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Xin Zhang,1, 2 Andreas Klümper,2 and Vladislav Popkov3, 2

1Beijing National Laboratory for Condensed Matter Physics,
Institute of Physics, Chinese Academy of Sciences, Beijing 100190, China

2Department of Physics,University of Wuppertal, Gaussstraße 20, 42119 Wuppertal, Germany
3Faculty of Mathematics and Physics, University of Ljubljana, Jadranska 19, SI-1000 Ljubljana, Slovenia

We construct the coordinate Bethe ansatz for all eigenstates of the open spin- 1
2

XXZ chain that fulfill the
phantom roots criterion (PRC). Under the PRC, the Hilbert space splits into two invariant subspaces and there
are two sets of homogeneous Bethe ansatz equations (BAE) to characterize the subspaces in each case. We
propose two sets of vectors with chiral shocks to span the invariant subspaces and expand the corresponding
eigenstates. All the vectors are factorized and have symmetrical and simple structures. Using several simple
cases as examples, we present the core elements of our generalized coordinate Bethe ansatz method. The eigen-
states are expanded in our generating set and show clear chirality and certain symmetry properties. The bulk
scattering matrices, the reflection matrices on the two boundaries and the BAE are obtained, which demonstrates
the agreement with other approaches. Some hypotheses are formulated for the generalization of our approach.

PACS numbers:

INTRODUCTION

Quantum integrable systems [1–3] play important roles
in various fields such as low-dimensional condensed mat-
ter physics, quantum field theory, statistical physics and
Yang–Mills theory. Many methods have been developed for
the analysis of integrable systems. Among them, the two
most classic ones are the coordinate Bethe ansatz and the al-
gebraic Bethe ansatz (ABA). The usage of the conventional
coordinate Bethe ansatz and ABA has so far been restricted to
one-dimensional integrable systems with U(1) symmetry that
guarantees the existence of some obvious reference states. For
integrable systems without U(1) symmetry, there are no ob-
vious reference states and the conventional BA fails. Several
methods including Baxter’s T -Q relation [1] and Sklyanin’s
separation of variables (SoV) method [4] have been developed
to approach this remarkable problem.

In this paper we focus on the XXZ spin- 12 chain with open
boundaries. The non-diagonal boundary fields break the U(1)
symmetry which makes the problem of constructing Bethe
vectors rather unusual. It was proved in [5–7] for the bound-
ary parameters obeying a certain constraint, that the modi-
fied ABA can be applied and homogeneous conventional T -
Q relations exist. The eigenvalue problem of the open XXZ
spin chain with generic integrable boundary conditions was
first solved via the off-diagonal Bethe ansatz (ODBA) method
[8, 9]. The Bethe-type eigenstates were then retrieved in
[10] based on the ODBA solution and a convenient SoV ba-
sis [11–13]. Although the analytical form of the Bethe state
with generic or constrained boundaries has been given, little
is known about their inner structure.

In our recent papers [14, 15], we studied the eigenstates of
the open XXZ chain under the phantom roots criterion (PRC).
The PRC is equivalent to the constrained boundary condition
proposed in [5, 6]. The PRC restricts the system parameters to
a set of manifolds parameterized by an integer number M but
does not introduce any obvious symmetry like U(1) symme-

try. Under the PRC, the Hilbert space splits into two invariant
subspaces whose dimensions are determined by the integer
M . Two sets of factorized chiral states are selected here to
span the subspaces respectively. In [14, 15] we constructed
the phantom Bethe states in some simple cases and analyzed
their properties such as the chirality and the corresponding
spin current.

In this paper, the coordinate Bethe Ansatz method is gener-
alized in full detail. Here we report on a formulation of “gen-
eralized” chiral coordinate Bethe ansatz (CCBA) in an open
XXZ spin chain with non-diagonal boundary fields. We do
this on the example of the system satisfying the PRC.

Our approach inherits the core ideas of conventional coordi-
nate Bethe ansatz method and gives novel results. The novelty
is two-fold: (i) we find that it is appropriate to use the basis
vectors with chiral shocks, instead of the usual conventional
computational basis; for this reason we also call it a chiral
Bethe ansatz (ii) it turns out to be appropriate to enlarge the
basis into a symmetric one by including linearly-dependent
“auxiliary” vectors.

The paper is organized as follows. First, we introduce the
open XXZ spin- 12 chain under the phantom roots conditions.
Two symmetrically enlarged sets of vectors are then con-
structed based on which we can expand the phantom eigen-
states of the Hamiltonian. Next, we demonstrate how the chi-
ral coordinate Bethe ansatz works in terms of these vectors for
the M = 0, 1, 2 cases and generalize our method to the arbi-
trary M case. In the last part of the main text, we specifically
study the spin helix eigenstates. Some necessary proofs are
given in the Appendices.

THE OPEN XXZ MODEL UNDER PHANTOM ROOTS
CONDITIONS

We study the spin-12 XXZ chain with open boundary con-
ditions
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H =

N−1∑
n=1

hn,n+1 + h1 + hN , (1)

where

hn,n+1 =σxnσ
x
n+1+σynσ

y
n+1+coshησznσ

z
n+1−coshη I,(2)

h1 =
sinhη

sinh(α−)cosh(β−)
(cosh(θ−)σx1 + i sinh(θ−)σy1

+cosh(α−)sinh(β−)σz1), (3)

hN =
sinhη

sinh(α+)cosh(β+)
(cosh(θ+)σxN + i sinh(θ+)σyN

−cosh(α+)sinh(β+)σzN ), (4)

and α±, β±, θ± are boundary parameters. We parameterize
the anisotropy parameter of the exchange interaction as ∆ ≡
cosh η ≡ cos γ with η = iγ.

This model is one of the most famous integrable systems
[1, 2, 16, 17] without U(1) symmetry. The exact solutions
of this model have been given by the ODBA method [8, 9].
A set of inhomogeneous Bethe ansatz equations (BAE) with
at least N Bethe roots were constructed [8–10] to solve the
eigenvalue problem and the Bethe-type eigenstates were then
retrieved [9, 10] based on the ODBA solution.

An interesting observation is that some Bethe roots in
the original inhomogeneous BAE can be chosen “phantom”,
i.e. with infinite value of the root and hence not contributing
to the energy, under some specific conditions like

(N − 2M − 1)η

= α− + β− + α+ + β+ + θ− − θ+ mod 2πi, (5)

where M is an integer ranging from 0 to N − 1. Under the
phantom Bethe roots criterion (PRC) (5), the inhomogeneous
BAE can reduce to homogeneous ones with M or M̃ = N −
1 −M preserved finite Bethe roots [5–7, 9] and the Hilbert
space splits into two invariant subspaces G+

M and G−M , whose
dimensions are determined by the integer M [14, 15]. The
PRC also serve as the compatibility condition of the modified
ABA method [5, 18].

