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Abstract

In this paper we study the nonequilibrium evolution of a quantum Brownian oscillator, modeling the
internal degree of freedom of a harmonic atom or an Unruh-DeWitt detector, coupled to a nonequilibrium
and nonstationary quantum field bath and inquire whether a fluctuation-dissipation relation (FDR) can
exist after/if it approaches equilibration. This is a nontrivial issue because a squeezed field bath cannot
reach equilibration and yet, as this work shows, the system oscillator indeed can, which is a necessary
condition for FDRs. We discuss three different settings: A) The bath field essentially remains in a
squeezed thermal state throughout, whose squeeze parameter is a mode- and time-independent constant.
This situation is often encountered in quantum optics and quantum thermodynamics. B) The bath
field is initially in a thermal state, but is subjected to a parametric process leading to mode- and time-
dependent squeezing. This scenario is encountered in cosmology and dynamical Casimir effects. The
squeezing in the bath in both types of processes will affect the oscillator’s nonequilibrium evolution. We
show that at late times it approaches equilibration and this stationarity condition warrants the existence
of a FDR. The trait of squeezing is marked by the oscillator’s effective equilibrium temperature, and the
proportionality factor in the FDR is only related to the stationary component of the noise kernel of the
bath field. Setting C) is more subtle: A finite system-bath coupling strength can set the oscillator in a
squeezed state even though the bath field is stationary and does not engage in any parametric process.
The squeezing of the system in this case is in general time-dependent but becomes constant when the
internal dynamics is fully relaxed. We begin with comments on the broad range of physical processes
involving squeezed thermal baths and end with some remarks on the significance of FDRs in capturing

the essence of quantum backreaction in nonequilibrium and stochastic systems.
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I. INTRODUCTION

Fluctuation-dissipation relations (FDR) [1] are of fundamental significance in many areas of
physics as they describe the exact balance between the dissipative dynamics of a system and
the fluctuations in its environment. Since the system-environment interplay is at the heart of
theories of open systems (TOS) [2], the existence and nature of FDRs are important foundational
issues. The difference is, the FDRs are often framed and phrased in the setting of linear response
theories (LRT) [3] under near-equilibrium conditions, while TOS entail the fully nonequilibrium
(NEq) evolution [4-6] of the system, including nonMarkovian dynamics and colored noises [7-9].
If one wants to access and assess the FDRs from the nonequilibrium dynamics perspective, one
needs to first identify the conditions where these relations can exist, and if they do, how they
emerge from a time-dependent setting, what are their physical contents and how they differ from
the more familiar FDRs obtained in LRT. Understanding the attributes and functionalities of
the FDRs is a foundational issue in TOS.

Yet, one may wonder, what does one gain doing it in this ostensibly harder way, and what
difference does it make? We shall answer this question in a simplified manner before we turn

to the main subjects of this paper.

A. Advantages in connecting equilibrium conditions to nonequilibrium processes

We mention two cases here, one experimental, one theoretical, for illustration. A more
detailed description of the differences between the NEq and the LRT approaches can be found
in Sec. 3 of [10].

1) Advances in the ability to perform real-time measurements in high-precision experiments
in many-body quantum systems have added significant observational values in the study of
nonequilibrium dynamics and open quantum systems. But many traditional conceptual schemes
and methodologies, like the use of Gibbs ensembles, well adapted to stationary or equilibrium
conditions, are no longer applicable. The study of how NEq dynamics connects with near-
equilibrium phenomena, such as via the existence of FDRs, offers some way to ‘siphon’ useful
resources plentiful in equilibrium statistical mechanics to enrich the vast and hitherto barren
terrains of the NEq landscape.

2) Expounding the connection between equilibrium and near-equilibrium states to the NEq
processes which can evolve to these states in limiting conditions has many advantages. It is
difficult to calculate properties of many physical quantities defined along arbitrary trajectories

in phase space or paths in P-V diagrams. But not so for state functions, which do not depend



on the processes under arbitrary nonequilibrium dynamics, only on the end points in the phase
space or in a P-V diagram. A well-known important example is the fluctuation theorems [11]
relating the nonequilibrium work function to the difference of the free energy under equilibrium
conditions. Through this relation, the former quantity, which is more accessible experimentally,
can be used to obtain the latter quantity.

Granted, one may still say that being able to connect to well-established facts in equilibrium
statistical mechanics is more to the benefit of nonequilibrium physics. Thankfully so. However,
in this and our recent papers one can see the benefits go in both directions, namely, showing that
stationarity conditions exist at late times in a quantum system’s nonequilibrium evolution and
proving the generalized fluctuation-dissipation relations (e.g., [12-14]) add significant substance
to the limited contents of LRT while empowering the reaches of these relations (e.g., even to
the somewhat esoteric realm of cosmological backreaction problems [15, 16] in semiclassical

gravity [17].

B. FDRs in Nonequilibrium Open Quantum Systems

Besides i) the NEq dynamics vis a vis the near-equilibrium conditions, two more factors enter
in our considerations, namely, ii) strong coupling between the system and its environment, which
LRT cannot provide as it is restricted to weak coupling; and the fact that iii) we want FDRs
both for the environment — a squeezed thermal field here, and for the system — a quantum
Brownian oscillator. Traditional FDRs are mostly shown for the environment such as a thermal
bath, but less so for the system. The two sets of relations are connected because the system
oscillator is coupled to the environment field. Note that the existence of an FDR in the field
does not automatically imply the existence of an FDR in the oscillator dynamics. For instance,
it is easy to show that an FDR exists in an unsqueezed thermal field. It takes some extra effort
to show the existence of a FDR for the system oscillator. However, as we shall show in this
paper, there is no FDR in a squeezed thermal field, and yet, somewhat surprisingly, an FDR
exists in the oscillator at late times.

When we say it is easy to extract an FDR in a system coupled to a thermal quantum field
— two caveats are attached to ‘easy’. We are dealing with a dynamical field and a system in
a NEq setting, not near-equilibrium, and we want to show these relations exist under strong
system-field coupling, which many traditionally invoked perturbative methods are of no avail.

The procedure goes schematically as follows: Start with the two fundamental Green’s func-
tions of the field, known as the dissipation and the noise kernels. For Gaussian systems they are

the causal Green’s function and the Hadamard function [18]. These two-point functions of free



field differ in the protocol of time-ordering of the field operators, so we can straightforwardly
identify their relations if they can be Fourier-transformed to the frequency domain. This is
how we write down the FDR for the free thermal field, and the vacuum field as a special case.
After this, we derive a quantum Langevin equation for the system, the Brownian oscillator,
which contains the dissipation and the noise kernels of the free field. We examine the system’s
evolution dynamics and its long time behavior to determine if the system can relax and equili-
brate. We then use certain criteria like proving the power balance between the noise input and
the dissipation output of the system to show that a stationarity condition is reached, and from

there we establish an FDR for our system.

C. Models, Methods, Issues

Let us see in more detail the procedures in a specific yet generic model, that of a point-
like object with internal degrees of freedom described by a quantum oscillator, our system,
interacting with a bath made up of M-harmonic oscillators or a quantum field, our environment.
Our system could be a harmonic atom in the context of atomic-optical physics or an Unruh-

DeWitt detector [19, 20] in the context of relativistic quantum information [21].

1. Models and Approaches

For the quantum Brownian motion of a harmonic oscillator of a fixed natural frequency in a
general environment of M-oscillators, also of fixed frequencies, an exact nonMarkovian master
equation, known as the Hu-Paz-Zhang equation, has been derived [7] which is valid for all
temperatures and spectral densities of the bath and for arbitrary coupling strengths. It includes
as subcase the Markovian Caldeira-Leggett [22] master equation valid for high temperature
Ohmic baths. A Fokker-Planck equation for the Wigner function corresponding to the HPZ
master equation is derived in [8]. A quantum Langevin equation [23] governing the reduced
system variables is derived in [9] and in [4] (see references in these paper for other related work)
by way of the covariance matrix method.

We now let the natural frequencies of the system oscillator and of the oscillators making up
its thermal bath to be time-dependent. The master equations for the reduced density matrix
of a parametric quantum oscillator in a squeezed thermal bath have been derived by Hu and
Matacz [24]. The theoretical framework thus established is well suited for squeezed open quantum
systems [25]. We shall treat the same problem with a squeezed thermal scalar field as the

bath and derive a quantum Langevin equation equivalent to the HPZ equation for parametric



oscillators to investigate the conditions for possible existence of an FDR for the system oscillator.

2. Prior work on FDR via NEq methods and Issues explored

The models we have investigated for FDRs consist of a system of one to N quantum oscil-
lator(s) linearly coupled to one or two quantum scalar field bath(s). Our methodology based
on the influence functional formalism and stochastic effective actions is explained in Appendix
A of [4]. The procedures we formulated for obtaining the FDRs are illustrated for the one
harmonic oscillator - one scalar field bath case in Sec. III of [4]. For one anharmonic quantum
oscillator we have also provided a nonperturbative proof [13], that equilibration implies an FDR
in this type of nonlinear system.

For systems comprised of two linearly coupled oscillators we have proven the existence of an
FDR a) when they are in a common quantum field [5] and b) when each oscillator is coupled to
its own thermal bath at different temperatures [6] after the system settles into a nonequilibrium
steady state. We have also identified suites of FDRs and correlation-propagation relations
(CPRs) first discovered in [14] for a system of N oscillators moving in a common field [12].

The following basic issues are discussed in our earlier papers:

1) Limitations of FDRs obtained from LRT in [13], Sec. IA

2) A touch of physical insight, an explanation of the delicate balance between quantum fluc-
tuations, quantum dissipation and quantum radiation as different from classical radiation and
radiation reaction [10].

3) The nonMarkovian effects in a system of N oscillators — often referred to as Unruh-DeWitt
detectors [19, 20] in relativistic quantum information [21] — in a common quantum field due to
the field-mediated influences of one oscillator on another is studied in detail for N = 2 in [5]
and for general N in [12, 14].

4) The symmetry relations between the FDRs in each oscillator and the CPRs between oscilla-

tors pairwise, and the combined generalized matrix FDR in [12].

D. FDRs for systems in a squeezed quantum field

With this as the background for our program of investigations, we now focus on the new
issues in this paper, namely, on the nonequilibrium dynamics of, and the FDRs in, a quantum
system interacting with arbitrary strength with a squeezed thermal bath. We introduce the
three players and the four acts in the arena: The players are i) a quantum oscillator/detector,

ii) a finite temperature quantum field, iii) a drive which gives time-dependence to the natural



frequencies of the normal modes of the quantum field, or, in short, squeezing the field. The
four acts are a) the squeezing of a thermal field, b) the nonequilibrium dynamics of the field
c) the detector’s dynamical response, and d) the FDRs for the field and for the detector. We
shall not dwell on the familiar subjects which have books written about them: squeezed states
in quantum optics, e.g., [26-28|; nonequilibrium dynamics in dissipative and open quantum
systems [2]. FDR from LRT is also well covered by many excellent reviews since Kubo, e.g.,
[3]. The challenge here is to apply b) to find c¢) and d) in the setting of a). We shall employ the
techniques in nonequilibrium quantum field theory [29] for this purpose.

Three situations we have studied where squeezing sets in are:

A) The bath is initially squeezed by a mode-independent, constant squeeze parameter. Not only
does the bath remain nonstationary and nonequilibrium in time during the entire history,
but the correlation of the bath is also not invariant under spatial translation. An example
is the squeezed thermal bath in a quantum Otto engine, as exemplified in [30] (see also

references therein).

B) The bath is initially in a thermal state, but subsequently an external drive changes the nat-
ural frequencies of the system. Such a time-dependent (parametric) process introduces two-
mode squeezing to the bath. Well known examples are cosmological particle creation [31-33]
and dynamical Casimir effect [34]. This is discussed in a recent cosmology paper [35] (see
references therein) which explores the conditions for memories in the field to be retained as
a record of the expanding universe over its entire history. Here, the squeeze parameter is
both time-dependent and mode-dependent. After the parametric process stops, the squeeze
parameter reduces to a mode-dependent constant. Thus the bath field remains nonstation-
ary and nonequilibrium even at the end of the process. In contrast, the correlation of the
bath field is translationally-invariant in space. It is under these rather adverse conditions
that the somewhat surprising outcome from our present investigation — that an FDR indeed

exists in the system oscillator — takes on added significance.

