not even Lipschitz continuous. The most remark-
able results in this direction were obtained by Khanin and Koci¢ [9] and Khanin et al [10].
In [9], it was shown that the renormalizations of any two C**®smooth circle diffeomor-
phisms with a break point, with the same irrational rotation number and the same size of
the break, approach each other exponentially fast in the C2-topology. This result implies
that for almost all irrational numbers, any two C?T®-smooth circle diffeomorphisms with
a break, with the same rotation number and the same size of the break, are C'-smoothly
conjugate to each other as shown in [I0]. The interesting problems of circle maps are the
rigidity and renormalizations problems on the less regularities, for instance these problems
are open for C?T®-smooth critical circle maps and for circle diffeomorphisms with break
points satisfying a Zygmund condition, even for bounded combinatorics. The renormal-
izations problem for circle diffeomorphisms with a break satisfying a certain Zygmund
condition is partially solved in [3].

In this paper we study the rigidity problem of two circle diffeomorphisms f and f with
a break point, with the same irrational rotation number of bounded type, the same size
of the break ¢ and satisfying a certain Zygmund type smoothness condition depending
on a parameter v > 2. We prove that under a certain condition imposed on the break
size ¢, the diffeomorphisms f and f are C'*“v-smoothly conjugate to each other, where
wy(6) = [logé |=(7/2=1) The rest of this paper is organized as follows. In Section 2, the
main notions and statement of main theorem are given. In Section 3, we show the existence
of a solution of a cohomological equation for the break-equivalent diffeomorphisms. In
Section 4, some universal estimates for the ratio of the lengths of the segments of dynamical
partition are obtained. Sections 5 and 6 are devoted to study the renormalizations and
closeness of rescaled points. Finally, in Section 7, the proof of main theorem is given.



2 General settings and statement of main Theorem

2.1 Dynamical partition

In this section, first we present some of the basic notations of circle maps and then we
estimate the ratio of lengths of elements of the dynamical partition. Denote by S' = R/Z
unit circle. Let f : S' — S! be a circle homeomorphism we denote its rotation number by
p(f). It can be expressed as a continued fraction

p(f) = 1/ (k1 + 1/ (ko + ...)) = [k1, ko, s oy -..).

The sequence of positive integers (k,) with n > 1 called partial quotients and it is infinite if
and only if p(f) is irrational. We call p := p(f) is bounded type if s(p) := sup k,, < co. Let
Pn/qn = [k1, k2, ..., kn] be the sequence of rational convergents of p. The coprime numbers
pn, and g, satisfy the recurrence relations

Pn = knpn—1+pn—2, and ¢, = knqn_1+ qn—2

for n > 1, wherepg =0, go = 1 and p_; = 1, g_; = 0. Let & € S!. Define nth fundamental
segment A((]n) = A((]n) (&o) as the circle arc [£y, f7"(&p)] if n is even and [f?" (&), &o] if n is

odd. We shall also use the notations ﬁ(()n_l) = A((]") UA(()n_l) and A((]"_l) = A(()n_l) \A((]"+1).
Certain number of images of fundamental segments A(()n_l) and A(()n), under the iterates of
f, cover whole circle without overlapping beyond the endpoints and form nth dynamical

partition of the circle S!

Pui= Palo £) = {A1 == p(A0),0 < j < gur JU{AT V= A0 <0 < gu

The partition P41 is a refinement of the partition P,. Indeed, the segments of order n

belong to P,+1 and each segment Agn_l)

belonging to P,, such that

, 0 <14 < gy is partitioned into k,41 + 1 segments

k)n+1—1
(n=1) _ A (n+1) (n)
(1) Ai _Ai U U Ai+Qn71+SQn.
s=0

One can easily see that the endpoints of the segments from P,, form the set

En = {éz = fl(£0)y 0<i< qn + Qn—l}-

We shall also use the extended set =¥ = =, U {{;,+4,_.}- Now we formulate a lemma
which will be used in the sequel.

Lemma 2.1. For every m > n, we have the following decomposition

fepy1—1

(2) Em N A(()n_l) = U U §lrsgn+an—1-

§EEMmNATN\{gg, 3 570

Furthermore, for every & € EmﬂA(()n)\{éqn} we have &1k, 1 gntgn = Eltgnis € Ejnﬂﬁ(()n).

Proof. The proof of the lemma follows directly from the properties of dynamical partition.
O



2.2 Circle diffeomorphisms with a break and Zygmund class

We recall the following definition.

Definition 2.2. f:S! — S! is called a circle diffeomorphism with a single break point &y
if the following conditions are satisfied:

(i) feC' ([, & +1));
(ii) inff;,ggo Df(f) > 0;
(iii) f has one-sided derivatives D f(§o £+ 0) > 0 and

Df(% —0)

C = Cf(fo) = m 75 1.

