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Abstract

We construct global-in-time solutions for semilinear parabolic rough partial differential
equations. We work on a scale of Banach spaces tailored to the controlled rough path ap-
proach and derive suitable a-priori estimates of the solution which do not contain quadratic
terms.
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1 Introduction

The main goal of this work is to advance the theory of global solutions for semilinear parabolic
rough partial differential equations (RPDEs). Since the breakthrough in rough paths theory for
stochastic ordinary differential equations, there has been a strong interest in investigating rough
path approaches for partial differential equations. However, there are few results regarding global
well-posedness of solutions for partial differential equations perturbed by nonlinear rough multi-
plicative noise. We contribute to this aspect and establish global-in-time solutions for semilinear
parabolic RPDEs. We fix a time horizon 7' > 0 and consider on a separable Banach space (B, |- )
the rough evolution equation

dy, = [Ays + F(y,)] dt + G(ye) dX, t €10, 7] (1)

y(0) =yo € B.

We assume that the linear operator A generates an analytic Cp-semigroup (S(t))t>0 on B and
the noise X = (X, X®) is a finite-dimensional a-Hélder rough path [7], for a € (%, 3), as spec-
ified below. A famous example is constituted by fractional Brownian motion with Hurst index
H € (1/3,1/2]. The drift term F and the diffusion coefficient G satisfy suitable smoothness condi-
tions.

*Friedrich Schiller University Jena, Department of Mathematics, Ernst-Abbe-Platz 2, 07743 Jena, Germany. E-
Mail: robert.hesse@uni-jena.de.

TUniversity of Konstanz, Department of Mathematics and Statistics, Universititsstr. 10, 78464 Konstanz, Ger-
many. E-Mail: alexandra.neamtu@uni-konstanz.de


http://arxiv.org/abs/2107.13342v1

Several approaches have been used in order to investigate RPDEs. For instance, for RPDEs per-
turbed by transport noise, solutions satisfying energy estimates have been constructed using the
notion of unbounded rough drivers and the rough Gronwall lemma [I5] 16 [14]. On the other hand
for RPDEs perturbed by nonlinear multiplicative noise, the semigroup approach has been employed
by [5L 11l 8, O 12] and the references specified therein. In this setting, the main task is to define
the rough convolution fot S(t — s)G(ys) dXs. To this aim one first of all needs the notion of a
controlled rough path [I0], which is a pair (y,y’) of a-Holder continuous functions satisfying an
abstract Taylor-like expansion in terms of Holder regularity given by

Ye = ys + Y. Xs1 + RY,,

where the remainder ngt is supposed to be 2a-Hdolder-regular. Due to the lack of regularity of the
semigroup (S(t))e>0 in zero, it is a challenging task to find an appropriate meaning of a controlled
rough path. The main idea is to consider controlled rough paths on a scale of Banach spaces
(B, )~cr satistying the interpolation inequality

—0 — —
2l < Jaly P |22,

which holds for # < § < v and « € B, [I7]. The advantage of this approach is that it allows
one to view the semigroup as a bounded operator on all these spaces and exploit space-time reg-
ularity specific to the parabolic setting. Such an approach was exploited in [9] in the context of
non-autonomous RPDEs and in [§], where the semigroup was directly incorporated in the definition
of the controlled rough path.

However, global well-posedness results for RPDEs are more complicated to obtain, due to the
quadratic terms which occur in the a-priori estimates of the solution. These arise in the com-
position of a controlled rough path (y,y’) with a smooth function G which is naturally given by
(G(y), DG(y)y'), see [7]. This operation involves Taylor expansions of the nonlinear term G yielding
a quadratic estimate for the norm of (G(y), DG(y)y’) in terms of the controlled rough path norm of
(y,y"). Therefore a-priori estimates by a direct application of the Gronwall lemma are not possible.
This issue was solved only under certain boundedness assumptions on the diffusion coefficient, see
for example [I3] [14]. In this work we additionally incorporate a drift term in (IJ) that satisfies a
linear growth condition and impose a boundedness restriction on the diffusion coefficient to derive
global-in-time existence of solutions.