C) Finite coupling between the system and the bath. Finite refers to nonvanishing, in con-
tradistinction to the very weak coupling assumption in the definition of statistical mechan-
ical ensembles and linear response theories. An example of this type can be found in our
recent work [36]. Here, the bath field is not initial squeezed. If the field describes a thermal
bath, the bath field is stationary both in time and space. Nonetheless the system can still
acquire squeezing due to finite system-bath coupling strength before it reaches relaxation.

Distinguished from the two following cases, this squeezing is not passed on to the system



from the bath, but obtains a posteriori via the interaction, so this squeezing will not show

up in the FDR of the system.

These cases all cause the system which the bath interacts with to acquire squeezing during the
intermediate stage of the system evolution, but after the system dynamics is fully relaxed, the
squeezing in the system essentially disappears except that it modifies the effective equilibrium
temperature of the system.

The treatment we shall present covers all three cases. For Case B), without great loss of
generality, we shall assume a statically-bounded evolution between an asymptotic in-state and
an asymptotic out-state of the field with varying frequency in between.

Since full stationarity is a pre-condition for the existence of FDRs, we need to prove that
an asymptotically constant drive allows for a stationarity condition in the detector. Because of
the time-dependent drives, FDRs in a detector measuring a squeezed thermal quantum field is

not a simple or straightforward generalization of FDRs for a thermal bath.

E. Areas of Applicability

Squeezed thermal fields have a long history and are quite commonly encountered in current
research. We shall mention six areas and touch on how a study of nonequilibrium dynamics
and FDRs may bear on furthering our understandings in them. They are 1) gravitation and
cosmology, 2) dynamical Casimir effect and analog gravity, 3) relativistic quantum information
(RQI), 4) quantum radiation and dissipation, 5) quantum friction and 6) heat engines. We shall
briefly describe these processes saving the discussion of backreaction effects in 1) 2) 4) and 5)

represented by FDRs to the last section.

1. Particle creation in the early universe and black holes

The expansion of the universe acts like a drive, parametrically amplifying the vacuum fluc-
tuations leading to cosmological particle creation [32, 33]. We can view spontaneous particle
creation as the result of the vacuum being ‘squeezed’ in the evolutionary history of the uni-
verse [37]. A summary description of cosmological particle creation in terms of squeezing can
be found in [38].

The Unruh effect [19] — thermal radiance in an uniformly accelerated detector, or the Hawking
effect [39] — thermal radiation emitted from a black hole, can be understood as the result of

the event horizon present in these cases coarse-graining information from the region of space



hidden by the horizon. The Bogoliubov transformation relating two different vacua used in the
derivation of both cosmological and black hole particle creation [31] is a form of squeezing of

the vacuum [40, 41].

2. Dynamical Casimir effect and analog gravity

Casimir force on two parallel conducting plates originates from the difference in the pressure
exerted on the plates by the vacuum fluctuations of quantum fields in the spatial region inside
and outside the plates. If one or both of the plates are moved nonadiabatically particle pairs
will be created. This is known as dynamical Casimir effect [34]. The physical mechanism of
parametric amplification applies here, as in cosmological particle creation, the ‘drive’ being the
expansion of the universe. Thermal radiation from a moving mirror [42] in a specified trajectory
is another famous analog of Hawking effect.

By applying the well established knowledge base about squeezing in quantum optics one can
observe or design experiments simulating quantum processes in the early universe (e.g., [43])
and in black holes (e.g., [44]). This is the spirit of analog gravity [45] invoking the similarity
of the key physical processes and the commonality of the underlying issues. Perhaps the best
known, the simplest and most direct analogs albeit not the easiest to implement, are Unruh
radiance in the uniformly accelerated detector for Hawking effect and the dynamical Casimir

effect [34] for cosmological particle creation.

3. Detectors as probes of properties of fields

The quantum Brownian oscillator, our system, studied in [7, 24], taken as a harmonic atom
or an Unruh-DeWitt detector, can be used to probe into the quantum state of the field, our
environment. This is what Unruh [19] did, using the response of an uniformly accelerated
detector to understand the physics behind the Hawking effect. Casting it in an open quantum
system theoretical framework, Hu, Koks, Matacz and Raval have applied the HPZ master
equations for a parametric oscillator in a squeezed thermal bath to a range of problems from
particle creation to entropy generation. In addition to the familiar cases of thermal radiance in
an accelerated detector — the Unruh effect, and in an observer in a (static) de Sitter universe
(Gibbons-Hawking) [46], the thermal radiation emitted from a 2D black hole, a moving mirror
and a collapsing shell, these authors have also extended to cases emitting or experiencing near-
thermal radiance in nearly-uniformly accelerated detectors or finite-time acceleration [18] and

near-exponential cosmological expansions [47].



Changing the trajectory of a detector from uniform acceleration evokes nonequilibrium
physics [48]. This regime is out of reach by the traditional geometric methods relying on
the existence of event horizons and where the kinematical approach based on nonequilibrium
quantum field theory shows its broader utility. One can assign an arbitrary trajectory for the
detector’s motion and from its response function extract useful information about the quantum
field environment it interacts with. Even with a stationary atom, its interactions with quantum
fields in different states lead to interesting phenomena. For example, the quantum radiation
emitted by the atom, received in the far field, can be used to discern the state of the field,
whether it is in a vacuum, coherent, thermal or squeezed state [10, 49, 50].

Besides issues which concern energy of quantum systems, such as the thermality felt by a
uniformly accelerating detector, or the nature of radiation emitted from a moving atom or the
spectrum of particles created in an expanding universe, one can also ask questions concerning
the quantum information in the system and the environment. For example, two mode squeezed
states of a quantum field have been introduced for field entanglement studies from the perspec-
tives of noninertial observers in Hawking-Unruh effects (e.g., [51, 52]). Using many detector
systems to extract quantum information of the quantum field, such as entanglement harvesting
[53], have been suggested. These are examples of how detectors can serve as probes to ex-
tract quantum information about the field, a popular topic in the emergent field of relativistic
quantum information (RQI).

This paper is organized as follows: In Section II, we first summarize the properties of a
quantum field in a squeezed thermal state, whose squeeze parameter is assumed to be a time-
and mode-independent constant. We then discuss the internal dynamics of a detector coupled
to this field. Since such a bath field is nonequilibrium and nonstationary in nature, we will
look into how equilibration of the internal dynamics is made possible by examining the rate
of energy exchange between the detector and the bath field. In Section III, we consider the
case when the squeezing of the bath field results from a parametric process, so the squeeze
parameters become time- and mode-dependent. To capture the essense without sacrifice of
generality we consider those processes wherein the field parameter of interest changes smoothly
and monotonically between two constants over a finite time interval. We will examine the
relaxation and equilibration process of the internal dynamics of the detector after the parametric
process of the bath field ends. After that we formulate the corresponding fluctuation-dissipation
relation. In Section IV we give a summary of the key findings followed by a discussion of the

significance of FDRs in quantum backreaction problems.
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II. OSCILLATOR IN A FIXED-VALUE SQUEEZED THERMAL BATH

In this section we consider a detector or atom in a fixed position in space with internal
degrees of freedom modeled by a harmonic oscillator interacting with a thermal bath with a

fixed squeeze value. The case of time-dependent squeezing will be treated in the next section.

A. Quantum Brownian motion in a squeezed thermal bath

Consider a harmonic oscillator at rest coupled to a massless scalar field initially prepared
in a squeezed thermal state. Under the dipole approximation any variation of the field over
the displacement of the oscillator can be ignored, so the quantum field takes on the value at
the location of the oscillator which can be chosen to be at the origin of the coordinate system
depicting its external or mechanical motion. (See, e.g., [54] for details.)

We first address some statistical properties of the squeezed thermal (ST) bath. A squeezed

thermal state of the field is described by the density matrix operator ﬁéﬁ) of the form
P =80 54). (IL1)

where ,5(;5) is the thermal state of the field, and S (€) is the squeeze operator
_ 1 * A2 1 ~12
S(C)zl}epr( ak—ﬁgal . (I1.2)

The squeeze parameter ( € C, assumed to be a mode-independent constant for the moment,
is usually conveniently written in the polar form ¢ = ne? with n € RT and 0 < 6 < 27.
The creation and annihilation operators satisfy the standard commutation relation [, &L] =1.
The recurring expressions are the creation and annihilation operators sandwiched by the squeeze

operators,
l;k = S1¢) ay S(¢) = coshna, — e+t sinhndL =aa +0" &L , (I1.3)
bl = 57(¢) af.S(¢) = coshnaf, — 7 sinhnay, = a* af + d . (IL4)

The resulting operators can be expressed as the superpositions of the original ones. This is the
so-called Bogoliubov transformation. The Bogoliubov coefficients «, § € C satisfies the relation
af? = |62 = 1.

Since the squeezed thermal state is a Gaussian state, its statistical properties are fully
described by the first two moments of a,, &L. The higher moments can be obtained by a Wick

expansion. Thus we need only (@, )sr = 0 = <dL>ST and

. - 1
(#)sr = ™ sinh2g ((Fia + 3) (1L5)
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. 1 1 .
(dek>ST = cosh 27 ((N)g + 5) 5= cosh 21 (Ny) g + sinh? 5, (I1.6)

where Ny = dL&k is the number operator of field mode k, and (- - - ) 3 represents the expectation
value taken with respect to the thermal state of the field ﬁg)). Note that the second term sinh? 7
in (IL.6) is |§]? in the Bogoliubov transformation in (I.3).

A nonvanishing § signifies the production of particles. To be more specific, for the vacuum
state |Ox) annihilated by ay, that is, ax|0x) = 0, we find the number operator l;Ll;k, the squeeze

transformation of &L&k, has nonzero particle content with respect to this vacuum,
it 2
(O by [0y) = 1317 (IL7)

from (II.3). This describes spontaneous particle creation from the vacuum. The underlying
physics will be more clearly seen when we discuss the parametrically driven bath later. Fur-
thermore, if the kth mode of the bath field is in a nonzero particle number state |ny), then after
the squeeze transformation, the new number operator I;Jlr(l;k will see that the particle contents is

amplified from ny to
s 1
<”k|b1T<bk’”k> =nk + 2’5\2(?% + 5) ; (IL.8)

where we have used the relation |a|? — [6|> = 1, which is also understood as the Wronskian
condition. The second term on the righthand side depicts stimulated production of particles.
We also note that the squeeze transformation does not modify the bound in the generalized
uncertainty relation for a free, linear quantum scalar field. It only distorts the quadratures in
the relation.

After these preliminaries we now construct the Hadamard function of the field in a squeezed
thermal state. The free field operator qAﬁh(x) is expanded as

o) = | (j:‘ o (e af i) (1L.9)

with the 4-vectors = = (¢,x) and k = (w, k), and w = k|, k-2 = wt —k-x. Thus the Hadamard

function will be given by

Gty = - Te() {na). daa)})

2
3k 1 . ’ ; AV 1 N—i
- _ /(Zﬁ)s i coth =— 6 sinh 27 e T (xFx ) [e"w(““t )Hif 4 ptiw(ttt )_19] (I1.10)
3k 1 / j ' ' !
+ /(d E 4— coth B— cosh 2n e Tk (x=x) {e‘“"(t_t ) 4 etiw(t—t )} . (IL.11)

We will call (I1.10) the nonstationary component of the Hadamard function and (IL.11) the

stationary component because the latter does not change under time translation. The factor

12



coth %’J is important in the context of thermodynamics, as often seen in the discussion of the
Callen-Welton or Green-Kubo fluctuation-dissipation relation.
Accompanying the Hadamard function (noise kernel), we have the retarded Green’s function

(dissipation kernel)

Glro(@,a') = i0(t = t') [dn(a), n(a’)] (IL12)
This is already a c-number, independent of the field state. Following the previous conventions,
we have
Gfywa') = 0[5~ B) 5z + B)| = - 0(r)6(* ~ K. (IL13)
RO AR 27

We see the causal lightcone structure is enforced. In the special case R — 0 which is met for a
single Brownian oscillator, we instead have
G (1) = — 2 6(r) lim — (56 + B) 57— B)| = - 0(r) 8'(r). (IL.14)
' 27 R—0 2R 27
This will be of great convenience in simplifying the equation of motion for the internal dynamics
of the detector when it is coupled to a squeezed thermal bath field.
We now study the nonequilibrium evolution of the internal dynamics of a Unruh-DeWitt

detector in a squeezed thermal bath.

