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We propose a quantum harmonic oscillator measurement engine fueled by simultaneous quantum
measurements of the non-commuting position and momentum quadratures of the quantum oscillator.
The engine extracts work by moving the harmonic trap suddenly, conditioned on the measurement
outcomes. We present two protocols for work extraction, respectively based on single-shot and time-
continuous quantum measurements. In the single-shot limit, the oscillator is measured in a coherent
state basis; the measurement adds an average of one quantum of energy to the oscillator, which
is then extracted in the feedback step. In the time-continuous limit, continuous weak quantum
measurements of both position and momentum of the quantum oscillator result in a coherent state,
whose coordinates diffuse in time. We relate the extractable work to the noise added by quadrature
measurements, and present exact results for the work distribution at arbitrary finite time. Both
protocols can achieve unit work conversion efficiency in principle.

I. INTRODUCTION

Quantum thermodynamics is concerned with how the
exchange of heat and work can be understood and applied
when quantum effects such as entanglement and coher-
ences are present [[H4]. The emerging field of “quan-
tum energetics” is applicable to stochastic energy ex-
changes when there are no thermal baths. As an example,
quantum measurement powered engines have been pro-
posed with qubit systems, as well as continuous variable
systems [BHI6]. This line of research is greatly stimu-
lated by successful demonstrations of quantum measure-
ments and control in a variety of quantum platforms in-
cluding but not limited to superconducting circuits [I7-

[19], cavities [20H22], trapped ions [23H25], trapped nano-

particles [26], single electron systems [27], and mechani-
cal resonators [28] [29].

By making appropriate combination of measurements
and feedback operations [30H37], a quantum engine can
be used to accelerate an electron to charge a capacitor, or
to lift a tiny mass [5]. A quantum refrigerator based on
measurements [I3], measurement driven single tempera-
ture engines that require no feedback [7, [12], interaction-
free measurement engines [9], and quantum measurement
engines driven by quantum entanglement [I6] have also
been conceptualized, extending the scope of measure-
ment based thermal-equivalent machines. The prime fo-
cus in these models has been on the measurement of a
single observable, either the spin along a chosen axis in
the case of finite dimensional systems [8, [14, 16 B8],
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FIG. 1. Cyclic operation of the quantum oscillator measure-
ment engine fueled by incompatible measurements. (a) The
quantum oscillator is initially thermalized to a heat bath at
temperature T. (b) A demon weakly measures both the po-
sition and momentum of the quantum oscillator. The mea-
surement results in a coherent state. (c¢) Work is extracted
by displacing the trap conditioned on the measurement out-
comes.

or a given quadrature with continuous variable sys-

tems |5}, [7, 39].

In this article, we propose a quantum engine fueled by
simultaneous weak measurements of two non-commuting
observables: the position and momentum of a quantum
oscillator. Work is extracted by moving the bottom of
the harmonic trap suddenly, conditioned on the mea-
surement outcomes. We show that incompatible mea-
surements have rewarding energetic consequences when
compared to similar protocols for a quantum engine fu-
eled by measurement of a single quadrature [5], [39], and
when compared to the classical limit which describes a
heat engine fueled by measuring the position of a Brown-
ian particle in a harmonic trap [40, 41]. With simultane-
ous quantum measurements, the measurement strengths
for each of the incompatible quadratures can be tuned
such that the measurement results in a displaced ground
state (a coherent state [42] [43]) of the quantum oscilla-
tor [44L[45]. This allows one to perfectly reset the engine’s
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cycle by work extraction, in the same way as conceived
in the original version of the Szilard engine, where the
demon resets a gas of particles at no cost: it uses infor-
mation on the positions to compress the gas on the left
of a vacuum chamber, and then lets it expand back to
equilibrium [46]. The engine is efficient because the work
extraction step precisely brings it back to the equilibrium
state. When simultaneous weak measurements of posi-
tion and momentum are performed on a thermal state,
it is also well known that they add an extra quantum of
noise in to the oscillator [44] [47]. This added noise from
measurement allows us to extract work even at zero tem-
perature, beating the previously known classical bounds
for a Brownian heat engine (see Appendix A) [40} 4I].