The global well-posedness of RPDEs is a crucial step in studying their long-time behavior. For in-
stance, there are results regarding the existence of random dynamical systems generated by RPDEs
with transport [14] ], nonlinear multiplicative [I3] and nonlinear conservative noise [6]. Since the
solutions are constructed in a pathwise sense, the usual issue with nullsets from the theory of ran-
dom dynamical systems [I] does not occur in this approach. Therefore, the existence of a random
dynamical system (Theorem BI2]) is an immediate consequence of our main result (Theorem [39).
This work is structured as follows. In Section 2] we collect important properties regarding rough
paths and analytic Cp-semigroups on interpolation spaces. Section [J] contains our main results
regarding the existence of a global-in-time solutions for semilinear rough partial differential equa-
tions. To this aim we provide a suitable estimate of the controlled rough integral together with
an a-priori bound of the solution, which does not contain quadratic terms. This is obtained using
the structure of the solution of an RPDE and imposing certain boundedness restrictions on the
diffusion coefficient. It would be desirable to extend the global-in-time existence of solutions to
RPDEs with a dissipative drift, as considered in the finite-dimensional case in [3]. We present some
applications in Section [4}



2 Preliminaries

We first provide some fundamental concepts from rough path theory starting with the definition of
a d-dimensional a-Holder rough path.

Definition 2.1. (a-Holder rough path) Let J C R be a compact interval. We call a pair X =
(X, X@) a-Hélder rough path if X € C*(J,RY) and X € C?*(A;,RY @ RY), where Ay =
{(s,t) €J?:s< t}. Furthermore X and X are connected via Chen’s relation, meaning that

2 _x3 = (Xy —Xs) @ (Xt — Xy), forsu,ted, s<u<t. (2)

s, U u,t

X% -x

In the literature X is referred to as Lévy-area or second order process.

Throughout this manuscript, we assume for simplicity that d = 1 and further introduce an
appropriate distance between two a-Holder rough paths.

Definition 2.2. Let J C R be a compact interval and let X and X be two a-Holder rough paths.
We introduce the a-Hélder rough path (inhomogeneous) metric

S 2) (2
- X — X — X + X, X — X,
dos(X.K) = sup X o+ 2 Hot = Xas]
(s,)EA; |t — s (syen, |t —s]

(3)

We set pa(X) 1= dg,0,1(X,0).

For more details on this topic consult [7, Chapter 2]. We stress that in our situation we always
have that Xy = 0 and therefore (@) is a metric.
Throughout this manuscript C' stands for a universal constant which varies from line to line. We
write a < b if there exists a constant C' > 0 such that a < Cb. The constant C' can depend on
the parameters «, 7, po(X) as well as on F and G and their derivatives but it is independent of
the initial data yo. Moreover it can also depend on time but it is uniformly with respect to T" on
compact intervals.

Since we consider parabolic RPDEs, we work with the following function spaces similar to [8] 9].

Definition 2.3. A family of separable Banach spaces (By, |- |o)ocr is called a monontone family of
interpolation spaces if for 51 < B2, the space Bg, C Bg, with dense and continuous embedding and
the following interpolation inequality holds for 0 < 3 <~ and x € By:

—0 — _
Jl3™ < llg =Pl (4)

The main advantage of this approach is that we can view the semigroup (S(t)):>0 as a linear
mapping between these interpolation spaces and obtain the following standard bounds for the
corresponding operator norms. If S : [0,T] — L(By, By41) is such that for every € B,41 and
t € (0,T] we have that |(S(t) — Id)z|y < t|z|y41 and |S(t)z|y4+1 St 1|y, then for every o € [0,1]
we have that S(t) € £(B,+.) and