The number c is called the size of break of f at &y. Circle diffeomorphisms with a
break were first studied by Khanin & Vul in [I5]. It was proven that the renormalizations
circle diffeomorphisms with a break approximate fractional linear transformations. Next
we define a class of circle diffeomorphisms with breaks satisfying a Zygmund condition.
Consider the function Z, : [0,1) — [0, 4+00) defined as

Z,(x) = |logz|™7, for z € (0,1)

and Z,(0) = 0, where v > 0. Let f be a circle diffeomorphism with the break point &.
Denote by V2f(&,7) the second symmetric difference of D f, that is

V2f(&,m) = Df(E+7)+ Df(E—7) = 2Df(€)
where £ € ST\ {¢} and 7 € [0, £]. Suppose that there exists a constant C' > 0 such that
(3) IV?F (- ) oo (s1) < CTZ4(T).

In this work we study the class of circle diffeomerphisms f with break point &y, whose
derivatives D f have bounded variation and satisfy the inequality ([B)). We denote this class

by D'*21 (ST {&o}).
Remark 2.3. Note that the class D'*27(S!\ {£0}) is bigger than C?+<(St\ {&}) for any
positive v and e.

2.3 Statement of the main theorem

In this section we formulate our main theorem. For this, let us first define some necessary
facts. Let m € N. Define

O —feeR \{1}: M- <1}y DO ={ceR,\{1}: M2 47> 1),
The following is our main theorem.

Theorem 2.4. Let v > 2 and m € N. Let f and f be two circle diffeomorphisms with a
break satisfying the following conditions:

(a) f,f € D2 (S {&));



(b) f and f have the same irrational rotation number p of bounded type such that s(p) =
m;

(¢) f and f have the same size of the break ¢ € Ry \ {1};

(d) ce @Y in case ofc>1 orce P in case of 0 <e< 1.

Then there exists a Cl-smooth circle diffeomorphism h and a constant A > 0 such that
hof=foh and
|Dh(z) — Dh(y)| < Awy(|z = yl)

for any x,y € S* such that x # y.

Remark 2.5. The reason for the restriction ¢ in condition (d) is purely technical. It enables
us to get an algebraic estimate for the ratio of lengths of segments A" and A” satisfying
A"t A" of the dynamical partition P, while ¢ has a form of the logarithm of n. We
do not know if the statement of Theorem 2.4 holds when the restriction is removed.

3 Cohomological equation for the break-equivalent diffeo-
morphisms

In this section we show the existence of a solution of a cohomological equation for the
break-equivalent diffeomorphisms. We begin from the following definition.

Definition 3.1. We say that two circle diffeomorphisms f and f with a break &, are break-
equivalents if there exists a topological conjugacy h such that h(&§y) = & and cf(§o) =

¢ (h((€0)))-

Consider two break-equivalent circle diffeomorphisms f and f with irrational rotation
number. Let h : S* — S! be the conjugacy between f and f, that is,

() hof=foh.
The cohomological equation associated to () is
(5) (of—¢=logDfoh—logDf

where ¢ : St = R is called the solution of () if it exists. Note that here D f(h(z)) means
the derivative of f at h(z). Define

An(ﬂf) = log qu”(:L') _ IOngq”(h(:L')), rc z(()n—l)‘

Since f and f are break-equivalents one-side limits of A,, at the break point & are equal
that is, Ap(&o — 0) = An(& + 0). Therefore A,, is continuous on A(()n_l) and it can be

decomposed as

qn—1

An(@) = D" log Df(f*(x) ~log Df(ho f*(@)), =€ AfY.
s=0

Denote Ap, = max__z (-1 [An(z)|. The following theorem will be used in the proof of main
0

theorem.



Theorem 3.2. Let f and f be two break-equivalent circle diffeomorphisms with a break
and with identical irrational rotation number p = [k1, ko, ..., kn,...]. If

i kn+1An < 00

n=0

then the cohomological equation ([{A) has a continuous solution.