II. THE SETUP

A quantum harmonic oscillator is described by the
Hamiltonian, H= % + mwQ%, where p and & obey the
commutation relation, [&,p] = ih. When the tempera-
ture is sufficiently small such that kT < hAw, thermal
fluctuations are negligible and the quantum harmonic os-
cillator will be in its ground state |0). The premise of
the measurement engine is that a suitable weak quan-
tum measurement will excite the oscillator. Work can
then be extracted by a feedback loop that changes the
harmonic trap suddenly. The feedback is most efficient if
it resets the quantum engine to its initial quantum state
at the end of each cycle, making the engine prepared for
the next cycle to begin. For the quantum oscillator, a
simultaneous weak quantum measurement of both po-
sition and momentum observables is uniquely suited to
this task because such a protocol realizes measurements
in the coherent state basis [42H45].

We now proceed to describing two protocols for op-
timal work extraction with incompatible quantum mea-
surements of the quantum oscillator: a single-shot mea-
surement protocol where measurements are described by
projection onto the coherent state basis [44], and the
time-continuous limit where continuous weak quantum
measurements of both position and momentum of the
quantum oscillator results in a coherent state whose co-
ordinates diffuse in time [45].

A. Single-shot quantum measurements

The protocol takes place in three steps (see Fig. :

e Step (a): The quantum oscillator thermalizes with
the ambient inverse temperature, 8 = 1/kgT,
o

yielding a thermal state, p(0) = ;, where Z =

tr{efm:l}.

e Step (b): The quantum oscillator is weakly mea-
sured in the coherent state basis {|«a)}, yielding re-
sult a.

The Kraus operators describing the measurement are,
K(a) = ﬁ|a><a| [48, [49], and the normalized proba-
bility distribution corresponding to the readouts is,

1, e P* 1 2 (1am
A7) — — —r“/(1+n) 1
using the parametrization a = re’. We denote the

average photon number in the initial thermal state by
n = (6% — 1)~!, the Bose-Einstein occupation. The
probability density Pq(r,7) is also known as the Husimi
Q distribution of the state p(0) [47, [50] which is obtained
when simultaneous weak measurements of position and
momentum are performed on a thermal state. The aver-
age quanta in Pq(r,n) is 7 + 1, meaning that the mea-
surement process adds one extra quantum to the oscilla-
tor quantum state (see Appendix B).

We may allow the quantum harmonic oscillator to un-
dergo free evolution, |a) — |ae™™7(®)) = |r) at the end
of which the coherent state is located along the positive
x axis in the phase space, (x,p). Here 7(«) = 6/w. This
free unitary evolution is essentially a rectifier which chan-
nels an arbitrary displacement to a preferred direction,
using quantum feedback. The efficiency of this step will
require that the time scale of thermalization, 7., > 27 /w.

e Step (¢) (work extraction): We suddenly shift the
quantum harmonic trap, such that the coherent
state |r) is the new quantum ground state. In
the process, we extract the amount of work, W =
hwr? > 0. The system thermalizes to the ambient
temperature T, completing the cycle.

In a quantum LC circuit implementation, the work ex-
traction in step (c¢) would correspond to modifying the
offset voltage in the capacitor suddenly. Alternatively,
one can also modify the branch flux/current in the cir-
cuit, if the free evolution aligns the coherent state along
the flux/current axis, or a combination of displacements
in both voltage and current by an appropriate choice,
7(a). An alternate Binary-valued feedback protocol for
the engine is presented in Appendix C.

B. Extractable work

The average amount of work extractable from the
quantum harmonic oscillator in steps (a)—(c) is,

27 oo
(W) = m/o d9/0 rdr r*Pq(r,7) = hw(1 +n).(2)

Note that the extra quantum added by the measurement
process (see Appendix B) is also extracted perfectly in
the feedback step. This additional quantum of energy
is a purely quantum effect, which exceeds the classical
bound on extractable work from the Brownian heat en-
gine at zero temperature (see Appendix A). Addition



of extra noise from simultaneous measurement of non-
commuting observables is required by quantum mechan-
ics [44, 47, FIH55], and our measurement engine exploits
the energetic consequence of this added noise by demon-
strating that it can be rectified to produce useful work.