((S(t) = Td)z]y S t7]x]y+0 (5)
1S()2ly 40 SN2l (6)

~



For further details regarding these interpolation spaces, see [I7]. We emphasize that o € (%, 1)
always indicates the time-regularity of the random input, while + stands for the spatial regularity
in B,. We work with mild solutions for (II) which are given by the variation of constants formula

w= S+ [ Stt=s)F) ds+ [ Sit- 6 aX. (7)

In order to construct the rough integral fot S(t — s)G(ys) dX, and give a proper meaning of the
mild formulation (@), we introduce the following space of controlled rough paths. This incorporates
suitable space-time regularity of the solution reflecting the parabolic nature of the problem we
consider, similar to [9].

Definition 2.4. We call a pair (y,y’) a controlled rough path if

e (y,y') € C([0,T); B,) x (C[0,TT; By—a) N C([0,T]; By—24). The component y' is referred to
as the Gubinelli derivativd] of y.

e the remainder
Ry =ysi — Yo Xos (8)
belongs to C*([0,T); By—a) N C%*([0,T]; By—2q)-

The space of controlled rough paths is denoted by Dg(of,y and endowed with the norm

9)

Remark 2.5. 1). Note that we do not make the Hélder continuity of y as part of the definition
of a controlled rough path, since using ) one immediately obtains for 6 € {«,2a} that

19,9l x 200y = ¥llso,5, T 11 0.8, + 18 las, 5 T IR0 s, . + 1B 205

Y—2a v—2« :

Wl s < 19 loos, IX o + IR0 s, - (10)

2). In order to emphasize the time horizon that we consider we write Dggv([o, TY) instead of Dgfofv'

Remark 2.6. Definition[2.7] states that (y,y’) € Dg(of,y is controlled by X according to the monotone
family of interpolation spaces (B ) er as in [9]. One can make the semigroup (S(t))s>o part of the
definition of the controlled rough path as in [§]. We work with Definition [24), since it incorporates
the space-time regularity of the solution and stays closer to the finite-dimensional setting [7, [10].

We state the main assumptions on the coefficients of (Il) which ensure the global-in-time exis-
tence of solutions.

Assumptions 2.7.
(yo) The initial condition yo € B,.

F The nonlineal“ dl“lfl term F . Bq — Bq — fOl“ 6 S 0, 1 iS locally LlpSChl(Z Conlinuous Wilh
]. ] ¢ ] . )

1For smooth paths y and X, the choice of 3/ is not unique. However, one can show that for rough inputs X, /' is
uniquely determined by y, see [7, Remark 4.7 and Section 6.2].



(G) Let 0 € {0,,2a} and 0 < 0 < a. The nonlinear diffusion coefficient G : By_g — By_¢—o is

three times continuously differentiable with bounded derivatives, i.e. HD’“GHL(B@%’B%%(’) <
oo for k € {1,2,3} and the derivative of
DG(-)G(-): By—a = By—2a—0 (11)

is bounded.
Remark 2.8. 1). Note that this condition is valid if G itself is bounded or linear.
2). Moreover, assumption (G) implies the following Lipschitz property

|(DG(yl) - DG(y2))G(yl)|87720¢7(7‘ 5 |y1 - y2|8'y70¢7 fO’l“ yluy2 € B’Y—Ou (12)

since

|(DG(y') — DG(Y*)G(y")|B,—sa_, < IDG(y")G(y") — DG(Y*)G(Y?)|B, 0.
+ DG (Gy") — GW*))|B, 200

3 Main result

According to [9, Theorem 5.1] we know that the SPDE () has a local-in-time solution. For the sake
of completeness we provide two results established in [9] regarding the construction of the rough
integral and the existence of the local solution. The following lemma ([9, Theorem 4.5]) contains
the construction of the rough integral.

