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Abstract

Discrete algebraic Riccati equations and their fixed points are well understood and
arise in a variety of applications, however, the time-varying equations have not yet been
fully explored in the literature. In this article we provide a self-contained study of dis-
crete time Riccati matrix difference equations. In particular, we provide a novel Riccati
semigroup duality formula and a new Floquet-type representation for these equations.
Due to the aperiodicity of the underlying flow of the solution matrix, conventional Flo-
quet theory does not apply in this setting and thus further analysis is required. We
illustrate the impact of these formulae with an explicit description of the solution of
time-varying Riccati difference equations and its fundamental-type solution in terms of
the fixed point of the equation and an invertible linear matrix map, as well as uniform
upper and lower bounds on the Riccati maps. These are the first results of this type for
time varying Riccati matrix difference equations.
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1 Introduction

Riccati matrix difference equations are classical in system theory and signal processing, as
well as in optimal control and estimation theory. Their theoretical and numerical analysis
is nowadays rather well developed, however it is outside the scope of this note to provide a
detailed discussion with an exhaustive list of references regarding these developments and
the corresponding application domains. Thus we refer the reader to the review article [27]
and the seminal books [, [7, 28] dedicated to the analysis and the applications of continuous
and discrete time Riccati equations.

This article is concerned with the design of a novel semigroup duality relation between
discrete time Riccati matrix difference equations (see (Il) and Theorem [[I]). We also pro-
vide a novel Floquet-type normal formulation of a fundamental-type solution associated with
these discrete generation Riccati evolution models (see () and and Theorem [[.3]). We illus-
trate the impact of these formulae with an explicit description of the solution of time-varying
Riccati difference equations and its fundamental-type solution in terms of the fixed point
of the equation and an invertible linear matrix map (see Corollary [L.4] and Corollary [L5]).
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We are also able to provide explicit upper and lower bounds on the Riccati map as a conse-
quence of Theorem [L.T]and Corollary [[L4l Under some additional and technical invertibility
conditions, several direct proofs can be developed using the Sherman-Morrison-Woodbury
inversion formula matrix (cf. section 2, Remark B.1] and Remark B.2] as well as the dual-
type time-reversed difference Riccati models discussed in the article [16]). The analysis of
more general models requires one to develop more sophisticated algebraic matrix-inversion
techniques (under our assumptions, none of the matrices introduced in (B]) are invertible).

To the best of our knowledge, the semigroup duality relation presented in this article,
including the explicit descriptions of time-varying Riccati difference equations and their
fundamental solution in terms of fixed point matrices, are the first results of this type
for this class of discrete generation models. Indeed, while the discrete algebraic Riccati
equation (DARE) and the associated fixed point are well understood, there has been very
little analysis in the time-varying setting. Thus, in this article, we provide a self-contained
study of the latter. We also note that the theory developed in this article is crucial to the
stability analysis of discrete time Kalman Ensemble filter and thus the results obtained in
this article will allow one to develop the theory of such filters, as discussed in [12], to higher
dimensions.

The continuous time version of the Floquet-type formula presented in this article is dis-
cussed in the article [4]. We emphasise that the analysis of Riccati difference equations is far
more involved than their continuous time counterparts. From a purely mathematical per-
spective, the algebra of discrete time matrix models is always more involved. Furthermore,
besides some expected lengthy matrix calculations, several additional inherent difficulties
arise in the theoretical analysis of discrete time models. For instance, for homogeneous
continuous time models, the observability and controllability Gramian matrix functions are
invertible for any positive time horizon (under appropriate observability and controllability
conditions). However, in the discrete time setting, the invertibility property is only granted
for time horizons larger than the dimension of the problem (see for instance the statement
and the proof of Proposition 2.3]). In the same vein, the exponential fundamental matri-
ces associated with the first variational equations in continuous time are invertible for any
positive time horizon (see [4]). Conversely, for discrete time models, whenever the drift
matrix is not invertible, the Riccati fundamental matrices are not invertible for any time
horizon. Moreover, in the discrete time setting, dual Riccati difference equations are not
always defined in terms of the inverse of a Riccati difference equation and may not have a
single pair of negative and positive definite fixed points as in the continuous time setting.

Due to these difficulties, amongst many others, we agree with the comment given in [5]:
“The (discrete time) Riccati equation is a difficult beast whose behaviour can often be coun-
terintuitive”. Furthermore, we refer to the article [5] for a popular list of surprisingly false
but often admitted conjectures about Riccati difference equations. It is not always simple
to find a self-contained, rigorous and easy-to-read study on the regularity and the stability
properties of discrete time Riccati matrix equations. On this topic, we refer to the pioneer-
ing work of Kalman [24] and Deyst and Price [15] in the 1960s. As noted in [21], in both of
these articles there was a crucial and commonly made error in the proof which invalidated
the results, see [29] and the more recent articles [35] for a more detailed discussion and ref-
erences on these issues. This error was repeated in numerous subsequent works, including
in the seminal lecture book of Jazwinski [22]. A first correction was noted in a reply to [21];
see also the reply by Kalman [25].