Proof. Let i, : S' — Ny be the first entrance time of x in ﬁén_l); that is,

in(z) =min{i > 0: fi(z) e A"V}

Define ¢, : S* — R as follows

in(z)—1
Gle)= Y log Df(f*(x)) —log Df(ho f*(x)).
s=0
Next we show that ¢, is a Cauchy. For this, first we estimate [|(,+1 — Culloo- T estimate
this we distinguish the following three cases:
Case I. Suppose z € S'\ Z,,11. By the definition of i,, we have

0, if o€ ﬁén_l)
’Ln($) = Qn—1 —j, if € Agn)

Gn — 1, if x¢€ Agn_l)

where 0 < j < ¢p—1 and 0 < ¢ < g,. Using the properties of dynamical partition we can
show that

0 it 2 e AL U ALY
Z'n—i-1($) - Zn(x) = kny1qn, if z¢€ Agn)
(kng1 — 0= Dgn, if z€ AP

where 0 < j < ¢u-1, 0 < i < ¢, and 0 < £ < k1. Therefore |(y+1(z) — (u(x)] = 0 if
T € ﬁ(()n) U AZ(."H), 0<1i<gqyand

tnt1(x)—1
(Gusa(@) = Ga(@) = | D" log DF(f*() ~log Df(ho f*(a))|
$=in(x)
in+t1(x)—in(z)—1 ~
=| X leDA(f (i) ~log Df(ho £ (ai,))|
- s=0 )
o < | > 10g DF(F*(@i,) ~ log DF(h o f(w,)|
2(81:81 ~
+| 3 tog D (f(wi,) —log Df(ho f(xi,)

S§=qn

Int1(x)—in(z)—1
| Y leDf(f @) ~log Df(ho (i)

5=in41(2)—in(T)—qn
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itz e Agn), 0 < j < qny1 where z;, = f(*)(z). Clearly f*» maps S! into ﬁén_l) and the
points z;, f9(xz;, ), ..., frrt1 @ =@ =an (2, ) lie in the interval 3(()"_1). Therefore the right
hand side of (6] can be estimated as follows

in+1(2)—in(z)

@ -G@ls S [ (£ @0)) | < Kt A

s=0

Hence

(7) HCn+1 - CnHoo < k«'n+1An-

Case II. Suppose © = &; € =,,. For i = 0, it is clear that |(,+1(&0) — (n(&0)| = 0. For i > 1,
one can easily see

Gn—1 — 1, if 1<i<qgu
in(§i) = Gn—1, if gno1 <i<gn

Consequently, we get
‘ qn — 1, if 1<i<gn
Z : pr— . . .
n—l—l(fz) { Gn+1 — 1, if gn <1< Qn+qn-1-

Therefore
dn — qn—1, if 1 < { < dn—1
in+1(£i) - Zn(éz) = 0, if gh1<i<qn
(kn—i-l - 1)Qn7 if qn < 1< an + qn—1-

This and by the definition of ¢, we have |(,+1(&;) — (1 (&) =0 if ¢—1 < @ < ¢y, and
(8) |G (&) — Gul&)] = [An(&0) — Ap—1(€0)| < Ap + Apy
if1<¢<g¢g,_1and

k:n+1—1

©) 61 (&) = Gal&l = | 32 AulCgrtan )| < Farihe.

s=1
if g, <1< qn+ qn_1.
Case II1. Suppose x = & € E,41 \ Zy. In this case we consider the following sub-cases:
a) i €Ly == {lgn + gn—1, 1 <L < kni1}, b) i €(qn + dn—1,9n+1) \ Ln,
¢) i =qn+1, d) i €(Gn+1,Gn+1 + qn)-

It is easy to check that i, (&;) = 0 and i,41(&;) = (knt1 — £)¢n in the sub-case of a). Thus
one gets

Fepy1—1

(10) Go1(&) = Gl = | 32 AalCgutans)| < Fnrita
s={



Consider the sub-case b). It is clear that ¢ can be written as i = ¢1¢, + ¢,—1 + i1 for some
1 <4t < kpyr and 1 < 41 < ¢. By the definition of i, we have i,,(&) = ¢, — i1 and
in+1(&) = qnr1 — 1 = (kg1 — £1)qn — i1. It implies

fepy1—1

(1) Go1(6) = Gal€) = | D AulEoguanos)| < Finsihn.

s={1

The sub-case ¢) is clear because of both functions A,, and A, are zero at ;. Finally,
consider the sub-case d). In this case i can be written as i = ¢, 41 +11 for some 1 < iy < gy.
One can easily see Zn(gz) = qn — 11 and in-i—l(fi) =Gnt1tqn— 1= Gnt1+qn— (Qn-i-l +i1) =
Gn — 11 which implies

(12) |Cn+1(£z) - Cn(gz” =0.
Combining the inequalities (7)-(I2]) we obtain, finally,
(13) ”Cn—l-l - CnHoo < kplp—1 + kpy1Ay.
From this it follows that

n+p
(14) ”Cn—i—p - Cn”oo § 2 Z kmAm—l-

Thus ¢, is a Cauchy. Let ¢(2) = lim,_s00 (o (2). Next we show that the function ¢ : S — R
is continuous and satisfies the cohomological equation (Bl). First we show that ( satisfies
@). It is easy to see that for any = € S'\ {&} there exists ng := ng(z) such that
in(f(z)) =in(x) — 1 for all n > ng. This and by the definition of ¢,, we get