Lemma 3.1. Let X be an a-Holder rough path and let (y,y') € Dg("f,y. Then the rough integral
/ S(t—r)y, dX, := lim Z St—u)[yuXuv_yyuX@)}
T [uv]en

exists in By_aq, where the limit over partitions © of [0,t] is independent of the concrete choice of
these partitions. Furthermore, for all 0 < 8 < 3« the following bound holds true

t
/ St —r)ye dX, — S(t — 8)yuXas — S(t — s)y X7 S Y9 1 x 20y (8= 8)%7F. (13)

By _2a+p

forall0<s<t<T.
The following theorem ([0, Theorem 5.1]) ensures the existence of a local-in-time solution.

Theorem 3.2. Let T >0, F and G satisfy the assumptions (F) and (G), X = (X, X®)) be an a-
Hdlder rough path and yo € B+ with |yo|s, < p. Then there exists T* = T*(a, 7, p, X, F,G) € (0,T]
such that there exists a unique solution (y,y’) € D%fw([o, T*]) up to time T* satisfying

(e, yt) = <S(t)yo +/O S(t—5)F(ys) d8+/0 S(t—5)G(ys) dXs,G(yt)> € DY, (14)



Using a-priori estimates we show that this solution is global-in-time provided that F' and G
satisfy the assumptions (F) and (G). We now derive the necessary a-priori estimates starting with
the initial data.

Lemma 3.3. Let yo € B,. Then (S(-)yo,0) € DY, and
15()90, 0l x 20,7 < lv0ls, -
Proof. By (@) we have
15C)90: 0llx 20,y = 15C)00llae. 8, + 15C)90llam, ., + 15Cw0ll20.5, ., -
Clearly,
||S(')ZJOHOO,V S |yo|1f<sw :
Further, for 6 € {«, 2a} we obtain
15C)yollgr—0 S USCllo, 20,8, o) [90l5, S [v0ls, -
|

Lemma 3.4. Let (y,y') € D¥,. Then (fot St — s)F(ys) ds,())
following bound

Proof. Since the Gubinelli derivative of the deterministic integral is zero, we compute

€ D% and satisfies the
te[0,7T] Xy i

[ st-9rwm) ds,oH (1 + llglloo) T (15)

<
~J
X,2a,y

/o' S(-— s)F(ys) ds,OHXQaﬁ = /O' S(-=s)F(ys) ds . + ’ /O' S(=9)F(ys) ds @By a
+ ‘ /0. S(-—s)F(ys) ds
20,824

We begin with the first term and get due to the fact that ' : By, — B,_s the estimate

t t
| st=aryas s [ =7 1Fwls, , ds ST lyls)

By

For the Holder norms we use

/0 S(t—r)F(y,) dr —/0 S(s—r)F(y,) dr = (S(t —s) — Id)/O S(s—r)F(yr) dr—i—/s S(t—r)F(y,) dr

to obtain for all € {«, 2a}

t t
[ st-npw) @] 5 [0 @, drS @9 OO )

By_o



as well as

S-5) 1) [ Se-nFE) dr|  S-9| [ Se-nFE) dr ST yln)
0 By—o 0 B
Thus,
\ [ st=arw)as| ST Iyl
0 0.8, ¢
Putting these estimates together proves (I3)). O

We focus on the rough integral, see [I1], [8, 9] for similar results. Here we show that the rough
convolution increases the spatial regularity by o providing an estimate for the norm (@) of the
controlled rough integral using the interpolation inequality (I0J).