Under the constraint (5), the hermiticity of Hamiltonian (1)
requires in the case |∆| < 1 (the easy plane regime)

Re[α±] = Re[θ±] = Re[η] = 0,

Im[β±] = 0 and β+ = −β−, (6)

and in the case ∆ > 1 (the easy axis regime)

Im[α±] = Im[β±] = Im[η] = 0,

Re[θ±] = 0 and θ+ = θ− mod 2iπ. (7)

In the following we show that the two sets of homogeneous
BAE correspond to two invariant subspaces G+

M and G−M re-
spectively, and their solutions constitute the complete set of
eigenstates and eigenvalues under the criterion (5). In addi-
tion, we construct explicit phantom Bethe vectors via a chiral
coordinate Bethe ansatz, see below.

ADDITION OF EXTRA AUXILIARY VECTORS TO THE
BASES OF G±

M .

Here we explain a perhaps most important and subtle fea-
ture of the chiral coordinate Bethe ansatz for open systems
with non-diagonal boundary fields, satisfying the phantom
roots criterion. Namely, we have two invariant subspaces,G+

M

and G−M , and the eigenvectors of H for each subspace will be
given by separate CCBA. Furthermore, the Bethe eigenvec-
tors will be given not as a linear combination of independent
original basis vectors, but as a linear combination of the orig-
inal basis vectors plus other extra auxiliary vectors, which are
linearly dependent and are added for convenience. Adding
the extra vectors allows to symmetrize the basis and to make
the CCBA coefficients elegant and simple. Below we remind
of the definition of the basis vectors and show how the extra
auxiliary vectors are constructed.

Define the following local left vectors on each site n

φn(x) =
(

1, −eθ−+α−+β−+(2x−n+1)η
)
≡ (1, ezn,x) ,(8)

zn,x = θ− + α− + β− + (2x− n+ 1)η + iπ. (9)

Here the second component of these states depends on the po-
sition index n and zn,x serves as a phase factor of the state
φn(x). Let us introduce a set of factorized states

〈 0, . . . , 0︸ ︷︷ ︸
m0

, n1, . . . , nk︸ ︷︷ ︸
k

, N, . . . , N︸ ︷︷ ︸
mN

|

= eη(NmN+
∑k

j=1 nj)
n1⊗
l1=1

φl1(m0)

n2⊗
l2=n1+1

φl2(m0 + 1)

· · ·
N⊗

lk+1=nk+1

φlk+1
(m0 + k), (10)

0 < n1 < n2 < · · · < nk < N, k ≥ 0.

The structure of the states (10) is particular and is very dif-
ferent from the usual computational basis of up and down
spins, used for instance to describe the Bethe eigenstates of
a periodic XXZ spin chain. The number m0 defines the ini-
tial phase of the first qubit, and the phases of the subsequent
qubits increment by an amount η from site to site except at
the points n1, . . . nk, where kinks occur. The states (10) are
conveniently graphically represented in a form of trajectories,
see Fig. 1. The nature of any state even in the presence of
kinks is chiral. The full set of Bethe vectors (all eigenstates
of the Hamiltonian) will be expressed by a chiral set (10) as
explained below.

It was proved in [14] that the bra vectors (10) with

m0 + k +mN = M,

m0 = 0, 1, . . .M, mN = 0, 1, (11)

are all independent and form a basis of the invariant subspace
G+
M , with the dimension dimG+

M = d+(M) =
∑M
n=0

(
N
n

)
.
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The Hamiltonian H has d+(M) left eigenvectors which are
linear combinations of the G+

M basis states. The G+
M basis

(11) consists of factorized states with 0 kink, 1 kink, etc. . . .
up to M kinks, see Fig. 1, Upper Panel.

For our purpose it is convenient to enlarge the basis by
adding to (11) extra chiral states of the form (10) with

m0 + k +mN = M,

m0 = 0, 1, . . .M, mN = 2, . . .M, (12)

rendering the enlarged set of states

m0,mN = 0, 1, . . .M, m0 + k +mN = M, (13)

completely symmetric, see Fig. 1, Lower panel. For M = 0
and M = 1, the basis vector set (11) coincides with the en-
larged set (13). For M > 1 the number of auxiliary vectors
increases monotonically with M . For M = 2, 3, 4, the num-
ber of auxiliary vectors is 1, N+1, N

2+N+4
2 respectively. For

arbitrary M ≥ 2, the number of additional vectors can be cal-
culated on combinatorial grounds and is equal to

dadd+ (M) =

M−2∑
j=0

j∑
k=0

(
N − 1

k

)
. (14)

It can be proved (see Appendix B) that all auxiliary vectors
are linear combinations of the d+(M) basis vectors. The full
generating set (13) contains in total

dtotal+ (M) =

M∑
j=0

j∑
k=0

(
N − 1

k

)
(15)

vectors. Each vector from the set corresponds to a directed
path in Fig. 1, Lower Panel.

Note that in the G+
M case, we deal with the bra vectors. In

the following we show how to construct the auxiliary vectors
for the ket G−M basis.

Adding auxiliary ket vectors to the basis of G−
M

Analogously, introduce the local ket states,

φ̃n(x) =

(
1

e−θ−−α−−β−+(2x−n+1)η

)
, (16)

and construct factorized states out of them

| 0, . . . , 0︸ ︷︷ ︸
m0

, n1, . . . , nk︸ ︷︷ ︸
k

, N, . . . , N︸ ︷︷ ︸
mN

〉〉,

obtainable from bra vectors (10) via the replacement φ → φ̃.
Analogously to (11), the above ket states with

m0 + k +mN = M̃,

m0 = 0, 1, . . . M̃ , mN = 0, 1, (17)

zN,M

zN,M-1

N7531
n

z1,0

z1,1

z1,M

zn,x

〈1,3,4,5,8|

〈0,0,3,8,N |

〈4,N,N,N,N |

N7531
n

〈n,...|
〈0,n,...|

〈0,0,n,...|
〈0,0,0,n,...|
〈0,0,0,0,n|
〈0,0,0,0,0|

zn,x

Figure 1: Visualization of the invariant subspace G+
M (Upper Panel)

and of the symmetrically enlarged G+
M with auxiliary states added

(Lower Panel) for N = 9,M = 5, and showing the phase factor
zn,x from (8) versus site number n. Any state (10) corresponds to
some directed path (backward moves are forbidden). Upper Panel:
Illustration of the linearly independent states (11) that realize a basis
of G+