B. Internal dynamics of an Unruh-DeWitt detector

Now we consider the internal dynamics of a Unruh-DetWitt detector at rest in the squeezed
thermal bath. When the internal dynamics of the detector is modeled by a quantum harmonic

oscillator, its displacement y follows a reduced equation of motion of the form (e.g., [4])

) — w2 () m/d s G, s)fg(s)z%ngh(O,t), (IL.15)

when all the influences from the field are taken into account. Here we assume that the coupling
between the oscillator and the field is switched on at time ¢ = 0 and has a strength e, or
alternatively, represented by the damping constant v = e2/87m. The oscillator depicting the
internal degree of freedom of the detector is assumed to have a mass m and a bare natural
frequency wy. The detector’s external or mechanical degree of freedom is fixed at the spatial
origin of the coordinate system.

For the retarded Green’s function of the form (II.14), the equation (II.15) can be simplified
to a local form

R0+ 270 + R 10 = n(0.1). (IL16)

13



where m, wg is the mass and the physical frequency of the internal degree of freedom of the
detector. The dynamical significance has been discussed in [12]. Yet, quite a few outstanding
features in our problem are worthy of special notice: 1) Unlike in the thermal bath, the driving
noise, given by the free field, is not stationary. In other words, the bath from the beginning
is not in equilibrium. 2) Its frequency spectrum in general is not white. 3) The internal state
of the detector initially can be in any state far from equilibrium. 4) The coupling between the
internal degree of freedom and the field is not required to be weak. 5) Renormalization and
the actions from the bath field need be dealt with. 6) Arguments based on linear response
or perturbation theory are mostly inapplicable. The upshot is, it is by no means clear that
the internal dynamics of the detector, when coupled to such a nonstationary, nonequilibrium
bath, can ever come to equilibrium eventually. This becomes the main challenge in the present
investigation.

To look into the possibility of equilibration, let us examine the internal dynamics of the
detector, governed by (II.15) or (IL.16), in a squeezed thermal bath. The general solution to
(I1.16) is given by

€)= (0300 + (O K0) + £ [ ds dalt — ) 30(0.5) (1L.17)
where d;(t) and da(t) are a special set of homogeneous solutions to (I1.16),
di(0)=1, di(0) =0, d2(0) =0, da(0) =1, (I1.18)
which in the present case are given by
da(t) = ¢ cos Ot + L sin0r] da(t) = % e sin Qi (IL.19)

with Q = \/W being the resonance frequency. Note that they decay exponentially with
time, dissipation being a consequence of the interaction with the bath.

These fundamental solutions allow us to easily construct the observables associated with the
internal dynamics. For example, the building blocks of the Gaussian system, the covariance

matrix elements, can be expressed as
(1) = di(t) (*(0)) + # d3(t) (5°(0)) (I1.20)

tds /tds’ do(t — s)da(t — ') G73(0,5:0,5),
(0(1)) = m*di (t) (R*(0)) + d3 (1) (5 ( ) (I1.21)

/ / sdgtfs)dg(tfs)GSL?)o(OsOs)
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FIG. 1: The temporal behavior of Iy, associated with the nonstationary component of (y?(t)), for
different squeeze angles. We choose m =1, Q@ =1 v = 0.1, § = 0.3, that is, in the high-temperature

regime. we observe that Iys quickly decays to zero for time greater than the relaxation time scale y~!.

%<{>“<(t),ﬁ(t)}> = mda(t)di (1) (¥*(0)) + % da(t)da(t) (5*(0)) (11.22)

o2 [t L ) A ,
+ — [ ds [ ds' do(t — s)da(t — 5") G ,(0,5;0,5),
m.Jo 0 '

with the conjugated momentum p = mf( Here (- --) denotes the expectation value with respect

to the initial state of the whole system in an assumed product form
p(0) = p(0) @ p2(0) (I.23)

with p0) being the density matrix operator of the internal degree of freedom, and, for simplicity,
it has been chosen to have the properties: (¢(0)) =0, (p(0)) = 0, and ({x(0),(0)}) = 0. The
kernel function Ggf)o(o,t; 0,t"), defined in (I1.10) and (II.11), in this context, takes a simpler

5

form
*d : Ny . N
GE‘?,)O (0, t; 0, t/) — —sinh 277/0 % % coth BTW |:6fzw(t+t )+i0 + e+zw(t+t )—10] (1124)
+ cosh 27 /Oodw ol coth Bﬁ [efiw(tft’) + e+iw(t7t/)} '
o 2m 4w 2

To grasp the generic behavior of the stationary and nonstationary components of G(I?)O(O, t;0,t'),
and their effects on the observables of the internal dynamics, we will use (x?(¢)) as an example.

It turns out convenient to introduce the function
t
ftw) = / ds da(t — 8) e ™% = dy(w) |e ™™ — dy(t) + iwdg(t)} , (I1.25)
0

so that the integral expressions in (II1.20) can be written as

t t
/ ds / ds' do(t — s)da(t — 5') G\ (0, 50, 5) (11.26)
0 0 ’
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FIG. 2: The temporal behavior of Iy, related to the stationary component of (x2(t)), for different squeeze
angles. We choose m =1, Q2 =1~ =0.1, 8 =0.3. They all approach an identical constant, independent

of the squeeze angle 6.

= / dw w coth Bw{— sinh 27 [f2(t;w) et 4 2t w) e_ie} + cosh 2y x 2|f(t;w)]2} ,
o 2m 4m 2
where the Fourier transform g(w) of a function g(t) is defined by
g(w) = / dt g(t) et (11.27)

In this section we merely provide the figures based on numerical calculations in order to quickly
glean the generic behavior of the quantities we will discuss. More detailed analysis will be given
in Sec. IIID.

We focus on the temporal behavior of the nonstationary component in the integral expression
of (x2(t)) in (I1.20). The first two terms on the righthand side of (I1.20) account for the intrinsic
fluctuations of the internal dynamics are not of interest to us. They will always decay with time

to zero, and are not directly affected by the bath field fluctuations. Let us define

Fdw w Bw . -
Ls=— | & —coth—[ 2(t;w) et 4 2 w) e ] | 11.28
we = [ ot B[t 4 ) (11.28)
proportional to the nonstationary component of (II1.26). From Fig. 1, we see that in general
it will approach zero exponentially fast as ¢ becomes greater than the relaxation time scale

v~ =10. In contrast, as shown in Fig. 2, the stationary component, proportional to

Cdw w Bw 9
IST = +/0 % EcothT X 2|f(t,w>’ y (1129)

approaches a constant at late times. These results indicate that the contribution from the
nonstationary component of the Hadamard function GEL?)O(O,t; 0,t) tends to be exponentially
smaller than that of the stationary component at late times in (x?(t)), so that the squeeze angle

f becomes irrelevant. On the other hand, since the parameter 7 still appears in the contribution
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FIG. 3: (a) The temporal behavior of (x?(t)) on the squeeze parameter ¢ = ne?. We choose m = 1,
wrp =1 v =0.3, 8 =10, a low-temperature regime. In these three plots, the blue curve corresponds to
6 = 0, the orange curve § = 7/6 and the green curve § = w/2. The 0 dependence is clearly seen during

the intermediate times but this dependence is lost at times greater than v~ *.

of the stationary component, we conclude that at late times (x?(oc0)) is still  dependent. Thus
measurement of ({?(c0)) cannot recover the information about the angle 6.

This is more clearly seen from Fig. 3 that for sufficiently late time (x2(¢)) is independent
of §. The saturated height of (X?(t)) depends on 1. This is expected since the excitations of
the oscillators, driven by the squeezed thermal bath, is related to 1. Thus as in the case of the
thermal bath, certain properties of the bath can be passed on to the oscillator system coupled
to the bath. In this case the information contained in 7 is inherited by the oscillator but the
information of @ is not.

In Fig. 4, we show the general trend about the effect of temperature on (x?(¢)). In particular,
in Fig. 4-(b), it has the typical feature that at the low bath temperature regime, the curves
rise relatively slowly from constant values and then gradually transit to linear growth, which
is consistent with classical equipartition theorem, since ({?(t)) is proportional to the elastic
potential energy of the oscillator. In Fig. 4-(a), higher temperature heightens the overall generic

shape of the curve, consistent with the monotonic behavior of the factor coth %" with respect

to S.
Let us now take a closer look at the late-time result. We have
8 *d
(2(00)) = cosh 21 %g& O % %coth %"" x 2| f(tw)[2. (IL.30)
Using (I1.25), we arrive at
Bw

*d
(x*(c0)) = cosh 27]@ lim /0 % %coth

m t—oo

5 % 2Ada(@) 21+ di(1) + wd3(t) — da(t) e
~ (1) €T i do(t) et 4 i da(t) eﬂ'wﬂ

= cosh 27 (x*(00)) 5 - (I1.31)
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FIG. 4: The temporal behavior of (x?(t)) on the inverse temperature 3. We choose m = 1, wy = 1
v =203, n7=2,0 =0. The blue, red, orange, and green curves respectively correspond to the low,
intermediate and high temperature regimes by letting 5 = 100, 8 = 10, § = 1 and 8 = 0.1. Due to
scale difference, the blue curve almost overlap with the blue curves. In (b) we sample three different
times: ¢t = 10 for the blue curve, t = 5 the orange curve and ¢t = 1 for the green curve, to present the
dependence of (Y?(t)) on the bath temperature 3~! during three evolutionary stages. Note that the

dimensional parameters are normalized with respect to the physical frequency wy.

Thus (x?(00)) at late times is boosted by a factor cosh 2, which is always greater than unity,
from the corresponding value (x*(c0))s due to the thermal bath. This factor is nothing but
2|5]2 + 1, related to the Bogoliubov coefficients in (IL.5), so it is a consequence of enhanced
excitation from parametric amplification.

Let us compare this with a free harmonic oscillator in its squeezed thermal state, denoted
by a different squeeze parameter (/' = 7]’6”9/ but at the same temperature 1//3. Since the

displacement operator of the oscillator in the Heisenberg picture is

1 . 4
X(t) = ——— (al eTent 4 ge~int) | (11.32)
2mwg
we find
($2)sr = [cosh 9 — cos(2wnt — 0') sinh 277’} ()5 . (I1.33)

Observe that the factor before (}2) g is a positive, time-dependent real number, so it can be
smaller than unity or larger, depending on the choice of the squeeze angle 8. Thus we can
use the squeeze parameter to tune the coherence of the oscillator; however, in the open system
scenario, it does not work the same way since the expression in (I1.31) is not dependent on 6
after equilibration. We cannot make (x?(c0)) smaller than (x*(c0))s.

Observe that from this example we can identify two important features associated with the

dynamics of the internal degrees of freedom coupled to a nonstationary, nonequilibrium bath
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field. The first is that even the bath has the aforementioned properties, the quantity (x?(co))
still reaches a constant on a time scale greater than the relaxation time. This signifies the
existence of an asymptotic equilibrium state in the internal dynamics. Secondly, comparing
with (x%(00))g in the weak oscillator-field coupling

1 Bw
~9 R
o0o))g = h
<X ( )>ﬂ 2 cot 9

we can write (IL.31), in the same weak coupling limit, as

R 1 Bw Bsw Bw
2 . R sWr R
(X" (00)) = ST coth 5 cosh 27, = coth 5 = coth 5

(11.34)

It seems to imply that the final state acts like a thermal state of a higher temperature S ! than
B~L. That is, a detector feels hotter in a squeezed thermal bath than in a thermal bath. This
enhancement factor due to squeezing is what gives the added efficiency in an Otto engine [30]
or the leverage in the quest for ‘hot’ entanglement [55]. Finally, since the result in (II.31) is
independent of the squeeze angle 6, we cannot turn the final state ﬁ(X)(oo) back to a thermal

state ﬁ(BX) of the internal dynamics by applying an unsqueezing S —1(¢) via

P £ 8(=0)p (00)51(~0), (IL.35)

similar to the reversed operation of (IL.1), even in the weak coupling limit. This may invalidate
proposed performance enhancement schemes invoking unsqueezing at the end of the isothermal
phase of a quantum Otto thermal engine when the harmonic oscillator is placed in contact with
a squeezed thermal bath.