We refer to the series of articles [4, [8, 40, [41] and the books [7, 28] for a more thorough
discussion on Riccati matrix equations.

The rest of the article is set out as follows. In the remainder of this section we will
introduce the Riccati matrix differential equations and some of their properties, as well as
some notation that will be used throughout. We also introduce the so-called Riccati matrix
products (cf. (@) that will be fundamental to the stability and regularity analysis of the
Riccati difference equations (). In section [[L3] we state our main results. As previously
mentioned Theorem [I.1] provides a duality relation between the Riccati difference equations
introduced in (Il) and consequently, we obtain a Lyapunov equation that relates the positive
definite fixed points of these equations, given in Corollary In Theorem [L3] we provide
a Floquet-type representation analogous to the continuous time version given in [4]. In
section 2 we provide some preliminary results concerning the Riccati maps and the Gramian
matrices introduced in ([I2]). We also state and prove several useful properties of the Riccati
maps that are often used in the literature but for which we have been unable to find a
proof. In section Bl we prove Theorem [[1] and discuss some simplifications of the proof
under slightly stronger conditions on the model parameters. Section is concerned with the
proof of Corollary and finally, the proof of Theorem [I.3]is provided in section [El

1.1 Matrix Differential Riccati Equations

We denote by M, = R"™ " the ring of (r x r)-square matrices with real entries, for some
r = 1, and by GL, < M, the general linear group of invertible matrices. When there is
no chance of confusion, we also slightly abuse notation and denote by 0 and I the null and
identity matrices, respectively, in M, for any dimension r > 1. We write A’ to denote the
transposition of a matrix A. We also let S, ¢ M, denote the subset of symmetric matrices,
S? = &, the subset of positive semi-definite matrices, and S;" = S the subset of positive
definite matrices. We sometimes use the Lowner partial ordering notation S; > S5 to mean
that a symmetric matrix (57 — S3) is positive semi-definite (equivalently, Sy —S; is negative
semi-definite), and S; > Sy when (S7 — S3) is positive definite (equivalently, So — Sy is
negative definite). Given S € S — S we denote by S¥? a (non-unique) but symmetric
square root of B (given by a Cholesky decomposition). When S € S;" we always choose the
principal (unique) symmetric square root. R

Given some given matrices (4, R, S) € (M, x S? x §%) we denote by ® and ® the matrix
monotone maps from S? into itself defined for any P € S? by

®(P):= A(I + PS)"'PA'+ R and ®&(P):= A'(I+ PR)"'PA+S. (1)

We denote by ®,, and <I> the Riccatl evolution semigroups defined by the inductive compo-
sition formula ®,, = ® o ®,,_; and <I> —do CIDn 1, with the convention &) = Id = (IJO, the
identity map from S? into itself.

In what follows, we assume that the pair (4, R'/?) is controllable and (A, SY/2) is ob-
servable, in the sense that the controllability and observability matrices,

51/2

1/2
[Rl/z,ARl/Q,...,AT’_lRW] and S,A ,

51/2;47«71



have rank r. Notice that the above rank conditions are trivially met when R > 0 and S > 0.
When R has the form R = BXB’ for some ¥ > 0 and some matrix B with appropriate di-
mensions, the pair (A, R'/?) is controllable if and only if (A, B) is controllable. Also notice
that (A, S'/2) is observable if and only if (4, S'/2) is controllable. Thus, the pair (A’, $/?)
is controllable and (A’, R'/?) is observable. This duality-type relation between the matri-
ces (A, R,S) and (4',S, R) is well known in estimation and optimal control theory in the
context of linear-Gaussian filtering or linear-quadratic regulation control. The observability
condition ensures that all the coordinates of a partially observed system state can be re-
covered from at most r-observations. The controllability condition ensures that a controller
can control all the directions of a system.

The Riccati maps presented in (II) arise in a variety of areas including in optimal control
theory and signal processing [30], 42, [I]. For the convenience of the reader, a brief proof
of the symmetry, monotonicity and positive (semi-)definite preserving properties of Riccati
maps is provided in section 2 We also discuss the positive definite preserving property of
® in the case where the pair (A, RY 2) is controllable. Thus, whenever the pair (A, RY %) is
controllable and (A, S'/?) is observable both of Riccati evolution semigroups ®,, and D, are
positive definite, in the sense that

P>0=VYn>1 ®,(P)>0 and ®,(P)>0. (2)

These properties are folklore in the theory of Riccati matrix difference equations however,
we have been unable to find any references stating these results.