M . Directed paths start at one of M + 1 points (filled black
circles) on site n = 1 and end at one of two points indicated by
filled circles at n = N . The allowed paths representing the basis
states (11) lie entirely inside the filled region, including the bound-
aries. The black and red trajectories are examples of two states from
(11): 〈1, 3, 4, 5, 8| and 〈0, 0, 3, 8, N |, respectively. Lower Panel: Il-
lustration of the full set of states entering the chiral coordinate Bethe
ansatz (77). Directed paths start at one of M +1 filled circles on site
n = 1 and end at one of M + 1 filled circles at n = N . The blue
line represents a state 〈4, N,N,N,N | which belongs to the extra set
of auxiliary states (12), while the black and the red line “belong” to
the original set of basis states, see Upper Panel.

where M̃ = N−1−M , form a basis of the invariant subspace
G−M [14]. Adding additional ket states in analogy to (12), we
get another fully symmetric set of ket vectors with

m0,mN = 0, 1, . . . M̃ , m0 + k +mN = M̃, (18)

and their total number is

dtotal− (M) =

M̃∑
j=0

j∑
k=0

(
N − 1

k

)
. (19)
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PHANTOM BETHE EIGENSTATES IN G+
M FOR M = 0, 1, 2

M = 0 case

When M = 0, the invariant subspace G+
0 consists of just

one state, a spin-helix state (SHS) [19–21]

〈Ψ0| = φ1(0) · · ·φN (0), (20)

with

〈Ψ0|H = 〈Ψ0|E0, (21)
E0 = −sinhη(coth(α−) + tanh(β−)

+ coth(α+) + tanh(β+)), (22)

see [14, 15]. In the factorized state 〈Ψ0|, the qubit phase
grows linearly, implying underlying chiral properties of the
state. Indeed, for a Hermitian Hamiltonian in the easy plane
regime, the SHS 〈Ψ0| for β± = 0 carries the magnetic current

jz =
〈Ψ0|jzk|Ψ0〉
〈Ψ0|Ψ0〉

= 2 sin γ, (23)

jzk = 2(σxkσ
y
k+1 − σ

y
kσ

x
k+1).

For a Hermitian system in the easy axis regime (7), the SHS
〈Ψ0| carries no magnetic current, i.e. jz = 0. Remarkably,
the SHS (20) has been produced experimentally in a system
of cold atoms where the z-axis anisotropy of the Heisenberg
interaction can be controlled by Feshbach resonance [22, 23].

M = 1 case

Define the following factorized states

〈n| = enηφ1(0) · · ·φn(0)φn+1(1) · · ·φN (1). (24)

The states 〈0|, 〈1|, . . . , 〈N | span the subspace G+
1 [14]. Con-

sequently there existN +1 Bethe eigenstates which are linear
combinations of the basis vectors

〈Ψ(α)
1 | =

N∑
n=0

〈n|f (α)n , α = 0, 1, . . . , N, (25)

where the greek upper index α enumerates the states of the
G+

1 multiplet.
Define the boundary parameters

a± =
sinh(α± + η)

sinh(α±)
, b± =

cosh(β± + η)

cosh(β±)
. (26)

The coefficients {f (α)n } can be written in the following coor-
dinate Bethe ansatz form [14]

f (α)n = gn

(
A

(α)
+ einp(α) +A

(α)
− e−inp(α)

)
, 0 ≤ n ≤ N,

g0 =
1

1− a−b−
, gN =

1

1− a+b+
,

g1 = g2 = · · · = gN−1 = 1. (27)

Note that writing f (α)n as a product of the listed gn times a
second factor allows this one to be a sum of plane waves for
all sites n even at the ends with n = 0 and N . The quasi-
momentum p(α) is subject to Eq. (31) which is the consis-
tency condition for the following relations for the amplitudes
A

(α)
±

A
(α)
− = SL(p(α))A

(α)
+ ,

A
(α)
− = e2iNp(α)SR(p(α))A

(α)
+ , (28)

where SL(p) and SR(p) are the reflection matrices on left and
right boundaries [24] respectively with

SL(p) = −1− a− eip

a− − eip
1− b− eip

b− − eip
, (29)

SR(p) = − a+ − eip

1− a+ eip
b+ − eip

1− b+ eip
. (30)

The compatibility condition of Eq. (28) is exactly the BAE
for M = 1

e2iNp
∏
σ=±

aσ − eip

1− aσ eip
bσ − eip

1− bσ eip
= 1. (31)

The solutions of BAE (31) are denoted by p(α) with α =
0, . . . , N . The corresponding eigenvalue in terms of the Bethe
root p(α) is given by

E(α) = 4 cos(p(α))− 4∆ + E0. (32)

For a Hermitian system, the single quasi-momentum p(α) can
be real or purely imaginary. It has been proved in [14] that
the invariant subspaces G+

1 have additional internal structure
when at least one of the additional constraints a±b± = 1 is
satisfied.

Once the eigenstates are constructed, physical quantities
can be calculated, e.g. the expectation value of the spin cur-
rent. A qualitative analysis yields that the spin currents in
the single particle multiplet can differ from the SHS current
jzSHS = 2 sin γ at most by O

(
1
N

)
corrections in the easy

plane regime. Consider a Hermitian Hamiltonian in the easy
plane regime with the boundary parameters

β+ = β− = 0, α± = −iγ ± i
π

2
mod 2πi,

θ− − θ+ = i(N − 1)γ mod 2πi. (33)

The explicit expressions of the current in theN+1 eigenstates
are [14]

jz(α) =
〈Ψ(α)

1 | jzl |Ψ
(α)
1 〉

〈Ψ(α)
1 |Ψ

(α)
1 〉

= 2 sin γ

(
1− 4

N

1− cos2(p(α))

1 + ∆2 − 2∆ cos(p(α))

)
, (34)

p(α) =
πα

N
, α = 0, . . . , N.
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It can be seen from the above that all phantom Bethe states
are current carrying states: the upper and lower bounds for the
current of the multiplet are of order of the SHS current jSHS ,

jSHS

(
1− 4

N

)
≤ jz(α) ≤ jSHS = 2 sin γ. (35)

The upper bound is saturated; indeed jz(0) = jz(N) = jSHS
since the respective Bethe states 〈Ψ(α)

1 | with α = 0, N are in
fact spin helix states, differing by an initial phase. The lower
bound is approached most closely for p(α) ≤ γ ≤ p(α + 1),
and it can be saturated if an α satisfies p(α) = γ, i.e. for some
root of unity anisotropies.