Cnof—gn:longoh—long

for all n > ng. Taking the limit as n — oo we get (Bl). Let z = &y. It is easy to see that
Cn(éO) =0 and

in(f(€0))—1
Gl(f(€) = Y. log Df(f*'(&)) —log Df(ho f*T(&))

s=0
(15) :
= Y log Df(f*T'(¢)) —log Df(ho f**(£0))

s=0
= Ap—1(&) +1og Df(h(&)) — log Df (&)

Taking the limit as n — oo we again get (Bl). Next we show that { is continuous at z = &.

Since (, (&) = 0 for all n > 1 we have ((&) = 0. Take any z € ﬁén_l). It is obvious that
ij(z) = 0 for every j < n, so (j(z) =0 for every j < n. In particular

p—1
Cn-‘rp(z) = Z Cntm+1(2) = Guam(2)-
m=0

This and relation (I3]) imply

n—+p

|<n+p(z)| <2 Z kmAm_1.
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Consequently
lim sup |((2)| =0.

— ~ (e
" OOZEA(()n b

Hence ¢ is continuous at x = &. Denote by = = {& := f%(&), i € N} the positive
trajectory of &. Since ¢ is continuous at z = & and log Df o h — log D f is continuous on
S, by

Cof—(C=logDfoh—logDf

it implies that ¢ is continuous on =. Note that i, : S' — R is continuous in the interior
of each element of the partition P, for every n > 1. As a consequence (, is continuous in
the interior of each element of the partition P, for every n > 1. Thus the limit function ¢
is continuous on x € S\ Z. O

Remark 3.3. Tt is important to remark that Theorem holds true for any two break-
equivalent circle diffeomorphisms with any countable number of break points.

4 Renormalizations of circle diffeomorphisms with a break

In this section we will discuss on convergence of renormalizations of two circle diffeomor-
phisms with a break. Let us recall first the definition of renormalization of circle maps.

The segment ﬁ(()n_l) is called the n' renormalization neighborhood of &. On 3((]"_1)

define the Poincaré map m, = (fI, fi»-1): 3((]"_1) — 3((]"_1) as follows

o), i cealr,
ﬂ"@_{ foer(e), it e A,

we

Next we define the renormalization of f as follows. Let A,, : R — S! be an affine covering
map such that A,([—1,0]) = AU, with A,(0) = & and A,(—1) = fin-1(&). We
define a, € R to be a positive number such that A, (a,) = f2(&). It is obvious that
A, 2 [0,a,] — A(()") and A, : [-1,0] — A(()"_l). A pair of functions (fy,gn) : [-1,an] —
[~1, a,] defined by (fn,gn) = A; ' om, 0 Ay, is called the n'™ renormalization of f, where

)

A1 is the inverse branch that maps ﬁén_l onto [—1, ay]. Define the following Mé&bius

transformation
Uy + Cp2

Fn = An,Un,Cn ‘2 1— Unz

where ¢, = ¢ if n is even, ¢, = ¢! if n is odd, and

|A((]n)| Cp — Qp — bn |A((]n_1)| - |A¢(]Z)71
Un = =0y Up = — b, = D)
|Ag | " AV ’

The following theorem has been proved in [3].

Theorem 4.1. Let f € D27 (S1\ {&}) and v > 1. Suppose the rotation number of f is
irrational. There exists a constant C' = C(f) > 0 and a natural number No = No(f) such
that

<

n”

C

nv—1

1fn = Fullerq-1,0) < —» 1D* fn = D*Falco 1,0 <

for all n > Ny.



The following lemma will be used in the subsequent sections.

Lemma 4.2. Let f € D29 (SY\ {&}) and v > 1. Suppose the rotation number of f is
irrational. There exists a constant Q = Q(f) > 0 such that

[ frlle2(=1,0) < Q-

Proof. The proof of the lemma implies from Theorem E.1] and Proposition 7.1 stated in
13]. O

Half-bounded rotation numbers. The half-bounded rotation numbers were defined by
Khanin and Teplinsky in [13] as follows. Denote by M, and M, the class of all irrational
rotation numbers p = [k, k2, ...), such that

M,={p: (3C >0)(Vm €N) kg1 < C}, M.={p: (3C > 0)(Vm € N) ko, <C}.
Let us formulate the following theorem borrowed from [13].

Theorem 4.3. Let f and f be two C*¥-smooth circle diffeomorphisms with breaks of the
same size ¢ and the same rotation number p € M, in case of ¢ > 1, or p € M, in case of

0 < ¢ < 1. There ezist constants C = C(f, f) >0 and p € (0,1) such that

1fn = anCQ([—l,O]) <Cu™.