We equip the set M, with the spectral norm | A| = 7/ Amaz(AA’) where A\pqq () denotes
the maximal eigenvalue. The minimal eigenvalue is denoted by Apin(+).

We also denote by Spec(A) — C the set of eigenvalues of a matrix A, and by p(A) the
spectral radius of a matrix A defined by

p(A) :=max {|A| : e Spec(A4)}.

It is well-known that the controllability and observability conditions discussed above
ensure that the Riccati difference equations (Il) each have a unique positive definite fixed
point R R

®(Py) = PreST and ®(Py) = PypeS; . (3)

In addition, the matrices
E:=A(I+PyS)"' and E:=A'(I+P,R)"" satisfy p(E)vp(E)<1. (4)

The proof of these assertions can be found in any textbook on Riccati equations, see for
instance [26] 28] 23] and the more recent book [I]. In optimal control theory, the matrix E
is often called the closed loop-matrix.

1.2 Algebraic Lyapunov formula and Riccati matrix products

Consider the matrix map £ and F defined for any P € S° by the formulae

E(P):=AI+PS) ' eM, — E=EPy)eM,,
F(P):=S(I+PS)'e8 — F:i=F(Py)es’
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In Theorem [[I] we shall see that the fixed points (P, Py) of the Riccati maps (®,®)
discussed in ([B]) are connected by the discrete time algebraic Lyapunov formula

(Pp + Py ' = E'(Pp + P,Y 'E+ F.

A more general duality-type formula (I4]) between the evolution semigroups (®,, @n) is also
presented in Theorem [[.IJl The above formula provides a way to solve Lyapunov equations
of the form E'X F+ F = X with respect to X by computing the fixed point of a dual Riccati
equation instead of computing the conventional solution based on series expansions.

Whenever A or S is invertible, the matrix £(P) or F(P) is invertible. In this situation,
a direct proof of the discrete time algebraic Lyapunov formula stated above based on the
inversion formula (25) can be conducted (see for instance the direct calculations provided
in Remark B.0] at the end of section [J). In addition, as shown in Remark 3.2 whenever
A is invertible the matrix Py := (—PgZ') is a negative fixed point of ®. In this particular
situation, as for continuous time models [4], the difference between the positive and negative
fixed points (P, — P,;) solves the the discrete time algebraic Lyapunov formula stated above.

An alternative proof of this property in terms of time-reversed Riccati difference equa-
tions is provided in the article [16], which is dedicated to closed forms solutions of the
optimal cost and optimal trajectories of a general class of controlled systems based on a
judicious parametrisation of all solutions to an extended symplectic system.

We now consider the directed matrix product &,(P) defined by

Ens1(P) = En(®(P)E(P) with & (P) =1 = &,(Py)=E" (6)

Note that this implies that £& = £. The matrices &,(P) play a crucial role in the
regularity analysis and the stability theory of Riccati difference equations. For instance, for
any n > 0 and any P,Q € S? we have the well-known formula

q>n(P) - (I)n(Q) = gn(P) (P - Q) gn(Q)lv (7)

whose proof is a simple consequence of ([27)). Observe that ®,, is a smooth matrix functional
with a first order Fréchet derivative (see [13]) defined for any P € S? and H € S, by

vq)n(P) -H = 5n(P)H5n(P)/

(8)
e VYn>=1 V&,(P) =V, 1(¢(P)) o VE(P) with VIy(P):=Id.

b

In the above display, the symbol “o” stands for the composition of operators.

From this perspective, the directed matrix product &,(P) can be seen as a fundamental
solution of the first variational equation (§]) associated with the Riccati difference equation.
Moreover, setting

Pn:q)(Pnfl) and Q:PoOy

the formula () yields the product formula
Pn_POO:gn(P0)<P0_POO)<En)/7 (9)

where we may write ,(Fp) = E(Pp—1)...E(P1) E(FR).



The spectral radius p(E) is connected to any norm ||.|| of the matrix powers E™ arising
in (@) by Gelfand’s formula (see for instance [34]) given by

p(E) = lim [E*|' <1, (10)

where the latter inequality holds due to (). Thus, our observability and controllability
conditions ensure the exponential decays of the matrix norms || E™| towards 0 for sufficiently
large time horizons. When Fy is close to the fixed point P, the matrices £(P,) are close
to E(Py) = E. Hence, the convergence of the directed product &,(Fy) towards 0 depends
on the convergence of P, towards the positive definite fixed point P,,. On the other hand,
in view of (@), the convergence of P, towards P also depends on the convergence of the
directed product &,(FPy) to 0 , as n — 0. As a result, to analyse the stability properties
of the fundamental matrices discussed in (§)), it is crucial to connect more explicitly the
directed products &, (Py) to the n-power &,(Py) = E™ of the limiting matrix.