The extracted work is also equal to the sum of the
average energy given by the thermal bath (Qr = hwn)
and the average energy given by the measurement pro-
cess (Qpy = hw). Hence energy is conserved and we
have (W) = Q1 + Qn = Q. In addition, energy Quy
is lost by the measuring apparatus such that the latter
has to be re-energized to be compatible with the Wigner-
Araki-Yanase theorem [56H59]. The measurement engine
in this case also has unit work conversion efficiency, i.e.,
n = (W)/Q = 1. Above we have not accounted for the
additional cost to erase the memory of the Maxwell’s de-
mon, which is discussed in Appendix D [60].

III. CONTINUOUS WEAK QUANTUM
MEASUREMENT PROTOCOL

We now describe a time-continuous operation of our
quantum oscillator measurement engine, where contin-
uous weak quantum measurement of both position and
momentum of the quantum oscillator results in a coher-
ent state whose coordinates diffuse in time. Work is
extracted by moving the bottom of the harmonic trap;
either time-continuously as measurement results are ac-
cumulated, or at the end.

For the engine, we assume that the oscillator is initial-
ized in a Gaussian state, so the first moments together
with the covariance matrix elements V;; = (1/2{¢; —
¢i»4; — q;}), completely specify the quantum state [GI].
Here 1 = &, §o = p, and ¢; = (¢;), i = 1,2. Simulta-
neous weak measurements of both the position and mo-
mentum observables of the quantum harmonic oscillator
given the continuous readouts r1(t) for position measure-
ment and r3(t) for momentum measurement results in the
following stochastic quantum evolution of the quantum
harmonic oscillator state (in dimensionless units where
T — /mw/hi, p — p/vVhmw, t — wt) [45]:

dq: q3 qa

pr + or (ri—aq)+ s (ra — q2),

dgo Q4 qs

P + o, (r—q) + 9y (r2 — q2),
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The covariances are labeled by, g3 = 2((2%) — (2)?), q4 =
(#p + pi) — 2(2)(p), and g5 = 2((p?) — (p)?). The read-
outs are stochastic variables, r; = ¢; + /7:(;, where

¢; are a Gaussian white noise (due to quantum fluc-
tuations) satisfying (;(¢)(;(0)) = 6(t) and 7; are the
characteristic measurement times, defined as inverses of
the corresponding measurement rates [45], [62-65]. Work
can be extracted in the form of an instantaneous lin-
ear feedback Hamiltonian, Hg, = f1(t)% + f2(t)p, where
fo(t) = =55 [ri (1) =@ ()] — 55 [r2(t) — q2(8)] and f1(t) =
g [r1(t) =1 (t)]+ 32 [r2(t) — G2(t)] (see Appendix E). Here
Gi, © = 1,2 are the predicted evolution of ¢; in the absence
of measurements, given by, ¢ (t) = ¢1(0) cost+¢g2(0) sint
and g2(t) = —q1(0) sint + ¢2(0) cost. A comparable mea-
surements and feedback scheme was also used in Ref. [G0]
to stabilize a quantum analogue of flywheel that stores
energy like a battery in its rotational motion.

We restrict to the case when 7 = 79 = 7 which pro-
duces coherent states of the quantum oscillator as mea-
surement outcomes and maximizes the engine’s efficiency
(see Appendix G). For the covariance matrix initialized
in its normal form, V = diag{v, v} with a correspond-
ing mean number of thermal photons 7 = v — 1/2, the
quantum measurement induced evolution is such that it
preserves the normal form of the covariance matrix [45].
The work along an individual trajectory obeys (in the
Stratonovich form),

% =qq1+ @42 =q [Qilgﬁﬁ(t) + 23%@(’5)]

g [;fc )+ ;}@(t)] | (4)

The probability distribution of work extracted at arbi-
trary finite time is given by,