The momentum uncertainty (p%(¢)) has similar behaviors as the displacement uncertainty
(X%(t)) does. From (I1.21), we see that structurally it is very similar to the displacement
uncertainty except for two more time derivatives. It tends to make the integrations ill-defined
because when we write (I1.21) as an integral over w, we find the expressions involving two

time-integrals become
t t ) )
/ ds/ ds' do(t — s)da(t — §') G(If’)o(O, 5;0,5") (11.36)

- /o (21: Zr coth == = {Sinh277 [fZ(t;w) et 1 2t w) 6_7;9} + cosh 27 x 2|f;(t;w)’2} '

Eq. (I1.25) implies that at late times ¢ — oo, Eq. (I1.36) reduces to a time independent constant
proportional to

dw w3

/ i oth—|d2( 2. (IL37)
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FIG. 5: The temporal behavior of G%) (t,t') for an oscillator in contact with a zero temperature squeezed
thermal bath. In (a) and (b) the stationary component, proportional to cosh 27, is drawn with respect
to (a) 0 <t, ¢’ <15 and (b) 20 < t, ¢’ <40 in units of the resonance frequency wy. The corresponding
nonstationary component is shown in (¢) and (d). In (a) and (c) both components are seen to expo-
nentially decay with ¢ and t'; however, they differ dramatically when both ¢, ¢’ are much greater than
v~1. The stationary component flattens out to a nonzero constant, but the nonstationary component
continues decreasing to zero. The black curve highlights the case t = t/. All the parameters are chosen
in units of the resonance frequency wy or its inverse. Here, wy = 1, the damping constant v = 0.1, the

initial bath temperature f~! = 0 and the squeeze angle § = 0. We have factored out cosh 21 and sinh 27

because they do not change the temporal dependence.

The large |w| end of the integrand grows like w™! because in that limit coth’%” — 1 and
\JQ (w)|?> = w™*. The integral is logarithmically divergent. Thus regularization is needed. We
may introduce a cutoff frequency A to replace the limits of the integral or insert a convergent

|wle

factor of the form e™1¥l¢ where € is a tiny positive real number and essentially plays to role of

inverse cutoff frequency because its presence will highly suppress the contributions from the
frequency much higher than e~!.

Now we turn to the two-point function of x. This will show a different aspect of the final
state. In particular, we are interested in the Hadamard function G%) (t,t") associated with the

operator , given by

G (0:) = 5 (R0, ()} = dy (s () ((0)) + -5 () (¢) (5(0)) (1135)

2t t
+ % / ds/ ds’ da(t — s)da(t' — SI)G%)O(Z, 5;0,8").
m=Jo 0 ’

This is a generalization of the covariance matrix elements we discussed earlier. We then arrive
at
2 ©d ) .
G%)(t, ty=--+ % /0 % % coth 6;{— sinh 27 [f(t; W) f(t'5w) e 4+ fH(tw) () w) 6_19}

+ cosh 27 [ Fltw) f* (s w) + f* (tw) f (s w)} } , (IL39)
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where . .. represents terms that depend on the initial conditions, but become exponentially small
at times greater than y~'. At first sight, similar to the Hadamard function of the free field
ng(b,)o (x,2'), it contains a component that is not stationary in time. However we observe that the
non-stationary component has a d3(w) factor, rather than |do(w)|? in the integrand in (I1.39).
Its appearance implies a possibility that the non-stationary component may be exponentially
small when both ¢ and ¢’ are greater than v~!. Indeed from the numerical calculations, we see
from Fig. 5-(c) and (d) that generically, the nonstationary component does decay to zero or
become exponentially smaller than the stationary component when ¢, ¢ are sufficiently large. In
contrast, the stationary components saturate to a constant in the same limit. Thus at late times
the two-point function G%) (t,t') also becomes invariant under time translation even though the

oscillator is driven by a nonstationary noise at all times
G%‘) (t,t") = cosh 2n G%‘)ﬂ(t —t), (11.40)

for ¢, t > v~ where « is the damping constant, and 7 is the squeeze parameter of the bath in its
initial configuration. The Hadamard function Gg‘)ﬁ (t —t") gives the correlation of the oscillator
when it is coupled to a plain thermal state. This behavior is required and is consistent if the
dynamics of the oscillator can relax to an equilibrium state. This result provides additional
support to identifying the final equilibrium state as a thermal state! of a Gaussian system.

On the surface this result seems to be in conflict with our previous understanding about
the properties of the squeezed state of the free field in Sec. II A. For example, the Hadamard
function of the free field Ggi)o (z,2') in (I1.10) gives a non-vanishing, oscillatory nonstationary
component. The difference lies in the latter describing the squeezed state of a free oscillator
in a closed system, while the former for the driven damped oscillator in an open system. The
backactions and backreactions between the oscillator and the bath play an important role,
which contribute to the distinct behaviors at late times. Simply put, the internal dynamics
of the detector will respond to the bath’s action in a rather complicated and delicate way:
The strength of dissipation depends on both the dissipation kernel, determined by the form of
coupling and the property of the bath field, and on the state of internal motion. When the
internal degree of freedom of the detector is driven by (nonstationary) quantum fluctuations of

the bath, the damping will adjust itself to match the driving force in accordance, such that in the

! The term “thermal state” is understood in the following sense: Given a fixed 5 and oscillator physical frequency
wr, the oscillator will be relaxed to a state that is like a thermal state with the effective temperature given
by (II.34) because the oscillator’s covariance matrix elements and Hadamard function will be amplified by a
common factor cosh 2n. On the other hand, strictly speaking, if we fix 8 and 7, but vary the physical frequency
of the oscillator, then the oscillator will not have a black-body energy spectrum at the effective temperature
B5* because the oscillator of different physical frequencies will not see the same effective temperature.
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end, equilibration is prompt to happen. On the other hand, in this framework, the behavior of
the internal degree of freedom can mimic that of the free oscillator only at early times t < v~ 1,
where the decaying behavior of da(t) is not yet significant. Physically speaking, the damping
has not yet picked up due to the small velocity dispersion, and the accumulative effective of the
noise force is not yet notable either. Thus at this stage the oscillator behaves quite like a free
renormalized oscillator in its initial state. If the initial state of the oscillator happens to be a
squeezed thermal state of the same squeeze parameter and inverse temperature, then its two
point function is expected to be nonstationary, like what we have discussed earlier in Sec. IT A.

The effects of the backactions and backreactions will be discussed in greater detail in the

following.

C. Approach to Equilibrium

We have seen a few examples where the contribution from the nonstationary component of
the squeezed thermal field vanishes at late times. In fact, from the expressions of the covariance
matrix elements, or the correlation function of the oscillator, we can identify two different
sources of nonstationarity in the present configuration. One results from the nonequilibrium
evolution of the internal degree of freedom, and the other from the nonstationarity in the bath
field. The effects of the former are well investigated in [36], so here we wish to study how the
nonstationarity in the bath can affect the energy exchange between the detector and the bath
field.

We first examine the power delivered by the bath field, that is,

e - ) 2 [t
Pe(t) = 5 ({dn(0,0), X(1)}) = m/o ds da(t — 5) Gy (s,1). (I1.41)

This is nothing but the mechanical power if we identify edn (z) as a force, similar to the Lorentz

force in elemectromagnetism. For the squeezed thermal bath, it takes the form
< q A . . o
Pe(t) = 81y / &Y oth ﬂ;{— sinh 29 [e_w’feﬂef(t; w) + etWte=i0 fx(¢. w)}
0 7T
+ cosh 27 [e_i“’tf*(t; w) + et f(t; w)} } , (11.42)

where e = 87ym. It is convenient to write f(t;w) as

) eJrzwt X

f(tw) = —iwdy(w) e ™ g(t;w), g(t,w)=1—1 " dy(t) — dy(t) et (11.43)
so that Eq. (I1.42) becomes
S ~ . . ~ . .
Pe(t) = 87?7/ o w coth m{— sinh 27 [—iw dy(w) e” et g (1 w) + iw di(w) e T2 e =P g* (t; w)
o 2m 4m 2
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+ cosh 27 [—I—iw d5(w) g* (t; w) — iw do(w) g(t; w)} } . (11.44)
In the limit ¢ — oo, we find g(¢;w) — 1, and then we find
Pr(o0) = 8%7/0 o Ar coth P { —sinh 27 [—z’w dy(w) e 2T 4y d(w) e+i2“te*i9]
+ cosh 27 [—i—z’w ds(w) — iw d~2(w)} } . (I1.45)

Noticeably the stationary component approaches a constant, but the nonstationary component

still has a sinusoidal factor et?>*

, so it is not immediately clear whether the nonstationary
component will vanish at late times or approach a constant as well. Looking more closely, we
see the nonstationary term in (I1.45) contains the integral
Cdw w - -
JIp = — T [—iwd w 6712‘“]
" /0 2 Arm 2(w)
i 2i

1 , .
v 2 2 (i) 2t=inB) (A )2 . .
1672 [Qt “ing " Q{e (v —iQ)" E1[(y — i) (2t — inp)]

— rHD@E=ing) (4 m)2 E1[(y — iQ)(2t + inB)] }] ., (I1.46)
where the factor e~ ™% results from

o0
coth %“ =142) e, (I1.47)

n=1

and E, (z) is the exponential integral function defined by

0 e—zt
B (z) = /1 at (I1.48)

which has a branch cut along —oco to 0 in the complex z plane. Since we are interested in the
large time ¢ — oo and the low temperature § — oo limits, and in (I1.47) the summation index
n runs from 1 to oo, so we can introduce a “large” complex parameter z = 2t — inf3 and then

carry out a large z expansion. Doing so, we obtain

1 3y
Ip =~ — e 11.49
T An20223  2m2wizt te ( )
with z = 2t — inf8. We will need to evaluate the following summations
o .
1 i 2t 1
— = —— (1l +i— ) —+---, 11.50
712—:1 (2t —inp)3 243 ( I64 ) 85t2 ( )
o0
1 1 2t 1
) (2t —inf)t ~ 632 Vsl +ig) =gt (IL51)

3
—_
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where we have assumed ¢ > 5 for any finitely large 5. We do not need to worry about the 8 — co
limit for the moment. Thus we see the finite temperature contributions in the nonstationary
component of (I1.45) falls off to zero at least like =2, not exponentially fast. The vacuum
contribution in (I1.47) can be found by replacing nS in J, by €, and we obtain

1 3y

Jo ~ _ .
0 Am2w2 (2t —i€)3  2m2wi(2t — ie)* +

(11.52)

so this contribution falls off a little faster like t 3. Thus we conclude that in the limit ¢ — oo,
the nonstationary contribution in P: approaches zero. Note that these do not tell completely
the temporal behavior of P¢(00); it is just to show that the nonstationary contribution of the

power P; does vanish in the limit ¢ — oco. Thus we find

o d -
Pr(o00) = 87?7/ % osh 2n ud cothﬁ—w X 2w Im da(w)
0 2 47 2
< J 2 B
= ¢? /002: cosh 27 %r coth %d Im G%) (w), (I1.53)
where we recalled that

. d.
GY(w) = 277(:’) (IL54)

The power delivered by the bath field into the internal degree of freedom of the detector ap-
proaches a time-independent constant at late times, even though the bath is nonstationary and
nonequilibrium.

On the other hand, the power trickling back to the bath at late times is given by

P, (00) = 2y (§(00)) = 1 (5%(o0)) (11.55)

From (I1.31) and the definition p = my, we arrive at

2 g 3 ~
P, (00) = — cosh2n % 62/002: Z—F coth%u |da(w)]?. (I1.56)

It is straightforward to show that
2w |da(w)]? = Im da (w) (I1.57)
and this enables us to write (I1.56) as

0 g 2 B
Py (00) = —¢? / % coshZUZ—w coth%“’ Im GV (w) . (IL58)

It is also independent of time, and therefore we indeed have

P¢(00) + Py(00) =0. (I1.59)
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That is, the dissipative energy flux in the end matches with the power delivered by the non-
stationary quantum fluctuations of the bath. Therefore we have a balanced energy exchange
between the internal degree of freedom of the detector and the nonstationary, nonequilibrium
squeezed bath field. This tells us that the dynamics of the internal degrees of freedom of our de-
tector or atom, the Brownian oscillator, does reach equilibration. In fact, the above arguments
also offer a stronger statement that not only does the sum of two powers vanish at late times,
both of them are time-independent constants of the same magnitude even when the squeezed
thermal bath is time dependent.