In the following we omit the upper index α enumerating the

physical BAE solutions for brevity of notation.

M = 2 case

For M = 2, we follow the same procedure to construct
the Bethe eigenstates, via a generating set (13), i.e. vectors
〈0, 0|, 〈0, 1|, . . . , 〈0, N |, . . . , 〈N,N |.

Using convenient notations

w± = a± + b±, (36)

the action of H on the set 〈n,m| is given by

〈0, 0|H = (4∆ a−b− − w− − w+) 〈0, 0|+ 4∆ (w− − 2∆ a−b−)〈0, 1|, (37)

〈0, 1|H = (w− − w+ − 4∆ a−b−) 〈0, 1|+ 2〈0, 2|+ 2 a−b−〈0, 0|, (38)

〈0, n|H = (w− − w+ − 4∆) 〈0, n|+ 2〈0, n−1|+ 2〈0, n+1|+ 2(1− a−b−)〈1, n|, 2 ≤ n ≤ N−1, (39)

〈0, N |H = (w− + w+ − 4∆) 〈0, N |+ 2(1− a−b−)〈1, N |+ 2(1− a+b+)〈0, N−1|, (40)

〈n,m|H = − (w− + w+ + 4∆) 〈n,m|+ 2〈n−1,m|+ 2〈n+1,m|
+2〈n,m+1|+ 2〈n,m−1|, 1≤n<m≤N−1, m−n>1, (41)

〈n, n+1|H = − (w− + w+) 〈n, n+1|+ 2〈n−1, n+1|+ 2〈n, n+2|, 1≤n≤N−2, (42)

〈n,N |H = (w+ − w− − 4∆) 〈n,N |+ 2〈n−1, N |+ 2〈n+1, N |+ 2(1− a+b+)〈n,N−1|, 1≤n≤N−2, (43)

〈N−1, N |H = (w+ − w− − 4∆ a+b+) 〈N−1, N |+ 2〈N−2, N |+ 2a+b+〈N,N |, (44)

〈N,N |H = (4∆a+b+ − w+ − w−) 〈N,N |+ 4∆(w+ − 2∆ a+b+)〈N−1, N |. (45)

Obviously, the factorized states 〈n,m| span an invariant sub-
space G+

2 of H . The respective phantom Bethe eigenstates
belonging to G+

2 can be written as a linear combination of
〈n,m| as

〈Ψ2| =
∑

0≤n1<n2≤N

〈n1, n2| fn1,n2 +
∑
n=0,N

〈n, n|fn,n, (46)

with yet unknown eigenvalue E. Later, for convenience, we

extend the notation to a double sum over 0 ≤ n1 ≤ n2 ≤ N
with, however, fn,n ≡ 0 for n 6= 0, N .

We write E as

E = 2Λ− 8∆ + E0, (47)

where E0 is defined in Eq. (22). The eigenvalue equation
〈Ψ2|H = 〈Ψ2|E gives rise to the following recursive iden-
tities for the coefficients fn,m,
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(Λ− 2∆δn+1,m)fn,m = fn+1,m + fn−1,m + fn,m+1 + fn,m−1, 2 ≤ n < m ≤ N − 2, (48)
(Λ− 2∆δn,N−2) fn,N−1 = fn+1,N−1+fn−1,N−1+fn,N−2+(1−a+b+)fn,N , 2≤n≤N−2, (49)

(Λ− 2∆δ2,m)f1,m = f1,m+1 + f1,m−1 + f2,m + (1− a−b−)f0,m, 2 ≤ m ≤ N − 2, (50)

Λ f1,N−1 = f2,N−1 + f1,N−2 + (1− a+b+)f1,N + (1− a−b−)f0,N−1, (51)

(Λ− w−) f0,m = f0,m−1 + f0,m+1 + f1,m, 2 ≤ m ≤ N − 2. (52)

(Λ− w+) fn,N = fn−1,N + fn+1,N + fn,N−1, 2 ≤ n ≤ N − 2, , (53)

(Λ− w−) f0,N−1 = (1− a+b+)f0,N + f0,N−2 + f1,N−1, (54)

(Λ− w+) f1,N = (1− a−b−)f0,N + f2,N + f1,N−1, (55)

(Λ− w− − w+) f0,N = f0,N−1 + f1,N . (56)

(Λ + 2∆ a−b− − w− − 2∆)f0,1 = f0,2 + 2∆(w− − 2∆ a−b−)f0,0, (57)

(Λ + 2∆ a+b+ − w+ − 2∆)fN−1,N = fN−2,N + 2∆(w+ − 2∆ a+b+)fN,N , (58)

(Λ− 2∆ a−b− − 2∆) f0,0 = a−b−f0,1, (59)

(Λ− 2∆ a+b+ − 2∆) fN,N = a+b+fN−1,N . (60)

We propose the following ansatz

fn,m = gn,m
∑

σ1,σ2=±

(
A1,2
σ1,σ2

eiσ1np1+iσ2mp2

+A2,1
σ2,σ1

eiσ2np2+iσ1mp1
)
, (61)

where p1,p2 are quasi-momenta and the coefficients {gn,m}
are p-independent. We impose gn,m ≡ 1 for n,m 6= 0, N .
Considering the bulk term Eq. (48) with m 6= n+ 1 and using
the ansatz (61), we get the expression of Λ and energy

Λ = 2 cos(p1) + 2 cos(p2), (62)

E = 4

2∑
j=1

cos(pj)− 8∆ + E0. (63)

To satisfy Eq. (48) with m = n + 1, we get the two-body
scattering matrix [24]

A2,1
σ2,σ1

= S1,2(σ1p1, σ2p2)A1,2
σ1,σ2

, (64)

where S has the following symmetry and explicit expression

S1,2(p,p′) = S2,1(−p′,−p)

= −1− 2∆ eip
′
+ eip

′+ip

1− 2∆ eip + eip′+ip
. (65)

The ansatz (61) allows us to get the following expressions
from Eqs. (49) and (50)

gn,N =
1

1− a+b+
, g0,n =

1

1− a−b−
, (66)

2 ≤ n ≤ N − 2.

The boundary dependent Eqs. (52) and (53) determine the fol-
lowing left and right reflection matrices respectively

Aj,k−,σk
= SL(pj)A

j,k
+,σk

, (67)

Aj,kσj ,− = e2iNpkSR(pk)Aj,kσj ,+, (68)

where the reflection matrices SL(p) and SR(p) are given by
Eqs. (29)-(30).