PW i, t) = ﬁ exp [—%} , (5)

so the work extracted on an average is given by (W/hw) =
o(t)/7. The parameter o(t) equals v2(t)dt if work is
extracted after every measurement of duration dt. If
the controller decides to apply feedback only after a du-
ration ¢, the work distribution corresponds to the case
o(t) = fot dt'v2(t') in Eq. (5)). The nonzero average work
results from rectifying the quantum noise in the measure-
ment process, and is nonzero even at zero temperature
(see Appendix F). The average power J of the quantum
measurement engine is given by,

J(t) = d{W/hw) /dt = v*(t)/T, (6)

which serves as a useful quantity to infer the relation be-
tween rate of information acquisition (the measurement
rate) and work extraction for the continuous measure-
ment engine; work is extracted at a faster rate as the
measurement rate 7! is increased. Further, a larger v(t)
corresponding to a higher thermal quanta in the initial
state also allows higher power.



Amw P (W/hHw) (W/hw)
201 ® 0s ©
15 06
1.0 04
05 02
w
— wt
1 2 3 4 hw 05 10 15 20 25
p(t)
Amw P (W/hw) Jt
(d) 5001} (e) (f)
05
. 400
. : 04
5 . mw . 300
2010 010 015 n < 03
o T 200 0.2
- Zo40 - T 100 0.1
~0.15 w wt
0.005 0.010 0.015  hw 1 2 3 4 5

FIG. 2. (a) A single quantum trajectory resulting from continuous quantum measurement of both position and momentum
observables, for a duration wt = 2.5. At time wt = 2.5 the oscillator is reset (blue arrow). (b) The probability distribution
of extractable work if the feedback is applied only once at wt = 1, from simulation of 10* trajectories. The red curve is the
exact prediction for the probability distribution of extractable work. (c¢) The average of extractable work when the feedback is
performed only once at a given wt. (d) The average position and momentum of the harmonic oscillator after every single step
measurement, for a duration wt = 5. Here the oscillator is reset to the origin by a feedback applied after each measurement
with timestep wdt = 0.005. (e) The probability distribution of extractable work at wt = 1 from simulation of 10* trajectories,
for continuous feedback applied after every single step measurement. (f) The average power J delivered by the engine per
measurement rate 7!, as a function of duration of the measurement. The engine reaches a steady state with unit efficiency in
the large time limit when the quadrature variances of the oscillator (which are identical), v(t) tends to 1/2.

A. Steady state of the engine

The dynamical equations which describe the evolution
of covariance matrix elements are deterministic, and they
achieve the steady state value, th;n v(t) = 1/2. In this

T

limit—which is also the steady state of the quantum mea-
surement engine—the quantum measurement dynamics
describes coherent state diffusion. The measurement
engine also achieves unit efficiency in its steady state;
since the measurement merely displaces the ground state
(where v(t) = 1/2), the feedback resets the engine per-
fectly, closing the engine’s cycle.

B. Results

The characteristics of the continuous quantum mea-
surement engine are shown in Fig. [2 We first consider a
situation where work is extracted by applying a feedback
after continuously measuring the oscillator for a finite du-
ration ¢t. Figure a) displays a simulation of a single such
trajectory, which undergoes two types of dynamics; while
the variance decreases to its minimum uncertainty deter-
ministically, the average displacement diffuses as energy
is added through the measurement. After a time ¢ the
oscillator is reset to extract work. Figure b) displays
the probability distribution of extracted work from the

feedback step. The average work extracted [Fig. 2{c)]
increases with the duration of the measurement. Sub-
sequently, we consider the situation where work is ex-
tracted after each step of the measurement. Figure 2{(d)
displays the average position and momentum of the oscil-
lator after each measurement, which are then reset to the
origin by the feedback. Figure e) displays the probabil-
ity distribution of extracted work. The average power J
delivered by the quantum engine in unit of the measure-
ment rate 7! is shown in Fig. f), which decreases and
reaches its steady state value as the quantum oscillator
is purified by measurements.