The asymptotic decay rates of £, (Py) towards 0 can also be discussed in terms of the gen-
eralised spectral radius (a.k.a. the joint spectral radius) of the set of matrices (£(Px))o<k<n
(see for instance formula (3.3) in [II]). Unfortunately, these extended spectral radius tech-
niques do not apply to our context as they require one to compute the spectral radius or the
Lyapunov exponent of the product of any finite subsequence of the unknown sequence of
Riccati matrices (€(Py))n=0. For a more detailed discussion on the complexity of computing
or estimating the extended spectral radius we refer to [38].

Last but not least, since the flow of matrices n — £(P,,) is aperiodic as soon as Py # Py,
the conventional Floquet theory, mainly developed for continuous time models [6l [17], cannot
be applied nor extended to this type of Riccati matrix difference models (see [10}, B7] for
some extensions of Floquet theory to discrete time models). However, in Theorem [[.3] we
are still able to provide for any time horizon n > r a rather surprising Floquet-type normal
form of the directed Riccati products:

En(Py) = E™ L,(Py)™'  with some function £,, s.t.  sup sup|L,(Py)~!| < co.

P()ESQ nzr

For a more precise description of the function £,, we refer the reader to section [[.3] dedicated
to the precise statement of our main results. The above result is an extended version of the
Floquet-type formula presented in [4] in the context of continuous time models to discrete
Riccati difference equations.

1.3 Statement of the main results

Before we present our main results, we first introduce some further notation. We associate
with the functions (€, F) introduced in (B]) the increasing sequence of Gramian mappings
G, defined sequentially for any n > 1 and any P € SO by the recursion

Gu(P) := F(P) + E(P)Gn_1(®(P)) E(P) € S,
(11)
Gp := Gn(Py) € 8,
with the initial condition

Go(P)=0 and Gp=0 = Gi(P)=F(P) and G;=F,



where the matrix F' was introduced in (Bl). Note that we may equivalently write

6@ = Y EQF(@1(Q)E(Q) € 8,
0<k<n

(12)
G, = E' Gn 1 E+F=G,_1+ (E,)nFEn

In the above display, the matrices £;(Q) are the direct products introduced in (@) and (E, F)
is the pair of matrices introduced in (Hl).
Finally, we introduce the parallel addition/harmonic-type mean mapping

"o (PQ)e (S xS »HPQ) :=(P+Q ) es)
(13)
H = H(Py, Py) € ST

Our first main result is a duality-type formula between the Riccati evolution semigroups
(®,,,P,,) and an algebraic Lyapunov equation relating the positive definite fixed points
(Py, Py) introduced in (3)).

Theorem 1.1. For any P,Q € S;" and n > 1 we have the semigroup duality-type formula
H(P,8a(Q)) = Ea(P) H(®0(P), Q) En(P) + Gu(P). (14)

The proof of the above theorem is provided in section Bl Note that from the discussion
of the properties of ®,, provided in (), we have ®,(P) > 0 and ®,(P) > 0 whenever P > 0
and thus (I4)) is well-defined.

Applying the duality formula (@) to (P,Q) = (Py, P,) and recalling that under our
assumptions, the Lyapunov equation (I3 has a unique solution, we check that the matrix
H introduced in (3] is the unique solution of the Lyapunov equation (I5]). This yields a
direct proof of the following corollary.

Corollary 1.2. The matriz H introduced in (13) is the unique solution of the discrete time
algebraic Lyapunov equation
H=FEHE+F. (15)

Using the Lyapunov fixed point equation (IH), for any n > 0 we readily check that the
sequence of Gramian matrices G,, solving the time varying Lyapunov recursion (I2) can
alternatively be defined in terms of solution H of the algebraic Lyapunov equation by the
formula

Gn,=H— (E"YHE". (16)
Moreover, it also follows that
G,<H-= lino1O Gh. (17)

We now formerly define the sequence of linear maps L£,, that were introduced at the end
of the previous section, given for any P € SY by

Ly (P):=1+ (P — Py)GpeM,
= Lp(Py) =1 and L,(P)—Ln(Q)=(P—Q)G,.
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Theorem 1.3. (Floquet-type Representation). For any time horizon n = r, the function L,
maps SY into GL,. In addition, for any P € S° we have the Riccati matriz product formula
En(P) = E™ L,(P)™' with 1 := sup sup |L,(P)™!| < oo. (18)
PeS0 nzr
The proof of the above theorem is provided in section Bl We end this section with some
direct consequences of the above results.
Combining (7)) with (&), for any time horizon n > r and any P,Q € S° we have

®(P) = 2n(Q) = E" Lo(P)7H(P = Q) (La(Q)7) (B (19)
This yields the Lipschitz property
|0 (P) = @,(Q)] < (IE")* |P - Q. (20)

Choosing @ = Py, in (I9), we obtain the following corollary.
Corollary 1.4. For any time horizon n = r and any P € S we have the formula
®,(P) = Py + E™ L,(P) (P — Py) (E").