SL(p) = −1− a− eip

a− − eip
1− b− eip

b− − eip
, (69)

SR(p) = − a+ − eip

1− a+ eip
b+ − eip

1− b+ eip
. (70)

The scattering matrix in (65) and reflection matrices in (29),
(30) determine all the amplitudes Aj,kσj ,σk

. The consistency
condition of our ansatz gives the BAE

e2iNpjSj,k(pj ,pk)SR(pj)Sk,j(pk,−pj)

×SL(−pj) = 1, j, k = 1, 2, j 6= k. (71)

One can verify that our BAE in (71) is consistent with the
one given by the modified ABA [5] and the functional T -Q
relation [6, 9], see Appendix A. Lettingm in (52) and n in (53)
take values 2 and N − 2 respectively and using the reflection
matrices (29), (30), we have

g1,N = gN−1,N =
1

1− a+b+
,

g0,1 = g0,N−1 =
1

1− a−b−
, (72)

extending the result (66) to 1 ≤ n ≤ N − 1. Substituting the
result in (72) into Eq. (54), we get the expression of g0,N

g0,N =
1

(1−a−b−)(1−a+b+)
. (73)

The remaining coefficients f0,0 and fN,N are derived from
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Eqs. (57) and (58)

g0,0 =
a−b−

2∆(1−a−b−)(w− −2∆ a−b−)
,

gN,N =
a+b+

2∆(1−a+b+)(w+−2∆ a+b+)
. (74)

Using Eqs. (113)-(115), we reparameterize the functions
{gn,m} in terms of α± and β± as

gn,m =



1, n,m 6= 0, N,

F−(1), n = 0, m 6= 0, N,

F+(1), n 6= 0, N, m = N,

F−(1)F+(1), n = 0, m = N,

F−(1)F−(2), n = m = 0,

F+(1)F+(2), n = m = N,

(75)

where

Fσ(k) = δk,0 − (1− δk,0)
sinh(ασ + (k − 1)η)

sinh(kη)
,

× cosh(βσ + (k − 1)η)

cosh(ασ + βσ + kη)
, σ = ±. (76)

Note that for our futher generalization (79) it is convenient to
define Fσ(0) = 1 via (76), even though Fσ(0) does not appear
in (75). One can prove that our ansatz (61), (75) satisfies all
the relations (48)-(60), see Appendix D.

Remark. In the generic case, the invariant subspace G+
2

is irreducible. However, on special manifolds, further internal
structures appear, leading to the existence of one or more sub-
subspaces, which are invariant w.r.t. the action of the Hamilto-
nian. As an example, for a±b± = 1, three invariant subspaces
of G+

M appear. The details of this further structuring and the
consequences for the BAE sets is discussed in Appendix E.

GENERALIZATION FOR ARBITRARY M

On the basis of our findings we formulate the following hy-
pothesis: phantom Bethe vectors, i.e. Bethe states with infi-
nite rapidities resp. momenta kj = ±γ, are for general M
given by a superposition of the states (10). We denote the
vector 〈 0, . . . , 0, ñ1, . . . , ñk, N, . . . , N | from (10) simply as
〈n1, . . . , nM |, where some of the first site labels nj may be
identical to 0 and some of the last ones identical to N .

We have seen in theM = 1, 2 cases, that writing fn or fn,m
as a product of certain prefactors gn or gn,m times a second
factor allows this one to be a sum of plane waves for all sites
even at the ends with n or m equal to 0 or N . Analysing
the M = 1, 2 cases, we see that the prefactors g only depend
on the number of site labels 0 resp. N . This inspired us to
formulate a general rule for the arbitraryM case with a certain
prefactor gn1,...,nM

≡ Cm0,mN
where m0 and mN denote

the number of site labels equal to 0 resp. N in the sequence
n1, . . . , nM . Using this rule we find

〈ΨM | =
∑

n1,...,nM

〈n1, . . . , nM |fn1,...,nM
, (77)

fn1,...,nM
= Cm0,mN

∑
r1,...,rM

∑
σ1,...,σM=±

Ar1,...,rMσr1 ,...,σrM

× ei
∑M

k=1 σrk
nkprk , (78)

where in (77) we sum over all configurations n1, . . . , nM al-
lowed by (13). The first sum in (78) is over all permutations
r1, . . . , rM of 1, . . . ,M , while the coefficients Cm0,mN

de-
pend only on m0,mN and are given by remarkably simple
expressions

Cm0,mN
=

m0∏
k=0

F−(k)

mN∏
l=0

F+(l). (79)

where Fσ(m) are defined by Eq. (76). The amplitudes
Ar1,...rMσr1 ,...,σrM

are determined by the two-body scattering ma-
trix S in (65) and the reflection matrices SL, SR in (29)-(30)

A...,rn+1,rn,...
...,σrn+1

,σrn ...
= Srn,rn+1

(σnpn, σn+1pn+1)

×A...,rn,rn+1,...
...,σrn ,σrn+1

..., (80)

Ar1,...−,... = SL(pr1)Ar1,...+,... , (81)

A...,rM...,− = e2N iprM SR(prM )A...,rM...,+ . (82)

The compatibility of the whole scheme is guaranteed by a set
of transcendental equations for the quasi-momenta, the BAE

e2iNpr1Sr1,r2(pr1 ,pr2) · · ·Sr1,rM (pr1 ,prM )SR(pr1)

× SrM ,r1(prM ,−pr1) · · ·Sr2,r1(pr2 ,−pr1)SL(−pr1) = 1,

r1 = 1, . . . ,M. (83)

The BAE (83) coincide with those obtained by other ap-
proaches [5, 6]. The corresponding eigenvalue in terms of
quasimomenta {p1, . . . ,pM} is

E = 4

M∑
j=1

(cos(pj)−∆) + E0. (84)

Analogously we construct the other set of eigenstates
|ΨM 〉〉 belonging to G−M . The substitutions

α± → −α±, β± → −β±, θ± → iπ + θ±, (85)

leave the Hamiltonian invariant and give the following re-
placements

M → M̃, a± → ã±, b± → b̃±, (86)

where

ã± =
sinh(α± − η)

sinh(α±)
, b̃± =

cosh(β± − η)

cosh(β±)
. (87)
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The vectors in (13), (18), and the fundamental relations (102)-
(111) all show the symmetry (85) and (86). This is sufficient
to prove that the eigenstates |ΨM 〉〉 can be constructed in anal-
ogy to (77). Following (77), we make the ansatz

|ΨM 〉〉 =
∑

n1,...,nM̃

f̃n1,...,nM̃
|n1, . . . , nM̃ 〉〉, (88)

with

f̃n1,...,nM̃
= C̃m0,mN

∑
r1,...,rM̃

∑
σ1,...,σM̃

=±
Ã
r1,...,rM̃
σr1

,...,σr
M̃

× ei
∑M̃

k=1 σrk
nkp̃rk . (89)

Substituting A······, Cm0,mN
and {p1, . . . ,pM} in Eqs. (79)-

(84) with Ã······, C̃m0,mN
and {p̃1, . . . , p̃M̃} respectively and

then using the substitutions (85), (86), we get another chiral
coordinate Bethe ansatz, now for the G−M Bethe eigenvectors.