IV. CONCLUSIONS

We have characterized a quantum engine fueled by si-
multaneous quantum measurements of both position and
momentum observables of a simple harmonic oscillator.
We discussed two protocols for operation of the engine,
respectively powered by single-shot and continuous quan-
tum measurements. In both cases, the measurement pro-
duces a displaced ground state of the quantum oscillator,
and work is extracted by shifting the bottom of the har-
monic trap suddenly. When compared to their classical
counterpart, the quantum engines yield non-zero work
output even at zero temperature, demonstrating the en-



ergetic consequence of the quantum of noise added when
both quadratures are measured simultaneously; at zero
temperature the nonzero work output results from the
feedback utilizing the quantum of energy inserted by the
phase preserving measurement [44, A7, 5IHE5]. We also
derived exact analytical expressions for the probability
distributions of extractable work in both transient and
steady state of the quantum engine. The availability of
exact probability distributions of extractable work may
further aid research towards thermodynamically charac-
terizing quantum measurement engines, and derive quan-
tum fluctuation theorems for quantum engines and refrig-
erators fueled solely by the quantum measurement pro-
cess [13] 14 38, [67] [68].

Note added.—Towards the completion of this work, we
became aware of a closely related preprint [39] inves-
tigating work extraction from thermal resources using
phase sensitive measurements, as opposed to the phase
preserving measurements discussed in the present article.
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FIG. 3. Cyclic operation of the classical Brownian heat engine [40, 41]. (a) The Brownian particle in a harmonic trap is initially
thermalized to a heat bath at temperature T. (b) The demon measures position of the Brownian particle. (¢) Work is extracted
by displacing the trap conditioned on the measurement outcome.

Appendix A: The Brownian heat engine

The classical limit of the engine is described by a Brownian particle in a harmonic trap, whose position x is
distributed according to the equilibrium distribution P(z) = ,/ﬁ exp ( - %), where k is the spring constant,

kp is Boltzmann’s constant and T is the temperature of the heat bath (see Fig. |3) [40, 41]. A Maxwell’s demon
extracts work from the heat bath by measuring the particle’s position z, followed by shifting the bottom of the
harmonic trap suddenly to the new position of the particle. If the measurement performed is error free with ideal
feedback, it is possible to convert all the available information to extractable work, W = kx?/2 [40]. The demon in
this case extracts work on an average, (W) = kgT/2 per cycle, which also saturates the achievable upper-bound for
extractable work by moving the trap in the classical Brownian engine limit [40].

Appendix B: Energy contributed by measurement

The unconditional state of the quantum oscillator after a coherent state basis measurement (implemented by a
simultaneous weak measurement of both position and momentum quadratures, also known as a phase-preserving
measurement) can be written as,

p4= / 2aQ(a)|a) (al, (B1)

where Q(a) = me"o‘w(l*ﬁ), is the Husimi Q distribution [50] of a thermal state (denoted as Pq in Eq. (1) of
the main text) with average number of thermal quanta 7. We can now compute the average number of quanta in the

unconditional post-measurement state p, given by,
(N4 = tr{paN} = tr[paa’a] = /dzaQ(a)\aF =n+1. (B2)

We find that the measurement, on an average, adds one quantum of energy to the oscillator, which is then perfectly
extracted in the feedback step. The additional quantum in Q(«) stems from the fact that the coherent state basis is
overcomplete; even measurement of the vacuum state will in general yield a coherent state with finite a.

Note that the addition of single quantum is a generic property of coherent state basis measurements which can be
implemented by a simultaneous weak measurement of both position and momentum of the quantum particle [44]. To
see this, we can write an arbitrary initial quantum state p in the P representation as using the coherent state basis

18),
p= / 6P () |8)(8]- (B3)

The P representation can be derived from the initial density matrix p in different equivalent ways, for instance see
Ref. [69], where it is defined as,

181?
P(B) =5 [ (=vloh exp(ln? + 8y" = )%, (B4)

where |y) are again coherent states. The different equivalent P representations of p are constrained to obey the
optical equivalence theorem for the density matrix p for the expectation value of any normally ordered operator:



((ah)ma™) = tr[p(a’)"a™] = [ d>BP(B)(B*)"B™. As an example, the average number of quanta in the initial density
matrix p maybe computed using the P function as, (N) = (ata) = tr[pa’a] = [ d?4P(8)|8> = Ai. The P function for
a coherent state |a){a| is the delta function, P(8) = 6(8 — ) and a P representation for a thermal state with average
number of thermal quanta 7 is, P(8) = - exp(—|B[*/n).