This theorem was extended by Khanin and Kocié [10] for all irrational rotation numbers
and for the class of D'*27(S!\ {&}) by Akhadkulov et al [3]. More precisely, in [3], it
was proven the following

Theorem 4.4. Let f, f € D21 (S'\ {&}) and v > 1. Assume that f and f have the
same break size ¢ and the same rotation number p € M, in the case of ¢ > 1, or p € M,
in the case of 0 < ¢ < 1. There exists a constant C = C(f, f) > 0 and a natural number

No = No(f, f) such that
<

nYy

C

-1

I fn = Fallorerop < = 1D*fn— D*fallcoorop <

nYy
for all n > Ny.

An estimate of D f,. The following set plays an important role in the investigations of
renormalizations of comuting pairs of Mdbius transformations (see [13]).

v
. ={(a,v):e<a<c—g,e<——<1l—g,v+a—c+1>¢e}, e>0.

Lemma 4.5. Let f € D127 (S'\ {&}), v > 1 be a circle diffeomorphism with irrational
rotation p and the break size c. Assume that p € M, if ¢ > 1 orp € M, if 0 < ¢ < 1. There
exists a constant € = (f) > 0 and a natural number No = No(f) such that the projection
(an,vn) of the renormalization (fy,gn) belongs to ®F  for all n > Ny.

Proof. The proof follows from Proposition 7.1 in [3]. O
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Lemma 4.6. Let f € D24 (S'\ {&}), v > 1 be a circle diffeomorphism with irrational
rotation p and the break size c. Assume that p € M, if ¢ > 1 orp e M, if 0 < ¢ < 1.
There exists a constant € = £(f) > 0 and a natural number Ny = No(f) such that, for all
n > Ny, we have

e ted e w =P sa-cla-1-eea-1)+5
if cp > 1 and
cn C

ci—a(ci—l—a(cn—l))—%§Dfn(z)§ + —

(en+ (1 —cp)e)?  nY
if cn < 1.

Proof. It is easy to see that DF,(z) = (cp + anvn)(1 — v,2)72. Let ¢, > 1. Lemma
implies (¢, — 1)e < vy, < (¢, —1)(1 —¢) and hence 1+ (¢, —1)e < 1+ v, < ¢y —e(cy, — 1).
Using these inequalities we get

(16) DFy(2) < cp+anvy < cp+(cp—e)(cn — 1)1 —¢) =2 —e(2 —1—e(c, — 1))

and

Cn + anUn Cn + 62(Cn - 1) n
a7 DI 2 0 ™ (et ell—a)? ~ (o —elen = DR

Assume ¢, < 1. By Lemma we have (¢, —1)(1 —¢) < v, < (¢n, — 1)e, which implies
that ¢, + (1 —cp)e < 1+wv, <1+ (¢, —1)e and (1 — v,2)? > (1 + v,)?. Hence we have

Cn + anvy Cn — (1 B C”) § n
(1s) PEE) S A0 St 0l < ot G- )P

and
(19) DFE,(2) > cp + anvp > cn+ (cn —€)(cn — 1)1 —) = — (2 —1—e(cp, — 1)).
The proof of the lemma now follows from (I6])-(I9) and Theorem [l O

Denote ¢ = max{c,c'}. It follows from Lemma 6] the following

Corollary 4.7. Let f € DY*2v(S'\{&}), v > 1 be a circle diffeomorphism with irrational
rotation p and the break size c. Assume that p € M, if ¢ > 1 orp € M, if 0 < ¢ < 1.
There exists a natural number Ny = No(f) such that

1 C , C
35 SDfuz) <+ —

nYy —

for all n > Ny.
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5 Universal estimates for the segments of P,

In this section we estimate the ratio of lengths of segments of dynamical partition of circle
diffeomorphisms satisfying in the setting of rotation number is bounded type.

Lemma 5.1. Let f € D'27(S'\{&}), v > 1 be a circle diffeomorphism with the break size
¢ and irrational rotation number p of bounded type such that s(p) = m. Let Atk ep o

such that A"tk) ¢ ﬁ(()n_l) where k > 1. There exists a constant C = C(f) > 0 and a
natural number Ny = No(f) such that

|A("+k)|
AT

for all n > Ny, where A\ = 1/%.
Proof. First we show that

§C)\k<1+ ! )

nv—1

n+1
n—1), —
A5 "
for 1llalrge enough n. One can verify that A(()nH) C A,(:’:)H dntan 1 BY () and Corollary 7]
we have
n+1
AgY) 1 - 1
’Aén_l)‘ 1+ ‘AE:3L+171)q;+qn,1‘ 1+ ‘AE:3L+1*1)qn+qnf1‘
(21) NGt ) antan_y|
_ 1 B 1 . L C
T 14+ (D (€)t 1+(Dfa(2)7 T+ Y
where ¢ € AEZBLH—I)anrqnq and 2 € (—1,0) such that A, (%) = £. Inequality ) yields
n+21+1) l
|A(() - | 2 c 2(1+1) ¢
— < —_— < .
(22) NG exp ;m ()\ + it 23)7) <A (1 + n7—1>