The above formula can be seen as an extension of the Bernstein-Prach-Tekinalp for-
mula [32] 33] to discrete time Riccati difference equations, see also [4] for the continuous
time version of the above result.

Due to (I8), for any n = r and P,Q € S? we also have the product difference formula

5n(P) - 5n(Q) = K" En(P)_l(P - Q) Gn £n(Q)_l (21)
This yields the Lipschitz property
[€.(P) = E.(Q)] < Z|EM|H] [P = Q. (22)

Again, setting @@ = P, in (2I]), we obtain the following corollary.
Corollary 1.5. For any time horizon n = r and any P € SO we have the formulae
En(P) — E™ = E™ L,(P)"Y(P — Py) Gp.

Finally, we provide some surprising uniform estimates of the Riccati semigroup.
By (I0)), for any € € [0, 1] there exists some parameter n. = 1 such that for any n > n.
we have
(E"Y P;'E" < (1—¢) HP,'H. (23)
With this in mind, the following estimates are a rather straightforward consequence of
Theorem [[T] and Lipschitz property of Riccati maps (20).

Corollary 1.6. For any € € [0,1], any time horizon m = r and n = ne, as well as for any
Q € S we have the uniform estimates

G, < 0,(Q) and D, (Q) < e 'Py. (24)

The proof of the above corollary is provided in section 4l

As with many of our results, uniform estimates for continuous time Riccati semigroup
are rather well known [3] however, to the best of our knowledge the estimates presented
in (24]) are completely new for discrete time Riccati equations. In continuous time, these
uniform estimates are obtained by sophisticated Riccati differential equation comparisons
involving Gramian inversion techniques. In this case, the upper bound follows fairly easily
from the duality formula given in Theorem 11



2 Some preliminary results
We recall the celebrated Sherman-Morrison-Woodbury matrix sum inversion identity
(M+UNV) ' =M - M'UNT+VvMTU) T VM (25)

which is valid for any invertible matrices (M, N) and any conformable matrices (U, V), see
for instance the seminal articles [2], 36l [43], an earlier work by Guttmann [19] and the review
articles [I8] 20]. Several extensions of the above formula to Hilbert state spaces in terms
of Moore-Penrose or generalised Drazin inverses can also be found in the article [14]. Also
recall that the eigenvalues of the product PQ of positive semi definite matrices P, Q € S°
are nonnegative, so those of (I + PQ) are positive. This elementary property ensures that
(I + PQ) is invertible. Thus, the Riccati maps (dl) are well defined without appealing to
Moore-Penrose or other types of generalised inverses.

Lemma 2.1. For any P € S° we have
a_(P)S < F(P) = SYA(I + SY2PSY2) 7182 < a (P)S,
with the positive parameters
a—(P) := (14 Amas(P)Amaz(5)) ™1 and  ap(P) := (1 + Apin(P)Amin () 7
Proof. Applying (25) with M =N =1, U = S1/2 and V = PSY? we obtain
(I 4+ SY2pSY%H~t — 1 - SYV2(1 + PS)~1PSY/2,

and therefore
SY2(1 + §Y2pst)=1§Y2 = g (1 — (I + PS)~'PS).

Now applying 25]) with M = N =U =TI and V = PS we also check that
(I+PS)™t=I—(I+PS)"'PS.
We conclude that
F(P)=S(I+PS)™' =8 (I—(I+PS)"'PS) =821+ 8Y2psl/?)~1s12  (26)
Now note that
(1 4+ Ain (P)Anin(S)) T < T+ Apin(P) S < T + SY2PSY2,
In the same vein, we have
T+ S72PSY2 < T4 Moo (P) S < (1 + Amaz (P)Amaz (S)) 1.