Finally, due to the vanishing contribution of the nonstationary component in the late-time
limit, we recognize that

(2o = | TG00 () (I7.60)

oo 2T 8

such that from (I1.31) we have

- 2 - -
G%)S (w) = % cosh 27 coth %d |da(w)|? = cosh 27 coth B—w Im G%) (w)

Bs

= coth =X Im G(X)() (I1.61)

This is a fluctuation-dissipation relation for the internal degree of freedom of the detector
coupled to the squeezed thermal bath. It has two features distinct from the plain thermal bath
cases we have studied before: 1) only the stationary component? of the noise kernel of the
internal degree of freedom of the detector/atom is involved, and 2) the proportionality constant
has an additional factor due to squeezing. This factor is always equal to or grater than unity in
the open system configuration. The proportionality constant can be re-written in terms of the
effective temperature G5 ! with the help of (I1.34), so that it assumes the conventional form.
A remark is in place here on the nature of the effective temperature introduced in (I1.34) and
the somewhat intriguing role it plays in the final equilibrium state of the internal dynamics.
Since ({?(00)) and (p*(co)) are proportional to cosh2n but independent of 6, the effective
temperature will depend on 7 only in this equilibrium state. The effective temperature defined

in (I1.34) is consistent with the nonequilibrium effective temperature we introduced in [36]

2 1—|—\/1-|—46
WR 2\/> )

and is a special case of the latter when the reduced system reaches its equilibrium state. The

Bere = (11.62)

2 There is actually no need to emphasize the “stationary component” because at late times, the whole noise
kernel of the internal degrees of freedom contains only the stationary part.
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uncertainty function

“O\ [ n . . 1

& = ({*)(p%) — ;{x®).6(1)})* ~ 1 (I1.63)
is related to the Robertson-Schrodinger uncertainty relation. Thus it will be a monotonic
function of 1. Owing to the factor cosh2n, the system may appear to have a much higher
effective temperature than the bath’s temperature 37!, but since we have shown that cosh2n
is an overall factor multiplied to the covariance matrix elements of the oscillator coupled to a

thermal bath,

(¥*(00)) = cosh 2n (x*(00)) , (p*(00)) = cosh 2n (p*(c0)) 5, (I1.64)

the quantum nature of the system does not seem to be affected by the squeeze parameter . We
may on the surface claim that the quantumness survives at higher system temperatures, but
this could be illusory?.

At this point, we have investigated the dynamics and equilibration of the internal degree
of freedom of the detector, bilinearly coupled to a single Gaussian squeezed thermal bath.
In the next section we will consider a more general case, when the bath is driven by some
external agent which results in different modes in the bath acquiring a different time-dependent
squeezing. Oscillators with time-dependent natural frequencies are called parametric oscillators,
so we shall call a bath made up of parametric oscillators a parametric bath for short, likewise
for fields whose normal modes are represented by oscillators with time-dependent frequencies.
A system coupled to such a parametric bath in general is not expected to have an equilibrium

state, which makes it more interesting and challenging for our purpose.

III. OSCILLATOR IN A THERMAL BATH WITH TIME-DEPENDENT SQUEEZING

In contrast to the case in the previous section where the squeeze parameter of the bath is
fixed, here we treat a bath whose squeezing changes with time in a parametric process. For
simplicity and without loss of generality in bringing out the key physics, we will consider the
so-called ‘statically-bounded’ situation where the parameter of the bath field that accounts

for the parametric process begins with a constant value, and smoothly transits to a different

3 Although the detector feels hotter in the squeezed bath than the thermal bath of the same J3, since the
detector’s observables scale up by a factor cosh 27, but the statistics does not change accordingly. Take an
extreme example with a very large n, the effective temperature hikes high up, and at such a high temperature
one would expect the thermal fluctuations to become random. But in fact it is not. The system still behaves
like a low-temperature one. A squeezed state remains quantum in nature. See Footnote 1 for additional
comments.
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constant value according to some specified functional form over a finite time interval. The rate
of change can be arbitrary, and not restricted to be gradual. In fact, nonadiabatic changes
produce qualitatively different effects, such as particle creation in dynamical Casimir effort or
cosmological particle creation.

We first consider the dynamics of a quantum scalar field undergoing the aforementioned
parametric process. Then we derive the dynamics of the internal degrees of freedom (idf) of a
harmonic atom or a Unruh-DeWitt detector coupled to such a field. From there we analyze the
late time behavior of the idf and ask if equilibration of the internal dynamics is possible and if
a FDR exists for the idf of the detector/atom.

Consider a real bath field described by the action

S = % / dtd®x { [atgb(x,t)r - [w(x, t)}2 — m2(¢) 3 (x, t)} . (IIL.1)

The time dependent function m(t) acting like a mass accounts for the effects of the parametric
process of interest. Suppose it changes from one constant value m; at time ¢ = t; > 0 monoton-
ically and sufficiently continuously to another constant value my at time ¢ = t;. Thus before t;
and after ty, the field x(x,t) behaves like a free, real massive (with fixed value) scalar field.

Let us expand ¢(x,t) by

3
o(x,t) = /(;lﬂl){g etikx ok(t), (I11.2)

whence the action (II1.1) becomes

5= [ar; [ex{a®st) - O w00}, (111.3)

with w?(t) = k? + m?(t). The mode amplitude function ¢y (¢) then satisfies an equation of

motion of a parametric oscillator
Bult) +w2(t) p(t) = 0. (I1L.4)

The solutions to the corresponding Heisenberg equation are formally given by

Prc(t) = AU (1) @ (0) + dP0 (1) 71 (0), (IIL5)
Fielt) = A4 (1) ¢ x(0) + dP(1) 741 (0) (IIL6)

where 7, (t) = ¢j(t) = $_k(t) is the canonical momentum conjugated to ¢i(t). In the context
of dynamical evolution, it proves convenient to introduce a special set of homogeneous solutions

to (I11.4), dl(j)(t), dl(f)(t) which satisfy the initial conditions

d(0) =1, d(0) =0, d?(0) =0, d?0) =1, (I1L.7)
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for each mode k. The canonical commutation relation [¢k(t), Tk (t)] = ¢ gives the Wronskian or

the normalization condition,
1 3(2 2 3(1
dVdP ) — d? (1)dP ) = 1. (IIL.8)

From (II1.4), we observe that dl((i) (t) in fact depends on k = |k|.
Now suppose at the initial time t = 0, we expand @y, 7k in term of the creation and

o At A
annihilation operators a,, a,

5 . R . . . R
P+k = /72007; (aT_k + CLk) s Tk =1 5 (aT_k - ak) ) (1119)

which satisfies [G,, dL] = 1. Then by (IIL5), we can express x(t) in terms of G, (0) and &L(O)
. 1
Pk(t) =
=7

with the shorthand notation w(t) = w; when ¢ < t;. Thus the field operator ¢(x,t) has a

{ [df{l)(t) —iw;d (t)] 4, (0) + [dfj)(t) +iw d? (t)} a(0)}, (IIL.10)

plane-wave expansion

d(x,t) = / (;l:‘g \/;T%{ak(()) e flt) + al(0) e ()} (IL11)

and the corresponding momentum operator #(x,t) is given by #(x,t) = x(x,t), with fi(t) =
dl((l)(t) — fw; dl(f)(t). We can verify that they satisfy the standard commutation relation
[(;Aﬁ(x, t),7(x',t)] = i0® (x — x'), with the help of (IIL8).

A. Retarded Green’s function

With the field expansion (III.11), the retarded Green’s function ngz)(x, t;x/,t') of the free
field gZA)(x, t) is given by

GO (x, 1%, ) = i0(t — ') [(x, 1), p(x, 1')]
dSk ik (x—x' 1 2 2 1
— 0(t —t) /(2703 etk (xx ){dl(()(t)dl(()(t’) - dfj(t)dl(j(t')} . (IIL12)
When the field undergoes a parametric process, its retarded Green’s function in general is not
stationary, so the integrand in (I11.12) will not reduce to d{f) (t —t"). However, in the regimes of
either t, t' < t; or t, t’ > t7, the Green’s function behaves like the standard two-point function of
the massive field, but with different mass m. The retarded Green’s function and the Hadamard

function of the free massive field of mass m take on the form

Gl (z,a') = 1) (552 — (0%

o (mVo?)|, (IIL.13)

LJ
2V o2 !
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m m
2V +0? T —0?
where T'=t —t and 0? = T? — R? with R = x — x’. In our case R = 0, so ¢ > 0 always, and

the retarded Green’s function (I11.12) is simplified to

1
Giy(@,a’) = — |6(+0?)

2 2
i Yi(myv +02) 4+ 0(—c7)

Ki(m —02)} . (IIL14)

Gf)oi2) = -2 {25/0) + seno) s (Vo) | (1.15)

where 6(c) sgn(o) = 0(0) and now o =t —t'. Eq. (I11.13) implies that the internal dynamics of
the detector can be influenced by its own radiation of this massive field emitted at earlier times.
Therefore the internal dynamics depends on its past evolutionary history. The duration of the
memory is quantified by m~!. For a very light field, it has a very long memory span, but since
the second term in (II1.13) or (II1.15) scales with m?, it will have a negligible contribution, so
that the influence of the field is essentially confined by the first term on the lightcone of the

detector.

B. Hadamard function
The Hadamard function Ggf)o(x, t;x',t'), defined by

Gy 15, 7) = L ({80x,0), (¢, 7)) (I1L.16)

plays a special role in the nonequilibrium dynamics. It describes the correlation of the fluctu-
ating force of the bath that imparts a stochastic component in our system’s dynamics. That is
why it is often called the noise kernel, in correspondence to the retarded Green’s function, the
dissipation kernel. Their dynamical significance has been discussed in the earlier case when the
internal dynamics of an Unruh-DeWitt detector is coupled to the fixed-value squeezed thermal
bath field. Here the bath field, subjected to time-dependent squeezing in a parametric process,
has much more complicated correlations and time dependence.

From (III.16) and the field expansion (III.11), the Hadamard function of the parametric bath
field takes the form

Bk 1 (e (1 1
Gl t; %, 1) = / e { R ((N(0)) + 5 ) [240 (O () + 20700 (0D ()]

+ et (6,200 [dM (1)d) (1) — w2 dP (H)dP (1)

—iw dD ) dP () — iw; dP ()dV (t')}

0O GROY ) ) () — @} 4) 00 () ()

1
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+iw dP (0)dP () + iw; dP (1)d) (t')} } .

Here (---) is the expectation value taken with respect to the initial state of the field at ¢ = 0.
We note that there are two types of nonstationary in Gﬁ)o (x,t;x’,t') according to (II1.17). One
results from the parametric process of the field and is contained in the fundamental solutions
dl(f) (t); the other is due to the presence of nonvanishing (a3 (0)), much like the squeezed thermal
state we discussed in the previous section. Thus, here we only focus on the first type of nonsta-
tionarity and let the initial state be a stationary state. The last four lines of (II1.17) will then
not be considered. However, it is interesting to emphasize that even under this consideration,
the state of the parametric field will still tend to a squeezed state, a characteristic of the para-
metric process of a Gaussian system. This can be understood by the fact that the most general
Gaussian state of a Gaussian system is the squeezed (thermal) state [36, 56]. We also note that
the operators inside the expectation values are evaluated at the initial time.