Since the rotation number is bounded type we have

A(n+k)

Ar) = X1+ )

for any k£ > 1 and for n large. Let At5) be any interval satisfying A+%) ¢ P, ;. and
AFR) ﬁ(()n_l) where k& > 1. There exists 4o such that in(A((]TH'k)) = AR We claim

that the length of intervals A(()nJrk) and in(A((]TH'k)) are comparable, that is, there exists

a constant C' > 1 such that O~ < |A(()n+k)|/|fi°(A(()n+k))| < C. Indeed, due to Finzi’s
inequality we have

(24 oo AT AR

< e,
— . n+k >(n—1 —
[Fio(ATTJATTY)

12



where v is the total variation of log D f. On the other hand the length of intervals f% (ﬁén_l))
and 3(()"_1) are (2¢” + 1)-comparable since

R e e e O e I N

and
3((]”—1) c f_IInfl‘l'iO(&(()n_l)) U fio(z((]”—l)) U fIInfl‘i‘iO(&(()n_l))‘

Therefore the length of intervals AénJrk) and in(AénJrk)) are comparable. This and in-
equality (23]) imply

\A(""'k)\ . 1
<
R N (14 —)

for £ > 1 and large enough n. O

6 Closeness of rescaled points

Our aim in this section is to show the closeness of rescaled points of £ and h(§). Let f
be a circle diffeomorphism with a break. Let A,, be the affine covering map of f. Denote
by t, : ﬁ((]n_l) — [-1, a,] the inverse of A,,. The point t,(£) is called rescaled point of
&. Next consider two circle diffeomorphisms f and f with a break and with the identical
irrational rotation number. Define the distance between appropriately rescaled points of
¢ and h(§) :

0n(§) = [tn(8) — T (R(E))].

We have

Lemma 6.1. Let f and f satisfy the assumptions of Theorem[2.4, Then for any o € (0,7)
there exist k = r(f, f) > 1, C = C(f, f) > 0 and Ny = No(f, f) € N such that

o0n(§) <

ny—«

forall £ € Z; N ﬁén_l) provided n < £ < n+ [alog,. n] for n > Ny where [-] is the integer
part of a number.

Proof. 1t is easy to verify that =7 N ﬁ(()n_l) ={&, 1, €m+qn_1:60,&q, } for £ =n. One can

casily see that 9,(&q, ;) = (&) = 0, 0n(€gtgn-r) = |fu(—1) — fu(=1)| and ,(&,,) =
| fn(0) — f»(0)|. Hence by Theorem 4] we get

C
(25) max 0,(§) < —
gezznAlr n?

for large enough n. For fixed ¢ > n let us denote q,, = Max, . R(n-1) 0,,(€). The obvious
= 0

equality 0, (£) = [fn(0)tnt1(§) — fn( Jtnt1(R(€))| and Theorem 4l imply

(26) 24(6) < adur(O) + =

if&e=n 3(()") and n is large, where a,, = f,,(0) = \A(()")\/\A(()"_l)\. Let £ € Z¢N A(()"_l).
Consider an arbitrary thread in the decomposition (2) and denote ns = tn(&4sgn+qn_1)s

13



s = ‘En(flﬂqnﬂnil), for 0 < s < kyyq, so that 0,(&4sgu1g,1) = |7Ms — 7s| where

£~l+5qn+qn71 = h(&+sgntqn_.)- 1t is easy to see that ns41 = fn(ns) and Mgy = fn(71s).
First we consider the case s = 0. In this case, it is a simple matter to verify that

tn1(Crgns)  Tne1(Erqn )

fn-1(0) Fn-1(0)
0n—1(&+g,1) 11
= fa—1(0) fa=1(0)  £,-1(0)
0n-1(Grgur) = | fae1(tn=1(&)) = fa1(Fa-1(&))]
< D1 (2)0,-1(&) + | foo1(Fn-1(&)) — fam1(Eaz1(£))],
0n-1(&) = [fu=1(0) fu(0)n41(&) — Fa=1(0) fu (0)Fns1 (&)
< Fue1(0)fn(0)0n11(&) + | Fn-1(0) £ (0) = fre1(0) fu(O)[Ens1 (S1)],