On the other hand, performing a measurement in the coherent state basis produces coherent states |a) with
probability Q(a) = 1 (a|p|a), which is known as the Q representation of the density matrix p. The unconditional
post measurement state p4 can be written as the following ensemble where the probabilities are given by the Q
function [50} [70],

pa= / aQ(a)]a){al. (B5)

So a method to probe the Q function of a quantum state experimentally is to perform measurements in the coherent
state basis [47]. We now proceed to compute the average quanta in the post measurement state. In order to do that,
we can relate the Q function (which appear as the probability density describing the post measurement state) to the

P function via the transformation rule [70]: Q(a) = % fdzﬁP(ﬁ)e*|a*5‘2, and write,

T

pa= [ a2 [@spE)e Yool (B6)

The average number of quanta in the unconditional post measurement state is, (N)4 = tr[paa’a]. This can be
evaluated by changing the order of integrals as,

(K a = tr]paala] = %/d%P(B) /d2ae-la—5\2\a|2 _ /d?ﬂp(ﬁ)u 1B =147, (B7)

where 7 is the average quanta in the state prior to measurement. Clearly, this extra quantum comes from the
measurement process, and the addition of a quantum of noise is in the same spirit as how it is typically described
as added to the variance of quadratures after the measurement, as discussed in Refs. [44] [47]. Here we look at the
change in the mean quanta instead, which is the observable relevant to the engine’s energetics.

Appendix C: Binary feedback

The engine’s implementation with single shot measurements and a binary-valued feedback is as follows:
e Step (a)—(b) are identical to that discussed in the main text.

e Step (c) (work extraction): When the amplitude of the measured coherent state is greater than r¢/2, work is
extracted by shifting the trap to rg, and the system is let to thermalize. Otherwise, no action is performed. The
work extracted is zero if r < ro/2 and the work extracted is hw(2rrg — 73) for r > ro/2.

The average work extracted in this protocol is,

o0

27
(W' = hw/ do rdrP(r,n)(2rrg — rg)
0 T0/2

— 70
= hw 1+ fo——x—.
rovm(l+7) er 02\/m

Here erfc(u) = 27~ 1/2 fio e‘yzdy. The efficiency is less than that of the continuous feedback scheme, ' = o <1
and has a maximum, /.. ~ 0.85 (Fig. 4). The classical analogue of this protocol is presented in Ref. [41].
s Thmax g g p P

Appendix D: Cost of memory erasure and the efficiency of the engine

Here we first discuss Landauer erasure in the Binary feedback protocol discussed above. The memory in this
example behaves essentially like a logical bit, with states L or R, indicating if the particle is to the left of r4/2 or to
the right of r9/2. The minimum energy cost to erase the memory can be accounted by the Landauer’s bound as [71],

eres = kBTDH(pO) (Dl)



Here H(po) = —pologpo — (1 — po)log (1 — pp), where we have defined py as the concatenated probability of finding
the particle to the right of rq/2:

S -2
po = /d@/ rdrP(r,n) = ¢TI, (D2)
ro/2

The Shannon entropy is indeed bounded from above by log2 as expected for a classical bit memory. The efficiency
0y of the thermodynamic cycle can now be computed,
= W= Wi (W) = kn T H ()
B Q Q
We now look at continuous measurement examples where at each step both the information stored, and the feedback
are continuous-valued. The associated probability density is P(r1,72), where 71,79 are the readout variables. As an
extension of the above example, we consider a countable discretization for the probability distribution of the readouts
P (714, ng) where the sampling is done according to bins around points 715, 72; having bin area 62 such that,

. (D3)

i (415 (415
P(r1i,7m25)0% = /5 /5 dridraP(r1,72), (D4)
i j

by the mean value theorem [72]. Here 62 can be related to the resolution of the detector. The entropy of this discrete
probability distribution is given by,