Lemma 3.5. Let (y,y') € Dgﬁ‘v. Then for all0 <o < «

(2,2") = (/0 S(-— s)ys dXS,y) IS DE;fW, (16)
and the following estimate holds true

12,2l x 2ayto < Wols, + 1W0lB, o + T 19,8 | x 20,y - (17)

Proof. By the definition of the norm (@) and regarding that 2z’ = y we have

12,2l x 2o = 12lcos, o T WWlcoso o F Wl s o T IR Mo, o0 T 1R ll2a s, s -
(18)

By (I0) we know that y € C*([0,T]; By—o). Using the interpolation inequality (@) for the scale of
Banach spaces B, we derive

e — yslg Sy —yslg, lye —vsls? -

Yto—a

Consequently, this leads to

o a—ag
77| PR S 77| K 7 PR
Y+ Y Y

Hence, for the second term in ([I8]) we obtain

HyHOOW-i-(T—Ot = |y0|87+a—a +1°7° ”yHa—a,'y-‘rU—a S |y0|8’y + T |y, y/||X,2o¢,’y' (19)

Similarly, for the third term of (&) we apply (0]

1Yllato—20 < MY o rto—20 X o T 1R g 4020 5

where

||y/||oo,'y+crf2a < |y6|3w+n—2a + e ||yll|a7cr,'y+a'72a

2 a—a
Slolsy o TN 1% —a 1Y 10520 -



and
2 a—g o
||Ry||a,y+a—2a < ||Ry||g,v—a ||Ry||20(:'yf2a T .

Thus,

19l rto—20 S 1WolBy—a + T Y Y[l x 20 -

For the first term of (I8]) we use
t
zp = / St —r)y, dX,
0

t
- / S(t =)y, dX, — S()yoXos — SHYeXS?
0
+ S(t)yoXo,t + S(t)y()Xéi).

For the first term we apply (I3))

t
/ S(t =)y dX, = SEyoXos = SOUXST| S 19 lx 20,17
0

Byio

For the second term one sees
IS(t)yoXotlB,y, SIS, .8,00Y0l8, St 7 lyols,
Analogously
2 _
@Y X2 1,00 S 1S @) 208, o8y e ) X P l2alubls, o S |1, .

In conclusion we can bound ||z 5, ., as

I2llo0.810 ST 054l x 20,1 (21)

For the remainder terms we use
B = [ st ax— 76— 4, - yx.
= /t St —r)yy, dX, — St — s)ysXsr — S(t — s)ngS@t)
+(S(t—5) = 1d)ys X0 + (S(t — s) — 1d) /0 (s — )y dX, + S(t s)ys X 5.

Throughout the following computations we set 8 € {a,2a}. The first term can be estimated

using (I3)

Sy 6 | x 20 (E— 927

Byio—0

t
/ St —nr)y, dX, — St — s)ysXst — S(t — s)y;Xs(i)




Furthermore we obtain for the second term
(St —=5) = 1d)ys Xl ,, S (E =) [ XlalS(t =) —Id|z(s

St=9)lysls ..

S

(t = )" 1Ylloc.5, 10—

vto—aByro—0) |yS |B’y+afa

which was estimated in (I9).
For the second term we get

S S
'(S(t —s5) — Id)/ S(s —nr)y, dX, SISt —s) — Id|£(8'y+dy8'y+079) / S(s — )y, dX,
0 B'Hc'*ﬂ 0 Bw+<r
S (t =) |2sl5y+0 S (= 8)° | 2llo0,1 40
which was estimated in (2I]).
Finally, the last term can be estimated by
2
St = )X 15,00 S (0= )X D20lS(E — )| 25,1208, 00 UE]5, 2
0
S (t - S) |y;|67+072a
0
S (t - S) ||y/HOO,B.Y+572a )
which again was estimated in (20]).
Summarizing we obtain the bounds
IR g, r0—p < lwols, + 190lB,—0 + T 1, [ x 20, -
Putting all these estimates together in (I8]) proves the statement. O

The following result provides an estimate on the composition of a controlled rough path with a
smooth function G satisfying assumption (G). In order to avoid quadratic terms as in [9, Lemma
4.7) we directly use the structure of the solution as specified in (I4]).