002(814g,-1) = M0 — 70| =

tn-1(814g_1)

)

(27)

where t” is a point between tn-1(§) and th_1(&) such that | fo—1(tpn_1 (&)= fro1(Fn_1(&))| =
Dfn1(t9)]tn_1(&) — tu_1(&)|. Since the rotation number is bounded type, Theorem H.4]
and inequalities ([20) and (27) imply that

c
(28) (&g ) = [0 = ol < anDfra (" Pns1 (&) + —

for n large. Now consider the case 0 < s < kj,+1. Let t* be a point between ns_1 and 751

such that |fn(”73—1) - fn(ﬁs—1)| = Dfn(ts)ms—l - 77/3—1|' Then we have

- _ C
Dn(£l+SQ7l+Qn—l) = |ns — Ns| < D fr(x®)|ns—1 — Ms—1| + o
for n large. Iterating into it we get
S ] S S ] C
(29) an(fl—FSQn‘l’q'n—l) = ‘778 - fls‘ < HDfn(tZ)’TIO - ﬁO’ + (1 + ZHDfn(tZ)) m

i=1 Jj=21i=j

Since the rotation number is bounded type the expressions (1 + ijz Hf:j D fn(tl)> and

[T;—; Df.(x") are bounded above by a universal constant. This and relations (28] and (29)
imply

(30) 0ulCissgran ) <[] DI (@D fus ()0 (@) + <
i=1

nYy
for n large. Finally, consider the case s = k,,41. In this case, it is easy to see that

an(£l+Qn+1) = tn(£l+Qn+1) - En(gl-i-qnﬂ)
(31) = 1£n(0) frt1(ens1 (&) = Fu(0) fa1 (Bnsa (&)

C
< aann+1(tkn+1)Dn+1(£l) + m

for large enough n, where tFr+1 is a point between ty, +1(§;) and T4 (&) such that | o1 (tps1(&))—
Fr1@Ens1(E))] = D far1 (€4 [tpi1(&) —Tna1(&)|. Combining Lemmas B and B8 we can
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easily obtain that a, D f,_1(t?), apD fri1(thr1) < 2 +Cn~7if ¢, > 1 and a,Df,_1(x%),
anD fry1(tFn+1) <+ On~ if ¢, < 1 and

(s+1)
(s+1)

+Cn™, if ¢, >1

s 2
i 0 Cn
(32) EDfn(t )<“"Df"—1(t ) < { L O, i ey < 1

Cn
for n large. Let us denote ¢ = max{c,c™'} and s := k(c,m) = ¢*™. It follows from the
relations (26), 28), (30),(31) and B2) that

33 < ¢
( ) dn < Kqn+41 + m

for n large. Iterating (33]) we get

-1
dn < ﬁz_nCle + C Z

j=n

KT

j’Y

for n large. Inequality (25]) implies qp < C¢~7. Hence

/{j—n C/{Z_n

nYy

(34) I <C)

The condition n < ¢ < n + [alog, n] makes it obvious that

<
n = o

for large enough n. Lemma [6.1] is proved. O

7 Proof of main theorem

In this section we prove our main theorem. For this, first we prove a preparatory lemma
and then we prove Cl-smoothness of the conjugacy. Finally, we prove C''*“v-smoothness
of the conjugacy.

7.1 Preparatory lemma

We begin by proving the following lemma.

Lemma 7.1. Let f and f satisfy the assumptions of Theorem [2.4] Then there exists a
constant C := C(f, f) > 0 and a natural number Ny := No(f, f) such that

Ap <

3 Q

for all n > Ny.
Proof. One can see that

[An(€)] = |1og D7 (€) — log D (A(€))] = |10g D fu(tn(€)) — log D fu(Ea ()
(35) < | IOg Dfn(tn(g)) - lOg Dfn(fn(g)” + | log Dfn(En(g)) - IOg Dfn(gn(g)ﬂ

1 ~
< ||Dlog D f,, _1on0n(&) + —\|Df, — Dfy, _ .
< [|Dlog D fullco(j-1,0)0n(§) infonH f Falleo=1,0))
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By Lemma[.2lwe have || D log D f,[|co(j—1,0) < @- Denjoy’s inequality implies (inf Df,)' <
e’s. From Theorem [L4] it follows that ||Df, — D fullco—1,0) < Cn~7 for n large. Next
we estimate 9,,(£) on 3((]"_1). First we assume that £ € E:LH% og, n] 1 ﬁ(()n_l). Then, if we
choose a = /2 in Lemma[6.I] then for large enough n, the function 9,,(£) can be estimated
as follows