H(ﬁ) = — Z (5275(T1i7 ’I“gj) lOg [75(7"11’, 7"2j)(52] = — Z (5275(T1i7 ’I“gj) lOg [75(7“11‘, 7"2j)] - Z 5275(7"11‘, ’I“gj) log 52. (D5)

5 ,J ]

Assuming  P(ry,72)log P(r1,72) is Riemann integrable, we note that the first term
— Zi j 52P(T1i, ’I"Qj) log P(T’li, ng) — — f d’l”ld’l"QP(Tl, 7‘2) log‘ P(Tl, 7’2) = H(P) when 6 — 0. We also note that
Zi} j 82P(rui, r9j) = 1. Therefore for a discretization into squares of area 42, the associated Shannon entropy scales

approximately as, H(P) = H(P) — log §? [72]. The efficiency of the thermodynamic cycle at each step becomes,
W) —Wyes (W) —kgTpH(P
77T:< >Q :< > BQD ()’ (DG)

where (W) is the average work extracted at each step.

Appendix E: Continuous feedback

The work extraction protocol is essentially a linear feedback stabilization protocol for the quantum oscillator. The
effect of a linear Hamiltonian Hy, = f1Z + fop on the quantum mechanical averages of & and p when measurements
are done continuously is,

dq1 q3 q4 dqz q4 95

M o+ By — By — 2 g+ Ly - B 4y — o) — El

3 et o (ri—aq) + 29 (r2 = q2) + fa, 7 @+ o (ri—aq)+ 219 (r2 — q2) — fi, (E1)
where ¢; = (Z) and g2 = (p). Therefore we can choose the amplitude of the linear feedback Hamiltonian, fo(t) =
—g2-[r1(t) = @ ()] — g5 [r2(t) — 2()] and f1(t) = 22 [r1(t) — q1(t)] + 5= [r2() — ¢2(¢)] such that the unitary evolution
resullting from feedback effectively cancels the measurement back-action on the quantum state. Here ¢;, i = 1,2 is
the predicted evolution of ¢; in the absence of measurements, given by, q1(t) = ¢1(0) cost + ¢2(0) sint and G=(t) =

—q1(0)sint 4 ¢2(0) cost, in units where t — wt.

Appendix F: Work extracted on average in the continuous measurement protocol

As discussed in the main text, the work extracted along an individual quantum trajectory in the continuous
measurement protocol satisfies the following stochastic equation,

d(WT/tM =qq+ ¢ =q 2?7%(1(15) + Qq\%@(t)} +q {26\1%41(15) + ;\I—E’E(Q(t) ) (F1)



We further assume initial conditions ¢;(0) = ¢2(0) = 0 and ¢3(0) = ¢5(0), g4(0) = 0. As a result, the extractable
work at arbitrary time ¢ is the integral, W (t)/huw = fot dt’ [ql(t’) 9 (t) Gi(t') + QQ(t/)(k’(tl)Cg(t')} . The above integral is

27 27
cast in the Stratonovich form and can be discretized as,

t t) g(t) A =g g A R+ att
" [“(t')qg( Gt +ax(t) @(t’ﬂ - st g s ) Ty 6G (F2)
/O 2\/? 2\/’7' 2\/F P 2 2\/; P 2

Here g3(t'), ¢5(t') are the quadrature variances which evolve deterministically according to Eq. (3) of the main text.

24/T 2.7
observation that the stochastic averages of terms which are linear in ¢ vanish, and (?dt’ = 1 by Ito’s rule) in order to
compute the stochastic average of extractable work. We have,

We can now use the relations, ¢i"* = ¢} + dt’ <q§ + .5 Cf), and g5t = ¢ + dt’( —qi + e Cé) (together with the

N-12q} +dt’ (qé + ;%Cf)

o+ dt ([ — g + 4 ¢
dt’ o gy Nzl < 1T 9752
hw — 1~ 1
v = (57 3 : i g 2 . 6 ).
ar = , 1 /[
— o @ @ [ ey (F3)
8T p 7 Jo

Above we have defined v(t') = ¢3(t')/2 = ¢5(t')/2, when ¢3(0) = ¢5(0), and ¢4(0) = 0. It follows that work is
extracted at a rate, d(W/hw)/dt' = v2(t')/7. The above calculation also shows that the extracted work originates
from the noise due to quantum fluctuations in the simultaneous quantum measurement process, with each quadrature
measurement channel contributing work at a rate v2(t')/(27).