Lemma 3.6. Let G satisfy assumption (G) and (y,G(y)) € Dgfofv' Then (G(y), DG(y)G(y)) €
Dgfofv—a and the following bound is valid

1GW), DGW)G W)l x 20y -0 ST+ 189 llx 20, -
Proof. By (@)

1G(), DGW)GWl x 2000 = IGWlooy—o + IPGWCEWloer—a—o + IPGWGW) 4200

+ HRG(y) ||a,v—oz—a + ||RG(7J) ||20¢7’Y—20‘_‘7.

The first term can be bounded due to the boundedness of DG by

1G5, ST+ Yl <141y GW)llx 20,y -

For the second term we have

IDGHDEW oo r—a-o S IPGW oo 28,08y a-o) 1GW o r—a S 19 GW x 20,4 -

y—as



The third term can be bounded due to assumption (G) by

||DG(y)G(y)||a,'y—2a—o’ 5 ||y||oz,v—oz :
Now ([0 yields

||DG(y)G(y)||a,772afa' 5 ||G(y)||oo,’yfa + ||Ry||a,'yfa S ||y7 G(y)HX,Za,'y .

For the remainder terms we use (8) and write
1
REY) = G(y) — G(ys) — DG(y2) Clys) Xos = / DG(ys + r(ye — ) dr (ye — o) — DG(ys)G(ys) Xos
0
1
- / (DG(ys + (e — 92)) — DGlys)) dr Clye) X
0

1
+ [ DG+ r(an ) dr B,
0
Again using the boundedness of DG, we obtain for the first remainder term

HRG(y)Ha,v—o’—a SIPCW oo 25, o5y o NG ory—a FIPCW o 25, o5,y 1B,
5 ||y7 G(y)||X,2a,’y :

Y~

For the second remainder term we apply (IZ) and use the boundedness of DG.

G
HR (y)||20¢,’y—2a—a 5 ||y||0¢767—a + ||DG(y)||oo,£(6772a18’yf2a70) ||Ry||2a7’7’72a

Again, using ([I0) we obtain the bound

||RG(y)H2a,V-2a—U S’ ”y’ G(y)||X,2a,v .

Putting the results of Lemma [3:3] 3.4] and together we obtain.

Corollary 3.7. Let F and G satisfy the assumptions (F) and (G) and let (y,G(y)) € Dg(of,y be the
solution of () on the time interval [0,T] with initial data yo € By. Then the following estimate
holds true

19, GW)l x 20,y S 1+ 9015, + T 19, G x 20+ 5 (22)
where n .= (a — o) A (1 =19).
Proof. Since (y, G(y)) solves () we have

1 Gl x 2 < 1S C)u0 Ol me s + H RS dr,oH
0 X, 2a,7y

"

/' S(-—r)G(y,) dX,, G(y)

0 HX,20¢,V

10



Thus,

19, GW)llx 20,y S lWols, + T (L llyllo,) +1GW0) s, _, + DG (y0)G(yo)l,—a—s
+T77(|G(y), DG()G W)l x 20,70 -
Finally Lemma as well as the boundedness of DG yield

Iy, Gl x 20y S 1+ [w0ls, + T 19 GW)lIx 200, + T 1y CW)llx 20
5 1+ |yO|B,Y + T(l—ﬁ)/\(a—o) ||y7 G(y)”XQa,’y :
O

Having the bound (22]) for the Dg(of,y-norm, we formulate an a-priori bound for the solution
of ).
The proof of the following result relies on a concatenation argument [I3 Lemma 5.6]. Consequently,
it is necessary to consider several norms on subintervals of [0,7]. Note that in contrast to the rest
of this manuscript where the underlying time-interval is suppressed for a better readability, in the
following lemma we indicate this additional time-dependence. The proof of the next statement
relies on similar arguments to [I3] Lemma 5.5].

Lemma 3.8. Let F and G satisfy the assumptions (F) and (G) and let (y,G(y)) € D3¢, be the
solution of () on the time interval [0,T] with T > 0 and initial data yo € By. Letr =1V |y0|6w.
Then there exist constants My, My > 0 such that

1¥lloc 0,7y < MareT.