The chiral coordinate Bethe ansatz in Eqs. (77)-(83) and
(88)-(89) are the main result of this paper. Eqs. (77)-(83) give
the full set of Bethe vectors for the G+

M invariant subspace
and the dual Eqs. (88)-(89) give the full set of Bethe vectors
for the G−M invariant subspace, in total, all 2N phantom Bethe
vectors.

At present, it is difficult to prove our hypotheses in (78) and
(89) completely. However, there are many arguments that cor-
roborate our hypotheses. On one hand, we retrieve the same
BAE which have been obtained by other approaches. On the
other hand, the correctness of our conjecture for at least a part
of the coefficients fn1,...,nM

in (78) can be proved for arbitrary
M .

SPIN HELIX EIGENSTATES

Among the vectors constituting the G+
M basis plus the aux-

iliary vectors, there are M + 1 linearly independent spin helix
states (SHS) of the form

〈SHS;m| =
N⊗
n=1

φn(m) ∝ 〈0, . . . , 0︸ ︷︷ ︸
m

, N, . . . , N︸ ︷︷ ︸
M−m

|, (90)

m = 0, . . . ,M,

which have the same chirality but different initial qubit phase.
Below we look for conditions under which these SHS be-

come eigenstates of the Hamiltonian. Acting by the Hamilto-
nian H on these SHS and using Eqs. (102)-(105), we find

〈SHS;m|H =−
(

sinhη cosh(α−+β−+2mη)

sinh(α−)cosh(β−)
+

sinhη cosh(α++β++2(M−m)η)

sinh(α+)cosh(β+)

)
〈SHS;m|

+
2sinhη sinh((M−m)η)cosh(α++β++(M−m)η)

sinh(α+)cosh(β+)
〈SHS;m|σzN

− 2sinhη sinh(mη)cosh(α−+β−+mη)

sinh(α−)cosh(β−)
〈SHS;m|σz1 . (91)

It is clear from the above that the SHS 〈SHS;m| becomes
an eigenstate of H if one or two additional conditions are sat-
isfied, namely:

(i) when cosh(α− + β− + Mη) = 0, 〈SHS;M | is an
eigenstate of H ,

(ii) when cosh(α++β++Mη) = 0, 〈SHS; 0| is an eigen-
state of H ,

(iii) when cosh(α++β++(M−m)η) = 0, cosh(α−+β−+
mη) = 0, m 6= 0,M , 〈SHS;m| is an eigenstate of H ,

and the corresponding eigenvalues are given by Eq. (91).

DISCUSSION

We have analyzed the integrable open XXZ spin- 12 chain
satisfying the phantom Bethe roots existence Criterion (PRC),

η =
α−+β−+α++β++θ−−θ++2imπ

N − 2M − 1
, (92)

where m is an arbitrary integer, and the integer M has the
range 0 ≤M ≤ N−1. For a Hamiltonian under the PRC (5),
the crossing parameter η can only take N − 2M − 1 discrete
values with relative positions equidistant in the complex plane
[9]. Under this condition, the Hilbert space splits into two in-
variant subspaces [14] and remarkable singular peaks in the
magnetization current of the associated dissipative quantum
system occur [25], which can now be related to the existence
of spin helix eigenstates and their generalizations in the spec-
trum of the effective Hamiltonian.

Under the PRC, two conventional BAE with M and M̃ =
N −M − 1 regular Bethe roots appear, which correspond to
two invariant subspaces G+

M and G−M , with the dimensions
dimG+

M =
∑M
k=0

(
N
k

)
and dimG−M =

∑N
k=M+1

(
N
k

)
=

2N − dimG+
M .

Our proposed chiral coordinate Bethe ansatz allows to con-
struct the full set of Bethe eigenstates, separately for G+

M and
G−M , as a linear combination over a symmetric set of vec-
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tors, spanning the respective chiral invariant subspace. The
set of vectors contains spin helix states with “kinks”. Un-
like in the periodic case, we have to treat the non-diagonal
boundary fields which break the magnetization conservation,
i.e. the U(1) symmetry. The integer M determines the maxi-
mum number of “kinks”. An exciting result is that the expan-
sion coefficients for the open spin chain, in the chiral basis of
SHS with kinks, have a very simple analytic form.

We demonstrated that for small M , the Bethe eigenstates
have some unusual chiral properties such as high magnetiza-
tion currents.

Our method can be generalized to other integrable open sys-
tems, not necessarily of quantum origin, such as the asymmet-
ric simple exclusion process (ASEP) with open boundaries
[26, 27], the spin-1 Fateev-Zamolodchikov model [28] and
spin-s integrable systems [29]. Potentially, a generalization of
our results to the XYZ spin- 12 chain [30] might exist, which is
a challenging open problem.

The formulation of the chiral coordinate Bethe ansatz has
become possible due to the existence of phantom Bethe roots,
which appear both in open and periodically closed systems
[15].

Another interesting question is how to obtain the eigen-
states of non-Hermitian systems under PRC. Using our bases
and the chiral coordinate Bethe ansatz method, we can always
construct the left or right eigenstates which correspond to one
subspace, whether the system is Hermitian or not. For a Her-
mitian system the dual states can be directly obtained. If the
system is not Hermitian, the construction of the dual states is
still challenging. A very intuitive example is the one-species
ASEP with open boundary conditions, which belongs to the
M = 0 case. The left steady state of the Markov matrix is a
simple factorized state, while the right steady state has a very
complicated structure, which however can be calculated ex-
actly by other approaches, the matrix product approach [31]
or the recursive approach [32].