This ends the proof of the lemma. [

Lemma 2.2. For any P,Q € S? we have the formulae

EQ)=¢&(P) I+ (P-Q)F(Q) and @(P)—-2(Q)=EP)(P-QEQ).  (27)



Proof. The first assertion is a direct consequence of the formulae
EQ) =PI +PS)IT+QS)™ and (I+PSI+QS) =T+ (P-QFQ)).
The second assertion can be verified using the formulae

(I+PS)"'P = P(I+SP)!
I+PS)'/P—QU+S8Q)™" = (I+PS) ™ P-Q)UI+5Q)"

Proposition 2.3. For any time horizon n = r we have
0<G <G, <H (28)
Proof. Thanks to (I6) and Lemma 2] for any n > r we have
a_(Py) Qr <a_(Py) Q, <G, <H,
with the Gramian matrix

Q= > (EYSE*F < g (E™YSE™.

0<k<n
Applying 25) to M = N =1 and (U,V) = (Py, S) we have
(I+PpS) ™t =1—(P;'+5)71s,

which yields the formula
E=A—-AP; +8)71s.

Thus, for any z € C" and A € C we have
Ez=Xz and S?2=0<= Az=Xz and SY?2=0= 2z =0.

Recalling that (A4, S 1/ 2) is observable, the above equivalence is a direct consequence of the
Popov-Belevitch-Hautus observability test, [9]. This ensures that the pair (F,SV/?) is also
observable, that is

Rank [51/2, S . ,51/2E’"_1] =r.
This rank condition ensures that 2, > 0. Indeed, we have
2'Qx =0
— (§2g)(8%z) =0, (SV2Ez) (SV2Ex) =0,...,(SY2E " 12) (SV2E""'2) = 0
— SV2p =0, SY2Ex =0,..., SYV2E 2 =0 =2 =0
This implies that

Vn >r Q,>Q,>0 and G, >=Q, :=a_(Py) Q >0.
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This ends the proof of the lower bound estimate stated in the left hand side of ([28]) and
thus the proposition. [ ]

For completeness and for the convenience of the reader, to end this section we prove
some rather well-known properties of the map ®, starting with the following lemma.

Lemma 2.4. The Riccati map ® introduced in (Il satisfies the following properties.
(i) For all P € S°, ®(P)" = ®(P).
(i) For P,Qe 8% andn>1, P> Q = ®,(P) = ¢,(Q) and ®,,41(0) = ®,(0).
(iii) For all P € 8%, ®(P) = 0. If, in addition, R is invertible, then ®(P) > 0.
Proof. (i) Applying @3) to M = I, N =1, U = PSY2 and V = S'/2 we check that
(I + PS)™'P =P — PSY2(I + SY2psY%)=1512p = P(I + SP)™!,
from which it follows that ®(P) = ®(P).

(i) First note that for any P € S° and any A € M, the product A’PA is positive semi-
definite.

By Lemma 2.1l and equation (27) we have
o(P) - 2(Q) E(P)(P - Q)EWQ)

E(P)(P—Q) ((I+FQ)(P-Q)))EP)
E(P)(P = QEP) +E(P)(P - Q)F(Q) (P -Q)E(P)".

Since F(Q) is positive semi-definite the preceding comments imply that
P>2Q=®(P)=2o(Q)=YVn=1 &,(P)=,Q). (29)
Using (29]) we readily check by induction that ®,,(0) is a non-decreasing sequence; that

is for any n > 1, we have

0<R<®,(0) <Pyy1(0).

(iii) From the monotonicity of the map ®, we have
P>0= ®(P)=P(0)=R=>=0.

In addition, if R > 0, this inequality is strict.

We note that even though ® is always monotone, the same cannot be said of the sequence
P, unless Py = 0.

Next, consider the positive definite preserving properties of ® under the condition that
the pair (A, R/?) is controllable. We start with a technical lemma that is interesting in its
own right. We emphasise that this result should be known but we have not been able to
find it in the literature.
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Lemma 2.5. Whenever the pair (A,R1/2) is controllable we have the following property
AA"+ R > 0.

Proof. Consider a sequence W,, of independent centered Gaussian random variables on R”
with unit variance, and set

Xy = AXyo1 + RV2W, = A"Xo + Y APRYV2W, .

0<k<n

In the above display, Xy stands for a centered Gaussian random variable on R" with co-
variance Py € SY. We also let P, denote the covariance of the random variables X,. In
this notation, the controllability condition ensures that P, is invertible for any n > r.
Equivalently, we have that

Vn=r YPeS)  Aun(P)>0.
The covariance P,, of the random variables X,, also satisfies for any n > 1 the recursion
P, = APnflA/ + R.

This implies that
0< )\mzn<Pr) I< Pr < )\max<Pr—l) AA, +R

from which we conclude that AA’ + R > 0. This ends the proof of the lemma. |

We are now in a position to prove (2). Whenever P > 0 we have
O(P)= AP +8) " A+ R = Apin(P) AT + Apin(P)S) 1 A + R.
If the pair (4, RY/?) is controllable, Lemma [Z5] ensures that

P B(P) >
> 0= 2P) = T (5]

AA'+ R>0=Vn=>=1 &,(P)>0.