Proof. For all T € (0,T] the restriction of (y, G(y)) on [0,T] is a solution of () on [0, 7]. Thus, by
Corollary 37 we know that there exists a constant C' > 1 such that

19 GOl x 30,1071 < C 0+ T 19, Gl x 20 070)-

where n = (o — o) A (1 —9). B
Hence, for all T small enough such that CT" < % we obtain the bound

1¥lloo,v, 10,77 < 19 GW)llx 20,,10,77 < 2CT-

If CcTm < %, the proposed statement holds true choosing M; > 2C and an arbitrary M, > 0.

Otherwise, we choose N € N (not necessarily unique) such that i <C (%)n < % This is possible
because n < 1. Then

”yHoo;y,[o’%] S 207‘.
Further, a concatenation argument yields for all k € {0,..., N — 1}
k+1
19lloo . 7, 221y < (20)F
Consequently,

_ N
91l 0,,10,77 = B 1Yl oo,y (5 m, 227y < (2C) 77

Finally, using that % < C(%)n, consequently N < (40)%T we obtain the claim with M; >
1
(2C)4E) " and My > log(2C). O

11



Lemma guarantees that the solution of () does not exhibit finite-time blow up under the
assumptions (F) and (G). Therefore we formulate our main result.

Theorem 3.9. Let T > 0, F and G satisfy the assumptions (F) and (G), X = (X, X®)) be an
a-Hélder rough path and let yo € B,. Then there exists a unique global-in-time solution (y, G(y)) €

D%, ([0,T]) of @-
Proof. Let r =1V |yo|s,. Then, by Lemma [3.8] each solution of () can be bounded by
[9lloo o < MyreMeT = 7.

Applying Theorem 3.2 with |yO|B7 < 7 yields the existence of N = N(«, 7,7, pa(X), F, G) such that

there exists a unique local solution of () on the time interval [0, %] with initial condition yqg.

Since ‘y T ‘ g ST, we furthermore obtain the existence of a unique local solution of () on the time
v
interval [0, %] with initial data y . Concatenating both solutions provides a solution of () on the

time interval [0, 2%] with initial data yo. Iterating this argument one can construct a solution on
the whole time interval [0, T]. O

Based on our global well-posedness result, under suitable assumptions on the driving rough
path, we are able to construct a random dynamical system corresponding to (). To this aim we
introduce some concepts from the theory of random dynamical systems [I]. The following definition
describes a model of the driving noise.

Definition 3.10. Let (2, F,P) stand for a probability space and 0 : R x Q — Q be a family of
P-preserving transformations (i.e., ;> =P for t € R) having the following properties:

(1) The mapping (t,w) — bw is (B(R) ® F,F)-measurable, where B(-) denotes the Borel sigma-
algebra;

(i) 6p = Idq;
(iii) Orys = 0: 005 for all t,s, € R.
Then the quadrupel (2, F,P, (0;)ier) is called a metric dynamical system.

Definition 3.11. A continuous random dynamical system on a separable Banach space X over a
metric dynamical system (2, F, P, (0:)ter) is a mapping

©:[0,00) x A x X = X, (t,w,z) = p(t,w,x),
which is (B([0,00)) @ F @ B(X), B(X))-measurable and satisfies:
(1) ¢(0,w, ) =1Idx for allw € Q;
(i) ot +71,w,2) = (t,0,w, p(T,w,x)), foralaz e X, t,7 €[0,00), w €