Our results may lay the basis for further analytic studies
and may possibly serve for a new understanding relevant for
experimental applications, e.g. the experimental realization of
the model and eigenstates by techniques presented in [22, 23].
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Appendix A: BAE resulting from modified ABA

It has been proved under condition (5) there exists a con-
ventional BAE [5, 6, 9],[

sinh(xj + η
2 )

sinh(xj − η
2 )

]2N ∏
σ=±

sinh(xj − ασ − η
2 )

sinh(xj + ασ + η
2 )

×
cosh(xj − βσ − η

2 )

cosh(xj + βσ + η
2 )

=

M∏
k 6=j

sinh(xj − xk + η)

sinh(xj − xk − η)

× sinh(xj + xk + η)

sinh(xj + xk − η)
, j = 1, . . . ,M. (93)

The above BAE, in terms of the single particle quasi-
momentum pj

eipj =
sinh

(
xj + η

2

)
sinh

(
xj − η

2

) . (94)

take the form [14]

e2iNpj

∏
σ=±

aσ − eipj

1− aσ eipj

bσ − eipj

1− bσ eipj

=
∏
σ=±

M∏
k 6=j

1− 2∆ eipj + eipj+iσpk

1− 2∆ eiσpk + eipj+iσpk
, j=1, . . . ,M, (95)

where a±, b± are defined in (26). Valid physical Bethe roots
{p1, . . . ,pM} satisfy the selection rules eipj 6= e±ipk , eipj 6=
±1. We see that Eq. (95) is identical to our BAE (83) in the
main text. The invariance of the Hamiltonian H w.r.t. the sub-
stitution (85) under condition (5) allows to construct another
set of homogeneous BAE by replacing α±, β± and M in (95)
with −α±, −β± and M̃ = N − 1−M respectively, see [14].
The second set of BAE thus reads

e2iN p̃j

∏
σ=±

ãσ − eip̃j

1− ãσ eip̃j

b̃σ − eip̃j

1− b̃σ eip̃j

=
∏
σ=±

M̃∏
k 6=j

1− 2∆ eip̃j + eip̃j+iσp̃k

1− 2∆ eiσp̃k + eip̃j+iσp̃k
, j = 1, . . . , M̃ ,

(96)

where ã±, b̃± are defined in Eq. (87).

Appendix B: Linear dependence of the auxiliary vectors

Here we show that all extra auxiliary bra vectors participat-
ing in the CCBA, are linear combinations of the basis vectors
of G+

M , and similarly, all extra auxiliary ket vectors are lin-
ear combinations of the G−M basis vectors. For the proof, it is
enough to demonstrate that any bra vector from the extended
(symmetrized) bra set is orthogonal to any ket vector from the
extended (symmetrized) ket set, i.e. (101).
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To this end, define the function y(n, vn, ṽn) as

φn(vn)φ̃n(ṽn) = 1− e2y(n,vn,ṽn)η,

y(n, vn, ṽn) = vn + ṽn − n+ 1. (97)

When y(n, vn, ṽn) = 0, the local vectors φn(vn) and φ̃n(ṽn)
are orthogonal. Introduce the inner products

〈n1, . . . , nM |m1, . . . ,mM̃
〉〉

= eη
∑M

j=1 nj+η
∑M̃

k=1mk

N∏
n=1

(
1− e2y(n,vn,ṽn)η

)
, (98)

where 〈n1, . . . , nM | belongs to the extended G+
M set of vec-

tors and |m1, . . . ,mM̃
〉〉 belongs to the extended G+

M set of
vectors. Obviously,

0 ≤ v1 ≤ v2 ≤ · · · ≤ vN ≤M,

0 ≤ ṽ1 ≤ ṽ2 ≤ · · · ≤ ṽN ≤ M̃,

vn+1 − vn = 0, 1, ṽn+1 − ṽn = 0, 1, (99)

and

y(n+ 1, vn+1, ṽn+1)− y(n, vn, ṽn) = 0,±1,

y(1, v1, ṽ1) ≥ 0, y(N, vN , ṽN ) ≤ 0. (100)

So y(n, vn, ṽn) = 0 holds at least for one point n (1 ≤ n ≤
N) which implies that any pair of vectors 〈n1, . . . , nM | ∈
G+
M and |m1, . . . ,mM̃

〉〉 ∈ G−M are orthogonal,

〈n1, . . . , nM |m1, . . . ,mM̃
〉〉 = 0. (101)

Appendix C: The proof of Eqs. (37)-(45)

It is easy to prove the following identities:

φn(x)φn+1(x)hn,n+1 = sinhη φn(x)φn+1(x)σzn − sinhη φn(x)φn+1(x)σzn+1, (102)

φn(x−1)φn+1(x)hn,n+1 = sinhη φn(x−1)φn+1(x)σzn+1 − sinhη φn(x−1)φn+1(x)σzn, (103)

φ1(x)h1 =
sinhη

sinh(α−)cosh(β−)
(cosh(α−)sinh(β−)− sinh(α−+β−+2xη))φ1(x)σz1

− sinhη cosh(α−+β−+2xη)

sinh(α−)cosh(β−)
φ1(x), (104)

φN (x)hN =
sinhη

sinh(α+)cosh(β+)
(sinh(α++β++2(M−x)η)− cosh(α+)sinh(β+))φN (x)σzN

− sinhη cosh(α++β++2(M−x)η)

sinh(α+)cosh(β+)
φN (x). (105)

hn,n+1φ̃n(x)φ̃n+1(x) = sinhη σzn φ̃n(x) φ̃n+1(x)− sinhη σzn+1 φ̃n(x) φ̃n+1(x), (106)

hn,n+1φ̃n(x−1)φ̃n+1(x) = sinhη σzn+1 φ̃n(x−1) φ̃n+1(x)− sinhη σzn φ̃n(x−1) φ̃n+1(x) , (107)

h1 φ̃1(x) =
sinhη

sinh(α−)cosh(β−)
(cosh(α−)sinh(β−)− sinh(α−+β−−2xη))σz1 φ̃1(x)

+
sinhη cosh(α−+β−−2xη)

sinh(α−)cosh(β−)
φ̃1(x), (108)

hN φ̃N (x) =
sinhη

sinh(α+)cosh(β+)
(sinh(α++β+−2(M̃−x)η)− cosh(α+)sinh(β+))σzN φ̃N (x)

+
sinhη cosh(α++β+−2(M̃−x)η)

sinh(α+)cosh(β+)
φ̃N (x). (109)

We note the useful identities

φn(x)σzn = ±coshη

sinhη
φn(x)∓ e∓η

sinhη
φn(x± 1), (110)

σzn φ̃n(x) = ±coshη

sinhη
φ̃n(x)∓ e∓η

sinhη
φ̃n(x± 1). (111)