Ito interpretation

The extracted work is given by, W/hw = (¢? + ¢3)/2 = f(q1, q2). Using Ito’s lemma, we have,

of of of 10°f 5 10*f 5
df = i + D gg + gy + 2 a2 4 2974
f ot +3Q1 q1+5Q2 QQ+25Q% Q1+2aq% L

82f
0q1g2

dgidgs + ... (F4)

2 2 2
Also note that % =0, % =q, % = g9, gqf = gqg =1 and a‘?ﬁé = 0. We can also use the coordinate equations

in the Ito form, given by:

dgr = godt’ + L awy + LW, and dgo = —qudt’ + L aw, + -L_aw,. (F5)

2T 2T 2T 2T
Here W;, i=1,2., are the Wiener increments. Substituting in Eq. , we get the following differential,
43 44 / 44 ds
df = dt' + —=d ——dW. —qudt' + ——=d ——d
Iif Q1<QQ +2\ﬁ W1+2ﬁ 2>+Q2( q1 +2ﬁ W1+2ﬁ WQ)

1 q3 4 ? 4 5 2
- dt' + —=d ——d —qdt' + —=d —d F
+2|:(CI2 +2\ﬁ Wl+2\ﬁ Wz) + Q1 +2\EWI+2\E Wo + (Fo6)

We are interested in the case when ¢3(0) = ¢5(0), and g4(0) = 0 [leading to q5(t') = ¢5(t') = 2v(t'), and q4(t') = 0].
Further we use dW? = dt’ and keep terms of order dt’ or less to obtain,

q3 qs /63 ., & ., v(t? ., g 4295
af = -8 g B gy (B By = at' + BBy 2By F7
F=ag zdWitas = 2*2(47 = 7oAt mVL g m IV (F7)

The drift terms vanish upon stochastic average, demonstrating that the average power J delivered by the engine is

Jt) = ”(tf/)z the unit of energy, Aw, is implicit in the energy (power) definition, J.
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FIG. 4. The efficiency of the engine in the binary feedback n' = (W’)/Q, as a function of the average number of thermal
photons in the initial state 71 and ro. The dashed black line indicates the contour line of maximum 7’ : 7).« (7, 7o) ~ 0.85.

Appendix G: Efficiency of the engine with continuous feedback

We define the stochastic energy of the quantum oscillator as Q/hw = H/hw — 1/2 = ((p?) + (2?))/2 = (var(z) +
var(p) + (2)2 4+ (p)?)/2 = 1/2 = (¢? + ¢3) /2 + (g3 + q5)/4 — 1/2 = W/hw + (g3 + q5)/4 — 1/2. We have identified the
energy stored in the displacement as extractable work, W. The subtracted half corresponds to the zero-point energy
of the quantum oscillator. When 71 = 75 = 7, ¢3(t) = ¢5(t) = 2v(¢), and g4(¢t) = 0. In this case we obtain,

Q/hw = W/hw + 4v(t) /4 — 1/2 =5 W/hw, (G1)

since in the steady state (¢t > 7) we have th;n v(t) = 1/2. We thus notice that in the continuous feedback case, when
T

work is extracted after each measurement, the extracted work W — Q in the long time limit, demonstrating that the
work conversion efficiency of the engine n = W/Q — 1. Here the energy extracted as work differs from the average
Hamiltonian change for the quantum oscillator in the transient regime, which includes energy stored in the variances
of & and p that evolve according to Eq. (3). Moving the bottom of the trap—which extracts part of the average
Hamiltonian change as work—preserves the variances. Extracted work becomes equal to the average Hamiltonian
change in the steady state, when the variances reach their fixed point values. The efficiency of the engine in three
cases, 7o = 71, 7o = 0.977, and 7o = 1.27; are shown in Fig. We note that unit efficiency is reached in the steady
state when ™ = 77.
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