Analogous arguments clearly show that this also holds for </I\>n This ends the proof of (2). m

3 Duality-type formulae

Here we provide the proof of Theorem [T} followed by some comments on certain, albeit
stronger, conditions that greatly simplify the proof of the Lyapunov equation (I5)).

Proof. We use an induction argument with respect to the parameter n. Firstly, we check
that the duality formula (I4)) is satisfied for n = 1. Observe that for any P,Q € SY we have

I+ P®(Q) = (I +PS)+PAQ( +RQ)A.

12



Applying @5) with M = (I + PS), N = (I + RQ)™!, U = PA'Q and V = A we obtain

(I+ Po(Q)!
—(I+PS)"'— ([ +PS)"PAQ ((I +RQ)+A(I+PS)™" PA’Q>_1 A(I + PS)~!

— (I+PS)' —PEPYQI +B(P)Q) E(P).
(30)
The last assertion comes from the fact that

A(I+PS)'PA=®P)—R and (I+PS)'P=P(I+SP)" .
On the other hand, we have
I+ PoQ) '=I-POQ)I+ PPQ)" and (I+PS)'=I-PS(I+PS)" .
Using (B0) we obtain the formula
P 3(Q)I + POQ))"t =P F(P)+ P EP)Q +®(P)Q) ' E(P).
When P e S this implies that for any Q € S? we have
Q)+ PO(Q)™" = F(P)+E(PYQ I +2(P)Q) " E(P).
Using @) for any Q > 0 we check that
QU+0(P)Q)™ =H(®(P),Q) and ®(Q)(I + PHQ) ™" =H (P,5(Q)).

Recalling that G, = F, this ends the proof of the duality formula (I4) for n = 1.
Now suppose that the duality formula (I4]) holds for some n > 1. Then, we have

H(P,8ni1(@) = M (P.3uB(Q)) = Ea(P) H (@0(P), B(Q)) Ea(P) + Gu(P).
On the other hand, applying ([I4]) to n = 1 and recalling that G; = F, we have
H(94(P), $(Q)) = E@n(P)) H (®111(P), Q) E(®a(P)) + F(@0(P)).
This implies that

H(P.3141(Q) = Enrr(PYH(®ni1(P),Q) Enia(P)
1+ (Gu(P) + En(P) F(®,(P)) E4(P))
= gn-i-l(P),H(q)n-i-l(P)?Q) gn-i-l(P) +gn+1<P)-

This shows that formula (I4) is valid at rank (n + 1), thus for any n > 1. [
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Remark 3.1. Whenever A or S is invertible, a direct proof of (13) based on the inversion
formula (23) can be conducted. For instance, when A is invertible, using the fized point
equations, we check that

(Pt +8)™' + (P — )
(31)
= APy — R)(A) 1 + AN (PG + R)(A) ™ = AT H (AL

On, the other hand, applying (28) with M = (Pg' + ), N = (Pp —S) t and U =1 =V
we check that

(o' 49+ (e =8)") = (P} +8)— (P! +9) H(PS' +5).

In the same vein, applying (23) with M = P!, N = Py and U = I =V we check that
(P! + Po)™t = Py (Pg' — H) Py,
Inverting (31)), this yields the formula
A'HA = (Pg'+8)—(I+SPy) (Pt —H)(I+ PxS).
This implies that
A'HA+ (I +SPy)S = (I + SPy) H(I + PyS).

from which we readily check that H solves the Lyapunov equation (I3).
In the same vein, when S > 0 is invertible, we have

Po=S+A (P +R)TA=85+A(H ' —(Py—R) A
Applying (28) with M = S, N = (H ' — (P, — R))™!, U = A, and A =V we check that
Pylo= ST ST (HT 4+ A(ST = (Pt +5)Th A) T As T
On the other hand, applying (23) with M = P;', N =S, and U = I =V we have
(Pt+8S)y =51t -5 (P, + 51 ts
This yields the formula

H' = (Po+S )= (SA) (H '+ (AS (P + S 1(S714)) 7 (AS).

We check that H solves the Lyapunov equation (I3) by applying (Z3) to the collection of
matrices

M=Pyp+St U=V=(AI+PyS)™") and N=H"

14



Remark 3.2. The map ® can be extended to invertible matrices P € GL,. NS, s.t. P+ S €
GL,. NS, by setting
®(P):= AP '+ 85)7'A + R

If we further assume that A is invertible, we have
P,'+R>0 — P,—-S:=AP;'+R)'A>0
— PLA(P,—8) A =P,A (A’(ﬁogl + R)*lA)*1 A =I+P,R
— A(P,—-8)'A =P.,'+R>0,
from which we readily check that
S V< Ppi=—Pl<0=— Py = A((Py) ' +8) A +R=3(Pg) <0.