Using Eqs. (102)-(105) and (110) repeatedly, we get
Eqs. (37)-(45). Some identities, used in our calculations, are:

E0 = −w− − w+ + 4∆, (112)
sinhη cosh(α±+β±)

sinh(α±)cosh(β±)
= w± − 2∆, (113)
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sinhη cosh(α±+β±+η)

sinh(α±)cosh(β±)
= a±b± − 1, (114)

sinhη cosh(α±+β±+2η)

sinh(α±)cosh(β±)
= 2a±b±∆− w±. (115)

Appendix D: The proof of Eqs. (48)-(60)

Define the auxiliary function

Wn,m =
∑

σ1,σ2=±

(
A1,2
σ1,σ2

eiσ1np1+iσ2mp2

+A2,1
σ2,σ1

eiσ2np2+iσ1mp1
)
, (116)

where n,m are arbitrary integers. Using BAE (71), the scat-
tering matrix in (65) and reflection matrices in (29), (30), one
can get the following properties of Wn,m

ΛWn,m =
∑
σ=±1

(Wn+σ,m +Wn,m+σ) , (117)

2∆Wn,n+1 = Wn+1,n+1 +Wn,n, (118)

w−W0,n = a−b−W1,n +W−1,n, (119)

w+Wn,N = a+b+Wn,N−1 +Wn,N+1, (120)

(Λ − 2∆a−b− − 2∆)W0,0

= 2∆(w− − 2∆a−b−)W0,1, (121)

(Λ − 2∆a+b+ − 2∆)WN,N

= 2∆(w+ − 2∆a+b+)WN−1,N . (122)

With the help of Eqs. (117)-(122), we can prove that our
ansatz satisfies all the relations (48)-(60). For instance,
Eq. (55) can be proved as follows

(Λ − w− − w+) f0,N

= g0,N (Λ − w− − w+)W0,N

= g0,N [(1− a−b−)W1,N + (1− a+b+)W0,N−1]

= f1,N + f0,N−1. (123)

Appendix E: Possibility of a further partitioning of the invariant
subspaces on special manifolds

Let us consider the special case: a±b± = 1. Under this spe-
cific condition, from Eq. (40) the SHS 〈0, N | is an eigenstate
of H

〈0, N |H = (w− + w+ − 4∆) 〈0, N |. (124)

This SHS 〈0, N | corresponds to a special limiting case solu-
tion of BAE (71) with p1 = −i ln(a−), p2 = −i ln(a+). In
fact, both numerator and denominator on the left hand side of
(71) become zero, but the ratio stays finite.

The bra vectors 〈0, n|, n = 0, . . . , N , form another sub-
subspace as follows

〈0, 0|H=(4∆− w− − w+) 〈0, 0|+ 4∆ (w− − 2∆)〈0, 1|,
〈0, n|H=(w− − w+ − 4∆) 〈0, n|+ 2〈0, n−1|

+ 2〈0, n+1|, 1 ≤ n ≤ N−1,

〈0, N |H=(w− + w+ − 4∆) 〈0, N |. (125)

The phantom Bethe states belonging to the above invariant
sub-subspace have the form 〈Ψ2| =

∑N
n=0〈0, n|f0,n. Guided

by Eq. (125) we propose f0,n to be a sum of plain waves.

f0,n = A+e
inp + A−e

−inp, n = 1, . . . , N − 1, (126)

while f0,0, f0,N will be derived from the consistency condi-
tions of (125). Following Eqs. (125) and (126) we obtain

f0,0 =
A+ + A−

2∆ (w−−2∆)
, f0,N =

f0,N−1
2 cos(p)− w+

, (127)

and

A−
A+

= −
∏

u=a−,b−

1−2∆eip+ueip

1−2∆u+ueip
= −e2iNp. (128)

The corresponding energy reads E = 4 cos(p) +w− −w+ −
4∆ where p satisfies the reduced BAE

e2iNp =
∏

u=a−,b−

1−2∆eip+ueip

1−2∆u+ueip
. (129)

We can also get the same BAE (129) by letting p1,p2 in
the BAE (71) be −i ln(a−) and p respectively (note that for
the Hermitian case the constants a±, b± are real). Noticing
that ±p are equivalent solutions and excluding two trivial so-
lutions p = 0, π, BAE (129) has N independent non-trivial
solutions.

Analogously, the bra vectors 〈n,N |, n = 0, . . . , N ,
form another sub-subspace. Suppose that 〈Ψ2| =∑N
n=0〈n,N |fn,N . The coefficients {fn,N} can be obtained

via the following transformation

fn,N → f0,N−n, with a±, b±, w± → a∓, b∓, w∓.

The corresponding energy is E = 4 cos(p) +w+ −w− − 4∆
where the quasi-momentum p is a solution of the following
BAE

e2iNp =
∏

u=a+,b+

1−2∆eip+ueip

1−2∆u+ueip
. (130)

The remaining
(
N
2

)
−N eigenstates span the full G+

2 basis.
The two reflection matrices in (29) and (30) become −1 and
−e2iNpk respectively. In this case, the “boundary terms” in
Eq. (71) vanish and the BAE (71) acquire a simple form

e2iNpj =
∏
σ=±

∏
k 6=j

1− 2∆ eipj + eipj+iσpk

1− 2∆ eiσpk + eipj+iσpk
, j=1, 2.

(131)
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To sum up, in the special case we consider, the set of Bethe
root pairs {p1,p2} in the original BAE (71) splits into 4 sub-
sets:

(i) one pair {p1,p2} = {−i ln(a+),−i ln(a−)} corre-
sponding to SHS 〈0, N |,

(ii) N pairs {p1, p} with p1 = −i ln(a−) and p given by
the solution of (129),

(iii) N pairs {p1, p} with p1 = −i ln(a+) and p given by
the solution of (130),

(iv)
(
N
2

)
− N pairs {p1,p2} given by the solution of BAE

(131).

In total, there are 1 + N +
(
N
2

)
= dim G+

2 solutions, as
expected.

Our example shows that there can be further partitionings of
G+

2 , which for a±b± = 1 leads to three internal invariant sub-
spaces of dimension 1, N,N within G+

2 which are invariant
w.r.t. the action of H . Likewise, if just one of the two condi-
tions a±b± = 1 is satisfied, some internal invariant subspaces
disappear, while others remain. Under other constraints (aris-
ing when the coefficients of some “unwanted” terms on the
RHS of Eqs. (37)-(45) vanish) various internal invariant sub-
spaces of G+

2 can appear.
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