The nonstationarity from squeezing encapsulated in the evolution of the field operator will

be made manifest if the field operator at any moment can be mapped from the “in”-field,

- d*k 1 4 A A ,
i (x,t) = /(2%)3 N e~ it g, (0) eTRX 4 et gl (0) emkx| (I11.18)
1

i.e., the free-field operator before the parametric process begins, by a suitable two-mode squeeze

transformation (see Appendix A for some essential materials about two-mode squeezing.)
SHO) I (x,1) $2(0) (IT1.19)
where ¢ = {(x}, and each (i has a polar decomposition of the form (j = 7y e?*
$5(G) = exp |G iy — Gealal, . (IIL.20)

Note that due to (IT11.4) and w?(t) = k?4+m?(t), the squeezing in general is mode-dependent and,
for this, the squeeze parameter will carry a k subscript. Eq. (IT11.20) implies that the squeeze
parameter in fact is a function of k£ = |k|.

Implementing squeezing by the Bogoliubov transformation
S%(Ck) ay $2(Ck) = oy 4y + Bik &T_k = coshn, a, — e T sinh e dT_k , (I11.21)
then we have
S3(Q) dun(x,1) S2(C) (I11.22)

Pr 1 e it T . e it [ ox )
= / 3 {e'”k e wit oy Gy (0) + 87, aik(O)} + e Hkexptiwit [ak aL(O) + 06 % aik(O)]}
2
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&Pk 1 . ) - | A L
-/ ot v O a2 0] a0 e (400 + il 0] 0},
™ [

where a change of variables k — —k is carried out as needed. We thus obtain
Wy e 92) N —iwst Fiwgt
dy’(t) —iwidy’(t) =e a(t) +e Bi(t) (II1.23)
for t > 0. Similarly, for the conjugate momentum 7(x,t), we have

S5(¢) (3, 1) Sa(€) (IT1.24)

Pk 1 : : } . A
= [ {00 - iw d? 0] a0 e+ (4000 + i dP (0] al0) e
2

and find

A (1) — iwid) (1) = —iwi e an(t) + i wr e Bi(h). (111.25)

Egs. (I11.23) and (II1.25) lead to

ax(t) = % et [wi dV () +id" () — i w2dP (t) + w; d (t)] : (TT1.26)
B(t) = % emiwit [wi dV () —idP (1) — iw2d? (t) — w; d? (t)] , (111.27)

and we can verify that

lone? — |Bi]? = d (1)dP (1) — dV (0)dP (1) = 1, (I11.28)
and
1 . .
Jond® + 18l* = 5 w2dM? () + dV? ) + widP2 () + wfdl‘f”(t)] = cosh2m.  (IT1.29)

In this way, we can relate the evolution of the field, expressed in terms of the fundamental
solutions, to the suitable squeeze parameter or the coefficients of the Bogoliubov transformation.
During the parametric process, these parameters and coefficients are in general time-dependent.
However, once the process ends at ¢ = ty, they turn into time-independent but still mode-
dependent constants. Thus in the regime ¢t > t;, we can apply the results in Sec. ITA for a
fixed-value squeezed thermal field to this parametrically driven field.

Suppose the initial state of the field before the parametric process is in a thermal state, then

for t, t' > t, we can write the two-point function of the scalar field (;AS(X, t) as

e )3, )3 ) | = Te{ o) (0) dusox, s (¢ £ } (II1.30)
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where we have defined the squeezed thermal state pgT) by
A = %(00585(0). (ITL.31)

Since the retarded Green’s function is independent of the field state, here we focus on the

Hadamard function of the scalar field
Gy (x X, t) = - ﬁ[ 0){d(x,1), d(x',¥)}] . (II1.32)

Before writing down the explicit expression for the Hadamard function, it is convenient to first

spell out the field operator expansion in terms of the Bogoliubov coefficients and the in-modes,

2 4’k 1 ~ tk-x—iw; * A —ik-x—iw;
o(x,t) = /(2 )% o [ak i, (0) e it 4 ﬁkalT{(O) e~k it | H.C.] . (IT1.33)
T )

Therefore we obtain

G(¢)(xtx t')

ddk 1 Bwl * —l—zk (x—x")—iw; t+t —ik-(x—x)+iw; t+t
:/(277)34% coth [ i€ T + o e

+ ’ak‘2€+ik~(x—x’)—iwi(t—t’) + ‘Bk|2e—ik~(x—x')—iwi(t—t/) + CC]

P’k 1 : : . N
= /(27)34% coth ’B;Jz [—eﬂefk coshn, sinhy_, etk G )—iwi (t+t")

10

—10_ . —ik-(x—x)+iw; (t+t
—e k coshn, sinhn_, e ( )i (t4t)

+ cosh? p el XD ZwIl) 4 ginp 2y | ek b miwitot) C.C.] (I11.34)

with oy = coshny, B, = —e ?x ginh M 1

(@ (0)ay.(0))5 + % % coth 5;‘ (IIL.35)

Note that ng in fact is a function of |k|, so (I11.34) reduces to

d3k 1 7 . ’ . 7 . . ’ .
G%}’)O(x,t;x’,t') =— /(277)3 1 coth 5;} e Tik (x—x ){sinh 21y [eﬂ“”'(tﬂ )Hilk o tiwi(tt )729’“]

+ cosh 2, o ik (x—x) |:e—iUJi(t—t/) + e-i-iwi(t—t’)] } . (I11.36)

It is interesting to compare this with (II.11). They look almost identical except that 1) the
former now has mode-dependent parameters, and 2) they have different spatial dependence.
Since in the current case, squeezing results from the global parametric process of the scalar field
which is initially in a state that respects translational invariance in space, the factor et (x=x')

will be preserved by the parametric process.
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Therefore the following discussions about the internal dynamics of the detector coupled to
such a parametrically drive bath field will be in close parallel to what we presented in the last
section with minor modifications to account for the mode-dependent parameters. Again, we
assume that the detector is fixed at the origin of the spatial coordinates, so that the difference

in point 2) becomes moot.

C. Detector dynamics in the parametric bath

Suppose that the internal degrees of freedom of the detector is coupled to such a bath at the
end of the parametric process of the bath field, then the internal dynamics will follow the same
equation of motion as (II.15). Now for convenience we will shift the origin of time coordinate to
ty so that the parametric process of the field occurs at ¢ < 0. In contrast to the case discussed
in Sec. II B, since the bath field has acquired an effective mass from the parametric process,
the discussions in Sec. IIT A tell us that the internal dynamics now will be history-dependent,
and additional nonlocal terms that account for this memory effect will emerge in the equation

of motion

m e ~

L T - ) K(s) = = n(zt),  (IL3T)

.o t
50 T W2 () -2 4(8) + 2 / ds
0

for ¢ > 0, in comparison with (IL.16). Note that when the mass my of the field quantum goes
to zero, the fourth term on the lefthand side vanishes. On the other hand in general it does
not vanish for ¢ > s, that is, a timelike interval. Therefore the massive bath field can induce a

non-Markovian effect on the internal dynamics of the detector from the same detector at earlier

moments.
As before, we can construct a special set of homogeneous solution to (II1.37), ng) (t) and
ng) (t), taking on the forms
—Tt
ng) (t) = e Tt [COS wt + % sin wt} , d;X) (t) = ew sin wt , (IT1.38)

where 3 = —\/72 -2 F 2')/\/111?0 — Q2 and T = +Rej3, @ = —Im3j. In the limit of small mass
m¢ of the bath field particle, we note

¥ . v?

202 +7) 2022+ 7)

m?, (I11.39)

N

3:—7:&1’9—1—[

(x)

80 dj’y (t) will be similar to their counterparts (I1.19) for the detector coupled to a massless bath
field.
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D. Energy balance and the FDR

Now we are ready to examine the lat-time internal dynamics of the detector coupled to the

parametrically driven bath field. The power delivered by the bath field is given by
2t
Pty = & / ds dQ(t — ) G (¢, 5:2) (I11.40)
m Jo )

which, according to (II1.36), is

Bk 1 Bw; . t . o (bte)ai e
Pe(t) = _8#7/(%)34% coth7 sinh 27 /o ds ng)(t —s) {6 i(t8) il | o Fiwi(t+s) gk}

k1 Bw; t (%) - o,
h [ h?2 X) (¢ —iw; (t—s) +iw; (t—s) )
+ 8wy /(27?)3 o cot — cosh 2 /0 ds ds’ (t — s) [e +e ]

(111.41)

Like before, we may introduce the same auxiliary functions f(¢;w) and g(¢;w), now with Y, w
replacing ~, €0 respectively. However, since now the squeeze parameter is mode-dependent, we
may use this characteristic to simplify the arguments to show energy balance.

To do this we only need to examine the temporal behavior of the integral .J,,, associated with

the nonstationary term in (II1.41)

> dk k2 —nfw; 7(x) —12w; t+16,
Ip = — —e i sinh 2ny, dy" (w;) e TR (111.42)
0 2T 4:7T
withn =0, 1, -+, k = [k|, w? = k? + m? and the assumption of spatial isotropy. Observe that

the integrand now is an even function of k, so we write the integral as

1 [>®dk k? 5 ; ;
Jp = 2/ . e~ "Pwi sinh 21y, d;X) (w;) e~ 2wt +ilk (IIL.43)
0o 2T AT

The exponential factor e "% facilitates the convergence of the integral when n # 0. Further-
more we expect that the factor sinh 27, should approach zero rather fast because if sinh? ny is
related to the production of the massive bath quanta during the parametric process, then for
sufficiently high modes the production rate should be extremely low due to the finite energy
involved in the process. Thus in a physically realistic configuration, this integral should be bet-
ter defined than its counterpart in Sec. II C when the squeeze parameter is a mode-independent
constant. Finally we note that the integrand has poles in ciéX) (w;), but their imaginary parts
lie on the lower half of the complex w; or k plane because we have required my to be small

compared with w. Thus, the integral is well defined for large k, and then according to the

residue theorem, we expect that the integral will decay with time to zero. It implies that at
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late times, the power pumped by the bath field contains only the stationary component, and
thus is constant in time and signifies a steady state of the internal dynamics of the detector,

: > dk K Bwi 5(x)
t>1>17rfn_l Pe(t) = 8my /0027T e coth - cosh 2n;, Im ds5™ (w;) , (111.44)

even though at this moment the bath remains nonstationary and nonequilibrium.

To disclose the underlying physics of these two ostensibly paradoxical statements, we further
investigate the power associated with the nonlocal expression like the one in (II.15) with the
dissipation kernel of the bath field given by (III.15). We first rewrite (II.15) to isolate the
contribution in (II1.15) to the frequency renormalization, i.e., the term proportional to ¢'(o).

Let us introduce a kernel function T'(?)(, s)
Gt —s) = —%F@ (t—s), (II1.45)

such that (II1.15) now has the form

i+t - [as [fa PO —5)| X(s) = — dn(.1),
m Jo s m
= X(t) + |wj - 32F<¢><0) X(t) + fezf(‘f’)(t)fc((}) < [ L@t — 5)%(s) = — dn(2.1)
m m Jo m
(I11.46)

However, from (IT1.15), we note that the kernel function T'(¥)(¢) will contain more than the delta
function §(¢), as for the case in Sec. II, say Eq. (I1.14), so we may wonder whether we should
include the full T(?)(0) into the frequency renormalization or only the part related to 6(0)? It
turns out that the additional terms does not have any contribution at £ = 0. In the current

setup, this can be explicitly seen by evaluating the integral

m m2 m2 — s 2
ds NG=nE Smy/(t = 5)?) = -5 (t=9) qu({%}; {;2}; —(754)), (111.47)

for t > s, where ,F,(a;b; z) is the generalized hypergeometric function. In the limit s — ¢, the
integral accounts for the contribution from the additional term in I'(®)(0) other than §(0), but
we find it is zero. Thus it means that the additional term in T'(¥)(0) will not contribute to the
frequency renormalization.