This shows that Py is a negative definite solution of the fized point equation ®(P) = P.
Whenever A is invertible, the matriz (—Py) can also be interpreted as the positive definite
solution of a time-reversed Riccati difference equation which can be interpreted as a dual
Riccati equation [16].

4 Uniform estimates

We now prove the uniform estimates stated in Corollary

The dual Riccati semigroup ®,, is defined as ®,, by replacing the matrices (A, R, S) by
(A’, S, R). In this section, we use the notation ~ to the denote the dual mathematical objects;
for instance (7, E, @n) stands for the dual parameters defined as (¢, E,G),) by replacing
(A, R,S) by (A, S, R).

Using Theorem [LT] and Proposition 2.3} for any @ € S;" and n > r we have

$,(Q) > H (Poo, @n(Q)) — (E"Y H (Pp, Q) E" + G > G,.
For any € > 0, n > r and Q € S this implies that
O, (Q + el) > G,
On the other hand, using the Lipschitz property (20)) we have
[2n(Q + 1) = 2 (Q)] < (T |E"])* €,
which yields the uniform estimate
Gr < 2n(Q) + (T |E™)* el —cs0 80 (Q).

This ends the proof of the lower bound estimate stated in (24]).
For the upper bound, applying (I4]) to P = P, for any @ > 0 we check that

H (Pe, 80(Q) = (B") 1 (P2 Q) E" + G (32)
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On the other hand, by (I6]) for any n > 1 we have
Gon<H-=(Po+P;)™" and H(Pp,Q) = (Pe+Q ) <P
This yields the uniform estimate
<POO + <T>n(Q)*1)_1 < (E"Y P, E"+H.
Applying @5) to M = H, N = P;! and (U,V) = ((E™)’, E™) we check that
,(Q" = Pyl—H Y(E" (Po+E"H Y(E") 'E"H
Choosing n. as in ([23) for any n > n,. we obtain the estimate
$,(Q)7 = Pgl — HTYE"Y P E"H ™! = eP.

We conclude that R R
vQe ST Vnx=n. @,(Q) < e 'Py.

Clearly, for any @ € S° by the monotone properties of Riccati semigroups stated in lemma 2.4l
for any n > n. we also have

0,(Q) < B(Q+1) <Py
This ends the proof of Corollary |

5 Floquet-type formulae

This section is concerned with the proof of Theorem [L.3l

Lemma 5.1. For anyn = r, L, maps S into GL,.. In addition, for anyn = r and P € S°
we have the uniform estimate

[£a(P)7H] < [Pl 1G] < 0. (33)

Proof. By Proposition 2.3l the Gramian G,, is invertible for any n > r. Thus, for any n > r,
we have the formula

Lo(P) = (P+ (Gy' = H™') + (H™' = Px)) Ga.
On the other hand, we have
51\ ! 1 1 p—1
H=(Po+Pg')  — £u(P) = (P+ (G = H™) + P5') G
For any n > 7 and any P € S, (28)) implies that
N N
0<Gpr<Gp<H=— <P~|— (G —H™) +Pogl) <P, and G.'<G:l,
which in turn implies that
|£a(P)7H < [Pl 1G] < o0,

as required. [ ]
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Lemma 5.2. For any n =0 and any P,Q € S° we have

Proof. Again, we use induction with respect to the parameter n. Since Gp(Q) = 0 and
E(Q) = I, the result is immediate for n = 0. Assume that (34]) holds for some n. Then,
replacing the pair (@, P) in (34]) by the pair (®(Q), ®(P)), we check that

Enr1(Q) = &E(P(Q))E(Q)
— £.(®(P)) (I+ (B(P)—®(Q))G(2(Q))) £(Q).
Using (27)) we have

En(2(P)) (B(P) - 2(Q)) Gn(R(Q)E(Q) = &Ena(P)(P = Q) £(Q)'Gn(2(Q))E(Q)
= &n1(P)(P = Q) (9n11(Q) — F(Q)),

which implies that

Ent1(Q) = Enu(®(P)) (E(Q) = E(P)(P = Q)F(Q)) + Ena(P)(P — Q)Gn11(Q)

Again, using (27), we conclude that

Eni1(Q) = En(B(P)E(P) + En1(P)(P = Q)Gn+1(Q)
= &nn(P) (I + (P —=Q)9n41(Q)),

which concludes the inductive step and thus the proof. |
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