C
(36) %6 < —.
n2
Let £ be any point of ﬁén_l). Denote by AH[3 log, "])(f) the segment of Pn+[glogﬁ n]
containing the point £ and r,(§) := T'n+(2 log, ] (&) the right endpoint of At log, "D (g).
A trivial reasoning shows that
(&) = [tn(§) — T (h(&))]
€= ral€) ()~ h(ra(€)

S o - po + 0 (rn(§))
(37) Ay Y] AyY)
A+ log, n]) A+F log, ) (},
.| i @I, | ~<n-1>( O, o ()
Ay Y] ASY)

where A F[2108:7) (h(¢)) the segment of 75n+[% log,,n] = 75n+[% log,, ] (A (60), f) containing
the point A(§). By (B6]) we have

(38) o (rn(§)) <

i‘f\ Q

It follows easily from Lemma [5.1] that

|A(n+[% logx n})(£)| 2log,. n 1
(39) e SO (1+—==)
and
|A(n+[%log,€ n})(h(é.)” 2log, n 1
o Al = (1 * m—l)'
One can see that
1 \log, 5

Tlog,n _ [ = A

(41) A? (-5)

Hypothesis (d) of Theorem [Z4] implies that A~! > k. Hence

1
log,. X > 1.
This implies
(12) yhosn < L
n?2

Combining (B5])-(#3]) we conclude that
a<©
nz

for large enough n. Lemma [[.1]is proved. O
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7.2 (C'-smoothness of conjugacy

By the hypotheses of Theorem 24 the rotation number of f and f is bounded type and
v > 2. Lemma [T implies that

o
Z k‘n+1An < 00.
n=0
Therefore, it follows from Theorem that the cohomological equation (B]) has a contin-

uous solution ¢. Next we prove the following lemma.

Lemma 7.2. There exists 8 > 0 such that
Dh(&) = Be®,  forall ¢eSh.

Proof. Denote by 3, = ]Aén)\ / \A(()")\. Since the rotation number of f and f is bounded
type, Theorem [£.4] and inequality (20) imply that

L0 - o)< <

(43) |In B, —InBy—1| = |In £,(0) — lnfn(O)] < Ton@) e

Since v > 2 the sequence (In 8,),, and as well as (8,), is convergent. Let 5 = lim;,,_ 0 Bn.

It follows from

A (1) (n)
lim 20| gy (B0 = Dh(&o)
n—oo ’Aén)‘ n—oo0 ’Aé")‘

and (&) = 0 that Dh(&) = 3e¢(0). From this and the equality ho f = f o h we deduce
(44) log Dh(&;) —log Dh(&—1) = log Df(h(&-1)) —log Df (&i-1).
for any & € Z where & = (&), i > 1. The cohomological equation (5] implies that
(45) C(&) = C(&im1) =log Df(h(&i-1)) —log Df(&i-1)-
Combining (@) and (@5) we get

log Dh(&;) — ¢(&) = log Dh(&§i—1) — ¢(&i-1)
which implies

log Dh(&i) — (&) = log Dh(&o) — C(&o)-

Hence

(46) Dh(¢&;) = Bet(&)

for any &; € Z. Since € is continuous and Z is dense in S! the function Dh can be continu-
ously extended to the whole of S' verifying the equality (@6]). This proves Lemma and
concludes the C''-smoothness of the conjugacy. O
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7.3 C'*“v_-smoothness of conjugacy

It follow from C'-smoothness of conjugacy and the equality ho f = f o h that
(47) log Dho f —log Dh =log Df o h —log Df.

Consider the points & and &4, +sq, Where 1 <5 < kj, 1. It is clear that &, &g, 1 45gn €
Agn_l). The relation (A7) implies
|log Dh(&i+q, 1 +sgn) — 10g DR(§)| < sAp + Ay

(n—1)

Consequently, for any {; € =N Ai we have

|log Dh(&;) —log Dh(&)] < C Y kpaAs.
{=n

Since kyy1 is bounded from Lemma [T.1] it implies that

oo

1 C
(48) |log Dh(&;) —log Dh(&;)| < C —1 71
— {2 n2
It is obvious that
(49) APV < g — gl < aY).

Lemma 5.1 implies that there exist pq, uo € (0,1) verifying p; < pe such that
(50) pi < 1AW < g

for any A(™ € P,,. Relations @J) and (B0) imply

1
(51) n=0(——m—).
<|10g\§j —&H>
Combining (@8] with (5I)) we can assert that

C
| log [¢; — & |~

(52) | log Dh(&;) — log Dh(&)| <

Since Z is dense in S!, the function Dh can be continuously extended to the whole of S
verifying the inequality (52)). This proves C'**v-smoothness of the conjugacy. Theorem
2.4l is proved.
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