We also note that in (IIL.46), we have a new term proportional to I'(®)(¢) ¥(0). This will not
contribute to the calculation of the energy exchange between the internal degree of freedom of

the detector and the bath field at late times. For example, the associated energy flux will be

proportional to ({¢(0), )Z(t)}), given by

({x00),X(®}) = di¥ (6) ({x(0), X(0)}) + d5¥ (1) ({x(0), X(0)}) . (T11.48)
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When ¢ > T~ it is exponentially small due to the damping behavior of df;X) (t).
The remaining nonlocal expression in (III1.46) can be shown to reduce to a local damping
term and a history-dependent term. At this stage we do not need their explicit expressions. We

define the power associated with the dissipation kernel GS;% by

02 [t ' ‘ t 2
Py(t) =5 /0 ds T (1 — ) ({3(s), $(0)}) = - /O ds F(‘b)(t—s)%(}g‘)(t,s). (I11.49)

To proceed further, we need to examine the late-time properties of the Hadamard function of

the internal degree of freedom of the detector,

2 t t/
Gt ) :%({f((t), NOPEE /O ds /0 ds' dSV(t — a0 (' — s') Gy (s, s's2), (IIL50)

if t, ¥ > Y1 Let us take a closer look at the righthand side of (II1.50). Plugging in the

explicit expression of ng)o(sa s';z), we have

2 t t’
-5 /0 ds /0 ds' d(t — 5)d (¢’ - ¢')

d3k 1 Bwi . —iw; (s+s")+if +iw; (s+s8")—if
X{_/(27r)34wiCOth2 sinh 27, [e wilsts’) i) 4 gtiwi(st+s’) ”“}

d’k 1 Bw; . / . ,
+ i ? —iw; (s—s’) +iw; (s—s')
/(2 )3 o coth 9 cosh 2 [e +e } } . (HI.51)

Now we will use f(t;w) defined in (II.25),

t . ~ . . .
flt;w) = /0 ds ng) (t—s)e ™ = ng) (w) e ™t [1 — et ng) (t) + iw et ng) (t)} ,  (I11.52)

where we note that ng) (1), ng) (t) are decaying functions of time, so they are exponentially

small at late times ¢, ¢’ > T~!. Thus, Eq. (IIL51) reduces to
G (t.t)

2 roodk k2 i ~ ) N . . "o
= ° / coth %J [— sinh QUk{ng)Q(wi) e iwi () +itk dgx) Q(w) o iwi (t+t )ﬂek}
0

- m? 27 drw;

+ cosh 2, ]cng) (w;)[? {efiwi(tftl) + e+iwi(tt/)}:| ) (I11.53)

The presence of (t+1') in the exponential terms of the nonstationary component, in contrast to

(t—t') in the corresponding exponentials* of the stationary components, implies that, generically

4 This can be roughly seen by substituting the poles w = i T + w of JgX)(w) in the nonstationary component.
On the other hand, for the stationary component, we also need to take into account the sign of t — ¢’ because
it will determine which half of the complex w plane will be used to evaluate the integral.
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speaking, the nonstationary component of Gg?) (t,t’) will fall exponentially faster with increasing
t and ' than the stationary component does, when both ¢t and ¢’ are much greater than the
relaxation time Y !, which is roughly a mode-independent constant in the current setting.

Thus we may conclude that at late times the Hadamard function of the internal degree of
freedom of the detector will become stationary, and it has the form

ez [*dk k? Bw;
i th =2
/0 21 4w €0 2

lim G(Q) t,t/ _ cosh 2 d(x) w2 [e*iwi(tft’) +€+iwi(t7t/) .
t,t/>>T_1 H ( ) m2 Nk | 2 ( 1)‘
In this regime, the Fourier transformation of this Hadamard function is given by

G = [ arcPmers
Sl pui 7(x) 2
= m2/0 dk o, coth - cosh 2ny, |ds" (wi)|* [0 (wi —w) + 0(w; +w)|,  (II1.54)

with w2 = k2 + m?.

The late-time stationarity of G%O (t,t') allows us to rewrite Eq. (II1.49) into a simpler form

* dw ~ ~
: 2 2 (o) (x)
t>1>11IrI£1 P,(t) = —e /_ 5y @ M(w)G (w)

et > k2 puw; il
== /0 dh - coth =% cosh 2 1459 (wy)|?

x / Oodi’w?f(@(w) §(wi —w) + 6(w; +w)|.  (IIL55)

o0 2T

Since the kernel function I'®)(t — s) is related to the original retarded Green’s function of the
bath field Gy (t — 5) by

0
Gg%(ﬂ — _EFW) (1), (IT1.56)

we find ég)o(w) = iwI(®(w). Thus, Eq. (II1.55) becomes

el [Tdk R Bw 100 (2 [6®) (6
P, (c0) =1 m2/0 . coth R cosh 2y, |d5 (w;)| [GRO(wZ-) —Ghro (wz)] . (IT1.57)
Since
2
3 F(x)* €7 = () *
A9 (i) = dg" (wi) = S 1d5) (wi) 2| Gig (wi) — Gy (@) (I1L58)
we arrive at
© dk k2 Bw; (%)
P, (00) = —8ny /_00271_ i coth - cosh 2n, Im ds™ (w;) . (II1.59)
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Thus at late time the net energy exchange between the detector and the bath field does vanish:
P¢(00) + Py(00) =0, (I11.60)

by (II1.44) and (II1.59). This means that the detector’s internal degree of freedom does reach
equilibrium even though it is driven by the nonstationary, nonequilibrium bath noise, originated
from the parametric process of the bath field.

Although we have shown the energy balance without explicitly referencing the fluctuation-
dissipation relation associated with the internal dynamics, this relation in fact is a paraphrasing
of the energy balance [4]. Now, instead of showing their close connection, we will directly
construct the FDR for the internal degree of freedom of the detector.

We start with the two-point functions of the free bath field. The Fourier transformation of
the retarded Green’s function of the bath field is given by

3 00
~(9) . d’k 1 WT | —tw T WeT
GR,O(('U) =1 /(27‘_)3 2wz /0 dr €+ |:€ T — €+ f :| (11161)

:/Ooodk s {[P((Ml )—|—P(1(")))}+i7T[5(Wi_W)—(S(wi+w)]}a

21 27w; ;— w) (wi +

T

where a factor e™"¢ with ¢ > 0 has been inserted in the integrand to ensure the convergence of

the integral. We thus have

_ ©dk k2

Knowing that the Hadamard function of the bath field is nonstationary in general, we only keep

its stationary component, and carry out the Fourier transformation,

~ d3k 1 . [ee] ) ‘ ‘
Ggi) ((/J) = / —— coth % cosh 27]k’/ dr €+u")T (e_ZWiT + e+ZWiT)
—00

’ (2m)3 dw;
©dk k2 Bw;
— /O o 2, coth 5 cosh 2ny, [5(% —w)+0(w; + w)} ) (I11.63)

We observe that the integrands of (II1.62) and (II1.63) look quite alike, so we attempt to put
them together into a form similar to the conventional FDR.

We first try to carry out the k integrals in (II1.62) and (III.63). For later convenience, we
introduce w? = k? +m?, in comparison with w; = \/m > (0. Suppose w > 0. Then we have

S0) oy [Tk R _/"Od’”ﬁ A
ImGR’O(W)_/O 2w 2%5(% w) = 0o 2m 25(k K)_47T7 F=Ve m;,  (II1.64)

and

~ S 2 . 00 )
Ggfr))s,(w) = /0 % 2]2% coth% cosh 2ny 0 (w; —w) = /0 % g coth% cosh 205 §(k — k)
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— " coth ﬁ— cosh 27, , (I11.65)

4
where we have re-written the delta function as
ok — i
O(wi —w) = (’&U ") _ = =5k — r). (IIL.66)

Then a formal relation similar to the FDR can be set up between Eqs. (II1.64) and (II1.65)

fw

G (w ) = coth =~ cosh 2 Im G} (w) (IT1.67)

for w > 0. After taking w < 0 into account by the same arguments, we arrive at
ég)s (w) = sgn(w) coth %u cosh 27, Im @g%(w) . (IT1.68)

This FDR is slightly different the conventional FDR in two aspects: First, only the stationary
component of the Hadamard function of the free bath field is involved due to the nonstationary,
nonequilibrium nature of the bath field considered here. Second, the proportionality factor
between two kernels has an additional element cosh 27, which accounts for particle production
due to the parametric process

1
cosh 27, = 2<sinh2 N + 5) , (I11.69)

in which sinh? 7, is essentially |0,|?, as is discussed in Sec. ITA.
Now we turn to the kernel functions of the internal degree of freedom of the detector at late
times. From (I11.54), we have

1 1

G(X)(w) = ~ )
f m—w? +wg — % G%?O(w)
~ o0 2 - ~
Gg() (w) = 62/ ;l—k 2k - coth % cosh 2, |Gg) (wi) 20 (wi — w) 4 6(w; + w)| . (II1.70)
0 T 2W;

In the case w > 0, we find
Im G (w) = € GR (@) Im G (), (1L71)

and with the help of (II1.66),

~(x) 2 dk K Bwi ~(X) 2
Gp'(w)=e /0 S, coth 5 cosh 2ny, |G (wi)|” 0 (wi — w)

= ¢? coth%“’ cosh 21, |G (w)]? Tm Gl (w) - (I11.72)

By (II1.68) and(III.71), we then have

Bw

@%) (w) = coth -5 cosh 27, Im ég) (w). (II1.73)
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FIG. 6: The time evolution of the squeeze parameter 7 in terms of sinh? 2n where the parameters are
normalized with respect to the resonance frequency €2 = \/W such that m =1, 5 =100Q"1, and
the cutoff frequency A = 1000€. We choose the initial displacement dispersion (¥*(0)) = 2 and the
momentum dispersion (p?(0)) = 1. In (a) v = 0.3€, (b) v = 0.1, and (c) v = 0.03€2. This parameter
relaxes, at late times, to constants proportional to 7, as can be read out from the vertical scales, so it

will approach zero when the oscillator-bath coupling becomes vanishingly weak.

Likewise after incorporating the w < 0 case, we finally obtain
G%) (w) = sgn(w) coth %u cosh 27, Im CNJ%) (w). (IT1.74)

Thus it inherits the common proportionality factor from the FDR of the bath field (III.68).
However, the physical settings are quite different in the two cases. For the bath field at the
moment the detector-field interaction is switched on, the field is nonstationary and nonequi-
librium due to the parametric process, so its noise kernel cannot be reduced to a function of
two-time difference and we do not have a FDR in the usual sense. Nonetheless its stationary
component can be used to formulate a relation similar to FDR. In comparison, after the inter-
action is switched on, the internal dynamics of the detector is also nonstationary due to its own
nonequilibrium evolution. Although the bath field may remain nonstationary over the entire
history because the backaction from the detector has negligible effect on it due to the gigantic
difference in the numbers of degree of freedom, the dissipation force on the internal degree of
freedom of the detector will adjust itself to match up with the effects from the nonstationary
bath noise so that the equilibration of the internal dynamics of the detector is made possible.
When the dynamics is fully relaxed, the internal dynamics becomes stationary, thus enabling
the existence of an FDR for the internal degree of freedom.

In this and the previous sections we have treated the two cases of squeezed baths in detail,
corresponding to Case A) and B) described in the Introduction. We now wish to make some
comments on Case C), namely, squeezing corresponding to finite coupling strength between the

oscillator and the field.
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E. Squeezing due to finite coupling

In all our derivations of energy balance and FDRs we made no perturbative arguments,
because we don’t need to make the assumption of vanishingly weak coupling between the bath
field and the internal degree of freedom of the detector. This finite coupling strength will
introduce an additional degree of time-dependent squeezing to the internal dynamics during its
course of evolution [36], even if initially neither the detector nor the bath is in a squeezed state.

It is most clearly seen from the covariance elements of the internal dynamics at any moment

(X3(t)) = 2mle E(t) [cosh 2n(t) — sinh 2(t) cos6(t)], (II1.75)
(2(t)) = % =(t) [cosh 2n() + sinh 2n(t) cos O(1)] , (I11.76)
%({f((t), A} = —% =(#) sinh 2(¢) sin O(¢) . (I1L.77)

because a Gaussian system will remain Gaussian during the evolution. Here n and 6 together
give the squeeze parameter ¢(t) = n(t) e?®) while Z(t) = coth¥(t)/2, with 9(t) being related
to the inverse effective temperature of the internal dynamics. At finite coupling, for example,
(X2(t)), (p?(t)) are different from the values

coth ) 2 ™ coth P Ll p)}) A0, (ILTS)

2muwyg 2

(1) #

as given by the internal degree of freedom in a thermal state of temperature 3~!. These differ-
ences amount to squeezing — the corresponding squeeze parameter and the effective temperature
can be found [36] by inverting (II1.75)—(IIL.77).