(iii) p(t,w,:) : X = X is continuous for all t € [0,00) and all w € Q.
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The second property in Definition B.ITlis referred to as the cocycle property. The generation of
a random dynamical system from an Itd-type stochastic partial differential equation (SPDE) has
been a long-standing open problem, since Kolmogorov’s theorem breaks down for random fields
parametrized by infinite-dimensional Banach spaces. As a consequence it is not obvious how to
obtain a random dynamical system from an SPDE, since its solution is defined almost surely,
which contradicts the cocycle property. Particularly, this means that there are exceptional sets
which depend on the initial condition and it is not clear how to define a random dynamical system
if more than countably many exceptional sets occur. This issue does not occur in a pathwise
approach. Under suitable assumptions on the coefficients, rough path driven equations generate
random dynamical systems provided that the driving rough path forms a rough path cocycle, as
established in [2].
Let (2, F,P, (0:)ter) be a metric dynamical system as in Definition We say that

X =(X,X@): Q= C2.([0,00); RY) x CZ%([0, 00); R*)

loc

is a continuous (a-Hélder) rough path cocycle if X|jg 7 is a continuous a-Holder rough path for
every T > 0 and for every w € Q and the following cocycle property holds true for every s, ¢ € [0, c0)
and w € Q

Xsstt(w) = Xy (0sw)
Xs(,25)+t(w) = Xé,t)(osw)-

According to [2], Section 2] rough path lifts of various stochastic processes define cocycles. These
include Gaussian processes with stationary increments under certain assumption on the covariance
function [7, Chapter 10] and particulary apply to the fractional Brownian motion with Hurst index
H > %. Recall that here we fixed the a-Holder regularity of the rough path a € (%, %), consequently
the results obtained apply to fractional Brownian motion for H € (%, %]

Due to the previous deliberations and Theorem we immediately infer.

Theorem 3.12. Under the assumptions of Theorem[3.9, the solution operator of ([Il) generates a
continuous random dynamical system on B..

4 Examples

Example 4.1. Let k € N, p > 1 and T? stands for the d-dimensional torus. Furthermore, let X =
(X, X)) be the rough path lift of a fractional Brownian motion X with Hurst index H € (1/3,1/2]
and let o < H. We consider the semilinear parabolic rough partial differential equation

dyi(z) = [Aye(x) + f(ye(2))] At + g(2)(=A)7ye(x) dX, (23)
yol) € HE(T9),

In this case it is well-known that B, = H**?VP(T4) for v € R, where H*?(T) are Bessel potential
spaces [20, Chapter 16]. Moreover (—A)? : B, — By_, for all v € R and the multiplication with a
smooth function g is a smooth operation from B~ _, into itself. Therefore G(y) := g(z)(—A)%y sat-
isfies assumption (G). Choosing a nonlinear term f satisfying assumption (F), we obtain that (23]
has a global-in-time solution.
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More general, an example for linear operator A in () is the LP-realization (for 1 < p < co) of
a strongly elliptic operator with suitable boundary conditions [I8, Section 7.3].

Example 4.2. Let O stand for an open bounded domain with smooth boundary in R and define
A(.’L', D)’LL = Z —_— ((I]C)l(fﬂ)a—xl)7 (24)

where the coefficients ay () = ay () are real-valued and continuously differentiable on O and
A(x, D) is strongly elliptic, i.e. there exists a constant C' such that

n

Z a1 (v)&k& > CZ&;%

k=1 k=1

for all & € R, 1 < k <n. In this case, one introduces the LP-realization of A(x, D) with Dirichlet
boundary conditions as follows

Ay = A(xz, D)y, forye D(A)
D(A) = H*P(0) N HyP(0).

Then the operator A generates an analytic Cy-semigroup in LP(O) and B, = H*'(0O) [18, Theorem
3.6] and [20, Chapter 16].

Remark 4.3. The theory developed in this work can be extended to time-dependent operators A(t)
generating parabolic evolution families (U(t, s))t>s on a separable Banach space B. Analogously, one
can work with the monotone family of interpolation spaces (By)yer as in Definition[Z.3, satisfying
for t > s similar estimates to @) and (@), i.e.

(U (t.5) ~ W)aly S [t = 5|7 |e]y+0 (25)
Ut 8)2hyso S [t = s als. (26)

For further applications see [9, [19].
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