Fig. 6 shows the time dependence of sinh? 25 for three different choices of damping constants
v, a manifestation of the oscillator-bath coupling strength. We observe that at late times, the
parameter 7 approaches a constant that depends on v, and the late-time saturated values goes
to zero in the vanishing + limit. Furthermore, the plots in Fig. 7 show that sin 6 oscillates with
time but the amplitude of oscillations decays with time regardless of the oscillator-bath coupling
constants, so at late times sin 6 asymptotically goes to zero, so will 6.

These results imply that at late time the state of the internal degree of freedom will be

described by the covariance matrix elements of the form

. 1 _ . MWy _, 1, .
(X?) = = cosh 27, (p) = TR = cosh2n, 5({)(, p}) =0, (IIL.79)

2mwg

for t > y~1. They are exactly like what we had derived in Sec. II B, namely, the final equilibrium
state the internal system relaxes to is a thermal state at a temperature different from the initial

bath temperature. The effective temperature is given by (I1.34). Only when v/ — 0 will the
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FIG. 7: The time evolution of the squeeze parameter 6 in terms of sinf, where the parameters are
normalized with respect to the resonance frequency € such that m = 19, 8 = 10Q~!, and the cutoff
frequency A = 1000€2. We choose the initial displacement dispersion (x?(0)) = 2 and the momentum
dispersion (p2(0)) = 1. In (a) v = 0.3Q, (b) v = 0.1Q, and (c) v = 0.03Q2. This parameter oscillates
with decreasing amplitude in time. At late times, it asymptotically approaches zero independent of the

oscillator-bath coupling strength.

squeeze parameter n also approach zero such that in this limit, the equilibrium temperature is
reduced to the initial bath temperature.

If we assume that neither the internal degree of freedom of the detector nor the bath field
is initially squeezed, then in the end the internal degree of freedom will acquire an FDR of the

form
ég) (w) = sgn(w) coth B?w Im é%) (w), (I11.80)

if it is coupled to a plain thermal bath field of temperature 37! at finite coupling strength. The
squeezing and the effective temperature due to finite coupling strength will not enter in the
FDR [36]. This is a characteristic of the nonequilibrium dynamics of Gaussian systems where

some initial traits of the bath will imprint on the final state of the system in contact with it.

IV. SUMMARY AND DISCUSSIONS
A. Summary of Key Findings

In this paper we address the nonequilibrium evolution and the approach to equilibration of
the internal degree of freedom of a Unruh-DeWitt detector when it is coupled to a nonequilibrium
and nonstationary bath field. We discuss two different basic mechanisms which makes the bath

field nonstationary:

A) The bath field is initially in a squeezed thermal state, whose squeeze parameter is a mode-

and time-independent constant. The setting is often encountered in quantum optics and
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quantum thermodynamics. Since the bath field has a much greater number of degrees
of freedom than the detector has, the bath field will essentially remain in the same initial
squeezed state through out the equilibration process of the internal dynamics of the detector,

except for the modes that are in resonance with the internal motion of the detector.

B) The bath field is initially in a thermal state, but undergoes a parametric process such
that the parameter of the field changes monotonically and smoothly from one constant to
another. In this case, the bath field will acquire mode- and time-dependent squeezing dur-
ing the parametric process, but once the process stops, the squeeze parameters reduce to
mode-dependent constants. This scenario is more often encountered in cosmology and dy-
namical Casimir effects, where the time-dependent backgrounds cause the field’s parameters

to change with time.

The squeezing in the bath in these two types of processes will be passed on to the detector
because the internal degree of freedom of the detector is driven by the nonequilibrium and non-
stationary squeezed field noise. During the nonequilibrium evolution of the internal dynamics
the internal degree of freedom acquires a time-dependent squeezing. However, once the internal
degree of freedom approaches equilibration (stationarity), the trait of squeezing is imbued in its
effective equilibrium temperature.

In these two cases, since the bath field is not stationary and not in equilibrium, we cannot
write down a fluctuation-dissipation relation as we can do for a thermal field, but as was shown
in Sec. II and III, there does exist such a relation for the internal dynamics of the detector
after it reaches equilibrium. The proportionality factor of the FDR for the internal degree of
freedom of the detector is only related to the stationary component of the noise kernel of the
bath field. As is seen more clearly in the parametric field case, this is a consequence of particle
creation during the parametric process of the field. Thus because of the nonequilibrium nature
of both the detector and the field dynamics, through their interaction, information of the field

can be transferred to and measured by the detector.

C) There is another subtler way the internal dynamics of the detector can obtain squeezing.
The finite system-bath coupling strength can bring the internal dynamics to a squeezed
state [36] even though the bath field is stationary and does not engage in any parametric
process. The squeezing of the system in this case is in general time-dependent but becomes
constant when the internal dynamics is fully relaxed. Since the squeezing is related to the

coupling strength, it is typically very mild, not as strong as the previous two cases.
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B. FDR and Backreaction

Historically, a primary motivation for one of the present authors to investigate into FDRs
in NEq quantum processes was to find a way to elucidate the balance of fluctuations in a
quantum field with the dissipation in a dynamical system interacting with it. In fact, the
dynamical system was the early universe and the quantum process was cosmological particle
creation. Particle creation in the early universe prevalent at the Planck time originated from
the parametric amplification of vacuum fluctuations of quantum matter field in an expanding
spacetime. This process, as we saw earlier, can be understood simply as the squeezing of the
vacuum. Particles created backreacts on the background spacetime resulting in its isotropization
and homogenization [57, 58]. It has been shown that this kind of backreaction can be represented
as a FDR [15, 16] in the framework of semiclassical gravity [17]: fluctuations or noise in the
quantum field related to dissipative geometrodynamics. (See also [59, 60] for black holes).

Note, however, the difference from the FDR discussed in this work. Here we show, by solving
for the nonequilibrium dynamics of a quantum harmonic oscillator in a squeezed thermal scalar
field bath, that at late times a FDR governing the system exists, which depends on the squeezing
of the bath. But for cosmological backreaction there is no detector or atom involved. Only the
field and its driver are present. Thus the FDR in early universe cosmology is of a different type,
that which connects the quantum field activities and the external driver dynamics.

Belonging to the same class of problems is dynamical Casimir effect, with a moving mirror
playing the role of the expanding universe. We speculate that a FDR in the field may exist
which shows the power input from the drive balancing the power output of the field. It requires
the stipulation of how the external drive acts on the field over the evolutionary time span, and
how the backreaction from the particles created changes the drive input. Therefore, to begin
with, one needs to treat the displacement of the mirror as a dynamical variable obeying some
equation of motion, then solve it together with the field equation to get the particle creation
rate, its backreaction on the drive and the balance between the powers delivered by the noise
forces and the dissipative drive dynamics.

A slightly more involved problem is quantum friction [61]. There, a neutral atom moving
at constant speed near a dielectric plane experiences a reactive drag force. Here there are
four players — atom, field, dielectric, and the external drive and three acts — the medium with
certain dynamical susceptibility modifies the quantum field in the space between the atom
and the dielectric, the medium-modified quantum field acting on the moving atom generates a
reactive drag force on the atom and the external drive pumping energy into the atom. Therefore

there should be a FDR between fluctuations in this medium-modified field and the dissipation
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of the moving atom. Now, between the drive and the atom: The drive delivers the extra amount
of energy to the atom which replenishes the dissipated energy due to quantum friction, thus
keeping the atom moving at a constant speed. The atom would backreact on the drive also, and
that depends on the mechanism of how the atom is driven. So there should be a balance relation
between the dissipative power in the moving atom and the rate of energy output of the drive.
It would be very interesting to see how the FDR and power balance conditions come about and
how they connect all the players in their coordinated acts to maintain a nonequilibrium steady
state [62] in the whole system.

To end this discussion we return to the detector-field system studied in this paper and
mention that fluctuation-dissipation relations in an N atom/detector-quantum field system,
and the lesser known but equally important correlation-propagation relations amongst the
N detectors, have been shown to exist [12, 14]. Just like the backreaction problems in
atom/detector-quantum field systems, in cosmological particle creation, dynamical Casimir
effect and quantum friction, FDRs provide a very important self-consistency condition between

the dynamics of a system and the environment it interacts with.
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Appendix A: Two-mode squeezing and Bogoliubov transformation

Here we summarize the connection of the Bogoliubov transformations and the two-mode

squeezing. Suppose the field is expanded by the in-mode {u}y
b(z) = deuﬁv(:n) dLuf*(az) , (A1)
k

and ay is the annihilation operator corresponding to the in-mode. The field operator can equally

well be expanded an alternative complete set of mode functions, called out-mode {up""}

Z b ow OUT + b'i' OUT* (:L') ’ (A2)

and the annihilation operator by is associated with the out modes. Since both set of modes are
supposed to be complete, the mode function uy}(z) can be expressed as a superposition of the

out mode up"" (z) by
up (z) = o up ' (w) + B u’y " (x) (A.3)

This enables us to write the expansion of the field operator ¢(z) in (A.1) by the out mode

ul(iUT(:L,)

o) = Y (ot + 87 cal (@) + o af + 8 i ] ) (@), (A4)
k

so that the annihilation operators l;k is expanded by a, and d;r{,
b, = ay iy + B al . (A.5)

We have a transformation that mixes the -k modes, so in this case Z)k can be related to a, by

a two-mode squeezing
IA)k = A;(Ck) Qn S'Q(Ck) , such that I;k = coshn_a, — et sinh M &ik , (A.6)
where the two-mode squeeze operator SQ(Ck) takes the form
$5(G) = exp |G iy — Gafaly . (A7)
It has a useful factorization
S'Q(Ck) = exp [— tanh ny e Tk dL&T_k] exp [— In cosh (did_k + dL&_k + 1)}

X exp {—i— tanh n e~ y G_ k} (A.8)
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so that
1 x

Sg(ck) |04k, 0_x) = cosh Z(— tanh ny e+i0k)n|n+k, n_k) - (A.9)
n=0

It creates particles in pair, which have the opposite momenta.

Consider a two-point functions (¥ (z)x(2’))y in the in-state, which takes the form

(R(@) (@i = Y () wyg (@) (@) + (@) g (2)uy " (@) + C.C.. (A.10)
k

Suppose that this in-state is stationary such that <&i>IN = 0. Let us take a look at u (z)u, " (z')

IN*

and express it by the out-modes with the help of (A.3), the term u; (z)u,, " (2') in the two-point

function (A.10) becomes
) @ (@) = g P up (@)™ @) + oy (@) )
+ Bag ul i (@) up (@) + By P ul T (@)uly S (2) . (A1)
If we suppose that the in- and out-mode takes the form

1 . . 1 . .

IN +ik-x—iwt ouT +ik-x—iwourt

u, (x) = ——ce b U )= ——c¢ ourt | A.12
i (@) V2w K (@) v 2wour ( )

then we have

VT (m)uOU"‘*(a:’) _ 1 ik (x—x") —iwour (t—t') uOUT( ZIJ)’U,EUT< a:’) _ 1 e Hik (x—=x") —iwour (t+t')
k k 72 ) k k 2 ’
Wout Wout
1 e (v ! . / 1 Ve (v ! . 4t
u(i[liT* (x)uﬁUT* (:L'/) _ e—Hk (x—x")+iwour (t+t') , u(iLIlT* (x)u(i[f (3;‘/) _ €+zk (x—x")+iwour (t—t") )

2wOUT 2wOUT

We see that with the choice of the expansion (A.3), both sides of (A.11) will preserve the same

spatial dependence et (=X

The density of particle production in this implementation is then
<8L6k>IN = [ali dL + B x d—k} [O‘k ay + 87y &T—k} )in
= oy ? (al ay )i + By (a_pin i + apB5 ) (akal i + 18] (@_al D (A13)
When (a_, a, )i = 0, we obtain
(blbihm = loge|? (@) + B (a_yal
= (|Bk|2 + 1) <N i+ |6 k‘2 << k>IN + 1) . (A.14)

A similar result applies to <I;T,k(;,k>IN- Therefore we sum over all modes, we find

Z<6L6k>m + <6T_ki7_k>1N = Z <|ﬁk|2 ) ((aLak>lN + 1) — % ; (A.15)
k

k>0
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so we obtain the usual expression for the total number of particles of the in-state, quantified by

the out-number operator.
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